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Abstract We study from a combinatorial point of view quadratic fibered polynomials. The
main object of this paper is the construction of a combinatorial model of a subset of the
parameter space. This set (the configuration space) is proved to be a Hausdorff compact
and connected space. Then, we prove that an abstract configuration which is non-recurrent
can be uniquely realized by a quadratic fibered polynomial.

1. Introduction
A central problem in the study of dynamical systems is to know to what extent
combinatorics forces dynamics. More precisely, the theory of iteration of rational functions
succeeded in many cases in understanding the relationship between combinatorial
properties and dynamical behaviors. This work is an attempt to generalize in higher
dimension the successful combinatorial theory of the dynamics of quadratic polynomials.
Let X be a Hausdorff compact spacg,a continuous self-mapping of, andc a
continuous complex-valued function éf considered as a parameter. We deal with fibered
polynomials:

P:XxC— XxC
(x,2) —> (f(x), Pr(2) = 22 + c(x)).

In some sense these are dynamical systems in dimension 1.5, since the first coordinate
of P does not depend on Fibered polynomials have already been the object of many
studies. VianaVYia97] and Alvez JAlv98] dealt with the real case where is the circle
andf(0) = db, d alarge integer. Jonssoddn97 and HeinnemanHei96] considered the
situation wheref andc are both polynomials. Indes9T the focus was on hyperbolicity

and we give a detailed characterization of this property.
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There are several motivations for studying this kind of map. On the one hand, when
¢ : X — Cis close to a constaap with respect to the supremum norm, the corresponding
fibered polynomial can be viewed as a ‘random’ perturbation of the polynapgjal
z > 72 + co. Thus a natural question is to know whether the dynamical properties of
qc, are stable under perturbations in the class of fibered polynomials. Let us mention
that many results on stochastic stability have already been obtained in the setting of
random dynamical systems, see for instari¢ié88] or [BM96]. Nevertheless, the point
of view is different, the map#®, are supposed to be measurable ‘independently identically
distributed’ and the results are of the ‘almost everywhere’ kind.

On the other hand, the second coordinate ofitheiterate of P is the composition of
n quadratic polynomial®®n-1(,) o Ppn-2(,) o -+ o Px. Thus the dynamical study at
reduces to the study of this family. In fact, given a sequence of bounded complex numbers
(ci)ien, the compositions of — z2 + ¢; can be considered as a fibered polynomial over
the Stone—Cech compactification)df

Our goal is first to make sense of the word ‘combinatoric’ for a fibered polynomial. This
will lead us to the construction of a topological space for the admissible combinatorics.
Then we start answering the following related questions of realizability and rigidity:

Is any abstract combinatorics realizable by a fibered polynomial?
Is such a fibered polynomial unique?

When X is a single point, we are back to the study of a quadratic polynomial, and we
refer to this case as themnstant caselet us start by recalling some well-known facts on
the theory of iteration of quadratic polynomials. Givea complex number, thidlled-in
Julia setof ¢, : z — z2 + c is the set of pointg such that the orbit of under iteration
of ¢. is bounded. The boundary of the filled-in Julia set is called}tii@ set Then, the
Mandelbrot setM is by definition the set of complex numbersuch that the Julia set of
q. is connected. Fip/q a rational number. According t@ol92], there exists a unique
degree-two rotation subsef the circle of rotation numbep/q. This is a finite subset
of R/Z, labeledRo(p/q) = {61, ...,64} such that ; = 6;,,, taking indices modulo
q. A complex numbet belongs to th€p/q)-limb of the Mandelbrot set if the external
rays ofz — z2 + ¢ with argument inRo(p/q) land at the same repelling point, denoted
traditionally by«. In fact, the limbs ofM are exactly the connected components\df
minus the closure of the main cardioid.

Whenever the parameter belongs to thgg)-limb, we can define a combinatorial Julia
set by looking at how the the external rays which land at an inverse imageau@f glued
together. Wherr is not renormalizable Yoccoz [Yoc] proved that the Julia set af.
is locally connected. Consequently, this Julia set is homeomorphic to its combinatorial
model. This construction in the dynamical plane enables us to defamnbinatorial
Mandelbrot seby identifying the parameters whose combinatorial Julia sets coincide. This
combinatorial model can be viewed A4 where the copies aM have been collapsed to
points.

We shall construct in the setting of fibered polynomials a similar combinatorial model
for the (p/q)-limb of the connected locus. To state our main results we first need to
introduce some notation. L&Y’ = Psu-1(,) 0 Ppn-2yy o - o Pr. Then we can define for
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FIGURE 1. The fibered filled-in julia set.

all x € X the filled-in Julia set as

K, = [z € C:sup|P" ()| < +oo}.
neN
Figure 1 shows the Julia sé&ly in the particular cas& = R/Z, f(x) = x + 6p, 6p the
golden mean, and(x) = —1 + 0.3 sin27 x).

In this paper we focus on the connected case and we introduce the connected locus
M(X, f) as the set of parameters such tkatis connected for alt. Using the Riemann
mapping theorem, one can find a unique conformal isomorphismC \ K, — C\ D
such thaty, is tangent to the identity at infinity. Fére R/Z, the external ray of argument
9 is defined ask, (0) = go;l{r exp(2in0), r > 1}. We say thatR, (9) lands atu(x) if
<p;1(r exp(2im6)) tends tou(x) asr tends to 1. In our fibered setting the/)-limb of
M(X, f), denoted byM /. (X, f), is also the set of parameters such that the external
rays of argument irRp(p/q) land at the same point(x). We shall restrict ourselves to
subsets oM ,,, (X, f) called thesatellites The satellites will be define rigorously later.
Similarly to the constant case, they are indexed by dyadic ratigretsl they are denoted

by M), (X, £).

Our combinatorial model QM';;M (X, f) will be obtained as an inverse limit space. To
explain our approach we shall present an example kindly suggested to us by the referee and
showing that many spaces can be obtained by this proces${aa84] for definitions and
basic properties of simplicial complexes).

Example 1.1.Let Y be a finite simplicial complex, and |eE, be thenth barycentric
subdivision. Let, : Y — %, be the map which associates to every point the open simplex
containing it. We endow, with the finest topology such that is continuous. The
topological spacc(ajnin is then the set of nested sequenged o2 - - - of open simplices.

The intersectiorf), o, of such a sequence is either a point or it is empty, in which case
the point of the inverse limit space accumulates on the intersection of the corresponding
closed simplices. There is an obvious map- I(@ ¥,, which is a homeomorphism onto

the set of closed points. For instance, if one considers the simplicial complex made up
of 0, 1,10; 3[ and13; 1[ whose underlying space is the cir@'Z, the nth barycentric
subdivision is the set of dyadic rationals of the foy2” together with the connected
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components of the complement. Passing to the limit and after restriction to the set of
closed points we reconstruRyZ.

In 82 we shall introducel’, as the set of admissible equivalence relations on
O™ "(Ro(p/q)), whereQ : R/Z — R/Zis Q(z) = 2z mod 1. To be admissible means
that they have to banlinkedand satisfy some symmetry properties (see Definition 3.1).
These equivalence relations (on a finite subset) correspond exactly to the different ways
the external rays may be glued together. In the constant case these relations need to be
invariant underQ, but here they do not and there are many more possibilities.

Then, we consider the inverse limit space Iipnand we definé(p/q’j (corresponding
to the jth satellite of the f/q)-limb) as the subset of closed points of the inverse
limit space. The spacﬁp/q "/ is endowed with a natural continuous self- mappifg
deduced from angle doubling. The element§(é’jq *J turn out to be closed equivalence
relations onR/Z. They are analogous to the rational laminations of Thurston, i.e. closed
equivalence relations of the circle whose classes are unlinked and totally disconnected
(see BL99, Thu85, McM94]). In 85, we prove the following key result.

THEOREM1.2. The spacé(”/q’j is a Hausdorff compact and connected space. It has the
property that for each basigX, f) and for allc € Mp/q(X, f) there exists a continuous

canonicalmaph : X — xgo/q */ which makes the following diagram commutative:

X L Xé’({q]

fl |-

X —ts xrlai

The pointh(x) is called the configuration of.

The main difficulty in this result is to obtain compactness and connectedness. Note
that, even in the constant case, the construction of a Hausdorff compact combinatorial
space which is associated to the limbs of the Mandelbrot set is not obvious. Here, the
configurations corresponding to the non-fibered dynamics are just the fixed poifts of
The compactX”/q "/ seems to be enormous since it contains all the combinatorics of
external rays independently of the ba&is f). We conjecture it has infinite dimension.

The second part of this paper deals with both questions of realizability and rigidity
attached to Theorem 1.2. They can be stated as follows. Givan invariant compact
subset ofX&/q’j does there exist a continuous functione M;/q(X, Fix) such that
the maph in Theorem 1.2 is the canonical injection? If yes¢ignique? Observe that,
in this fibered framework, the question of realizability is not obvious. Although we can
always realize the finite configurations (the elementd p), it is not always possible
to pass to the limit since the parameter space is not locally compact. In the case of
quadratic polynomials, realizability of abstract configurations (the fixed poifi) oésults
from the compactness of the Mandelbrot set. Moreover, since parameters in the same
copy of M have the same combinatorial configuration, the question of uniqueness has a
negative answer if the parameter is renormalizable. In fact, side locally connected
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at non-renormalizable points (seéof] or [Hub93]), there is a unique complex number
realizing non-renormalizable configurations.

Therefore, we shall need to make some combinatorial assumptions that guarantee that
the parameter (in the constant case) is not renormalizable to obtain rigidity. Mainly for
technical reasons, we restrict our attention to ¢hg2)-limb (also called the real limb
since it contains some real parameters). We considethe invariant compact subset of
Xiéz’l/z, made up of ‘primitive’ non-recurrent configurations. Roughly speaking, these
are the most simple type of critically non-recurrent configurations. They correspond to
fibered polynomials such that the post-critical orbits avoid a given neighborhood of the
critical section defined through external rays of argumehits, 3 and12. Observe that
in the non-fibered case this assumption guarantees that the associated parameters are not
renormalizable. We shall prove the following.

THEOREM1.3. The setX3 is realizable and rigid.

Let us mention that we are also able to give a positive answer to the questions of
realizability and rigidity for the ‘weakly-recurrent configurations’. This is the object of the
preprint [Ses0Q For the general case the first step would be to have a suitable definition
of renormalizable (or non-renormalizable) adapted to the fibered framework.

This paper is organized as follows. In §2 we recall without proofs some basic facts on
fibered polynomials. The object of 83 is to define rigorousjly the topological space
of admissible (finite) combinatorics. The main result of 84 states that althBugghnot
Hausdorff we can separate distinct points in a suitable sense. 85 is devoted to the proof of
Theorem 1.2. First, we prove that the closed points of the inverse lijt of a Hausdorff
compact and connected space (Theorem 5.3). The existence of the equivarianisnap
the object of Proposition 5.5. In 86 we prove that Julia sets corresponding to combinatorial
non-recurrent fibered polynomials are holomorphically removable. This enables us to
prove the rigidity of non-recurrent configurations. Finally, we establish the realizability
part of Theorem 1.3 in the last section of this paper.

2. Preliminaries

2.1. Fibered Julia sets. Let X be a compact Hausdorff space afid: X — X a
continuous map. A (quadratic) fibered polynomial oy&: f) is a skew-product map
of the form:

P:XxC— XxC
(x,2) — (f(x), Py(2) = 2% + c(x)),

wherec is a continuous complex-valued function &n In this section we recall some
elementary results concerning Julia sets of fibered polynomials and some properties of the
associated Green function andtRher coordinate. We refer t&€s9T for proofs.

Let us denote by” then-times composition oP and byP; the second coordinate of
P",i.e. P} = Pp-1(y) o --- o Py. The (global) filled-in Julia set is defined as the set of
points with bounded orbits under iteration Bf

K = {(x,z) € X x C:sup|P"(2)| < +oo}.
neN
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The setK is compact, non-empty and backward invariant. We denot& byhe fiber of
K overx, i.e.z € K, iff (x,z) € K. Itis a full compact subset & which is included in
the disk of center 0 and of radius sug (1 + |c(x)]). If log, (]z]) = max(log(|z]), 0) for
all z € C, we set

: 1
Gx,2) = Gx(2) = n_“)Too on log, | P (2)].

