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Wang tiles are unit-size squares with coloured edges. In this paper, we approach one aspect

of the study of tiling computability: the quest for a universal tile set. Using a complex

construction, based on Robinson’s classical construction and its different modifications, we

build a tile set (pronounced ayin) that almost always simulates any tile set. By way of

Banach–Mazur games on tilings topological spaces, we prove that the set of -tilings that do

not satisfy the universality condition is meagre in the set of -tilings.

1. Introduction

Wang was the first to introduce the study of tilings with coloured tiles where a tile is

a unit size square with coloured edges (Wang 1961). Two tiles can be assembled if their

common edge has the same colour. The process of tiling consists of assembling tiles from

a tile set (a finite set of tiles) on the grid �2.

It has been known since Berger (1966) that Wang tilings can simulate Turing machines.

As a model of computation, tilings raise computability questions. One of the first, which

is related to most models of computation, is the existence of universality.

To approach a problem like this we first need a proper notion of reduction. Lafitte and

Weiss (2007) presented a first approach to reduction, and by extension, universality. This

notion of reduction is inspired by notions of bulking in cellular automata, which were

introduced by Ollinger and Theyssier (see Delorme et al. (2010)). Intuitively, a tiling P

strongly simulates a tiling Q if the tiles of Q can be encoded with macro-tiles of P . By

generalising this notion to tile sets, we obtain a notion of simulation that is a pre-order on

the set of tile sets. Maxima for this pre-order are said to be complete, that is, a tile set is

complete if it has the ability to encode in macro-tiles all tiles of any tile set and thus, can

simulate any tilings. Completeness can be seen as a first large notion of universality. We

will give examples of such complete tile sets using the self-similar hierarchical Robinson

construction, which we present in detail, and, in particular, the notion of synchronisation,

which enables the carrying out in tilings of computations on infinite inputs.

† This work was partly supported by French ANR grants Sycomore, NAFIT and EMC.
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The notion of simulation was then improved in Lafitte and Weiss (2008b) (a closely

related definition was also introduced in Durand et al. (2008)) to obtain finer simulations

between tile sets. A tile set τ totally simulates a tile set τ′ if any τ′-tiling is simulated by

a τ-tiling and if any τ-tiling simulates a τ′-tiling (in the normal simulation, the second

condition is not needed). A notion of simulation between tile sets is a first step in the

direction of having a universality notion and instance. The total simulation extends the

notion of completeness and yields a pre-order on tile sets. The questions that naturally

arise are: What can we do with total simulations? Which classes of tile sets have a totally

universal instance?

Lafitte and Weiss (2008b) proved that there exists a tile set that totally simulates any

periodic tile set, that is, tile sets that generate at least one periodic tiling (a tiling invariant

by translation of two independent vectors). The question of the existence of a totally

universal tile set was posed: does there exist a tile set totally simulating any tile set

that tiles the plane? Because of the number of properties that such a tile set would have

(maximal Kolmogorov complexity (Durand et al. 2001), non-recursivity (Hanf 1974; Myers

1974), self-similarity of any kind (Durand et al. 2008), Turing universality, invariance

by recursive modification (Lafitte and Weiss 2008a), . . . ), Lafitte and Weiss (2009)

conjectured that it does not exist. In the current paper, we show that it is indeed

the case that such a tile set does not exist, because its existence would bound the quasi-

periodicity function (which is in contradiction with a result of Cervelle and Durand

(2004)).

Knowing this, our goal is to obtain something that is stronger than completeness for

tile sets, but, of course, not as strong as total universality. Our idea, in this paper, is to

combine some of the most complex constructions on tilings to build a tile set that is

almost totally universal: almost all -tilings simulate at least one tiling for any tile set

(by almost we mean that the subset of -tilings that do not satisfy this property is a

meagre set in the set of -tilings). And, therefore, has the particular property of almost

always† having all the properties enumerated above. The construction of uses various

technical tools, but is mainly based on Robinson’s aperiodic and self-similar tile set. A

detailed explanation of this construction can be found in Robinson (1971), Hanf (1974),

Myers (1974), Allauzen and Durand (1997), Durand et al. (2001) and Durand et al. (2004).

Both Lafitte and Weiss (2008b) and Durand et al. (2008) (which ingeniously avoided the

use of Robinson’s tilings construction) showed how a Turing machine can be used to

simulate a tile set, in the sense that the Turing machine produces space×time diagrams

isomorphic to the tiles of a tile set. This simulation of Turing machines enables the

simulation of tile sets in Robinson’s tiling. The other tool used for the construction is

synchronisation. This principle was first used by Hanf and Myers to build a non-recursive

tile set, that is, a tile set that generates only tilings that cannot be defined by a recursive

function (Hanf 1974; Myers 1974). We show how to make a synchronisation between

squares in Robinson’s construction in a new way. Using all these various tools, we are

able to construct an almost totally universal tile set.

† Almost always means that almost all of its tilings have the properties.
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The final step is to prove the almost part. One of the main tools for proving the

meagreness of a set is the use of topological games, such as Banach–Mazur games

(Oxtoby 1957). This perfect information game is played by two players on a topological

space. A classical result for Banach–Mazur games shows that if Player II has a winning

strategy, then A is meagre (or, equivalently, the set X \ A is residual).

Lafitte and Weiss (2008c) p1resented a topological study of tilings, and introduced

games à la Banach–Mazur on them. These games are played on two topological spaces:

— the Besicovitch space, where the distance between two tilings is defined as the

asymptotic proportion of different tiles between them; and

— the Cantor space, where the distance between two tilings is related to the biggest

pattern centred around the origin that they have in common.

In this paper we restrict these games to the set of tilings generated by a tile set and prove,

using these games, that the tile set is almost totally universal.

In Section 2, we recall the basic notions for tilings, and the notions of simulation

between tile sets. In Section 3, we explain Robinson’s self-similar construction and how

we can synchronise its squares. In Section 4, we consider the notions of universality and

completeness, and build two complete tile sets. In Section 5, we define a more restrictive

notion of simulation between tile sets: the total simulation. To obtain an almost totally

universal tile set, we define topological spaces on tilings in Section 6, prove some of their

properties and introduce Banach–Mazur games for tilings. In the final section, we build

the tile set and show that it is almost totally universal.

This paper is an expanded version of the TAMC 2009 conference paper Lafitte and

Weiss (2009), and includes all the nooks and crannies of the tiling notions required for

the construction of an almost totally universal tile set. These notions were originally

introduced, but in a less detailed and sometimes less precise way, in the conference papers

Lafitte and Weiss (2007; 2008b; 2008c; 2009).

2. Notions of the completeness and universality of tilings

2.1. Basic definitions and notions of simulation

First, we give the definitions for the basic notions of tilings. A tile is an oriented unit size

square with coloured edges from C , where C is a finite set of colours. A tile set is a finite

set of tiles. The process of tiling consists of placing the tiles of a given tile set on the grid

�2 such that two adjacent tiles share the same colour along their common edge. Since a

tile set can be described using a finite set of integers, we can enumerate the tile sets, and

τi will designate the ith tile set.

Let τ be a tile set. A tiling P generated by τ is called a τ-tiling. It is associated with a

tiling function fP where fP (x, y) gives the tile at position (x, y) in P . In this paper, when

we say ‘Let P be a tiling’, we mean that there exists a tile set τ such that P is a τ-tiling of

the plane. The set of all tilings is denoted by T. The set of tile sets generated by a given

tile set τ is denoted by Tτ.

Some basic properties of tilings can be defined as follows. We say that a tiling P is

periodic if there exist two independent vectors u, v ∈ �2 such that fP (x) = fP (x + u) =
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fP (x + v) for any x ∈ �2. If a tile set generates at least one periodic tiling, the tile set

is said to be periodic. If it tiles the plane but none of its tilings is periodic, it is said to

be aperiodic or non-periodic. Finally, a tiling P is non-recursive if its tiling function fP is

non-recursive. A tile set that generates only non-recursive tilings is said to be non-recursive

(see Hanf (1974), Myers (1974) and Durand et al. (2001) for examples of non-recursive

tile sets).

A pattern m is a finite tiling. If it is generated by a tile set τ, we say it is a τ-pattern. A

pattern m is associated with a tiling partial function fm, defined on a finite subset of �2

such that fm(x, y) gives the tile at the position (x, y) in m.

Aperiodicity can be quantified by the quasiperiodicity function. For a tiling P , we define

the quasiperiodicity function GP as follows: for an integer n, GP (n) is equal to the smallest

m such that any pattern of P of size n appears at least once in each pattern of P of

size m. If no such m exists, GP (n) is not defined. Therefore, the quasiperiodicity function

quantifies the regularity of a tiling. A tiling that has a quasiperiodicity function defined

for any integer n is said to be quasiperiodic. A result that has now acquired classical

status states that if a tile set tiles the plane, then it generates at least one quasiperiodic

tiling (Durand 1999).

A subset L of �2 is said to be a lattice of �2 of vectors u and v if there exist x, u, v ∈ �2,

with |x| < |u| and |x| < |v|, such that L = {x + k1u + k2v | k1, k2 ∈ �}. We say that L

is a lattice of �2 of sizes a and b when L is a lattice of vectors (a, 0) and (0, b). We use

(c, d)L to denote the point of the lattice L with coordinates (x + c.u + d.v) ∈ �2. The cut

of a tiling P with respect to a lattice L of sizes a and b is the set of a × b patterns M(c,d)

of P of domain [c, c + a] × [d, d + b], that is, the pattern tiling function fM(c,d)
of M(c,d)

is the restriction of the tiling function fP to [c, c + a] × [d, d + b]. One can see that the

intersection of the domains of two different elements of the cut is empty and that the

union of all the domains of the cut is �2. The cut function fP ,L of a tiling P with respect

to a lattice L is the function that takes as input a pair of integer (c, d) and outputs the

pattern M(c,d) of P .

The first simulation notion we will introduce is strong simulation. The intuitive idea

is to say that a tiling Q reduces strongly to a tiling P , or that P strongly simulates

Q, if there exist two integers a and b, a function R, called a reduction function, from

the a × b patterns of P to the tiles of Q and a lattice L of sizes a and b such that

if we replace the patterns of the cut of P with respect to L by their corresponding

tiles given by R, then we obtain Q. One can see that P does with macro-tiles, that

is, rectangular patterns that represent the tiles of another tile set, what Q does with

tiles.

This construction can be extended to any possible lattice. Since there are an infinite

number of different lattices, a tiling P can be cut in an infinite number of different ways.

To each of these cuts, we can apply a reduction function and the tiling P simulates

another tiling. Therefore, a tiling simulates an infinite number of other tilings, and it is

from this infinite number of different simulations that we expect to obtain a notion of

universality for tilings.

We formalise the notion of reduction between tilings in the following definition.
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Definition 2.1. Let P be a τ-tiling and Q be a τ′-tiling. Q reduces strongly to P , or P

simulates Q, denoted by Q � P , if there exist two integers a and b, a lattice L of sizes a

and b, and a reduction function R from the {a × b} patterns of P to the tiles of Q such

that

fQ = R ◦ fP ,L,

where fQ is the tiling function of Q and fP ,L is the cut function of P with respect to L.

