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DEGREE-DEPENDENT THRESHOLD-BASED
RANDOM SEQUENTIAL ADSORPTION
ON RANDOM TREES
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Abstract

We consider a special version of random sequential adsorption (RSA) with nearest-
neighbor interaction on infinite tree graphs. In classical RSA, starting with a graph with
initially inactive nodes, each of the nodes of the graph is inspected in a random order and
is irreversibly activated if none of its nearest neighbors are active yet. We generalize this
nearest-neighbor blocking effect to a degree-dependent threshold-based blocking effect.
That is, each node of the graph is assumed to have its own degree-dependent threshold
and if, upon inspection of a node, the number of active direct neighbors is less than that
node’s threshold, the node will become irreversibly active. We analyze the activation
probability of nodes on an infinite tree graph, given the degree distribution of the tree and
the degree-dependent thresholds. We also show how to calculate the correlation between
the activity of nodes as a function of their distance. Finally, we propose an algorithm
which can be used to solve the inverse problem of determining how to set the degree-
dependent thresholds in infinite tree graphs in order to reach some desired activation
probabilities.
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1. Introduction

Processes where particles are deposited successively at random positions in an initially
empty space, subject to a blocking effect whereby deposited particles can cooperatively prevent
new particles from being deposited nearby, are referred to as random sequential adsorption
(RSA). The simplest type of RSA models are those with hard-core blocking effects, where
each deposited particle will prevent any new particle from being deposited in its immediate
neighborhood. Note that these processes are irreversible, meaning that the system will eventu-
ally reach a jammed state, where no new particles can be deposited. Typically, the analysis of
RSA deals with the calculation of the time evolution of the fraction of space, in a continuum,
or the fraction of vertices, in a graph, occupied by particles.

One classic example of RSA with hard-core interaction is known as Rényi’s parking problem,
where cars of a certain length arrive at random positions on the real line and park if they do not
overlap with other already parked cars. The limiting fraction of space occupied by cars when
the system has reached the jammed state is known as Rényi’s parking constant [18].
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Classically, RSA was studied on lattices and in Euclidean space, due to its many applications
in biology, physics, and chemistry. For an extensive survey on the analysis of sequential
adsorption processes in these fields; see [7]. However, in recent years, mostly motivated by
applications in communication sciences and in wireless networks, the study of RSA on random
graphs has received much attention. For example, RSA with hard-core blocking can be used
to model wireless networks using carrier-sense multiple access-like broadcasting algorithms,
where a node is only allowed to transmit data if none of its neighbors is already transmitting
[1]. In the context of wireless networks, the deposition of particles is often referred to as the
activation of nodes. Likewise, occupied and empty nodes are referred to as active and inactive
nodes.

In [5] and [20], RSA with hard-core interaction on random trees was studied. In these
papers, it was shown how the fraction of vertices occupied by particles can be expressed in
terms of the generating function of the degree distribution of the tree. In [8], multilayer parking
on random trees was considered. Similarly, in [2] and [3], RSA with hard-core interaction on
random graphs with a given degree distribution was studied. The Erdős–Rényi random graph
model was studied in [6] and [19], where, in [19], hard-core blocking was considered and,
in [6], generalizations of RSA were considered, including multilayer parking with and without
screening.

In this paper we study a new version of RSA with a threshold blocking effect, generalizing
RSA with hard-core nearest-neighbor blocking effects, on infinite random trees. In our model,
each node of the graph has its own random threshold, which we allow to depend on the degree
of the node. Then, when a node attempts to activate, it is only able to do so if the number of
active neighbors of the node is less than that node’s threshold.

The key contributions of this paper are as follows. First, motivated by the study of a certain
class of wireless communication protocols, we introduce RSA with a threshold blocking effect,
generalizing the hard-core blocking effect. For this model we derive formulae for the time
evolution of the probability that a node is active and for the covariance between the activity
states of nodes as a function of their distance from each other. Additionally, we propose
the activation threshold algorithm (Algorithm 7.1), which can be used to determine how to
set the degree-dependent thresholds in order to achieve some target activation probabilities
on the infinite tree. Finally, we show that the thresholds generated by this algorithm also
perform remarkably well when applied to finite tree graphs and random spatial graphs, which
are generally not trees.

1.1. Organization of the paper

The remainder of this paper is organized as follows. Before presenting the model and its
analysis, we first provide a brief motivation for studying RSA with a threshold blocking effect
in Section 2. In Section 3 we define the mathematical model describing the RSA process with
a threshold blocking effect on tree graphs, which is the main focus of this paper. In Section 4
we analyze the probability that a node in this graph is unable to activate, due to the number of
active neighbors exceeding its threshold value. In Section 5 we then show how one can also
calculate the correlation between the states of nodes as a function of their distance from each
other and conclude that these correlations decrease at a superexponential rate as this distance
grows larger. Section 6 is devoted to the treatment of some interesting special cases, which
admit a detailed analysis. In Section 7 we propose an algorithm which allows us to determine
how to set the thresholds of nodes in order to achieve some target activation probabilities.
In Section 8 we show by simulation that the thresholds obtained from this algorithm, which

https://doi.org/10.1017/apr.2018.14 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2018.14


304 T. M. M. MEYFROYT

assumes an infinite tree graph, also yield good results in finite and nontree graphs. Finally, in
Section 9 we briefly summarize our results and make some concluding remarks.

2. Motivation

For many networks in the internet of things, broadcasting is a fundamental operation used
to support many applications, such as neighbor discovery, code dissemination, data collection,
and so on. Typically, these networks are decentralized and consist of a large number of devices,
requiring reliable and scalable distributed broadcasting protocols. A class of protocols which
has been shown to be a powerful technique for implementing broadcast in such networks is the
class of counter-based gossip protocols [15].

In counter-based schemes, each node keeps track of a counter which counts the number
of broadcasts it has received from its neighbors. Then, whenever the node itself wants to
broadcast, it will do so only if its counter is below some predefined threshold value. The
reasoning behind this is that if many of your neighbors have already sent out their data, your
broadcast is probably redundant and should be suppressed. These simple rules lead to scalable
broadcasting schemes, where the number of broadcasts per time unit remains bounded, even
when the network becomes more and more dense [14].

In particular, a counter-based gossip protocol called Trickle [12] has become an increasingly
popular mechanism for broadcasting in the context of the internet of things. While originally
designed for propagating and maintaining code updates in wireless sensor networks, Trickle
has proven to be a powerful mechanism applicable to many protocol design problems. Most
notably, it serves as the basic mechanism for broadcasting in protocols such as the IPv6 multicast
protocol for low power and lossy networks (MPL) [9] and the IPv6 routeing protocol for low
power and lossy networks (RPL) [22].

The original specification of Trickle defines a fixed global threshold which is the same for
all nodes in the network. While this works well in networks with a uniform node density, it
has several disadvantages in networks with a nonuniform node density [10], [21]. First, it is
not clear how to set this threshold, especially since the network topology might be unknown or
could change. Second, with a global threshold the transmission load is not evenly distributed
among nodes in networks with a nonuniform node density, which can lead to less efficient data
dissemination. For example, broadcasts of high-degree nodes might be suppressed often, even
though these nodes are able to reach many other nodes.

Therefore, two recent papers introduce degree-dependent thresholds for Trickle in which
nodes set their threshold based on the number of neighbors that they have [4], [13]. These
approaches are shown to reduce unfairness among nodes, thus increasing the efficiency of data
dissemination using Trickle.

While the introduction of degree-dependent thresholds for counter-based gossip schemes is
natural, the question of how to set these thresholds remains. Degree-dependent counter-based
broadcasting schemes have, to the best of the author’s knowledge, not yet been mathematically
analyzed, not even for simple network topologies. Therefore, the goal of this paper is to provide
a first step towards the analysis and optimization of degree-dependent counter-based gossiping
schemes.

