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We consider Marangoni convection in a heated layer of a binary liquid. The solute is
a surfactant, which is present in both surface and bulk phases; the bulk gradient of the
concentration is formed due to the Soret effect. Linear stability analysis demonstrates
a well-pronounced stabilization of the layer due to the adsorption kinetics and
advection of the surface phase. We derive nonlinear amplitude equations for longwave
perturbations in the case of fast sorption kinetics (small Langmuir number) and
demonstrate that with increase in the effect of the adsorption, subcritical excitation
occurs. In the case of a finite Langmuir number, the weakly nonlinear problem is
ill-posed. A physical mechanism of subcritical bifurcation is discussed.
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1. Introduction
The investigation of the surfactant dynamics is important due to numerous

applications in medicine, chemistry and engineering. Well-developed experimental
techniques (Li et al. 1993; Penfold et al. 1997; Raina, Kulkarni & Rao 2001) as well
as modern numerical methods of molecular dynamics type (Tarek, Bandyopadhyay &
Klein 1998; Shin & Abbott 2001; Andoh & Yasuoka 2007) allow a detailed study
of the microscopic processes near an interface and/or a free surface. Another efficient
and far-reaching way of treating liquids with surface active agents is the macroscopic
description within the phenomenological models (Levich 1962; Landau & Lifshitz
1987; Leal 2007). Interaction of several kinetic processes (e.g. heat and/or mass
transfer in a bulk, a surface diffusion, sorption processes), with various characteristic
time scales, makes this problem intricate and potentially rich in dynamical aspects
(Edmonstone, Matar & Craster 2006; Craster & Matar 2009; Matar & Craster 2009;
Yiantsios & Higgins 2010).

† Email address for correspondence: shklyaev@yandex.ru
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Longwave Marangoni convection in a surfactant solution 429

The influence of the surfactant on the thermocapillary convection was studied by
many authors. Within the linear stability theory, the problem was first considered by
Berg & Acrivos (1965) and Vidal & Acrivos (1966), where a significant increase in
the stability threshold for the monotonic mode was found. Later, Palmer & Berg
(1972) revealed that in fact there is no strong stabilization of a quiescent state,
because an oscillatory mode becomes critical. The impacts of the surface deformation
(Ryabitskii 1993), adsorption/desorption kinetics for a soluble surfactant (Ryabitskii
1996) and the Soret effect (Ryabitskii 2000) were addressed. It should be noted
that similarly to the paper by Scriven & Sternling (1964) the gravity is completely
disregarded in these papers, which results in a zero critical Marangoni number for
the longwave mode irrespectively of the presence of the surfactant (this unlikely
effect disappears under the gravity, see Smith (1966)). In a series of papers by
Nepomnyashchy & Simanovskii (1986, 1988, 1992) the same effects were studied
for a two-layer system.

Most experimental studies show that a characteristic time of a sorption process
is relatively small in comparison with a typical convective time scale (MacLeod
& Radke 1994; Johnson & Stebe 1996; Lin, Lu & Hwang 1996). Thus, the
adsorption/desorption kinetics can be safely neglected for such systems. However,
in a number of experimental works (see, for instance, Pan, Green & Maldarelli (1998)
and the survey by Kumar, Couzis & Maldarelli (2003)), the typical time of desorption
is found to be large enough and, therefore, competition between diffusive mass transfer
and sorption kinetics certainly occurs. Moreover, recent experiments (Kostarev, Zuev
& Viviani 2009) clearly demonstrate that adsorption kinetics is of crucial importance
in solutocapillary convection, leading to a substantial delay in an intensive convective
motion. Therefore, further studies in this field are motivated.

The mentioned theoretical papers (Berg & Acrivos 1965; Vidal & Acrivos 1966;
Palmer & Berg 1972; Ryabitskii 1993, 1996, 2000) on a single-layer system were
devoted to the case of a substrate of large thermal conductivity. The analysis in
the opposite case of the thermal boundary condition, a poorly conductive substrate,
has been carried out only for the simplest case of insoluble surfactant (Mikishev
& Nepomnyashchy 2010a,b; Hamid, Kechil & Aziz 2011). Generalization of the
above studies to the case of a soluble surfactant can be interesting. Indeed, in the
case of a nearly insulated layer of a binary solution both monotonic and oscillatory
longwave modes were found by Oron & Nepomnyashchy (2004). The oscillatory mode
demonstrates a complicated dynamics, when both alternating rolls on a square lattice
(Shklyaev, Nepomnyashchy & Oron 2007) and a three-parameter family of solutions
on a hexagonal lattice are selected (Shklyaev, Nepomnyashchy & Oron 2009a, 2011).
In the latter case, a heteroclinic cycle emerges under certain conditions. It should be
emphasized that according to Shklyaev et al. (2011), both square and hexagonal wavy
patterns can be stable simultaneously on a superlattice, which combines these two
lattices.

