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We obtain large-deviation approximations for the empirical distribution for a general family of
occupancy problems. In the general setting, balls are allowed to fall in a given urn depending
on the urn’s contents prior to the throw. We discuss a parametric family of statistical models
that includes Maxwell-Boltzmann, Bose—Einstein and Fermi—Dirac statistics as special cases. A
process-level large-deviation analysis is conducted and the rate function for the original problem
is then characterized, via the contraction principle, by the solution to a calculus of variations
problem. The solution to this variational problem is shown to coincide with that of a simple finite-
dimensional minimization problem. As a consequence, the large-deviation approximations and
related qualitative information are available in more-or-less explicit form.

1. Introduction

Occupancy problems centre on the distribution of r balls that have been thrown into n urns.
In the simplest scenario each ball is equally likely to fall in any of the urns, i.e., each ball is
independently assigned to a given urn with probability 1/n. In this case, we say that the urn
model uses Maxwell-Boltzmann (MB) statistics. This model has been studied for decades and
applied in diverse fields such as computer science, biology, and statistics. See [2, 8, 9] and the
references therein. However, balls may also enter the urns in a non-uniform way. An important
generalization is to allow the likelihood that the ball lands in a given urn to depend on its contents
prior to the throw, as in Bose—Einstein (BE) and Fermi—Dirac (FD) statistics. See [5, 9, 11] and
the references therein.

For MB statistics, many results have been obtained using ‘exact’ methods. For example,
combinatorial methods are used in [6] and methods that use generating functions are discussed in
[9]. Although they do not directly involve approximations, the implementation of these methods
can be difficult. For example, in combinatorial methods one has to deal with the difference of
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events using the inclusion—exclusion formula and the resulting computations can involve large
errors. In the moment-generating function approach in [9] similar difficulties occur.

Large-deviation approximations give an attractive alternative to both of these approaches. One
reason is that they offer good approximations with just modest computation. A second, perhaps
more important reason, is that qualitative insights can be obtained. In [4] the LDP for the MB
model is obtained, and the rate function exhibited in more-or-less explicit form.

In the present paper, we discuss a parametric family of statistical models, of which the previ-
ously mentioned MB, BE and FD statistics are all special cases. We assume there are n urns and
that | Tn| balls are thrown into them (where |s| denotes the integer part of s), and analyse the
asymptotic properties as n goes to 0. A typical problem of interest is to characterize the large-
deviation asymptotics of the empirical distribution after all the balls are thrown. For example,
one may wish to estimate the probability that at most half of the urns are empty after all the
balls are thrown. A direct analysis of this problem is hard, and instead we lift the problem to the
process level and analyse the large-deviation asymptotics at this process level.

Although process-level large deviations are by now quite standard, there are several interesting
features, both qualitative and technical, which distinguish occupancy models and place them
outside the range of existing theory. The most significant of these as far as the proof is concerned
is that the singular transition rates occur in the (Markovian) process-level description of the
model. We will use a weak convergence approach that is naturally suited to these problems and
results in a nicely compact and self-contained proof, and one that can easily accommodate further
generalization of the model. A second very interesting feature is that one can explicitly solve the
variational problems that arise in the process-level approximations. Such explicit formulas are
rare, and the solutions have many uses and add significantly to the practical value of the large-
deviation approximations. Besides identifying exponential rates and the manner in which rare
events are most likely to occur, they can be used to construct importance-sampling schemes that
provide accurate non-asymptotic numerical approximations [12].

The outline of the paper is as follows. In Section 2 the parametric family of occupancy
problems is described in detail. A dynamical system characterization of the random occupancy
process is given, and a representation for certain exponential integrals is given in terms of a
‘controlled’ occupancy process. From this representation formula one can identify the large-
deviation rate function immediately. In Section 3 we prove the lower bound for the Laplace
principle, which corresponds to the large-deviation upper bound. In Section 4, the rate function
# is studied more closely so as to deal with the technical difficulty of the singular transition
rates. In Section 5, we prove the upper bound for the Laplace principle, which corresponds to
the large-deviation lower bound. Finally, in Section 6 we give the explicit formula for the rate
function of the process at a given fixed time.

2. Preliminaries and main result

In this section, we formulate the problem of interest and state the LDP. The proof is given in the
following sections.

The general occupancy problem has the same structure as the Maxwell-Boltzmann occupancy
problem, except that in the general problem urns are distinguished according to the number of
balls contained therein. The full collection of models will be indexed by a parameter a. This
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parameter takes values in the set (0,00] U {—1,—2,...}, and its interpretation is as follows.
Suppose that a ball is about to be thrown, and that any two urns (labelled, say, 4 and B) are
selected. An urn is said to be of category i if it contains i balls. Suppose that urn 4 is of category
i, while B is of category j. Then the probability that the ball is thrown into urn A, conditioned on
the state of all the urns and that the ball is thrown into either urn A or B, is

a+i
(a+i)+(a+j)

When a = oo we interpret this to mean that the two urns are equally likely. Also, when a < 0
we use this ratio to define the probabilities only when 0 < iV j< —aand i< —aor j < —a,
so the formula gives a well-defined probability. The probability that a ball is placed in an urn of
category —a is 0. Thus, under this model, urns can only be of category 0, 1,... , —a, and we only
throw balls into categories 0, 1,... ,—a — 1.

In this set-up, certain special cases are distinguished. The cases a = 1, a = o0, a € —N corres-
pond to what are called Bose—Einstein statistics, Maxwell-Boltzmann statistics, and Fermi—Dirac
statistics, respectively.

Suppose that before we throw a ball there are already tn balls in all the urns, and further
suppose that the occupancy state is (xg, X1,...,X7+). Here x;,i = 0,1,...,I denotes the fraction
of urns that contain i balls, and x;; denotes the fraction containing more than I balls. Then the

‘un-normalized’ or ‘relative’ probability of throwing into a category i urn with i < I is simply
(a + i)x;. Let us temporarily abuse notation, and let xj 1, X;42,... denote the exact fraction in
each category i with i > I. Since there are tn balls in the urns before we throw, >~ ix; = t.
Thus the (normalized and true) probability that the ball is placed in an urn that contains exactly
iballs,i=0,1,...,1,is “M% and the probability that the ball is placed in an urn that has more

att ’
than J balls is 1 — > “Hx;.

An explicit construction of this process is as follows. To simplify, we assume the empty initial
condition, i.e., all urns are empty. One can consider other initial conditions, with only simple
notational changes in the results to be stated below. We introduce a time variable ¢ that ranges
fromOto T. Ata time t that is of the form [/n, with 0 < [ < [nT | an integer, | balls have been
thrown. Let X"(t) = {X{j(t), X{(¢),..., X]'(t), X[ .(t)} be the occupancy state at that time. As
noted prev1ously, X (t) denotes the fraction of urns that contain i balls at time ¢,i =0,1,...,1,
and X, (t) the fraction of urns that contain more than I balls. The definition of X" is extended
to all t € [0, T'] not of the form I/n by piecewise linear interpolation. Note that X"(t) is indeed a
probability vector in R/ 2. If

I1+1
V,i{xeRHz:xi}O,OgigI—{-l and Zx,-zl},
i=0

then for any ¢t € [0, T], X"(t) € ;. Thus X" takes values in % = C([0, T], ¥;). We equip %
with the usual supremum norm and on .%’; we take the usual L{-norm.

It will be convenient to work with the following ‘dynamical system’ representation. For x €
RI*2 and t € [0, —al 4«0y + 001450)) define the vector p(t, x) € RI*2 by

a+k
pr(t,x) = a—{—txk’ for k=0,1,...,1, 2.1
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and
' a +k
=1- .
pr41(t, x) > T
k=0
A direct calculation shows that if
I+1
x e and kak <t, 2.2)
k=0

then p(t, x) is indeed a probability vector in R'*2, i.e., p(t, x) € ;. We can then define a family
of independent random vector fields

™) :i=0,1,...,[nT| — 1, |nT]}
that take values in
A={ejp1—e,0<j<THU{0}
and with distributions

i L.: f = - s nggla
== {4 e

p1+1(£,x) if v=0.

Finally, we define X"(I/n) recursively by
1 .
XU+ 1)/n) = X (i/n) + - y™ (X (/).

and the initial condition X"(0) = (1,0,...,0). Observe that the increments {y**(X"(i/n))} are
conditionally distributed according to p (%,X "@i/ n)) , and thus the process X" is obviously
Markovian and will have the same distribution as the occupancy process described previously.
Often one is interested in the large deviations of the empirical occupancy measure at the
terminal time T, namely X"(T). We study this by analysing the large-deviation properties of
the whole process X" and then using the Contraction Principle. The Laplace formulation will be
used to perform the process-level analysis. Let F be any bounded and continuous function on %.
The processes X" are said to satisfy the Laplace principle with rate function .# if the following

two conditions hold.