PROPOSITION2.1. The mapG : X x C — R is continuous and satisfiesG, is
harmonic inC \ K,, K, = G;l({O}), G (Px(z)) = 2G«(z) and G, is tangent to
z > log|z| at infinity.

The Julia set over denoted by, is just the boundary oK ,. From this proposition we
deducethat — J, is lower-semi-continuous and— K, is upper-semi-continuous (with
respect to the Hausdorff metric on compact subsets of the plane). Another consequence is
a generalization of the well-known Fatou criterion for the connectedness of Julia sets of
complex polynomials.

COROLLARY 2.2. Vx € X, K, is connected ifivx € X, the critical point0 € K.

By definition, the connected locus (X, f) is the set of parameteks: X — C
such that theK, are connected for alt € X. The spaceM(X, f) is equipped with
the supremum norm. Note the difference from the constant caseMéke f) is a subset
of continuous functions and is not locally compact. The second essential tool for the study
of fibered polynomials is the so-calledb®cher coordinate. Assume that the parameter
belongs taM (X, f), then from the Riemann mapping theorem we obtain the following.

PROPOSITION2.3. There exists a unique holomorphic isomorphism C\ K, — C\D
such that:
. the following diagram is commutative

Py
(C\Kx—>(C\Kf(x)

le lsﬂf(x)
c\D—~—->cC\D
whereq(z) = 72

° G, (2) = log(Jex(z)]), and the ma, is tangent to the identity at infinity;
. (x, 2) = @x(2) is continuous on its domain of definition.

As in the constant case, the external rayskqf are the gradient lines of the Green
functionG,. In fact, we are mainly interested in the connected case and so we define them
using the Bttcher coordinate. The external ray of argunteatR/Z is

R (0) = o1 *({p exp2in), p €]1L; +ool}).
For future use, we also denote for alklt < ¢':
Re(0:1t,1']) = o t({p exp2ind), p €lt,1'1)).

Moreover, if there exista(x) € C such thato;l(p exp(2ind)) — a(x) asp — 1, we say
thatR, (6) lands atx(x). Note that this limit may not exist.
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2.2. Generalizedp/q)-limb. Let p/q be an element d@NR/Z with p andq relatively
prime. We denote bRo(p/q) the (unique) quadratic rotation set of rotation numpgy.

This is the subset of the circlBo(p/q) = {61, ...,6,} such that;,, = 26;, taking
subscripts modulg. A complete and detailed study of rotation subsets can be found
in [Gol92].

Similarly to the constant case, the/g)-limb labelled M, , (X, f) is the subset of the
connected locus such that theexternal rays of argume#j land at the same point. This
property must hold for every € X, and the landing point of the external rays, denoted by
a(x), will satisfy thatx — «a(x), is an invariant repelling section. Let us be more specific
on this notion of invariant section.

Definition 2.4. A continuous functiorr : X — C is called an invariant repelling section
for P if there exist constantd > 0 andx > 1 such tha¥x € X

Pe(a(x)) = a(f(x)) and [(P)(¢(x))| = AX", V¥neN.

We now give a necessary and sufficient condition which guarantees the existence of
such a repelling section.

PROPOSITION2.5. LetU andV be open subsets &f x C such that:

(1) U=U,extx, Uy, V=U,ex(x, Vx) whereU, andV, are topological disks of;
(2) V € U andthere existsig > 0 such thadiam(U,) < mg, Vx € X; and

(3) Px:Vy —> Uy is an holomorphic isomorphism.

Then there exists a unique invariant repelling sectiotvinConversely, i is an invariant
repelling section, we may find two open neighborhobdand V of « satisfying the
properties above.

Proof. The open set¢/ and V being given, letv? = U,, V! = V, and V! be the

connected component()P;l)—l(Ufn(x)) included inv)f—l. SinceV is compactly included
in U, the distancegd(V,, aU,) are uniformly bounded from below, and there exjsisuch

that modU, \ V,) > uo. Thus,

n -
modU,\V7) = > mod VAV > nuo.
i=0
and
lim modU,\V") = +o0.

n——4o00
Consequently(),cy Vi = {a(x)}, with x — «(x) a continuous function satisfying
Py (x(x)) = a(f(x)). Furthermore, by virtue of the extremal @zsch theorem, there
exist positive constanté; and A, which do not depend an, such that

diam(V") < Aje™"42,

Then, we deduce from Koebe’s theorem that there exist positive congpaated B, such
that
[P ((x))| = Bre®2".

Conversely, assume that there exists an invariant repelling sectidn the standard
way, one can find a continuous cocyele: X x C — X x C of the form¢(x,z) =
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(x, e*™z) which allows us to conjugat® to another fibered polynomig : X x C —
X x C satisfying

o 0(x.2) = (f(x), Qx(z) = E2(x)z% + o (x));

o (00 (eWa(x)| =6 > 1.

Thus we denot@(x) = ¢*“a(x) and we fixd > 6’ > 1 andr > 0 small enough to
ensure that

D@(f(x)),0'r) C Qx(D(@(x), 7).

Denotingﬁx D(a(x) 6’'r) and Vx the connected component Qﬁl(Uf(x)) included
in U,, one had/ = Urexx, U,) andV = Uyexx, V,), two open subsets of x C
satisfying the required properties of Proposition 2.5 for the @ajinally, we obtain the
desired open sets by consideritig= ¢~1(U) andV = ¢~1(V). O

We are now aiming to prove that the repelling section depends continuously on the
parameter. To be more precise, denoteS), 1) the set of pairgc, «) such thatr is a
repelling section of the fibered polynomil : (x,z) — (f(x),z2 + c¢(x)). The space
S(X, f) is endowed with the product topology, afid: S(X, f) — C(X, C) denotes the
first projection.

PROPOSITION2.6. IT is a local homeomorphism.

Proof. By definition of the product topology1 is continuous and from uniqueness in
Proposition 2.5, we deduce thtis locally injective.

Let us prove the openness Of Fix (c, @) € S(X, f). ConsiderU = |J,.x(x, Uy)
andV = [J,cx(x, Vi) the open subsets df x C given by Proposition 2.5. For each
¢’ in an open neighborhood ef we setU;, = U, andV, the connected component of
Q;l(U}.(x)) included inU; where Q,(z) = z% + ¢/(x). By continuity, the open sets
U' = Uyex®, Up andV’ = |, .y (x, V)) satisfy the criterion of Proposition 2.5. Hence,
0 : (x,2) = (f(x), 0.(z)) admits a unigue invariant repelling secti@hwhich belongs
to V'. Finally, we note that’ is arbitrary close ta provided that’ is close enough te.
This completes the proof of Proposition 2.6. ]

Assume thaf admits an invariant repelling sectianand denote by andV the open
sets given by Proposition 2.5. The next proposition provides a necessary and sufficient
condition which guarantees that the external rays with argume®g(im/q) land ato(x).

PROPOSITION2.7. Vx € X, V0 € Ro(p/q) the external rayR, (0) land ata(x) iff there
existsrg > 0 such that

Rx(0;11,20]) C Uy, Vx € X, V0 € Ro(p/q). (1)
Proof. Recall that(V}"),cn stands for the system of neighborhoods@f) introduced in
the proof of Proposition 2.5. Under the hypothesis (1), onevhas N
Ry (0;11, t D c Vi

Since the diameter df]’ converges to 0 as — +o00, R, (6) lands atx(x).
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byt

FIGURE 2. A small perturbation of the Douady'’s rabbit.

Conversely, assume th&t, (6) lands atx(x). From compactness &f and openness of
U, we deduce that there exiggs> 1 such that

Ra(0;11g% 1) C Ux,  Vx € X, ¥6 € Ro(p/q).

Henceyn € N, R.(0; 115", 13"™]) c U, and (1) follows. o

We know thatM,, (X, f) is not empty, since it contains the constant functions with
values in the p/q)-limb of the Mandelbrot set. Combining Propositions 2.5-2.7 we
deduce thaiM , , (X, f) is a relatively open subset 8# (X, f).

Example 2.8 We consider fibered polynomials ovéR/Z, f) where f is the rotation

x = x + 6p (mod 1) with 99 the golden mean. In the case whefg) = co =
—0.122561..4 0.74486%. .. the Julia set over any € X is the well-known Douady’s
rabbit. This Julia set admits a repelling fixed point which is the landing point of external
rays of argumentg, 2 and 4. Now, if we take a parameterclosed toco, sayc(x) =

co+ 0.15(1 + i) sin(27x), the external rays of argumers 2 and3 keep on landing at a
repelling section. Figure 2 shows the Julia set over 0 together with the external rays

1, 2andd.

3. Configurations of finite order

In this section we define in an abstract way a set of admissible equivalence relations that
turn out to be precisely those obtained by looking at how external rays with angkgs in

are glued together. Next, we endow this set of equivalence relations with an order relation
and a compatible topological structure.
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3.1. Definition and characterization of,. Fix a rational numbep /g, and denote
Ro(p/q) the associated rational subset of the circle. Our construction depends on the
rational numbep /g but we shall omit this number from the notations, without ambiguity.
Let us introduce some notation:

° 0(z) = 2z modulo 1;

. Ro = Ro(p/q) andR, = Q7" (Ro);

. R} is the set of connected component®9 \ R, andE, = R, U R),.

We have a natural projectigy), : R/Z — E, defined by the following: ib € R, we
setp,(9) = 0, otherwisep, (9) is the unique element at/, containingy.

The spaceE, is endowed with the finest topology such that the mags continuous.
Thus the elements at, are closed inE,, whereas those aR), are open. Moreover, the
map p,, is open but not closed since the image of any elerfieniR /Z \ R,, is openinE,.
Consequently, the spadg, is connected and compact but not Hausdorff.

Next, we introduce the map@n,n_l andi, ,—1 : E, — E,_1 making the following
diagrams commutative:

R/Z —2 > R/Z R/Z 95 R/Z
pnl lpnl pnl l/pnl
/Q\n,nfl in,n—l
E,——E;1 E, ——Ey1

Obviously, @n,n_l andi, ,_1 are continuous and open. Moreové,,,n_l carriesR;,
and R;, surjectively ontoR,_1 and R;Ll respectively, henc@n,n_l is a closed map.
Concerningi, ,—1, we have that, ,_1(r) belongs torR)_,, whenever € R, \ R,_1,
hence, ,—1 is not a closed map.

If x € R, we denote by orgk) the smallest integen such thatQ™ (x) € R,,. We come
now to the definition of",,.

Definition 3.1. We say thaty,, an equivalence relation a®,, is admissible if it satisfies:
(1) each class of, contains at leagt distinct elements;

(2) the classes of, are uncrossed,;

(3) whenever ~,, ythenordx) = ord(y) < n;,

(4) stillassuminge ~,, y, thenforall 1< k < ord(x) there exist$ an odd integer such

that! < 2 and
l

1
X+ ? oy Y + ?

The spacé’, is by definition the set of admissible equivalence relationg, ¥ I';,, we
denoter,, : R, — R,/y» the canonical projection, thus the notation-,, y just means
thatm,, (x) = my, ().

To be uncrossed (or unlinked) means thatifindc; are different classes then they are
contained in disjoint subintervals &/Z. Note thatlg, I'1 andI'z are reduced to a single
point and thavn € N, ', is finite.

Now, we can naturally define two mags, ,—1 andi, ,—1 : 'y — I',—1 corresponding
to the doubling and the forgetting of some angle, respectively.
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Definition 3.2. Lety,, € T',,, we define:

° Yn-1=linn-1(yn) DY: x,y € Ry_1 C R, thenx ~,, | yiff x ~,, y;

. Yy 1= Onn-1(vu) by: x,y € R,—1 C R, thenx ~ye, Y if there existx’, y’ € R,
suchthatQ (x’) = x, Q(y') = y andx’ ~,, y'.

