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Abstract. In this paper we obtain a representation of elastic wave fields (i.e. solutions
of the equations of motion of classical elastokinetics) in terms of three functions
satisfying scalar wave equations. Although the form of the representation implies no
restriction upon the choice of coordinate system or upon the shape of the elastic body,
it is found that the result can only be applied advantageously to initial-boundary-value
problems having spherical polar coordinates as a natural frame of reference. The
representation is shown to be complete in the sense that every (sufficiently smooth)
elastic wave field in a homogeneous, isotropic body bounded by two concentric
spheres can be expressed in the given form.

Under conditions of axial symmetry the representation generates wave fields which
can be decomposed into poloidal and toroidal constituents, the former arising from
two scalar wave functions and comprising both dilatational and rotational waves, and
the latter being associated with a single scalar wave function and a state of pure shear
of the elastic solid. Finally, the representation is used to obtain a formal solution
describing the elastic pulse generated in an infinite body by the application of time-
dependent tractions to the surface of a spherical cavity.

1. Introduction. One of the most widely used procedures for solving initial-
boundary-value problems in classical elastokinetics and boundary-value problems in
the theory of steady (i.e. time-harmonic) elastic vibrations involves the introduction
of so-called potential functions which generate displacement fields satisfying the
equations of motion and themselves satisfy partial differential equations for which
solutions are known. An excellent account of the theory underlying potential function
methods has been given by Sternberg (1); see also (2). In the present paper we consider
solutions of the equations of classical elastokinetics which are generated by functions
satisfying scalar wave equations, and we refer to such functions as scalar wave functions
rather than potentials.

The equations governing small amplitude motions of a homogeneous, isotropic
elastic body can be stated in the vectorial form

vpgrad divu—ocurl2u = d%u/o2 (1-1)

Here ¢ denotes time, u the displacement vector and v, v the speeds of propagation of
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dilatational and rotational body waves, respectively; for simplicity it is supposed
that no body forces act. We make use of the notation

1 o2 1 o2
Ob =V DE=V'-5m (1-2)

for the wave operators with characteristic propagation speeds vp, vg.
Let ® be a scalar wave function satisfying

0% @ =0, (1-3)
and let A be a vector function satisfying the equations
03(A=0, divA=0. (1-4)

Then, provided that @ and A possess sufficient numbers of continuous derivatives, it
may easily be verified that the vector

u=grad ®+A (1-5)

satisfies equation (1-1). This result was first obtained by Poisson (see (1), pages 34-35)
who subsequently proved it to be complete in the sense that every sufficiently smooth
solution of equation (1-1) admits the representation (1-5) where @ and A can be chosen
to satisfy equations (1-3) and (1-4).

Now, except when referred to rectangular Cartesian coordinates, the vector wave
equation is much more difficult to solve than its scalar counterpart. A way of sur-
mounting this difficulty is to derive expressions for vector wave functions in terms of
scalar wave functions and cases in which this can be accomplished in a convenient
form have been listed by Morse and Feshbach ((3), pages 17569-1767). The analysis
given by these authors is based upon the vector Helmholtz equation, but the results
apply equally to the more general vector wave equation (1-4), and, with appropriate
modifications, can be summarized as follows.

Any solution of the vector wave equation can be expressed as the sum of irrotational
and solenoidal parts: in view of equation (1-4),, we are concerned here only with the
latter. Let (£;, £;, £5) denote a system of orthogonal curvilinear coordinates, normally
defined in such a manner that the boundaries of the region of space on which the
solution of equation (1-4), is required belong to one family of coordinate surfaces, say
£, = constant; let a, be the unit vector acting in the direction of §, increasing. Then,
subject to certain conditions on the coordinate system, there is a function w(£,) such

that A, = —curl(wQa,) and A, = —curl?(wV¥a,) (1-6)
are solutions of (1-4) whenever ¥ and Q are scalar wave functions satisfying
O3¥ =0, O%Q=0. (1-7)

Furthermore, the vectors A, and curl A, are directed tangentially to the coordinate
surfaces £, = constant, a property which indicates that the expressions (1-6) are
advantageous for satisfying boundary conditions.

