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Abstract. We study from a combinatorial point of view quadratic fibered polynomials. The
main object of this paper is the construction of a combinatorial model of a subset of the
parameter space. This set (the configuration space) is proved to be a Hausdorff compact
and connected space. Then, we prove that an abstract configuration which is non-recurrent
can be uniquely realized by a quadratic fibered polynomial.

1. Introduction
A central problem in the study of dynamical systems is to know to what extent
combinatorics forces dynamics. More precisely, the theory of iteration of rational functions
succeeded in many cases in understanding the relationship between combinatorial
properties and dynamical behaviors. This work is an attempt to generalize in higher
dimension the successful combinatorial theory of the dynamics of quadratic polynomials.

Let X be a Hausdorff compact space,f a continuous self-mapping ofX, and c a
continuous complex-valued function onX, considered as a parameter. We deal with fibered
polynomials:

P : X × C −→ X × C

(x, z) 7−→ (f (x), Px(z) = z2+ c(x)).
In some sense these are dynamical systems in dimension 1.5, since the first coordinate
of P does not depend onz. Fibered polynomials have already been the object of many
studies. Viana [Via97] and Alvez [Alv98] dealt with the real case whereX is the circle
andf (θ) = dθ , d a large integer. Jonsson [Jon97] and Heinneman [Hei96] considered the
situation wheref andc are both polynomials. In [Ses97] the focus was on hyperbolicity
and we give a detailed characterization of this property.
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916 O. Sester

There are several motivations for studying this kind of map. On the one hand, when
c : X→ C is close to a constantc0 with respect to the supremum norm, the corresponding
fibered polynomial can be viewed as a ‘random’ perturbation of the polynomialqc0 :
z 7→ z2 + c0. Thus a natural question is to know whether the dynamical properties of
qc0 are stable under perturbations in the class of fibered polynomials. Let us mention
that many results on stochastic stability have already been obtained in the setting of
random dynamical systems, see for instance [Kif88 ] or [BM96]. Nevertheless, the point
of view is different, the mapsPx are supposed to be measurable ‘independently identically
distributed’ and the results are of the ‘almost everywhere’ kind.

On the other hand, the second coordinate of thenth iterate ofP is the composition of
n quadratic polynomialsPf n−1(x) ◦ Pf n−2(x) ◦ · · · ◦ Px . Thus the dynamical study ofP
reduces to the study of this family. In fact, given a sequence of bounded complex numbers
(ci)i∈N, the compositions ofz 7→ z2 + ci can be considered as a fibered polynomial over
the Stone–Cech compactification ofN.

Our goal is first to make sense of the word ‘combinatoric’ for a fibered polynomial. This
will lead us to the construction of a topological space for the admissible combinatorics.
Then we start answering the following related questions of realizability and rigidity:

Is any abstract combinatorics realizable by a fibered polynomial?

Is such a fibered polynomial unique?

WhenX is a single point, we are back to the study of a quadratic polynomial, and we
refer to this case as theconstant case. Let us start by recalling some well-known facts on
the theory of iteration of quadratic polynomials. Givenc a complex number, thefilled-in
Julia setof qc : z 7→ z2 + c is the set of pointsz such that the orbit ofz under iteration
of qc is bounded. The boundary of the filled-in Julia set is called theJulia set. Then, the
Mandelbrot setM is by definition the set of complex numbersc such that the Julia set of
qc is connected. Fixp/q a rational number. According to [Gol92], there exists a unique
degree-two rotation subsetof the circle of rotation numberp/q. This is a finite subset
of R/Z, labeledR0(p/q) = {θ1, . . . , θq} such that 2θi = θi+p, taking indices modulo
q. A complex numberc belongs to the(p/q)-limb of the Mandelbrot set if theq external
rays ofz 7→ z2 + c with argument inR0(p/q) land at the same repelling point, denoted
traditionally byα. In fact, the limbs ofM are exactly the connected components ofM
minus the closure of the main cardioid.

Whenever the parameter belongs to the (p/q)-limb, we can define a combinatorial Julia
set by looking at how the the external rays which land at an inverse image ofα are glued
together. Whenc is not renormalizable, Yoccoz [Yoc] proved that the Julia set ofqc
is locally connected. Consequently, this Julia set is homeomorphic to its combinatorial
model. This construction in the dynamical plane enables us to define acombinatorial
Mandelbrot setby identifying the parameters whose combinatorial Julia sets coincide. This
combinatorial model can be viewed asM where the copies ofM have been collapsed to
points.

We shall construct in the setting of fibered polynomials a similar combinatorial model
for the (p/q)-limb of the connected locus. To state our main results we first need to
introduce some notation. LetPnx = Pf n−1(x) ◦ Pf n−2(x) ◦ · · · ◦ Px . Then we can define for
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FIGURE 1. The fibered filled-in julia set.

all x ∈ X the filled-in Julia set as

Kx =
{
z ∈ C : sup

n∈N
|Pnx (z)| < +∞

}
.

Figure 1 shows the Julia setK0 in the particular caseX = R/Z, f (x) = x + θ0, θ0 the
golden mean, andc(x) = −1+ 0.3 sin(2πx).

In this paper we focus on the connected case and we introduce the connected locus
M(X, f ) as the set of parameters such thatKx is connected for allx. Using the Riemann
mapping theorem, one can find a unique conformal isomorphismϕx : C \ Kx → C \ D

such thatϕx is tangent to the identity at infinity. Forθ ∈ R/Z, the external ray of argument
θ is defined asRx(θ) = ϕ−1

x {r exp(2iπθ), r > 1}. We say thatRx(θ) lands atα(x) if
ϕ−1
x (r exp(2iπθ)) tends toα(x) asr tends to 1. In our fibered setting the (p/q)-limb of

M(X, f ), denoted byMp/q(X, f ), is also the set of parameters such that the external
rays of argument inR0(p/q) land at the same pointα(x). We shall restrict ourselves to
subsets ofMp/q(X, f ) called thesatellites. The satellites will be define rigorously later.
Similarly to the constant case, they are indexed by dyadic rationalsj and they are denoted
byMj

p/q(X, f ).

Our combinatorial model ofMj
p/q(X, f ) will be obtained as an inverse limit space. To

explain our approach we shall present an example kindly suggested to us by the referee and
showing that many spaces can be obtained by this process (see [Mun84] for definitions and
basic properties of simplicial complexes).

Example 1.1.Let Y be a finite simplicial complex, and let6n be thenth barycentric
subdivision. Letin : Y → 6n be the map which associates to every point the open simplex
containing it. We endow6n with the finest topology such thatin is continuous. The
topological space lim←−6n is then the set of nested sequenceσ1 ⊃ σ2 · · · of open simplices.

The intersection
⋂
n σn of such a sequence is either a point or it is empty, in which case

the point of the inverse limit space accumulates on the intersection of the corresponding
closed simplices. There is an obvious mapY → lim←−6n, which is a homeomorphism onto

the set of closed points. For instance, if one considers the simplicial complex made up
of 0, 1

2, ]0; 1
2[ and ]12; 1[ whose underlying space is the circleR/Z, thenth barycentric

subdivision is the set of dyadic rationals of the formj/2n together with the connected
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components of the complement. Passing to the limit and after restriction to the set of
closed points we reconstructR/Z.

In §2 we shall introduce0n as the set of admissible equivalence relations on
Q−n(R0(p/q)), whereQ : R/Z → R/Z isQ(z) = 2z mod 1. To be admissible means
that they have to beunlinkedand satisfy some symmetry properties (see Definition 3.1).
These equivalence relations (on a finite subset) correspond exactly to the different ways
the external rays may be glued together. In the constant case these relations need to be
invariant underQ, but here they do not and there are many more possibilities.

Then, we consider the inverse limit space lim←−0n and we defineXp/q,j∞ (corresponding

to the j th satellite of the (p/q)-limb) as the subset of closed points of the inverse
limit space. The spaceXp/q,j∞ is endowed with a natural continuous self-mappingF
deduced from angle doubling. The elements ofX

p/q,j∞ turn out to be closed equivalence
relations onR/Z. They are analogous to the rational laminations of Thurston, i.e. closed
equivalence relations of the circle whose classes are unlinked and totally disconnected
(see [BL99, Thu85, McM94]). In §5, we prove the following key result.

THEOREM 1.2. The spaceXp/q,j∞ is a Hausdorff compact and connected space. It has the
property that for each basis(X, f ) and for all c ∈Mj

p/q(X, f ) there exists a continuous

canonical maph : X→ X
p/q,j∞ which makes the following diagram commutative:

X
h //

f

��

X
p/q,j∞

F
��

X
h // Xp/q,j∞

The pointh(x) is called the configuration ofx.

The main difficulty in this result is to obtain compactness and connectedness. Note
that, even in the constant case, the construction of a Hausdorff compact combinatorial
space which is associated to the limbs of the Mandelbrot set is not obvious. Here, the
configurations corresponding to the non-fibered dynamics are just the fixed points ofF .
The compactXp/q,j∞ seems to be enormous since it contains all the combinatorics of
external rays independently of the basis(X, f ). We conjecture it has infinite dimension.

The second part of this paper deals with both questions of realizability and rigidity
attached to Theorem 1.2. They can be stated as follows. GivenX an invariant compact
subset ofXp/q,j∞ does there exist a continuous functionc ∈ Mj

p/q(X,F|X) such that
the maph in Theorem 1.2 is the canonical injection? If yes, isc unique? Observe that,
in this fibered framework, the question of realizability is not obvious. Although we can
always realize the finite configurations (the elements of0n), it is not always possible
to pass to the limit since the parameter space is not locally compact. In the case of
quadratic polynomials, realizability of abstract configurations (the fixed point ofF ) results
from the compactness of the Mandelbrot set. Moreover, since parameters in the same
copy ofM have the same combinatorial configuration, the question of uniqueness has a
negative answer if the parameter is renormalizable. In fact, sinceM is locally connected
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at non-renormalizable points (see [Yoc] or [Hub93]), there is a unique complex number
realizing non-renormalizable configurations.

Therefore, we shall need to make some combinatorial assumptions that guarantee that
the parameter (in the constant case) is not renormalizable to obtain rigidity. Mainly for
technical reasons, we restrict our attention to the(1/2)-limb (also called the real limb
since it contains some real parameters). We considerX3, the invariant compact subset of
X

1/2,1/2∞ , made up of ‘primitive’ non-recurrent configurations. Roughly speaking, these
are the most simple type of critically non-recurrent configurations. They correspond to
fibered polynomials such that the post-critical orbits avoid a given neighborhood of the
critical section defined through external rays of arguments5

24,
7
24,

17
24 and 19

24. Observe that
in the non-fibered case this assumption guarantees that the associated parameters are not
renormalizable. We shall prove the following.

THEOREM 1.3. The setX3 is realizable and rigid.

Let us mention that we are also able to give a positive answer to the questions of
realizability and rigidity for the ‘weakly-recurrent configurations’. This is the object of the
preprint [Ses00]. For the general case the first step would be to have a suitable definition
of renormalizable (or non-renormalizable) adapted to the fibered framework.

This paper is organized as follows. In §2 we recall without proofs some basic facts on
fibered polynomials. The object of §3 is to define rigorously0n, the topological space
of admissible (finite) combinatorics. The main result of §4 states that although0n is not
Hausdorff we can separate distinct points in a suitable sense. §5 is devoted to the proof of
Theorem 1.2. First, we prove that the closed points of the inverse limit of0n is a Hausdorff
compact and connected space (Theorem 5.3). The existence of the equivariant maph is
the object of Proposition 5.5. In §6 we prove that Julia sets corresponding to combinatorial
non-recurrent fibered polynomials are holomorphically removable. This enables us to
prove the rigidity of non-recurrent configurations. Finally, we establish the realizability
part of Theorem 1.3 in the last section of this paper.

2. Preliminaries
2.1. Fibered Julia sets. Let X be a compact Hausdorff space andf : X → X a
continuous map. A (quadratic) fibered polynomial over(X, f ) is a skew-product map
of the form:

P : X × C −→ X ×C

(x, z) 7−→ (f (x), Px(z) = z2+ c(x)),
wherec is a continuous complex-valued function onX. In this section we recall some
elementary results concerning Julia sets of fibered polynomials and some properties of the
associated Green function and B¨ottcher coordinate. We refer to [Ses97] for proofs.

Let us denote byPn then-times composition ofP and byPnx the second coordinate of
Pn, i.e.Pnx = Pf n−1(x) ◦ · · · ◦ Px . The (global) filled-in Julia set is defined as the set of
points with bounded orbits under iteration ofP :

K =
{
(x, z) ∈ X × C : sup

n∈N
|Pnx (z)| < +∞

}
.
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The setK is compact, non-empty and backward invariant. We denote byKx the fiber of
K overx, i.e.z ∈ Kx iff (x, z) ∈ K. It is a full compact subset ofC which is included in
the disk of center 0 and of radius supx∈X(1+ |c(x)|). If log+(|z|) = max(log(|z|),0) for
all z ∈ C, we set

G(x, z) = Gx(z) = lim
n→+∞

1

2n
log+ |Pnx (z)|.

PROPOSITION2.1. The mapG : X × C → R+ is continuous and satisfies:Gx is
harmonic inC \ Kx , Kx = G−1

x ({0}), Gf(x)(Px(z)) = 2Gx(z) andGx is tangent to
z 7→ log |z| at infinity.

The Julia set overx denoted byJx is just the boundary ofKx . From this proposition we
deduce thatx 7→ Jx is lower-semi-continuousandx 7→ Kx is upper-semi-continuous(with
respect to the Hausdorff metric on compact subsets of the plane). Another consequence is
a generalization of the well-known Fatou criterion for the connectedness of Julia sets of
complex polynomials.