3. Model description and dynamics

We stick as much as possible to the notation of [17], in which RSA with a hard-core blocking
effect on a deterministic tree was treated.

https://doi.org/10.1017/apr.2018.14 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2018.14


Random sequential adsorption on random trees 305

We consider an infinite tree graph G = (V , E), where each node v ∈ V has Dv neighbors.
Let the Dv be independent and identically distributed (i.i.d.) random variables and write an :=
P[Dv = n] for n ∈ N. We require that a0 = a1 = 0, to be sure that the tree is infinite and
does not have any leaf nodes. Additionally, each node v has an activation threshold Bv , which
we allow to depend on the node’s degree. We write bn

k :=P[Bv = k | Dv = n]. Finally, each
node v has an activation time Tv , where the Tv are i.i.d. uniform[0, 1] random variables.

Consider now a fixed realization of the tree. We will define a blocking process for all induced
subgraphs of G. Let W ⊆ V . The dynamics of the blocking process on the subgraph of G

induced by W are described by a stochastic jump process (XW
t , 0 ≤ t ≤ 1) taking values in

{0, 1}W . Here XW
t (v) is the state of node v at time t for the blocking process on the subgraph

of G induced by the vertex set W : 0 if node v is inactive at time t and 1 if it is active. Initially, all
nodes are inactive, that is, XW

0 (v) = 0 for all v ∈ W . Then, if at time Tv , fewer than Bv nodes
in W that are adjacent to node v are active, node v will become irreversibly active, otherwise
the node remains inactive forever.

More formally, denote by NW(v) the subset of nodes in W that are adjacent to node v on
the graph G and define SW

t (v) = ∑
w∈NW (v) XW

t (w) to be the number of active neighbors of v

at time t which are in W . Then, for t < Tv , XW
t (v) = 0 for all v and, for t ≥ Tv , XW

t (v) = 1 if
SW

Tv
(v) < Bv , and XW

t (v) = 0 otherwise. For ease of notation, we will write N(v) ≡ NV (v),
St (v) ≡ SV

t (v), and Xt(v) ≡ XV
t (v) whenever we are considering the complete node set V .

While it is clear that XW
t (v) is well defined for finite W , in the following proposition we

show that, assuming Dv has a finite first moment, the process (Xt , 0 ≤ t ≤ 1) on the infinite
tree is also well defined.

Proposition 3.1. Let v ∈ V and define Vn := {w ∈ V | d(v, w) ≤ n}, where d(v, w) denotes
the number of edges in the path connecting v and w. Assuming that E[Dv] < ∞, the random
variable Xt(v) is well defined and given by the limit

Xt(v) := lim
n→∞ X

Vn
t (v). (3.1)

Proof. Let n1 < n2. Then it should hold that X
Vn1
t (v) = X

Vn2
t (v) unless there exists a path

of vertices v0, v1, . . . , vm, starting at v0 = v and ending at some vm ∈ Vn2 \ Vn1 , such that
Tv0 > Tv1 > · · · > Tvm , since the only way that a vertex in Vn2 \ Vn1 can influence v is if the
activation of vm somehow influences the activity of v1, which, in turn, influences the activity
of v0 = v.

Hence, a sufficient condition for the existence of (3.1) is the existence of a finite number
R(v), such that there is no path v0, v1, . . . , vm in V with v0 = v, m > R(v), and with
Tv0 > Tv1 > Tv2 > · · · > Tvm , since then X

Vm
t will be the same for all m > R(v).

Let Zm = |Vm \ Vm−1| denote the number of vertices at distance m from v. Noting that the
probability that Tv0 > Tv1 > · · · > Tvm is equal to 1/(m + 1)!, we can write

P[XVm−1
t (v) 
= Xt(v) | Zm = z] ≤ P[R(v) ≥ m | Zm = z] ≤ z

(m + 1)! .

Here, for the second inequality, we have assumed the activation timers of all z paths to be
independent. Unconditioning, we find

P[XVm−1
t (v) 
= Xt(v)] ≤ P[R(v) ≥ m] ≤ E[Zm]

(m + 1)! .
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This finally implies that

∞∑
m=0

P[XVm
t (v) 
= Xt(v)] ≤

∞∑
m=1

P[R(v) ≥ m] ≤
∞∑

m=1

E[Zm]
(m + 1)! < ∞,

since E[Zm] = E[Dv]E[Dv −1]m−1. Hence, by the Borel–Cantelli lemma, this implies almost
sure convergence of the random variable X

Vm
t (v). �

Finally, it is also important to note that the functions NW(v) and SW
t (v) are also defined

for v /∈ W . Moreover, in the rest of the paper, with some abuse of notation, we will write
XW

t (W ′) = 0 to denote the event that XW
t (w) = 0 for all w ∈ W ′ ⊆ W and, similarly, we will

write XW
t (W ′) = 1 to denote the event that XW

t (w) = 1 for all w ∈ W ′ ⊆ W .
We are interested in the calculation of the following three quantities. First, we are interested

in determining the time evolution of the activation probability pn(t) that a node with a given
degree n is active at time t for the blocking process on G. Second, we want to find the correlation
between the activity states of two nodes in V as a function of their distance. Finally, given the
node degree distribution {an}∞n=0 of the tree, we want to determine how to choose the threshold
distribution bn

k in order to achieve some desired values for the activation probabilities pn(1).

4. Activation probability

Consider an arbitrary vertex v ∈ V . Denote by α(t) the probability of finding v inactive at
time t ∈ [0, 1]. That is,

α(t) = P[Xt(v) = 0].
Similarly, denote by β(t) the probability of finding v inactive at time t ∈ [0, 1] for the blocking
process on the graph obtained by randomly removing one of the branches at node v in G. The
probability β(t) can be interpreted as the probability of finding v inactive at time t , given Tw > t

for some w ∈ N(v). So, letting w ∈ N(v), we can write

β(t) = P[XV \{w}
t (v) = 0] = P[Xt(v) = 0 | Tw > t].

The following proposition will be key in analyzing these functions.

Proposition 4.1. Let W ⊆ V and let W ′ and W ′′ be disjoint finite subsets of W . Then, for
0 ≤ t < 1,

d

dt
P[XW

t (W ′) = 0, XW
t (W ′′) = 1]

=
∑

v∈W ′′
P[SW\{v}

t (v) < Bv, X
W\{v}
t (W ′) = 0, X

W\{v}
t (W ′′ \ {v}) = 1]

−
∑
v∈W ′

P[SW\{v}
t (v) < Bv, X

W\{v}
t (W ′ \ {v}) = 0, X

W\{v}
t (W ′′) = 1]. (4.1)

Proof. See Appendix A. �
Note that Proposition 4.1 is a generalization of Proposition 2 of [17], which applied only to

hard-core blocking. Proposition 4.1 allows us to write differential equations for the probabilities
of having particular configurations of active and inactive nodes. The first term on the right-hand
side of (4.1) yields the rate at which the configuration is created and the second term the rate
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at which it is destroyed. Moreover, Proposition 4.1 tells us that in order to analyze the time
evolution of the probabilities of having particular configurations of active and inactive nodes
on a certain graph, we have to analyze the blocking process on the same graph where we have
removed certain nodes. This turns out to be a useful property, since by removing a node from a
tree graph, we always end up with several unconnected trees which can be analyzed separately.
This is illustrated by the following analysis.