One of the coordinate systems which meets the requirements referred to above is
the spherical polar system. Let (7,8, ¢) denote such a system with origin O and let x
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be the position vector of a typical point P relative to O. In this instance w = r and it
follows from (1-6) that the vectors

A, =—curl(xQ) and A, =—curl?2(x¥), (1-8)

where ¥ and Q again satisfy (1-7), are solutions of the vector wave equation (1-4), and
also fulfil the condition (1-4),. Combining these results with the Poisson representation
(1-5), we conclude that if @, ¥" and Q are sufficiently smooth scalar wave functions
satisfying equations (1-3) and (1-7), then the vector field

u = grad ® — curl? (x¥') — curl (xQ) (1-9)

is a solution of the equation of motion (1-1).

It is with the representation (1-9) that we are mainly concerned in this paper. As
stated it has an invariant form which implies no restriction upon the choice of
coordinate system or upon the boundary of the elastic body. It is evident, however,
from the analysis outlined above, that this representation of elastic wave fields is
likely to be useful for solving boundary-value problems only in situations where the
motion can conveniently be referred to spherical polar coordinates.

When the displacement field u is assumed to have harmonic time dependence,
equation (1-9) may be regarded as a concise statement of a method, usually attributed
to Lamb (see (4), pages 278-287), of constructing solutions describing vibrations of
elastic bodies with spherical boundaries. Recently Einspruch, Witterholt and Truell (5)
have derived this special case of (1-9) from the results of Morse and Feshbach and have
applied it to the diffraction of plane rotational elastic waves by a spherical obstacle.
In its general form, however, the representation (1-9) finds scant mention in the
literature. It is implicit in work by Allen and Robinson (6) on the scattering of plane
elastic pulses by a spherical cavity, and Hook (7) gives a somewhat restricted version
of (1-9) before extending results of the form (1-6), referred to an orthogonal system of
cylindrical coordinates, to certain types of inhomogeneous elastic solids (see also (8)).

In none of the work referred to above is the question of the completeness of the
representation (1-9) considered, but in connexion with an investigation of self-
sustaining flows of spherical bodies of conducting fluid, Backus ((9), pages 379-384)
has proved that the sum of the vectors A, and A, given by (1-8) provides a complete
representation of solenoidal vector fields in a region bounded by two concentric
spheres. In section 2 we make use of ideas from Backus’s work in establishing a
completeness theorem for the representation (1-9).

The remainder of the paper is concerned with questions of the effectiveness of this
representation in solving particular problems. In section 3 we consider briefly the
particular case in which the displacement field u is axially symmetric; the results of
this section have been applied by the present authors to a study of the possible modes
of vibration of a rigid sphere embedded in an infinite elastic solid (10, 11). Finally, we
point out in section 4 that the solution of a problem discussed by Eringen (12) can be
obtained in a particularly simple manner with the aid of (1-9).

2. A completeness theorem. First we dispose of some preliminaries. Let r;, 7, and
t,, t; be pairs of real numbers such that 0 < 7, < 7, < 00 and 0 < ¢; < ¢, < 00, and let
74 Camb. Philos. 63, 4
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I denote the time interval ¢; < ¢ < ¢,. The results obtained in this section refer, in the
first instance, to a homogeneous, isotropic elastic body in the form of a spherical shell
with centre O, inner radius 7, and outer radius r,. Referred to the system of spherical
polar coordinates introduced in section 1 the points of the body thus correspond, in
aggregate, to the set

S={r0,¢):r <r<r,0<0<70<¢< 27}
‘We shall also have occasion to refer to the set
R={0,9):0<0<m0< ¢ < 27},

essentially the unit sphere with centre O, and the region of space-time & = 8 x 1.
When, in the sequel, it is stated that derivatives exist and differential equations are
satisfied on the closed set § or &, it is presumed that these properties hold on some
open set including S or & (cf. (13), section 2-1). Finally, a function is said to be Hélder
continuous on a certain domain when it satisfies a Holder condition with a positive
exponent a < 1 (see (14), page 136).

Our main result is the following

THEOREM. Let u be a vector field which is three times continuously differentiable on &
and satisfies there equation (1-1). Then there are scalar wave functions ©, W and Q satis-
fying equations (1-3) and (1-7) such that v admits the representation (1-9) on .