COROLLARY 2.2. ∀x ∈ X,Kx is connected iff∀x ∈ X, the critical point0 ∈ Kx .
By definition, the connected locusM(X, f ) is the set of parametersc : X → C

such that theKx are connected for allx ∈ X. The spaceM(X, f ) is equipped with
the supremum norm. Note the difference from the constant case: hereM(X, f ) is a subset
of continuous functions and is not locally compact. The second essential tool for the study
of fibered polynomials is the so-called B¨ottcher coordinate. Assume that the parameter
belongs toM(X, f ), then from the Riemann mapping theorem we obtain the following.

PROPOSITION2.3. There exists a unique holomorphic isomorphismϕx : C\Kx → C\D
such that:
• the following diagram is commutative

C \Kx Px //

ϕx

��

C \Kf(x)
ϕf (x)

��
C \ D

q // C \ D

whereq(z) = z2;
• Gx(z) = log(|ϕx(z)|), and the mapϕx is tangent to the identity at infinity;
• (x, z) 7→ ϕx(z) is continuous on its domain of definition.

As in the constant case, the external rays ofKx are the gradient lines of the Green
functionGx . In fact, we are mainly interested in the connected case and so we define them
using the B¨ottcher coordinate. The external ray of argumentθ ∈ R/Z is

Rx(θ) = ϕ−1
x ({ρ exp(2iπθ), ρ ∈ ]1; +∞]}).

For future use, we also denote for all 1≤ t < t ′:

Rx(θ; ]t, t ′]) = ϕ−1
x ({ρ exp(2iπθ), ρ ∈ ]t, t ′]}).

Moreover, if there existsα(x) ∈ C such thatϕ−1
x (ρ exp(2iπθ))→ α(x) asρ → 1, we say

thatRx(θ) lands atα(x). Note that this limit may not exist.
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2.2. Generalized (p/q)-limb. Letp/q be an element ofQ∩R/Z with p andq relatively
prime. We denote byR0(p/q) the (unique) quadratic rotation set of rotation numberp/q.
This is the subset of the circleR0(p/q) = {θ1, . . . , θq} such thatθj+p = 2θj , taking
subscripts moduloq. A complete and detailed study of rotation subsets can be found
in [Gol92].

Similarly to the constant case, the (p/q)-limb labelledMp/q(X, f ) is the subset of the
connected locus such that theq external rays of argumentθj land at the same point. This
property must hold for everyx ∈ X, and the landing point of the external rays, denoted by
α(x), will satisfy thatx 7→ α(x), is an invariant repelling section. Let us be more specific
on this notion of invariant section.

Definition 2.4. A continuous functionα : X −→ C is called an invariant repelling section
for P if there exist constantsA > 0 andλ > 1 such that∀x ∈ X

Px(α(x)) = α(f (x)) and |(P nx )′(α(x))| ≥ Aλn, ∀n ∈ N.

We now give a necessary and sufficient condition which guarantees the existence of
such a repelling section.

PROPOSITION2.5. LetU andV be open subsets ofX × C such that:
(1) U =⋃

x∈X(x,Ux), V =
⋃
x∈X(x, Vx) whereUx andVx are topological disks ofC;

(2) V b U and there existsm0 > 0 such thatdiam(Ux) ≤ m0, ∀x ∈ X; and
(3) Px : Vx −→ Uf (x) is an holomorphic isomorphism.
Then there exists a unique invariant repelling section inU . Conversely, ifα is an invariant
repelling section, we may find two open neighborhoodsU and V of α satisfying the
properties above.

Proof. The open setsU andV being given, letV 0
x = Ux , V 1

x = Vx andV nx be the
connected component of(P nx )

−1(Uf n(x)) included inV n−1
x . SinceV is compactly included

inU , the distancesd(Vx, ∂Ux) are uniformly bounded from below, and there existsµ0 such
that mod(Ux \ Vx) ≥ µ0. Thus,

mod(Ux\V nx ) ≥
n∑
i=0

mod(V ix\V i+1
x ) ≥ nµ0,

and
lim

n→+∞mod(Ux\V nx ) = +∞.
Consequently,

⋂
n∈N V nx = {α(x)}, with x 7→ α(x) a continuous function satisfying

Px(α(x)) = α(f (x)). Furthermore, by virtue of the extremal Gr¨otzsch theorem, there
exist positive constantsA1 andA2 which do not depend onx, such that

diam(V nx ) ≤ A1e
−nA2.

Then, we deduce from Koebe’s theorem that there exist positive constantsB1 andB2 such
that

|(P nx )′(α(x))| ≥ B1e
B2n.

Conversely, assume that there exists an invariant repelling sectionα. In the standard
way, one can find a continuous cocycleφ : X × C → X × C of the formφ(x, z) =

https://doi.org/10.1017/S0143385701001456 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001456


922 O. Sester

(x, eϕ(x)z) which allows us to conjugateP to another fibered polynomialQ : X × C →
X ×C satisfying
• Q(x, z) = (f (x),Qx(z) = c̃2(x)z

2+ c̃0(x));
• |(Qx)′(eϕ(x)α(x))| ≥ θ > 1.
Thus we denotẽα(x) = eϕ(x)α(x) and we fixθ > θ ′ > 1 andr > 0 small enough to
ensure that

D(̃α(f (x)), θ ′r) ⊂ Qx(D(̃α(x), r)).
DenotingŨx = D(̃α(x), θ ′r) andṼx the connected component ofQ−1

x (Ũf (x)) included
in Ũx , one has̃U = ⋃

x∈X(x, Ũx) and Ṽ = ⋃
x∈X(x, Ṽx), two open subsets ofX × C

satisfying the required properties of Proposition 2.5 for the mapQ. Finally, we obtain the
desired open sets by consideringU = φ−1(Ũ) andV = φ−1(Ṽ ). 2

We are now aiming to prove that the repelling section depends continuously on the
parameter. To be more precise, denote byS(X, f ) the set of pairs(c, α) such thatα is a
repelling section of the fibered polynomialP : (x, z) 7→ (f (x), z2 + c(x)). The space
S(X, f ) is endowed with the product topology, and5 : S(X, f )→ C(X,C) denotes the
first projection.

PROPOSITION2.6. 5 is a local homeomorphism.

Proof. By definition of the product topology,5 is continuous and from uniqueness in
Proposition 2.5, we deduce that5 is locally injective.

Let us prove the openness of5. Fix (c, α) ∈ S(X, f ). ConsiderU = ⋃
x∈X(x,Ux)

andV = ⋃
x∈X(x, Vx) the open subsets ofX × C given by Proposition 2.5. For each

c′ in an open neighborhood ofc, we setU ′x = Ux andV ′x the connected component of
Q−1
x (U ′f (x)) included inU ′x whereQx(z) = z2 + c′(x). By continuity, the open sets

U ′ =⋃
x∈X(x,U ′x) andV ′ =⋃

x∈X(x, V ′x) satisfy the criterion of Proposition 2.5. Hence,
Q : (x, z) 7→ (f (x),Qx(z)) admits a unique invariant repelling sectionα′ which belongs
to V ′. Finally, we note thatα′ is arbitrary close toα provided thatc′ is close enough toc.
This completes the proof of Proposition 2.6. 2

Assume thatP admits an invariant repelling sectionα, and denote byU andV the open
sets given by Proposition 2.5. The next proposition provides a necessary and sufficient
condition which guarantees that the external rays with arguments inR0(p/q) land atα(x).

PROPOSITION2.7. ∀x ∈ X, ∀θ ∈ R0(p/q) the external raysRx(θ) land atα(x) iff there
existst0 > 0 such that

Rx(θ; ]1, t0]) ⊂ Ux, ∀x ∈ X, ∀θ ∈ R0(p/q). (1)

Proof. Recall that(V nx )n∈N stands for the system of neighborhoods ofα(x) introduced in
the proof of Proposition 2.5. Under the hypothesis (1), one has∀n ∈ N

Rx(θ; ]1, t2−n0 ]) ⊂ V nx .
Since the diameter ofV nx converges to 0 asn→ +∞, Rx(θ) lands atα(x).
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FIGURE 2. A small perturbation of the Douady’s rabbit.

Conversely, assume thatRx(θ) lands atα(x). From compactness ofX and openness of
U , we deduce that there existst0 > 1 such that

Rx(θ; ]t1/20 , t0]) ⊂ Ux, ∀x ∈ X, ∀θ ∈ R0(p/q).

Hence,∀n ∈ N, Rx(θ; ]t2−n0 , t2−n+1
0 ]) ⊂ Ux and (1) follows. 2

We know thatMp/q(X, f ) is not empty, since it contains the constant functions with
values in the (p/q)-limb of the Mandelbrot set. Combining Propositions 2.5–2.7 we
deduce thatMp/q(X, f ) is a relatively open subset ofM(X, f ).

Example 2.8.We consider fibered polynomials over(R/Z, f ) wheref is the rotation
x 7→ x + θ0 (mod 1) with θ0 the golden mean. In the case wherec(x) = c0 =
−0.122 561. . .+ 0.744 861i . . . the Julia set over anyx ∈ X is the well-known Douady’s
rabbit. This Julia set admits a repelling fixed point which is the landing point of external
rays of arguments17, 2

7 and 4
7. Now, if we take a parameterc closed toc0, sayc(x) =

c0+ 0.15(1+ i) sin(2πx), the external rays of arguments1
7, 2

7 and 4
7 keep on landing at a

repelling section. Figure 2 shows the Julia set overx = 0 together with the external rays
1
7, 2

7 and 4
7.

3. Configurations of finite order
In this section we define in an abstract way a set of admissible equivalence relations that
turn out to be precisely those obtained by looking at how external rays with angles inRn

are glued together. Next, we endow this set of equivalence relations with an order relation
and a compatible topological structure.
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3.1. Definition and characterization of0n. Fix a rational numberp/q, and denote
R0(p/q) the associated rational subset of the circle. Our construction depends on the
rational numberp/q but we shall omit this number from the notations, without ambiguity.
Let us introduce some notation:
• Q(z) = 2z modulo 1;
• R0 = R0(p/q) andRn = Q−n(R0);
• R′n is the set of connected components ofR/Z \ Rn andEn = Rn t R′n.

We have a natural projectionpn : R/Z → En defined by the following: ifθ ∈ Rn we
setpn(θ) = θ , otherwisepn(θ) is the unique element ofR′n containingθ .

The spaceEn is endowed with the finest topology such that the mappn is continuous.
Thus the elements ofRn are closed inEn whereas those ofR′n are open. Moreover, the
mappn is open but not closed since the image of any elementθ ∈ R/Z \Rn is open inEn.
Consequently, the spaceEn is connected and compact but not Hausdorff.

Next, we introduce the mapŝQn,n−1 and ı̂n,n−1 : En → En−1 making the following
diagrams commutative:

R/Z
Q //

pn

��

R/Z

pn−1

��
En

Q̂n,n−1 // En−1

R/Z
id //

pn

��

R/Z

pn−1

��
En

ı̂n,n−1 // En−1

Obviously, Q̂n,n−1 and ı̂n,n−1 are continuous and open. Moreover,Q̂n,n−1 carriesRn
andR′n surjectively ontoRn−1 andR′n−1 respectively, hencêQn,n−1 is a closed map.
Concerninĝın,n−1, we have that̂ın,n−1(r) belongs toR′n−1, wheneverr ∈ Rn \ Rn−1,
hencêın,n−1 is not a closed map.

If x ∈ Rn we denote by ord(x) the smallest integerm such thatQm(x) ∈ Rn. We come
now to the definition of0n.

Definition 3.1. We say thatγn, an equivalence relation onRn, is admissible if it satisfies:
(1) each class ofγn contains at leastq distinct elements;
(2) the classes ofγn are uncrossed;
(3) wheneverx ∼γn y then ord(x) = ord(y) ≤ n;
(4) still assumingx ∼γn y, then for all 1≤ k < ord(x) there existsl an odd integer such

thatl < 2k and

x + 1

2k
∼γn y +

l

2k
.

The space0n is by definition the set of admissible equivalence relations. Ifγn ∈ 0n, we
denoteπγn : Rn → Rn/γn the canonical projection, thus the notationx ∼γn y just means
thatπγn(x) = πγn(y).

To be uncrossed (or unlinked) means that ifc1 andc2 are different classes then they are
contained in disjoint subintervals ofR/Z. Note that00, 01 and02 are reduced to a single
point and that∀n ∈ N, 0n is finite.

Now, we can naturally define two mapsQn,n−1 andin,n−1 : 0n → 0n−1 corresponding
to the doubling and the forgetting of some angle, respectively.
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Definition 3.2. Let γn ∈ 0n, we define:
• γn−1 = in,n−1(γn) by: x, y ∈ Rn−1 ⊂ Rn thenx ∼γn−1 y iff x ∼γn y;
• γ ∗n−1 = Qn,n−1(γn) by: x, y ∈ Rn−1 ⊂ Rn thenx ∼γ ∗

n−1
y if there existx ′, y ′ ∈ Rn

such thatQ(x ′) = x,Q(y ′) = y andx ′ ∼γn y ′.
PROPOSITION3.3. If γn ∈ 0n then bothin,n−1(γn) andQn,n−1(γn) belong to0n−1.

Proof. It is clear from the definition thatin,n−1(γn) is an admissible equivalence relation.
Concerningγn−1 = Qn,n−1(γn), we first prove that it is an equivalence relation.
Reflexivity and symmetry are obvious. For the transitivity, assume thatx ∼γn−1 y and
y ∼γn−1 z. This yieldsx ′ ∼γn y ′ andy ′′ ∼γn z′ with Q(x ′) = x,Q(y ′) = Q(y ′′) = y and
Q(z′) = z. Thus, eithery ′ = y ′′ thenx ′ ∼γn z′ and one hasx ∼γn−1 z; or y ′ = y ′′ + 1

2,
then by property (4) in Definition 3.1 withk = 1, one hasx ′ + 1

2 ∼γn y ′ + 1
2. Hence

x ′ + 1
2 ∼γn z′, and sinceQ(x ′ + 1

2) = x we obtainx ∼γn−1 z.
Let us check thatγn−1 is admissible. It easily satisfies (1), (2) and (3) in Definition 3.1.