With the same notation, we say that Q reduces weakly to P , denoted by Q � P , if for

any pattern M of Q there exists a vector c ∈ �2 such that

fM(x) = R ◦ fP ,L(x + c), ∀ x ∈ Dom(M),

where fM is the pattern tiling function of M defined on Dom(M)⊂ �2.

When we want to specify R, we use �R or �R to denote the reduction.

As seen above, if Q � P , we can cut P with respect to a lattice L such that the patterns

of the cut represent the tiles of Q. The important thing is that different patterns of the

cut of P can represent the same tile of Q. But the converse is impossible by definition (a

pattern of the cut of P cannot represent different tiles of Q). For the weak reduction, if

Q � P , we can cut P and replace its patterns by tiles of Q such that the tiling obtained

contains any pattern of Q. This definition can be extended naturally to reductions between

patterns. Those reductions are both preorders on T, where T is the set of all possible

tilings, since transitivity and reflexivity are respected but antisymmetry is not.

2.2. Completeness and universality

The notion of simulation described in the previous section deals with tilings. It would

also be useful, and even more interesting, to have a notion of simulation between tile sets.

The following definition is a first step in this direction; we will define a more restrictive

notion of simulation between tile sets in Section 5.

Definition 2.2. A tile set τ simulates a tile set τ′ if there exist two integers a, b and a

reduction R from a set of τ-patterns of size a × b to the tiles of τ′ such that:

(1) For any τ′ tiling P , there exists a τ-tiling Q such that P �R Q.

(2) There exist two integers c, d such that if a τ-tiling Q contains a pattern A of size c× d

that simulates a τ′-pattern B, then there exists a τ′-tiling P containing B such that

P �R Q.

We use τ′ � τ to denote this reduction†.

This definition needs some explanation. The first condition states that a tile set τ

simulates another tile set τ′ if there is a set of τ-patterns that behave as the tiles of τ′.

Therefore, τ can generate tilings that simulate τ′-tilings. However, we expect this simulation

† The same symbol ‘�’ is used for the simulation between tilings and between tile sets, but no confusion should

arise since one use is only between tilings and the other is only between tile sets, and is a generalisation of

the previous one.
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to be natural; if the simulation is just defined with the first condition, then a trivial tile set

that encodes colours would simulate any tile set. The second condition eliminates these

artificial simulations. If a τ-tiling Q contains a pattern big enough to simulate a τ′-pattern,

then Q simulates a τ′-tiling. This means that if a simulation begins somewhere in the

tiling, then the simulation spreads naturally to the whole tiling.

This notion of simulation between tile sets gives a pre-order on the set of tile sets. In

the following definition, we define maxima for this pre-order.

Definition 2.3. Let A be a set of tile sets. A tile set τ is A-complete if for any tile set

τ′ ∈ A, there exists a reduction function R such that τ �R τ. If A corresponds to the set

of tile sets that tile the plane, then τ is said to be complete.

This completeness notion is natural in the sense that it corresponds to what one would

expect: any tiling can be reduced to some instance tiling of our complete tile set in such

a way that to answer any question about our tiling it suffices to study the instance tiling

of our complete tile set.

We expect that a universal tiling will have in its construction much of the information

of all the other tilings. There are several ways of defining the information contained in a

given tiling, but we can distinguish two main kinds of information for a tiling:

— The first, and most natural, is the tiling itself (how it is built).

— The second consists of studying the different patterns that appear in the tiling.

These two ways of looking at the information contained in a tiling then lead to two ways

of considering universality:

— Does a tiling contain enough information to explain the behaviour of all other tilings

(we call this strong dense universality), or only the behaviour of a tiling for each tile

set (strong sparse universality)?

— Does a tiling contain enough information to simulate all the patterns of any tiling

(weak dense universality) or only the patterns of a tiling for each tile set (weak dense

universality)?

With these considerations in mind, we have the following definitions.

Definition 2.4. Let Pu be a τ-tiling. Pu is:

— strongly dense universal if for any tiling Q, we have Q � Pu;

— strongly sparse universal if for all τ′, there exists a τ′-tiling Q, such that Q � Pu;

— weakly dense universal if for any tiling Q, we have Q � Pu;

— weakly sparse universal if for all τ′, there exists a τ′-tiling Q, such that Q � Pu.

We now have the following straightforward properties.

Lemma 2.1.

(1) Pu strongly (respectively, weakly) dense universal ⇒ Pu strongly (respectively, weakly)

sparse universal.

(2) Pu strongly dense (respectively, sparse) universal ⇒ Pu weakly dense (respectively,

sparse) universal.

(3) � preserves universalities.
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Fig. 1. Robinson’s tile set.

(4) � preserves weak universality.

(5) � preserves completeness.

We will show the existence or the non-existence of these universality notions later in

the paper after we have described Robinson’s construction in the following section.

3. Robinson’s construction

In this section, we recall the basics of Robinson’s construction. This construction is one of

the most commonly used for carrying out Turing simulations. We show the aperiodicity

of the tilings generated by this tile set and how we can simulate a Turing machine with

it. Then we explain in detail the principle of synchronisation that permits the simulation

of a Turing machine on an infinite input in a tiling. Synchronisation, which was first used

by Hanf and Myers to build a non-recursive tile set (Hanf 1974; Myers 1974), will be one

of our main tools for constructing the almost totally universal tile set in Section 7. We

propose our own version of synchronisation here, which is adapted for our purposes.

3.1. Robinson’s tile set

Berger was the first to build an aperiodic tile set (Berger 1966), which was based on Wang

tiles. This construction showed the undecidability of the domino problem. Robinson (1971)

presented a new aperiodic tile set composed of six different shapes that can be turned

and flipped. Figure 1 shows the original six tiles. Robinson proved that his tile set can

only generate self-similar tilings. We will only give a brief explanation of the structure

of the construction – for a detailed explanation, see Allauzen and Durand (1997). All

of Robinson’s tilings contain a hierarchy of squares of ever-increasing size. Nowadays,

it is more common to represent Robinson’s tilings using Wang tiles with arrows, since

tiles with arrows underline the self-similar structure of the tilings. Figure 2 shows the

hierarchical structure of Robinson’s tilings. Some notation will be useful for these tilings.

The smallest of the squares appearing in a Robinson tiling are said to be of level 1, and

those of level 2 are the squares composed of three tiles on their sides. The construction

implies that any central tile of a square of level n defines one at the corner of a square of

level n + 1. By induction, the central tiles of four squares of level n can define the four
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Fig. 2. Robinson’s tiling.

corners of a square of level n+ 1. Therefore, one can see that the size of a square of level

n is 2n + 1.

We use two different colours for the borders of Robinson’s squares. The even-level

squares are coloured in black and the odd-level squares are coloured in grey (except the

level 1 squares, which only represent the angles of the level 2 squares). Therefore, black

squares can only intersect grey squares, and vice-versa. This condition can be encoded

at the level of tiles. In this way, we obtain the tiling of Figure 2, where black and

grey squares alternate. The final improvement in the construction was made in Durand

et al. (2004), where a robust Robinson tile set was made. In this robust version, the tile set

only generates tilings in which all squares of the same level lie on a regular grid (in the

non-robust version, some tilings can contain squares that do not match up with another

square at the same level).

3.2. Tilings simulating Turing computation

Tiles are a natural way to transmit information on the plane. Since one can consider

the space×time diagram of a Turing machine as a geometrical object where some special

information is computed, we can simulate a Turing machine with a tile set with the

following different types of tile:
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Fig. 3. The obstruction zone (in light-grey) in Robinson’s tiling.

— tiles used to transmit a symbol of the Turing machine’s alphabet;

— tiles used to show that the state qi will act on the symbol aj at the next step;

— tiles used to represent the transitions of the Turing machine;

— a final set of tiles used to encode the initial configuration of the computation, that is,

the input word and initial state.

More details of this construction can be found in Allauzen and Durand (1997). Figure 4

shows the different kinds of tile needed to simulate a Turing machine:

— the first tile corresponds to a cell where no modification is made;

— the second and third tiles correspond to the transitions λ(0, qi) = (1, qk, R) and λ(1, qj) =

(1, ql , L);

— the final two tiles show that a state will act on the cell at the next transition.

Given a Turing machine M and an input w, one can compute the tile set τ〈M,w〉 that

simulates the computation of M on w. But since tilings have no origin, we cannot force

the tiling to begin in a certain state on a given input. Therefore, we cannot guarantee that

a tiling generated by τ〈M,w〉 will respect exactly the computation of M on w.

The main idea is to use the hierarchical pattern construction generated by Robinson’s

tilings and then compute a given Turing machine in the even-level squares, that is, the

black ones, since black squares of different levels do not intersect. This hierarchy of

squares can be seen to have spaces where a computation can be made. The main problem

is that a level n square also contains lower-level squares. Therefore, if any square contains

the simulation of a Turing machine, some tiles will contain arbitrary large superpositions

of computation, which is not possible since it would need an infinite set of tiles.

To avoid this problem, and to have at most one computation in any tile, each even-level

square sets an obstruction colour outside its border. It is intuitively clear that we can

do this with a tiling, but proving it is quite technical. Figure 3 shows the hierarchical
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Fig. 4. Turing machine by a tiling.

construction with the obstruction tiles. In this figure, there are some white spaces, that

is, areas without the obstruction colour. Intuitively, these spaces can send information

vertically and horizontally. These white spaces are the computation spaces, where the

Turing machine M will be simulated. On each computation space, we superimpose the

tiles representing our Turing machine. The tiles that are obstructed in one direction

(horizontally or vertically) transmit the information of the computation of our Turing

machine in the other direction. One can see that the tiles that are obstructed in both

directions have no information to transmit. Thus, we can use the lowest computation

space of a square to start the simulation of our Turing machine on an empty tape with

the initial state. Then, by transmission of the information horizontally and vertically, we

will simulate in each square of level n, the first steps of our Turing machine.

3.3. Synchronisation between squares of the same level

Our first goal in obtaining a synchronisation between all squares is to prove that all the

squares of the same level have the same information, that is, all the squares of a certain

level in Robinson’s construction have the same input word w on their first line. Note that

two neighbouring squares, either horizontally or vertically, can share the information they

have on their facing sides; indeed, the obstruction colour between them can be used to

transmit information and therefore compare the words written on the two facing sides (a

more detailed explanation of this fact is given for the construction in Section 4.1). Thus,

we need to prove that we can obtain a square that has on its four sides the same input

word w. Then, each square will check if its four neighbouring squares are computing using

the same input word.

Vertical and horizontal bit transmission is quite easy. We can add the following

condition: a tile in a square can be labelled either with a 1 or a 0; all the tiles in

the same column must have the same label, and the label of a column must match with

the letter of the input word, which is written on the bottom (south) line in binary, that

is, if the ith letter of the input word is a 0, then all the tiles of the ith column have to be

labelled with a 0. Therefore, the input word is written with labels on the top (north) side.

Using the same construction, we can guarantee that the east and west sides have the same

input word.