We apply Proposition 4.1 to β ′(t) = (d/dt)P[XV \{w}
t (v) = 0] with w ∈ N(v). Since this

configuration can be destroyed only by the activation of node v, we have to consider only
the second term on the right-hand side of (4.1). Note that by removing v from our graph we
create Dv − 1 identical unconnected copies of graphs; see Figure 1(a). Moreover, these graphs
are identical in distribution to the original graph where only a branch at v had been removed.
Hence, this allows us to write

β ′(t) = −P[SV \{v,w}
t (v) < Bv]

= −
∞∑

n=1

an

∞∑
k=1

bn
kP[SV \{v,w}

t (v) < k | Dv = n, Bv = k]

= −
∞∑

n=1

an

∞∑
k=1

bn
k

k−1∑
m=0

(
n − 1

m

)
β(t)n−m−1(1 − β(t))m, (4.2)

where in the second step we condition on the degree and threshold of v and in the third step we
use the fact that the activation probabilities of the remaining neighbors of v are independent
and identical to β(t). Combined with the initial condition β(0) = 1, we can conclude that β(t)

is implicitly given by∫ 1

β(t)

( ∞∑
n=1

an

∞∑
k=1

bn
k

k−1∑
m=0

(
n − 1

m

)
sn−m−1(1 − s)m

)−1

ds = t. (4.3)

Similarly, Proposition 4.1 can be applied to the function α′(t) = (d/dt)P[Xt(v) = 0]. Since
this configuration can also be destroyed only by the activation of node v, we again have to
consider only the second term on the right-hand side of (4.1). Note that by removing v from
our graph, we now create Dv identical unconnected copies of graphs; see Figure 1(b). Hence,

α′(t) = −P[SV \{v}
t (v) < Bv]

= −
∞∑

n=1

an

∞∑
k=1

bn
kP[SV \{v}

t (v) < k | Dv = n, Bv = k]

= −
∞∑

n=1

an

∞∑
k=1

bn
k

k−1∑
m=0

(
n

m

)
β(t)n−m(1 − β(t))m, (4.4)

which yields, combined with the initial condition α(0) = 1,

α(t) = 1 −
∫ t

0

∞∑
n=1

an

∞∑
k=1

bn
k

k−1∑
m=0

(
n

m

)
β(s)n−m(1 − β(s))m ds. (4.5)

Finally, making the change of variables x = β(s), (4.5) becomes

α(t) = 1 −
∫ 1

β(t)

∑∞
n=1 an

∑∞
k=1 bn

k

∑k−1
m=0

(
n
m

)
xn−m(1 − x)m∑∞

n=1 an

∑∞
k=1 bn

k

∑k−1
m=0

(
n−1
m

)
xn−m−1(1 − x)m

dx. (4.6)
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Figure 1: (a) Relevant configuration for β ′(t) and (b) relevant configuration for α′(t).

Note that, as is obvious from their definition, α(t) and β(t) are nonincreasing functions of t ,
with α(0) = β(0) = 1.

Finally, in (4.4) we could also have conditioned on the degree of node v. Doing so, we find
that the expected fraction of nodes with degree n that are active at time t is given by

pn(t) =
∫ 1

β(t)

∑∞
k=1 bn

k

∑k−1
m=0

(
n
m

)
xn−m(1 − x)m∑∞

n=1 an

∑∞
k=1 bn

k

∑k−1
m=0

(
n−1
m

)
xn−m−1(1 − x)m

dx. (4.7)

5. Activation covariance

In this section we derive a coupled set of differential equations, whose solutions allow us to
determine the covariance between the activity states of two nodes that are at distancem from each
other. First, this will provide some insight into the spatial distribution of active nodes. Second,
knowing how fast correlations between node activities decrease as a function of distance allows
us to gain an insight into the importance of having a tree-like graph. If correlations decrease
relatively fast, this suggests that the analysis of the previous section might be successfully used
to approximate the activation probabilities on graphs which are locally tree-like, such as the
Erdős–Rényi random graph.

Let v1, v2 ∈ V be a pair of nodes with d(v1, v2) = m and let v′
1 ∈ N(v1) and v′

2 ∈ N(v2)

be two nodes that are not on the path connecting v1 with v2. In order to obtain a closed system
of equations, we define, for m = 1, 2, . . . , the following correlation functions:

αm(t) = P[Xt(v1) = 0, Xt (v2) = 0], ρm(t) = P[Xt(v1) = 1, Xt (v2) = 0],
ζm(t) = P[Xt(v1) = 1, Xt (v2) = 1], (5.1)

βm(t) = P[XV \{v′
1}

t (v1) = 0, X
V \{v′

1}
t (v2) = 0],

λm(t) = P[XV \{v′
1}

t (v1) = 1, X
V \{v′

1}
t (v2) = 0],

μm(t) = P[XV \{v′
1}

t (v1) = 0, X
V \{v′

1}
t (v2) = 1],

ηm(t) = P[XV \{v′
1}

t (v1) = 1, X
V \{v′

1}
t (v2) = 1],

(5.2)
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and
γm(t) = P[XV \{v′

1,v
′
2}

t (v1) = 0, X
V \{v′

1,v
′
2}

t (v2) = 0],
κm(t) = P[XV \{v′

1,v
′
2}

t (v1) = 1, X
V \{v′

1,v
′
2}

t (v2) = 0],
θm(t) = P[XV \{v′

1,v
′
2}

t (v1) = 1, X
V \{v′

1,v
′
2}

t (v2) = 1].
(5.3)

Our function of interest is

Am(t) := cov[Xt(v1), Xt (v2)] = αm(t) − α(t)2, (5.4)

which will give us the correlation between the states of two nodes that are at distance m from
each other.

Our approach to analyzing (5.4) is as follows. In Subsection 5.1 we illustrate how one can
apply Proposition 4.1 to obtain a closed set of differential equations for the quantities in (5.1)–
(5.3). This requires us to first introduce functions whose derivatives are similar in spirit to the
derivatives in (4.2) and (4.4), capturing the probability that a node is unable to activate, given
that one of its neighbors is already active. In Subsection 5.2, using probabilistic interpretations
of (5.1)–(5.3), we derive some additional useful relations between these functions. Finally,
transforming the differential equations from Subsection 5.1 and exploiting the relations from
Subsection 5.2, we derive a differential equation for the covariance function Am(t) in Subsec-
tion 5.3. Note that since the analysis of (5.4) is relatively involved, the reader may decide to
skip the remainder of the section at first reading.

5.1. Relating (5.1)–(5.3)

We apply Proposition 4.1 to obtain differential equations for the quantities in (5.1)–(5.3),
but first we need to define some additional functions. Let v ∈ V . First, denote by γ (t) the
probability of finding node v inactive at time t for the blocking process on the graph obtained
by randomly removing two of the branches at node v in G. Then, similar to the derivation
of (4.2), using Proposition 4.1,

γ ′(t) = −
∞∑

n=1

an

∞∑
k=1

bn
k

k−1∑
m=0

(
n − 2

m

)
β(t)n−m−2(1 − β(t))m. (5.5)

Additionally, define β∗(t) as the probability of finding node v, assuming its threshold has been
decreased by 1, inactive at time t for the blocking process on the graph obtained by randomly
removing one of the branches at node v in G. Similarly, denote by γ∗(t) the probability of
finding node v, assuming its threshold has been decreased by 1, inactive at time t for the
blocking process on the graph obtained by randomly removing two of the branches at node v

in G. Then β ′∗(t) and γ ′∗(t) are given by the same expressions as in (4.2) and (5.5), except that
the threshold has been decreased by 1:

β ′∗(t) = −
∞∑

n=1

an

∞∑
k=2

bn
k

k−2∑
m=0

(
n − 1

m

)
β(t)n−m−1(1 − β(t))m,

−3ptγ ′∗(t) = −
∞∑

n=1

an

∞∑
k=2

bn
k

k−2∑
m=0

(
n − 2

m

)
β(t)n−m−2(1 − β(t))m.
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Figure 2: Local representation of the configuration relevant for λm(t).