(1) For each K < o, the set {¢p € % : F(p) < K} is compact in %.
2

lim — 1 log E exp[—nF(X")] = ingl[f((p) + F(o)].
=

n—o0 n

Since X" takes values in a Polish space, the notions of Laplace principle and large-deviation
principle are equivalent [3, Theorem 1.2.1].
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Define the I + 2 by I + 2 matrix

-1 0 0 0 0 O
1 -1 O 0 0 O
0o 1 -1 0 0 O
M = )
o o o --- 1 -1 0
o o o --- 0 1 O

Let ¢ € % be given with ¢o(0) = 1. Suppose there is a Borel-measurable function 0 : [0, T] —
&1 such that, for any ¢ € [0, T],

o(t) = (0) + /0 MO(s) ds. (2.3)

We interpret 0;(s) as the rate at which balls are thrown into urns that contain i balls at time
s. Moreover, 0(s) is unique in the sense that, if another 0 : [0, T] —> &, satisfies (2.3), then
0 =0 ae. on [0, T]. We call ¢ a valid occupancy state process if there exists 0 : [0, T] —>
1 satisfying (2.3). In this case 0 is called the occupancy rate process associated with ¢. It
is easy to observe that if ¢ is valid then ¢(s) satisfies (2.2) for all s € [0, T']. This shows that
p(s, @(s)) € 1.

The relative entropy function will be used throughout the paper and we define it now. For two
probability measures o and § on a Polish space .7, the relative entropy of o with respect to f§ is

defined by
R(a||p) = /C/ (log ZZ) do

whenever « is absolutely continuous with respect to § (and with the convention that 0log0 =
0). In all other cases we set R(a||ff) = co. When two probability vectors p and v € & ap-
pear in the relative entropy function, we interpret them as probability measures on the simplex
{0,1,...,1,I 4+ 1}, and thus

I+1 o
R(p|v) = ;pi log V—lf.

As observed before, when ¢(s) is valid, p(s, ¢(s)) € &1, which makes R(6(s)| p(s, ¢(s))) well
defined. For such ¢ define

T
Fp) = /0 R(005) (s, () d. 2.4)

If ¢ is not valid then define .#(¢) = co. In the next three sections we will prove that the urn
models constructed in this section satisfy the Laplace principle with rate function .#. In particular,
in Section 3 we will prove

1
liminf — — log E exp[—nF(X")] > inf [#(¢) + F(¢)],

n—0o0 n pEU
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and in Section 5 we will prove

lim sup — % log E exp[—nF(X")] < [Z(p) + F(p)].

inf
n—o0 PEU
These bounds are equivalent to the large-deviation upper and lower bounds [3]. In Section 4, we
will prove several properties of the rate function .#, and in particular show that .# has compact
level sets.

It will turn out that certain representation formulas for exponential integrals simplify proving
the Laplace principle. Consider a controlled process X" (t) constructed as follows. The process
dynamics are of the same general structure as those of X", save that y**(X"(i/n)) is replaced
by a sequence of controlled random vectors y*". Let (#7,.2/) be a measurable space and % a
Polish space and let 7(dy|x) be a family of probability measures on % parametrized by x € 7.
We call t(dy|x) a stochastic kernel on % given 7" if for every Borel subset E of % the function
mapping x € ¥~ +— 1(E|x) € [0, 1] is measurable. The conditional distributions of the controlled

random vectors will be specified by a sequence {v*" :i=0,1,...,|nT |}, where each quantity
VI = yh (X0, X1, X2, . .. , X;) 1S interpreted as a stochastic kernel on A given (& )i+1. ‘We call such
asequence {v*" :i=0,1,...,|[nT]} an admissible control sequence. Each control v*" will give

rise to a corresponding relative entropy term in the representation formula.
The controlled process is determined by

X"((i+1)/n) = X"(i/n) + %)’/i’”, for i=0,1,...,|nT],
X"(0) =(1,0,...,0),
where 7" has the conditional distribution v*"(X"(0),... , X"(i/n)). Random vectors X"(i/n) and
y"" are defined recursively in the following order:
X"(0), 3, X"(1/n), 3, X"(2/n),... . X"(InT ] /m), 3T,

For all n € N the controlled random vectors X" (i/n) and " are defined on a common probability
space (Q, #,P), and expectation on this space is denoted by E. Define

P = p(i/n, X"(i/n)),

where p(t, x) was defined previously in (2.1) . Then by [3, Proposition 1.4.2] and the chain rule
for relative entropy [3, Theorem C.3.1],

|nT]
1 - - 1 S
—~ log E exp[-nF(X")] = inf E | F(X")+ = 3 R(v¥"|p" 2.
;OB EexpL-nF(X")] = inf E| FX") 4+ 3 RO16")|. 3)

fyind
Wy

where the infimum is over all the admissible control sequences {v*"}.

A convention for the case a € —N. When a € —N it is only possible to throw balls into the
categories 0, 1,... ,—a — 1, and the only possible categories are 0, 1,... ,—a. Thus, if there are n
urns there can at most be —an balls thrown, and therefore T < —a. When T = —a all the urns
have exactly —a balls, which is not an interesting case to study. As a consequence, throughout
this paper we assume T' < —a. Also, because of the restriction on the possible categories we can
(without loss) assume that I = —a — 1. Thus, throughout the paper, for a < 0 we assume

T<—a, I=-—a—1. (2.6)
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3. The large-deviation upper bound

In this section, we prove

hmmf—f log E exp[—nF(X™)] > intl;[f((p) + F(o)],
=

h—0o0
which corresponds to the large-deviation upper bound. By (2.5) it is enough to show that
[nT]

I : T v - in in > i )
liminf inf E | F(X") + . Z_:R(V 1p™")| = ;Ielgl[f(tp)+F(¢)]

n—o0 {w‘.n}

For0 <! < |nT| andt € [I/n,1/n+ 1/n), define
X"(t) = X"(I/n).

Thus X" is the piecewise constant interpolation of the occupancy process. Note that for all w,
1

sup [X"(t) — X"(1)| < -
te[0,T]

Therefore, if X" converges weakly to X, then X also converges weakly to X.
We do the same thing for the controlled measures, and for t € [I/n,l/n 4+ 1/n) set

Pty =v" and p(t) = p(i,f("(t)).

Note that because relative entropy is non-negative and (|nT| +1)/n > T,

LnTJ

T
—ZR Vi) ) > / RO (0)17"(1) d. G.1)

For an #j-valued process {y(t)} we define (y) as its indefinite integral, i.e.,

() = /0 t y(s)ds, for 0<t<T.

Then (y) can be viewed as a vector of sub-cumulative distribution functions taking values in the
space

= {(y),y : [0,T] — & is measurable}.

We consider 2 as a subset of C([0, T], R*?) with the inherited topology. Since each component

of (y) is Lipschitz-continuous (with Lipschitz constant 1), the Arzela—Ascoli theorem implies
that 2 is precompact. Choose a convergent sequence (y,), with limit z. Since each component
of z inherits the Lipschitz-continuity and monotonicity of the (y,), a vector of non-negative
derivatives y exist, and for any 0 < s < ¢t < T these derivatives satisfy

¢ I+l I+1

/ Zyl du—Z[z (t)—zi(s)] =t—s.

This implies that y € & for almost every ¢ € [0, T], and hence z € 2. We conclude that 2
is compact.
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Let m ® y be the vector of sub-probability measures generated by (y), i.e., for each 0 < i <
I+1and0<a< T,

(y)ia)
T
Each component of m ® y can be viewed as taking values in the space of sub-probability meas-

(m ® y)i((—o0,a]) =

ures with the topology of weak convergence, and then m ® y as taking values in the product space
with corresponding product topology. However, we can also consider m ® y as a probability
measure on [0, T] x {0,1,...,I,I 4+ 1}, with the topology of weak convergence on this space.
These two topologies are clearly equivalent, and since uniform convergence of sub-cumulative
distribution functions implies the weak convergence of the corresponding sub-probability meas-
ures, the mapping (y) — m ® y is continuous. The Continuous Mapping Theorem then implies
the following result.

Lemma 3.1. Let Y, and Y be ¥ |-valued random processes. If (Y,,) converges weakly to (Y)
then m ® Y,, converges weaklytom ® Y.

We will also need conditions under which (Y,) will converge weakly to (Y ). Define ¥~ =
2([0, T] : <) to be the space of functions that map [0, T'] into .%’;, are right-continuous, and
have left-hand limits. Note that % < ¥". We equip ¥~ with the standard Skorohod metric s(-,-)
so that (77,s) is a Polish space (see [1]). If y, € 77, s(yn,y) — 0, and if y € %, then in fact
Yu(t) = y(t) uniformly in ¢ € [0, T], and hence (y,) — (y). Another application of the Continu-
ous Mapping Theorem gives the following.

Lemma 3.2. Suppose a sequence of ¥ -valued processes Y, converges weakly to the U -valued
process Y. Then (Y,) converges weakly to (Y ), and hence m ® Y, converges weaklytom ® Y .

We will also need the following formula, which can be verified directly from the given defini-
tions:

/OT R @)p"(1)) dt = TR(m @ 3" |m ® p"). (3.2)
Next we will prove the key weak convergence theorem used in the process-level analysis.
Theorem 3.3. Define a sequence of controlled processes and controls (X"(t),9"(t)) as above.
Then
{(X", (0"),n € N}

is tight. For any sequence from {(X",(3")),n € N}, consider a further subsequence that con-
verges in distribution to (X, n). Then the limit processes have the following properties.

(1) There exists an Sy-valued process 0 such that y = (0) with probability 1.
(2) The process X is a valid occupancy process and the process 0 is the occupancy rate process
associated with X, i.e., with probability 1,

X(t)=X(0)+ /0[ MO(s)ds, forall t €[0,T].

https://doi.org/10.1017/50963548307008681 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548307008681

Large-Deviation Approximations for General Occupancy Models 445

Proof. Both X" and (9") are uniformly (in n and w) Lipschitz-continuous. Hence, by the
Arzela-Ascoli theorem, {(X", ($")),n € N} is tight. Let (X, ) denote the weak limit of a con-
vergent subsequence. Since the second component takes values in 2 and this space is compact,
there exists a measurable .#;-valued process 0(t) such that 5 = (0).