Then, assume thatx ∼γn−1 y. Let x ′ ∼γn y ′ with Q(x ′) = x andQ(y ′) = y. Fix
1 ≤ k < ord(x) = ord(x ′)− 1, sinceγn satisfies (4), there exists an odd integerl < 2k+1

such that

x ′ + 1

2k+1
∼γn y ′ +

l

2k+1
.

If l < 2k, one has immediatelyx+1/2k ∼γn y+ l/2k. Otherwise,l = 2k+ l′ with l′ < 2k

an odd integer. Thus

x ′ + 1

2k+1
∼γn y ′ +

1

2
+ l′

2k+1

andx + 1/2k ∼γn y + l′/2k. In any case,Q(γn) satisfies property (4). 2

It is convenient to represent an element of0n by a schematic diagramD(γn) joining
the points in the same class by disjoint arcs as shown in Figure 3. In [Mil98 , p. 11] an
explanation is given of how to obtain such diagrams. This enables us to extendγn to En
by the following. Two elementsr andr ′ of R′ are in the same class if they belong to the
same connected component of

D \D(γn).
Of course, this definition is independent of the choice of the diagramD(γn). We still
denote byγn the extended equivalence relation.

3.2. Critical and post-critical classes. Often in complex dynamics the behavior of the
critical points is crucial. Here, for each admissible equivalence relation we can also define
a class which plays the role of the critical point.

Definition 3.4. Fix n ≥ 1 and letγn be an element of0n. We denoteγn−1 = Qn,n−1(γn).
There exists a unique element ofEn/γn which is invariant unders1/2 : θ 7→ θ + 1

2 mod 1.
This element is called the critical class ofγn and labeledv(γn) ⊂ R/Z. The post-critical
class ofγn denoted byc(γn) ⊂ R/Z is the image ofv(γn) underQ̂n,n−1.

Note thatc(γn) ∈ En−1/γn−1 and thatQ̂n,n−1 : v(γn) → c(γn) is a double covering.
The uniqueness in this definition just follows from the fact thatγn is unlinked. Moreover,
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FIGURE 3. The element of04 associated to the(1/2)-limb.

either there exists an invariant class unders1/2 included inRn, then this is the critical one;
or the number of classes ofγn included inRn is even. This implies that the number of
classes included inR′n is odd and thus there exists an element inR′n invariant unders1/2.

We shall now relate the admissible equivalence relations to the combinatorics of external
rays. FixX to be a Hausdorff compact set,f : X→ X continuous andc ∈Mp/q(X, f ).
Letα : X→ C be the associated repelling section. For alln ∈ N, we definehn(x) to be an
equivalence relation onRn by declaring thatr andr ′ are in the same equivalence class of
hn(x) iff the associated external raysRx(r) andRx(r

′) land at the same point (an inverse
image ofα(f n(x))). Hence we have defined a maphn : X→ 0n that actually depends on
(X, f ) andc ∈Mp/q(X, f ).

PROPOSITION3.5. If γn is any formal admissible equivalence relation then there exists
a fibered polynomial which realizesγn, i.e. there exist a basis(X, f ), a parameter
c ∈Mp/q(X, f ) andx ∈ X such thathn(x) = γn.
Proof. We proceed by induction, the realizability of01 and02 is immediate since constant
parameters have the required combinatorics. Next, we assume that0n−1 is realizable.
Fix γn ∈ 0n, γn−1 = Qn,n−1(γn) and denote byc(γn) the post-critical class ofγn. By
assumption, there exist(X, f ), c ∈Mp/q(X, f ) andx0 ∈ X such thathn−1(x0) = γn−1.
Let X̂ := X ∪ {∗} be the compact Hausdorff space obtained fromX by adding a point
denoted∗. The set{∗} is both an open and closed subset ofX̂. Then we define a continuous
mappingf̂ : X̂→ X̂ by f̂|X = f andf̂ (∗) = x0. Either,c(γn) ⊂ Rn then we set̂c|X = c
andĉ(∗) the landing point of external rays with argument inc(γn); otherwise,c(γn) induces
a unique connected component,B, of

C

∖ ⋃
r∈Rn

Rx0(r).
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FIGURE 4. Realization of an element of04.

We defineĉ(∗) as any element ofB ∩Kx0. The fibered polynomialP : X̂ × C→ X̂ × C

with P(x, z) = (f̂ (x), z2+ ĉ(x)) realizesγn. 2

Thus the elements of0n are exactly the equivalence relations obtained by the
combinatorics of external rays. As already mentioned in the introduction, the elements
of 0n do not need to be invariant under angle doubling. For example, the elementγ4 of
Figure 3 is not realizable by a constant parameter sincei4,3(γ4) 6= Q4,3(γ4). Nevertheless,
if one considerR/Z equipped withf the rotationx 7→ x + θ0 (mod 1) withθ0 the golden
mean, the fibered polynomialP(x, z) = (f (x), z2 − 1.6 + 0.3 sin(2πx)) realizesγ4.
Figure 4 shows the filled-in Julia sets over 0 and their external rays with angles inR4.

3.3. Order relation and topological structure.The space0n is equipped with a (partial)
order relation in the following way.

Definition 3.6. We say thatγn is smaller thanγ ′n iff

∀r, r ′ ∈ Rn, πγn(r) = πγn(r ′) impliesπγ ′n(r) = πγ ′n(r ′).

Clearly, this defines an order relation that we denote by�.
We now endow0n with two topologies that in fact turn out to be equivalent, but which

will provide different perspectives of the same space. We considerT1 the topological
structure of0n generated by the family of open sets

Ur,r ′ = {γn ∈ 0n : πγn(r) 6= πγn(r ′)}, wherer, r ′ ∈ Rn.
Similarly T2 is the topological structure generated by the family of closed sets

Fγn = {γ ′n ∈ 0n : γn � γ ′n}, whereγn ∈ 0n.
PROPOSITION3.7. The topologiesT1 andT2 are equivalent.
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Proof. The main point is that, since0n is finite, a union of closed sets is closed and an
intersection of open sets is open. LetUr,r ′ be an open set forT1. Suppose thatγ /∈ Ur,r ′
and considerγ ′ ∈ 0n such thatγ � γ ′. Thenπγ (r) = πγ (r ′) = πγ ′(r) = πγ ′(r ′), and
one has

0n \ Ur,r ′ =
⋃

γ /∈Ur,r′
Fγ .

This proves that any open set forT1 is also an open set forT2. Conversely, considerFγ a
closed set forT2. We denote by3(γ ) the set of pairs(rj , rl ) ∈ Rn × Rn such thatrj 6= rl
andπγ (rj ) = πγ (rl). Then we obtain

Fγ =
⋂

(rj ,rl)∈3(γ )
0n \ Urj ,rl .

This completes the proof of Proposition 3.7. 2

Note thathn is continuous for this topology. Indeed, ifRx(r) andRx(r
′) do not land

at the same point, neither doRx ′(r) andRx ′(r ′) for everyx ′ sufficiently closed tox. In
fact, the topology on0n is the finest, turning eachhn to a continuous map. Note that the
topology is not trivial since0n is not a Hausdorff space.

Now, we present some elementary properties of the critical and post-critical classes in
relation to the topology.

LEMMA 3.8. Letγn andβn ∈ 0n, then the following properties hold:
(1) ı̂n,n−1(v(γn)) = v(in,n−1(γn));
(2) if γn ∈ {βn} thenv(γn) ∩ v(βn) 6= ∅.
Proof. The first assertion clearly follows from the definition. For the second point, we
distinguish the following two cases.

(i) v(γn) ⊂ R′n, thenc(γn) ⊂ c(βn) hencev(γn) ⊂ v(βn).
(ii) v(γn) ⊂ Rn. Suppose by contradiction thatv(γn) ∩ v(βn) = ∅. Let3 be the set

of pairs(ri, rj ) of Rn × Rn such thatri andrj belong tov(βn) andπβn(ri ) = πβn(rj ).
Denoting

F =
⋂

(ri,rj )∈3
0n \ Uri,rj

we obtain a closed subset of0n such thatβn ∈ F whereasγn /∈ F , giving a contradiction.2

We turn now to the regularity ofQn,n−1 andin,n−1.

PROPOSITION3.9. The mapsQn,n−1 and in,n−1 : 0n → 0n−1 are both continuous and
open, and they make the following diagram commutative:

0n
in,n−1 //

Qn,n−1

��

0n−1

Qn−1,n−2

��
0n−1

in−1,n−2 // 0n−2

Moreover,Qn,n−1 is a closed map.
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FIGURE 5. Closed points of03 and04 (in the(1/2)-limb).

Proof. If γn � γ ′n then

in,n−1(γn) � in,n−1(γ
′
n) and Qn,n−1(γn) � Qn,n−1(γ

′
n).

This ensures that the inverse image underQn,n−1 or in,n−1 of a closed subset of0n is
closed in0n−1.

Concerning the openness ofQn,n−1, we show thatQn,n−1(Ur,r ′) is an open subset of
0n. Let us denoteρ = Q̂n,n−1(r), ρ′ = Q̂n,n−1(r

′) and considerδ ∈ Qn,n−1(Ur,r ′).
First, if πδ(ρ) 6= πδ(ρ

′) it is straightforward thatδ ∈ Uρ,ρ′ ⊂ Qn,n−1(Ur,r ′). Thus
assume thatπδ(ρ) = πδ(ρ

′). We claim that under this condition0n−1 is equal to
Qn,n−1(Ur,r ′). Take δ′n−1 ∈ 0n−1, then we shall construct by hand an elementδ′n
belonging toQ−1

n,n−1(δ
′
n−1) ∩ Ur,r ′ . If πδ′n−1

(ρ) 6= πδ′n−1
(ρ′), anyδ′n ∈ Q−1

n,n−1(δ
′
n−1) will

satisfyπδ′n(r) 6= πδ′n (r). Otherwise, we select a critical valuec∗ in the same connected
component ofEn \ {ρ, ρ′} asc(δ). Hence we constructδ′n ∈ 0n such thatc(δ′n) = c∗ and
Qn,n−1(δ

′
n) = δ′n−1. It is immediate to see thatδ′n ∈ Ur,r ′ . In both cases we obtain that

Qn,n−1(Ur,r ′) is open since it contains an open neighborhood of anyδ.
Arguing as above, we show thatin,n−1(Ur,r ′) is an open subset of0n−1 and that

Qn,n−1(0n \ Ur,r ′) is a closed subset of0n for anyr, r ′ ∈ Rn. 2

The reason whyin,n−1 fails to be a closed map is thatı̂n,n−1(Rn) 6= Rn−1. Figure 5
shows a closed point (the middle one) of04 whose image underi4,3 is an open subset
of 03.

For all n, l ∈ N we denote byin+l,n : 0n+l −→ 0n and ı̂n+l,n : En+l −→ En the
compositions

in+l,n = in+l,n+l−1 ◦ · · · ◦ in+1,n,

ı̂n+l,n = ı̂n+l,n+l−1 ◦ · · · ◦ ı̂n+1,n.

4. Three properties of0n
The main result of this section (Theorem 4.2) states that, although0n is not Hausdorff, we
can separate distinct elements in a suitable sense.
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4.1. Satellite assumption.Recall thatp/q is a given rational number and that0n
describes the combinatorics of the (p/q)-limb. From now on we shall make the additional
assumption that the configurations of0n are in the same satellite.

Definition 4.1. We say that0n satisfies the satellite hypothesis if there exists an integerν0

(called the rank) such that ifr0 = qν0, then:
• 0r0 = {γr0} with R0(p/q) ⊂ c(γr0);
• 0r0+1 = {γ 1

r0+1, . . . γ
q

r0+1} with
⋃q

i=1 c(γ
i
r0+1) a closed connected subset ofEr0+1

disjoint fromR0(p/q).

To say thatγr0+1 is in a given satellite is equivalent to saying that the post-critical class
of γr0+1 is contained in the closure of a given connected component ofc(γr0) \ c∗ where
c∗ ⊂ c(γr0) is the unique class ofγr0 such thatR0(p/q) is contained in the closure ofc∗
(see in Figure 6 the two satellites of rank two in the(1/3)-limb). Since, for a givenν0 there
are exactly 2ν0−1 such classes, the satellites of rankν0 are indexed by a dyadic rational
numberj of the formj ′/2ν0.

Up to the levelr0 + 1, the configurations of0n are exactly those appearing in the non-
fibered case. A description of the satellites of the Mandelbrot set can be found in [Hub93]
or [Mil98 ]. We fix the rational numberp/q and the dyadic numberj , and we assume that
0n satisfies the corresponding satellite assumption. We still denote0n = 0n(p/q, j).
THEOREM 4.2. For all n ≥ 1 the following properties hold.
(1) The space0n is connected.
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(2) Suppose thatγn, γ ′n ∈ 0n with {γn} = {γ ′n}. Thenγn = γ ′n.
(3) Suppose that{γn} ∩ {γ ′n} = ∅ and chooseγn+r0 andγ ′n+r0 such that

γn+r0 ∈ (in+r0,n)−1(γn) and γ ′n+r0 ∈ (in+r0,n)−1(γ ′n).
Then the smallest open subsets of0n+r0 containing respectivelyγn+r0 andγ ′n+r0 are
disjoint.

The three assertions of Theorem 4.2 constitute the main ingredients in the construction
of the configuration space to obtain the expected properties of compactness and
connectedness. Since0n+r0 is finite the smallest open set containingγn+r0 is defined
without ambiguity as the intersection of all open subsets of0n+r0 containingγn+r0. In
view of proving Theorem 4.2, we need to introduce the space

1n = {(γ, x) : γ ∈ 0n andx ∈ En/γ }.
The introduction of1n is motivated by the following remark: a configuration of order
n+1,γn+1, is completely determined byγn, its image underQn+1,n and the knowledge of
a post-critical class which belongs toEn/γn. We shall make this rigorous by showing that
0n+1 is homeomorphic to a closed subset of1n. Then, we shall deduce properties (1), (2)
and (3) of0n+1 from the corresponding properties of1n.

