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A model for a random random-walk on a finite group is developed where the group elements

that generate the random-walk are chosen uniformly and with replacement from the group.

When the group is the d-cube Zd

#
, it is shown that if the generating set is size k then as

dU¢ with k®dU¢ almost all of the random-walks converge to uniform in

k ln (k}(k®d ))}4­ρk steps, where ρ is any constant satisfying ρ"®ln (ln 2)}4.

1. Introduction

The probabilistic method [1, 2] is used to analyse the evolution of classes of random-walks

on finite groups. A model for a random random-walk is developed, where the group

elements that generate the random-walk (i.e. that are the possible individual steps of the

walk) are chosen uniformly and with replacement from the group. The algebraic nature of

the process enables us to use Fourier analysis on the group to calculate the first and second

moments of quantities (in the random random-walk model these will be random variables)

that are difficult to compute for most individual random-walks on the group. This method

is most useful when the group is abelian, because then any function on the group can be

decomposed as a linear sum of characters.

The model is explained in section 2, and some general results for abelian groups are

developed in section 3. In section 4 a random random-walk on the d-cube Zd

#
is studied,

where the generating set is size k and the generators have equal probability 1}k. It is shown

that the expected probability of any set A is its uniform probability rAr}2d when the number

of steps of the walk m is odd, but there is a bias towards being at the identity element when

the number of steps is even. Also, if we consider a sequence of these random random-walks

on Zd

#
, one for each d, then as dU¢ if k®dU¢ almost all of the random-walks converge

to uniform and almost all of them will converge in

m¯
k

4
ln 0 k

k®d1­ρk steps,

where ρ is any constant satisfying ρ"®ln (ln 2)}4.
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For k increasing to ¢ only slightly faster than d this gives a rate of convergence for

almost all these random-walks of no more than about (d ln d )}4 steps, the rate of

convergence for the nearest neighbour random walk on Zd

#
[3].

Some recent work in this area related to this paper is the following. Diaconis [4] asks

about the rate of convergence for a random walk on Z
p

with generating probability on a

set of size k for ‘most ’ choices of the k points. Greenhalgh [7] showed that at least cp#/(k−")

steps would be needed and found an explicit example, where cp#/(k−") log p steps are enough.

Hildebrand [8] shows that almost all choices of k points converge in cp#/(k−") steps. In work on

a general group, Dou [6] shows that almost all of the random walks with a generating set

of k points get close to random after at most [1}ε]­1 steps is k& cgε, where c is any

constant, ε any positive number and g is the size of the group.

2. The model

Let G be a finite group of order n.

Definition. A random-walk on G is a sequence of G-�alued random �ariables Y
"
,Y

#
,… ,Y

m
,… ,

where

Y
m

¯X
"
aX

#
a…aX

m
,

where the X
i
’s are independent, identically distributed G-�alued random �ariables, and a is the

group operation.

The one step probability will be denoted P(g), g `G. So P(g)¯P(X
i
¯ g) for any i.

Definition. Gi�en a fixed probability k-�ector (p
"
, p

#
,… , p

k
), where p

i
" 0 for i¯ 1, 2,…k, we

can form a random random-walk on G in the following way.

1. Choose k elements g
"
, g

#
,… , g

k
from G independently and uniformly (with replacement).

2. Form the one-step probability where P(g
i
)¯ p

i
for i¯ 1, 2,… ,k. As some of the g

i
’s may

be equal, it is more accurate to say that

P(g)¯ 3
g=gi

p
i
.

3. Generate the random-walk on G with one-step probability P.

Note that if G is a group of order rGr¯ n then there are nk possible random walks

generated in this way, each with probability 1}nk.

3. General results for G abelian

To analyse how the random-walk is evolving as the number of steps m increases, we

consider calculations of the form

3
g`G

f(g)P(Y
m

¯ g),

where f : GUC is some complex valued function on G. This is the expected value of f(g) with
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respect to the probability distribution of the mth step of the random walk. For example,

if f(g)¯ 1
A
(g), the indicator function of the set AZG then the above calculation equals

P(Y
m

`A).

The mth step distribution P(Y
m

¯ g)¯P(m) (g) the mth convolution of the one-step

probability P(g). (Convolution on G of functions a
"
, a

#
: GUC is given by a

"
n a

#
(g)¯

3
h`G

a
"
(g h−") a

#
(h).)

We will use the notation

f(P(m))¯ 3
g`G

f(g)P(m) (g).

For an individual random-walk f(P(m)) is a complex number, but for a random random-

walk f(P(m)) is a complex-valued random variable, and so E( f(P(m))) will be our notation for

the expectation of this random variable.