Despite the above-mentioned progress, the longwave oscillatory mode is a rare
and still not sufficiently studied subject. One of the principal points of the model
used in previous researches in this field is that the mean concentration does not
influence the dynamics, therefore only the gradients of amplitude functions, rather
than the functions themselves, enter into the amplitude equations. This simplifies
the nonlinear analysis to a great extent, but there are many problems, where such
simplification fails. Adsorption kinetics provides an example of such a problem, which
is the main motivation of the present work. Among the other similar problems, with
their specific amplitude functions, the convection in systems with a deformable free

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
2.

61
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2012.619


430 S. Shklyaev and A. A. Nepomnyashchy

surface (interface) and/or with non-Boussinesq effects can be mentioned. The small
non-Boussinesq effects were considered in some particular case by Pismen (1988).

The paper addresses instabilities in a heated liquid layer containing a soluble
surfactant, which is present in both bulk and surface phases. Both linear stability
and weakly nonlinear dynamics are studied. The results of the investigation differ
significantly from those obtained formerly in the absence of a solute adsorption at
the interface (Oron & Nepomnyashchy 2004; Shklyaev et al. 2007, 2009a, 2011). The
paper is organized as follows: we formulate the problem in § 2. In § 3 the linear
stability problem is analysed for both longwave and shortwave perturbations. Then, § 4
focuses on the nonlinear dynamics; first we treat the limiting case of fast sorption
kinetics in § 4.1 for the monotonic mode and in §§ 4.2 and 4.3 for the oscillatory
mode. The analysis of the general case is carried out in § 4.4, which results in an
ill-posed set of equations. We draw conclusions in § 5.

2. Governing equations
We consider a layer of a binary mixture heated from below; a constant transverse

gradient of the temperature −a is specified at the boundary with the rigid substrate
z = 0. It is well known that in the case of a pure liquid there are two basic types of
Marangoni instabilities: (i) the development of a cellular convection with a negligible
surface deformation (Pearson 1958); and (ii) the deformational instability leading
typically to a rupture of the layer (Smith 1966). Historically the latter mode was
revealed by Scriven & Sternling (1964), but due to neglecting the gravity the authors
obtained instability for infinitesimal heating. While the former type of the instability
is ubiquitous, the latter type can take place only in very thin films (VanHook et al.
1997). Both types of instabilities are clearly distinguishable also in the case of a binary
mixture (Podolny, Oron & Nepomnyashchy 2005, 2006).

In the present paper, we consider only the former type of instabilities. Therefore, it
is assumed that the upper boundary z= d is free and non-deformable. This assumption
is valid in a moderately thin layer, i.e. the gravity is large, Ga = gd3/ν2 � 1, but
not too large, Gr = gβad4/ν2� 1, to prevent the emergence of buoyancy convection,
where ν is the kinematic viscosity and β is the thermal expansion coefficient. For
instance, under terrestrial conditions these inequalities are met for a water layer of
d ∼ 0.01–0.1 cm.

The heat flux from the surface is governed by Newton’s law of cooling. The solute
is a soluble surfactant, i.e. it is present in two phases: a surface one (with the surface
concentration Γ ) and a bulk one (with the bulk concentration C). We take the Soret
effect into account, which under the condition of a zero net flux of the surfactant leads
to formation of the bulk concentration gradient across the layer. The sorption kinetics
ensures a surfactant exchange between the phases according to the following relations
valid at the free surface:

D (C + αDT)z =−kaC + kdΓ, (2.1)

Γt +∇2 · (Γ u)= Ds∇2
2Γ + kaC − kdΓ. (2.2)

Hereafter a subscript denotes a partial derivative with respect to a corresponding
variable; u and ∇2 are the two-dimensional projections of the velocity and gradient
onto the x–y plane, respectively, αD,D, Ds, ka and kd are the Soret coefficient, bulk
and surface diffusion coefficients of the surfactant, adsorption and desorption rates,
respectively.
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Longwave Marangoni convection in a surfactant solution 431