As an example, we illustrate how to apply Proposition 4.1 to the function λm(t). Direct
application of Proposition 4.1 yields

λ′
m(t) = d

dt
P[XV \{v′

1}
t (v1) = 1, X

V \{v′
1}

t (v2) = 0]

= P[SV \{v′
1,v1}

t (v1) < Bv, X
V \{v′

1,v1}
t (v2) = 0]

− P[SV \{v′
1,v2}

t (v2) < Bv, X
V \{v′

1,v2}
t (v1) = 1]. (5.6)

In order to simplify these expressions, it might be useful to keep Figure 2 in mind.
For convenience, we will often drop the notation for dependence on t in the remainder of

this section. Conditioning on the state of the neighbor of v1 on the path between v1 and v2, we
find for the first term:

P[SV \{v′
1,v1}

t (v1) < Bv, X
V \{v′

1,v1}
t (v2) = 0] = −γ ′βm−1 − γ ′∗λm−1. (5.7)

For the second term, conditioning on the state of the neighbor of v2 on the path between v1
and v2, we find

P[SV \{v′
1,v2}

t (v2) < Bv, X
V \{v′

1,v2}
t (v1) = 1] = −β ′κm−1 − β ′∗θm−1. (5.8)

From (5.6)–(5.8), we conclude that λ′
m = −γ ′βm−1 − γ ′∗λm−1 + β ′κm−1 + β ′∗θm−1. Applying

Proposition 4.1 in the same way to (5.1), we obtain the following system of equations:

α′
m = 2β ′βm−1 + 2β ′∗λm−1, ρ′

m = −β ′βm−1 − β ′∗λm−1 + β ′μm−1 + β ′∗ηm−1,

ζ ′
m = −2β ′μm−1 − 2β ′∗ηm−1,

(5.9)

where α0(t) := α(t), ρ0(t) := 0, and ζ0(t) := 1 − α(t).
Applying Proposition 4.1 to (5.2), we obtain

β ′
m = γ ′βm−1 + γ ′∗λm−1 + β ′γm−1 + β ′∗κm−1,

λ′
m = −γ ′βm−1 − γ ′∗λm−1 + β ′κm−1 + β ′∗θm−1,

μ′
m = −β ′γm−1 − β ′∗κm−1 + γ ′μm−1 + γ ′∗ηm−1,

η′
m = −β ′κm−1 − β ′∗θm−1 − γ ′μm−1 − γ ′∗ηm−1,

(5.10)

where β0(t) := β(t), λ0(t) := μ0(t) = 0, and η0(t) := 1 − β(t).

https://doi.org/10.1017/apr.2018.14 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2018.14


Random sequential adsorption on random trees 311

Finally, applying Proposition 4.1 to (5.3), we obtain

γ ′
m = 2γ ′γm−1 + 2γ ′∗κm−1, κ ′

m = −γ ′γm−1 − γ ′∗κm−1 + γ ′∗θm−1 + γ ′κm−1,

θ ′
m = −2γ ′∗θm−1 − 2γ ′κm−1,

(5.11)

where γ0(t) := γ (t), κ0(t) := 0, and θ0(t) := 1 − γ (t).

5.2. Some preliminary observations

In this section we derive some additional relations which will help us in deriving Am(t) from
(5.9)–(5.11). Define u(t) := γ (t) − γ∗(t) and ν(t) := β(t) − β∗(t). Then, using (5.10) and
βm + λm + μm + ηm = 1, we can write

β ′
m + μ′

m = (βm−1 + μm−1)u
′ + γ ′∗.

Noting that, for all m ∈ N, we have β = βm +μm and 1 −β = λm +ηm, we find the following
useful relation:

β ′ = γ ′∗ + βu′ = γ ′ − (1 − β)u′. (5.12)

Similarly, (5.9) yields
α′

m + ρ′
m = (βm−1 + μm−1)ν

′ + β ′∗.
Noting that αm + ρm = α for all m ∈ N then yields

α′ = β ′∗ + βν′ = β ′ − (1 − β)ν′. (5.13)

Now, define fm(t) = γm(t) + κm(t) = P[XV \{v′
1,v

′
2}

t (v′
2) = 0]. Then (5.11) yields

f ′
m = γ ′

m + κ ′
m = (γm−1 + κm−1)u

′ + γ ′∗ = fm−1u
′ + γ ′∗. (5.14)

Also define gm(t) = βm(t) + λm(t) = P[XV \{v′
1}

t (v′
2) = 0]. Then (5.10) yields

g′
m = β ′

m + λ′
m = (γm−1 + κm−1)ν

′ + β ′∗ = fm−1ν
′ + β ′∗. (5.15)

5.3. The covariance function

Finally, to obtain a differential equation for Am(t), we define the following functions:

Fm(t) := fm(t) − β(t), Gm(t) := gm(t) − α(t),

�m(t) := γm(t) − β(t)2, Bm(t) := βm(t) − α(t)β(t).

Note that all these functions converge to 0 as m tends to ∞. We introduce the following
shorthand notation:∫

f dmg :=
∫ t

0

∫ x1

0
· · ·

∫ xm−1

0
f (xm)dg(xm) · · · dg(x2)dg(x1),

and
∫

f dg = ∫
f d1g. Then, combining (5.12) and (5.14), we find that

F ′
m = u′Fm−1. (5.16)

Moreover, by (5.12), we have F0(t) = γ (t) − β(t) = ∫
(1 − β) du with u(t) := γ (t) − γ∗(t)

and, therefore,

Fm =
∫

(γ − β) dmu =
∫

(1 − β) dm+1u. (5.17)
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Similarly, combining (5.13) and (5.15) yields

G′
m = ν′Fm−1, (5.18)

which implies that

Gm =
∫ ∫

(1 − β) dmudν. (5.19)

Now consider �m(t) = γm(t) − β(t)2. Some manipulation of (5.11) yields

�′
m = 2u′�m−1 + 2γ ′∗Fm−1, (5.20)

where �0(t) = γ (t) − β2(t). Similarly, by manipulating (5.10), we obtain, for Bm(t) =
βm(t) − α(t)β(t),

B ′
m = u′Bm−1 + ν′�m−1 + γ ′∗Gm−1 + β ′∗Fm−1, (5.21)

where B0(t) = β(t)(1 − α(t)). Finally, for Am(t) = αm(t) − α(t)2, we find that

A′
m = 2ν′Bm−1 + 2β ′∗Gm−1, (5.22)

where A0(t) = α(t)(1 − α(t)).
Note that while (5.16)–(5.22) form a closed set of recursive differential equations, in general

they do not admit an explicit solution. However, as partially demonstrated in Appendix B, the
solution to (5.22) can be simplified in such a way that Am(t) can be calculated by numerical
integration for moderate values of m. Moreover, as also discussed in Appendix B, from (5.22),
we can deduce that, in general, the correlations between nodes decay at a superexponential rate
as their distance m increases. Finally, note that for the hard-core blocking case Bv = 1 for all
v ∈ V , (5.16)–(5.22) simplify even more, as we will see in the following section.

6. Special cases

This section is devoted to the treatment of some special cases, which admit a detailed
analysis.

6.1. The Bethe lattice

In this subsection we will consider the deterministic case that Dv = z + 1 for all v ∈ V ,
that is, G is a Bethe lattice with coordination number z + 1; see [16].

6.1.1. Hard-core blocking. Let Bv = 1 for all v ∈ V , that is, the activation of a node will block
the activation of all its neighbors. Then, using (4.2), (4.4) can be written as α′(t) = β(t)β ′(t).
It follows then that (4.6) simplifies to the result from [17] (and earlier work):

α(t) = 1
2 (1 + β(t)2), (6.1)

where solving (4.2) yields

β(t) =
{

e−t for z = 1,

(1 + (z − 1)t)−1/(z−1) otherwise.

Additionally, note that for this case γ (t) = 1 + u(t), since γ∗(t) = 1, and (5.12) yields
β(t) = eu(t). Hence, (5.20) simplifies to

�′
m = 2u′�m−1.
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Now note that (5.13) yields ν′ = u′eu, so (5.21) becomes

B ′
m = u′(Bm−1 − eu�m−1).