Notice that for each 0 <i < T+ 1and 0 <! < |nT], and with the notational conventions
er+2 =erypand ¥_(¢) = 0,

_(1+1 e 1 1
X[n( n ) — X7 (I’l> - ﬁl{yl’":ei—ei—l} - ;1{5’"":&'“—&}

L (1N 11\ | lea(l
== 7vin_1 <> - 7\)[ () —l'_ 7Y, (), (3.3)
n n n n n n
with ¥;"(L) implicitly defined by

{7 n ! s ! i l
Yi <n> = |:1{y’~”=ei—e,-1} — Vi71 (n>:| - {l{yl‘»:em—ez} - Vi <n>:| .

In the same way that we defined " and X" on the whole [0, T] by piecewise constant inter-
polation, we can also define f’"(t) on [0, T]. Let # be the natural filtration, i.e., the o-algebra
generated by {X"(0), X"(1/n),... ,X"(l/n)}. Then

. an (1
E [1{)_}]'”=L)i7('i—]}|yf’l/l:| = ViyLl (n>s

which shows that {)A’i” (%) },0 <1< |nT] is a martingale difference with respect to 7.
We have observed that {3F_, )A’,”(ﬁ) :0 <k < [nT]} is a martingale with respect to 7. It

A

is also easy to see that E [Y" (1)]2 = O(1). Summing (3.3) shows that, for any 0 < [ < |nT|,

X1 m) = X7(0) = O)(1/m) = (1)1 /m) + (F") (1 /)

Owing to the fact that the jumps in the discrete time processes are uniformly bounded, if ¢ €
[L, L) for some 0 < [ < [nT | then (3")(t) = ($")(I/n) + O(1/n) and (Y ")(t) = (fi”)(l/n) +
O(1/n), where the O(1/n)-term is uniform in w. Since the Lipschitz-continuity of X" implies

[X"(t) — X"(s)| < |t —s|, forany s,t € [0, T],
X1 — X10) = (01 1)(6) — (3I)(0) + (F/")(0) + g'(0),

s
martingale difference and E ((f’i")z (1)) = 0(1/n), by a standard martingale inequality

n

where g!'(t) converges to 0 uniformly in ¢ and in w. Recalling that {}A’i”( )L0<I< |nT]isa

(Y")(t) = 0 uniformly for ¢ € [0, T]

in probability. Since (¥,")(1) + g(t) converges to 0 in probability and (X(t) — X7(0), (" ,)(t) —
¥7')(t)) converges weakly to (X;(t) — Xi(0),7-1(t) — n:(t)),

Xi(t) — Xi(0) = n;—1(t) — n;(t) with probability 1.

Recall that we have proved the existence of a process 0 so that y(t) = fot 0(s) ds. Thus the last
display can be rewritten

Xi(t) — X;(0) = (0),_1(¢) — (6);(t) with probability 1,
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which is indeed

t
X(t) = X(0) + / MO0(s)ds with probability 1. ]
0

Theorem 3.4. Define .4 by (2.4) for any of the occupancy models discussed in Section 2. If
F : U — R is bounded and continuous, then

1
liminf —— log E exp[—nF(X")] > ing[f((p) + F(@)].
PEU

n—oo n
Proof. Owing to the representation formula (2.5) it is enough to show that
|nT|

liminf inf E | F(X") + ! Z R(vi‘”lpi’")] > inf [# () + F(9)].
n =0 PEU

n—oo {Vl,n}

Consider any admissible sequence {v*"}. Then (3.1) and (3.2) imply

[nT]

F(Xn) + ; Z R(vi,ani,n)
i=0

_ _ _ T
E >E{F<X">+ | R dr]

— E[F(X")+ TR(m® 9" |m ® p")].

By Theorem 3.3 we know that for any subsequence of N there exists a subsubsequence such that
{(X", ("))} converges in distribution to a limit (X, (0)).
Let

I+1
W‘i{xE'V:Zix(t)gt, for 0 <t < T}.
i=1

Owing to our construction of the controlled process X " we know that for each w, X "(w) e W.
Fora € (0,00) U {—1,—2,...} and x € #", define g(x) by

(i) = “T o, for0<i<l,
a—+t

and
I

() =1=)"

i=0

a+i
—X
a—+t

i(0)-

Then g maps #  to ¥". The case a = o0 is defined as the obvious limit. When a € (0, 0], g is
clearly bounded and continuous. When a < 0 the boundedness of g follows from (2.6), and the
bound
ol < =4 4~ _¢
S t—a T —a—T a+T

The argument to show continuity is similar, and omitted.

With these definitions we have g(f(")(t) = p"(t) and g(X)(t) = p(t, X(t)). Since X" Xew,
we have p" and p(-, X(*)) € 7. By the Continuous Mapping Theorem and the definition of p",
weak convergence of Xm0 X implies weak convergence of p" to p(t, X(t)) in ¥~. Applying
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Lemma 3.2, we have that m ® p" converges weakly to m ® p. Similarly, by Lemma 3.1 the weak
convergence of (§") to (0) implies the weak convergence of m ® 9" tom ® 0.

Now, applying Fatou’s lemma (for weak convergence) and using the lower semi-continuity of
relative entropy,

n—aoo

[nT]
liminf E [F(X”) + % Z R(vi’”|pi’”)1 > higiong [F(X")+ TR(m® " |m® p")]
>E[F(X)+ TR(m®0|m® p)]

T
=E [F(X) + /0 R(0()|p(t, X(1)) dt]. (3.4

As proved in Theorem 3.3, X(t) = X(0) + fo s) ds, therefore, by the definition (2.4) of the
rate function .7 (o),

T
/0 R(00)1p(t, X(1) dt = F(X).

Thus (3.4) yields
LnTJ
liminf inf E [ (X" + - Z V| ptn ] > inf [#(¢) + F(9)].
n—oo  {yl'} oEU
Hence we complete the proof of the large-deviation upper bound. |

4. Properties of the rate function

In this section, we prove important properties of the rate function, some of which will be used
later on to prove the large-deviation lower bound.

Theorem 4.1. Let .9 be defined as in (2.4). Then, for any K € [0,00), the level set {¢ € U :
J(p) < K} is compact.

Proof. As is always the case in the weak convergence approach, the proof of compactness of
level sets is essentially a deterministic analogue of the proof of the large-deviation upper bound,
and is hence omitted. See [3, Proposition 6.2.4] for the proof in an analogous situation. U]

Theorem 4.2 (zero-cost trajectory). For t € [0,T] let f(t)= (1+ )™ (f(t) = e™" in the
case a = o),

bilt) = (t)f(’(), for0<i<lI,

and let p41(t) = 1 — S, ¢i(t). Then I(¢p) = 0.

Proof. We first assume a = co. It is easy to see that, for any 0 < i < o0,

(t)

0 = =1 (4.1)
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Thus ¢ as defined in the statement of the theorem is indeed a probability vector. It is also clearly
a continuously differentiable function. We will show that

d(1) = Mp(t, $(1)). 4.2)

If so, then the occupancy rate process 0 associated to ¢ is indeed p(t, ¢(t)), and thus, by the
definition of rate function,

T
J(P) = /0 R(0(0) [ p(t, ¢(1))) dt =

To show (4.2), we calculate ¢;(t) = SL £0(¢) for 0 < i < I explicitly:

i [Ti=b(a + j) et
pilt) = = ( + ) .
i! a a
Hence the derivative satisfies
. a+i—1 _a +1i
(1) =
D) = i) = )

= pi-1(t, (1) — pit, ¢(t))
= (Mp(t, p(1))i,

where the second equality is due to the definition of p(t, ¢(t)). The case of ¢;,1(t) is also a
straightforward calculation and hence omitted.

Next we consider the case when a = co. In this case f(t) = e, and the validity of (4.2) can
be directly verified. L]

Lemma 4.3. For every choice of the parameter a, there exist 6 > 0 and 0 < K < o0 such that

dilt) = 618 (4.3)
forany 0 <i<I+ 1.

Proof. Note that whena >0,0<i<land0<t< T,

i -
s = -1 (“"Q+ )
¢ T
> 1 (1 + a> , “4.4)
and because of (4.1) we have
I
Gra(t) = 1= ¢i(0) 4.5)
i=0
=™ 4
> I+ 1)! f ®
fd+1 7\ ¢ 11
>u+mo+a) | 0
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For the case a < 0, by (2.6) T < —aanda= —I — 1. If 0 < i < I, then, since a + j < —1
foreach0 < j <,

T i —a—i
¢i(x)=;W<1+t> /% 1.(1+t> .

a a (—a)’

WV

Moreover, since a < 0 and —a — I = 1, for each fixed a and i < I, (1 + é)ﬂH is monotone
decreasing in ¢t. Therefore

For ¢;41(t) we have

bria(t) = 1= ¢i(1)

i=0

VS
> ((I j_) 1)!f(1+1)(t)

o TTela+)) et —at
S+ gt a

- t1+1 1 I+1 1+T —a—I
T I+D'\ a a '

The last inequality follows exactly the same reasoning as for 0 < i < I.
Finally, for the case a = oo we just take limits on (4.4) and (4.5), and use that

. T\ "
lim (1 + > =e T,
a—o0 a

It follows that for every choice of the parameter a there exist 6 > 0 and 0 < K < oo such that
the zero-cost trajectory ¢(t) satisfies (4.3) forany 0 <i <1 + 1. U]

Lemma 4.4. For a given value of a let the parameters 6 and K be as in (4.3). Let ¢ € U satisfy
J(@p) < 0. Then, for any ¢ > 0 there exists ¢° € U such that:

(D) (%) < (o),
(2) d(@,¢°) < s
(3) @i(t) = eotK forallt € [0, T] andi=0,1,...,1,1 + 1.