The surface tension linearly depends on both the temperature and the surface
concentration of the surfactant:

σ = σ∗ − σT(T − T∗)− σΓ (Γ − Γ∗), (2.3)

where the asterisks in the subscripts denote the reference values of the corresponding
quantities; σ∗ and T∗ are unimportant for the further analysis, Γ∗ is discussed below.
This variation of the surface tension gives rise to the tangential stress according to the
following expression:

ηuz =−∇2(σTT + σΓΓ ). (2.4)

Here η is the dynamic viscosity.
We choose d, d2/κ , κ/d, ηκ/d2, ad, σ−1

Γ σTad, kdσTad(kaσΓ )
−1 (κ is the thermal

diffusivity), as the reference values for length, time, velocity, pressure, temperature,
surface and bulk concentration, respectively. (The bulk concentration C, which is
defined as the mass fraction, is a dimensionless variable, but its rescaling in the
above-mentioned manner simplifies the analysis and the comparison with the previous
works.) With this choice of units we arrive at the following boundary value problem

1
P
(vt + v ·∇v)=−∇p+∇2v, (2.5a)

Tt + v ·∇T = ∇2T, (2.5b)

1
L
(Ct + v ·∇C)= ∇2C + χ∇2T, (2.5c)

∇ ·v= 0; (2.5d)

v= 0, Tz =−1, Cz + χTz = 0 at z= 0, (2.6a)

w= 0, Cz + χTz + Ka

L
(C − Γ )= 0, uz =−M∇2(T + Γ ),

C − Γ = K−1
d [Γt +∇2 · (Γ u)− Ls∇2

2Γ ], Tz =−BT at z= 1,
(2.6b)

where w is the z-component of the velocity.
The boundary-value problem (2.5) and (2.6) is characterized by eight dimensionless

parameters. Five of them,

P= ν
κ
, L= D

κ
, B= qd

kth
, M = σTad2

ηκ
, χ = αDkaσΓ

kdσT
(2.7)

are the Prandtl, Lewis, Biot, Marangoni and Soret numbers, respectively; the same
parameters control the problem in the absence of the adsorption/desorption kinetics
(Oron & Nepomnyashchy 2004). (Here kth is the heat conductivity and q is the heat
transfer coefficient in Newton’s law of cooling.) These parameters, except for the last
one, are defined in the same manner as in the cited paper. The sign of χ is chosen in
the opposite way to that by Oron & Nepomnyashchy (2004), since in the cited paper
positive σC stands for the aqueous solution of inorganic salt, when the surface tension
increases with growth of C. In the case under consideration, σΓ > 0 means that the
surface tension decreases with the growth of Γ , which is inherent to surfactant.

The remaining three parameters characterize the adsorption/desorption kinetics and
diffusion of the adsorbed surfactant:

Ka = kad

κ
, Kd = kdd2

κ
, Ls = Ds

κ
. (2.8)
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432 S. Shklyaev and A. A. Nepomnyashchy

They are the dimensionless adsorption and desorption coefficients and the surface
Lewis number, respectively. It is worth noting, that K−1

d plays the role of the
characteristic non-dimensional time of the equilibration between the phases. If
K−1

d → 0 the bulk and surface phases are in the local equilibrium, C(z = 1) = Γ ,
i.e. the problem reduces to that studied by Oron & Nepomnyashchy (2004). (Below
we term this limiting case ‘infinitely fast kinetics’ or ‘absence of the adsorption’.)
In the opposite limit, Kd � 1, the surfactant is insoluble; in this case the volume
concentration C is irrelevant. That limit of the problem was investigated by Mikishev
& Nepomnyashchy (2010a,b) and Hamid et al. (2011).

Note, that upon elimination of C − Γ from the mass balance condition at z= 1, one
readily obtains

(C + χT)z =−
Kad

L
[Γt +∇2 · (Γ u)− Ls∇2Γ ], (2.9)

where parameter Kad = KaK−1
d = ka/(kdd), that will be called the Langmuir number, is

a dimensionless ratio of the adsorption and desorption coefficients.
The boundary-value problem (2.5) and (2.6) admits an equilibrium base state,

corresponding to the conductive distributions of both the temperature and bulk
concentration in the quiescent liquid:

v0 = 0, T0 =−z+ B+ 1
B

, C0 = 〈C〉 + χ
(

z− 1
2

)
, Γ0 = 〈C〉 + 1

2
χ; (2.10)

where 〈C〉 is the scaled mean value of the bulk concentration. In this state, the
desorption is exactly balanced by the adsorption. Below we study the stability of the
base state with respect to small perturbations and nonlinear evolution of disturbances.