Finally, (5.22) yields
A′

m = 2u′euBm−1.

As shown by the result of Theorem 13 of [17], this coupled set of differential equations can be
solved in terms of u(t) = log[β(t)] and has the following solution:

Am(t) = −β2(t)

2

∞∑
n=0

(2 log[β(t)])2n+m+1

(2n + m + 1)! . (6.2)

Note that, as was concluded in the previous section, (6.2) confirms that correlations between
nodes become small very fast as their distance from each other increases, since the functions
Am(t) decay at a superexponential rate.

One can also use the function Am(t) to calculate the variance of the scaled number of active
nodes at time t . Let v ∈ V and recall that Vn := {w ∈ V | d(v, w) ≤ n}. For finite W ⊂ V ,
define Yt (W) = ∑

w∈W Xt(w). Write

σ 2
z (t) := lim

n→∞(|Vn|)−1 var[Yt (Vn)].

Denoting by P
n,m
z the number of directed self-avoiding paths of length m on the graph induced

by Vn, we have, by translation invariance,

σ 2
z (t) = lim

n→∞(|Vn|)−1
∑

v,w∈Vn

Ad(v,w)(t) = A0(t) + lim
n→∞

∞∑
m=1

P
n,m
z

|Vn| Am(t). (6.3)

We can now state the following proposition concerning a central limit theorem for Yt (Vn).

Proposition 6.1. Let Dv = z + 1 for all v ∈ V . Then

Yt (Vn)

|Vn| → N (α(t), σ 2
z (t)), n → ∞. (6.4)

Also, if Bv = 1 for all v ∈ V , then, for z = 1, we have σ 2
1 (t) = te−4t and, for z > 1,

σ 2
z (t) = β(t)4

z − 1
+ (1 − √

z)2β(t)2(1−√
z) − (1 + √

z)2β(t)2(1+√
z)

4
√

z(z − 1)
.

Proof. See Appendix C. �
6.1.2. Deterministic thresholds. Consider again the deterministic case of the Bethe lattice, that
is, Dv = z + 1 for all nodes v ∈ V , and let Bv = k for all nodes v ∈ V . Then (4.6) can be
written as

α(t) = 1 −
∫ 1

β(t)

∑k−1
m=0

(
z+1
m

)
xz−m+1(1 − x)m∑k−1

m=0

(
z
m

)
xz−m(1 − x)m

dx,

where ∫ 1

β(t)

( k−1∑
m=0

(
z

m

)
sz−m(1 − s)m

)−1

ds = t.
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Figure 3: Plots of σ 2
3 (t) for k = 1, 2, 3, 4.

Simplifying the solution to (5.22) is difficult for this more general case. However, it can be
rewritten such that it can be calculated numerically; see Appendix B. In combination with (6.3),
this then allows us to numerically evaluate the normalized variance function for a combination
of z and k. To illustrate this, we present the plot of σ 2

z (t) for z = 3 and k = 1, 2, 3, 4 in
Figure 3. It is interesting to note that, perhaps counterintuitively, there does not exist a strict
ordering of the functions σ 2

3 (t) for k = 1, 2, 3, 4.

6.2. The random tree

In this subsection we will consider the more general case of the random tree. Note that the
cases for which Bv = 1 for all nodes v ∈ V and Dv follow a Poisson, geometric, or binomial
distribution was treated in [20].

6.2.1. Hard-core blocking. Consider the case that Bv = 1 for all nodes v ∈ V . Since in this
case (4.4) can again be written as α′(t) = β(t)β ′(t), (4.6) simplifies to the same expression as
in (6.1). Moreover, as was also shown in [5], writing G(s) = ∑

ans
n, β(t) is given by∫ 1

β(t)

s

G(s)
ds = t.

Additionally, Theorem 13 of [17] can also be easily extended to the case of a random tree,
leading to the same expression as in (6.2), that is,

Am(t) = −β2(t)

2

∞∑
n=0

(2 log[β(t)])2n+m+1

(2n + m + 1)! .

6.2.2. Threshold equal to node degree. Consider the case that Bv ≡ Dv for all nodes v ∈ V .
Then, we have β(t) = 1 − t and, hence, (4.5) simplifies to

α(t) = 1 −
∫ t

0

∞∑
n=1

an(1 − sn) ds = 1 − t +
∫ t

0
G(s) ds.

Note that this implies that α(1) = ∑∞
n=0 an/(n + 1), which makes sense, since the only way

that a node remains inactive is if it tries to activate after all its neighbors.
Consider, for example, the case where Dv − 2 follows a Poisson distribution with mean λ.

In this case, we have G(s) = s2eλ(s−1), which allows explicit calculation of α(t):

α(t) = 1 − t + λ−3(2 − λt (2 − λt))e−λ(1−t) − 2λ−3e−λ.
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6.2.3. Uniformly distributed thresholds. Let

bn
k = P[Bv = k | Dv = n] =

⎧⎨
⎩

1

n
if 1 ≤ k ≤ n,

0 otherwise,

then (4.7) simplifies, for all n, to

pn(t) =
∫ 1

β(t)

x

x(1 − c) + c
dx = 1 − c(1 − c)t − e−(1−c)t

(1 − c)2 ,

where

c =
∫ 1

0

G[z]
z

dz and β(t) = e−(1−c)t − c

1 − c
.

This implies that a very straightforward scheme to give all nodes an equal probability of
activating is for each node v to set its threshold uniformly between 1 and Dv .

7. Configuring the threshold

In Section 4 we have focused on how to determine the probability that a node will be
able to activate, given the degree distribution of the graph and degree-dependent thresholds.
In this section we focus on solving the inverse problem: given some desired degree-dependent
activation probabilities pn(1), we want to choose the thresholds in such a way that we achieve
these probabilities. For example, with scalability in mind, one could be interested in setting
the thresholds such that the probability that a node is able to activate is inversely proportional
to its degree.

The structure of this section is as follows. First, we introduce a continuous version of a
deterministic degree-dependent threshold. Second, we prove that for any vector of desired
degree-dependent activation probabilities there exist such degree-dependent thresholds, which,
when applied to the infinite tree, achieve these desired activation probabilities. Finally, we
propose an efficient iterative algorithm in order to determine these thresholds.

We introduce a continuous version of a deterministic degree-dependent activation threshold.
Define N := {n : an > 0}, that is, the set of node degrees that appear in G. For practical
purposes, we assume |N | to be finite. Given a threshold vector k = (kn)n∈N , we now set
the bn

k for all n ∈ N as follows:

bn
k = P[Bv = k | Dv = n] =

⎧⎪⎨
⎪⎩

kn − �kn� if k = �kn�,
1 − (kn − �kn�) if k = �kn�,
0 otherwise,

(7.1)

Naturally, in the case that �kn� = �kn�, we set bn
kn

= 1. Note that this implies E[Bv | Dv =
n] = kn and that a node with degree n will either have �kn� or �kn� as its activation threshold.

Let p̂ = (p̂n)n∈N , with pn ∈ [0, 1] for all n ∈ N and
∑

n∈N pn = 1, be the desired
activation probability vector. Our goal is to set the thresholds kn such that we achieve pn(1) =
p̂n. We first introduce some additional notation. For convenience, we will sometimes use
the representation kn := (n + 1)xn with xn ∈ [0, 1]. Note that this allows us to pick any
nontrivial set of activation thresholds, since for all kn > n + 1 we have pn(1) = 1. Now, for
x = {xn}n∈N ∈ [0, 1]|N |, let the function πn(x) be equal to pn(1) as in (4.7), where the bn

k

are set in accordance with (7.1) with kn = (n + 1)xn. Thus, πn(x) yields the probability that
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a node with n neighbors activates, if we should use kn = (n + 1)xn as the degree-dependent
activation thresholds. Similarly, let β(t, x) be equal to β(t) as in (4.3), with again the bn

k set in
accordance to (7.1) with kn = (n + 1)xn.