Proof. Foranye > Oand ¢ € %, let

¢" =(1—e)o+:ep,

where ( is the zero-cost trajectory. Then ¢° € %. From the definition of p(t, x) in (2.1) it follows
that p(t, x) is linear in x. Also, recalling the definition of .#(¢) in (2.4) and the joint convexity of
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relative entropy, we find that .#(¢) is convex in ¢. Therefore

F(0°) < (1 —¢&)I(p) + &5 (p)
=(1—¢7(p)
< A(o).

Since d(¢, @) < 1

d(o,¢°) < ed(@,p) < e,

and also @° > ¢ > edtK. O
The final theorem of this section is essential in proving the large-deviation lower bound.

Definition (good path). We call an occupancy process ¢ € % a good path if there exist con-
stants 0 < 6/, K’ < 0 so that ¢;(t) > 6'tX fort € [0, T]and 0 < i < I + 1.

Definition (good control). We call an occupancy rate process 8 a good control if the process
0 is piecewise constant on [0, T], with a finite number of intervals of constancy. In other words,
there exist a finite number of intervals [r;,s;], 1 <i < m so that [0, T] = U%,[r;,s;], and 0(¢)
is a constant vector on each (r;,s;). In addition, we assume there exists 0 < ¢ < T so that 6
is ‘pure’ on [0, ), in the sense that, for any interval of constancy (r,s) = [0, ), there exists
i,0 <i< I+ 1suchthat6;(t) =1fort € (r,s).

Theorem 4.5. For a good path ¢ € 9 assume ¥(@) < oo. Let 6',K’ be the associated con-
stants in the definition of a good path. For any ¢ > Q there exists a good control 0" and associated
a > 0 so that, if ¢ is the occupancy path associated to 0%, then

(1) (") < (o) +¢
(2 d(¢™,0) <
(3) ift < o and 0;(t) = 1 then ¢;(t) > &'’

Proof. Foraog > O that will be specified later on, we construct a pure control 0*(t),t € [0,0)

as follows. For 0 < i < 1,let 0/(t) = 1if
i I+1 I+1
D Jeje)+ Y igio) < t<ZJ<p,(a + > i+ Dgulo
j=0 k=i+1 k=i+1

and let 0;_,(t) = 1if

I
> jeie)+ I + Der(o) < t <o.
j=0

Observe that the component ¢; will increase only during the interval when 0;_,(¢) = 1, and that
it decreases to its final value while 0; (t) = 1. Observe also that ¢*(c) = ¢(¢). Hence, for ¢t < g,
if 0;(t) = 1 then ¢} (t) = ¢! (a) = &'’
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Now assume that 0 < a < oo. For such i and ¢,

a+i
—;(t
a+t<pl()
a ’
5/ K
a+ T ¢
=0"dX, .7

pilt, @’ (t)) =

=

where 6" = HLTF. Note that the above bound is true for all 0 < i < I + 1.

Recall that when a < 0 we assume without loss that I = —a — 1, and that no balls are placed
in urns that currently contain more than I balls. It follows that

I+1

> o) =0,
j=0

and that 0;(t) is always zero. Hence the same will be true of 0; (1), i.e., 0; () = O for all
t € [0,0]. For 0 <i <1, wehave

a+i /
(t, 0 (1) = ——5'ck
pi(t, @™ (1)) Pl

a+1

> 5ok
a4+t
1 ’
> 5ok,
a

Thus for such i there exists a constant 8" > 0 such that p;(t, ¢*(t)) > 6"X" when 0; (t) = 1.
Finally, when a = oo we can choose 6" = ¢’ and (4.7) will hold.
This completes the construction of 0* and ¢* on [0, o). The lower bounds on the p; and the
fact that 0 is pure on [0, o] imply

| ROt 0) di < ~olog(&"*)

Now let us choose ¢ small enough that foa R(0"(t)|lp(t, ¢*(¢))) dt < &/2 and sup,epo,) @™ (1) —
¢(t)| < e. Also, recall that under the construction ¢*(a) = ¢(o).

The construction of controls on [o, T'] is easier. Let 0(t) be the rate process associated with
¢(t) by (2.3). For M € N we partition [o, T] into M sub-intervals of length ¢); = (T — o)/ M.
Foreach sthat o + lcpyy < s <o+ (I 4+ 1)cpy where 0 < I < (M — 1), let

gy
M

Let ¢™)(t) be the occupancy path associated with 0™)(t). Then it is easy to check that ™)(t) co-

incides with ¢(¢) on the ‘partition points’ in [a, T, i.e., those points of the form {o + lcps : 0 <

I < (M —1)}. Thus, for M large enough (e.g., M > (T — 7) /), SUp,c[.1] lpM)(t) — (1)) < e.

Because ¢(t) is good, when t > @, we have ¢(t) > 6'tX" > §’6K’ > 0. Therefore ¢(t) is uni-

formly bounded away from the boundary after time a. As M — oo, 0™)(t) converges to 0(t) and

@™M)(t) converges to ¢(t) a.e., and thus, by the Lebesgue Dominated Convergence Theorem,

T T
Jim [ ROl ) dt = [ RO plo(0) dr
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Now choose M < oo sufficiently large that

T T
| RO OIpoM ) i< [ RO o) di+ 572

Let 0* be defined as it was previously on [0, o], and set it equal to 0™ on [o, T]. We have

g

T
Sp') = / R(0M (1) (el (1)) dt + /0 R(0°(0) (1" (1)) dt

T
</ R(0)llp(tlp(1)) dt +¢/2 + /2
<Jlp) te

Thus we complete the proof. L]

5. The large-deviation lower bound

Theorem 5.1. Define . by (2.4) for any of the occupancy models discussed in Section 2. If
F : 9% — R is bounded and continuous, then

lim sup —% log E exp[—nF(X")] < qi)relg[f(go) + F(p)].

n—ao0

Proof. According to (2.5), the theorem follows if

[nT]
limsup inf E | F(X") + = R(v™ ") | < inf [#(@) + F(o)].
msup inf E | F(X") n; (v*"llp )1 inf[#(p) + F(o)]

For any ¢ € % such that .#(¢) < oo, Lemma 4.4 and Theorem 4.5 imply that for any ¢ > 0 there
exists (¢*, ") with the properties described in Theorem 4.5. Since F is continuous in %, we only
need to show that there exists a sequence of admissible controls {v"} so that

[nT]
limsupE | F(X") + — Z R(v"’"|p"’”)1 < A Q")+ F(o").
n—0 n-
i=0
The latter inequality will follow if we can find a sequence of admissible {v"} such that
[nT]
limsupE | > R(v""| p'?")] < I(@"), (5.1)

e i=0

and such that if X" is the occupancy process constructed under {v"} then, for any small b > 0,

limsup P{d(X", ¢") > b} = 0. (5.2)
n—o0
In other words, X" converges to ¢* in probability.

To prove the desired inequalities (5.1) and (5.2) we need to construct the proper {v"}. Recall
that {v"} can depend in any measurable way on the ‘past’, and so we could, in principle, use such
information in constructing the controls. However, it turns out that we can construct the controls
without reference to the controlled process (so-called ‘open loop’ controls). Let 0* be the good
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control as described in Theorem 4.5. We know that 0° is piecewise constant and pure up to time
o > 0. We also know that, before time g, if 0 (t) = 1 then both p;(t, ¢*(t)) and ¢; () are greater
than a fixed value { > 0. We can also assume, for the same value of {, that both p;(t, ¢*(¢)) and
@; (t) are greater than { foralli € [0,1,...,1,] + 1] and allt € [0, T].

Although the limit trajectory stays away from the boundary after time o, there is no guarantee
that the random process X" is uniformly bounded away. In order to handle this possibility, we
use a stopping time argument similar to one used in [4].

Let (I,/n) be the minimum of the first time such that, for some i, X(1,,/n) < {/2 and 0; (I, /n) >
0, and the fixed deterministic time 7. This is the first time the random process is close to the
boundary, and hence there is the possibility of a large contribution to the total cost (note that
when 07 (l,/n) = 0 there is no contribution to the cost regardless of the value of X"(l,/n)). The
control {v"} is then defined by

i 0*(i/n) if i<y,
v = _
p(i/n,X"(i/n)) if i>1,.

Prior to the stopping time, we use exactly what 0" suggests, and after the stopping time we follow
the law of large number trajectory (and therefore incur no additional cost).