The reference value of Γ0, the dimensionless value of Γ∗, which appears in (2.3),
is the ninth dimensionless parameter governing the dynamics of the system. Another
candidate for being the ninth parameter is the mean value of the bulk concentration
〈C〉. However, both of these parameters include the temperature gradient a via the
scales for the surface and volume concentrations; thus, they are inconvenient from the
experimental point of view, since when varying the layer heating one varies both Γ0

and 〈C〉 as well. Therefore, an optimal choice of the ninth parameter is the so-called
elasticity number:

N =M〈C〉 = σΓ ka〈C(us)〉d
kdηκ

, (2.11)

where 〈C(us)〉 is the unscaled mean value of the bulk concentration. Nevertheless,
below we also frequently use Γ0 = N/M + χ/2.

It is important to emphasize that for Kd � 1 (Oron & Nepomnyashchy 2004),
the mean value of the bulk concentration does not influence the dynamics of the
layer: only the gradient of concentration is relevant. For finite values of Kd the mean
concentration is a significant parameter of the problem.

Let us briefly discuss the limitations imposed on the dimensionless parameters.
First, we have to provide positive values of the surface and bulk concentrations of
the surfactant C0sgnM and Γ0sgnM. (Note that the scales for both C and Γ are
chosen proportional to σTa and therefore they are of the same signs as the Marangoni
number.) Next, the unscaled concentration C(us)

0 = C0kdσTad/(kaσΓ ) has to be less than
unity. Moreover, we have neglected the dependence of the Soret coefficient on both the
temperature and the concentration. Because αD = DTC(us)(1 − C(us)), where DT is the
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Longwave Marangoni convection in a surfactant solution 433

thermal diffusion coefficient, the latter assumption can be justified, when the unscaled
concentration is far from both zero and unity. Otherwise, C0 is a nonlinear function
of z (see Kalitzova-Kurteva, Slavtchev & Oron 2009; Slavtchev, Kalitzova-Kurteva &
Oron 2009). For instance, if we demand that 1/4 < C(us)

0 (z) < 3/4 for any z, i.e. the
maximum value of C(us)

0 does not exceed three times of its minimum value, we arrive
at the inequalities

N > |Mχ |. (2.12)

Below this restriction is taken into account. There also exists an additional limitation
on the dimensionless group 〈C(us)〉: 〈C(us)〉 − |αDad/2|> 1/4. However, 〈C(us)〉 does not
influence the analysis presented below.

3. Linear stability analysis
Let us linearize (2.5) and (2.6) around the base state. Problem (2.5) and (2.6)

is invariant with respect to rotations in the horizontal plane (x, y). Therefore, the
growth rate of the instability does not depend on the direction of the wavevector k.
Thus, it is sufficient to consider two-dimensional normal perturbations of the form
f (x, z, t) = f̂ (z) exp(ikx + λt) corresponding to a wavevector directed along the axis x.
We obtain

λ

P
û=−ikp̂+1û, (3.1a)

λ

P
ŵ=−p̂′ +1ŵ, (3.1b)

λT̂ − ŵ=1T̂, (3.1c)

λĈ + χŵ= L1(Ĉ + χ T̂), (3.1d)

ikû+ ŵ′ = 0; (3.1e)

û= ŵ= T̂ ′ = Ĉ′ = 0 at z= 0, (3.2a)

ŵ= T̂ ′ + BT̂ = 0, (Ĉ + χ T̂)
′ =−Kad

L
(λΓ̂ + Γ0ikû+ Lsk

2Γ̂ ),

û′ =−Mik(T̂ + Γ̂ ), Ĉ − Γ̂ = K−1
d (λΓ̂ + Γ0ikû+ Lsk

2Γ̂ ) at z= 1,
(3.2b)

where the prime denotes a z-derivative, 1 = d/dz2 − k2 is the Fourier transform
of the Laplace operator. The eigenvalue problem (3.1)–(3.2) is not self-adjoint. The
eigenvalues λ can be either real or form complex-conjugate pairs.