PrRoOPOSITIONS3.3. If y, € T, then both,, ,—1(y,) and Q,,.,—1(y») belong tol',_1.

Proof. It is clear from the definition that, ,—1(y,,) is an admissible equivalence relation.
Concerningy,—1 = Qun-1(yn), We first prove that it is an equivalence relation.
Reflexivity and symmetry are obvious. For the transitivity, assumexthat, , y and
Y ~y,_1 2. Thisyieldsx’ ~,, y"andy” ~,, z’ with Q(x") = x, Q(y") = Q(y") = y and
0(z') = z. Thus, eithery’ = y” thenx’ ~,, z and one has ~,, , z;ory’ =y’ + 3,
then by property (4) in Definition 3.1 with = 1, one has’ + % ~p Y F % Hence
x'+ 3 ~y, 2/, and sinced (x’ + 3) = x we obtainx ~,, , z.

Let us check thag,_1 is admissible. It easily satisfies (1), (2) and (3) in Definition 3.1.
Then, assume that ~, , y. Letx’ ~, y with Q(x') = x and Q(y’) = y. Fix
1 < k < ord(x) = ord(x’) — 1, sincey, satisfies (4), there exists an odd intefer 2¢+1

such that ;

ok+1

X
2k+1 Yo Y

If I < 2%, one has immediately+ 1/2¢ ~,, y+1/2. Otherwise] = 2 +1" with I’ < 2

an odd integer. Thus
, 1 U
R R

andx + 1/2F ~, y +1'/2%. In any caseQ(y,) satisfies property (4). ]

!
ST

It is convenient to represent an elementigfby a schematic diagramb(y,,) joining
the points in the same class by disjoint arcs as shown in Figure Miléd, p. 11] an
explanation is given of how to obtain such diagrams. This enables us to extead:,
by the following. Two elements andr’ of R’ are in the same class if they belong to the
same connected component of

D\ D(yn).

Of course, this definition is independent of the choice of the diagbam,). We still
denote byy, the extended equivalence relation.

3.2. Critical and post-critical classes. Often in complex dynamics the behavior of the
critical points is crucial. Here, for each admissible equivalence relation we can also define
a class which plays the role of the critical point.

Definition 3.4.Fix n > 1 and lety, be an element df,,. We denote/,—1 = Qn.n—1(yn)-

There exists a unique element®f/y, which is invariant undesy2 : 6 — 6 + % mod 1.
This element is called the critical classygf and labeled (y,) C R/Z. The post-critical
class ofy, denoted by:(y,) C R/Z is the image ob(y,) underén,n_l.

Note thatc(y,) € E;—1/yn—1 and thaté,,,n_l s v(yn) — c¢(yn) is a double covering.
The uniqueness in this definition just follows from the fact thais unlinked. Moreover,

https://doi.org/10.1017/50143385701001456 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001456

926 O. Sester

13/48 11/48
13 7/24» 5/24

19/48 5/48
5/12 1/12
11/24 1/24
23/48 1/48
25/48 47/48
13/24 23/24
7/12 11/12
29/48 43/48

3>~ ‘
11/28 35 45 377481924

FIGURE 3. The element of 4 associated to thel/2)-limb.

either there exists an invariant class ungdes included inR,, then this is the critical one;
or the number of classes ¢f, included inR, is even. This implies that the number of
classes included i), is odd and thus there exists an elemernkjninvariant undesy .

We shall now relate the admissible equivalence relations to the combinatorics of external
rays. FixX to be a Hausdorff compact set,: X — X continuous and € M, /,(X, f).
Leta : X — C be the associated repelling section. Foradl N, we definez, (x) to be an
equivalence relation oR, by declaring that andr’ are in the same equivalence class of
h, (x) iff the associated external raf; (r) andR, (") land at the same point (an inverse
image ofx(f"(x))). Hence we have defined a map: X — T, that actually depends on
(X, f)andc e M, (X, f).

PrROPOSITION3.5. If y, is any formal admissible equivalence relation then there exists
a fibered polynomial which realizeg,, i.e. there exist a basisX, f), a parameter
ce Mp,u(X, f)andx € X suchthatr, (x) = y,.

Proof. We proceed by induction, the realizabilitylof andT"z is immediate since constant
parameters have the required combinatorics. Next, we assume,thatis realizable.
FiX ¥ € Th, Yn—1 = On.n—1(yn) and denote by(y,) the post-critical class of,. By
assumption, there exisk, f), c € M, ,,(X, f) andxo € X such that:,_1(x0) = yu—1.
Let X := X U {x} be the compact Hausdorff space obtained finby adding a point
denotedk. The sefx} is both an open and closed subseXofThen we define a continuous
mappingf : X — X by fix = f andf(x) = xo. Either,c(y,) C R, then we sef|x = ¢
andc (x) the landing point of external rays with argument gy, ); otherwise¢(y,) induces
a unique connected componeA,of

C \ U R

rer,
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FIGURE4. Realization of an element Y.

We define?(x) as any element aB N K ,. The fibered polynomiaP : X x C — X x C
with P(x, 2) = (f(x), 22 + ¢(x)) realizesy,. o

Thus the elements of’, are exactly the equivalence relations obtained by the
combinatorics of external rays. As already mentioned in the introduction, the elements
of ', do not need to be invariant under angle doubling. For example, the elemeht
Figure 3 is not realizable by a constant parameter sing@.a) # Qa 3(ya). Nevertheless,
if one consideiR/7Z equipped withf the rotationx — x + 6p (mod 1) withfp the golden
mean, the fibered polynomidt(x,z) = (f(x), 72 — 1.6 + 0.3sin(27x)) realizesya.
Figure 4 shows the filled-in Julia sets over 0 and their external rays with anghas in

3.3. Order relation and topological structure. The spacé’, is equipped with a (partial)
order relation in the following way.

Definition 3.6. We say that, is smaller thary,, iff

Vr.r' € Ry, 7y, (r) = my, () impliesn,, (r) = 7, (7).

Clearly, this defines an order relation that we denoteby

We now endowl’,, with two topologies that in fact turn out to be equivalent, but which
will provide different perspectives of the same space. We congigdé¢he topological
structure ofl",, generated by the family of open sets

Ury =1{yn € T 7y, (r) #m,, ()}, Wherer,r' € R,.
Similarly 73 is the topological structure generated by the family of closed sets
Fy, ={y, €Tn:ya 2 y,}, wWherey, e [',.

PrROPOSITION3.7. The topologie§; and7; are equivalent.
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Proof. The main point is that, sincg, is finite, a union of closed sets is closed and an
intersection of open sets is open. &t be an open set fdf;. Suppose thay ¢ U,/
and considey’ € T, such thaty < y'. Thenw, (r) = n, (') = 7w (r) = m, ('), and
one has

Fn \ Ur,r’ = U FV~

v¢U,

This proves that any open set fdy is also an open set faf. Conversely, considef, a
closed set fofl;. We denote by\(y) the set of pairgr;, r;) € R, x R, such that; # r,
andrm, (r;) = m, (r;). Then we obtain

F, = ﬂ Tu \ U

(rj,reN(y)
This completes the proof of Proposition 3.7. |

Note thath,, is continuous for this topology. Indeed,, (r) andR, () do not land
at the same point, neither ®,.(r) andR, (r") for everyx’ sufficiently closed toc. In
fact, the topology o, is the finest, turning each, to a continuous map. Note that the
topology is not trivial sincé’,, is not a Hausdorff space.

Now, we present some elementary properties of the critical and post-critical classes in
relation to the topology.

LEMMA 3.8. Lety, andp, € I',,, then the following properties hold:
(1) in,nfl(U(Vn)) = U(in,nfl(yn));
(2) if yu € {Bn} thenu(y,) Nu(By) # 0.

Proof. The first assertion clearly follows from the definition. For the second point, we
distinguish the following two cases.

(i) v(yn) C Ry, thenc(y,) C c(By) hencev(y,) C v(By).

(i) v(yx) C R,. Suppose by contradiction thaty,) N v(B,) = @. Let A be the set
of pairs(r;, r;) of R, x R, such that; andr; belong tov(B,) andsg, (r;) = ms,(r}).
Denoting

F= () Tu\Us,

(r,-,r]-)EA
we obtain a closed subsetldf suchthag, € F whereas,, ¢ F, giving a contradictior
We turn now to the regularity o, ,—1 andi, ,—_1.

PrRoPOSITION3.9. The mapD, ,—1 andi, ,—1 : I’y — I',_1 are both continuous and
open, and they make the following diagram commutative:

in,n—l
ry ———m—"TI,1

Qn,nll lQn—l,n—Z
in—l,n—Z

g —————T2

Moreover,Q,, ,—1 is a closed map.
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7124 5/24 7124 5/24 7124 524
vz "5 3

!

5/12
11/24

13/24
712

213 5/6 213 5/6
17/24  19/24 17/24  19/24 17/24 19/24

T3 Iq
FIGURES. Closed points of 3 andI'4 (in the (1/2)-limb).

Proof. If y, <y, then

in,n—l(yn) = in,n—l(yy;) and Qn,n—l(yn) = Qn,n—l(yy:)-

This ensures that the inverse image undgr,—1 or i, ,—1 of a closed subset df, is
closed inl’,,_1.

Concerning the openness 6, ,—1, we show that2, ,—1(U, /) is an open subset of
I',. Let us denotep = Qn,n,l(r), o = Qn,n,l(r’) and consides € Q, ,—1(Uy,).
First, if 75(p) # ms(p’) it is straightforward tha8 € U, , C Qun-1(U.,). Thus
assume thatrs(p) = ms(p’). We claim that under this conditiofi,_; is equal to
Onn-1(U,). Takes , e I,_1, then we shall construct by hand an eleméjt
belonging tOQ;,}z_l(‘S;,_l) NU,.,. If my  (p) # 7t5)/171(,0/), anys), € Q;}l_l(aé_l) will
satisfy s, (r) # ms (r). Otherwise, we select a critical valdé€ in the same connected
component of£, \ {p. p'} asc(8). Hence we construd, € I', such that(s),) = ¢* and
Onn-1(8,) = 68, _,. Itis immediate to see tha@f € U,,. In both cases we obtain that
On.n—1(U,,1) is Open since it contains an open neighborhood oféany

Arguing as above, we show that,—1(U,,’) is an open subset df,_; and that
On.n—1(Tn \ U,,v) is a closed subset df, for anyr, r’ € R,. ]

The reason why, ,_1 fails to be a closed map is that,—1(R,) # R,—1. Figure 5
shows a closed point (the middle one)Iof whose image undeu 3 is an open subset
of I's.

For alln,/ € N we denote by, y;, : Thyy — Ty andiygr, : Enyy — E, the
compositions

Intln = intlntl—10 " Olnyln,

in—i—l,n = in+l,n+l—l 0--+0 in—i—l,n-

4. Three properties of,
The main result of this section (Theorem 4.2) states that, althBdghnot Hausdorff, we
can separate distinct elements in a suitable sense.
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[_/,—//iAd(angiss%kile post-lczrilticlazIYSets:
7 / /[mvm]a”d[mvm]

FIGURE6. The two satellites of thel/3)-limb with rank two.

4.1. Satellite assumption.Recall thatp/q is a given rational number and th&t,
describes the combinatorics of the/¢)-limb. From now on we shall make the additional
assumption that the configurationsIgf are in the same satellite.

Definition 4.1. We say thal’,, satisfies the satellite hypothesis if there exists an intager

(called the rank) such thatif = gvo, then:

o Ty = {yro} With Ro(p/q) C c(vr);

o Dot = {y 070y with UL c(y) 1) a closed connected subsetif, 1
disjoint fromRo(p/q).

To say that/,+1 is in a given satellite is equivalent to saying that the post-critical class
of y,,+1 is contained in the closure of a given connected componerggf) \ ¢* where
c* C c(yr) is the unique class of,, such thatRo(p/q) is contained in the closure of
(see in Figure 6 the two satellites of rank two in th¢3)-limb). Since, for a givemyg there
are exactly 21 such classes, the satellites of rankare indexed by a dyadic rational
number; of the formj’/2'.