Now we apply Theorem 3.3. Thus, given any subsequence we have convergence along a
further subsequence as indicated in the theorem, with limit (X, [0]). Using a standard argument
by contradiction, it will be enough to prove (5.1) and (5.2) for this convergent processes. Let 1" =
(I,/n) < T. Note that, because the applied controls are pure, the process X"(t) is deterministic
prior to ¢, and also that, prior to this time, the time derivatives of X"(t) and ¢*(t) are piecewise
constant. In fact, the two derivatives are identical, except possibly on a bounded number of
intervals, each of length less than 1/n (the points where they may disagree are all located with
within distance 1/n of the endpoints of the intervals of constancy of ¢*(t)). Thus, for large n,
we cannot have t" < ¢. Since the range of 1" is a bounded set in R, we can also assume that 7"
converges in distribution to a limit 7, and without loss we assume the convergence is along the
same subsequence. Since t" > ¢ for large n, we have t > ¢ with probability 1. It is easy to check
that the limit control processes, with probability 1, satisfy

3o — { 0°(0) if 1 <1,
p(t,X(1) if t> 1.

Owing to the definition of 7", if T < T then X (1) < {/2 for some i € [0,1,...,1,1 +1] (al-
though ¢;(t) > { when ¢ € [o, T]).

We use that 0(t) = 0*(t) when t < 7 and that 0*(¢) is deterministic. As shown in Theorem 3.3,
(X, 0%) satisfies (2.3) for ¢t € [0, 1]. Thus, for t € [0, 1],

X(t) = ¢"(t) with probability 1.
This forms a contradiction since
Xi(0) <{/2 << 0i().
Therefore T = T, and thus, for all t € [0, T,
X(t) = ¢"(t) with probability 1.
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This also indicates that the weak limit of the random processes is indeed limit (¢*, 0"), which
implies (5.2). To prove (5.1), we use the weak convergence and the Dominated Convergence
Theorem:

[nT|

1 Ly ,in ’ 0* * d
§ RO )1 = [ RO @t 0) d

= J(¢").

This completes the proof. Ll

limsup E

n—o0

6. Explicit solution to the calculus of variations problem

In the previous sections we identified the process-level large-deviation rate function (2.4) for
a class of occupancy problems. The large-deviation principle for the process at a given fixed
time can then be expressed in terms of the solution to a calculus of variations problem. In most
cases this calculus of variations problem will not have a closed-form solution. However, for the
class of occupancy models studied here it can be identified with the solution to a related finite-
dimensional minimization problem. This latter problem can be solved by the standard Lagrange
multiplier method, which is easily implemented numerically. In this section we give the precise
statement of this equivalence. The explicit formula generalizes that obtained in [4] for the special
case of MB statistics. The techniques we use are quite different, based as they are on dynamic
programming and control theory rather than methods from the calculus of variations.

6.1. Theorem statement
Suppose the current occupancy state is x € S; and that ¢ is the number of balls per urn among all
categories. If y;,i =0, 1,... ,I,I + 1,... are the fraction in category i, then x; = y; fori < I and

0
t= Z kyr.
k=0

Note that t > ,l;(l) kexy.

Although the proofs in the previous sections considered the particular case where all urns start
empty, one can without difficulty extend as in [4] to the case of a general (feasible) initial time
and initial condition (x, t). Feasibility in this context depends on the underlying parameter a.

Definition (feasible domain). Define &, the feasible domain for the occupancy model with
parameter a, as follows.

e Whena >0,

I+1
D, = {(x,z) €% x[0,T) :x;41 >0 and t > Zixl}
i=0

I
U{(x,t)é&”; X [0,T):x;41 =0 and t=Zix,-}.

i=0
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e Whena<Oand] =—a—1,
I+1
D, = {(x,z)ey, x [0, T) :t=Zix,}.
i=0

As before, when a < 0 we restrict to T < —a. In the first case the second set in the union
reflects the fact that when x;1; = O the number of balls thrown is exactly Zf:o ix;, and similarly
for the second case.

Consider a valid occupancy process ¢ € C([t, T, &) with ¢(t) = x. Making the dependence
on (x, t) explicit, the rate function .#(x, t; ¢) for such paths can be written

T
Stip) = / R(005)] (5. 9(5))) ds.

where
¢(s) = MO(s) (6.1)
and
Ca+k
pk(s9))):7ykf k:071>"'519
a—+s
I
pria(sy) = 1= pilsy).
k=0

The relevant calculus of variations problem for a point in the feasible domain is

X, t;m) = inf F(x,t;0). 6.2
Sxto) = nf S(xtie) 6.2)
o(t)=x,0(T)=w

The formula for the finite-dimensional minimization problem requires some notation. For all
a€R,a#0andieN, let

(a) L ITeta—)
i) il '

Note that if @ € N and i > a then (‘l’) =0, and that if a ¢ NU {0} and i € N, then (‘l’) #+0. We
will use the fact that if @ € R and |z| < 1, then the binomial expansion

(1 4 Z)—a — Z <_la> Zi
i=0

is valid, and if —a € N then the sum contains only a finite number of non-zero terms and is valid
forall z € R.
Forie NU{0}anda >0,s > 0ora € —N, 0 < s < —a, define

o (2)(7)(+2)
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Ifa>0,s > 0and |s0/(a+ s)| < 1, then the binomial expansion gives

Sam-£(2) (7)(+)
() S )
() ()

We thus have the following expressions, where the second one may be justified by a very similar
calculation (when [s0/(a + s)| < 1):

© —a © —a—1
. S . S
> Qi)' = (1 +-(1- 9)) LY i) = s0(1 +-(1- 9)) . (63)
i=0 a i=0 a4
Note also that when —a € N and 0 < s < —a, the number of non-zero summands is finite and
the formulas again hold. If —a € N and 0<s<<—aora>0ands >0, then Q¢(s) > 0 for

i € NU {0}. Letting 0 1 1 in the first expression shows that under these conditions Qf(s) defines
a probability measure on N U {0}. When a = 0 we use the limiting values

o) =1, QY)s) =

foralli € Nands 0.
Denote 7% = {nf,nf,...} € Ry, for all 0 <k < I+ 1, where nf represents the probability

of throwing i additional balls into the kth category. Denote © = (n°,n',...,n!, 2! *1), so that
n € RIF2 For any given x € %1, we say & = (n°,7n!,...,nl, 2/ *!) € Z(x,t;0, T) if
o) I+1 ®
ey mi=x, O<k<I+1, Y xi )y jr (6.4)
iz =0 j=0
and

i I
k .
=Y xmy, 0<i<I,  op=1-) o
k=0 k=0

We will use w = x x 7 as shorthand for the last display. A terminal point w is feasible (for the
given initial time and condition) if & (x, t;w, T') is not empty.
Now we are ready to state the theorem. For s > 0 let P (s) denote the Poisson distribution with

parameter s, and if s = 0 let P(s) denote the probability measure on {0, 1,...} with mass one
on {0}.
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Theorem 6.1 (explicit formula for the rate function). Consider an initial condition (x,t) €
9.4, and a feasible terminal condition w. If a € (0,00), then for x;+1 > 0 let

(t = Dig ki)

X1+1

T(x, 1) =

(so that t(x,t) is the average number of balls per urn distributed in the 1+ categories for the
initial condition (x,t)) and if x;+1 = 0 let ©(x,t) = 0. Then the quantity J(x,t;w) defined in
(6.2) has the representation

1
L) = i k|| gatk (4K
f(x,t,w)—neyrg}gu’ﬂ{gxm(n HQ (aH(T t)))

attlx a—+ t(x,t
+X1+1R<7TH1HQ +1( ’t)<a-ift)(T —t))> }

Ifae —Nwithl = —a — 1 then 1(x,t) =1 + 1, and

s a+k
. _ : § : k a+k _
f(x’t’w)_ne%}i}w,ﬂ{k_o ka<7r HQ (a+t(T t))> }

In the final case of a = oo, we have

I+1
J(x,t;w)= min { > xkR(n*|P(T — 1)) } .
k=0

neZF (x,t;w,T)

Although these minimization problems as stated appear to be infinite-dimensional, they can
in fact be reduced to finite-dimensional problems. This is because if 7¥ is the minimizer, then
n’]‘ takes a prescribed form for j > I. In fact, all njf can be represented in terms of no more than
I + 3 Lagrange multipliers as in (6.10) below.

6.2. The Hamilton-Jacobi-Bellman equation
Since the Maxwell-Boltzmann case (a = o0) is rigorously analysed in [4], we will assume a < o0
from now on. However, the case a = co can easily be proved using the arguments developed here,
and can also be obtained as a limit.

The calculus of variations problem (6.2) has a natural control interpretation, where 0(s), t <
s < T is the control, ¢(s) = MO(s) are the dynamics, R(0(s)| p(s, ¢(s))) is the running cost and
g(x) = 1y - 00 is the terminal cost. It is expected that if we define

T
Vo= inf { / R(9<s>|p(s,<p(s>))ds+g<<p<T>>}, (65)

PECLTLS (e

then V(x,t) is a weak-sense solution to the Hamilton—Jacobi—Bellman (HJB) equation
W, + H(W,,x,t) =0,
and terminal condition

W(x,T) = 1{xt0) - 0.
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Here the Hamiltonian H(p, x, t) is defined by
Hp,x,0) = inf [{(p, M0) + ROl p(t, )]
S

and W, and W, denote the partial derivative with respect to ¢ and gradient in x, respectively.
Note that by the representation formula [3, Proposition 1.4.2], the infimum in the definition of
H(p, x, t) can be evaluated, yielding

{ Wt = 10g(2£=0 Xk (%) CXp(ka - W\”\'H) + (%j—'\t"[))x’*'l)’ (66)

W(x,T) = g(x)
The problems of interest in applications often have a terminal condition of the form
g(x) = Lye(x) - o0,

where .o/ is some convex set. For example, ./ can be a single point of @ as was discussed pre-
viously. Such terminal conditions usually yield only a weak-sense solution, and not a classical-
sense C! solution to the HIB equation. However, it turns out for the occupancy problem that there
are terminal conditions that yield classical-sense solutions, and as we will see, these solutions can
be used to carry out a fairly complete analysis of the problem for general terminal conditions,
including the very singular terminal conditions that arise in defining the large-deviation rate
J(x,t;0).