For most binary liquids the Lewis number is rather small, although we do not
treat it to be asymptotically small, setting L = 0.01 in calculations. Analysis of
asymptotically small L can be found in Shklyaev, Nepomnyashchy & Oron (2009b)
and Shklyaev & Nepomnyashchy (2011) for infinite and finite values of the Langmuir
number Kd, respectively. The available results of measurements for Ds are somewhat
controversial. The majority of authors (see Agrawal & Neuman 1988) found that the
surface diffusion was smaller than the bulk one, an opposite conclusion was reported
by Valkovska & Danov (2000). Hereafter we assume Ls = 0 in numerical calculations,
although we retain it in analytical formulas. In fact, setting Ls ∼ L does not change the
numerical results substantially.

Finally, let us estimate the typical values of parameters Ka and Kd governing the
sorption kinetics. For 1-decanol the desorption time is small enough, kd = 10–100 s−1
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434 S. Shklyaev and A. A. Nepomnyashchy

depending on the concentration of the surfactant. This provides Kd = 104–105 for a
1 cm layer, i.e. the sorption kinetics serves only as a weak effect (however, it can
still be important, see §§ 4.1–4.3). For polyethoxylated surfactants the adsorption and
desorption are very slow processes, kd ∼ 10−4 s−1, ka ∼ 10−3 cm s−1 (Pan et al. 1998),
which results in Kd ∼ 0.1 and Ka ∼ 1. Therefore, below we analyse both cases of finite
Ka and Kd and the limit of fast kinetics, Kad� 1.

3.1. Longwave instability
In the present paper, we consider the case of poorly conducting boundaries, i.e. B� 1.
As shown by Pearson (1958), in the latter case the instability is characterized by the
scaling k ∼ B1/4, i.e. a longwave instability takes place. In the case of the binary liquid,
there are two different characteristic wavenumber scales of a longwave instability,
k ∼ B1/4 (Oron & Nepomnyashchy 2004) and k ∼ B1/2 (Podolny et al. 2005). In the
present section, we consider the former interval of wavenumbers; the latter region will
be considered in § 3.2. It is convenient to define a new small parameter ε connected
with B by the relation

B= ε4. (3.3)

Then the wavenumber and the growth rate are scaled in the following way:

k = εK, λ= ε2Λ, (3.4)

and the fields of perturbations, the Marangoni number and the growth rate are
expanded as follows:

T̂ = T̂0 + ε2T̂2 + · · · , Ĉ = Ĉ0 + ε2Ĉ2 + · · · , (3.5a)

p̂= p̂0 + ε2p̂2 + · · · , û= ε(û0 + ε2û2 + · · ·), ŵ= ε2(ŵ0 + ε2ŵ2 + · · ·), (3.5b)

M =M0 + ε2M2 + · · · Λ=Λ0 + ε2Λ2 + · · · . (3.5c)

Substituting these expansions into (3.1) and (3.2), we collect the terms of the same
order in ε2.

The zeroth-order problem has the form

T̂ ′′0 = 0, Ĉ′′0 = 0, (3.6a)

p̂′0 = 0, û′′0 = iKp̂0, iKû0 + ŵ′0 = 0, (3.6b)

û0 = ŵ0 = T̂ ′0 = Ĉ′0 = 0 at z= 0, (3.6c)

ŵ0 = T̂ ′0 = Ĉ′0 = Ĉ0 − Γ̂0 = 0, û′0 =−iKM0(T̂0 + Γ̂0) at z= 1. (3.6d)

This problem has an obvious solution

T̂0 = F, Ĉ0 = Γ̂0 = G, p̂0 =−3M0

2
(F + G), (3.7)

û0 = M0

4
iK(F + G)(2z− 3z2), (3.8)

ŵ0 =−M0

4
K2(F + G)(z3 − z2). (3.9)

In the second order with respect to ε we need only the heat and mass balance
equations:

T̂ ′′2 = (Λ0 + K2)T̂0 − ŵ0, (3.10a)
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Longwave Marangoni convection in a surfactant solution 435

Ĉ′′2 + χ T̂ ′′2 =
(
Λ0

L
+ K2

)
Ĉ0 + χL ŵ0 + χK2T̂0, (3.10b)

T̂ ′2 = Ĉ′2 = 0 at z= 0, (3.10c)

Ĉ′2 =−
Kad

L
[(Λ0 + LsK

2)Γ̂0 + iKΓ0û0], T̂ ′2 = 0 at z= 1. (3.10d)