The first step is to endow1n with a topology which is compatible with its fibered
structure. To that purpose, we first analyze how the open and closed subsets ofEn/γn

depend on the configurationγn. We begin with some notation.
• For allγ ∈ 0n, we denote byU(γ ) the minimal (with respect to the inclusion), open

subset of0n containingγ .
• Moreover, ifγ ∈ 0n andx ∈ En/γ , we denote bywγ (x) the minimal open subset

of En/γ containingx.
• Given a subsetHγ of En/γ , we denote bỹHγ the subset ofEn defined byH̃γ =

π−1
γ (Hγ ). Sometimes when no confusion is possible, we identifyHγ with H̃γ .

The next proposition states that it is possible to follow an open subsetOγ ofEn/γ asγ ′
ranges inU(γ ). Similarly, it is possible to follow the closed subsets ofEn/γ asγ ′ varies
in the closure{γ } (which is generally not reduced toγ ).

PROPOSITION4.3. Let γ ∈ 0n andOγ be an open subset ofEn/γ . If γ ′ ∈ U(γ ) then
Õγ ′ = π−1

γ ′ (πγ ′(Õγ )) is an open subset ofEn. Moreover,Õγ ′ \ Õγ is included inR′n.

PROPOSITION4.4. Let γ ∈ 0n andFγ be a closed subset ofEn/γ . If γ ′ ∈ {γ }, then
F̃γ ′ = π−1

γ ′ (πγ ′(F̃γ )) is a closed subset ofEn. Moreover,F̃γ ′ \ F̃γ is included inRn.

We callOγ ′ = πγ ′(Õγ ′) (respectivelyFγ ′ = πγ ′(F̃γ ′)) the trace ofOγ (respectively
Fγ ). It is by definition the saturated set ofOγ (respectivelyFγ ) under the relationγ ′.
Proof of Proposition 4.3.First, we note that ifγ ∈ Ur,r ′ with r, r ′ ∈ Rn then by minimality
of U(γ ) we getU(γ ) ⊂ Ur,r ′ . Next, we considerγ ′ ∈ U(γ ) and denoteO = Õγ ′ \ Õγ .
We claim thatO∩Rn = ∅. Suppose this is not true and considerr0 ∈ O∩Rn. Then, there
existsr1 ∈ Õγ such that

πγ ′(r0) = πγ ′(r1) but πγ (r0) 6= πγ (r1).
Hence,γ ∈ Ur0,r1 whereasγ ′ /∈ Ur0,r1. This contradicts the note above. 2
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The corresponding statement for closed sets is proved in a completely symmetrical way.
We leave it to the reader. The following lemma extends Lemma 3.8 and gives a useful
characterization of the closure{γn} wheneverγn ∈ 0n.
LEMMA 4.5. Let γn, γ ′n ∈ 0n, and denoteγn−1 = Qn,n−1(γn) andγ ′n−1 = Qn,n−1(γ

′
n).

The following conditions are equivalent:
(i) γ ′n ∈ {γn};
(ii) γ ′n−1 ∈ {γn−1} andc(γ ′n) ∈ Fγ ′n−1

(c(γn)), whereFγ ′n−1
(c(γn)) is the trace of{c(γn)}

in En−1.

Proof. That (i) implies (ii) is a consequence of the continuity ofQn,n−1 and of
Proposition 3.8.

To prove that (ii) implies (i), it suffices to show that ifr, r ′ ∈ Rn with πγn(r) = πγn(r ′)
thenπγ ′n(r) = πγ ′n(r

′), wheneverγ ′n satisfies (ii). Denoteρ = Q̂n,n−1(r) and ρ′ =
Q̂n,n−1(r

′). Let us consider two cases. First, assume thatρ = ρ′. This means that
the critical class is included inRn and thatr, r ′ ∈ v(γn). Hencec(γn) ⊂ Rn−1 and
ρ = ρ′ ∈ c(γ ′n), thusπγ ′n(r) = πγ ′n(r ′). Suppose on the contrary thatρ 6= ρ′, and consider
C1 andC2, the two connected components ofEn−1 \ {ρ, ρ′}. If, for instance,c(γn) ∈ C1

the assumptionc(γ ′n) ∈ Fγ ′n−1
(c(γn)) guarantees thatc(γ ′n) ∈ C1, thusπγ ′n(r) = πγ ′n(r ′). 2

Now, we are aiming to endow1n with a topological structure. Again, we define it in
two different ways (the first by a collection of open sets, the second by a collection of
closed sets), and we check immediately that the two notions coincide.

Fix (γ0, x0) ∈ 1n and denotewγ (x0) the trace of bywγ0(x0) for all γ ∈ U(γ0).
According to Proposition 4.3,wγ (x0) is an open subset ofEn/γ . We defineE1, a topology
on1n by, its basis of open neighborhoods,

W(γ0, x0) = {(γ, x) ∈ 1n : γ ∈ U(γ0) andx ∈ wγ (x0)}.
Similarly, we define the topologyE2 by its basis of closed sets

F(γ0, x0) = {(γ, x) ∈ 1n : γ ∈ {γ0} andx ∈ Fγ (x0)},
whereFγ (x0) is the trace of{x0}, i.e.Fγ (x0) = πγ (π−1

γ0
({x0})).

PROPOSITION4.6. The topologiesE1 andE2 are equivalent.

Proof. To prove thatE1 is finer thanE2 it suffices to show that the complement ofF(γ0, x0)

is open inE1, i.e.W(γ1, x1) ∩ F(γ0, x0) = ∅ whenever(γ1, x1) /∈ F(γ0, x0). In the case
where{γ0} ∩U(γ1) = ∅ it follows from the definition thatW(γ1, x1) ∩ F(γ0, x0) = ∅.
So, assume that{γ0} ∩ U(γ1) 6= ∅ or equivalently thatγ1 ∈ {γ0}. Since(γ1, x1) /∈
F(γ0, x0), x1 does not belong toFγ1(x0). Thuswγ1(x1), the minimal open subset ofEn/γ1

containingx1, satisfies

wγ1(x1) ∩ Fγ1(x0) = ∅. (2)

According to Propositions 4.3 and 4.4, we may write for allγ ∈ U(γ1) ∩ {γ0}:
• F̃γ (x0) = F̃γ0(x0) ∪ {r1, . . . , ri} with rk ∈ Rn;
• w̃γ (x1) = w̃γ1(x1) ∪ {r ′1, . . . , r ′j } with r ′k ∈ R′n.
We want to check thatwγ (x1) ∩ Fγ (x0) is empty wheneverγ ∈ U(γ1) ∩ {γ0}.
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CLAIM . For all γ ∈ U(γ1) ∩ {γ0} we havẽFγ (x0) ⊂ F̃γ1(x0).

Proof. Indeed, ifγ1 ∈ Ur,r ′ thenU(γ1) is included inUr,r ′ . Consequently, ifrk /∈ F̃γ1(x0)

thenrk /∈ F̃γ (x0) for all γ ∈ U(γ1). 2

Next, assume by contradiction that there existsγ ∈ U(γ1) ∩ {γ0} satisfyingw̃γ (x1) ∩
F̃γ (x0) 6= ∅. From the claim and the assumption thatw̃γ1(x1) ∩ F̃γ1(x0) = ∅, we deduce
that there existρ andρ∗ ∈ R′n such that

ρ ∈ w̃γ (x1) ∩ F̃γ (x0), ρ∗ ∈ w̃γ1(x1) and πγ (ρ) = πγ (ρ∗).
Since F̃γ (x0) is a saturated set underγ , ρ∗ actually belongs tõFγ (x0). Hence,ρ∗ ∈
F̃γ1(x0) ∩ w̃γ1(x1), which contradicts (2).

The strategy for proving thatE2 is finer thanE1 is similar. Details are left to the reader.2

Recall thatν0 stands for the rank of anyγn ∈ 0n and r0 = qν0. By assumption,
0r0+1 = {γ 1

r0+1, . . . , γ
q

r0+1}. Let us denote byEcrr0 = c(γ 1
r0+1) ∪ · · · ∪ c(γ qr0+1) the closed

connected subset ofEr0 corresponding to the post-critical locus of the configurations. The
setEcrr0 characterizes completely the satellite we are dealing with (there are exactly 2ν0−1

choices forEcrr0 corresponding to the 2ν0−1 possible satellites). For alln ≥ r0 we denote
byEcrn = ı̂−1

n,r (E
cr
r0
) and1crn the subset of1n which consists of

1crn = {(γ, x) : γ ∈ 0n andx ∈ Ecrn /γ }.
We now have all the ingredients to identify0n with 1crn−1.

THEOREM 4.7. For all n ≥ r0+ 1, the map9n : 0n −→ 1crn−1 defined by

9n(γn) = (Qn,n−1(γn), c(γn))

is a homeomorphism.

Proof. Obviously,9n is injective and surjective. Let us focus on the continuity of9n.
Pick (γ0, x0) ∈ 1crn−1 and considerF(γ0, x0), the corresponding minimal closed subset
of 1crn−1. We wish to prove that9−1

n (F (γ0, x0)) is also a closed subset of0n. To that
purpose, fixγn as an element of9−1

n (F (γ0, x0)) and consider̂γn an element of the closure
{γn}. We denoteγn−1 = Qn,n−1(γn) andγ̂n−1 = Qn,n−1(γ̂n). SinceQn,n−1 is continuous,
γ̂n−1 ∈ {γn−1}. Thus we deduce from Lemma 3.8 that

F := c(γ̂n) ∩ c(γn) 6= ∅. (3)

Let us distinguish the two following cases.
Case 1.c(γ̂n) ⊂ Rn−1. Takeρ as an element ofRn−1 ∩ F . Sincec(γn) ⊂ F̃γn−1(x0)

and since by definitioñFγn−1(x0) is saturated underγn−1, there existsρ0 ∈ F̃γ0(x0)∩Rn−1

such thatπγn−1(ρ) = πγn−1(ρ0). Thus

πγ̂n−1(ρ) = πγ̂n−1(ρ0), ∀γ̂n−1 ∈ {γn−1}.
Hence, the post-critical classc(γ̂n) is included inFγ̂n−1(x0), and it follows that9n(γ̂n) ∈
F(γ0, x0).
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Case 2.c(γ̂n) ⊂ R′n−1. From (3) we deduce thatc(γn) ⊂ R′n−1 andc(γn) ∩ c(γ̂n) 6= ∅.
Consequently, ifρ ∈ c(γn) ∩ c(γ̂n) thenρ ∈ F̃γ̂n−1(x0). Hencec(γ̂n) ∈ Fγ̂n(x0).

In any case9−1
n (F (γ0, x0)) is a closed subset of0n and thus9n is continuous.

To prove that9n is closed, note first that the image under9n of the closure{γn} is by
definition

9n({γn}) = {(γ, x) : γ ∈ Qn,n−1({γn}), x = c(γ )}.
Using Lemma 4.5, we deduce the equality

9n({γn}) = F(Qn,n−1(γn), c(γn)).

This completes the proof of Theorem 4.7. 2

In what follows, it will often be sufficient to restrict ourselves to the closed pointsγn

of 0n, i.e. {γn} = {γn}. The lemma below explains why this restriction is relevant and
provides a characterization of the closed points of0n.

LEMMA 4.8. For all γ ∈ 0n there exists a closed point in{γ }. Furthermore,β is a closed
point of 0n iff Qn,n−1(β) is a closed point of0n−1 and the critical classv(β) is included
in Rn.

Proof. Since the space0n is finite, every non-empty and closed subset of0n contains a
minimal (with respect to the inclusion), non-empty closed subset labeledF . So, it remains
to show thatF is reduced to a single point. Assume thatβ andβ ′ belong toF . Then, by
minimality {β} = {β ′} = F . Consequently,β ′ � β andβ � β ′ henceβ = β ′.

The second assertion results immediately from Lemma 4.5. 2

4.2. Proof of Theorem 4.2. The key result from which we shall deduce the third
assertion of Theorem 4.2 is the following.

PROPOSITION4.9. Fix n ≥ 1 andγn as a closed point of0n. LetFγn andF ′γn be two

disjoint and closed subsets ofEn/γn. If γn+r0 ∈ i−1
n+r0,n(γn), thenOγn+r0 andO′γn+r0 , the

minimal open subsets ofEn+r0/γn+r0 containingFγn andF ′γn respectively, are disjoint.
Moreover, the tracesOδn+r0 andO′δn+r0 of Oγn+r0 andO′γn+r0 , respectively, remain disjoint

whenδn+r0 ∈ U(γn+r0).
Proof. One may assume, without loss of generality, thatFγn andF ′γn are the closures of
only one class ofEn/γn. Then we proceed by induction. Ifn = 1, 01 is reduced to{γ1}
and the proposition follows from the satellite assumption, since two classes ofR1/γ1 are
contained in two disjointed open subsets ofEr0+1/γr0+1. Now fix n ≥ 2. We denote by
Qγn : En/γn → En−1/Qn,n−1(γn) the mapπQn,n−1(γn) ◦ Q̂n,n−1 ◦ π−1

γn
. We consider two

cases.
(1)Qγn(Fγn)∩Qγn(F ′γn) = ∅. The inductive hypothesis at ordern−1 and the openness

ofQn,n−1 provide the desired result.
(2) Suppose now that the previous intersection is not empty. Observe that one of the

two closed sets, say for instanceFγn , does not intersectv(γn). Hence,En \ v(γn) is made
up ofn0 open connected components labeledB1, . . . ,Bn0. We assume that

Fγn ⊂ B1 and F ′γn ⊂ B2 ∪ v(γn).
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Similar to the previous case, the inductive hypothesis enables us to separateFγn from
v(γn). Let O1 andO2 be the disjoint open subsets ofEn+r0/γn+r0 containingFγn and
v(γn), respectively. Finally,O1 andO2 ∪ B2 are two open sets satisfying the required
properties. 2

We move now to the proof of Theorem 4.2.
Claim (1). We show by induction that0n and1n−1 are both connected. The case

n = 2 is obvious since02 = {γ2}. Next, leth : 1n → {0,1} be a continuous map.
For all γ0 ∈ 0n, the set{(γ0, x) : x ∈ En/γ0} is connected, hence there exists a map
h∗ : 0n → {0,1} such that

h = h∗ ◦ qn,
whereqn : 1n → 0n denotes the first projection. Sinceqn is an open map,h∗ is
continuous. By the inductive hypothesis,h∗ is constant and the same holds forh. Therefore
1n is connected. Since the sets{(γ0, x) : x ∈ Ecrn /γ0} are also connected, the same
argument as before combined with Theorem 4.7 yields that0n+1 is also connected.