We now need to pass the bits of the input word from the south side to the west side to

obtain a square with the same input word on its four sides. The information going from

the south to the west side will pass through three kinds of tiles: it first goes through tiles

that transmit the information vertically, then turns a corner and, finally, goes through

tiles that transmit the information horizontally until it reaches the west side. The only
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w4

w0

w1

w2

w3

w0 w1w2w3

w4

Fig. 5. The transmission of the bits of w from the south side to the west side.

condition we need to add to ensure that all the bits will pass from the south to the west

side (as in Figure 5) is to force any tile that is not obstructed (obstructions are coloured

in grey in Figure 5) to be one of the three kinds of tiles that transmit information. The

obstructed tiles can either transmit information vertically or horizontally, or transmit

nothing. Finally, since neighbouring squares of the same level can check if they are

computing on the same input word, all squares at the same level compute on the same

input word.

3.4. Synchronisation between levels

We now want to synchronise the input word between different levels, that is, if wi is the

input word of the level i squares, then wi is the central word of wj for any j > i, that is,

there exist two words w1 and w2 of the same length such that wj = w1wiw2. In this way,

all squares at all levels obtain the same computation. Recall that in Robinson’s tilings the

even-level squares are coloured in black and the odd-level squares are coloured in light

grey.

Note that a black level n square intersects exactly with four light-grey level n−1 squares,

which intersect with sixteen black level n − 2 squares (four of them are inside the level

n square – see Figure 6.a). From the previous section, we know that the sixteen black

squares are synchronised and are computing on the same input. Therefore, we can choose

one of these sixteen squares to transmit its input word to the higher-level square.

To achieve this goal, we give sixteen different labels to the black squares (one of them

is labelled in grey and is the square that transmits its input word to the higher level) and

two kinds of label to the light-grey squares. If the labels are made as in Figure 6.a, it is

enough to guarantee that any level n black square has a level n − 1 grey square at its

south-west corner. It is this grey square that passes the information from its east side to

the south side of the level n square.

To pass the information, we use the induction process of Figure 6.b. We can use the

same technique as before because the number of columns between two neighbouring
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Fig. 6. Synchronisation between levels.

squares is the same as the number of columns in a square. Then, using an induction

process, we will pass all the bits from the east side of the grey square to the middle part

of the south side of the black square at the higher level.

Since the synchronisation of squares at the same level and the communication between

levels is defined for each level, any square of a final tiling generated by this construction

computes on an initial segment of the same infinite input. The main interest in this sort of

construction is that it allows us to put a condition on this infinite input to obtain tilings

with some ‘difficult’ properties.

4. Universality and completeness

In this section, we show the existence and non-existence of the various kinds of universality

and completeness. We first construct two complete tile sets with the help of Robinson’s

construction:

— The first is from Lafitte and Weiss (2007) and uses Robinson’s construction only.

However, the construction is technical and thus less intuitive.

— The second is a new complete tile set that uses synchronisation in Robinson’s

construction, and even though it requires synchronisation, it is more basic and gives a

better example of completeness.

We will then study the various properties related to universality.

4.1. Completeness

4.1.1. The first complete tile set. Completeness is an interesting property for tilings, and

close to an intuitive notion of universality for tile sets. A tile set is complete if it has

the ability to generate enough information to rebuild the behaviour of any other tile set.

Therefore, we can expect that complete tile sets are quite difficult to build and require some

technical constructions. The first complete tile set was built in Lafitte and Weiss (2007).
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Fig. 7. Simulation between tile sets.

In this construction we build a non-deterministic Turing machine M such that the

space×time diagrams of the computations of M on inputs of size s give rectangular

patterns that simulate tiles from the tile set τs (the sth tile set).

Our Turing machine works with a semi-infinite tape. A typical input w is composed

of two integers written in binary: i, the code of a tile set, and x, the code of a colour

(which belongs to the set τi of colours). We know that we can encode a tile set, that is,

we can assign a unique number or code in the same way that we do for Turing machines.

So the first step for M consists of decoding i to find the different tiles that compose τi.

Then we check if x is the code of a colour of τi. If it is, we choose in a non-deterministic

way a tile t of τi such that the colour of its south side is x. We can build our Turing

machine such that after m steps of computation, the next k steps of the computation are

used to write the code of the west/east† colour of t (with m and k depending only on

|ω|), that is, in the space×time diagram of the Turing machine, the first column from time

m + 1 to m + k represents the code of the colour of the west side of t. The tiles that are

not between the (m + 1)th and the (m + k)th lines are all blank tiles, (represented by �).

We do the same for the east/west side (depending on the first choice we made), that is,

in the space×time diagram of the Turing machine, the last column from time m′ + 1 to

m′ + k represents the code of the colour at the east side of t (with m′ depending only on

|ω|). The final p steps of the computation are used to write the code of the colour at the

north side of t completed with �’s. For later use, we will adopt the convention that our

Turing machine M does nothing when the entrance is the empty word. This means that

its corresponding space×time diagram will be a rectangular space filled with blank tiles.

Figure 7 (a) represents the space×time diagram of our Turing machine.

† Our algorithm chooses in a non-determistic way either the west or the east side. This non-determinism is

essential for an east/west matching of two diagrams.
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We now add the condition that M uses the same time to reach a final state if given as

its input two valid words containing the same code i of a tile set. With this construction,

we are certain that two space×time diagrams have the same size if and only if the inputs

have the same lengths. This guarantees that the simulations of two tiles from the same tile

set give two diagrams of the same size. So, two diagrams will match on their north/south

side if and only if the two tiles that they simulate match on their north/south side.

For the east/west border, the match rules are different. During the computation, we can

choose whether to write the east or west colour first. So two diagrams will match on

their east/west border if and only if the tiles they represent match on their east/west

border, and if during the computation, the two Turing machines they represent have made

different non-deterministic choices.

The idea is to associate with M the tile set τM that simulates M (as seen in Section 3.2),

and to inject it into Robinson’s construction in such a way that all the squares at the

same level contain the simulations of tiles of the same tile set. We begin by improving

the tile set τM since we do not need to make a non-deterministic choice between west

and east sides with tilings. The tile set τM simulates M except when M has to make this

choice. Indeed, tilings can send information in both directions: information is coded in

dark grey or light grey arrows, representing the bits 0 or 1, and neighbouring tiles must

have the same colour to be assembled. Therefore, one state can be used to write the bits

to both the east and west sides, as shown in Figure 7 (b).

We now simulate τM in any square of Robinson’s construction: the first row of any

of these squares can be filled arbitrarily with 0, 1 and the empty letter �. Then, the

computation checks if the input is valid. If it is invalid, it reaches a final state represented

by a tile that cannot be matched on its south side with another tile; in this case, the tiling

remains uncompleted. Therefore, a valid tiling of the plane with this tile set is composed

of Robinson’s squares containing either the simulation of a tile or nothing (if the input

word is empty, then M does nothing). We now have to check that two neighbouring

squares at the same level are simulating two tiles of the same tile set that match. To

guarantee that the tiles match, the squares need to share the code of the colour they

have on their common side. To do this, we can use the obstruction colour. We just need

to add labels representing the bits of the codes of the colours to the obstruction colour.

Therefore, neighbouring squares can check if they have the same code on their common

side. If they do not, the tiling remains uncompleted. Figure 8 shows the communication

between two squares. The final thing we need to do is guarantee that all the squares at

the same level simulate tiles of the same tile set. In fact, we will show that we can build

this tile set such that the level i squares can only simulate tiles of the tile set τi. One can

see that in a level i square, there is a computation space equivalent to a square of size

2i − 1 (we take away the lines and columns containing the obstruction colour). Therefore,

to be certain that a level i square can only contain the simulation of a tile of τi, it is

enough to add the simulation of another Turing machine, say N, that on an input i uses

exactly 2i − 1 steps to stop, and such that the final state of N is represented by a tile that

can match only with a tile on the north side of a square. Therefore, N guarantees that the

first part of the input is i if and only if we are in a level i square. In this way, we obtain

a tile set μ based on Robinson’s construction and such that all the level i squares can
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Fig. 8. Communication between Robinson’s squares.

simulate a τi-tiling only. The simulation is always made via the same reduction function.

Moreover, if the simulation of a tile set is initiated in a μ-tiling, the simulation is made

on the whole tiling. This comes from the fact that if a level i square simulates a tile of τi,

then all level i squares simulate tiles of τi. Therefore, for any tile set τi that tiles the plane,

we have τi � μ, which proves the completeness of μ.

4.1.2. Second complete tile set. To build our second complete tile set, we use Robinson’s

construction, but with all the squares at the same level synchronised (as in Section 3.3). This

construction is much easier, but uses more technical tools, in particular, synchronisation.

We write the input i�t on the south side of any square at the same level, where i is the

code of a tile set and t is the code of a tile of τi (two squares at the same level must have

the same code i; the codes t can be different). The tile t is encoded with the cartesian

product of four colours from the set of colours of τi, that is, t ∈ C4; where C is the set of

colours of τi. The first, second, third and fourth components correspond to the codes of

the south, north, east and west sides of t, respectively. The code i of the tile set τi can be

encoded as a sequence of codes tj representing the tiles of τi, that is, i = t1t2 . . . tn where

tj ∈ C4 is a tile of τi, for all j. Therefore t is a subword of i.

Through synchronisation we can ensure that any square has the same input i�t on its

four sides. Between squares at the same level, only the tile component t can be different

(this can be checked by synchronisation of squares at the same level). To guarantee that

the local constraint is respected in the simulation, we need to check that two neighbouring

squares have the same colour encoded on their common side. The sides of the squares do

not send the whole input contained on their side. The component i is always sent totally

(for synchronisation reasons), but only one component of t is sent. The south side sends

only the first component of t (which corresponds to the south colour of t), the north side

sends only the second, the east sends the third and the west sends the fourth. This can be

achieved technically by adding two colours to the sides of the square: the first matches

with the bits of i, and the second, after the separator �, matches with the bits of t. The

border with the first colour sends the whole information, that is, all the bits of i, and the

second colour, depending on which side it is on, sends only one of the components of t.
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Therefore, in a valid tiling of the plane, two neighbouring squares have to share the same

colour on their common side.

To guarantee that the level i squares simulate the tiles of τi, we use synchronisation

between squares at different levels: a level i square tells the level i+1 square what its level

is. By induction, any square knows its level and simulates only tiles of the tile set indexed

by the number of the level). We also need to add the condition that all the squares of a

given level can be marked with an obstruction colour. This obstruction colour prevents

simulations of tiles within the squares. Therefore, a level of squares coloured with this

obstruction colour does not contain the simulation of a tiling (this condition is necessary

since there exist tile sets that do not tile the plane).

To ensure that the input is well written, we simulate a Turing machine that checks that

the input is composed of the code of a tile set, a separator � and the code of a tile. This

is enough to obtain a complete tile set since each level i square simulates a tile of τi and

that the local constraint between squares is respected.

4.2. Universality

In this section we will investigate the various universality notions defined in Section 2. We

begin by showing a property of universality before constructing our first universal tiling.

Theorem 4.1. Let P be a tiling. If P is strongly universal, then P is non-recursive.