The solvability condition for (3.10) results in

Λ2
0(1+ Kad)+ a1Λ0K2 + a2K4 = 0, (3.11)

where

a1 = 1+ L+ Kad

(
1+ Ls + N

4

)
− m0[1− χ + Kad(1− 6χ)], (3.12)

a2 = L+ Kad

(
Ls + N

4

)
− m0[L− χ − χL+ Kad(Ls − 6χ)], (3.13)

and m0 =M0/48. (Here we have taken into account that Γ0 = N/M0 + χ/2.)
Equation (3.11) describes both the monotonic and oscillatory modes. For the

monotonic mode the stability threshold is given by

m(m)
∗ =

L+ Kad(Ls + N/4)
L− χ − χL+ Kad(Ls − 6χ)

. (3.14)

The critical value χm∞, corresponding to infinite value of m(m)
∗ , is as follows

χm∞ = L+ KadLs

1+ L+ 6Kad
. (3.15)

For the oscillatory mode the stability threshold is given by

m(o)
∗ =

1+ L+ Kad(1+ Ls + N/4)
1− χ + Kad(1− 6χ)

. (3.16)

The latter mode takes place, when the squared frequency of perturbations

Ω2 = K4

(
1− m(o)

∗
m(m)∗

)
L+ Kad(Ls + N/4)

1+ Kad
(3.17)

is positive. After simple calculations this condition can be rewritten as

χo∞ > χ > χ0, (3.18)

where

χ0 = L2 + Kad(2LLs − (1− L)N/4)+ K2
ad(L

2
s − (1− Ls)N/4)

1+ L+ L2 + Kad(7+ L(1+ Ls + N/4))+ 6K2
ad

(3.19)

and χ = χo∞ is the vertical asymptote for m(o)
∗ (χ) determined by

χo∞ = 1+ Kad

1+ 6Kad
. (3.20)

It is worth noting that (3.14) and (3.16) match both known limiting cases, infinitely
fast kinetics, Kad = 0 (Oron & Nepomnyashchy 2004) and insoluble surfactant,
Kad� 1, χ = 0 (Mikishev & Nepomnyashchy 2010a).
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FIGURE 1. (Colour online) Critical Marangoni number m0 for the longwave modes at
Ls = 0,L = 0.01: (a) N = 10 and (b) N = 40. Lines 1–3 correspond to the Langmuir number,
Kad, being equal to 0, 0.04, 0.1, respectively. The solid lines show the stability boundaries for
the monotonic mode, (3.14), the dashed and dotted lines are for the oscillatory mode, (3.16),
and monotonic mode with k = O(

√
B), (3.26), respectively. Domains of stability are marked

‘S’. For positive (negative) m0 the condition (2.12) is violated above (below) the dot-dashed
lines; these unphysical domains are marked ‘unphys’.

Results of the computation are presented in figure 1. The dependence m0(χ) is
typical for a Soret-driven convection in binary mixtures (Chen & Chen 1994; Oron
& Nepomnyashchy 2004), see also variation of the critical Rayleigh number with the
Soret number for a buoyancy convection (Hurle & Jakeman 1971). The increase in
both N and Kad leads to a well-pronounced stabilization, |m∗| increases for both the
monotonic and oscillatory modes.

Proceeding with the expansion for the monotonic mode to the second-order with
respect to ε2, one can readily obtain the correction to the Marangoni number:

m2 = m(m)
∗

(
fβ
K2
+ fKK2

)
, (3.21)

where

fβ = KadLs + L− χL

L− χ − χL+ Kad(Ls − 6χ)
, (3.22a)

fK = q1 + q2LK−1
d

15(L− χ − χL+ Kad(Ls − 6χ))(L+ Kad(Ls + N/4))
, (3.22b)

q1 = L2(1− χ)− χL+ Kad [24χL− Ls(6χ(1+ L)− 2L)− 5(χL− L+ χ)N/4]

+K2
adLs(Ls − 6χ), (3.22c)

q2 = 15(6χL− χ(1+ L)(Ls + N/4)+ LN/4). (3.22d)

Thus, returning back to the unscaled wavenumber k and Biot number B, we obtain the
marginal stability curve for the monotonic mode:

M∗ ≈ 48m(m)
∗

(
1+ fβ

B

k2
+ fKk2

)
. (3.23)

It can be shown that for L = 0.01, Ls = 0, fK > 0 at N > 0.3 and arbitrary values
of the Soret and Langmuir numbers. At N < 0.3, which is compatible with (2.12)
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only for extremely small |χ |, the longwave analysis is not sufficient; below we do not
consider this parameter range.