We can use the irreducible characters of G to help us calculate E( f(P(m))). If G is abelian

then any complex-valued function on G can be decomposed as a linear sum of characters

(see Serre [5] for an excellent exposition of the results from character theory we will use).

So

f(g)¯3
n

j="

α
j
χ
j
(g),

where χ
"
,χ

#
,…,χ

n
are the irreducible characters of G,

α
j
¯ 3

g`G

f(g)χ
j
(g).

The characters have the property that χ
j
(P(m))¯ (χ

j
(P))m, so

f(P(m))¯3
n

j="

α
j
(χ

j
(P))m

E( f(P(m)))¯3
n

j="

α
j
E((χ

j
(P))m),

and also

r f(P(m))r#¯ 3
n

j,k="

α
j
α
k
(χ

j
(P))m (χ

k
(P))m

E(r f(P(m))r#)¯ 3
n

j,k="

α
j
α
k
E((χ

j
(P))m (χ

k
(P))m).

Here χ
j
(P) is the Fourier Transform of P and is denoted Pq (ρ

j
) in Diaconis [4], where ρ

j
is

the corresponding irreducible representation. This Fourier analysis approach is rarely

tractable for G non-abelian. The function can be expanded as a linear sum of the matrix

entries of the irreducible representations of G ; however, if b : GUC is a matrix entry

function b(P(m)) is not always (b(P))m.

4. Results for G¯Zd

#

As an example of what can be found using this method, consider the family of abelian

groups Zd

#
¯Z

#
¬Z

#
¬…¬Z

#
(d times). Also, let the probability k-vector be (1}k, 1}k,… ,
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1}k). The elements of Zd

#
are denoted by d-vectors of 0’s and 1’s jY ¯ ( j

"
, j

#
,… , j

d
), each

j
i
¯ 0 or 1. The 2d irreducible characters can be labelled using the d-vectors of 0’s and 1’s also

χ
a
Y ( jY )¯ (®1)aY \j

Y
,

where aY\jY ¯ a
"
j
"
­a

#
j
#
­…­a

d
j
d
.

Lemma 4.1. Let T
a
Y ¯χ

a
Y (g) and T

b
Y ¯χ

b
Y (g), where g is uniformly distributed on Zd

#
and

aY 1 bY . Then T
a
Y and T

b
Y are independent with

P(T
a
Y ¯ 1)¯P(T

a
Y ¯®1)¯ "

#
for aY 1 0Y

and P(T
!
Y ¯ 1)¯ 1.

Proof. Let C
s,t

¯² jY : (®1)aY \j
Y ¯ s, (®1)b

Y \jY ¯ t´, where s, t¯ 1 or ®1. Therefore,

P(T
a
Y ¯ s,T

b
Y ¯ t)¯

rC
s,t

r
2d

.

If aY 1 bY then there is an i with a
i
1 b

i
. Without loss of generality, assume a

i
¯ 1, b

i
¯ 0.

Define φ : Zd

#
UZd

#
by

(φ( jY ))
k
¯ (jkj

i
­1(mod2)

if k1 i

if k¯ i.

φ is one-to-one and φ(C
s,t

)¯C
−s,t

, and so rC
","

r¯ rC
−","

r and rC
",−"

r¯ rC
−",−"

r. A similar

argument to the above shows that if there is an i with a
i
¯ 0 and b

i
¯ 1, then rC

","
r¯ rC

",−"
r,

and if there is an i with a
i
¯ b

i
¯ 1 then rC

","
r¯ rC

−",−"
r. In both cases above, rC

s,t
r¯ 2d−#

for all four (s, t).

The only other possibility is that bY ¯ 0Y and so T
b
Y 3 1, then rC

","
r¯ rC

−","
r¯ 2d−" and we

are done. *

So a consequence of this is that for this model where G¯Zd

#
and P¯ (1}k, 1}k,… , 1}k)

χ
a
Y (P)¯

χ
a
Y (g

"
)­…­χ

a
Y (g

k
)

k
,

where g
"
, g

#
,… , g

k
are independent and uniformly distributed elements (random variables)

on Zd

#
.

Theorem 4.2. If aY 1 bY then χ
a
Y (P) and χ

b
Y (P) are independent, and if aY 1 0Y then

E((χ
a
Y (P))m)¯ 3

k

r=!

0kr1
1

2k 02r

k
®11m.
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Proof.

χ
a
Y (P)¯

χ
a
Y (g

"
)­…­χ

a
Y (g

k
)

k

χ
b
Y (P)¯

χ
b
Y (g

"
)­…­χ

b
Y (g

k
)

k
,

all the random variables in the χ
a
Y sum are independent of all the random variables in the

χ
b
Y sum, so χ

a
Y and χ

b
Y are independent.

kχ
a
Y is a sum of k independent random variables, each with P(1)¯P(®1)¯ 1}2. So

(kχ
a
Y ­k)}2 is binomial and

P 0kχ
a
Y (P)­k

2
¯ r1¯ 0kr1

1

2k
,

and therefore

P 0χa
Y (P)¯

2r

k
®11¯ 0kr1

1

2k
.