Claim (2).This has already been proved in Lemma 4.8.
Claim (3).This part of the theorem requires a little more work. The claim forn = r0+1

results from the satellite assumption. Then we proceed by induction. Letγn andγ̂n be two
elements of0n such that

{γn} ∩ {γ̂n} = ∅.
Fix γn+r0 ∈ i−1

n+r0,n(γn) andγ̂n+r0 ∈ i−1
n+r0,n(γ̂n). We may still limit ourselves to the case

of closed points. Indeed, it is sufficient to prove that

�n :=
⋃

γ
f
n closed point

γ
f
n ⊂ {γn}

⋃
γ
f
n+r0∈ i

−1
n+r0,n(γ

f
n )

U(γ
f
n+r0)

and
�̂n :=

⋃
γ
f
n closed point

γ
f
n ⊂ {γn}

⋃
γ̂
f
n+r0∈ i

−1
n+r0,n(γ̂

f
n )

U(γ̂
f
n+r0)

are disjoint, since eitherU(γn+r0) ⊂ �n andU(γ̂n+r0) ⊂ �̂n or (assume for instance
U(γn+r0) 6⊂ �n) γn+r0 andγ̂n+r0 are contained in two different connected components of

0n+r0
∖ 

⋃
γ
f
n closed point

γ
f
n ⊂ {γn}

i−1
n+r0,n(γ

f
n )

 .

So from now on we assume thatγn and γ̂n are closed points of0n. We transpose the
difficulties in1n−1 by considering

(γn−1, xn−1) := 9n(γn) and (γ̂n−1, x̂n−1) := 9n(γ̂n),
(γn+r0−1, xn+r0−1) := 9n+r0(γn+r0) and (γ̂n+r0−1, x̂n+r0−1) := 9n+r0(γ̂n+r0).
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Recall thatW(γn+r0−1, xn+r0−1) (respectivelyW(γ̂n+r0−1, x̂n+r0−1)) denotes the smallest
open subset of1n+r0−1 containing(γn+r0−1, xn+r0−1) (respectively(γ̂n+r0−1, x̂n+r0−1)).
We want to prove thatW(γn+r0−1, xn+r0−1)∩W(γ̂n+r0−1, x̂n+r0−1) = ∅. To that purpose,
let us consider the two following cases.

(1) γn−1 6= γ̂n−1. The inductive hypothesis at ordern − 1 impliesU(γn+r0−1) ∩
U(γ̂n+r0−1) = ∅, hence

W(γn+r0−1, xn+r0−1) ∩W(γ̂n+r0−1, x̂n+r0−1) = ∅.
(2) γn−1 = γ̂n−1. In view of Proposition 4.9,Oγ andÔγ the traces inEn+r0−1/γ of the

smallest open subsets containing{x̂n−1} and{xn−1} are disjoint for allγ ∈ U(γn+r0−1).
This guarantees that

W(γn+r0−1, xn+r0−1) ∩W(γ̂n+r0−1, x̂n+r0−1) = ∅. 2

5. Configuration space
5.1. Inverse limit space. Recall that our construction depends on a rational numberp/q

and a given satellite (i.e. a dyadic numberj ) which are omitted from the notation. We
consider the inverse limit space of0n:

0∞ = lim←−(0n
in,n−1−−−→ 0n−1).

This is a subset of the Cartesian product of0n whose elements(γn)n∈N satisfy
in,n−1(γn) = γn−1 for all n ≥ 1 (see [Bou50] or [Dug66] for details about inverse limit
spaces). The space0∞ is naturally endowed with a self-continuous map

F : 0∞ −→ 0∞, F((γn)n∈N) = (Qn+1,n(γn+1))n∈N.

We denote byin : 0∞ −→ 0n the projection defined byin((γp)p∈N) = γn. We shall see
that0∞ inherits the compactness of0n, but0∞ is not Hausdorff because0n are not.

PROPOSITION5.1. The space0∞ is compact.

Proof. Let (Uα) be an open covering of0∞. We denote

0̂n = {γ ∈ 0n : i−1
n ({γ }) is not contained in any of theUα}.

If there existsn0 in N such that̂0n0 = ∅, then

0∞ ⊂
⋃
γ∈0n0

i−1
n0
({γ }) ⊂

k⋃
j=0

Uαj

and we are done.
Therefore, suppose by contradiction that for alln ≥ 0, 0̂n 6= ∅. Then by induction we

can construct a sequenceδ∞ = (δn)n∈N such thatδn ∈ 0̂n andin,n−1(δn) = δn−1 for all
n ∈ N. Thusδ∞ ∈ 0∞, and by assumption there existsα0 such thatδ∞ ∈ Uα0. Moreover,
sinceUα0 is an open subset of0∞, it may be written in the formi−1

N (Vα0) whereN ∈ N

andVα0 is an open subset of0N . Thusi−1
N ({δN }) ⊂ Uα0, which means thatδN /∈ 0̂N and

gives a contradiction. 2
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The following proposition deals with the minimal closed subsets of0∞ and is analogous
to Lemma 4.8.

PROPOSITION5.2. Every non-empty closed subset of0∞ contains a non-empty closed
subset which is minimal with respect to the inclusion. Furthermore, every minimal closed
subset of0∞ is reduced to a single point.

Proof. Let F be a non-empty closed subset of0∞. We denote byK(F ) the collection
of non-empty closed subsets ofF . In view of the quasi-compactness of0∞, K(F ) is
inductive. Thus, Zorn’s lemma yields the existence of a minimal closed subset ofF .

On the other hand, assume that a minimal closed subsetG of 0∞ contains two distinct
elementsγ andγ ′. Then, there exists an integern0 > 0 such thatin0(γ ) = γn0 and
in0(γ

′) = γ ′n0
are two distinct elements of0n0. According to Theorem 4.2, we may assume,

for instance, thatγn0 /∈ {γ ′n0
}. ThusĜ = i−1

n0
({γ ′n0
})∩G is a non-empty closed set, strictly

contained inG. This contradicts the minimality ofG. 2

5.2. Proof of Theorem 1.2. The configuration space,Xp/q,j∞ , is by definition the set of
closed points of0∞:

X
p/q,j∞ = {γ∞ ∈ 0∞ : {γ∞} = {γ∞}}.

It is equipped with the relative topology of0∞. SinceQn,n−1 is closed and open,Xp/q,j∞
is invariant underF . The main result concerning the topology ofXp/q,j∞ is the following.

THEOREM 5.3. The spaceXp/q,j∞ is a Hausdorff compact and connected space.

In view of Proposition 5.2,Xp/q,j∞ has the fundamental property that any open subset of
0∞ containingXp/q,j∞ is actually equal to0∞. Therefore, the compactness of0∞ implies
that ofXp/q,j∞ . To show the separation ofXp/q,j∞ , we start with the following lemma.

LEMMA 5.4. LetF ⊂ 0∞, and denote

F̃ =
⋂
n≥0

i−1
n (in(F )).

ThenF , the closure ofF , is actually equal tõF .

Proof. The inclusionF ⊂ F̃ is obvious.
Conversely, ify ∈ F̃ we denote byV an open neighborhood ofy of the form

V = i−1
m (Vm), whereVm is an open subset of0m. Sinceim(y) ∈ im(F ) we get that

Vm ∩ im(F ) 6= ∅. Therefore,V ∩ F 6= ∅ which impliesy ∈ F . 2

Proof of Theorem 5.3.Suppose now thatx andx ′ are two distinct elements ofXp/q,j∞ . As
a consequence of the previous lemma we obtain thatin(x) ∩ in(x ′) = ∅, provided thatn
is large enough. In view of Theorem 4.2, the smallest open subsets of0n+r0 containing
in+r0(x) andin+r0(x ′), respectively, are disjoint. This yields two disjoint open subsets of
0∞ containingx andx ′, respectively.

The connectedness ofXp/q,j∞ follows from that of0n for all n ≥ 1. 2
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Observe that, by the previous proof, we have that for allγ ∈ 0∞ the closed point
contained in{γ } is actually unique. This enables us to define a continuous projection

p∞ : 0∞ −→ X
p/q,j∞

by associating to everyγ ∈ 0∞ the unique closed point in{γ }.
Now we can state the universal property ofXp/q,j∞ , i.e. independent of the underlying

basis(X, f ). Let us denote byMj
p/q(X, f ) the subset ofMp/q(X, f ) such that∀x ∈ X,

hr0+1(x) ∈ 0r0+1 = 0r0+1(p/q, j).

PROPOSITION5.5. For all c ∈Mj
p/q(X, f ) and for all x ∈ X, the closure in0∞ of the

sequence(hn(x))n∈N intersectsXp/q,j∞ at a unique pointh(x) called the configuration of
x. The maph is continuous and makes the following diagram commutative:

X
h //

f

��

X
p/q,j∞

F
��

X
h // Xp/q,j∞

Proof. The maph is obtained by settingh(x) = p∞((hn(x))n∈N), for all x ∈ X. Hence it
is straightforward that it has the required properties. 2

The combination of Theorem 5.3 and Proposition 5.5 completes the proof of
Theorem 1.2 stated in the introduction.

Remark 5.6.If c : X → C is a bounded function (not necessarily continuous) we can
considerX̂ as the Stone–Cech compactification ofX endowed with the discrete topology.
Then we introducef̂ : X̂→ X̂, ĉ : X̂→ C, the continuations off andc, respectively, to
X̂. This enables us to definehĉ : X̂ → X

p/q,j∞ (provided that̂c ∈Mj
p/q(X̂, f̂ )), and thus

hc = hĉ|X̂ is well defined even ifc is just a bounded function.

5.3. Abstract Julia set. In the previous section, we introduced0n as a parameter space,
andEn/γn played the role of the dynamical space associated to the parameterγn ∈ 0n. We
define in this section the dynamical space corresponding to an element(γn)n∈N of Xp/q,j∞ .

Recall thatpn : T1 → En andπγn : En → En/γn are the canonical projections. We
denote bypγn : T1 → En/γn the mappγn = πγn ◦ pn. Thusγ naturally induces an
equivalence relation∼γ onT1 in the following way: ifx, y ∈ T1

x ∼γ y ⇐⇒ ∀n ∈ N, pγn(x) = pγn(y).

PROPOSITION5.7. For all γ ∈ Xp/q,j∞ ,∼γ is a closed equivalence relation.

Proof. It is an immediate consequence of the definition ofX
p/q,j∞ . 2

We now consider the abstract Julia set associated to an elementγ ∈ X
p/q,j∞ . It is

by definition the quotient spaceEγ = T1/∼γ . Due to the proposition above,Eγ is a
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FIGURE 7. Parameter inM∗1/2(X, f ).

(Hausdorff) compact and connected space. Observe thatEγ can also be viewed as the
inverse limit space of the system

ı̂n,n−1 : En/γn→ En−1/γn−1.

From this point of view, we may define the critical point ofγ , v∞(γ ) = (v(γn))n∈N, as
an element ofEγ . The critical value ofγ is just c∞(γ ) = (c(γn))n∈N and belongs to
EF(γ ). Finally, the angle doublingQ induces a dynamical map on the abstract Julia set
Qγ : Eγ −→ EF(γ ). If e = (en)n∈N belongs toEγ we setQγ (e) = (Q̂n,n−1(en))n≥1.

6. Rigidity of non-recurrent configurations
From now on, we pay attention to the parameters in the(1/2)-limb (also called the real
limb) whose configurations have rank 1, i.e. are in the satelliteM1/2

1/2(X, f ). We also

assume that the critical valuesc(x) are not the landing points of the rays of argument5
12

and 7
12. Hence,∀x ∈ X the configuration of external rays with arguments inQ−3(1

3; 2
3)

looks as shown in Figure 7. This subset of parameters is denoted byM∗
1/2(X, f ).

In this section, we introduce a sequence of partitions of a neighborhood of the filled-in
Julia sets, called the puzzles. They are a direct generalization of the non-fibered puzzles
introduced by Branner, Hubbard and Yoccoz (cf. [BH88, Yoc]). They will be the main
tools to deduce topological properties of the Julia sets from combinatorial assumptions.

The main statement of this section says that the Julia sets associated to non-
recurrent fibered polynomials are holomorphically removable. As a consequence of
this removability, we find that the functionc realizing non-recurrent configurations is
automatically unique and continuous.

6.1. Puzzles. Fix X to be a Hausdorff compact set,f : X → X a continuous map and
c ∈M∗

1/2(X, f ). Recall thatϕx : C \ Kx → C \ D denotes the B¨ottcher coordinate, and
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FIGURE 8. Puzzle and thickened puzzle (dotted line) at depth 1.

Gx denotes the Green function ofKx . LetHr(x) be the topological disk defined by

Hr(x) = {z ∈ C : Gx(z) ≤ r}.