It is clear that fβ > 0 when χ < χm∞ or χ > χ1, where χ1 = 1 + KadLs/L > χm∞,
and fβ is negative otherwise. In the latter case the conventional scaling, B = O(k4),
becomes inappropriate (Podolny et al. 2005). We consider this case in § 3.2.

3.2. Longwave mode with k = O(
√

B)
As has been shown for Kad = 0 by Podolny et al. (2005), when fβ < 0 in (3.23), the
analysis of the wavenumber interval k ∼ B1/4 is not sufficient, and it is also necessary
to investigate the growth rate for smaller wavenumbers, k ∼ B1/2. Later on, we define

B= ε̄2. (3.24)

The corresponding mode is critical for a heating from above only. Here we generalize
the results of the cited paper to the case of the finite Langmuir number Kad.

The rescaling from (3.3) to (3.24) keeps (3.6)–(3.10) unchanged with the only
exception T̂ ′2 =−T̂0 at z= 1 now.

Generalization of (3.11) is straightforward; it can be easily shown that for the
oscillatory mode this scaling leads to a stabilization for finite K, whereas the stability
threshold for K� 1 is given by (3.16). For the monotonic mode one can obtain

m(β)
∗ =

(L+ Kad(Ls + N/4))βK

L− χβK − χL+ Kad (Ls − 6χβK)
. (3.25)

Here βK = 1+ K−2.
Within the interval χ1 > χ > χm∞, m(β)

∗ decreases monotonically from

m(l)
∗ =−

L+ Kad(Ls + N/4)
χ(1+ 6Kad)

(3.26)

at K = 0 to m(m)
∗ at K � 1; therefore, m(l)

∗ materializes the critical Marangoni number.
Within the interval χm∞ > χ > 0 the maximum (critical) value of m(β)

∗ is still given by
(3.26), whereas at a certain value K∗ of the wavenumber m(β)

∗ diverges and at K > K∗
there is no instability for heating from above.

Therefore, for χ1 > χ > 0 the critical perturbations are genuine longwave ones (with
K = 0) and the stability threshold is given by (3.26). The corresponding stability
boundaries are shown in figure 1 by the dotted lines.

3.3. Shortwave modes
The neutral stability curve M∗(k) can be readily obtained for the monotonic mode at
arbitrary values of k. However, the final expression is too cumbersome and therefore it
is not presented here. The examples of computations are shown in figure 2, where we
choose χ < 0, χm∞ > χ > 0 and χ1 > χ > χm∞ for panels (a)–(c), respectively.

In the first case the marginal stability curves for both B= 0 and B= 0.01 agree well
with the conventional longwave asymptotics, see (3.23). For the remaining values of χ ,
the longwave asymptotics with k = O(

√
B) for heating from above is appropriate: the

minimum value of −M∗(k) is materialized exactly at k = 0 and the stability threshold
for B= 0 is either above that for non-zero B or even becomes infinite, see figures 2(c)
and 2(b), respectively.

Shortwave oscillatory mode for K−1
d = 0 was found by Shklyaev et al. (2009b); this

mode is critical for χ > χ∗, where χ∗ slightly varies with B around the value 0.1.
However, the sorption kinetics strongly damps the shortwave oscillatory perturbations.
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FIGURE 2. (Colour online) Marginal stability curves M∗(k) for the monotonic mode at
L = 0.01,Ls = 0,Kad = 0.01,Kd = 1,N = 10: (a) χ = −0.1; (b) χ = 0.005; (c) χ = 0.03.
The dotted, solid and dot-dashed lines correspond to B = 0, B = 0.01 and B = 0.1,
respectively. The dashed line in (a) shows the conventional longwave asymptotics (3.23)
for B= 0.01. Domains of stability are situated below the lines.
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FIGURE 3. (Colour online) Linear stability for the shortwave oscillatory mode. (a) Marginal
stability curves M∗(k) at χ = 0.2,L = 0.01,Ls = 0,N = 10,Ka = 1,B = 0. The dotted, solid,
dashed lines correspond to K−1

d = 0, 0.002, 0.01, respectively. The stability domain is situated
below the lines. (b,c) Critical Marangoni number Mc for Ls = 0,L = 0.01,Ka = 1,B = 0:
(b) N = 10 and (c) N = 40. Lines 1–3 correspond to K−1

d = 0, 0.001, 0.002, respectively.
The dotted lines depict the shortwave oscillatory mode, the solid (dashed) lines indicate
the stability boundaries for the monotonic (oscillatory) longwave mode for Kd →∞. (The
corresponding curves for finite Kd cannot be distinguished from those on the scale of the
figures.) Domains of stability are marked ‘S’. Unphysical domains for K−1

d 6= 0, where
condition (2.12) is violated, are marked ‘unphys’.