In the next result we state a representation for the calculus of variations problem with affine
terminal cost (I, w) + b. To simplify, we first observe that W is a solution of just the PDE alone
(i.e., without the terminal condition) if and only if W 4 ¢ is a solution for any real number c.
Since o is a probability vector, it suffices to prove the representation when l; ;1 = 0 and b = 0.

Proposition 6.2. Consider (x,t) € 9, and g(w) = (I, ), where | € R'*? and ;| = 0. Define

T
v = it f [ REOps 000 -+ (ol .

PeC(ILTLY ol

and

U(x,t) = min xR nk‘
( ) neﬁ"(x,t;T){Z k (

1
arfatk
o (G5 =n))

+X1+1R(TCI+1 HQa-ﬁ-r(x,l) (W(T _ t)>) +g(x x7) } , (6.7)

where m € 7 (x,t; T) means that © satisfies the constraints in (6.4). Then V(x,t) = U(x,t).

The fact that Theorem 6.1 follows from this proposition can be argued as follows. For a general
(proper) convex terminal cost g(w), the Legendre transform gives a representation of the form

g(w) = sup [(B,w) —h(B)].

PERI+2
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Let V8(x,t) denote the solution to the calculus of variations problem (6.5) with terminal cost
2(*). Then one can show

VE&(x,t) = sup V{<ﬁ,w>—h(ﬁ)}(x’[),
ﬁeRl+2

and an analogous formula for U%. Given Proposition 6.2, V'8 = U# then follows.

6.3. Analysis of the finite-dimensional minimization problem
We now focus on proving Proposition 6.2. We will do so by proving that U(x, t) is a classical-
sense solution to the HIB equation (6.6). A modification of the standard verification argument
[7] can then be used to show that V(x,t) = U(x, t). The classical verification argument consists
of two parts. One first considers any valid occupancy process and control (¢, 8) for the initial
condition (x,t). If U is a smooth solution to the PDE (6.6) in neighbourhood of {(¢(s),s) :
s < T} and if U(e(T), T) = (¢(T),1), then the chain rule implies that the cost along this
trajectory is at least U(x,t). The reverse inequality is proved by defining an optimal feedback
control through the HJB equation, using this control to construct a trajectory, and then verifying
(once again via the chain rule) that the cost for this control is U(x, t). The characterization of
V(x,t) as an infimum over all valid occupancy processes and controls that start at (x,t) then
gives V(x,t) = U(x,t). However, we have to clarify here what is meant by a ‘classical-sense’
solution to (6.6). The difficulty is that U(x, t) is only well defined on the set &,, whose interior
is empty.

Given any point (x,t) € Z,, we will prove that one can we extend U(x,t) smoothly to a
neighbourhood of (x,t) in R/*? x R. To be more precise, for any such (x,t) we will show
there exists a neighbourhood % = R!*? x R of (x,t) and a function U € C*(%,R), such that
U(y,s) = U(y,s) for (y,s) € U N D, and that U satisfies (6.6) in % N Z,. One can then use U
in place of U in the verification argument, since any feasible trajectory will never leave Z,,.

To analyse U(x, t) we formulate an appropriate Lagrangian. Let

fx,t3m) = Zm( kHQ“*"(Zi’E(T-r)))

+x1+1R<n’“HQ“H(X’” ("“(X’”(T - t))) Fllxxm)  (68)
a+t

and for a set of Lagrange multipliers A = (/, 1) = (A9, A1, -+ » A1, A1 41, 1), let

I+1 I+1 0
L(x,t;A;m) = f(xtn—}—ZAkxk(l—Zn) (T—I—Zkajnf>. (6.9)
k=0 j=0

j=0

It follows from the definition of U(x,t) that U(x, t) = inf, sup, L(x,t; A; 7).

Note that by the joint convexity of relative entropy, L(x,t;A;x) is convex in . Thus (6.7)
is a standard convex programming problem with linear constraints, except that the minimiza-
tion is over a variable © which is infinite-dimensional. Hence the standard Lagrange multiplier
method does not apply directly. If we temporarily ignore this issue, then to guess the form of the
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minimizer one would of course set D, L(x,t; A;7) = 0 to get = = n(x,t;A), where

a+k .
(x5 A) = Q;&k (a-l—t(T - t)) exp(Ae — 1+ ju— ltj),
k=0,1,..., and j>0, (6.10)
. a—+t(x,t .
i) = 057 (“EER T ) ) expties 1+

Here, for notational simplicity, we extend [ in Proposition 6.2 to R, and set [; = O when i > [.
Note in particular that {z*} will depend on x only when k = I + 1. Observe also that setting
DAL(x,t;A;m) = 0 gives the constraints (6.4). For any (x,t) € RI*2 x R and A € R!*3| et
n(x,t; A) be determined by (6.10) and define G : RI*2 x R x RIt3— RI*3 by

w
Gil(x, t;A) = (1—Zn§(x,t;/\)>, k=0,1,....1 +1,
j=0

I+1 0
Groa(x.1;A) = (T —t— Zkajn_’;(x,z;m) :
k=0  j=0

In the next theorem we show that the 7(x,t; A) defined in (6.10) indeed give the minimizer
of (6.7).

Theorem 6.3. For any (x,t) € 9, define U(x,t) by (6.7). Then there exists A € RT3 so that
G(x,t;A) =0, and m(x,t;A) is a minimizer of (6.7). Thus U(x,t) = L(x,t; A;n(x,t;A)). In
addition, the A that satisfies G(x,t; A) = 0 is unique. Hence if G(x,t; A) = 0 for some A € RI*3,
then 1(x,t; A) is a minimizer of (6.7).

The proof is divided into two lemmas.

Lemma 6.4. For any (x,t) € 9, define U(x,t) by (6.7). Then there exists A € RI™3 so that
G(x,t;A) =0, and n(x,t; A) is a minimizer of (6.7).

Proof. For a point (x,t) € Z,, quantities of the following sort will appear frequently in the

proof:
k- a+k
n§ = Q7+’< (W(T — t)), (6.11)
141 - patren @+ T(X, 1) T
L= 0" _ —1),
" Q) ( a+t ( )

for k=0,1,...,I, j=0,1,....

In particular, it will often be the case that (6.3) must be invoked, with a there replaced by
a+k [or a4+ t(x,t)] and s there replaced by the corresponding argument in the expression
above. We note that the conditions required for (6.3) will always hold as long as t € [0, T].
This is straightforward to check in the case of a > 0. For the case —a € N, it uses that —a =
I +1, T < —a, and that always t(x,t) = I + 1. Thus, for example, for any k € {0,...,—a} and
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tel0,T], (a+ k)T —1t)/(a+1t) >0 and (T —t)/(—a —t) < 1 shows that (a +k)(T —1t)/
(a+1t) < —a—k, as required for (6.3).

As a first application of this observation, we note that by (6.3) the quantities in (6.11) are
probabilities that satisfy (6.4). Hence % (x, t; T') is non-empty. Next note that with this notation,
we can rewrite (6.8) as

flt;m)=R(x@n|x®@7) + (I,x x 7). (6.12)

Since the relative entropy has compact level sets in the first argument [3, Lemma 1.4.3(c)], the
existence of a minimizer of (6.7) follows. In addition, because of the strict convexity in that
argument we know that the minimizer is unique up to those {nk} with x; > 0.

For a general initial condition (x,) let #" = {k : x; > 0}. Then the choice of {n* : k ¢ 4"}
will not affect either the constraint (6.4) or the objective function (6.12). Hence we can consider
the equivalent minimization problem over .#(.; = {nf ckeA,j=0,1,...}. As discussed
in the previous paragraph, a minimizer in .# ., exists and is unique. Let this minimizer be
denoted 7*.

We next show that, forallk =0,1,...,I1 +1,j=0,1,...,

n* >0 if 7y > 0. (6.13)

First observe that if 7’15? = 0 for some k and j, then 7’¥

' must be 0, since otherwise the relative en-
tropy will be co. Let n€ = (1 — €)n* + e, where 7 is defined in (6.11) and let f(€) = f(x, t; 7).
By computing the derivative of f(e) explicitly, it is readily observed that if (6.13) does not hold
then f’(e) — —oo as € — 0. Thus (6.13) must be true, since otherwise n* is not the minimizer.
We want to argue that the minimizers must take the form of (6.10). However, there is a
difficulty since My can be infinite-dimensional. To deal with this we use a truncation argument

adapted from one in [4]. For any N € N let
N
TN =N x> jr, oV =>"nk ke
ket j=0 j=0
and also let
fN(x 1) = f(x, 13 7),

where

Ak =i, forke A, j<N

*k for ke A, j> N.