Proof. Let P be a strongly sparse universal tiling. We can enumerate all the tilings

that reduce to P by enumerating any possible reduction. If P is recursive, that is, fP
is recursive, we can obtain at least one recursive tiling for any tile set. But this is a

contradiction because we know, from results in Myers (1974) and Hanf (1974), that there

exist tile sets that only produce non-recursive tilings.

The first result we get for the various universality notions is the non-existence of

strongly dense universal tilings. This follows from a countability argument: we only have

a countable set of possible reductions for a given tiling, but an uncountable set of tilings.

Theorem 4.2. Strongly dense universal tilings do not exist.

We will now consider the weak version of universality for tilings. The idea of the

construction is to build our tiling in the same way as we can construct a Turing machine

simulating every step of all the Turing machines by simulating at step i the first i computing

steps of the first i Turing machines. Similarly, it is possible to construct a weakly dense

universal tiling that enumerates all possible patterns of all tilings. They are countable, so

we can simulate all of them in the same tiling. Thus, we obtain the following result.

Theorem 4.3. There exists a weakly dense universal tiling.

Of course, weak dense universality implies weak sparse universality. There is still one

other universality notion to consider: strong sparse universality, that is, a tiling that can

simulate at least one tiling for each tile set. In the following theorem, we propose a

non-periodic tile set that generates a strongly sparse universal tiling.
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Theorem 4.4. There exists a non-periodic tile set that generates a strongly sparse universal

tiling.

Proof. We show that the complete tile set μ constructed in Section 4.1 can generate a

strongly sparse universal tiling. Our tile set μ generates tilings that can either simulate or

not simulate a τi-tiling, for any tile set τi that tiles the plane. In the set of μ-tilings, there

are some tilings that simulate at least one tiling for any tile set (since level i squares can

either simulate a τi tiling or not). These tilings are strongly sparse universal since they

simulate at least one tiling for any tile set that tiles the plane.

4.3. Classification

In the previous theorem, we have shown the existence of a strongly sparse universal tiling,

which we will denote by P1. For a given tile set τi, we can choose the τi-tiling that we

simulate in P1. At a certain step of our computation, our tiling P1 will simulate its own tile

set. We can consider that we will simulate a τi-tiling P2 that is a strongly sparse universal

tiling such that P2 simulates for any tile set τi that tiles the plane, another τi-tiling than

the τi-tiling simulated in P1. Thus, by transitivity, with this construction, P1 simulates at

least 2 tilings for each tile set. At a certain point, P2 will also simulate its own tile set,

and so on. By iterating this process, we can build a tiling that simulates for each tile set

τi a countable infinity of τi-tilings.

The following theorem gives the conditions needed by a tile set to generate a universal

tiling that simulates a countable infinity of tilings for each tile set.

Theorem 4.5. Let τ be a tile set. If for any countable set

A = {P1, P2, P3, . . . |Pj is a τj-tiling ∀j}

there exists a τ-tiling PA such that Pj � PA for all Pj ∈ A, then there exists a strongly

sparse universal τ-tiling Pu such that for all τj there exists a countably infinite set

Aj = {Pj1 , Pj2Pj3 , . . .} of τj-tilings such that Pjk � Pu for all j, k. We say that a tiling has

the universal infinity property (UIP) if it satisfies the conditions of this theorem.

Proof. Let τ be a tile set that satisfies the hypothesis of the theorem. Since τ is a tile

set, there exists i such that τ = τi. Consider the set A1 composed of P 1
1 , P 1

2 , . . . such that,

for all j, P 1
j is a τj-tiling and P 1

i is a τi-tiling that simulates all tilings of the set A2. By

induction, we define An composed of Pn
1 , Pn

2 , . . . such that for all j, we have that Pn
j is a

τj-tiling and Pn
i is a τi-tiling that simulates all tilings of the set An+1.

If we choose the sets An in such a way that An

⋂
Am = � for all n, m, then by simulating

all tilings of the set A1, Pu will simulate a countable infinity of tilings for each tile set.

The following theorem relates this property to universality and completeness.

Theorem 4.6.

(1) If a tile set is complete, it has the universal infinity property.

(2) A tile set has the universal infinite property if and only if it generates a weakly dense

universal tiling.
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Proof.

(1) Completeness ⇒ UIP

Let τ be a complete tile set and τ′ be a tile set with the universal infinity property.

Since τ is complete, for any τ′-tiling Pk , there exists a τ-tiling Qk such that Pk � Qk .

Since Theorem 4.4 shows the existence of at least one tile set with the universal infinity

property, we can reduce all of its tilings to our complete tile set τ, so τ has the universal

infinity property.

(2) (⇒):

Let τ be a tile set with the universal infinity property. Thus, for any tiling Q there

exists a τ-tiling P such that Q � P . If we take a weakly dense universal tiling Q, there

exists a weakly dense universal τ-tiling P since � preserves weak universality.

(⇐):

Let τ be a tile set that generates a weakly dense universal tiling P and τ′ be a tile

set with the UIP property. By definition, any τ′-pattern is simulated in P . Let Q be a

τ′-tiling and {Ai}i>0 be the sequence of patterns of sizes 2i + 1 of Q centred around

the origin. There exists a sequence {Bi}i>0 of patterns of P such that Bi simulates

Ai for any i. From this sequence of increasing patterns, we can extract, in the sense

of Koenig’s Lemma, a tiling P ′ such that P ′ simulates Q. Therefore, any τ′-tiling is

simulated by a τ-tiling†.

We have shown that the class of complete tile sets, denoted by Complete, is the smallest

class of our classification. The complete tile sets are contained in the class of tile sets

having the UIP property, denoted by UIP. The notion of completeness is really close to

a notion of universality for tile sets.

To clarify this classification, we aim to show that some non-periodic tile sets do not

belong to UIP. To prove this, we recall the quasiperiodicity function associated with a

tiling. For a given tiling P , the quasiperiodicity function GP gives for each n, the smallest

m such that any pattern of size n in P appears at least once in any m × m-square pattern

of P . Of course, GP is not a total function for all P . We can have a tiling Q where a

given pattern of size s appears only once in Q, so GQ(s) will not be defined. Nevertheless,

Durand (1999) showed that if a tile set tiles the plane, it can tile it in a quasiperiodic way,

that is, the quasiperiodicity function associated with this tiling is total.

We have the following result.

Theorem 4.7. Let P and Q be two tilings of the plane. If there does not exist c ∈ � such

that GQ(cn) > GP (n) ∀ n, then P �� Q.

Proof. Suppose P � Q with a reduction of size (a, b). This means that any c×d-pattern

of P is simulated by a ca × bd-pattern of Q. By the theorem’s condition, there exists at

least one n such that GQ(a × b × n) < GP (n). Thus, there exists a pattern m of P of size

n that appears less frequently in P than any pattern of Q of size a × b × n appears in Q.

Hence, no pattern of Q of size a × b × n can represent the pattern m, so P �� Q.

† This does not mean that τ simulates τ′ since we have only proved the first condition of Definition 2.2.
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From Cervelle and Durand (2004), we know that there exist tile sets that only generate

tilings with a non-recursive quasiperiodicity function. Thus, if P is a universal strong

tiling, GP cannot be recursive. Since Robinson’s tile set only gives rise to tilings with

recursive quasiperiodicity functions, Robinson’s tilings are not universal.

5. Simulation between tile sets

The previous section was mainly concerned with completeness, which corresponds to the

maximum in the simulation pre-order. This notion can be refined to obtain stronger

notions of simulation. In this section we define notions of simulation that make possible

the introduction of universality for tile sets. This notion, the total simulation, is a finer

notion than the simple simulation between tile sets.

5.1. Definition

We begin by defining the total simulation. The following definition, which was used in

Durand et al. (2008) and Lafitte and Weiss (2008b), generalises the simulation to tile sets.

Definition 5.1. Let τ and τ′ be two tile sets. We say that τ totally simulates τ′ if there exist

a, b ∈ � and a reduction R from the a × b patterns of τ to the tiles of τ′ such that the

following two conditions are respected:

(1) For any τ′-tiling Q, there exists a τ-tiling P such that Q �R P .

(2) For any τ-tiling P , there exists a τ′-tiling Q such that Q �R P .

We denote it by τ′ �t τ (or τ′ �R
t τ, to specify the reduction R).

If τ′ �t τ, there exists a reduction R such that for any τ′-tiling there exists a τ-tiling that

simulates it by R, and, furthermore, τ does not generate tilings that do not simulate a

τ′-tiling. This is a strong link between the two tile sets since τ has to simulate all and only

the τ′-tilings. Since we do not have conditions on the reduction function R, it is likely

that different τ-patterns represent the same tile, which means that a tile set that simulates

a periodic tile set is not necessarily also periodic (on the other hand, a periodic tile set

can only simulate periodic tile sets).

5.2. Total simulation of periodic tile sets

Total simulation offers enough freedom for us to obtain particular tile sets having the

property of totally simulating all tile sets with a certain property. In this section, we build

a recursive aperiodic tile set that totally simulates each and every periodic tile set, and

only them. This tile set is thus totally universal for periodic tile sets. This is an interesting

tile set since the problem of knowing whether a tile set is periodic is undecidable. We will

then generalise this construction and give sufficient conditions for tile set classes to be

totally simulated by a single tile set.

Theorem 5.1. The set of periodic tile sets can be totally simulated by one tile set, that is,

there exists a tile set τ such that for any periodic tile set τ′, we have τ′ �t τ.
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Proof. First, let f be the projection of a recursive one-to-one function from � to �2

such that f(n) � n. Thus, the set {f(1), f(2), . . .} contain any integer infinitely many times.

We can make the assumption that f can be computed by a Turing machine Mf in linear

time and space (with unary input).

We now build a one-tape Turing machine M with the following behaviour: it takes as

input a word written in unary (1n), computes 1f(n) by simulating Mf , and then simulates

the tile set τf(n) to enumerate the rectangular patterns generated by this tile set. If a

periodic pattern is found, the computation stops, otherwise, it never halts.

We now simulate this Turing machine in Robinson’s tiling stretched vertically by a

factor 2. We have seen that the simulation of the computation of a Turing machine does

not depend on the time and space needed to stop. In the square of size 2n −1, we simulate

Mf on the greatest input 1m whose computation fits in this square. It thus outputs 1f(m).

Since Robinson’s tiling is stretched with a factor 2, we still have remaining spaces where

we can compute M.

We simulate M in this tiling with the special condition that if a final state is reached, a

special colour is sent to the north side of the rectangle in which the computation is made,

which forces the whole border of the rectangle to be marked with this special colour. If

no final state is reached, the computation keeps on going until it matches with the north

side of the rectangle and the special colour cannot be added to the sides of this rectangle.

This special colour triggers the beginning of the computation of a new Turing machine

N in this rectangle. The behaviour of N is as follows. An input is an integer x (the index

of a tile set) and an integer y (the index of a colour). We check whether y is a valid

colour of the tile set τx. If it is, we choose in a non-deterministic way a tile of τx with

south colour y, and we simulate this tile, that is, we build a space×time diagram which is

a pattern representing this tile.