Up to the levelg + 1, the configurations df,, are exactly those appearing in the non-
fibered case. A description of the satellites of the Mandelbrot set can be fouddba3]
or [Mil98]. We fix the rational numbep/q and the dyadic number, and we assume that
I',, satisfies the corresponding satellite assumption. We still ddhote ', (p/q, j)-

THEOREMA4.2. For all n > 1the following properties hold.
(1) The spacé’, is connected.
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(2) Supposethat,, y, € T, with {y,} = {y,}. Theny, = y,.
(3) Suppose thay,} N {y,} = ¥ and choose,+, and y,;+,0 such that

Yn+rg € (in-i—ro,n)_l()/n) and V;;Jrro € (in+ro,n)_l(yy:)-
Then the smallest open subsetd gt ,, containing respectively,,, andy,.,,, are
disjoint.

The three assertions of Theorem 4.2 constitute the main ingredients in the construction
of the configuration space to obtain the expected properties of compactness and
connectedness. Sindg,,, is finite the smallest open set containipg,,, is defined
without ambiguity as the intersection of all open subset§,of,, containingy,4+,. In
view of proving Theorem 4.2, we need to introduce the space

Ap={y,x):yeTy andx e E./y}.

The introduction ofA,, is motivated by the following remark: a configuration of order
n+1, ynt1, is completely determined by, its image undeQ,, 11, and the knowledge of
a post-critical class which belongs & /y,,. We shall make this rigorous by showing that
I'y+1 is homeomorphic to a closed subsetgf. Then, we shall deduce properties (1), (2)
and (3) ofl",,+1 from the corresponding properties &f,.

The first step is to endows,, with a topology which is compatible with its fibered
structure. To that purpose, we first analyze how the open and closed sub#isypf
depend on the configuratign. We begin with some notation.

° Forally € I';,, we denote by/ (y) the minimal (with respect to the inclusion), open
subset of",, containingy .

. Moreover, ify € I', andx € E,/y, we denote byw, (x) the minimal open subset
of E, /y containingx.

° Given a subsett, of E,/y, we denote b)ﬁy the subset oF, defined byﬁy =
., 1(H,). Sometimes when no confusion is possible, we idertfywith Hy.

The next proposition states that it is possible to follow an open subsef E, /y asy’
ranges inU (y). Similarly, it is possible to follow the closed subsetsif/y asy’ varies
in the closurgy} (which is generally not reduced 9.

PROPOSITION4 3. Lety € I'y and O, be an open subset aﬁ‘,,/y If y" € U(y) then
O,,/ =, ” (n,, ((9 )) is an open subset &, MoreoverO \O,, is included inRy,.

PROPOSITION4.4. Lety € T, and F, be a closed subset @, /y. If y' € {y}, then
Fy = n}j,l(ny/(Fy)) is a closed subset df,. Moreover,F,. \ F, is included inR,,.

We callO,, = ny/(ﬁy/) (respectivelyF, = ny/(fy/)) the trace of0, (respectively
F,). Itis by definition the saturated set &%, (respectivelyF, ) under the relation’.

Proof of Proposition 4.3 First, we note thatij € U, ,» withr, v’ € R, then by m|n|mal|ty
of U(y) we getU(y) C U,, . Next, we considep’ € U(y) and denote) = (9 \(9
We claim thatO N R, = @. Suppose this is not true and considge O N R,,. Then, there
existsry € @, such that

m,(ro) = myr(r1) but m,(ro) # my, (r1).
Hence,y € Uy, r, Whereas/’' ¢ U, ,,. This contradicts the note above. O
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The corresponding statement for closed sets is proved in a completely symmetrical way.
We leave it to the reader. The following lemma extends Lemma 3.8 and gives a useful
characterization of the closufg,} whenevewy,, € T',,.

LEMMA 4.5. Lety,, y, € T';, and denote,—1 = Qnn-1(vx) andy, _; = Qnn-1(¥;)-
The following conditions are equivalent:

) vn € lvh
(i)  v,_4 €{w-1}andc(y,) € Fy,j_l(c(V"))’ Whel’er’;_l(c(yn)) is the trace of{c(y,)}
in E,_1.

Proof. That (i) implies (ii) is a consequence of the continuity ¢, ,-1 and of
Proposition 3.8.

To prove that (ii) implies (i), it suffices to show thatifr’ € R, with ), (r) = 7, (')
tﬂennyé(r) = m,/(r"), whenevery, satisfies (ii). Denotep = Qn,n,l(r) andp’ =
On.n—-1(r"). Let us consider two cases. First, assume that p’. This means that
the critical class is included i®, and thatr,»’ € v(y,). Hencec(y,) C R,-1 and
p = p" € c(y,), thusm,, (r) = m,, (+'). Suppose on the contrary that* o', and consider
C1 andC>, the two connected componentsif_1 \ {p, p'}. If, for instancec(y,) € C1
the assumption(y,,) € Fy,;,l("(yﬂ)) guarantees tha(y,) C1, thusm,, (r) = ), (). O

Now, we are aiming to endou, with a topological structure. Again, we define it in
two different ways (the first by a collection of open sets, the second by a collection of
closed sets), and we check immediately that the two notions coincide.

Fix (y0,x0) € A, and denotew, (xo) the trace of byw,,(xo) for all y € U(yo).
According to Proposition 4.3y, (xo) is an open subset @, /y. We definefy, a topology
on A, by, its basis of open neighborhoods,

W (yo, x0) = {(y,x) € Ay 1 y € U(yo) andx € wy (xo)}.

Similarly, we define the topolog§e by its basis of closed sets
F(y0.x0) = {(y.x) € Ay 1 v € {yo} andx € Fy (x0)},

whereF,, (xo) is the trace ofxo}, i.e. Fy (x0) = 7, (7, ({xo})).

PROPOSITION4.6. The topologieg; and€&; are equivalent.

Proof. To prove thats is finer tharg; it suffices to show that the complementiofyg, xo)
is open iny, i.e. W(y1, x1) N F(y0, x0) = ¥ whenever(y1, x1) ¢ F(yo, x0). In the case
where{yo} N U (y1) = ¢ it follows from the definition thaW (y1, x1) N F (yo, x0) = ¥.
So, assume thdto} N U(y1) # ¢ or equivalently thaty € {yo}. Since(y1, x1) ¢
F (y0, x0), x1 does not belong td), (xo). Thusw,, (x1), the minimal open subset &, /y1
containingxs, satisfies

Wy, (x1) N Fyl(XO) =0 (2)

According to Propositions 4.3 and 4.4, we may write fonalt U (y1) N {yo}:
° F,(x0) = Fyy(x0) U{ry, ..., ri} with rp € Ry;
° wy (x1) = @yl(xl) U {ri, ..., i} with rlé € R;l.

We want to check thab, (x1) N F,, (xo) is empty whenevey € U (y1) N {yo}.
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CLAIM. Forall y € U(y1) N {yo} we haveF, (xo) C Fy, (xo).

Proof. Indeed, ify, € U, ,» thenU (y1) is included inU, ,». Consequently, if; ¢ Fyl(xo)
thenr, ¢ F, (xo) forall y € U(yp). ]

Next, assume by contradiction that there exjsts U (y1) N {yo} satisfyingw, (x1) N
F (x0) # @. From the claim and the assumption th@f, (x1) N Fyl(xo) = ¢, we deduce
that there exisp andp* € R;, such that

p € By (x1) N Fy(x0),  p* € By, (x1) and 7, (p) = 7y (p").

Since F, (xo) is a saturated set undgr, p* actually belongs taF, (xo). Hence,p* €
F,, (xo0) N w,, (x1), which contradicts (2).
The strategy for proving th&b is finer thar€; is similar. Details are left to the reader.

Recall thatvg stands for the rank of any, € I', andrg = gvo. By assumption,
Tror1 = (¥ 1o+ Vo 4q)- Letus denote b = c(y, ) U+ Uc(y! ) the closed
connected subset @;, corresponding to the post-critical Iocus of the conflguratlons The
setE;; characterizes completely the satellite we are dealing with (there are exdctly 2
ch0|ces for 7o corresponding to the'®1 possible satellites). For all > ro we denote
by EC" = (E 9 andA{" the subset of\,, which consists of

AY ={(y,x):y €T, andx € EJ /y).
We now have all the ingredients to identify, with A"

THEOREM4.7. Forall n > ro + 1, the map¥, : T', — A", defined by

W, (yn) = (Qn,n—1(yn), c(¥n))
is a homeomorphism.

Proof. Obviously, ¥,, is injective and surjective. Let us focus on the continuitygf.
Pick (y0, x0) € A{”; and considelF (yo, xo), the corresponding minimal closed subset
of AZ” ;. We wish to prove thatlf,;l(F(yo, x0)) is also a closed subset bf,. To that
purpose, fix/, as an element oI/,jl(F(yo, x0)) and considef;, an element of the closure
{yn}. We denotes,_1 = Qu.n—1(yn) @andy,—1 = Qn.n—1(¥»). SinceQ, ,—1 is continuous,
Yn—1 € {yn—1}. Thus we deduce from Lemma 3.8 that

F = c(n) Nelyn) # 0. 3

Let us distinguish the two following cases.

Case 1.c(y,) C R,, 1. Takep as an element oR,,_1 N F. Slncec(yn) C F,, _,(x0)
and since by defInItIOIFV _,(xp) is saturated undey,_1, there existgg € F,,O (x0)NR,_1
such thatr,, ,(p) = my,_,(po). Thus

7y, 1 (p) =1y, (), YPu-1 € {Yu-1)-

Hence, the post-critical clag$y,) is included inF;;, , (xo), and it follows thaty,, (7,) €
F(yo0, x0)-

https://doi.org/10.1017/50143385701001456 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001456

934 O. Sester

Case 2c(y,) C R, _;. From (3) we dedlice thaty,) C R, _, andc(y,) Nc(¥n) # 9.
Consequently, ip € c(y,) Nc(¥y) thenp € F;,  (xo). Hencec(y,) € Fy, (x0).
In any caseIJ,;l(F(yo, x0)) is a closed subset @f, and thus¥y,, is continuous.
To prove thaty, is closed, note first that the image undey of the closurgy, } is by
definition
V(v = (. x) 1y € Q1)) x = c(¥)}.

Using Lemma 4.5, we deduce the equality

W ({ya)) = F(Qnn—1(ya), ¢(v)-
This completes the proof of Theorem 4.7. ]

In what follows, it will often be sufficient to restrict ourselves to the closed paipts
of I',, i.e. {y»} = {y}. The lemma below explains why this restriction is relevant and
provides a characterization of the closed pointF of

LEMMA 4.8. Forall y € T', there exists a closed point {i}. Furthermore 8 is a closed
point of ', iff 0, ,—1(8) is a closed point of",,_1 and the critical clasa(g8) is included
inR,.

Proof. Since the spac€,, is finite, every non-empty and closed subselpfcontains a
minimal (with respect to the inclusion), non-empty closed subset lalfel&b, it remains
to show thatF is reduced to a single point. Assume tigaandg’ belong toF. Then, by
minimality {8} = {8’} = F. Consequentlys’ < g andg < g’ hences = '.

The second assertion results immediately from Lemma 4.5. |

4.2. Proof of Theorem 4.2. The key result from which we shall deduce the third
assertion of Theorem 4.2 is the following.

PROPOSITION4.9. Fix n > 1 andy, as a closed point of,,. LetF,, and F)’, be two

disjoint and closed subsets Bf,/y,,. If yutr, € i;j,o’,,(y,,), thenOyW0 and (’);,WO, the
minimal open subsets @&, .,,/v+r, CONtainingF,, and F)’," respectively, are disjoint.
Moreover, the trace®s, . and(’)gw0 of O andQ’ respectively, remain disjoint

Vn+rg Vntrg’
When8,1+r0 € U(Vn—i—ro)'

Proof. One may assume, without loss of generality, thgt and F)/," are the closures of
only one class of,,/y,. Then we proceed by induction. Af= 1, "1 is reduced tdy1}
and the proposition follows from the satellite assumption, since two classeg/ of are
contained in two disjointed open subsetsff1/y,,+1. Now fixn > 2. We denote by
Oy, En/¥n = En—1/Quna-1(vn) the maprg, () © Onn1 07, . We consider two
cases.