T
TEJ,

A
T

(O SR &

Since n* is the minimizer of (6.7), automatically
U(x,t) = min fN(x, t;7), (6.14)
v

where the minimum is subject to the constraints

N N
Xk jnlf: W), T , kex.
> Xk im >om =

kex  j=0 j=0
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We can now apply the standard Lagrange multiplier method to (6.14). The first step is to formu-
late the Lagrangian for this finite-dimensional problem:

LN(x,t;A;m)

N 1+1 N

= fN(x,t;7) + Z /l}CN)xk (oc}{N) — an) + ,u(N) (T(N) — Zxk Zjnf) .
kex j=0 k=0 j=0

We have that {n;k 1k € A", j < N} satisfies the constraints in (6.14), and by (6.13) we know that

n;fk > 0 if ﬁﬁ? > (. Hence, by [10, Corollary 28.2.2] and [10, Theorem 28.3] applied to (6.14),

there must exist a set of Lagrange multipliers so that the minimizer of (6.14) n;" has the form

n;k = 7‘r§ exp()tf(N) — 1+ ju™V — lk+j) (6.15)

fork € # and0 < j < N.Ifk + j > I, then since l; =0

*k1

JHL AW
= =C-e' ",
j

T

where C does not depend on N. Thus ) is independent of N, and hence ™) is also independent
of N. Since the choice of N is arbitrary, we then know that for allk € # and j =0, 1,..., n;k
indeed has the form in (6.10) for a suitable choice of 7 and u. For k ¢ #°, we can simply define
n;" as in (6.15) and then solve for A; from the normalization constraint Z;O:O n;k = 1. When
defined in this way, A* = (Ao, ..., 4111, 1) automatically satisfies G(x,t; A*) = 0.

For k € 4 the corresponding A, are a Kuhn-Tucker vector as in [10, Corollary 28.2.2], and
hence each J; < co. However, for k ¢ 4" the finiteness of / is not automatic.

To show the finiteness, we first insert the explicit form of 7r§+1(x,t;A) from (6.10) into

Grii(x,t, A) = 0 to obtain

Z Q;?“(’”’ ( atxr (T — z)) exp(Ar+1 — 1+ ju) = 1.

s
‘= a—+t

Using (6.3) to evaluate the sum gives

a+ T —eMT —1)

A1 = L)1 1.

1+1 = (a+1(x,1)) Og< pp )+
For notational simplicity define

a+ T —e (T —1)
a+t

n(t, p) = log( ), Mx, t50) = (a+ t(x, t))n(t, pn) + 1. (6.16)

Then 4741 = A(x, t; 1). Choose C < oo such that |l;| < C for 0 < k < I. Then

8

0 0
> wexpu — 1+ ju—C) <Y wh(x,t:A) <D b exp(iu — 1+ ju+ C).
= : —

Jj=0 J

A calculation of the same sort that gave (6.16) gives

(a+kmt,p)+1—C< h<(a+knmit,w)+1+C, k=0,...,1.
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Hence A, < oo as long as 4; < oo for some i =0,1,...,1,1 + 1, which is true by [10, Corol-
lary 28.2.2]. This completes the proof that, for any (x,t) € &, there exists A € RI*3 so that
G(x,t;A) =0 and 7(x,t;A) is a minimizer of (6.7). U]

The next lemma will focus on the claim that, for (x,t) € &,, there is only one A that satisfies
G(x,t, A) = 0, which together with the previous lemma completes the proof of Theorem 6.3.

Lemma 6.5. For (x,t) € 9, there is only one A € RS such that G(x,t,A) = 0.

Proof. Recalling the definition of 7 in (6.11), notice that (6.10) is simply
nf(x, 3 A) = A exp(A — 1+ ju— eyj) for k=0,1,....T+1, j=0,1,....

As noted previously, for any (x,t) € &, we can assume that each {7‘1"} is a valid probability
vector. Thus nf(x, t;A) > 0 and for each k at least one of {nf(x, t;A),j=0,1,...} is strictly
positive. If
0 o0
w=Yy mGA), Ti=)jEix ),
Jj=0 j=0

then oy, > 0 for each k =0, 1,...,I,I + 1 and any A € R/*3, Using the particular dependency
of nf»(x, t;A) on A, one can compute

ok (x,t:A) k

J — .

ka)Lk - TCJ'(X,[,A),
on(x,t;A) .k .

/5“ =.]7Ij(x7t7A)>
ok (x,t:A)

J —

RN 0, 14k,

It is straightforward to construct a dominating function of the form ﬁf - C - D/ for suitable
constants C and D, and hence, by the Lebesgue Dominated Convergence Theorem, one can
compute Dy G(x, t; A) explicitly as

—a e 0 —T
0 e —0r41 —Tr41
I+1 o 2k .
—xoTo -+ —x1+1T1+1 — Zk:o Xk Zj:()] T (x,t;A)

Observe that {—oy : k =0,1,...,1 + 1} and

I+1 x I+1 0

k 2 2 koo ..
E a—Tk — E Xk g Ji(x, e A)
=0 7k k=0  j=0

are the eigenvalues of DpG(x,t; A). We have already observed that, for all k =0,1,...,I + 1,
o > 0. Also, forevery k = 0,1,...,1 + 1, the Cauchy—Schwarz inequality implies

o0 o0 o0 2
(Zﬁnj?(x,t;/\)) (anf(x,t;A)) > (Zjnjf(x,t;/\)) .
J=0 j=0 J=0
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It is easy to verify that the necessary condition for equality does not hold. Hence the inequality
is strict, and therefore

p
(Z] x,t,A) >Q.
Ak

Thus DA G(x, t; A) is negative definite for all A € R/*3,
Now we can prove the uniqueness of A. Suppose there are two different Aj, A, € RI*3 such
that G(x,t;A;) = 0,1 = 1,2. Define A(e) = eA; + (1 — €)A; and

h(e) = (G(x,t;A(e)), A1 — Ay).

Then h'(e) = (A1 — A2)T - DAG - (A1 — A,). Since DAG(x,t;A) is always negative definite,
H(e) <0 for all 0<e<1. However, h(0)= h(1) =0. This contradiction shows that
G(x,t;A) = 0 has a unique solution of A. ]

The next theorem considers differentiability properties of U(x,t). As mentioned previously,
we first extend the definition of U(x,t) to a neighbourhood of (x,t) in R/*? x R, label this
extension U(x, t), and then show U(x, t) is differentiable in the normal Euclidean sense. For our
needs (a verification argument) the function U(x, t) can be used in lieu of U(x, t).

Theorem 6.6. Fix(x,t) € 9, and define U(x,t) by (6.7). Then there is an open neighbourhood
U of (x,t) and an extension U of U from D, N U to U which is differentiable on U.

Proof. By Theorem 6.3, for any (x,t) € &, there exists A so that G(x,t;A) = 0and U(x,t) =
L(x,t; A, m(x,t;A)). There is a problem with a direct application of the Implicit Function The-
orem, owing to the fact that the non-smooth function 7(x, t) appears in the last constraint Gy ;.
To avoid this difficulty we consider an equivalent but less obvious formulation of the constraint.

Since the Lagrange multiplier 47 is determined by the multiplier u via (6.16), we can work
with the reduced set of multipliers A = {Zo, ..., A, 4} and the definition

A5 A) = (A0, A s A A £ ), ). (6.17)
Define
H(x,t;A) = L(x,t; A(x, t; A); m(x, t; A(x, 1 A))). (6.18)

Then U(x,t) = H(x,t;A). Observe that by (6.3) and (6.16)

Tro= Y jait (et Alx, 15 A))
j=1

0
. a—+t(x,t . .
=z:: Q4! ( aﬁft )(T—l)) exp(dr+1 — 1+ ju)

"ﬁ

a+ T — e“(T N t)>—(a+r(x,t)+1)

~ L a+ t(x. 1) explisan —1+u)< i

a+t
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= Z - t(a + 7(x, t))exp(ﬂvml —1—nt, pwla+t(x,1)+1)+ #)
= Z;+ (a+ t(x, 1) exp(u — n(t, k).

465

(6.19)

Then G(x, t; A) =01is equivalent to G(x, t; A) = 0, where Gi(x,t;A) = Gi(x,t;A)fori =0,...,I

and

1 0 o o I 1
Gra(ntiR) = T == 3 x> et ) — Lm0 T 2o o)e

= = a+T —eHT —1)

where one uses (6.16), (6.19) and the definition of 7(x, t) to show that the last item above is just
X141 T41. Strictly, the nf-term in the last formula should be written nf (x,t;A(x,t;A)), but since

nf () does not depend on A;41 when k < I, we will abuse notation.

Owing to the form (6.17) and Theorem 6.3, since for (x, t) € &, the A such that G(x,t;A) =0

exists and is unique, we have the A such that G(x, t; A) = 0 exists and is also unique.

Dy G(x,t;A) equals
_— .. 0 —To
0 e —0or —T1
—xoTo -+ —x;T7 DHG1+1(X,I;A)

The first two equalities below are due to definitions, and only the third must be verified:

(T —t)axy41 +t— Zi:o kxy)et
a+T —el (T —1t)
(T —t)(a+ t(x,t))et

D,,GHl(x,t;f\) =-D,

= — D
XI1+1 u a+ T —el‘(T —I)
o0
= X141 Zj2n§+l (x,t;A(x,t;/N\)) - T,2+1x,+1,
j=0

The expression (6.19) and the definition of #(t, 1) in (6.16) give

i = 3 e (i sA) = e RO =0,

Another use of the binomial expansion gives
Z]z 5*1 X, t;A) — Z]n’“(x t;A)
j=0 j=0

—(a+r(x,0)+))
=§:j(j—1) t—T\ [—(a+t(x,1)\ [a+ T\ jeimﬂ'u—l
e, a4+t Jj a4+t

eft—T)+a+T
a—+t

. t—T 2 n ¢ + )+ 1 Arp1+H2pu—1
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- <t . T>2(“ +1(x, )@+ T(x, £) + 1)e 2"
a-+t ’ ’

= (=T ’ t £) 4 1)e
_<a+T—e#(T—t)) (a+t(x,0))(a+ t(x, 1) + 1)e.