By assumption,R1/3(x) andR2/3(x) land atα(x), henceR1/6(x) andR5/6(x) both land
at−α(x). Consequently,H1(x) is cut by the closures of these four external rays into three
pieces. These domains labeledA1,−1(x),A1,0(x) andA1,1(x) are chosen by convention
closed and constitute the puzzle at depth 1, labeledP1(x). We define by induction the
puzzle at depthn as the set of componentsP−1

x (A), whereA varies inPn−1(f (x)). The
pieces ofPn(x) are closed with disjoint interiors and provide a covering ofH1/2n−1(x). For
anyn ∈ N and anyx ∈ X we denote byjn : Pn(x)→ Pn−1(x) the map such thatjn(An)
is the unique piece ofPn−1(x) that containsAn. It obviously satisfiesjn−1 ◦Px = Px ◦ jn.

We shall also make use of a sequence of open coverings of a neighborhood ofKx which
are slight extensions of the previous puzzles. They are a generalization of the thickened
puzzle pieces of Milnor (see [Mil92 ]). We denote bŷA1,−1(x), Â1,0(x) andÂ1,1(x) the
open subsets ofH3/2(x) defined by:

• the boundary of̂A1,−1(x) is made up of the external rays of argument7
24,

17
24 and the

Green line of level 3/2;
• the boundary of̂A1,0(x) is made up of the external rays of argument5

48,
19
48,

29
48,

43
48

and the Green line of level 3/2;
• the boundary of̂A1,1(x) is made up of the external rays of argument5

24,
19
24 and the

Green line of level 3/2.

Figure 8 illustrates these definitions. We denote byP̂1(x) the collection of these three
open domains and by induction̂Pn(x) stands for the set of pre-images underPx of the
elements of̂Pn−1(f (x)). Note thatP̂n(x) is an open covering ofH3/2n(x) such that each
element is compactly contained in those ofP̂n−1(x).

This last property which is not true for the puzzlePn(x) is one of the reasons why
P̂n(x) will turn out to be fruitful in the fibered setting. The next proposition enables us
to associate in a natural way an element ofP̂n(x) to any piece ofPn(x) in which it is
contained.
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PROPOSITION6.1. For all n ≥ 1 there exists a unique mapπn : Pn(x) → P̂n(x) such
that the following diagram commutes:

Pn(x)
Px //

πn

��

Pn−1(f (x))

πn−1

��
P̂n(x)

Px // P̂n−1(f (x))

andAn b πn(An) wheneverAn ∈ Pn(x).

To avoid heavy notation we omit thex from the notation ofπn. Similarly we still denote
by Px the mapPn(x)→ Pn−1(f (x)) induced byPx : C→ C.

Proof. First, note thatπ1 is well defined since by construction

π1(A1,i(x)) = Â1,i(x), for i = −1,0,1.

Next, by induction we assume thatπn−1 is already well defined∀x ∈ X. We setπn(An)
to be the unique connected component ofP−1

x (πn−1(Px(An))) which containsAn. The
commutativity of the diagram obviously results from the definition. 2

On the other hand, for anŷAn ∈ P̂n(x) we set̂n(Ân) to be the unique element of
P̂n−1(x) such thatÂn is compactly included in̂n(Ân). It is straightforward that this
defines a map̂n : P̂n(x) −→ P̂n−1(x) which actually depends onx and which makes the
following diagrams commutative:

Pn(x)
jn //

πn

��

Pn−1(f (x))

πn−1

��
P̂n(x)

̂n // P̂n−1(f (x))

P̂n(x)
Px //

̂n

��

P̂n−1(f (x))

̂n−1

��
P̂n−1(x)

Px // P̂n−2(f (x))

The critical and post-critical pieces ofPn(x) andP̂n(x) respectively will play a central
role in what follows (as is often the case in complex dynamics). Assume that 0 is not a
pre-image ofα(f n(x)), thenJn(x) stands for the critical piece, i.e. the unique element of
Pn(x) such that 0∈ Jn(x). The post-critical pieceIn(x) is the image underPx of Jn+1(x)

and belongs toPn(f (x)). We set

Ĵn(x) = πn(Jn(x)) and În(x) = πn(In(x)).
Observe that 0 might be contained in several different pieces ofP̂n(x). On the other hand,
if f : X → X is not one-to-one there might be several post-critical pieces inP̂n(f (x)).
Finally, if 0 is a pre-image ofα(f n(x)), the critical piece ofPn(x) does not make sense.
Nevertheless, in this case we definêJn(x) as the unique pre-image of̂A1,0(f

n(x)) under
Pnx that contains 0. We set̂In(x) = Px(Ĵn+1(x)).

One of the reasons for introducing the thickened puzzlesP̂n(x) is that the associated
critical piece is always well-defined. Contrary to the constant case, we cannot avoid the
occurrence where 0 is preperiodic in this fibered framework.
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Now, we shall see how the puzzles enable us to relate the filled-in Julia setKx to the
associated configurationγ . Recall that ifγ ∈ X∞ is viewed as a closed equivalence
relation onR/Z, Eγ denotes the corresponding abstract Julia set which is the quotient
R/Z/γ .

PROPOSITION6.2. For eachx ∈ X, there exists a continuous mapχx : Kx −→ Eγ such
that the diagram

Kx
χx //

Px

��

Eγ

Qγ

��
Kf (x)

χf (x) // EF(γ )

commutes.

Proof. For alln ∈ N, the puzzlePn(x) induces canonically a continuous mapχn : Kx −→
En/γn. Thus, for allz ∈ Kx we setχγ (z) = (χ1(z), . . . , χn(z), . . . ). By construction
χγ (z) is an element of the projective system(En/γn, iγn)n∈N. Henceχγ (z) ∈ Eγ and the
continuity follows from that ofχn. 2

LEMMA 6.3. Let P : X × C → X × C, P(x, z) = (f (x), z2 + c(x)) be a fibered
polynomial withc ∈M∗

1/2(X, f ). Then, there exists a constantM0 > 0 such that∀x ∈ X

mod(Â1(x) \ Â2(x)) ≥M0

whenever̂A1(x) ∈ P̂1(x), Â2(x) ∈ P̂2(x) andÂ2(x) ⊂ Â1(x).

Remark.Following ideas of Yoccoz, we proved in [Ses97] that the constantM0 can be
chosen independently of bothx ∈ X andc ∈M∗

1/2(X, f ).

Proof. The first observation is that∀x ∈ X, there existsM(x) > 0 such that

mod(Â1(x) \ Â2(x)) ≥ M(x).
Next combining Proposition 2.5 with the continuity of the Green functionGx , we deduce
that ∂Â1(x) and ∂Â2(x) are Jordan curves depending continuously onx. Therefore,

x 7→ mod(Â1(x) \ Â2(x)) is continuous and thus infx∈X mod(Â1(x) \ Â2(x)) ≥ M0. 2

6.2. Removability in the non-recurrent case.Now, we deal with critically non-recurrent
fibered polynomials and associated configurations. Let us define this notion of non-
recurrence more precisely.

Definition 6.4. Fix m0 ∈ N. A fibered polynomialP : (x, z) 7→ (f (x), z2+ c(x)) is said
to bem0-non-recurrent ifc ∈M∗

1/2(X, f ) and

Pkx (0) /∈ Ĵm0(f
k(x)), ∀x ∈ X, ∀k ∈ N∗.

We call a (finite) configurationγn ∈ 0n m0-non-recurrent if each associated fibered
polynomial ism0-non-recurrent. Finally, a configurationγ∞ = (γn)n∈N ∈ X1/2,1/2∞ is
said to bem0-non-recurrent if eachγn is.
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Our main result states that wheneverP is m0-non-recurrent, then for allx ∈ X the
complement ofKx is a John domain. This is an adaptation of the result of Carleson
et al. [CJY94] on the characterization of polynomials whose Fatou components are John
domains. The next proposition is a kind of expansivity on the Julia set.

PROPOSITION6.5. If P is m0-non-recurrent, there existC > 0 andθ > 1 such that for
all m ∈ N, x ∈ X andÂm ∈ P̂m(x)

diam(Âm) ≤ Cθm.
We start with the following technical lemma valid for all fibered polynomials

corresponding to a parameterc ∈M∗
1/2(X, f ).

LEMMA 6.6. Fix (X, f ) to be a basis andc ∈M∗
1/2(X, f ). There existsp0 ≥ 0 such that

for all m ≥ 0, if Am ∈ Pm(x) andÂp0+m ∈ P̂p0+m(x) satisfyÂp0+m ∩ Am 6= ∅, then

Âp0+m ⊂ Âm = πm(Am).
Proof. Let us look carefully at the puzzlêP1(x) at depth 1. We claim that there exists
p0 ≥ 0 such that the lemma holds form = 1. It suffices to remark that the pieces
of P̂n(x) containingα(x) (or −α(x)) are compactly contained in those of̂P1(x), for
all n ≥ p0. Moreover,p0 depends only onr1 and r2, the two external arguments
5
12 < r1 < 1

2 < r2 < 7
12, such thatRr1(x) andRr2(x) land at the same point and

c(x) belongs to the connected component ofC \ Rr1(x) ∪Rr2(x) that does not contain
0. Next, let us considerAm and Âp0+m as in the statement. ConsideringPm−1

x (Am)

andPm−1
x (Âp0+m) we obtain pieces ofP1(f

m−1(x)) andP̂1(f
m−1(x)) with non-empty

intersection. Consequently,

Pm−1
x (Âm+p0) ⊂ π1(P

m−1
x (Am)),

henceÂp0+m ⊂ πm(Am). 2

Remark.In what follows,p0 will be independent both of the parameter and the base point
since we shall haver1 = 11

24 andr2 = 13
24.

Proof of Proposition 6.5.Let Ân+1 ∈ P̂n+1(x). We denote bŷA1, . . . , Ân−1, Ân the
sequence of pieces such that

Âm−1 = ̂m(Âm).
From Lemma 6.6 and the hypothesis ofm0-non-recurrence, we deduce that the branched
degree ofPn−1

x : Ân → Pn−1
x (Ân) is bounded from above by 2m0+p0. Indeed if

P
n1
x (Ân(x)) contains 0, thenPn1+n2

x (Ân(x)) is again critical only ifn−n1−n2 < m0+p0.

Thus the annuluŝAn\Ân+1 is mapped under a branched covering of degree at most 2m0+p0

onPn−1
x (Ân) \ Pn−1

x (Ân+1). This yields

mod(Ân \ Ân+1) ≥ 1

2m0+p0
M0,

whereM0 is the constant given by Lemma 6.3. Using the Gr¨otzsch inequality, one has

mod(Â1 \ Ân) ≥ n

2m0+p0
M0.

Since the diameter of̂A1 is bounded, this completes the proof of Proposition 6.5. 2
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Let us denote

ε0 = inf
(x,z)∈K{ε > 0 : D(z, ε) ⊂ π1(A1(x, z))},

whereA1(x, z) denotes the piece ofP1(x) that containsz (if z = ±α(x) we setA1(x, z) =
A1,0(x)). From the proposition above we deduce the following ‘semi-hyperbolic’ property.

COROLLARY 6.7. Let z ∈ Jx andDn be a connected component of(P nx )
−1(D(Pnx (z),

ε0)). Then the branched degree ofPnx : Dn → D(Px(z), ε0) is smaller than2m0+p0.
Moreover, there exist constantsC > 0 andθ > 1 such thatdiam(Dn) ≤ Cθn.

Another important consequence of Proposition 6.5 is the continuity ofJx under the
non-recurrent assumption.

COROLLARY 6.8. If P is m0-non-recurrent thenx 7→ Jx is continuous (with respect to
the Hausdorff metric on compact subsets ofC).

Proof. We already know thatx 7→ Jx is lower-semi-continuous (see [Ses99]). Thus
assume thatx 7→ Jx is not upper-semi-continuous or equivalently thatE :=⋃

x∈X{x}×Jx
is not closed. Let(x0, z0) ∈ E \ E, then there existsδ > 0 such thatD(z0, δ) ⊂ int(Kx0).
SincePnx : D(z0, δ) → C is bounded, the same holds for the derivatives(P nx0

)′(z0). On
the other hand, ifDn is the connected component of(P nx0

)−1(D(Pnx0
(z0), ε0)) that contains

z0, then from Corollary 6.7 diam(Dn) ≤ Cθn. This implies that(P nx0
)′(z0) is unbounded

asn tends to infinity and thus provides a contradiction. 2

LetA∞(Px) be the basin of infinity ofPx , i.e.A∞(Px) = C \Kx .

THEOREM 6.9. If P is a m0-non-recurrent fibered polynomial, then for allx ∈ X,
A∞(Px) is a John domain.

We just give an outline of the proof since it is really the same as that of Carlesonet al.
[CJY94]. The so-called semi-hyperbolicity condition is given by Corollary 6.7, and we
are only interested in the connected case.

Notation. For all x ∈ X, ρx stands for the Poincar´e metric onA∞(Px) ∪ {∞} containing
z. Let z ∈ A∞(Px), and let0 be the geodesic onA∞(Px) ∪ {∞}. Then, we denote byγz
the half-geodesic included in0, which runs fromz to Jx .

Proof of Theorem 6.9.The proof makes use of the two following ingredients. The first is
a characterization of a simply connected John domain:A∞(Px) is a John domain if and
only if there existsM > 0 such that wheneverz ∈ A∞(Px), δ(z) ≤ 1, then for allω ∈ γz

ρx(ω, z) ≥ M H⇒ δ(ω) ≤ 1
2δ(z).

Here δ(z) denotes the Euclidean distance fromz to ∂A∞(Px) = ∂Kx . In our fibered
setting, the constantM will turn out to be independent ofx. The second tool is a distortion
lemma forp-valent functions.
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LEMMA 6.10. Let D ⊂ C be a simply connected domain and letF : D → D,
F(∂D) ⊂ ∂D bep-valent. Then

{w ∈ D : ρD(F (z0),w) ≤ C−1} ⊂ F({z ∈ D : ρD(z0, z) ≤ 1})
⊂ {w ∈ D : ρD(F (z0),w) ≤ 1},

whereC depends only onp.