We are now in a position to formulate the following proposition on the existence of threshold
values for any desired vector of activation probabilities.

Proposition 7.1. For every degree distribution {ai}∞i=0 and the activation probability vector
(p̂n)n∈N , there exists a vector {xn}n∈N = x ∈ [0, 1]|N | such that πn(x) = p̂n for all n ∈ N .

Proof. Let x ∈ [0, 1]|N | and consider the vector-valued function P (x) = (πn(x)−p̂n)n∈N ,
which is continuous in x. Note that, for any n ∈ N , we have πn(x) = 0 if xn = 0 and πn(x) = 1
if xn = 1. Therefore, by the Poincaré–Miranda theorem [11], which is a generalization of the
intermediate value theorem, there exists a point x ∈ [0, 1]|N | for which the function P (x)

vanishes. Therefore, there exists a vector x ∈ [0, 1]|N | such that πn(x) = p̂n for all n ∈ N .
This completes the proof. �

In order to determine the vector x we propose an iterative algorithm. First, we introduce the
following function:

φ(x, k, n) =
∫ 1

0

( �k�−1∑
m=0

(
n

m

)
β(s, x)n−m(1 − β(s, x))m

+ (k − �k�)
(

n

�k�
)

β(s, x)n−�k�(1 − β(s, x))�k�
)

ds.

It is important to note that φ(x, (n + 1)xn, n) = πn(x). Additionally, consider the situation
where we have changed the activation threshold distribution of a single node with degree n

to (7.1) with kn = k, while all other nodes in V use the thresholds according to (7.1) with
kn = (n + 1)xn. Then, φ(x, k, n) yields the probability that the node with the changed
threshold distribution will be able to activate.

We now introduce the activation threshold algorithm.

Algorithm 7.1. (Activation threshold algorithm.) Set i = 0 and start with the vector x(0) =
(1)n∈N . Iterate between the following steps until the desired precision is reached.

1. For all n ∈ N , determine k
(i+1)
n such that

φ(x(i), k(i+1)
n , n) = p̂n. (7.2)

2. Set x(i+1) = (k
(i+1)
n /(n + 1))n∈N and increase i by 1.

Essentially what we are doing in step 2 of the algorithm is the following. Given the current
threshold values, we determine how we should reset the threshold of a single node with degree n,
in order that it has an activation probability equal to p̂n, if all other nodes continue using the
current threshold values. Having calculated this for all n ∈ N , we then give all nodes the new
thresholds and repeat the same calculation.

Theorem 7.1. The sequence {x(i)}∞i=0 generated by Algorithm 7.1 converges to a vector x∗,
such that πn(x

∗) = p̂n for all n ∈ N .

Proof. First, note that πn(x
(0)) = 1 ≥ p̂n for all n, which implies that x

(1)
n ≤ x

(0)
n and,

consequently, πn(x
(1)) ≤ πn(x

(0)) for all n ∈ N . Moreover, since x
(1)
n ≤ x

(0)
n for all n ∈ N ,
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Figure 4: Logarithmic plot of the maximum absolute error function as a function of the number of
iterations of Algorithm 7.1.

this implies, by (4.3), that β(t, x(1)) ≥ β(t, x(0)) for all t ∈ [0, 1]. Now note that this also
implies that, for any n ∈ N , k ≤ n, and t ∈ [0, 1],

k∑
m=0

(
n

m

)
β(t, x(1))n−m(1 − β(t, x(1)))m ≥

k∑
m=0

(
n

m

)
β(t, x(0))n−m(1 − β(t, x(0)))m. (7.3)

This is best seen in a probabilistic way. Let Xj , j = 1, . . . , n, be i.i.d. random variables
uniformly distributed in [0, 1]. Then the left-hand side of (7.3) is equal to the probability
that Xj ≤ β(t, x(1)) for at least n − k values of j . Clearly, since β(t, x(1)) ≥ β(t, x(0)), this
probability is greater than the probability that Xj ≤ β(t, x(0)) for at least n − k values of j ,
which is the right-hand side of (7.3).

Hence, from (7.3), we can conclude that

πn(x
(1)) = φ(x(1), k(1)

n , n) ≥ φ(x(0), k(1)
n , n) = p̂n.

Therefore, since πn(x
(1)) ≥ p̂n for all n ∈ N , this implies that x

(2)
n ≤ x

(1)
n and, consequently,

πn(x
(1)) ≥ πn(x

(2)) ≥ p̂n. More generally, we can then conclude that x
(i+1)
n ≤ x

(i)
n and since

x
(i+1)
n is bounded it must converge to some x∗

n and, hence, by (7.2), we have πn(x
∗) =

φ(x∗, (n + 1)x∗
n, n) = p̂n. �

To conclude this section, we show, by means of an example, that x(n) of Algorithm 7.1
converges to a vector x∗ exponentially fast. Assume that Dv −2 follows a binomial distribution
with parameters 18 and 1

2 , that is,

an =
(

18

n − 2

)(
1

2

)18

for n = 2, 3, . . . , 20.

Furthermore, assume that the desired activation probabilities are given by p̂n = 1/2, for n =
2, 3, . . . , 20. Define the maximum absolute error function e(i) := maxn∈N |πn(x

(i)) − p̂n|.
In Figure 4 we present the logarithm of the error function e(i) as a function of the number of
iterations of Algorithm 7.1. We see that πn(x

(i)) converges exponentially fast to the desired
activation probabilities.

8. Configuring thresholds in finite networks

Suppose now that we wish to apply the thresholds generated by Algorithm 7.1 to an actual
wireless network using a counter-based broadcasting protocol. In practice such networks are
not infinite in size. Moreover, in general, we cannot rely on the network having a tree structure.
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However, assuming that the network is relatively large and that the connectivity graph does
have some tree-like properties, we could treat it as an infinite tree. That is, we set the an to
be the fraction of nodes in our graph with node degree n and apply Algorithm 7.1 to generate
an activation threshold vector k, as if the network were an infinite tree. We then apply these
thresholds to our original network, which is finite and not a tree, in the hope that we still achieve
our target probabilities p̂n. In this section we conduct several simulation experiments, showing
that this approach achieves a relatively good performance.

8.1. A finite tree

We first study a network graph which does have a tree structure, but is finite in size. Note that
such network structures are relatively common in the context of the internet of things. For exam-
ple, such structures often arise in sensor networks, where nodes need to periodically send sensor
data, which is to be collected at some central node. An example of a connectivity graph of a
network consisting of 100 nodes and its corresponding degree distribution is shown in Figure 5.

Let us first assume that for the network in Figure 5 our target activation probabilities are
given by p̂n = 1

2 , that is, we want each node in the network to have the same probability
of activating. Requiring a precision of five digits, running Algorithm 7.1 with these target
probabilities produces the thresholds kn, presented in Figure 6(a), after only 18 iterations.
Recall that the values kn determine the activation threshold distribution as defined by (7.1).
Applying these thresholds to our original network and simulating the blocking process for 105

rounds produces the graph in Figure 6(b). In this graph each cross represents a node and its
activation probability averaged over all rounds, hence there are 100 crosses. The dashed line
represents our target probabilities.

We can conclude that the average activation probabilities of all nodes are remarkably close
to the desired value of 1

2 , even though the network is not infinite. Furthermore, it is worth
noting that the thresholds found by Algorithm 7.1 appear to depend linearly on the node degree.
This is intuitive, since in this example all nodes aim to have an activation probability of 1

2
and, therefore, the threshold of a node with n neighbors should roughly equal 1

2n. This is in
agreement with the trend that we see in Figure 6(a).