One can then check by direct substitution that the given expression for D, Gry1(x,t; A) is valid.

It follows that the eigenvalues of D;\G(x, t; /~\) are —og, —01,...,—0; and
I+ I ) ©
k 2 2k X 2 I+1 . A
kX; w - I;xk Z;J 256, 65 A) = xp4 2;1 1 (x A 15 A)),
= = j= j=

which by the same argument for DA G(x,t; A) are all negative, and hence D;\G,H(x, t;A) is
invertible.

We claim that D3 G is smooth in (x,t). One can check that the only potentially difficult
component is

(T —t)(a+ t(x,t))e"

a+ T —eMT —1t)
(T —t)(a+z(x,t)e" (T — 1) (a+1(x,1))e™
a+T —e(T —1) [a+T —e (T —1)]? |

DﬂGI.H (x, t; /N\) = _XI-HD#

= —XI+1

However, since #(t, ) < oo the denominators are non-zero, and while 7(x, t) is not smooth the
product x; 4 17(x, t) is. Therefore G(-; ) is smooth in a neighbourhood of (x, t; A). By the Implicit
Function Theorem, for any (x,t) € Z, there exists a neighbourhood % = RI*! x R of (x,1),
a neighbourhood 7~ = R/*2 of A, and a C*-function g : % — 7", so that A = g(x, t) and for
every (v,s) € U, G(v,s;2(y,s)) = 0. Define

U(y,s) = H(y,s:g(y,9)).

Since g(y, s) is smooth in %, U € C*(%,R), and by Theorem 6.3, U(y, s) = U(y, s) for (y,s) €
UND,. U

Our final theorem shows that U satisfies the HIB equation (6.6) in the classical sense on
9. When combined with a standard verification argument as in [7], this will imply V(x,t) =
U(x,t) = U(x,t) on Z,,.

Theorem 6.7. U satisfies (6.6) on Z,.

Proof. The basic idea is simply to represent the derivatives in terms of the Lagrange multipliers
and directly show satisfaction of the PDE. Consider any point (x, ) € Z, and let A* = g(x, t). By
Theorem 6.6 there exists % < R!*! x R a neighbourhood of (x,t), #" = R!*? a neighbourhood
of A*, and a C*-function g : % — ¥ such that and U(y,s) = H(y,s;g(y, s)) satisfies U(y, s) =
U(y,s) for any (y,s) € % N Z,.

We pause to introduce a convention which will be used in the remainder of the proof. Whenever
a differential operator of the form D,, precedes a composed function, the derivative is computed
via the chain rule for precisely those instances where a composed dependence on xj is made
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explicit in the notation. For example,
Dy U(x,1t) = Dy H(x,t;:8(x, 1))
=D H(x,t;A*) + DxH(x,t; A")D g(x, ).

Here, in the first line, D, H(x,t; A(x,t)) means H(x,t;A(x,t)) is considered as the composed
function of (x, t) (which by definition is U(x, t)), and we take derivatives with respect to x; and
then evaluate it at (X, t). In the second line, Dy, H(X, t; A*) means H(x, t; A*) is now a function of
the independent variables (x, ¢, /N\*) and we take derivatives with respect to x; and then evaluate
it at (x,¢; A*). In all calculations, vectors are interpreted as row vectors.

With the notation established, we can proceed. Note that by definition (6.18),

DxH(x,t;A) = DAL(x,t; A;m)DiA(x, t;A) + Do L(x, t; A;1)Dx (x, t; A(x, 5 A)).
Since A" = A(x,t;A*) and 7" are chosen so that
D,L(x,t;A";7") = DAL(x,t;A";n") =0,
we have Dx H(x,t; A*) = 0. This gives
D, U(x,t)y =D H(x,t;A"), k=0,1,...,1 +1. (6.20)

By the same argument, we have D, U(x,t) = D,H(x,t; /N\*).
Next we insert the explicit form of 7(x, ¢; A) from (6.10) into (6.9) to get

I+1 1 0 0
L(x,t; A, n(x,t;A)) = Z XA + (T —t) — Xk Z n’]‘»(x, t;A) — Xxr41 Z nj“(x, t; ).
k=0 k=0 j=0 =0

In the definition of H(x, t;A), A1 is replaced by A(x, t; 1), so that automatically

o0
e A) = 1.
j=0

Using X711 A(x, t; 1) — X741 = Xr41(a + t(x, t))n(t, 1) from (6.16) and the definition of z(x, ¢),

1 I 0
H(x,t;R) =) i+ (T —0) = iy mj(x.t:A)
k=0 k=0 j=0
+ X1+1(Cl + T(X, t));/l(ta u
1 1 0
= ZxkAk + (T —1t)— Zxk an(x,t,/\)
k=0 k=0 j=0

I 1
+a<l—2xk>n(t,,u)+ t—kak>11(t,u).
k=0 k=0

Recall from the explicit expression (6.10) that fork =0, 1,...,1, nf (x,t; A) does not depend on
x or on A;41. Hence the x dependence can be omitted in nj? (x,t; /N\) in the last display, and we do
so from now on. By (6.20),

Uy =4 —1—(a+ky’, k=01,...,1,
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and U

XI+1

=0, where n* = n(t,u"). Thus

D, U(x,t) — Y,HU(xt)—Ak Jepr 0 k=0,1,...,1 —1,
DXIU(xyt)_ X141 (X,I)Z/L]—l—(a—FI)V]*

Similarly

D.U(x,t) = D,H(x,t;A")

1 o0
=" —u' =D, { xXi Y (AT )} + xr11(a+ 1(x, )Den(t, 1),
k

1 o0
—Dz{Zkanj?(t A )} + x141(a + t(x, 0))Dn(t; 1) = 0, 6.21)

which implies D;U(x,t) = n* — u*. To do so, first recall that by (6.19)
o0

> i AT =
j=1

Next, by the explicit formula for nf(t; A)in (6.10), forallk = 0,1,...,1, j=0,1,...,

T — * *
@+t exp(u’ =)

Koo AY — k(4 A
Dtn](taA)_Jn](tsA)(t_T)(a+t) a+t J

A suitable dominating function can be found, and thus, by the Lebesgue Dominated Convergence
Theorem,

1 0 1 0
kown L i a+T (a+k+j) 4
_Dz{Zkanj(t,A)}—Zka[]n T)(a+t)+ p LHGINIE
k=0 j=0 k=0 j=0
Notice that 7(x, t; A*) satisfies the constraint (6.4), and therefore

1 0 0 . _J+1 CAE
B ko wen | X1 200 Jm T (GG AT) Xy (a+ t(x, 1))
I e

1 0
D, { Sw Zn?(nﬂ*)} = D e ) 62
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The definition of #(t, 1) in (6.16) and (a + t)e" = a+ T — e*(T —t) gives

Dyn(t. ) = e 1 explp—n)—1
M= T (T—0et  a+t  a+tt
Finally, combining this with (6.22) gives (6.21).
Having derived various expressions for the derivatives of U in terms of the Lagrange multipli-

ers, to show that U(x, t) satisfies the PDE (6.6) it remains to show

I1-1
. a+k . . a+1 ,_,_ . a—+t(x,t
et — E kae/“k A0 _{_xlﬁeq 1—(a+I)n +X1+1¥~ (6.23)

a+t

Recall from (6.10) that fork = 0,1,... ,] and j > 0
. a+k - -
otk — Q;;Jrk (a—i—t(T — t)> exp(Ay — 1+ ju — Ly ).

Using the definition of Q¢™, fork = 0,1,... ,I —1,
a1 G+ Dla+1) 7k

B = e g i e
Now sum both sides from j = 0 to co and use the fact that > =™ ] =1 to get
a+t)> 7, jnk
exp(Ay — Apy) =€ 1 - % for k=0,1,...,1. (6.24)

(T —t)a+k)’
Inserting (6.24) into (6.23), satisfaction of the PDE is equivalent to

I—-1

0
a+1
=Dy
j=0

(T —t)exp(Z; — 1 —(a+1+ D" + 1)

k=0
a—+ t(x,t * «
i Dy exp(n” 4 ). (625)
a+tt
Since n Q““ (Zﬂ(T — t)) exp(A] — 1+ ju*) for j > 1, by the same argument as the one

used in (6 19) gives

- = a+1
> _imt =)ot ( (T — t)) exp(i; — 1+ ju)
j=1 j=1

T—t . .
= a+t(a—|—l)exp()»,—1—17(a+1+1)+,u), (6.26)

where the last equality uses (6.16).
Inserting (6.19) and (6.26) into Zi:é X Z;‘C:o jnf = T —t, we then have

1—1 0
_ . xf a + I * * *
(T—1t)= E Xk E jn; +x1a+t(T—t)exp(/1, —l—n"(a+I1+1)+u)
k=0 j=0
a+t(x,1) .
—(T —t — .
+ X141 P ( )exp(—n + i)
We have thus verified (6.25), which completes the proof that U satisfies (6.6). ]
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