In order to prove this theorem two lemmas are needed. The proofs given here are
similar to, but simpler than, those of Backus ((9), pages 381-384).

LemMA 1. Let v be a vector field which is twice continuously differentiable on S. If, in
addition, v satisfies on S the conditions
divv=0,x. v=0, X.curlv=0, (2-1)
then it vanishes there.

Proof. Set w = vsinf. Then equations (2-1) imply that the components of w
referred to the spherical polar coordinate system (r, 9, @) satisfy the conditions

w,’. = 0, A2w0 = O, A2w¢ = 0,
where the differential operator A2 is defined by

sin2 A2 = sinﬁ—2 sinBi +iz (2-2)
o0 0]~ o¢*

(Apart from the factor 7—2, A2 is the transverse part of the Laplacian operator.) We
now assert that the partial differential equation A2f = 0 has no bounded solutions on
R other than constants. Then since v, and hence w, is bounded on § it follows that
w is a fixed vector. But if w = 0, v is unbounded at 8 = 0,7, contrary to hypothesis.
Hence the result.

It remains to justify the assertion. Let p be a ‘dummy’ radial variable forming
with 6 and ¢ a system of spherical polar coordinates relative to which the Laplacian

operator is 1(2 P
2 _— _ | 2 ___ 2
v _pzlap(p 3p)+A}'
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Since f is independent of p it is harmonic on the entire 3-space spanned by the
coordinate system (p, 0, ¢). But fis also bounded on this space. Hence f is a constant
((15), page 40).

LemMma 2. Let A be a vector field possessing partial derivatives of orders up to two
which are Holder continuous on 8. Then if, in addition, div A = 0 on S, there are scalars

¥ and Q such that
A = —curl2(x¥) — curl (xQ) (2-3)
on S.

Proof. Let ¥ and Q be solutions of the partial differential equations
AW =x.A, A2Q=x.curlA.

Since A? is an elliptic operator, such solutions exist and possess partial derivatives of
orders up to four and three respectively which are Hélder continuous on S ((14),

136). Defin
page 136). Define v = A+ curl?(xV¥) + curl (xQ).

Then, in view of the identities
—X.ourl?(xf) = A%, curl(xQ) = —-xagrad Q,
curl® (x¥) = x agrad (V2¥), (2-4)

v satisfies the three conditions (2-1) as well as the hypotheses of Lemma 1. Hence
v vanishes on § and the proof is complete.

We now proceed to the proof of the theorem. This falls into two parts, (a) and (b),
the first of which is a completeness proof for the Poisson representation (1-5). The
version given here is a condensed form of Poisson’s own proof as reproduced by
Todhunter and Pearson ((16), pages 273-276). To avoid repetition we remark that
throughout the proof changes in the order of partial differentiation are justified by the
smoothness of the functions involved.

(@) Define

4
o=t [ [[Wiveldiantate-t)p A-u-gndo,  (29)
tvJt

where t'€ I and «, £ are functions of 7, § and ¢ satisfying the equations
Vi = (divu),,, V24 = (0/otdivu),,.

The theory of elliptic partial differential equations shows that such functions exist.
Now, taking the divergence of each term in equation (1-1), we have

v5V2(divu) = 92/9t2 (div u).

t 2
Hence V2o =f f”(a—djVU) dédy + (divu),_, + (¢ —t') (édivu)
vJo \OF (=t ot

=t
= divu. (2-6)

74-2
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and this result, in conjunction with equations (2-5) and (1-1), gives

. 1 220
0% = dlvu——%ﬁ—z— =0,
divA = diva— V20 = ¢,
O%A = —curl2A—- —1%%? = —curl?u o a(’)tl: ngraddlvu

=0.

We have thus proved that the Poisson representation (1-5) is complete.