(1) 9,,(Fy,)NQ,y, (F)/,n) = (. The inductive hypothesis at order 1 and the openness
of Q,.n—1 provide the desired result.

(2) Suppose now that the previous intersection is not empty. Observe that one of the
two closed sets, say for instangg,, does not interseat(y,). Hence,E, \ v(y,) is made
up ofng open connected components labed. . ., B,,. We assume that

F,, C By and F)Ln C BaUv(yy).
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Similar to the previous case, the inductive hypothesis enables us to sepgrdtem
v(yn). Let O1 and Oy be the disjoint open subsets 6f,4,,/v.+r, CONtainingf,, and
v(yn), respectively. Finally®1 and O, U B> are two open sets satisfying the required
properties. m]

We move now to the proof of Theorem 4.2.
Claim (1). We show by induction thal', and A,,_1 are both connected. The case
n = 2 is obvious sincd> = {y2}. Next, leth : A, — {0, 1} be a continuous map.
For all yo € T, the set{(y0,x) : x € E,/yo} is connected, hence there exists a map
h*: T, — {0, 1} such that
h=h*o qn

whereg, : A, — T, denotes the first projection. Singg is an open maph* is
continuous. By the inductive hypothesi$,is constant and the same holds/foiTherefore
A, is connected. Since the s€igo,x) : x € ES /yo} are also connected, the same
argument as before combined with Theorem 4.7 yieldsIthat is also connected.

Claim (2).This has already been proved in Lemma 4.8.

Claim (3). This part of the theorem requires a little more work. The claimufet ro+1
results from the satellite assumption. Then we proceed by induction, laetdy, be two
elements of",, such that

{ya N {pn} = 0.

FiX Yntro € i,;},o!n(y,,) andy,4r € i;j,o’n(ﬁ,,). We may still limit ourselves to the case
of closed points. Indeed, it is sufficient to prove that

Q= U  vedi

y,,f closed point y,,f+,oe i,,f,oy,,()/nf)
vi € Trm)

. f
U U v@i
v closed point ;9,;’+,Oe i,,’i,oy,,(?rif)
vi € T}

and

)
=
i

are disjoint, since eithet/ (yu+r,) C 2 and U (Putry) C ?2,1 or (assume for instance
U (Yntro) € ) VYntro andpuyr, are contained in two different connected components of

.1 f
Fll+r0 \ U ln+ro,n(yl1 )
y,f closed point

vi € T}

So from now on we assume thgt and y, are closed points of,. We transpose the
difficulties in A,,_1 by considering

V-1, Xn—1) 1= Wu(yn) and (Pu—1, Xp—1) 1= Y (Pn),

(yl”H»r()*lv xn+rofl) = q"n+r0 (Vn+r0) and (J;nJrroflv £n+rofl) = q"n+r0 (7}n+r0)~
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Recall thatW (yi4rg—1, Xntrg—1) (respectivelyW (Pn4ro—1, Xn4ro—1)) denotes the smallest
open subset of\,,4,,—1 coNtaiNiNg(Vi4rg—1, Xn4rg—1) (respectivel(Pu4ry—1, Xntrg—1))-
We want to prove thal (yurq—1, Xn+rg—1) N W (Putro—1, Xntrp—1) = @. To that purpose,
let us consider the two following cases.

(1) ya—1 # Pn—1. The inductive hypothesis at order— 1 implies U (yn4ry—1) N
U (Yntro—-1) = ¥, hence

W(Vn-i—ro—l’ xn+ro—1) N W();n+r0—1a £n+r0—l) =0

(2) ¥u—1 = Pu—1. Inview of Proposition 4.90,, and@y the traces irE, 4,—1/y of the
smallest open subsets containifig—1} and{x,—1} are disjoint for ally € U (yu4ry—1)-
This guarantees that

W (Vu+ro—1s Xn+rg—1) N W();n+r0—1a £n+r0—l) = 0. d

5. Configuration space

5.1. Inverse limit space. Recall that our construction depends on a rational nurpjer
and a given satellite (i.e. a dyadic numbgrwhich are omitted from the notation. We
consider the inverse limit space Bf:

T = Mm@, 225 1, 1).
<«
This is a subset of the Cartesian product bf whose elementsy,),n Satisfy
inn—1(n) = yn—1 for alln > 1 (see Bou5( or [Dug66q for details about inverse limit
spaces). The spadg, is naturally endowed with a self-continuous map

FiToo — T'oy  F((Y)neN) = (Qn+1.n(¥u+1))neN-

We denote by, : I'oc —> I, the projection defined b, ((yp) pen) = yu. We shall see
thatI' inherits the compactness bf, butT"y, is not Hausdorff becaudg, are not.

PROPOSITIONS.1. The spacé  is compact.
Proof. Let (U,) be an open covering df,,. We denote

T, = {y € T, :i7({y}) is not contained in any of the, }.
If there existsig in N such thafno = @, then

k
Feo € | ing(vh < |J Uy,
y€lng j=0
and we are done.

Therefore, suppose by contradiction that forral+ 0, T, # (. Then by induction we
can construct a sequeng&g = (8,),en Such thats, e f,, andi, ,—1(8,) = §,—1 for all
n € N. Thusés € I'so, and by assumption there existg such thab,, € U,,. Moreover,
sinceUy, is an open subset dfs, it may be written in the fornﬂ;,l(vao) whereN € N
andV,, is an open subset @fy. Thusiy ({sx}) C Uy, which means thaty ¢ Ty and
gives a contradiction. m]
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The following proposition deals with the minimal closed subseisgfind is analogous
to Lemma 4.8.

PROPOSITIONS.2. Every non-empty closed subsetlof, contains a hon-empty closed
subset which is minimal with respect to the inclusion. Furthermore, every minimal closed
subset of" is reduced to a single point.

Proof. Let F be a non-empty closed subsetlof,. We denote byC(F) the collection
of non-empty closed subsets #f In view of the quasi-compactness Bf,, K(F) is
inductive. Thus, Zorn's lemma yields the existence of a minimal closed subget of

On the other hand, assume that a minimal closed subsétl",, contains two distinct
elementsy andy’. Then, there exists an intege§ > 0 such thati,,(y) = y, and
ing(y") = y,;o are two distinct elements of,,. According to Theorem 4.2, we may assume,
for instance, that,,, ¢ {v,,}- ThusG = it ({y;,H NG is anon-empty closed set, strictly
contained inG. This contradicts the minimality af. ]

5.2. Proof of Theorem 1.2. The configuration spacé{é’éq’j, is by definition the set of
closed points of «:

X2 = {yno € Too 2 (Voo) = (Yool

It is equipped with the relative topology d%.. SinceQ, ,-1 is closed and operX&/"’j
is invariant under”. The main result concerning the topology)o&/q” is the following.

THEOREMS5.3. The spacé(&/q’j is a Hausdorff compact and connected space.

In view of Proposition 5.2Xé’o/"’-’ has the fundamental property that any open subset of
I'so containingXé’é"’-’ is actually equal td’«. Therefore, the compactnessiof, implies
that of X2/ . To show the separation &f2/?"/, we start with the following lemma.

LEMMA 5.4. Let F C ', and denote

F =iz G(F)).

n>0
ThenF, the closure of7, is actually equal taF.

Proof. The inclusionF ¢ F is obvious.

Conversely, ify € F we denote byV an open neighborhood of of the form
V = i~%(V,), whereV,, is an open subset df,,. Sincei,(y) € i (F) we get that
Vin Nim(F) # @. Thereforey N F # ¢ which impliesy € F. O

Proof of Theorem 5.3Suppose now that andx’ are two distinct elements ofél{q’j. As
a consequence of the previous lemma we obtainiti@) N i, (x’) = @, provided thai
is large enough. In view of Theorem 4.2, the smallest open subséts,qf containing
intro(x) andi, 4 (x"), respectively, are disjoint. This yields two disjoint open subsets of
' containingx andx’, respectively.

The connectedness rngé"’j follows from that ofl",, for all n > 1. O
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Observe that, by the previous proof, we have that foryalEe I's, the closed point
contained in{y} is actually unique. This enables us to define a continuous projection

Poo : Too —> XELTJ

by associating to every € I'x the unique closed point iy}

Now we can state the universal propertyXﬁC{q 7 je. independent of the underlying
basis(X, f). Let us denote byvlp/q(X f) the subset oM, /, (X, f) such tha'x € X,
hrg+1(x) € Tror1 = Trg+1(p/q, J)-

PropPOSITIONS.5. Forall ¢ € Mf,/q(X, f) and for allx € X, the closure i, of the

sequencéh, (x)),eN intersectsXé’é"’-’ at a unique pointi(x) called the configuration of
x. The maph is continuous and makes the following diagram commutative:

X —s xp/ad

fl |-

) e

Proof. The maph is obtained by setting(x) = poo ((h,(x)),eN), forallx € X. Hence it
is straightforward that it has the required properties. |

The combination of Theorem 5.3 and Proposition 5.5 completes the proof of
Theorem 1.2 stated in the introduction.

Remark 5.6.f ¢ : X — C is a bounded function (not necessarily continuous) we can
considerX as the Stone—Cech compactification)béndowed with the discrete topology.
Then we introduce’ : X — X, é: X — C, the continuations of andc, respectlvely, to

X. This enables us to defie : X — X”/" J (provided that e M’/ (X, /)), and thus

he = he is well defined even it is just a bounded function.

5.3. Abstract Julia set. In the previous section, we introducgg as a parameter space,
andE, /y, played the role of the dynamical space associated to the parametdr,. We
define in this section the dynamical space corresponding to an elémenty of Xé’éq”.

Recall thatp, : T! — E, andr,, : E, — E,/y, are the canonical projections. We
denote byp,, : T! — E,/y, the mapp,, = my, o p,. Thusy naturally induces an
equivalence relatior, onT? in the following way: ifx, y € Tt

x~y y<=VVneN, py, () =py,©Q).

PROPOSITIONS.7. Forall y € X297, ~, is a closed equivalence relation.
Proof. Itis an immediate consequence of the definitiork @ m]

We now consider the abstract Julia set associated to an elern@txé’éq’j. It is
by definition the quotient spacg, = 11‘1/~y. Due to the proposition abové;, is a
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FIGURE 7. Parameter ia\/l”{/z(x, ).

(Hausdorff) compact and connected space. ObserveRhatan also be viewed as the
inverse limit space of the system

lAn,n—l CEn/vn = En—1/yn—1.

From this point of view, we may define the critical pointjof veo () = (V(¥4))nen, @S

an element off,. The critical value ofy is justcoo(y) = (c(¥n))nen and belongs to
Er(,). Finally, the angle doubling@ induces a dynamical map on the abstract Julia set
Q, : E, —> Ex(y). If e = (en),cn belongs toE, we setQ, (¢) = (Opn—1(en))n>1-

6. Rigidity of non-recurrent configurations
From now on, we pay attention to the parameters in(th@)-limb (also called the real
limb) whose configurations have rank 1, i.e. are in the sateNﬂ%(X, f). We also

assume that the critical valueéx) are not the landing points of the rays of argumgnt
and 112 HenceVx € X the configuration of external rays with argumentsgn3(%; 3)
looks as shown in Figure 7. This subset of parameters is denoted”lpy(x, .

In this section, we introduce a sequence of partitions of a neighborhood of the filled-in
Julia sets, called the puzzles. They are a direct generalization of the non-fibered puzzles
introduced by Branner, Hubbard and Yoccoz (&HB8, Yod). They will be the main
tools to deduce topological properties of the Julia sets from combinatorial assumptions.

The main statement of this section says that the Julia sets associated to non-
recurrent fibered polynomials are holomorphically removable. As a consequence of
this removability, we find that the function realizing non-recurrent configurations is
automatically unigue and continuous.