As a second example, assume now that our target activation probabilities are given by
p̂n = 2/(n + 1), that is, we want the probability that a node is able to activate to be inversely
proportional to its degree. Requiring a precision of five digits, Algorithm 7.1 produces the
thresholds plotted in Figure 7(a) after eight iterations. Applying this sequence to our network
and simulating the blocking process for 105 rounds produces the graph in Figure 7(b). In this

Figure 5: A connectivity graph (left) and the corresponding degree distribution (right).
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Figure 6: (a) Thresholds generated by Algorithm 7.1 for p̂n = 1
2 . (b) Scatter plot of average activation

probabilities for p̂n = 1
2 .

Figure 7: (a) Thresholds generated by Algorithm 7.1 for p̂n = 2/(n + 1). (b) Scatter plot of average
activation probabilities for p̂n = 2/(n + 1).

graph each cross represents a node and its activation probability averaged over all rounds and
the dashed line represents the target probabilities.

Also, here we see that the activation probabilities are very close to the desired values. Note
that in this case we see a little more variation in the achieved activation probabilities. This is
to be expected since some nodes want to achieve different activation probabilities than others,
depending on their degree, therefore there is more variation in the activity of neighboring nodes.
In other words, some nodes may have many neighbors with high activation probabilities and
some nodes may have many neighbors with low activation probabilities. Therefore, since we
set thresholds based solely on the number of neighbors a node has, this results in more variation
in the achieved activation probabilities.

8.2. A random geometric graph

We will now consider networks represented by a random geometric graph, which are neither
infinite nor a tree. These types of graph are of interest since they often serve as a basic
model for connectivity in wireless networks. An example of a connectivity graph of such a
network consisting of 200 uniformly placed nodes in a square area and its corresponding degree
distribution is presented in Figure 8.

First, assume that, for the network in Figure 8, our target activation probabilities are again
given by p̂n = 1

2 , that is, we want each node in the network to have the same probability of
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Figure 8: A connectivity graph (left) and the corresponding degree distribution (right).

Figure 9: (a) Thresholds generated by Algorithm 7.1 for p̂n = 1
2 . (b) Scatter plot of average activation

probabilities for p̂n = 1
2 .

activating. Requiring again a precision of five digits, Algorithm 7.1 produces the thresholds,
plotted in Figure 9(a), after 15 iterations. Applying this sequence to our original network and
simulating the blocking process for 105 rounds produces the scatter plot presented in Figure 9(b).

We find that even though our network is far from tree-like and has many clusters and loops, the
average activation probabilities are still very close to the desired values. A possible explanation
for this is that, in general, correlations between the activity states of nodes decay extremely fast
as a function of their distance, as demonstrated in Appendix B, and, hence, having loops in the
network has only a small influence. Additionally, note again that the thresholds in this example
seem to depend linearly on the node degree.

As a final example, assume that, for the same network, our target activation probabilities are
now given by p̂n = 3/(n+ 1). Requiring a precision of five digits, running Algorithm 7.1 with
these target probabilities produces the thresholds, presented in Figure 10(a), after 18 iterations.
Applying this sequence to the network of Figure 8 and again simulating the blocking process
for 105 rounds produces the graph presented in Figure 10(b).

Again we can conclude that the average activation probabilities of all nodes are relatively
close to the desired values, even though the network is neither tree-like nor infinite. Additionally,
note that in this case we see a little more variation in the achieved activation probabilities, as
was also the case for the final example on the finite tree of the previous subsection. Here we also
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Figure 10: (a) Thresholds generated by Algorithm 7.1 for p̂n = 3/(n + 1). (b) Scatter plot of average
activation probabilities for p̂n = 3/(n + 1).

see that this variation appears to be greater for low-degree nodes than for high-degree nodes.
This seems reasonable, since a low-degree node can easily have only neighbors with high target
activation probabilities or only neighbors with low target activation probabilities. This issue
should play less of a role for high-degree nodes, where this effect evens out more easily.

9. Conclusion

Counter-based gossiping has proven to be a reliable and scalable approach to implement
broadcasting. While traditional counter-based schemes generally use a fixed global activation
threshold for all nodes in the network, recent work has shown that the use of degree-dependent
activation thresholds can greatly improve the performance of these schemes, especially when
used in networks with nonuniform node density. However, little is known about how one should
configure these degree-dependent activation thresholds. Most of the papers on this topic rely
on experimental results and simulations for determining how to configure the thresholds, which
has the drawback in that they consider only a few specific network topologies and the results
are difficult to generalize.

By modeling counter-based broadcasting schemes as a special case of RSA, generalizing
hard-core blocking RSA, we hope to provide a first step towards a better understanding of
counter-based gossip protocols. For infinite tree graphs, we have shown how to determine the
time evolution of the probability that a node is able to activate, given its degree. Moreover,
we have developed a general method for determining the correlation between the activities of
nodes as a function of their distance. These correlations are shown to fall off extremely fast,
suggesting that the analysis of the infinite tree network can provide good approximations for
finite nontree networks.

Additionally, we have introduced a continuous version of deterministic degree-dependent
activation thresholds and have proposed the activation threshold algorithm (Algorithm 7.1)
which, given some desired degree-dependent activation probabilities, allows us to determine
how to set these activation thresholds such that we achieve these probabilities. For the infinite
tree, we have shown that

1. for any desired degree-dependent activation probability vector, there exist activation
thresholds achieving those probabilities and

2. the activation threshold algorithm is able to determine those thresholds quickly.
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As future work, we plan to study the correlation function Am(t) in more detail. In particular,
achieving a better understanding about the decay of Am(t) as m decreases could provide
additional insight into the applicability of our analysis to nontree networks. Moreover, it
is interesting to analyze the effect of introducing loops in a tree network on the activation
probabilities and correlation function, as it could lead to error bounds on the achieved activation
probabilities when applying thresholds generated by the activation threshold algorithm to
nontree networks. Finally, it would also be interesting to investigate the impact of not knowing
the exact degree distribution of a network and how using an approximate distribution influences
the performance of the activation threshold algorithm. This is especially relevant in the case of
communication networks, where one can generally not assume that the exact degree distribution
is known.

Appendix A.

Proof of Proposition 4.1. The steps of the proof are similar to those in the proof of Propo-
sition 2 of [17]. For v ∈ W ′ and 0 ≤ t < t + h < 1, we have

P[XW
t+h(v) = 1, XW

t (W ′) = 0, XW
t (W ′′) = 1]

= P[Tv ∈ (t, t + h), SW
t (v) < Bv, X

W
t (W ′) = 0, XW

t (W ′′) = 1] + o(h)

= hP[SW
t (v) < Bv, X

W
t (W ′) = 0, XW

t (W ′′) = 1 | Tv ∈ (t, t + h)] + o(h)

= hP[SW\{v}
t (v) < Bv, X

W\{v}
t (W ′ \ {v}) = 0, X

W\{v}
t (W ′′) = 1] + o(h),

where the second equality follows from the fact that Tv follows a uniform distribution. Summing
over v ∈ W ′, we obtain∑

v∈W ′
P[XW

t+h(v) = 1, XW
t (W ′) = 0, XW

t (W ′′) = 1]

= h

( ∑
v∈W ′

P[SW\{v}
t (v) < Bv, X

W\{v}
t (W ′ \ {v}) = 0, X

W\{v}
t (W ′′) = 1]

)
+ o(h).