We simulate N in our rectangle with the following conditions:

— The computation of N can begin if and only if the rectangle is marked with the special

colour.

— The first line of the rectangle marked with the special colour is filled in a non-

deterministic way with the letters of the alphabet. The computation of N will say

whether the input was valid or not, and if it is not, the computation stops and the

tiling cannot be completed to constitute a full tiling of the plane.

— Since the choice of x and y are made in a non-deterministic way, we have to check that

x is the code of the tile set that Mf has computed before (even if it was not actually

computed before since in our tiling the computations are made simultaneously). To

do this, the bits of x are sent to the north and have to match with the value of 1f(n)

to let the computation go on.

Therefore, at the end, the computation of N is carried out in the rectangle if and only

if M has stopped, that is, if the tile set τf(n) is periodic, and if and only if N has simulated

a tile of τf(n).

The final stage sends the colours of the simulation of the tiles of τf(n) outside the

rectangle to ensure that two Robinson rectangles simulating the tiles of τf(n) match if and

only if the tiles they represent match.
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Since the index of any tile set is enumerated infinitely many times by f, if a tile set τ

is periodic, there exist infinitely many squares big enough to carry out the computation

of M to find a periodic τ-pattern and to stop, and thus, to trigger the beginning of the

simulation of the tiles of τ. Therefore, the periodic tile sets are totally simulated by our

tile set.

In this proof we have only used the facts that the property is recursively enumerable

and that no tile set that does not tile the plane has the property, which here is the property

of ‘being periodic’. If a tile set that does not tile the plane has the property, then when we

simulate the tiles of this tile set, we arrive at a step where no more tiles can be simulated

and the tiling process remains unfinished. We say that a property is decent if the class of

tile sets satisfying it is recursively enumerable and if this property cannot be verified by a

tile set that does not tile the plane. This is equivalent to having a recursively enumerable

property such that if a tile set can generate a pattern having this property, then it tiles

the plane. Thus, we have the following generalisation.

Theorem 5.2. Let P be a decent property. Then the set LP = {i | τi satisfies P } can be

totally simulated by a single tile set.

This is equivalent to saying that there exists a tile set that is totally universal for LP .

We have the following corollary.

Corollary 5.3. The class of tile sets that generate a period using all of its tiles can be

totally simulated by one tile set.

5.3. Total universality

The construction of a tile set that is totally universal for periodic tile sets raises the

question of universality with respect to total simulation. Is it possible to obtain a tile set

that totally simulates any tile set that tiles the plane? Since total simulation preserves some

properties, such a universal tile set must have a non-negligible number of properties, such

as non-recursivity, maximum kolmogorov complexity, self-simulation via any pattern. . .

In the next definition, we define the notion of universality with the total simulation.

The first definition defines total universality for a set of tilings; the second defines total

universality for a tile set.

Definition 5.2. Let τ be a tile set and Tτ be the set of τ-tilings. We say that a set A ⊂ Tτ

is totally universal if for any tile set τ′ that tiles the plane:

(1) For any τ′-tiling Q, there exists a τ-tiling P ∈ A such that Q �R P .

(2) For any τ-tiling P ∈ A, there exists a τ′-tiling Q such that Q �R P .

If A = Tτ, we say that τ is totally universal.

In the next theorem, we prove that totally universal tile sets do not exist since the

existence of a totally universal tile set would imply a bound on the quasiperiodicity

functions that can be reached.

Theorem 5.4. Totally universal tile sets do not exist.
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Proof. Let τ be a totally universal tile set. Let τ′ be a tile set that tiles the plane. Then

there exist two integers a, b and a reduction function R from the a× b patterns of τ to the

tiles of τ′ such that τ′ �R
t τ. Let Gτ be the quasiperiodicity function of τ and P be a τ-tiling

with quasiperiodicity function Gτ. Since τ′ �t τ, there exists a τ′-tiling Q such that Q �R P .

Any tile of Q is represented by a set of a × b-patterns in P and any square pattern A of

size n of Q is represented by a set of na × nb-patterns in P . Since P is quasiperiodic, any

of these patterns appears at least once in any square of size Gτ(max{a, b} ×n) in P . Such a

square of P represents a rectangle of Q of size Gτ(max{a, b} × n)/a×Gτ(max{a, b} × n)/b.

Without loss of generality, we can suppose that a = b, so any square pattern A of size

n of Q appears at least once in any square of size Gτ(a × n)/a. This means we have the

following bound for the quasiperiodicity function Gτ′ of τ′:

Gτ′(n) < Gτ(a × n)/a.

Since Cervelle and Durand (2004) showed that we cannot bound the quasiperiodicity

functions, τ cannot simulate any tile set, so τ cannot be totally universal.

Since totally universal tile sets do not exist, we would like to find a tile set that is

close to universality and is more than complete. The idea in the following sections is to

build a tile set that is almost totally universal, that is, totally universal up to a meagre

subset of its tilings. To define such a notion of meagreness, we will consider tilings from

a topological point of view and introduce Banach–Mazur games on tilings.

6. Topological study of tilings

In this section we are interested in the topological spaces on tilings. Two natural metrics

can be used on tilings to obtain such spaces. We will then use them to define topological

Banach–Mazur games, which are one of the main tools we will use in Section 7 to prove

the existence of tile sets close to total universality.

6.1. Generalisation of tilings

In this section we will use the following terminology:

— An initial set S is an initial subset {1, . . . , n} of �.

— The process of mapping consists of placing the numbers of S on the grid �2.

— A mapping A generated by S is called an S-mapping and is associated with a mapping

function fA ∈ S�2

that gives the tile of S at position (x, y) in A.

— We say M is the set of all mappings, that is, M ≡ {{1, . . . , n}�2}n�1.

— An S-pattern is an S-mapping defined on a finite subset of �2.

— An S-mapping A ∈ M is a Wang tiling if there exists a Wang tile set τ, a τ-tiling P

and a bijective function h : S → τ such that h ◦ fA(x, y) = fP (x, y).

— We define T as the subset of mappings of M that are Wang tilings.
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6.2. A Besicovitch topology

The first metric we introduce is a metric à la Besicovitch for cellular automata. An n × n′

τ-pattern m can be viewed as a sequence of numbers placed in a rectangle of size n × n′;

we have the number k in position (x, y) if fm(x, y) = tk where tk is the kth tile of τ. Then,

intuitively, any reordering of the tiles of τ gives the same pattern. Thus, we would like to

say that the distance between two patterns m and m′ is c if the number of tiles differing

between m and m′ as a proportion of the total is at most c up to a reordering of the tiles.

We formalise this notion in the following definitions by defining a metric for patterns.

Definition 6.1. Let S and S ′ be two initial subsets of � such that |S | � |S ′|. Let A be an

n × n S-pattern, B be an n × n S ′-pattern, and g be a one-to-one function from S to S ′.

We define the metric related to g by

δg(A,B) =
#{(x, y) | g ◦ fA(x, y) �= fB(x, y)}

n2
.

If A is an S-pattern and B is an S ′-pattern such that |S | � |S ′|, then δg(A,B) is defined

as δg(B,A).

We define the absolute metric by δ(A,B) = ming∈S ′S {δg(A,B)}.

Note that this definition of distance between patterns means δ is symmetric and satisfies

the triangle inequality.

Now that we have defined a metric between patterns, we can generalise it to tilings

of the whole plane, since, by compactness, a tiling can be seen as the infinite union of

patterns of ever increasing sizes.

Definition 6.2. Let A be an S-tiling and let B be an S ′-tiling. For any function g ∈ S ′S ,

we define the tiling metric dg by:

dg(A,B) = lim sup
i→∞

δg(Ai, Bi),

where the Ai (respectively, Bi) are the n × n S-patterns (respectively, S ′-patterns) centred

around (0, 0) in A (respectively, B).

We define the absolute tiling metric d by d(A,B) = ming∈S ′S {dg(A,B)}.

Since δ satisfies the triangle inequality, and since reflexivity and symmetry are obvious,

d is a pseudometric on M. The natural way to obtain a metric on M is to introduce

an equivalence relation ≡d defined by A ≡d B ⇔ d(A,B) = 0. We can now consider the

quotient space M/ ≡d where a typical element is the equivalence class [A] = {B | d(A,B) =

0}. By adding the metric d to this space, we obtain a metric space, which we call MB .

In this paper, we use [A] to denote the equivalence class of the particular mapping A;

an element of MB is denoted by a capital letter in bold, for example, A; and we say ‘let

A ∈ MB ’ to mean consider a mapping of the equivalence class of A, that is, a mapping in

[A]. Similarly, we define the space T/≡d
where a typical element is [P ] = {Q | d(P ,Q) = 0}.

By adding the metric d to this space, we obtain the metric space TB . Of course, TB ⊂ MB .

An element of TB is an equivalence class of MB that can contain mappings that are

not Wang tilings, but which work ‘almost’ like Wang tilings since the local constraint is

respected almost everywhere.
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From this definition, we have the following results:

— for any two mappings A,B ∈ M, the distance between A and B is in [0, 1[; and

— for any mapping C ∈ M (respectively, any tiling P ∈ T) and any ε ∈ [0, 1[, there exists

a tiling D (respectively, Q) such that d(C,D) � 1 − ε (respectively, d(P ,Q) � 1 − ε).

Therefore, for any tiling A, we can build a tiling B such that the distance between A and

B is almost one.

To obtain a topological space, since MB is a metric space, we use the natural topology

induced by the metric where the open sets are the balls B(A, r). We use the subset topology

on TB .

The Besicovitch metric is one of two traditional metrics used for tilings. The other is

the Cantor metric, which places greater emphasis on the finite patterns centred around

the origin.

6.3. A Cantor metric

In this section we define and study another traditional metric adapted for tilings: a metric

à la Cantor. The metric discussed in the previous section allows us to investigate the

behaviour of a tiling in the whole �2 grid. The distance between two tilings is small if

their behaviour is close. Another way to measure distance between tilings is to consider

the greatest common pattern centred around (0, 0) that they share. We first define the

function p : � → �2 such that p(0) = (0, 0), p(1) = (0, 1), p(2) = (1, 1), p(3) = (1, 0) . . .,

with p continuing to spiral outwards. This function allows us to enumerate the tiles of a

given tiling. We define the prefix-patterns of a tiling P as follows.

Definition 6.3. Let P be a tiling. The prefix-pattern of size n of P is the pattern m defined

on the finite subset D = {p(0), . . . , p(n)} � �2 with the pattern function fm(x, y) = fP (x, y)

if (x, y) ∈ D. We denote the prefix-pattern m by a finite sequence of tiles ordered by the

function p:

m = {fm ◦ p(0), fm ◦ p(1), . . . , fm ◦ p(n − 1)}.
If m is a prefix-pattern of size n, then m.t1, the concatenation of m and the tile t1, is the

prefix-pattern of size n + 1 such that

m.t1 = {fm ◦ p(0), fm ◦ p(1), . . . , fm ◦ p(n − 1), t1}.

The set of prefix-patterns can be enumerated by a tree T . The rules for constructing T

are as follows:

— at level 0 in T , we have the empty prefix-pattern;

— at level 1, we have a unique prefix-pattern {1};
— and so on.