() The smoothness hypothesis on u implies that the spatial derivatives of u of
orders up to two are Holder continuous on S. It then follows from equations (2-6) and
(2-5), in turn that the scalar and vector wave functions ® and A have spatial partial
derivatives of orders up to three and two respectively which are Hélder continuous
on 8. A is therefore a solenoidal vector field which meets the hypotheses of Lemma 2
for all te I. Accordingly there are scalars ¥’ and Q' such that

A = —curl?(x¥’) — curl (xQ')
on &. On substituting this expression into the vector wave equation (1-4), we obtain
curl? (x[OZ W) + curl (x[(J% Q') =0,

and recalling the identities (2-4) there follow

AXOFY) =0, ANORQ)=
Thus 2Y' =p, [3Q =¢q, where A =0, A% =0.

Define
vo [ [r+ugit—7)
P(r,0,¢,t) = é—‘zf f op(w,6,$,7)dwdy,
v

—‘Uq(t—ﬂ)

r4ve(t—m
Qr,0,8,1) = 8 f f T (@, 0, ¢ dw i,

—vg(t—7)

where '€ I and, in case the range of integration with respect to @ is not included in
the interval 7, < r < 7,, we suppose p and ¢ to be smoothly continued outside %. Then

2
R
so that [(J(P = — p, and similarly [1%Q = —q.
Now set V-9 iP, Q=Q+Q.
Then ¥ and Q satisfy equations (1-7), and
A = —curl?(x¥V)—curl (xQ)+A’, (2-7)
where A’ = curl? (xP) + curl (x@). (2-8)
Also A = A2+ AP =x. A, A2Q = A2Q'+A%Q) =x.curlA,
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and it follows, as in the proof of Lemma 2, that, for all eI, ¥ and Q possess spatial
derivatives of orders up to four and three respectively which are Holder continuous
on 8. Thus, from equation (2-7), the spatial derivatives of A’ of orders up to two have
this property and, from equation (2-8), )

divA’=0, Xx.A'=-AP=0, X.curlA'=—-A2Q = 0.

A’ therefore satisfies the hypotheses of Lemma 1 for all te ] and so vanishes on &.

Combining equations (1-5) and (2-7) with A’ = 0 we now arrive at the representation
(1-9), thus establishing the theorem.

Before turning to particular properties of the wave function representation (1-9),
we examine briefly the possibility of relaxing the conditions under which the complete-
ness theorem has been proved. These conditions are of two types: restrictions on the
class of displacement fields; and restrictions on the region . of space-time.

It seems likely that, so long as the theorem is proved by the methods of classical
analysis, the smoothness condition imposed on u is minimal. If, however, the problem
of the completeness of (1-9) is set within the theory of generalized functions, it may be
possible to prove a theorem covering a much wider class of elastic wave fields. We
have shown elsewhere (10) that the representation (1-9) has interesting applications
in which even the first partial derivatives of the displacement field fail to be con-
tinuous everywhere. However, the fact that the completeness theorem is inapplicable
in such situations does not prevent (1-9) being used to construct a displacement field
which is then shown to solve the problem.

With regard to the region of space-time on which the theorem holds, we first note
that the restrictions £, > 0, ¢, < oo are not essential so long as u is bounded on %. In
particular, the result holds for all ¢ when u is time-harmonic. The removal of the
restriction r; > 0, thus extending the theorem to a closed ball of radius 7,, requires an
investigation of .the behaviour of the rotational wave functions ¥ and Q as r—0.
Relevant results have been obtained by Backus ((9), pages 382-383). The extension
of the theorem to an infinite region bounded internally by a sphere (r,—c0) again
requires a boundedness condition on u and in addition the formulation of regularity
conditions in the limit » - co.

3. Axially symmetric wave fields. In this section we consider some properties of
elastic wave fields which are symmetrical about a fixed axis L. Assuming that the
displacement field admits the representation (1-9), its components, referred to a
system of spherical polar coordinates (r, 0, ¢) having L as base line, are given by

—@+-———1 2 inﬁﬁf
Y= Treno20\*" 20 )
100 190/ 0¥
Y= %6 - 5;(’79)’ (3-1)
Q)
u¢=%.