Similarly, for 0 < h < t ,∑
v∈W ′

P[XW
t (v) = 1, XW

t−h(W
′) = 0, XW

t−h(W
′′) = 1]

= h

( ∑
v∈W ′

P[SW\{v}
t−h (v) < Bv, X

W\{v}
t−h (W ′ \ {v}) = 0, X

W\{v}
t−h (W ′′) = 1]

)
+ o(h)

= h

( ∑
v∈W ′

P[SW\{v}
t (v) < Bv, X

W\{v}
t (W ′ \ {v}) = 0, X

W\{v}
t (W ′′) = 1]

)
+ o(h),

where the last equality follows from the left-continuity in t . In a similar fashion, we can deduce
that∑

v∈W ′′
P[XW

t (v) = 0, XW
t+h(W

′) = 0, XW
t+h(W

′′) = 1]

= h

( ∑
v∈W ′′

P[SW\{v}
t (v) < Bv, X

W\{v}
t (W ′) = 0, X

W\{v}
t (W ′′ \ {v}) = 1]

)
+ o(h),
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and∑
v∈W ′′

P[XW
t−h(v) = 0, XW

t (W ′) = 0, XW
t (W ′′) = 1]

= h

( ∑
v∈W ′′

P[SW\{v}
t (v) < Bv, X

W\{v}
t (W ′) = 0, X

W\{v}
t (W ′′ \ {v}) = 1]

)
+ o(h).

Combining all results completes the proof. �

Appendix B. Simplifying the covariance function

In this appendix we demonstrate how one can derive expressions for Fm, Gm, �m, Bm,
and Am, which allow for numerical calculation of these functions. First, by the Cauchy formula
for repeated integration, we can write (5.17) as

Fm(t) =
∫ t

0
F0(x) dmu(x)

=
∫ t

0

(u(t) − u(x))m

m! dF0(x)

=
∫ t

0

(u(t) − u(x))m

m! (1 − β(x)) du(x).

From this, it follows that (5.19) becomes

Gm(t) =
∫ t

0

(∫ x1

0

(u(x1) − u(x2))
m

m! d(1 − β(x2))

)
dν(x1).

Consider now (5.20). Using �0(t) = γ (t) − β2(t) yields

�m = 2m

∫
(γ − β2) dmu +

m∑
j=1

2j

∫ ∫
Fm−j dγ∗ dj−1u. (B.1)

The first term on the right-hand side of (B.1) can be treated in a similar fashion as the treatment
of (5.17) and (5.19) above. Rewriting the second term on the right-hand side of (B.1) leads to

m∑
j=1

2j

∫ t

0

∫ x1

0
Fm−j (x2) dγ∗(x2) dj−1u(x1)

=
m∑

j=1

2j

∫ t

0

∫ x1

0

(u(t) − u(x1))
j−2

(j − 2)! Fm−j (x2) dγ∗(x2) du(x1)

=
m∑

j=1

2j

∫ t

0

∫ t

x2

(u(t) − u(x1))
j−2

(j − 2)! Fm−j (x2) du(x1) dγ∗(x2)

=
m∑

j=1

2j

∫ t

0

(u(t) − u(x2))
j−1

(j − 1)! Fm−j (x2) dγ∗(x2)
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=
m∑

j=1

2j

∫ t

0

∫ x1

0

(u(t) − u(x1))
j−1

(j − 1)!
(u(x1) − u(x2))

m−j

(m − j)! dF0(x2) dγ∗(x1)

= 2
∫ t

0

(∫ x1

0

(2u(t) − u(x1) − u(x2))
m−1

(m − 1)! dF0(x2)

)
dγ∗(x1),

which then allows us to write, for m ≥ 1,

�m(t) =
∫ t

0

(2u(t) − 2u(x))m

m! d�0(x)

+ 2
∫ t

0

(∫ x1

0

(2u(t) − u(x1) − u(x2))
m−1

(m − 1)! dF0(x2)

)
dγ∗(x1)

and �0(t) = γ (t)−β(t)2. The solutions to (5.21) and (5.22) can be treated in a similar fashion
as the treatment of (5.20) and its solution above.

Finally, note that since all functions �0(x), F0(x), and γ∗(t) are bounded by 1 in absolute
value, we can write

|�m(t)| ≤
∫ t

0

|(2u(t) − 2u(x))m|
m! dx + 2

∫ t

0

(∫ x1

0

|(2u(t) − u(x1) − u(x2))
m−1|

(m − 1)! dx2

)
dx1.

Furthermore, since 0 ≤ u(t) ≤ 1 for all t , we have

|�m(t)| ≤
∫ t

0

2m

m! dx +
∫ t

0

(∫ x1

0

2m

(m − 1)! dx2

)
dx1,

from which one can conclude that �m(t) goes to 0 at a superexponential rate as m grows large.
A similar treatment of the function Am(t) will show that it also goes to 0 at a superexponential
rate as m grows large. This then implies that the covariance between the activity states of nodes
decays at a superexponential rate as m grows large.

Appendix C.

Proof of Proposition 6.1. Equation (6.4) is a direct consequence of Theorem 10 of [17].
It remains to show that the expressions for σ 2

z (t) hold. We first prove the following lemma.

Lemma C.1. Fix z, then for m ∈ N
+,

lim
n→∞

P
n,2m−1
z

|Vn| = 2zm−1 and lim
n→∞

P
n,2m
z

|Vn| = (z + 1)zm−1.

Proof. For the z = 1 case, the statement is easily verified. Assume that z > 1. We prove
the statement by induction. First, note that, since there are (z + 1)zn−1 leaf nodes in the graph
induced by Vn,

P n,1
z = (z + 1)|Vn−1| + (z + 1)zn−1,

which yields, in combination with |Vn| = 1 + (z + 1)((1 − zn)/(1 − z)),

lim
n→∞

P
n,1
z

|Vn| = 2,

which will serve as our induction basis.
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Assume now that m > 1. Define Q
n,m
z to be the number of directed self-avoiding paths of

length m on the graph induced by Vn ending on a leaf node. Equivalently, we could let Q
n,m
z be

the number of directed self-avoiding paths of length m on the graph induced by Vn originating
on a leaf node. Then, we can write

P n,m
z = z(P n,m−1

z − Qn,m−1
z ). (C.1)

Let us count the number of directed self-avoiding paths of length m on the graph induced by Vn

originating on a leaf node, that is, Q
n,m
z , assuming n � m. For a path originating at a leaf

node to stay within the graph induced by Vn, it has to move towards the root, the first �m/2�
steps after which it can go in any self-avoiding direction for the last steps. Hence, since there
are (z + 1)zn−1 leaf nodes,

Qn,m
z = (z + 1)zn−1+�m/2�. (C.2)

The rest of the proof by induction follows from (C.1) and (C.2). �

For the z = 1 case, applying Lemma C.1 in combination with (6.2) to (6.3) yields σ 2
1 (t) =

te−4t ; see Theorem 11 of [17]. For z > 1, Lemma C.1 yields, in combination with (6.2) and
(6.3),

σ 2
z (t) = A0(t) − β(t)2

∞∑
m=0

zm
∞∑

n=m+1

(2 log[β(t)])2n

(2n)!

− (z + 1)β2(t)

2

∞∑
m=1

zm−1
∞∑

n=m

(2 log[β(t)])2n+1

(2n + 1)!

= A0(t) − β(t)2
∞∑

n=1

(2 log[β(t)])2n

(2n)!
n−1∑
m=0

zm

− (z + 1)β2(t)

2

∞∑
n=1

(2 log[β(t)])2n+1

(2n + 1)!
n∑

m=1

zm−1

= A0(t) − β(t)2

z − 1

( ∞∑
n=1

(zn − 1)
(2 log[β(t)])2n

(2n)! − (zn − 1)
(z + 1)

2

(2 log[β(t)])2n+1

(2n + 1)!
)

.

Finally, using A0(t) = α(t)(1 − α(t)) = 1
4 (1 − β(t)4) = − 1

2β(t)2 sinh[2 log[β(t)]], we find
that, after some manipulation and gathering of terms,

σ 2
z (t) = β(t)4

z − 1
− β(t)2

z − 1

(
cosh[2√

z log[β(t)]] + (z + 1)

2
√

z
sinh[2√

z log[β(t)]]
)

= β(t)4

z − 1
+ (1 − √

z)2β(t)2(1−√
z) − (1 + √

z)2β(t)2(1+√
z)

4
√

z(z − 1)
. �
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