Hence the result follows. *

Consider the random variable P(m)(A) for a set AZG, i.e. the probability that the

random random-walk is in set A at the mth step:

E(P(m) (A))¯E(1
A
(P(m)))

where

1
A
(g)¯ (1 if g `A

0 if g ¡A

1
A
(g)¯3

a
Y

α
a
Y χ

a
Y (g),

where

α
a
Y ¯

1

2d
3
g`A

χ
a
Y (g).

Theorem 4.3.

E(P(m) (A))¯

1

2

3

4

rAr
2d

­
(2d®rAr)

2d
λ
m

if e `A

rAr
2d

®
rAr
2d

λ
m

if e ¡A,

where

λ
m

¯ 3
k

r=!

0kr1
1

2k 02r

k
®11m.

Note λ
m

¯ 0 if m is odd.
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Proof.

E(P(m)(A))¯3
a
Y

α
a
Y E((χ

a
Y (P))m)

¯α
!
Y ­(3

a
Y 1

!
Y
α
a
Y )λ

m

from Theorem 4.2

3
a
Y

α
a
Y ¯

1

2d
3
g`A

(3
a
Y

χ
a
Y (g))

as

3
a
Y

χ
a
Y (g)¯ (2d

0

if g¯ e

if g1 e

then

3
a
Y

α
a
Y ¯ (1 if e `A

0 if e ¡A

α
!
Y ¯

1

2d
3
g`A

χ
!
Y (g)¯

1

2d
3
g`A

1¯
rAr
2d

.

Hence the result follows. *

If m is odd the random random-walk is unbiased in the sense that for any set A,

E(P(m) (A))¯ rAr}2d. If m is even then there is a bias towards the random random-walk

being at the identity.

Second moment calculations give us results about the convergence of the random

random-walk and its rate of convergence. Diaconis and Shahshahani [5] use effective

techniques to analyse the convergence of random-walks on finite groups. Using the

variation distance from uniform at the mth step

sP(m)®Us¯max
AZG

rP(m) (A)®U(A)r

they show that

sP(m)®Us#% "

%
3
a
Y 1

!
Y
rχ

a
Y (P)r#m,

and so in the random random-walk model

E(sP(m)®Us#)% "

%
3
a
Y 1

!
Y
E(rχ

a
Y (P)r#m)

% "

%
(2d®1)λ

#m
. (n)

Note: the random-walks converge to uniform iff sP(m)®UsU 0 as mU¢.

If k®d is bounded above, there is a non-zero probability that the g
"
, g

#
,… , g

k
generators
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are chosen from within a subgroup. In fact, when k! d this probability will be 1. In this

case we can’t have almost all the random walks converging to uniform as mU¢. The

theorem below considers what happens when k®dU¢ as mU¢.

Theorem 4.4. For the random random-walk model on Zd

#
with P¯ (1}k, 1}k,… , 1}k) where

k¯ d­s with sU¢ o£ dU¢. Uz{}£¤ ozz ¢o|r}{-§ozy£ q}|¦s¢us
¤} ¥|wt}¢{ wt

m¯
k

4
ln 0ks1­ρk steps,

where ρ is any constant with ρ"®(ln (ln2))}4.

Proof.

E(sP(m)®Us#)% "

%
2d 3

k

r=!

0kr1
1

2k 02r

k
®11#m

%
1

4

2d

2k−"

3
[
k
#
]

r=!

0kr1 01®
2r

k 1
#m

.

(k
r
)%kr}r ! and (1®2r}k)#m% exp (®4mr}k), so

E(sP(m)®Us#)% "

#
2−s 3

[
k
#
]

r=!

(k e−%m/k)r

r !

% "

#
exp (®s ln 2­k e−%m/k) ;

if m¯k ln (k}s)}4­ρk then k e−%m/k ¯ s e−%
ρ, and so

E(sP(m)®Us#% "

#
exp (s(e−%

ρ®ln 2)) ;

if e−%
ρ ! ln 2, i.e. if ρ"®(ln (ln 2))}4, then

E(sP(m)®Us#)U 0,

so almost all of the random walks in the model have sP(m)®UsU 0. *

Notes

1. If we let sU¢ very slowly compared to d, then the number or steps above is

m¯ (d ln d )}4­smaller terms so about (d ln d )}4 steps ensure convergence for almost

of the random-walks.

2. If s increases at a rate similar to d then m¯ const. d steps is enough to ensure

convergence.
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