We notice immediately that, under conditions of axial symmetry, the pair ©, ¥
and the single wave function Q generate displacement fields which are orthogonal.
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We apply to these fields a terminology used in electromagnetic theory ((9), page 384),
the displacement field associated with @ and ¥ being referred to as a poloidal wave
field and the field arising from Q as a toroidal wave field. At a typical point P of the
elastic solid, the poloidal field acts in the meridian plane through P and L and the
toroidal field at right angles to this plane. Since toroidal waves are generated by the
single wave function Q they are entirely rotational in character and may easily be
shown to be associated with a state of pure shear of the elastic solid. Poloidal waves,
on the other hand, have both a dilatational and a rotational constituent, associated
respectively with the wave functions @ and ¥

Toroidal and poloidal waves produced in an infinite elastic solid by the motion of
a rigid spherical inclusion have been studied by the present authors (10, 11), and
the generation of such waves by the application of time-dependent tractions to the
surface of a spherical cavity is discussed in section 4.

The terminology introduced in this section need not of course be confined to elastic
wave fields having axial symmetry. In general, however, the poloidal and toroidal
components are not orthogonal and so cannot be decoupled in the manner exhibited
above.

4. An application. A homogeneous, isotropic elastic solid of infinite extent contains
a single spherical cavity of radius @ and is initially everywhere undisplaced and at rest.
Beginning at time ¢ = 0, specified time-dependent tractions are applied to the surface
of the cavity so that an elastic pulse is propagated outwards into the elastic solid.
A formal solution of this problem has been given by Eringen (12), and our aim in this
section is to show that a parallel, but much simpler, treatment can be given with the
aid of the wave function representation (1-9).

The problem merits further attention, however, for at least two reasons. First, both
Eringen’s work and the alternative discussion given here are wanting in rigour. The
initial conditions have not been formulated satisfactorily (cf. (10)) and the final solu-
tion is expressed as an infinite series of infinite integrals the analytic properties of
which have not been investigated. Secondly, the formal solution has been interpreted
in physical terms only in two simple special cases: uniform normal loading resulting
in a spherically symmetric dilatational pulse ((12), pages 265-269; (17), pages 98-111);
and axially symmetric torsional shear loading resulting in a toroidal pulse having
first-harmonic dependence upon the co-latitude (10, 18). The problems of interpre-
tation are particularly severe when part of the cavity wall remains stress-free.
The elastic pulse generated on the loaded part is then diffracted into shadow zones
adjoining the stress-free part and a complicated pattern of wavefronts develops within
the disturbance. An axially symmetric problem of this type has been studied by
Tupholme (19) who has also given a detailed account of an analogous, but simpler,
problem in acoustics (20).

For simplicity we assume here that the distribution of applied tractions on the
surface of the cavity is symmetrical about an axis L. Our results can be generalized
without difficulty to allow arbitrary loading as in Eringen’s work (see (11), pages
105-111).

Relative to a system of spherical polar coordinates (r, 6, ¢) based upon the centre O
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of the cavity and the axis of symmetry L, we wish to solve the vector equation of
motion (1-1) subject to the initial conditions

u=0, oufot=0 at t=0 forall r>a (4-1)
and the boundary conditions
O = 0(0,8), 0,9=10,2), 0p5=140,¢) forall t>0 at r=a (42)

Here o,,, 0,9, 0,4 are components of the stress tensor o referred to the coordinates
7,0, ¢, and o, 75 and T, are prescribed functions.

We seek a solution of the form (1-9), the displacement components being given in
terms of the wave functions by equations (3-1). Using the stress-displacement relations
of classical elastokinetics, referred to spherical polar coordinates, the stress compo-
nents o,,, 0,5 and o, can be expressed in terms of @, ¥ and €, and with the aid of the
axially symmetric wave equations satisfied by ® and ¥ these results can be cast into

the form
SRS L L B T MY s a1
"""‘{ 2 ) ar T T\ o = 37‘2)’
_,0(2(00 0\ 1o % 1Y ¥ )
T =Loo\r \or 7 ) " 0g o ot r or 1))’
_ 2 (0
Tre = M6\ or _r—)’
where u is the shear modulus of the elastic solid. Define
v(0 t)—10'(0 t) «(@ t)—IJ.HT( t)dy, w0 t)—lfo'r( t)d (4-4)
» P s ) %o o\X» X > ulto ¢X’ X
Then the boundary conditions (4-2) hold if
1 2\#0 20 230 0¥ L\ (PP )
v vh) o2 oo v o2 ot " ) =7
2(00 @ +ia2_‘P‘_ & 1d¥ ¥ —x forall t>0 (4:5)
r\or r) o} o ot "ror r2) [ at r=a,
0Q_Q_
o T

and the initial conditions (4-1) are satisfied if

2D
=0 ¥=0

o
ﬁ=0’ Q=0,

o)