So a pattern m at level i, composed of j different tiles, has j + 1 sons, which are

m.1, m.2, . . . , m.(j + 1).

One can see that for any tile set S and any prefix-pattern m = {m1, . . . , mn} generated

by S , there exists a unique bijective function em : S → {1, . . . , |S |} such that the prefix-

pattern em(m)
def
= {em(m1), em(m2), . . . , em(mn)} is an element of T . We say em(m) is the
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canonical form of m. In T , an infinite branch corresponds to a mapping of the plane.

Thus, to any S-mapping A there exists a unique bijective function eA such that the set

eA(A)
def
= {eA ◦ fA ◦ p(0), eA ◦ fA ◦ p(1), . . .} corresponds to an infinite branch of T . We say

eA(A) is the canonical form of A. We also say that m is a prefix-pattern of A if em(m) is a

prefix-pattern of eA(A). We can now define a metric à la Cantor.

Definition 6.4. Let A be an S-mapping and B be an S ′-mapping. We define the Cantor

metric δC by δC (A,B) = 2−i where i is the size of the greatest common prefix-pattern of

eA(A) and eB(B), that is, the highest level in T where eA(A) and eB(B) are equal.

If eA(A) = eB(B), then δC (A,B) = 0.

We can see that δC is a pseudometric on M. In fact, dC is a hypermetric, that is, a metric

such that for any three mappings A,B, C , dC (A,C) � max{dC (A,B), dC (B,C)}. This is a

stronger version of the triangle inequality. Note that in a hypermetric space, any point of

an open ball is the centre of the ball.

To obtain a metric on M, we say that two tilings P and Q are equivalent, P ≡C Q, if

their Cantor distance is null. Thus, two tilings are equivalent if they represent the same

tiling up to a colour permutation. We use MC to denote the space of equivalence classes

M/≡C
equipped with the metric δC .

We define T/≡C
similarly, and denote it by TC . The metric δC is a metric on TC . From

this, we can define a topology on TC: we say that the set

Um = {P |m is a prefix-pattern of P }

is a clopen set for any prefix-pattern m. This topology gives rise to a different understanding

of the topology of tilings compared with the topological space MC since it gives more

importance to the local structure centred around {0, 0}. Since there is a finite set of

patterns of a given size, we can cover MC and TC with a finite set of open sets. Therefore,

MC and TC are precompact, that is, for all r, there exists a finite set of open balls of

radius r that cover these spaces.

Since we have a Hausdorff space, because MC is a metric space, and since we have a

basis of clopen sets, MC is a 0-dimensional space.

To complete the definition of the Cantor space, we will just state some obvious facts

about the Cantor metric. If A and B are two mappings, then dC (A,B) ∈ [0, 1/2], and for

any mapping A, there exists a mapping B such that dC (A,B) = 1/2.

6.4. Basic properties

The space MC is well defined since two mappings at distance 0 are in fact the same tiling

up to a reordering of the tiles, or, in other words, they have the same canonical form. The

space MB is slightly different, since two tilings at distance 0 can be different. We have

to redefine properties for the mappings of MB: if a tiling class contains a tiling with a

certain property, then the whole class has this property, since, in fact, all other tilings of

the class ‘almost’ have the property. Thus, we can define the following tiling classes – if
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P ∈ TB is a tiling class, we say that P is:

— periodic if P contains a periodic tiling;

— quasiperiodic if P contains a quasiperiodic tiling;

— finite if P contains a finite tiling (that is, a pattern);

— universal if P contains a universal tiling and a tiling with a quasiperiodicity function

f if P contains a tiling with a quasiperiodicity function f and if P does not contain a

tiling with a quasiperiodicity function g < f.

We will now consider a space that works almost like the space of all Wang tilings. We

can see how the different classes work. The following proposition states that the distance

between two periodic tilings of TB is a rational number and gives us a characterisation

of the classes of periodic tilings.

Proposition 6.1. If P and Q are two different periodic tilings, then there exist n, m ∈ �∗

such that d(P ,Q) = n/m. Therefore, if P ∈ MB is periodic, it contains one and only one

periodic tiling up to a reordering of the tiles.

Proof. Let P be a periodic tiling of period (a, b) and let Q be a periodic tiling of

period (c, d). The tiles of P that differ from Q appear in a periodic way, and this period

is lcm(a, c) × lcm(b, d). Thus, in any rectangle of size lcm(a, c) × lcm(b, d), there will be a

certain number n of different tiles. So,

d(P ,Q) =
n

lcm(a, c) × lcm(b, d)
.

The following proposition shows that two quasiperiodic tilings belonging to the same

equivalence class have the same quasiperiodicity function.

Proposition 6.2. If P and Q are two quasiperiodic tilings such that P ≡d Q, then gP = gQ,

where gP and gQ are the quasiperiodicity functions of P and Q.

Proof. Let P and Q be two quasiperiodic tilings such that P ≡d Q. Suppose gP �= gQ.

So there exists a number x such that gP (x) �= gQ(x). This means that any pattern of size

x appears in any square of size gP (x) in P and in any square of size gQ(x) in Q. Thus,

there exist patterns of Q that have no equivalent in P , and since those patterns appear in

a regular way in Q, the distance between P and Q is strictly greater than 0.

We will now recall a basic notion of tilings, that of extraction. Consider an infinite set

of τ-patterns {m1, m2, . . .} of ever increasing sizes. We can see them as an infinite tree with

the root representing the empty pattern and where a pattern m is a direct son of a pattern

n if n is a subpattern of m, and if there does not exist a pattern m′ �= m such that n is a

subpattern of m′ and m′ is a subpattern of m. Thus, we obtain an infinite tree with finite

degree. Therefore, by Koenig’s lemma, we have at least one infinite branch. In our tree,

this branch represents a tiling Q of the plane. This tiling Q is said to be an extraction of

the set {m1, m2, . . .}. Now, we say that Q is extracted from P if there exists an infinite set

{m1, m2, . . .} of patterns of P such that Q is an extraction of {m1, m2, . . .}.
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We will now consider the different distances that we can obtain between Wang tilings

and mappings in our two spaces MB and TB .

Theorem 6.3. We have the following properties:

(1) There exists a mapping A ∈ MB \ TB and ε > 0 such that the ball B(A, ε) does not

contain any Wang tilings.

(2) For any n, there exists an infinite subset H of TB such that for any two tilings P and

Q of H , d(P ,Q) � 1 − 1/n2.

Proof.

(1) We can construct a pattern composed of six tiles such that its construction implies

that this pattern cannot be represented by Wang tiles (at least one of its tiles cannot

be represented by a Wang tile). We then consider the periodic tiling A of the plane

that has this pattern as a period. So 1/6 of the tiles cannot be represented by Wang

tiles, and thus, for any Wang tiling P , we have d(A, P ) � 1/6.

(2) We construct H by iteration. The first step is to build the first two tilings P0 and P1 of

our iteration. P0 is the τ0-unicolour-tiling, that is, P0 is tiled with a unique unicolour

tile. P1 is the deterministic periodic τ1-tiling of period n × n – we use the phrase

‘deterministic periodic tiling’ to mean τ1 is composed of n2 tiles that can be assembled

in a unique way to form a periodic n × n pattern that can be repeated indefinitely to

tile the plane. In any square of size n× n, P0 and P1 can have at most one tile similar.

Thus, d(P1, P2) = 1 − 1/n2.

Suppose we have built the first i−1 tilings. We build the deterministic periodic τi-tiling

Pi, where τi is a tile set composed of n2i tiles that can be assembled in a unique way

to form a periodic ni × ni pattern that can be repeated indefinitely to tile the plane.

In any square of size ni × ni, Pi can have at most ni−1 × ni−1 tiles similar to Pi−1, and

ni−2 × ni−2 tiles similar to Pi−2, . . . , and 1 tile similar to P0.

Thus,

d(Pi, Pi−1) = 1 − (ni−1 × ni−1)/(ni × ni)

= 1 − 1/n2

d(Pi, Pi−2) = 1 − 1/n4

...

d(Pi, P0) = 1 − 1/n2i.

As a corollary, we have that the spaces MB and TB are not precompact. Note that

there exist prefix-patterns that cannot be represented by the local constraint of a Wang

tile set. From this, we obtain the following proposition.

Proposition 6.4. There exists an open set in MC that does not contain any Wang tiling.
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6.5. Properties of our topologies

6.5.1. Properties of the metric spaces. First, since we have metrisable spaces, our spaces

are completely Hausdorff and there are no isolated points.

Proposition 6.5. MB , TB , MC and TC are all perfectly normal Hausdorff and perfect.

The set of tilings is uncountable. But there exist tile sets that generate an uncountable

set of tilings but only a countable set of equivalence classes in MB . From this, and the

fact that any equivalence class contains an uncountable set of mappings, the question

of the cardinality of MB and TB arises. The following proposition shows that even the

equivalence classes of TB are uncountable.

Proposition 6.6. TB has the cardinality of the continuum.

To prove this result, we show the following lemma, which is almost equivalent to our

proposition.

Lemma 6.7. Let P0 be the unicolour tiling. The following function is continuous and

onto:

g : TB −→ [0, 1[

A �−→ d(P0, A).

Proof. To prove the continuity of the function, we use the classical ε − δε definition.

Let ε > 0 and choose δε < ε. Let Px be a tiling of TB and Py be a tiling in B(Px, δε). Such

a Py always exists for all Px because of Proposition 6.5. If we consider the set R with the

classical metric, we have

|g(Py) − g(Px)| = |d(Py, P0) − d(Px, P0)| .

Without loss of generality, we can assume that d(Py, P0) < d(Px, P0), so we have the

inequality

|d(Py, P0) − d(Px, P0)| = d(Py, P0) − d(Px, P0)

� d(Py, Px) + d(Px, P0) − d(Px, P0)

= d(Py, Px)

= ε � δε.

To show it is an onto function, we have to show that for any x ∈ [0, 1[, there exists

a tiling Px such that d(Px, P0) = x. For any x ∈ [0, 1[, there exists an infinite sequence

s ∈ �� such that s(i+1)− s(i) ∈ {0, 1} and limi→∞ s(i)/i = x. Let n be the smallest natural

number such that x � 1 − 1/n. Let τ be the Wang tile set composed of a unicolour tile

and 2n tiles that can be assembled in a unique way to form a vertical pattern of size

1 × 2n with a unicolour border.

We now build our τ-tiling Px by iteration . The first column, that is, all the tiles that

have abscissa 0, is filled with the unicolour tile if s(0) = 0, and with the 1 × 2n pattern

if s(0) = 1. Then, by iteration, the ith column, that is, all the tiles that have abscissa

(−1)i × �(i+1)/2�, is filled with the unicolour tile if s(i) − s(i− 1) = 0, and with the 1 × 2n

pattern if s(i) − s(i − 1) = 1.
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We can now prove that d(Px, Po) = x.

d(Px, Po) = dg(Px, Po) = lim sup
i→∞

δg(Ai, Bi)

Where the Ai (respectively, Bi) are the i × i-patterns of Px (respectively, P0) centred

around (0, 0). Since x < 1 − 1/n, we have that in each i × i-pattern there will be at least

i2/n unicolour tiles and at most i2 × (n − 1)/n of the 2n other tiles of τ. Thus, any other

tile of τ will be represented at most (i2 × (n− 1)/(n× 2n)) + 1 times. This is less than i2/n,

so δ(Ai, Bi) = δg(Ai, Bi) where g is defined by

g : unicolour tile −→ τ

unicolour tile �−→ unicolour tile.