Let ε0 be the real number given by Corollary 6.7. From Corollary 6.8 and the continuity
of the Green functionG : X×C→ C, we deduce that there existsδ > 0, such that∀x ∈ X,
wheneverz ∈ A∞(Px),Gx(z) ≤ δ, then there existsZ ∈ Jx such that

γz ⊂ B
(
Z,
ε0

2

)
.

Let η > 0 be a real number that will be fixed later. By compactness and continuity of
x 7→ Jx , there existsM > 0 such that wheneverz ∈ A∞(Px) andδ/2< Gx(z) ≤ δ, then

z′ ∈ γz, ρx(z, z′) ≥M H⇒ δ(z′) ≤ ηδ(z).
Now, let us considerω ∈ A∞(Px),Gx(ω) ≤ δ and letn be an integer such that

2−(n+1)δ < Gx(w) ≤ 2−nδ.

From Lemma 6.10, we find a constantM ′ such that wheneverω′ ∈ δω, ρx(ω,ω′) ≥ M ′
then ρf n(x)(P nx (ω), P

n
x (ω
′)) ≥ M. Henceδ(Pnx (ω)) ≤ ηδ(Pnx (ω

′)). Applying again
Lemma 6.10 there exists a constantC > 0 such thatδ(ω′) ≤ Cηδ(ω). Finally, if η is small
enough, there existsM(η) such that ifρx(w,w′) ≥ M(η) thenδ(w′) ≤ 1

2δ(w). 2

Now, we are able to give a topological description of Julia sets associated tom0-non-
recurrent fibered polynomials.

THEOREM 6.11. If P : (x, z) 7→ (f (x), z2 + c(x)) is a m0-non-recurrent fibered
polynomial withc ∈ M∗

1/2(X, f ), then for allx ∈ X, Jx is holomorphically removable
andKx is locally connected.

Recall that3, a compact subset ofC, is holomorphically removable, if whenever
F : C → C is a homeomorphism andF is holomorphic inC \ K, thenF is a Möbius
transformation. As a consequence of this notion of removability one has thatJx = Kx and
Jx has Lebesgue measure zero.

Proof of Theorem 6.11.The removability results from a Theorem of Jones [Jon95] which
states that the boundary of a John domain is holomorphically removable. As regards the
local connectivity ofKx , letz ∈ Kx and suppose thatz is not a pre-image ofα(f n(x)). We
denote byAn(x, z) the unique piece ofPm(x) containingz andÂm(x, z) = πm(Am(x, z)).
If z is a pre-image ofα(f n(x)), we chosêAm(x, z) as the unique connected component of
(Pmx )

−1(A1,0(f
m(x))) containingz. In view of Proposition 6.5, the family(Âm(x, z))n∈N

constitutes a basis of connected neighborhoods ofz. 2

We want now to explain in what sense the parameter realizing a given non-recurrent
configuration is unique. LetP1 : (x, z) 7→ (f (x), z2 + c1(x)) andP2 : (x, z) 7→
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(f (x), z2 + c2(x)) be two fibered polynomials withc1 andc2 in M∗
1/2(X, f ). We denote

byh1 andh2 : X→ X
1/2,1/2∞ the continuous maps given by Proposition 5.5 such thath1(x)

andh2(x) are the configurations atx of P1 andP2 respectively. The next proposition states
that if h1 andh2 coincide, the same holds forc1 andc2.

PROPOSITION6.12. Fix x ∈ X. If h1(x) = h2(x) thenc1(x) = c2(x).

Proof. Recall that ifh1(x) = h2(x), we have actually the equalityh1(f
i(x)) = h2(f

i(x))

for all i ∈ N. We denote byK1,x andK2,x the filled-in Julia set overx of P1 andP2

respectively. Letϕi,x be the Böttcher coordinates ofC \ Ki,x for i = 1,2. The map
ϕ2,x ◦ ϕ−1

1,x : C \K1,x → C \ K2,x is a homeomorphism tangent to the identity at infinity.

SinceK1,x andK2,x are locally connectedϕ2,x ◦ ϕ−1
1,x extends continuously to the whole

plane. Moreover, the pieces of̂Pm(x, c1) are mapped bijectively to those of̂Pm(x, c2).
Henceϕ2,x ◦ ϕ−1

1,x extends to a homeomorphism of the plane such thatϕ2,x ◦ ϕ−1
1,x(0) = 0.

Thanks to the removability ofK1,x , the mapϕ2,x ◦ϕ−1
1,x is a Möbius transformation. Hence

ϕ2,x ◦ ϕ−1
1,x = id andc1(x) = c2(x). 2

Fix X to be a compact subset ofX1/2,1/2∞ which consists ofm0-non-recurrent
configurations. Another consequence of Theorem 6.11 is that every bounded function
c : X → C, such that the corresponding fibered polynomial realizesX, is automatically
continuous. According to Remark 5.6, ifc : X → C is just a bounded function, we can
nevertheless definehc : X → X

1/2,1/2∞ and thus the associated configurations. To that
purpose, it suffices to consider̂X, the Stone–Cech compactification ofX, andĉ andf̂ , the
continuations ofc andf to X̂.

PROPOSITION6.13. LetX ⊂ X1/2,1/2∞ be an invariant compact set ofm0-non-recurrent
configurations. LetP(x, z) = (F|X(x), z2+ c(x)) be a fibered polynomial over(X,F|X)
with c : X → C a bounded map. Assume thathc : X→ X

1/2,1/2∞ is well defined and that
it coincides with the canonical injection, thenc is continuous.

Proof. We reason by contradiction. Ifx is a point of discontinuity ofc, we can find
two distinct valuesc(x) and c0 (a limit of c(xn) where(xn) converges tox) such that
the associated configurations are the same. This contradicts Proposition 6.12. 2

7. Realizability of primitive configurations
7.1. Introduction. This section is devoted to the realizability of some non-recurrent
configurations associated to the1

2-satellite of the real limb. Recall thatJ3(x) stands for the
critical piece of the puzzleP3(x) whose boundary consists of the Green line and external
rays of arguments524,

7
24,

17
24 and 19

24. The configurations we are dealing with describe the
most simple non-recurrent behavior in the following sense.

Definition 7.1. A fibered polynomialP : (x, z) 7→ (f (x), z2+c(x)) is said to be primitive
(non-recurrent) ifc ∈M∗

1/2(X, f ) and

Pkx (0) /∈ J3(f
k(x)), ∀x ∈ X, ∀k ∈ N∗.
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A (finite) configurationγn ∈ 0n is primitive if each associated fibered polynomial is
primitive. Finally, a configurationγ∞ = (γn)n∈N ∈ X1/2,1/2∞ is said to be primitive if
eachγn is.

We can also give a purely abstract definition. Recall thatQ : R/Z → R/Z is the
doubling modulo one. Let33 be the compact set of pointsx ∈ R/Z such that for alln ∈ N

the imageQn(x) does not belong to

] 5
24,

7
24[ ∪ ]17

24,
19
24[ .

We call γ ∈ X1/2,1/2∞ a primitive configuration if∀n ∈ N, c∞(Fn(γ )) ⊂ 33. The set
of these configurations, denotedX3, is obviously a compact subset ofX1/2,1/2∞ , forward
invariant underF .

The purpose of this section is to prove Theorem 1.3 which says thatX3 is realizable and
rigid. Note that the conditionc ∈ M∗

1/2(X, f ) implies Ĵ4(x) ⊂ J3(x), ∀x ∈ X, thus a
primitive fibered polynomial is also 4-non-recurrent. Therefore the results of the previous
section apply to the primitive fibered polynomials. Hence, we just need to determine a
functionc : X3 −→ C such that the fibered polynomial associated toc realizesX3. By
virtue of the removability of the Julia set, the functionc will automatically be unique and
continuous.

Example 7.2.For alln ∈ N we know that the two external rays of arguments

3× 2n−1− 1

3× 2n
and

3× 2n−1+ 1

3× 2n

always land at the same point. Thus we can define a configuration ofX3, γ∞ = (γn)n∈N,
by setting

c(Fn(γ∞)) =
{

3× 2n−1− 1

3× 2n
,

3× 2n−1+ 1

3× 2n

}
.

This configuration does not appear in the non-fibered case since it is not invariant underF ,
but Theorem 1.3 guarantees that it is realizable by a fibered polynomial.

Let γ ∈ X3 and∼γ be the associated closed equivalence relation onR/Z. The
fundamental observation is that all compact sets33/∼γ are homeomorphic to the
same Cantor setK3. Furthermore, this compact set is a sub-shift of finite-type of
{−3,−2,−1,1,2,3}N where the admissible transitions are:

±3−→ 3,2

±2−→ −1,1

±1−→ −2.

It can also be viewed as the set of points which may be iterated infinitely many times by
the mapϕ in Figure 9. LetL3 be the cylinder−3,3 of K3, i.e. the set of sequences of
K3 beginning with the two symbols−3 and 3. Thus, the spaceX3 is identified with the
Cartesian productLN3 . Indeed, givenγ ∈ X3, the sequence(c∞(F i (γ )))i∈N defines a
unique element ofLN3 .
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0

ϕ

−3

−2

−1 1 2 3

FIGURE 9. Cantor set.

The proof of Theorem 1.3 proceeds in outline as follows. The mapϕ provides for every
x ∈ X3, a critical valuec(x) ∈ L3 ⊂ R. Extendingϕ to the whole plane, we shall
construct by hand a topological model̂Px which turns out to be a degree two branched
covering with 0 as its critical point andc(x) as its critical value. Finally, the resolution
of the Beltrami equation associated tôPx will lead us to a quadratic fibered polynomial
realizing the configurations ofX3.

7.2. Topological model. Our starting point is an explicit formula for the affine mapϕ.
This formula depends on a parameterλ > 2 which is assumed to be close to 2 and will be
fixed later. First consider the real numbers

α = −1

2
; a0 = α(1− 2λ−2);

ε = 1

2

λ− 2

λ2(λ− 1)
and β = −α

(
1+ λ
λ− 1

)
.

We also denote byT + the triangle whose vertices are−a0 + ia0, −a0 − ia0 andβ + ε;
T − is the symmetric triangle ofT + with respect to zero. We defineϕλ in T − ∪ T + by the
following formula:

ϕλ(z) =
{
−λ(z− α)+ α, if z ∈ T +
λ(z+ α) + α, if z ∈ T −.

Thus we setT := ϕλ(T −) = ϕλ(T +). Let us make some comments about this notation.
The numberα is a fixed point of our model and−λ is its multiplier. The numbera0 has
been chosen to be a pre-image ofα underϕλ of order two. The second fixed point ofϕλ is
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0

P̂x

c(x) 0

T

ã0

θ

T +T −

FIGURE 10. Geometry of the domain of extension.

justβ. We denote bỹa0 = α−λ−1 andã1 = α−λ−1−λ−2 two pre-images ofα of orders
two and three, respectively. The pointã0 is thought of as the landing point of the external
rays of arguments512 and 7

12; ã1 is thought of as the landing point of the external rays of

arguments11
24 and13

24. On the other hand, we may considerKλ as the dynamical Cantor set
induced byϕλ, i.e.

Kλ = {z ∈ [−β; β] : ∀n ∈ N, ϕnλ(z) /∈ ]a0,−a0[},
andLλ = Kλ ∩ [−β, ã1].

As already mentioned above, the primitive configurations are completely characterized
by the data of critical valuesc(x) ∈ Lλ, ∀x ∈ X3. Nevertheless, our construction works
for every continuous functionc : X3 → [−β, ã1]. Thus, until §5, all we require onc is
that it is a continuous function with values in[−β, ã1].

Now, we make precise some geometric features of the local extension domain. In fact,
this domain does not depend onx ∈ X3. Let θ be a small angle that we shall fix later. We
denote byT the quadrangle included inT whose vertices are

ã0, ã0+ r0ei(π/2−θ), β + λε, ã0+ r0e−i(π/2−θ),
wherer0 denotes the length of the line segments included inT making an angleθ with the
vertical line issuing from̃a0 (see Figure 10). We denote byT + andT − the two inverse
images ofT underϕλ which are included inT + andT −, respectively. Observe that the
real numberε has been chosen so that the vertex ofT − is always included in the disk
D(c(x), |c(x)− ã0|). We setk(x) = [ã0− c(x)]/a2

0 and definêPx by the formulas

P̂x(z) =
{
k(x)z2+ c(x), if z ∈ D(0, |a0|)
ϕλ(z), if z ∈ T + ∪ T −.

At this point of the construction, we notice that̂Px(D(0, |a0|)) = D(c(x), |c(x) − ã0|).
On the other hand, the domain of definition ofP̂x is not a Jordan domain.

We shall extend̂Px to the whole plane in two steps. First, we define a Jordan domain
D and an extension of̂Px to this domain satisfying, in particular,D b P̂x(D). Next, we
extendP̂x globally and make it coincide withz 7→ z2 in a neighborhood of infinity.
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7.3. Local extension. For all a ∈ R and 0< ρ < π/2, we denote byC(a, ρ) the open
cone of vertexa and angleρ:

C(a, ρ) = {z ∈ C : π/2− ρ < |arg(z− a)| < π/2+ ρ}.
With the mapP̂x being defined onD(0, |a0|) ∪ T − ∪ T +, the local extension of̂Px with
the required properties is given by the following proposition.

PROPOSITION7.3. Assume thatλ andθ are close enough to2 and0, respectively. Then
there exist constantsd0, ρ0 > 0 and a Jordan domainD such that∀x ∈ X3 there exists
P̃x , an extension of̂Px , satisfying:
(1) d(D, ∂P̃x(D)) ≥ d0;
(2) P̃x : D → P̃x(D) is a degree-two branched covering. It is analytic inD \ 6 where

6 satisfies
• 6 ∩ C(α, ρ0) = ∅ and6 ∩ C(−α, ρ0) = ∅;
• P̃x(6) ∩D ⊂ C(ã0, ρ0).