6.1. Puzzles. Fix X to be a Hausdorff compact sef,: X — X a continuous map and
c€E MT/Z(X, f). Recall thatp, : C\ K, — C \ D denotes the Bttcher coordinate, and
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FIGURE 8. Puzzle and thickened puzzle (dotted line) at depth 1.

G, denotes the Green function &f;,. Let H,(x) be the topological disk defined by
Hy(x) ={z€C:Gx(z) =r}.

By assumptionR1,3(x) andRR/3(x) land ata(x), henceRy/6(x) andRs/e(x) both land
at—a(x). ConsequentlyH;(x) is cut by the closures of these four external rays into three
pieces. These domains labelag _1(x), A1.0(x) and A1 1(x) are chosen by convention
closed and constitute the puzzle at depth 1, lab&lect). We define by induction the
puzzle at depth as the set of componenf§*1(A), whereA varies inP,_1(f(x)). The
pieces ofP, (x) are closed with disjoint interiors and provide a coveringi@f,.-1(x). For
anyn € N and anyx € X we denote byj, : P,(x) - P,—1(x) the map such that,(A,)
is the unique piece d®,_1(x) that containsi,,. It obviously satisfieg,,—10 Py = Py o j,.

We shall also make use of a sequence of open coverings of a neighborhipavbich
are slight extensions of the previous puzzles. They are a generalization of the thickened
puzzle pieces of Milnor (seéVil92]). We denote by?l,,l(x), Zl,o(x) anle,l(x) the
open subsets dff3/2(x) defined by:

. the boundary of?l,,l(x) is made up of the external rays of argumézpt%—z1 and the
Green line of level 32;

e the boundary ofi1 o(x) is made up of the external rays of argumeghi 13, 23 43
and the Green line of level/2;

° the boundary of?l,l(x) is made up of the external rays of arguméﬂt%—?1 and the
Green line of level 2.

Figure 8 illustrates these definitions. We denoteﬁzy)c) the collection of these three
open domains and by inductidﬁ,(x) stands for the set of pre-images undgrof the
elements oﬁn_l(f(x)). Note thatﬁn (x) is an open covering aff3/2: (x) such that each
element is compactly contained in thoseﬁ;,f_l(x).

This last property which is not true for the puzZR;(x) is one of the reasons why
7/5,1(x) will turn out to be fruitful in the fibered setting. The next proposition enables us
to associate in a natural way an elemenffg’(x) to any piece ofP,(x) in which it is
contained.
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PROPOSITIONG.1. For all n > 1 there exists a unique map, : P,(x) — 73,,(x) such
that the following diagram commutes:

Po(x) — > Po_1(f(x))

.

~ Py~

Pn (x) - Pn—l(f(x))
andA, € m,(A,) wheneved, € P,(x).

To avoid heavy notation we omit thefrom the notation ofr,,. Similarly we still denote
by P, the mapP, (x) — P,—1(f(x)) induced byP, : C — C.

Proof. First, note thatr1 is well defined since by construction
m1(Ai(x)) = A (x), fori=-1,0,1.

Next, by induction we assume that_1 is already well definedfx € X. We setr, (A;)
to be the unique connected componenngl(nn_l(Px(A,,))) which containsA,,. The
commutativity of the diagram obviously results from the definition. |

On the other hand, for am}n € 73n(x) we setjn(Zn) to be the unique element of
73n,1(x) such thath is compactly included inj,,(Z,,). It is straightforward that this
defines a may, : 73;1 (x) — 73,,,1(x) which actually depends anand which makes the
following diagrams commutative:

Po(x) > Pu_1(F (1) Pox) — > B 1(f (1))
nnl lnnl fnl lfn—l
Pol) — By_1(f (1)) Prot(x) —=Po_a(f ()

The critical and post-critical pieces &%, (x) and?, (x) respectively will play a central
role in what follows (as is often the case in complex dynamics). Assume that O is not a
pre-image ofx(f"(x)), thenJ, (x) stands for the critical piece, i.e. the unique element of
P (x) such that C= J,(x). The post-critical piecé, (x) is the image undeP, of J,;1(x)
and belongs t®, (f (x)). We set

Tn(x) = 1, (Ju(x))  and T, (x) = 7, (I, (x)).

Observe that 0 might be contained in several different piecé% of). On the other hand,
if f: X — X is not one-to-one there might be several post-critical piecé%,'(rf(x)).
Finally, if O is a pre-image of(f"(x)), the critical piece ofP,(x) does not make sense.
Nevertheless, in this case we defiigx) as the unique pre-image @y o( £ (x)) under
P that contains 0. We s@f (x) = Py (J,+1(x)).

One of the reasons for introducing the thickened puzﬁ,e(s) is that the associated
critical piece is always well-defined. Contrary to the constant case, we cannot avoid the
occurrence where 0 is preperiodic in this fibered framework.
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Now, we shall see how the puzzles enable us to relate the filled-in Julk, st the
associated configuratiop. Recall that ify € X is viewed as a closed equivalence
relation onR/Z, E, denotes the corresponding abstract Julia set which is the quotient

R/Z/y.

PROPOSITIONG.2. For eachx € X, there exists a continuous map : K, — E,, such
that the diagram

Kx Xx Ey

Lk
Xfx)
Kyiy——=Er()
commutes.

Proof. For alln € N, the puzzlgP, (x) induces canonically a continuous mgp: K, —
E,/yn. Thus, for allz € K, we sety, (z) = (x1(z), ..., xa(2),...). By construction
Xy (z) is an element of the projective syst&i, /v,, i,,).en. Hencey, (z) € E, and the
continuity follows from that ofy,,. ]

LEMMA 6.3. LetP : X x C - X x C, P(x,2) = (f(x),z%2 + ¢(x)) be a fibered
polynomial withc MT/Z(X, f). Then, there exists a constavfy > 0 such thatvx € X
mod(A1(x) \ Aa(x)) > Mo

wheneveﬁl(x) € ”f)\l(x), A\z(x) € 732()6) ande(x) C Xl(x).

Remark.Following ideas of Yoccoz, we proved ils¢s9T that the constandg can be
chosen independently of bathe X andc e Mi/Z(X, ).

Proof. The first observation is thatx € X, there exists/ (x) > 0 such that
MOd(A1(x) \ A2(x)) > M (x).

Next combining Proposition 2.5 with the continuity of the Green functign we deduce
that 9A1(x) and 0A2(x) are Jordan curves depending continuouslyxon Therefore,
x > ModA1(x) \ A2(x)) is continuous and thus ipfx mod(A1(x) \ A2(x)) > My, O

6.2. Removability in the non-recurrent caseNow, we deal with critically non-recurrent
fibered polynomials and associated configurations. Let us define this notion of non-
recurrence more precisely.

Definition 6.4. Fix mg € N. A fibered polynomialP : (x, z) — (f(x), z2 + ¢(x)) is said
to bemg-non-recurrent it € Mj/z(x, f)and

PK©0) ¢ Ty (f*(x)), Vx € X, Vk € N,

We call a (finite) configuratiory, € I', mg-non-recurrent if each associated fibered
polynomial ismg-non-recurrent. Finally, a configuration, = ()neN € xiéll/z is
said to beng-non-recurrent if each, is.
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Our main result states that wheneweris mg-non-recurrent, then for alt € X the
complement ofK, is a John domain. This is an adaptation of the result of Carleson
et al. [CJY94] on the characterization of polynomials whose Fatou components are John
domains. The next proposition is a kind of expansivity on the Julia set.

PROPOSITIONG.5. If P is mg-non-recurrent, there exisf > 0 and® > 1 such that for
allmeN,x € XandA,, € P,(x)

diam(A,,) < Co™.

We start with the following technical lemma valid for all fibered polynomials
corresponding to a parametee M 1/2(X, f).

LEMMA 6.6. Fix (X, f) to be a basis and € M?* /2(X f). There existgpg > 0such that
forallm > 0,if A, € Pp(x) andApo+m € Ppoer (x) satlsfyApo+m N A, # ¢, then

A\poer - A\m = T (Am).

Proof. Let us look carefully at the puzzlgl(x) at depth 1. We claim that there exists
po > 0 such that the lemma holds fer = 1. It suffices to remark that the pieces
of ﬁ,,(x) containinga(x) (or —a(x)) are compactly contained in those §i(x), for
all n > po. Moreover, po depends only onq andrp, the two external arguments
S <711 < 3 <r2 < 5 such thatR,,(x) andR.,(x) land at the same point and
c(x) belongs to the connected component®f R,,(x) UR,,(x) that does not contain
0. Next, let us considen,, and Zpo+m as in the statement. Considerimg"—l(Am)
and P;"—l(Zpoer) we obtain pieces oP1(f"~1(x)) andP1(f"~1(x)) with non-empty
intersection. Consequently,

P;n_l(2m+p0) C ﬂl(P;'l_l(Am))a
henceA o1 C Tm(Am). -

Remark.In what follows po will be independent both of the parameter and the base point

since we shall have, = 3 andr, = 33

Proof of Proposition 6.5Let A1 € P,.1(x). We denote byAs, ..., A,_1, A, the
sequence of pieces such that
:4\m—l = ]Am(;{m)

From Lemma 6.6 and the hypothesu;rmi non-recurrence, we deduce that the branched
degree of P}~ 1A, - PI- 1(4,) is bounded from above by™2+ro. Indeed if

PM(A,(x)) contains 0, theriP”1+”2(A (x)) is again critical only it —n1 —ny < mo+ po.
Thus the annulug,, \Z,Hl is mapped under a branched covering of degree at nfesP2
on P"~1(A,) \ PIY(A,1). This yields

mod(A, \ A,11) >

whereMjy is the constant given by Lemma 6.3. Using th@tst¢h inequality, one has

= ot Mo

mod(A1 \ A, " M
00(A1 \ )_W 0-

Since the diameter of is bounded, this completes the proof of Proposition 6.5. O
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Let us denote

co= Iinf {&>0:D(z,¢) C m1(A1(x, 2))},
(x,2)eK
whereA1 (x, z) denotes the piece @t (x) that containg (if z = +a(x) we setA1(x, z) =
A1.0(x)). From the proposition above we deduce the following ‘semi-hyperbolic’ property.

COROLLARY 6.7. Letz € J, and D, be a connected component(d?,?)*l(D(Pﬁ(z),
€0)). Then the branched degree 8f : D, — D(Py(z), o) is smaller than2™o*ro,
Moreover, there exist constarts> 0 andf > 1 such thadiam(D,,) < Co".

Another important consequence of Proposition 6.5 is the continuity, afnder the
non-recurrent assumption.

COROLLARY 6.8. If P is mg-non-recurrent thenx — J, is continuous (with respect to
the Hausdorff metric on compact subsetgH)f

Proof. We already know thak +— J, is lower-semi-continuous (se&¢s99. Thus
assume that — J, is not upper-semi-continuous or equivalently that= .y {x} x Jx
is not closed. Letxg, zo) € E \ E, then there exists > 0 such thatD(zg, §) C iNt(Ky,).
SinceP} : D(zo,8) — Cis bounded, the same holds for the derivati(/BA%)’(zO). On
the other hand, iD,, is the connected component(df;’o)‘1(D(P)§’o (z0), €0)) that contains
z0, then from Corollary 6.7 diagD,) < C6". This implies tha(P;’o)/(zO) is unbounded
asn tends to infinity and thus provides a contradiction. ]

Let Ao (Py) be the basin of infinity o, i.e. A (Py) = C\ K.

THEOREM®G6.9. If P is a mg-non-recurrent fibered polynomial, then for all € X,
Ax(Py) is a John domain.

We just give an outline of the proof since it is really the same as that of Carédsn
[CJIY94]. The so-called semi-hyperbolicity condition is given by Corollary 6.7, and we
are only interested in the connected case.

Notation. For allx € X, p, stands for the Poincametric onAd.(P,) U {oo} containing
z. Letz € Ax(Py), and letl’ be the geodesic ol (P,) U {oo}. Then, we denote by,
the half-geodesic included in, which runs frony to J,.