(D=O, ?t—

=0 at t=0 forall r>a.
(4-6)

It now remains to find solutions of the axially symmetric wave equations (1-3) and
(1-7) which formally satisfy the subsidiary conditions (4-5) and (4-6), and this can be
accomplished by standard procedures. First, an integral transform with respect to
time is applied and the transforms of the wave functions expressed as infinite series
of products of Bessel functions and Legendre polynomials with disposable coefficients.
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Next the three sets of coefficients are determined by expanding the transforms of the
boundary data vy, x, 7 in series of Legendre polynomials and using the boundary
conditions (4-5). Finally, the transforms are inverted to yield the formal solution. In
Eringen’s paper a Fourier transform is taken with respect to ¢, but the Laplace
transform is better suited to the solution of problems involving pulses and is preferred
here.

Taking the (one-sided) Laplace transform with respect to ¢ of each term in the
axially symmetric form of equation (1-3) and bearing in mind the initial conditions
(4-6) on @, we obtain
! 3(7236)+ 1 9 (sin@aé)—j—z(§=0,.

r2or\' or) r2sinf a0 0 2,

where bars are used to denote Laplace transforms and s is the transform variable.
Solutions of this equation which remain bounded as r - o0 are, with the usual notation
for modified Bessel and Legendre functions, 73K, +3(sr/vp) P(cosb) (n = 0,1, ...).
Treating equations (1-7) in a similar manner and forming linear aggregates of the three
families of solutions, we have

® = § 4,7 K, 3 (s7[vp) Py(cos 6),
n=0

T = 3 byr4K,,,4(sr/vs) PaloosO), (47)
n=0

Q= E] ¢ 4K, 4 (s7/vs) Fp(cos 6).
n=0 .

Next we represent the Laplace transform of y in the series form
¥ =3 ¥,F,(cos0), where y,=(n+ %)f ¥(8) P,(cos ) sin 6 d4,
n=0 0

and deal similarly with k¥ and 77. Substitution of the series (4-7) into the Laplace trans-
forms of the boundary conditions (4-5) then gives three sets of equations for the
coefficients a,, b,, and ¢,,. With the notation

vp = safvp, vs=safvg, K@) =3K, ;(2)— 22K, (2),
the solutions are given by
atAa, = 7,{(2n%+ 2n— 4 + 1}) K, 13(vg) + Ky (v} + K, n(n+ 1)K, 4 (v5),
a#Ab, = — 7, K, 3(vp) —Ku{(202+ 2n — 4 +13) K, 1 (vp) + 2K, 3 (vp)},
where A = {(2n2+2n—4+1%) K, 4 (vp) + 2K, 3 (vp)}
x {(202+ 20— 44 13) K .y (5) + Ky 3 (5))

-n(n+1) Kn+1}(VP) Kn+é(VS)
and Cn = — 2047, [K,  4(vg).

The formal solution is completed by entering the above expressions for a,, b, and ¢,
into equations (4-7) and applying the inversion theorem for Laplace transforms.
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A glance at equations (3-1) shows that the leading terms of the series for the rotational
wave functions ¥ and Q do not contribute to the displacement field.

Since our purpose here is to demonstrate the effectiveness of the wave function
representation (1-9) in a preliminary analysis of the problem described at the beginning
of this section, we do not embark upon the much more difficult task of determining the
structure of the elastic pulse which the solution portrays. It is clear from our results
that the decoupling of the poloidal and toroidal constituents of the pulse extends to
the boundary conditions, the poloidal part being excited by the components o = xy
and 7, = u0x/20 of the applied traction and the toroidal part by the component
T4 = u0m[90. The toroidal part has much the simpler structure and there is a close
mathematical similarity between this constituent and the class of sound pulses studied
by Tupholme (20).

The authors wish to express their thanks to Profs. W. D. Collins and P. H. Roberts
and to Dr M. A. Hayes for helpful comments on the work described in this paper.
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