We now have

lim supi→∞ δg(Ai, Bi) = lim supi→∞
number of unicolour tile in Ai

i2

= lim supi→∞
s(i)×i
i2

= lim supi→∞
s(i)
i

= x

The next theorem is important for understanding Wang tilings. The metric used is

strongly related to the information contained in the tiling. Thus, two tilings are close if

the information contained in them is similar. So Theorem 6.8 can be stated as follows: a

countable set of Wang tilings cannot approach all the information that Wang tilings can

generate. Then, by generalising this theorem, we can obtain some nice corollaries.

Theorem 6.8. There does not exist a countable set of Wang tilings that is dense in TB .

Corollary 6.9.

(1) For any countable set of Wang tilings H , there exists a tiling P and a natural number

n such that d(P ,Q) � 1/n for any Q ∈ H .

(2) There exists a Wang tiling P and an integer n such that for any tile set τ, there exists

at least one τ-tiling Q such that d(P ,Q) � 1/n.

The next proposition shows how different the two topological spaces TB and TC are.

This comes from the fact that the first takes a glimpse at the whole tiling while the second

just looks at it with blinkers.

Proposition 6.10. There exists a countable set of Wang tilings that is dense in TC .

Proof. Consider the different possible prefix-patterns that can be made with tile sets.

By studying the tree T of all patterns, we can see that we have only one prefix-pattern of

size one. We call the set that contains this prefix-pattern M1. Now a prefix-pattern of size

i contains at most i different tiles. So there are at most ii different patterns. Some of them

are the same up to a reordering of the tiles, and some are prefix-patterns that cannot

respect a local tiling constraint. We use Mi to denote the subset of prefix-patterns of size

i that represent a valid Wang pattern, that is, such that a local constraint is respected.
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Let M =
⋃

i�1 Mi be the set of all possible prefix-patterns. M is countable, so we can

enumerate its elements: m1, m2, . . .. To each mi, we associate a tiling Pi such that mi is a

prefix-pattern of Pi. Then the countable set D = {Pi}i�1 is dense in TC .

This is true since any tiling Q can be seen as the limit of a sequence of prefix-patterns

of ever-increasing size. Therefore, Q is the limit of a sequence of elements of D.

From this, we have that TC is separable, and since it is completely metrisable, we have

that TC is a Polish space (the same result applies to MC). The next theorem shows that

for any two tilings A,B ∈ TB , there exists a continuous path c : [0, 1] → TB such that

c(0) = A and c(1) = B.

Theorem 6.11. TB is a path-connected space.

Proof. We use almost the same proof as in the previous lemma. For any tiling P , we

build a continuous and bijective function i : [0, 1] → TB such that i(0) = P0 and i(1) = P

where P0 is the unicolour tiling.

For any x ∈ [0, 1] we build the tiling Px = i(x). The real x can be written as a sequence

of power 2: x = a12
−1 + a22

−2 + . . .. Let Ax = {a1, a2, . . .}. We build Px by iteration. We

begin by explaining how to fill a column of Px. If we fill the jth column of Px with tiles

of P , that means that fPx
|{j×�} = fP |{j×�} (which is the restriction of fP to the domain

{j × �}); if we do not fill the jth column of Px with tiles of P , we fill it with:

(1) unicolour tiles if the j − 1th and the j + 1th columns are also tiled with unicolour tiles;

(2) oherwise, special matching tiles that allow us to make the transition colours between

the tiles of the j − 1th and the j + 1th columns.

The first step is to consider the columns with abscissas −1 and 1. If a1 = 1 , we fill the

column −1 with tiles of P . At step i, we consider the columns with abscissas

{−2i−1,−2i−1 + 1, . . . ,−1, 1, . . . , 2i−1 − 1, 2i−1}.

By iteration, the columns

{−2i−2,−2i−2 + 1, . . . ,−1, 1, . . . , 2i−2 − 1, 2i−2}

have already been filled, and we still have 2i−1 columns to fill. We define bi as follows:

bi = 2i ×
i∑

j=1

aj × 1

2j
− 2i−1 ×

i−1∑

k=1

ak × 1

2k
.

In this equation:

— bi corresponds to the number of columns we have to fill with tiles of P in order to

respect the binary development of x.

— The

2i ×
i∑

j=1

aj × 1

2j

corresponds to the number of columns we still need to fill with tiles of P .
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— The

2i−1 ×
i−1∑

k=1

ak × 1

2k

corresponds to the number of columns already filled with the tiles of P .

Now, for the columns with abscissas

{−2i−1,−2i−1 + 1, . . . ,−1, 1, . . . , 2i−1 − 1, 2i−1},

we fill the first bi columns free of tiles with the tiles of P .

By iteration, we build a tiling Px. We have to check that the function i is continuous

and bijective, and that i(0) = P0 and i(1) = P . By construction, since 0 =
∑

i�1 0 × (1/2i),

none of the columns of i(0) are filled with tiles of P , so i(0) = P0.

Now, i(1) = P1, and since 1 =
∑

i�1 1/2i, all but one of the columns are tiled with the

tiles of P . So, using the identity function id, we have

d(P1, P ) = did(P1, P ) = lim supi→∞ δid((P1)i, (P )i)

= limi→∞
1
n

= 0

Therefore, i(1) = [P ].

We will now prove the continuity of i. Let x, y ∈ [0, 1]. We will use the traditional

metric dR on R. We use (x)i to denote the first i decimals of x in binary. By construction,

we have

d((Px)i, (Py)i) = dR((x)i, (y)i).

Indeed, if (x)i = a/2i and (y)i = b/2i, then Px will have a − b different columns from Py ,

so,

d(Px, Py) =
a − b

2i
.

So

d(x, y) = limi→∞ dR((xi), (y)i)

= limi→∞ d((Px)i, (Py)i)

= d(Px, Py),

which proves the continuity of i.

6.5.2. Topological properties. In this section we consider the topological structure of our

spaces. Since they are metric spaces, natural topologies are induced on them by the

metrics. We define the following sets:

Mapping(S) = {[A] |A is an S-mapping}
Wang(S) = {[P ] |P is a Wang S-tiling}

And for any tile set τ, we define the set Wang(τ) = {[P ] |P is a τ-tiling}.
The following theorem shows that the set of mappings or tilings generated by a tile

set is a closed set. Then we give a characterisation of the set of Wang tilings that can

produce a tile set.
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Theorem 6.12. Let S and τ be two tile sets. Then, in MB , Wang(τ) and Mapping(S) are

closed sets and Wang(τ) is either a closed discrete set or a closed non-discrete nowhere-

dense set.

Proof.

(1) To prove that Wang(τ) is a closed set, we prove that any infinite sequence in Wang(τ)

has its limit in Wang(τ). Let s ∈ Wang(τ)� and let [P ] be the limit of this sequence.

Let

Q = {P1, P2, . . . |∃i, s(i) = [Pi] and Pi is a τ-tiling}.
Q corresponds to the set of Wang tilings, while {s(i)}i�0 corresponds to the set of

classes of Wang tilings. We are going to build a tiling P∞ such that

limn→∞d(P∞, Pi) = 0.

We define the set Qi by

Qi = {P1,i, P2,i, . . . | Pj,i is the i × i pattern of Pj centred around (0, 0)}.

Qi is infinite, but since τ is finite, the number of different patterns of size i is finite.

Thus, at least one Pj,i appears infinitely many times. We define the i× i pattern centred

around (0, 0) in P∞ as Pj,i. We build Qi+1 by iteration as follows:

Qi+1 = {P1,i+1, P2,i+1, . . . | Pj,i is the i × i pattern of Pj

centred around (0, 0) and Pj,i ∈ Qi}.

Qi+1 is infinite, so there exists at least one pattern Pj,i+1 that appears infinitely many

times. We define the (i + 1) × (i + 1) pattern centred around (0, 0) in P∞ as Pj,i+1. By

iteration, we build a tiling P∞ such that:

(1) ∀ ε > 0, there exists an infinite subset I ⊂ � such that d(P∞, s(i)) < ε ∀ i ∈ I).

(2) P∞ is a τ-tiling.

Therefore, P∞ is the limit of the sequence s and P∞ ∈ [P ]. Hence, [P ] ∈ Wang(S).

(2) We show that a tiling that is not in Mapping(S) cannot be the limit of a sequence

of S-mappings. Let S ′ be a tile set such that |S ′| � |S |. Indeed, if |S ′| � |S |, then

Mapping(S ′) ⊂ Mapping(S). Let Q be an S ′-mapping that uses all the tiles S ′ such

that d(P ,Q) > 0 where P is the S-tiling that is built by replacing all the tiles of S ′ \ S

in Q by tiles of S .

This condition guarantees that Q �∈ [P ]. We just have to note now that if d(P ,Q) > ε

for ε > 0, there can be no S-tiling P ′ such that d(P ′, Q) < ε. Therefore, no tiling

outside tiling (S) can be a limit of a sequence of S .

(3) From the two previous points, it is obvious that Wang(τ) is either a closed discrete

set, or a closed non-discrete nowhere-dense set.

Corollary 6.13.

(1) TB is meagre in MB .

(2) MB \ TB is dense in MB .

We will now show that our spaces are Baire spaces.
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Theorem 6.14. TB , TC , MB and MC are complete metric spaces, and thus, are Baire

spaces.

Proof.

(1) To prove this result, we show that any Cauchy sequence of TB converges in TB . Let c be

a Cauchy sequence. Thus, for any ε, there exists n0 such that for any n, m � n0, we have

d(c(n), c(m)) = d(Pn, Pm) < ε. The same argument as in the proof of Theorem 6.12.1

can be used here, so TB is a complete metric space.

(2) Let s be a Cauchy sequence of mappings of TC . Thus, for any ε, there exists an

n0 such that for any n, m � no, we have dc(s(n), s(m)) � ε. For mappings, this can

be reformulated as the statement: for any 2−i, there exists an n0 such that for any

n, m � n0, the mappings s(n) and s(m) have a same prefix-pattern mi of size i. So we

have a set of prefix-patterns {mi}i�1. Therefore, we can extract from the mi’s a mapping

B such that limi→∞(d(s(i), B)) = 0.

In the next section, we will introduce games on our topological spaces as tools for

studying the structure of tilings.

6.6. Topological games

Now that we have defined some notions for the topologies on sets of tilings generated

by a tile set, the natural next step for studying these sets is to consider infinite games on

tilings.

Several kinds of infinite games exist and are used in many different fields. Here we will

give the definitions of Banach–Mazur games (Oxtoby 1957), played on the topological

structure of a space. Different definitions of these games exist; we propose the following

for our purposes.