Proof of Theorem 6.9The proof makes use of the two following ingredients. The first is
a characterization of a simply connected John domdig;(P,) is a John domain if and
only if there existsM > 0 such that whenevere A (Px), 8(z) < 1, then for allw € y,

pr(@,2) > M = §() < 38(2).

Here §(z) denotes the Euclidean distance frano 0. A (Py) = dK,. In our fibered
setting, the constamt will turn out to be independent af. The second tool is a distortion
lemma forp-valent functions.
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LEMMA 6.10. Let D c C be a simply connected domain and [Et : D — D,
F(D) c dD be p-valent. Then

{(weD: pp(F(z0). w) <C Y} C F(lz € D: pp(z0.2) < 1})
C{weD: pp(F(z0), w) <1},

whereC depends only op.

Leteg be the real number given by Corollary 6.7. From Corollary 6.8 and the continuity
ofthe Green functior : X xC — C, we deduce that there exists- 0, such tha¥x € X,
whenever € A (Py), Gx(z) < §, then there existg € J, such that

)/ZCB(Z,%O).

Letn > 0 be a real number that will be fixed later. By compactness and continuity of
x — Jy, there exista/ > 0 such that whenevere A, (P;) andd/2 < G,(z) < §, then

ey, p(z,7) = M = 8() <nd(2).
Now, let us conside® € A (Py), G (w) < 8§ and letn be an integer such that
27tDs < Go(w) < 27"5.

From Lemma 6.10, we find a constait such that whenevers' € §,, px (0w, ') > M’
then p pn ) (P} (w), P} (0)) = M. Hences(P!(w)) < né(Pl(«')). Applying again
Lemma 6.10 there exists a constént- 0 such that(w') < Cné(w). Finally, if  is small
enough, there exist® (n) such that ifo, (w, w’) > M(n) thens(w’) < %a(w). m]

Now, we are able to give a topological description of Julia sets associategtbon-
recurrent fibered polynomials.

THEOREM6.11.If P : (x,2) — (f(x),z%2 + c(x)) is a mg-non-recurrent fibered
polynomial withc € MI/Z(X, f), then for allx € X, J, is holomorphically removable
and K, is locally connected.

Recall thatA, a compact subset oF, is holomorphically removable, if whenever
F : C — Cis a homeomorphism an# is holomorphic inC \ K, thenF is a Mdbius
transformation. As a consequence of this notion of removability one hagtkatk, and
J¢ has Lebesgue measure zero.

Proof of Theorem 6.11The removability results from a Theorem of Jon&si{95 which

states that the boundary of a John domain is holomorphically removable. As regards the
local connectivity ofK ., letz € K, and suppose thatis not a pre-image af (/" (x)). We
denote byA, (x, z) the unique piece dP,, (x) containingz andZm (x,2) = wm(An(x, 2)).

If zis a pre-image ok (f"(x)), we chose?m (x, z) as the unique connected component of
(P;”)*l(Al,o(fm (x))) containingz. In view of Proposition 6.5, the faminXm(x, Z))neN
constitutes a basis of connected neighborhoods of a

We want now to explain in what sense the parameter realizing a given non-recurrent
configuration is unique. LeP; : (x,z) — (f(x),z° + c1(x)) and P> : (x,z2) +—
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(f(x), z% + c2(x)) be two fibered polynomials withy andc; in M*l‘/z(X, f). We denote

byhiandhs : X — Xiéz’l/z the continuous maps given by Proposition 5.5 such/ith@at)

andhz(x) are the configurations atof Py and P> respectively. The next proposition states
that if 11 andh2 coincide, the same holds for andcs.

PROPOSITIONG6.12. Fix x € X. If h1(x) = h2(x) thenci(x) = ca(x).

Proof. Recall that ifz1(x) = h2(x), we have actually the equality (£ (x)) = h2(f (x))
for all i € N. We denote byK1 , and K2 . the filled-in Julia set ovex of P, and P>
respectively. Letp; , be the Bticher coordinates of \ K; . fori = 1,2. The map
@2.5 © (pii :C\ K1,x = C\ Kz, is a homeomorphism tangent to the identity at infinity.
SinceK1 , andK» , are locally connecteds . o golj extends continuously to the whole
plane. Moreover, the pieces Bt (x, c1) are mapped bijectively to those Bt (x, c2).
Henceys x o (pii extends to a homeomorphism of the plane such¢hato (pii(O) =0.
Thanks to the removability o1 ., the mapps ; o (pI_i is a Mdbius transformation. Hence
@2.x 0 91+ = id andey (x) = c2(x). O

Ei 1/2,1/2 . .

ix X to be a compact subset ofy] which consists ofmg-non-recurrent

configurations. Another consequence of Theorem 6.11 is that every bounded function
¢ : X — C, such that the corresponding fibered polynomial realZess automatically
continuous. According to Remark 5.6,df: X — C is just a bounded function, we can
nevertheless defing. : X — xiéll/z and thus the associated configurations. To that
purpose, it suffices to consid&r, the Stone—Cech compactificationXf and¢ and £, the
continuations of and f to X .

PROPOSITIONG6.13. Let X C Xééz’l/z be an invariant compact set afg-non-recurrent

configurations. LeP (x, z) = (Fix(x), 72 + ¢(x)) be a fibered polynomial ovex, Fix)
with ¢ : X — C a bounded map. Assume that: X — Xiéz’l/z is well defined and that
it coincides with the canonical injection, thens continuous.

Proof. We reason by contradiction. K is a point of discontinuity of, we can find
two distinct values:(x) andcp (a limit of ¢(x,) where(x,) converges tor) such that
the associated configurations are the same. This contradicts Proposition 6.12. O

7. Realizability of primitive configurations

7.1. Introduction. This section is devoted to the realizability of some non-recurrent
configurations associated to t%esatellite of the real limb. Recall thdg(x) stands for the
critical piece of the puzzl@®s(x) whose boundary consists of the Green line and external
rays of argument%, 214, %—Z and %—?1. The configurations we are dealing with describe the

most simple non-recurrent behavior in the following sense.

Definition 7.1. A fibered polynomialP : (x, z) — (f(x), z2+c(x)) is said to be primitive
(non-recurrent) it € M7 ,(X, f) and

PX0) ¢ J3(fF(x)), Vx e X, Vk e N*,
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A (finite) configurationy, € T, is primitive if each associated fibered polynomial is
primitive. Finally, a configurationsoc = (yu)eN € Xclx/jz’l/2 is said to be primitive if

eachy, is.

We can also give a purely abstract definition. Recall fhat R/Z — R/Z is the
doubling modulo one. LeA3 be the compact set of pointse R/Z such that for alk € N
the imageQ” (x) does not belong to

12 %l U155 31

We cally € xiéll/z a primitive configuration itvn € N, coo (F"(y)) C A3. The set

of these configurations, denotéd, is obviously a compact subset Xﬁéz’l/z, forward
invariant underr.

The purpose of this section is to prove Theorem 1.3 which sayXthistrealizable and
rigid. Note that the condition € M*l‘/z(X, f) implies ﬁ(x) C J3(x),Vx € X, thus a
primitive fibered polynomial is also 4-non-recurrent. Therefore the results of the previous
section apply to the primitive fibered polynomials. Hence, we just need to determine a
functionc : X3 —> C such that the fibered polynomial associated tealizesX3. By
virtue of the removability of the Julia set, the functiowill automatically be unique and
continuous.

Example 7.2.For alln € N we know that the two external rays of arguments

3x2rt-1 3x2t41
—— and ————
3Ix2n Ix2n
always land at the same point. Thus we can define a configurati®B, 9fc = (V1)nen,
by setting

c(F'(yoo)) =

Ix21_1 3x2141
Ix2n 7 Ix 2

This configuration does not appear in the non-fibered case since it is not invarianfynder
but Theorem 1.3 guarantees that it is realizable by a fibered polynomial.

Let y € X3 and~, be the associated closed equivalence relatiolRpA. The
fundamental observation is that all compact satg/~, are homeomorphic to the
same Cantor seK3. Furthermore, this compact set is a sub-shift of finite-type of
(=3, -2, -1, 1, 2, 3N where the admissible transitions are:

+3— 3,2
+2— -11
+1 — —2.

It can also be viewed as the set of points which may be iterated infinitely many times by
the mapy in Figure 9. LetL3 be the cylinder—3, 3 of K3, i.e. the set of sequences of

K3 beginning with the two symbols3 and 3. Thus, the spacé; is identified with the
Cartesian produd@. Indeed, giverny € X3, the sequencéco.(F'(y)));en defines a
unique element oL}
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FIGURE9. Cantor set.

The proof of Theorem 1.3 proceeds in outline as follows. The gnppvides for every
x € X3, a critical valuec(x) € L3 c R. Extendinge to the whole plane, we shall
construct by hand a topological mod@| which turns out to be a degree two branched
covering with O as its critical point and(x) as its critical value. Finally, the resolution
of the Beltrami equation associated B will lead us to a guadratic fibered polynomial
realizing the configurations dfs.

7.2. Topological model. Our starting point is an explicit formula for the affine map
This formula depends on a parametes 2 which is assumed to be close to 2 and will be
fixed later. First consider the real numbers

1
o= _E; ap=a(l— 2)\_2);

L1 a2 (1
fT 20— -\

We also denote b§ T the triangle whose vertices araig + iag, —ao — iag andp + &;
T~ is the symmetric triangle df T with respect to zero. We defing in T— U TT by the
following formula:

“Az—a)ta, ifzeT™

#(2) = {A(z+a)+a, ifzeT™.

Thus we sefl” := ¢, (T7) = ¢ (TT). Let us make some comments about this notation.
The numbetw is a fixed point of our model anda is its multiplier. The numbes has
been chosen to be a pre-imagexafindergp, of order two. The second fixed point @f is
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Py

FIGURE 10. Geometry of the domain of extension.

justB. We denote byip = « — A1 andd; = « — 11— 1~2 two pre-images of of orders
two and three, respectively. The poifgtis thought of as the landing point of the external
rays of argumentgr’—2 and 112; ai is thought of as the landing point of the external rays of

arguments“‘z—}1 and%—ﬁ. On the other hand, we may considér as the dynamical Cantor set
induced byy;,,, i.e.

K, ={ze[-B;Bl:Vn e N, ¢} (2) ¢ lao, —aol},

andL, = K, N[—8, a1].

As already mentioned above, the primitive configurations are completely characterized
by the data of critical values(x) € L;, Vx € X3. Nevertheless, our construction works
for every continuous function : X3 — [—8, a1]. Thus, until 85, all we require onis
that it is a continuous function with valueslin 8, a1].

Now, we make precise some geometric features of the local extension domain. In fact,
this domain does not depend ore X3. Letd be a small angle that we shall fix later. We
denote byZ the quadrangle included ifi whose vertices are

ao, do + roe' ™%, B+ Aie, ao+ roe " {@/2=0)

whererg denotes the length of the line segments includefl making an anglé with the
vertical line issuing froniio (see Figure 10). We denote By"™ and7 — the two inverse
images of7 underg, which are included irf* and 7, respectively. Observe that the
real number has been chosen so that the vertexzof is always included in the disk
D(c(x), |c(x) — ag|). We setk(x) = [ag — c(x)]/ag and defineﬁx by the formulas

k(x)z2 + c(x), if z € D(O, |ag|)

P.(zx) = .
' 01 (2), ifzeZ7TUT".

At this point of the construction, we notice thE'g(D(O, lag])) = D(c(x), |c(x) — aol).
On the other hand, the domain of definitionllécfis not a Jordan domain.

We shall extend?; to the whole plane in two steps. First, we define a Jordan domain
D and an extension o@ to this domain satisfying, in particulal € FX(D). Next, we
extendP; globally and make it coincide with — z2 in a neighborhood of infinity.
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7.3. Local extension. For alla € R and 0< p < /2, we denote by (a, p) the open
cone of vertex: and anglep:

Cla,p)={z€eC:n/2—p < |argz —a)| <7/2+ p}.

With the mapP, being defined oD (0, |ag|) U T~ U T+, the local extension oP, with
the required properties is given by the following proposition.