We shall construct the extension of̂Px to a neighborhood ofa0 and−a0 in a symmetric
way with respect both to zero and to thex-axis. Therefore we focus on the continuation of
P̂x near−a0 and we restrict ourselves to the upper half-plane. The final extension will be
deduced from this continuation by symmetry and parity.

The first step is to glue together the mapψx : z 7→ k(x)z2 + c(x) defined on the disk
D(0, |a0|) and ζx : z 7→ λ(x)(z + a0) + ã0 defined on the vertical line coming from
−a0. The coefficientλ(x) is chosen so that the final extension ofP̂x is differentiable in the
vertical direction. Hence, we must fixλ(x) = 2k(x)|a0| = 2[ã0− c(x)]/|a0|.
LEMMA 7.4. There exist a constantδ1 > 0, a sectors1 and a gluingfx : s1→ fx(s1) of
ψx andζx such thatfx has boundedC1-norm andd(T −, ∂fx(s1)) > δ1.

Proof. We introduce a new system of coordinates which enables us to give an explicit
formula for the continuation of̂Px . We considerh−a0 andhã0, the inverse functions defined
in a neighborhood of−a0 andã0, respectively, by

h−a0(z) =
−1

z+ a0
and hã0(z) =

−1

z− ã0
.

The functionh−a0 maps the vertical line coming from−a0 onto they-axis and the circle
S(0, |a0|) onto the lineD1 = {(1/2|a0|)(1+ it), t ∈ R}. Indeed, ifz = |a0|eiθ then

h−a0(z) =
1

2|a0|
(

1+ i cot

(
θ

2

))
.

Similarly, hã0 maps the vertical line coming from̃a0 onto they-axis and the circle
S(c(x), |c(x)− ã0|) onto the line

D2 =
{

1

2|c(x)− ã0| (1+ it), t ∈ R

}
.

We denote byg1
x = hã0 ◦ ζx ◦h−1−a0

the mapζx viewed in the new system of coordinates.

A brief calculation yields:g1
x(z) = z/λ(x). Concerningψx , we denoteg2

x = hã0◦ψx◦h−1−a0

https://doi.org/10.1017/S0143385701001456 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001456


Combinatorial configurations of fibered polynomials 951

and we obtain a mapg2
x : D1→ D2 such that

g2
x

(
1+ it
2|a0|

)
= 1+ i(t − 1/t)/2

2|ã0− c(x)| , for all t ∈ R∗.

Let a ∈ R+. We denote byB(a) = {z; 0 ≤ Re(z) ≤ a} the vertical strip andI1 andI2
the horizontal segments included inB(1/2|a0|) andB(1/2(ã0− c(x))), respectively, such
that

I1 =
{
s + 2i

2|a0| , s ∈ [0; 1]
}

and I2 =
{

s + i
2(ã0− c(x)) , s ∈ [0; 1]

}
.

The upper connected component ofB(1/2|a0|)\I1 is labeled̃s1. Hence, the local extension
of P̂x near−a0 reduces, after change of coordinates, to the gluing ofg1

x andg2
x in s̃1. To

that purpose,∀t ≥ 2 and∀s ∈ [0,1] we set

gx

(
s + it
2|a0|

)
= s + i(t − s/t)/2

2(ã0− c(x)) .

Therefore, we obtain a diffeomorphismgx : s̃1 → B(1/2|c(x)− ã0|) which coincides
with g1

x andg2
x on they-axis andD1, respectively. Moreover,gx has boundedC1 norm

and is tangent toz 7→ z/λ(x) at infinity. It is straightforward to see that the image ofI1

undergx is situated between the segmentI2 and thex-axis. We denote

s1 = h−1−a0
(s̃1), γ1 = h−1−a0

(I1) and γ2 = h−1
ã0
(I2).

Finally,fx = h−1
ã0
◦gx ◦h−a0 defines the expected extension ofP̂x to the sectors1. In view

of the relative positions ofgx(I1) andI2, fx(s1) is a small sector nearã0 which contains the
arcγ2. In particular, ifλ > 2 is close enough to 2, there existsδ1 > 0 such that∀x ∈ X3,
d(T −, ∂fx(s1)) > δ1. 2

We focus now on the extension ofζx : z 7→ λ(x)(z + a0) + ã0 to the other side of the
vertical line near−a0. We wish to make it coincide withϕλ defined onT . After an adapted
change of coordinates, we shall again be able to write an explicit formula for the desired
continuation ofP̂x .

LEMMA 7.5. There exist a constantδ2 > 0, a sectorσ1 and a gluingfx : σ1 → C of ϕλ
andζx such thatfx has boundedC1-norm andd(T −, ∂fx(σ1)) > δ2.

Proof. Recall thatθ denotes the small angle between the vertical line and the side ofT .
Again, we assume thatθ is small enough and thatλ is close to 2. Consider the maps

l−a0(z) = log(z+ a0) and lã0(z) = log(z− ã0)

which are defined without ambiguity onC(a0, θ) andC(ã0, θ), respectively. We set

B1 = {z : π/2− θ ≤ Im z ≤ π/2, Re(z) ≤ logr0}
and we denote byσ1 the inverse image underl−a0 of B1. A simple calculation yields that
lã0 ◦ ζx ◦ l−1−a0

(Z) = Z + logλ(x), for all Z such that Im(Z) = π/2. In the same way,

lã0 ◦ ϕλ ◦ l−1−a0
(Z) = Z + logλ for all Z such that Im(Z) = π/2− θ . Thus we may glue

these translations together by setting for allu = s + it ∈ B1,

hx(u) = 1

θ
((t − π/2+ θ) logλ(x)+ (π/2− t) logλ)+ u.
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The maphx has the required properties and itsC1-norm depends only onθ andλ. Let
fx = l−1

ã0
◦ hx ◦ l−a0. It is a continuation of̂Px to the sectorσ1. Furthermore, the vertical

segmentI3 which is included inB1

I3 = {z = logr + θi : θ ∈ [π/2− θπ/2]}
is mapped underhx to a curve situated in the right of the vertical segment

I4 = {z = logr0 + logγ + θi : θ ∈ [π/2− θ;π/2]},
whereγ = 4/(λ2− 2) = 2|ã0− ã1|/|a0|. This value satisfiesγ < λ andγ ≤ λ(x)

with equality only if c(x) = ã1. These inequalities guarantee thatfx(σ1) is a Jordan
domain containing an arc of circle of radiusγ r0. In particular, this ensures the lower
bound,∀x ∈ X3, d(T −, ∂fx(σ1)) > δ2. 2

Proof of Proposition 7.3.By symmetry with respect both to zero and thex-axis, we obtain
eight sectorssi , σi for i = 1,2,3,4 and an extensioñPx of P̂x . Setting

6 =
4⋃
i=1

(σi ∪ si) and D = D(0, |a0|) ∪ T + ∪ T − ∪6,

we derive the desired Jordan domain of the proposition.
Now it remains to show that the parametersλ > 2 and 0< θ < π/2 may be adapted

so that property (2) of Proposition 7.3 holds. Our first observation is that there exists
ρ0 = (π/2)− δ such that for all 2< λ < 2.5 and∀x ∈ X3,

D ∩ P̃x(6) ⊂ C(ã0, ρ0).

Fixing ρ0, we look carefully at the behavior of6 whenλ tends to 2. In the caseλ = 2,
a0 = −1/4 and there existsθ > 0 such that

C(ã0, ρ0) ∩6(2, θ) = ∅.
By continuity of the ‘picture’, the above intersection remains empty∀λ < 2 + ε0 and
provided thatθ is replaced byθ/2. This completes the proof of Proposition 7.3. 2

7.4. Global extension. The last part of the construction is to extend our topological
model to the whole plane. Letd0 > 0 be the real number given by Proposition 7.3, and let
W be the domain

W = {z ∈ C : d(z,D) ≤ d0/2}.
Clearly,W does not depend onx ∈ X3 and satisfiesD b W b P̃x(D). FixR > 3 as a real
number such that̃Px(D) b D(0, R).

PROPOSITION7.6. There existsK > 0 and for all x ∈ X3 there existsP̌x , a degree two
branched covering of the plane, such that:
• P̌x isK-quasi-regular;
• P̌x(z) = P̃x(z) for all z ∈ D andP̌x(z) = z2 for all z ∈ C \D(0, R2);
• C \D ⊂ A∞(P̌x).
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HereA∞(P̌x) denotes the basin of infinity of̌Px , that is

A∞(P̌x) =
{
z ∈ C : lim

n→+∞ |P̌Fn(x) ◦ · · · ◦ P̌x(z)| = +∞
}
.

Proof. The proof consists first in extending̃Px to C in a naive way. Then we compose this
extension with a smooth homeomorphism to ensure thatC \ D ⊂ A∞(P̌x). Therefore,
we setP̃x(z) = z2, ∀z ∈ C \ D(0, R). Then we consider aK ′-quasi-regular extension
of P̃x that we still denote bỹPx . The constantK ′ is greater thanK(θ, λ) but again it can
be chosen independently ofx ∈ X3 since the domain of definition of̃Px does not depend
onx.

On the other hand, let us introduce a homeomorphism of the plane,η, which is
continuously differentiable everywhere except on∂D and∂W , such that

η = id onD
η = id onC \D(0, R2)

η(W \D) = D(0, R) \D
η(D(0, R2) \W) = D(0, R2) \D(0, R).

Finally, P̌x = P̃x ◦ η is a K ′′-quasiregular branched covering ofC. Combining
Proposition 7.3 and the above properties ofη, we obtain the inclusionC\D ⊂ A∞(P̌x). 2

7.5. Quasiconformal conjugacy.In this subsection we introduce a family of Beltrami
differentials which is fibered wise invariant underP̌x . These forms have uniformly
boundedL∞ norm away from 1 and, after resolution of the associated Beltrami equations,
they will enable us to conjugate our topological model to a quadratic fibered polynomial.

PROPOSITION7.7. There existsρ < 1 such that∀x ∈ X3, there exists a Beltrami
differentialµ∞x satisfying:
• µ∞x = (P̌x)∗(µ∞f (x));
• the support ofµ∞x is included inD(0, R2);
• supz∈C |µ∞x (z)| < ρ.

Proof. Consider the sequence of Jordan domains:

10 = 10
x = C \D(0, R2),

1nx = (P̌ nx )−1(10), ∀n ∈ N.

We setµ0
x(z) = 0 for all z ∈ 10 andµnx = (P̌ nx )∗(µ0

x) for all z ∈ 1nx . Since, whenever
z ∈ 1nx , P̌f n(x) is holomorphic in a neighborhood of̌Pnx (z), one hasµn+1

x (z) = µnx(z).
Consequently, we may defineµ∞x by µ∞x (z) = µnx(z) if z ∈ 1nx andµ∞x ≡ 0 on any
remaining part ofC. In this way,µ∞x is by construction fibered-invariant underP̌x .

Concerning the third claim of the proposition. In view of Proposition 7.6, there exists
ρ < 1 such that∀z ∈ D(0, R2) ∣∣∣∣∣ ∂̄ P̌x(z)∂P̌x(z)

∣∣∣∣∣ ≤ ρ < 1.
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Moreover, according to Proposition 7.3 there are at most three non-conformal maps in the
compositionsP̌ nx (the first to escape6 and the two others to escapeD(0, R2)). Hence
∀n ∈ N, |µnx(z)| ≤ ρ3, therefore|µ∞x (z)| ≤ ρ3. 2

Let hx be the solution of the Beltrami equation∂̄hx(z) = µ∞x (z)∂hx(z) such that
hx(0) = 0 andhx is tangent to the identity at infinity. Thenhf (x) ◦ P̌x ◦ h−1

x is by
construction a two-to-one holomorphic mapping ofC with 0 as critical point. Hence
hf (x) ◦ P̌x ◦ h−1

x (z) = z2+ c∗(x), wherec∗(x) = hf (x)(c(x)). We claim that

Q : X3×C −→ X3× C

(x, z) 7−→ (F(x),Qx(z) = z2+ c∗(x))
realizes the primitive configurations. FirstQ admitsα̃ : X3 → C, α̃(x) := hx(α) as
invariant repelling section. Indeed,α is a fixed point ofP̌x with multiplier−λ, hence for
sufficiently smallδ; P̌x(D(α, δ)) = D(α, λδ). SettingUx = hx(D(α, δ)), we obtain a
collection of open sets such thatUF(x) b Qx(Ux) and

mod(Qx(Ux) \ UF(x)) ≥ m0.

From Proposition 2.5, we deduce that the invariant sectionα̃ is repelling. On the other
hand, the two ‘external rays’ of̌Px

Řx(
1
3) := h−1

x ◦ ϕ−1
x ({ρ exp(2

3iπ) : ρ ∈ ]1,+∞[})
Řx(

2
3) := h−1

x ◦ ϕ−1
x ({ρ exp(4

3iπ) : ρ ∈ ]1,+∞[})
land at α. Here, ϕx is the Böttcher coordinate associated to the fibered polynˆomial
Q. Indeed, there exists a constantC > 0 which does not depend onx such that
∀z ∈ Řx(

1
3) ∩D(0, R) and∀z′ ∈ Řx(

2
3) ∩D(0, R)

dA∞(P̌x)(z, {α + it, t ∈ ]0, δ]}) < C

dA∞(P̌x )(z
′, {α + it, t ∈ [−δ,0[}) < C,

wheredA∞(P̌x ) denotes the hyperbolic distance inA∞(P̌x). Since{α + it, t ∈ ]0, δ]}
and{α + it, t ∈ [−δ,0[} land atα, the same hold fořRx(

1
3) andŘx(

2
3). This property

guarantees thatRx(
1
3) andRx(

2
3) both land at̃α(x).

Finally, if we identify L3 with Lλ and X3 with LN3 through the mapγ 7→
(c∞(F i (γ )))i∈N, our construction works with the continuous functionc : X3→ Lλ such
thatc(γ ) = c∞(γ ). Thus, we obtain a fibered polynomialQ such that the combinatorial
configurations ofQ atx ∈ X3 is exactlyx. 2
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