Definition 6.5. Let X be a topological space and a Y family of subsets of X such that:

(1) Any member of Y has non-empty interior.

(2) Any non-empty open subset of X contains a member of Y .

Let C be a subset of X. The game (X,C) proceeds as follows:

— Player I chooses a subset Y1 of Y ;

— Player II chooses a subset Y2 of Y such that Y2 ⊆ Y1;

— then Player I chooses a subset Y3 of Y such that Y3 ⊆ Y2;

— and so on

At the end of the infinite game, we obtain a decreasing sequence of sets

X ⊇ Y1 ⊇ Y2 ⊇ . . .

such that Player I has chosen the sets with odd indexes and Player II has chosen the sets

with even indexes. Player II wins the game if
⋂

n�1 Yi ⊆ C .

The main application of Banach–Mazur games is to determine the different subsets of

X such that Player II has a winning strategy. Of course, if C = X, Player II has a winning

strategy. The question is: how big does C have to be to allow Player II to have a winning
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strategy? This gives rise to a classical theorem for Banach–Mazur games on topological

spaces, which states that a subset C of X is meagre, that is, is the the union of countably

many nowhere dense subsets, if and only if Player II has a winning strategy for the game

on {X,X \ C}. Meagre is thus a topological definition of small or negligible subsets. We

propose the following two Banach–Mazur games on the set of tilings generated by a tile

set.

Definition 6.6. Let X be a set of tilings generated by a tile set and C be a subset of X.

(1) The first game {X,C}B is played on the Besicovich topology and has the following

rules:

— Player I chooses a τ-tiling P1 and an integer n1;

— Player II chooses a tiling P2 and an integer n2 > n1 such that

BB(P2, 1/n2) ⊂ BB(P1, 1/n1),

where BB(P , ε) is the open ball in Besicovich topology with centre P and radius ε;

— and so on.

Player II wins the game if
⋂

n>1 BB(Pi, 1/ni) ∈ C .

(2) The second game {X,C}C is played on the Cantor topology and has the following

rules:

— Player I chooses a square pattern A1 centred around the origin;

— Player II chooses a square pattern A2 that is an extension of A1, that is, the tiling

function of A2 restricted to the domain of A1 is the tiling function of A1;

— and so on.

From the sequence of patterns {Ai}, we can then obtain an infinite tiling P . Player II

wins the game if P ∈ C .

In both games, players have to choose an open set that is included in the open set

played previously by their opponent. Since these games are played on topological spaces,

they are Banach–Mazur games, so Player II has a winning strategy in the game (X,C) if

and only if X \ C is meagre in X.

We can now define almost total universality.

Definition 6.7. A tile set τ is almost totally universal if it contains a totally universal subset

A (see Definition 5.2) residual, or in an equivalent way, that Tτ\A is meagre.

Therefore, an almost totally universal tile set is a tile set that is totally universal modulo

a meagre set: just a small subset prevents it from being totally universal. In the following

section, we construct an almost totally universal tile set using the various techniques

introduced in the paper.
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7. Almost totally universal tile set

7.1. Description of the construction

In this section we construct an almost totally universal tile set . We use three Turing

machines M, N and P that we simulate in the synchronised construction explained in

Sections 3.3 and 3.4. The three machines work on an infinite string i1$i2$ . . . where ij is

the code of a tile set of j tiles that tiles the plane. The first machine, M, checks whether

the input is well written, and if it is not, M stops. We add another restriction to M:

we want the code of to appear as an input. The tile set will have access to its own

code – we can prove, using Kleene’s recursion theorem, that a tile set can have access

to its own code (see Lafitte and Weiss (2008a) and Durand et al. (2008)). Let m be the

number of tiles of . M checks that the input contains two codes of tile sets of m tiles,

and checks that one of them is the code of . Therefore, the input has to be of the form

i1$i2$ . . . im$i′m$im+1$ . . ., where i′m is the code of .

The second machine, N, checks for any n if any of the tile sets τij ’s, with ij < n, can tile

a square of size n. If there exists an integer m such that a tile set τij cannot tile a square

of size m, then N stops.

The final machine, P , is a non-deterministic machine that simulates the tile sets of the

input, that is, it generates space×time diagrams isomorphic to the tiles of the tile sets (as

we have already done in the previous sections). Therefore, each level of squares simulates

a tile set given as input, and any tile set of the input is simulated in a level of squares.

Note that if one of the Turing machine reaches a final state, the tiling cannot be

completed. This can be done by representing the final state of a machine by a special tile

that cannot be associated with another tile.

To start the simulations of these machines in our tilings, we first ensure that the only

computation tile that exists in the level 1 squares is the tile, say t0, representing the initial

state of M, N and P . By synchronisation, this means that any middle tile of the first line

of any square of this construction also corresponds to this tile, so the computation will

begin in any square. We now allow the completion of the first line of any square with

tiles representing any letter from the alphabet {0, 1, $}. We obtain a tiling where any first

line of any square represents the central subword of a bi-infinite input w ∈ {0, 1, $}, and

all of these subwords contain in their middle the tile t0 representing the initial states of

the Turing machines.

In all squares of our construction, the computation on the same infinite input is carried

out. If one of these machines reaches a final state, then the tiling remains incomplete.

Therefore, if the tiling is complete, M, N and P compute on a word of the form

i1$i2$ . . . im$i′m$im+1$ . . ., as stated earlier. P simulates any of the tile sets ij , so totally

simulates any tile set τij . Since the index of is also given in the input, P also simulates

an -tiling. In fact, by transitivity of the simulation, it self-simulates infinitely many times.

Each time self-simulates, it also simulates a set of tile sets {τi′j }j>0 since it simulates an

-tiling that simulates this set. So, an -tiling simulates an infinite number of tile sets of

n tiles for any n. Since the set of tile sets of n tiles is finite, and a fortiori the set of tile

sets of n tiles that tiles the plane, an -tiling must simulate some tile sets infinitely many

times.
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7.2. The construction gives an almost totally universal tile set

We have obtained a tile set such that any -tiling simulates, for any n, with repetitions,

an infinity of tile sets composed of n tiles. We now show that this tile set is almost

totally universal.

Theorem 7.1. The tile set is almost totally universal.

Proof. Let A be the set of -tilings that simulate at least one tiling for any tile set and

B = T \ A, where T is the set of -tilings. A is totally universal. We show that A is

residual in T in both topologies.

We first show that A is residual in T (in the Cantor topology) by showing that Player

II has a winning strategy in the game G(A,T )C . In this game, Player I first chooses an

-pattern centred around the origin. Player II extends this pattern, and so on. Player II

wants to obtain a final -tiling that simulates any tile set that tiles the plane. Player I

wants to obtain a final tiling such that at least one tile set is never simulated.

Let Ω = {τ1, τ2, . . .} be the set of tile sets that tile the plane, ordered first by the number

of their tiles, and then by a lexicographic order of the colours of the tiles. The following

strategy is, of course, not recursive since Ω is Π1. At step n, Player II wants to force the

simulation of the nth tile set of Ω. Let mn be the -pattern played by Player I (it is its nth

move). Player II wants to force the code of τn to appear somewhere in the tiling. If he

can write this code, then, by synchronisation, the final tiling has to simulate a τn-tiling.

If the code of the tile set τn can be written on the input word, then Player II writes this

code and forces the simulation of τn. Otherwise, we know that self-simulates infinitely

many times, which means that there exists, for any -tiling and for any s, an integer m > s

such that self-simulates with squares of size m. Any of these self-simulations represents

an -tiling that simulates other tile sets depending on the infinite input on which it is

computing. Therefore, it is enough for Player II to look for the smallest self-simulation

in which it is possible to write the code of τn+1. Such a self-simulation always exists. By

transitivity of the simulation, this guarantees that the final tiling will simulate τn+1.

By induction, Player II builds a tiling that simulates at least one tiling for any tile set

in Ω. Therefore, this tile set is in A, and A is residual in T with the Cantor topology.

We now show that B is meagre in T , in the Besicovitch topology. The first move of

Player I is to play an -tiling P1 and an integer n1 to define the open ball BB(P1, 1/n1).

P1 simulates at least one tile set of one tile. Without loss of generality, we can suppose

that this tile set is the first of our enumeration of tile sets that tile the plane (it can be

reordered if necessary). Player II wants to be sure that after he has played, the code of

τ1 cannot be removed. This code appears regularly in the tilings, which means that there

exists an m such that all bits of τ1 appear in all squares of size m in P1. If Player II

chooses an integer m1 bigger than m2, he is sure that no bits of τ1 can be changed by

Player I since any tiling that has at least one bit of the code τ1 changed is at least at

distance 1/m2 of P1 (by synchronisation, changing one bit corresponds to changing one

bit in any square of size m).

We now suppose that Player II has already chosen a tiling Pi that simulates all the tile

sets in {τ1, τ2, . . . , τi−1}, and has chosen an integer big enough to force Player I to play
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a tiling that also simulates {τ1, τ2, . . . , τi−1}. Player I chooses a tiling Pi and an integer

ni. We will show that Player I can choose a tiling Qi ∈ BB(Pi, 1/ni) that simulates all of

{τ1, τ2, . . . , τi−1} ∪ {τi}.
We begin with some remarks. If an -tiling P simulates a tile set τ, there exists a level

of squares j in P where the simulation of the tiles of τ is made. Of course, not all the

tiles of P are concerned in this simulation, and we can bound the proportion of tiles that

are concerned with it. Indeed, only those tiles that are in level j squares, and the tiles

that are in communication zones between these squares are influenced by this simulation.

Therefore the bound is close to 3/4. The exact proportion is not important, since we just

need the proportion of tiles concerned in a simulation to be strictly less than 1.

Let S be an -tiling. self-simulates, therefore S simulates an -tiling, say S1. By the

previous remark, at most 3/4 of the tiles of S are used to simulate S1. Since S1 is also an

-tiling, then S1 simulates an -tiling, say S2. 3/4 of the tiles of S1 are used to simulate

S2, and by transitivity, (3/4)2 of the tiles of S are used to simulate S2. By induction, we

obtain a sequence {S, S1, S2, . . .} of -tilings such that (3/4)n of the tiles of S are used to

simulate Sn.

Because of this remark, Player I can modify Pi such that it simulates a new -tiling St
by changing a proportion of tiles in Pi smaller than 1/ni. This tiling St has the particular

property of having the code of the ith tile set of Ω in its input, so it simulates τi. Player

II plays this tiling Qi, which is at distance less than 1/ni from Pi, and which simulates τi.

Any index of the different tile sets of {τ1, τ2, . . . , τn+1} appears, or is simulated, regularly

in the tiling P2n+2: there exists an integer m such that any bit of these indexes appears

in all squares of size m. As before, if Player II chooses an integer greater than m2, he

guarantees that none of these tiles can be changed, and therefore, the only possibility for

Player I is to choose an -tiling that simulates any tile set of the set {τ1, τ2, . . . , τn+1}.
By induction, the tiling obtained at the end of the game is a tiling that simulates all

tile sets of Ω. Therefore this tile set is in A, and A is residual in T within the Besicovitch

topology.
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