PrROPOSITION7.3. Assume that and6 are close enough t@ andO0, respectively. Then
there exist constantdy, oo > 0 and a Jordan domair® such thatvx € X3 there exists
P,, an extension oP,, satisfying:
(1) d(D,dP.(D)) = do;
(2) P, :D — P.(D)is a degree-two branched covering. It is analyticZn\, = where
3 satisfies
. > NC(a, po) =P andX N C(—a, po) = ¥,
e P.(X)NDC C(ao, po).

We shall construct the extensionEj to a neighborhood afg and—ag in a symmetric
way with respect both to zero and to thexis. Therefore we focus on the continuation of
P, near—ag and we restrict ourselves to the upper half-plane. The final extension will be
deduced from this continuation by symmetry and parity.

The first step is to glue together the map : z — k(x)z2 + c(x) defined on the disk
D(O, |ag]) and ¢, : z — A(x)(z + ag) + ap defined on the vertical line coming from
—ag. The coefficieni.(x) is chosen so that the final extensior@fis differentiable in the
vertical direction. Hence, we must fi(x) = 2k(x)|ag| = 2[ag — c(x)]/|aol.

LEMMA 7.4. There exist a consta@di > 0, a sectors; and a gluingfy : s1 — fx(s1) of
¥, and¢, such thatf, has bounded*-norm andd (7 —, df.(s1)) > 1.

Proof. We introduce a new system of coordinates which enables us to give an explicit
formula for the continuation aP,. We considef_,, andh;,, the inverse functions defined
in a neighborhood of-ag andag, respectively, by

B (2) = -1 and hg (z) =
_aoz—z+a0 aoz_z—&o'

The functionk_,, maps the vertical line coming fromag onto they-axis and the circle
S(0, |ao|) onto the lineD1 = {(1/2]ao|)(1 + it), ¢ € R}. Indeed, ifz = |ag|e!? then

h = ! 1+ icot 0
=gl (en(3))

Similarly, hz, maps the vertical line coming frorip onto the y-axis and the circle
S(c(x), |c(x) — aol) onto the line

1 :
Do = {m(l+lt>, IER}.

We denote b)g} = hg,08x ohj0 the mapz, viewed in the new system of coordinates.
A brief calculation yieldsg(z) = z/A(x). Concerningy,, we denote? = hgloox//xohjo
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and we obtain a mag? : D; — D5 such that
5 <1+it> _ 1+i(t—1/0/2
*\ 2Jaol 2lag — c(x)|
Leta € R*. We denote byB(a) = {z; 0 < Re(z) < a} the vertical strip and; andI»

the horizontal segments includedBtl/2|agl) and B(1/2(ag — c(x))), respectively, such
that

, forallr e R*.

s+ 2i s+1i
1 =1—— -1 h=—
1 {2|ao|’se[0’ ]} and 12 {Z(ao—c(x»’

The upper connected componenBifl/2|ap|)\ 11 is labeleds;. Hence, the local extension

of 13)( near—ag reduces, after change of coordinates, to the quingXlaindgf ins1. To
that purposey: > 2 andvs < [0, 1] we set
<s + it> s+i(t—s/t)/2
8 = = .
*\ 2lag| 2(ao — c(x))

Therefore, we obtain a diffeomorphisgn : 51 — B(1/2|c(x) — dol) which coincides
with ¢l andg? on they-axis andDs, respectively. Moreoveg, has bounded* norm
and is tangent ta — z/A(x) at infinity. It is straightforward to see that the imagelof
underg, is situated between the segméntind thex-axis. We denote

s € [0; 1]}.

s1=hgG0, rn=hg) and y2=h (L)

Finally, f, = hgol o gx o h_, defines the expected extension@fto the sectos;. In view
of the relative positions of . (I1) and/lz, f;(s1) is a small sector nedap which contains the
arcy». In particular, ifA > 2 is close enough to 2, there exigis> 0 such thavx € X3,
d(T, dfx(s1)) > 01. |

We focus now on the extension of : z — A(x)(z + ag) + ag to the other side of the
vertical line near-ag. We wish to make it coincide witf, defined ori7. After an adapted
change of coordinates, we shall again be able to write an explicit formula for the desired
continuation ofP, .

LEMMA 7.5. There exist a constaidp > 0, a sectofo; and a gluingf, : o1 — C of ¢,
and¢, such thatf, has bounded*-norm andd (7 —, 8f: (61)) > 82.

Proof. Recall that? denotes the small angle between the vertical line and the side of
Again, we assume thatis small enough and thatis close to 2. Consider the maps

I_4(z) =l0g(z +ag) and I;(z) = log(z — ao)
which are defined without ambiguity @iao, 6) andC(ag, 8), respectively. We set
Bi={z:7/2—0 <Imz < 7/2, Re(z) < logro}

and we denote by, the inverse image undér,, of B;. A simple calculation yields that
lag 0 &x 0 1= (Z) = Z +logA(x), for all Z such that IntZ) = /2. In the same way,
Lz, 0 93 0 I_x (Z) = Z +loga for all Z such that IntZ) = 7/2 — 6. Thus we may glue

—ag

these translations together by setting fonad: s + it € Bj,

hy(u) = %((r — /24 6)logAi(x) + (/2 —t)logA) + u.
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The maph, has the required properties and @$-norm depends only of andi. Let
fo = a_ol o hy ol_g4,. Itis a continuation ofP, to the sector;. Furthermore, the vertical
segment’z which is included inB1

I3={z=logr+0i:0¢€[r/2—06xr/2]}
is mapped undek, to a curve situated in the right of the vertical segment
Ip={z=Ilogro+logy +0i:60 €[n/2—06;7/2]},

wherey = 4/(A2 —2) = 2|dp — a1|/|aol. This value satisfiey < A andy < A(x)
with equality only ifc(x) = ai. These inequalities guarantee thaio1) is a Jordan
domain containing an arc of circle of radigrgg. In particular, this ensures the lower
boundVx € X3,d(7T—, 3fc(01)) > 82. O

Proof of Proposition 7.3By symmetry with respect both to zero and thaxis, we obtain
eight sectors;, o; fori = 1, 2, 3, 4 and an extensioR, of P,. Setting

4
Y= U(ai Us;) and D= DO, |ag) U7 U7 UY,
i=1

we derive the desired Jordan domain of the proposition.

Now it remains to show that the parameters 2 and 0< 6 < w/2 may be adapted
so that property (2) of Proposition 7.3 holds. Our first observation is that there exists
po = (r/2) — § such that forall 2< » < 2.5 andvx € X3,

DN P.() C Cao, po)-

Fixing po, we look carefully at the behavior & whena tends to 2. In the case = 2,
ap = —1/4 and there exist¢ > 0 such that

C(ao, po) N 2(2,0) = 9.

By continuity of the ‘picture’, the above intersection remains empity< 2 + ¢ and
provided tha¥ is replaced by /2. This completes the proof of Proposition 7.3. O

7.4. Global extension. The last part of the construction is to extend our topological
model to the whole plane. Le&h > 0 be the real number given by Proposition 7.3, and let
W be the domain

W ={zeC:d(z,D) <do/2}.

Clearly, W does not depend one X3 and satisfie® € W & Fx (D). FixR > 3asareal
number such thak, (D) € D(O, R).

PROPOSITION7.6. There existk > 0 and for allx € X3 there existsP,, a degree two
branched covering of the plane, such that:

e P.is K-quasi-regular;

e DP.z)=P(z)forallzeDandP,(z) = z2forall z € C\ D(O, R?);

e C\DcCA®P).
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Here A (P,) denotes the basin of infinity d,, that is
AOO(P/x) = [Z eC: nﬂToo Iﬁf’l(x) 0O---0 PIX(Z)| — +OO}

Proof. The proof consists first in extendin‘ﬁ to C in a naive way. Then we compose this
extension with a smooth homeomorphism to ensure@gtD c A®(P,). Therefore,
we setf’} (z) = 7z, V¥z € C\ D(0, R). Then we consider &'-quasi-regular extension
of P, that we still denote bygx. The constanK’ is greater thark (9, A) but again it can
be chosen independently ofe X3 since the domain of definition af, does not depend
onx.

On the other hand, let us introduce a homeomorphism of the planhich is
continuously differentiable everywhere exceptadh anda W, such that

n=id onD

n =id onC\ D(0, R?)
n(W\D)=D@O,R)\D

n(D(0, R?)\ W) = D(0, R?) \ D(0, R).

Finally, P, = P.onis a K"-quasiregular branched covering @ Combining
Proposition 7.3 and the above propertieg ofve obtain the inclusiof\ D c A*®(Py). O

7.5. Quasiconformal conjugacy.In this subsection we introduce a family of Beltrami
differentials which is fibered wise invariant und®. These forms have uniformly
bounded.* norm away from 1 and, after resolution of the associated Beltrami equations,
they will enable us to conjugate our topological model to a quadratic fibered polynomial.

PROPOSITION7.7. There existso < 1 such thatvx € Xs, there exists a Beltrami
differential x° satisfying:

o 1P = (P,

e the support ofs% is included inD(0, R?);

e SUpcc U@l <p.

Proof. Consider the sequence of Jordan domains:
0 0 2
A =AY =C\ D@, R,
A" = (P")7Y(A%, VneN.
We setul(z) = O forallz € A® andu” = (P")*(u0) for all z € A". Since, whenever
z € A%, Ppn(yy is holomorphic in a neighborhood af?(z), one hasu"*1(z) = u”(2).
Consequently, we may defin€® by u°(z) = ui(z)if z € A% andu?® = 0 on any
remaining part ofC. In this way,u2° is by construction fibered-invariant undey.

Concerning the third claim of the proposition. In view of Proposition 7.6, there exists
p < 1suchthavz € D(0, R?)

5ﬁx (Z)
315x(z)

<p<1l
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Moreover, according to Proposition 7.3 there are at most three non-conformal maps in the
compositionsP! (the first to escap& and the two others to esca@i0, R?)). Hence
Vn e N, |[ul(2)| < p3, therefordu3°(z)| < p*. o

Let &, be the solution of the Beltrami equatidtt, (z) = 1 (2)dhy(z) such that
hx(0) = 0 andh, is tangent to the identity at infinity. Thefs ) o P, o h;l is by
construction a two-to-one holomorphic mapping@fwith 0 as critical point. Hence
By o Py o h7X(z) = 22 + c*(x), wherec* (x) = h () (c(x)). We claim that

Q:X3xC— X3xC
(x,2) > (F(x), Qx(2) = 2% + ¢* (x))

realizes the primitive configurations. Firgt admitsa : X3 — C, a(x) := hy(x) as
invariant repelling section. Indeed,is a fixed point of P, with multiplier —A, hence for
sufficiently smalls; ﬁx(D(a, 8)) = D(a, A8). SettingU, = h,(D(«a,d)), we obtain a
collection of open sets such thidl-(,) € 0, (U,) and

mod( Q. (Ux) \ U]:(x)) = mo.

From Proposition 2.5, we deduce that the invariant seciios repelling. On the other
hand, the two ‘external rays’ d?;

Re(3) i=ht o g (pexpdin) : p € 11, +o0l})
Re(3) :=h o g (pexp(din) : p € 11, +oo[})

land ata. Here, ¢, is the Bittcher coordinate associated to the fibered potyial
0. Indeed, there exists a constafit > 0 which does not depend on such that
Vz € Re(3) N D(O, R) andv¥z’ € R.(3) N DO, R)

dAm(ﬁx)(Zs {Ol +it, r e ]07 8]}) <C
dAOO(I;x)(Z,’ {a +it, t € [-4,0[}) < C,

wheredAoo(ﬁx) denotes the hyperbolic distance it (P,). Since{a + it, t € 10, 48]}

and{« + it, t € [-4,0[} land ate, the same hold foR, () andR. (). This property
guarantees thdtx(%) ande(é) both land at (x).

Finally, if we identify L3 with L, and X3 with L3N through the mapy
(coo(F*(1)));en, Our construction works with the continuous function X3 — L; such
thate(y) = co(y). Thus, we obtain a fibered polynomi@l such that the combinatorial
configurations oD atx € X3 is exactlyx. ]
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