The results of calculations are presented in figure 3. It is clear that even in the case
of a very fast desorption (large but finite dimensionless desorption number Kd) the
behaviour of the shortwave disturbances drastically changes. Even for Kd = 103 there
is a strong damping of the shortwave oscillatory mode, and a competition between
this mode and the longwave oscillatory mode takes place. Therefore, the interval of
χ , where the shortwave mode is critical, diminishes in the presence of the sorption
kinetics.

Note that this damping of the shortwave oscillatory mode is qualitatively similar
to that found by Shklyaev & Nepomnyashchy (2011) for longwave mode at small L
(quantitative agreement can be reached at as small L as 10−5 or less). The mechanism
of the damping is the same for these two modes; the damping is caused by the
advection of the surface phase (see the details in Shklyaev & Nepomnyashchy 2011).

Summarizing results on the linear stability analysis, we emphasize that the sorption
kinetics leads to a very strong stabilization of the shortwave oscillatory mode, see
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figure 3. Therefore, even rather fast kinetics makes this mode unimportant and only
longwave modes can be critical. For both monotonic and oscillatory longwave modes
the sorption leads to a well-pronounced stabilization as well, see figure 1.

4. Nonlinear dynamics of longwave disturbances
4.1. Small Kad: monotonic mode

As we shall show below (see § 4.4), for finite Kad the set of amplitude equations
describing the evolution of longwave perturbations is ill-posed and a subcritical finite-
amplitude excitation occurs. In contrast, for Kad = 0 the adsorption kinetics is infinitely
fast and the problem is reduced to that studied earlier (Oron & Nepomnyashchy 2004;
Shklyaev et al. 2007), where supercritical excitation of the convection was found. (For
the sake of convenience, we present the milestones of the cited papers in appendix A.)
Thus, at sufficiently small values of the Langmuir number one can expect similar
results. In the present subsection and in §§ 4.2 and 4.3, we perform a careful analysis
of that case. The purpose is two-fold: first, for many surfactants the characteristic time
of adsorption kinetics is small on the time scale of the convective motion. Second, this
limiting case is interesting from the theoretical point of view, since the transition from
the supercritical to the subcritical bifurcation can be thoroughly analysed.

In order to simplify the model, we restrict ourselves to the limiting case of fast
desorption, i.e. Ka = O(1), Kd� 1. In that case, neither Ka nor Kd separately, but only
their ratio Kad, appears in the governing equations. The small Langmuir number is
retained only in (2.9); the surface concentration Γ has to be replaced with C(z= 1) in
the Marangoni stress and in the right-hand side of (2.9). (Throughout this subsection,
§§ 4.2 and 4.3 we refer to the boundary conditions (2.6) keeping in mind all of these
changes.) It should be noted that this assumption only shortens some expressions,
qualitatively the analysis does not change considerably for finite Kd and small Ka.

To study the nonlinear dynamics of longwave disturbances, we rescale the
coordinates and the time:

X = εx, Y = εy, τ2 = ε4t, (4.1)

and represent small Kad and the Marangoni number as follows:

Kad = ε2kad, kad = O(1), (4.2)

M = 48(m0 + ε2m2 + · · ·). (4.3)

Here the small parameter ε is introduced via (3.3), so that the conventional
asymptotics is considered. We start our analysis with the case Kad = O(ε2) which,
as will be shown below, is a distinguished one in the sense that if Kad = o(ε2)

the adsorption does not influence the leading order dynamics, while in the case
ε2 � Kad � 1 the structure of the amplitude equations is changed drastically (that
case will be considered in § 4.3).

The fields of disturbances are sought in the form

u= εU, w= ε2W, p= P, (4.4a)

T = T0(z)+ θ(R, τ2)+ ε2Θ(R, z, τ2), (4.4b)

C = χ(z− 1)+ Γ (R, τ2)+ ε2Σ(R, z, τ2), (4.4c)

which is known to be appropriate in the absence of the surfactant adsorption on the
surface (Oron & Nepomnyashchy 2004; Shklyaev et al. 2007). Hereafter R= (X,Y).
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It should be noted that we explicitly extract the temperature in the base state
T0 from the temperature distribution, but include the constant Γ0 into Γ . Therefore,
instead of (2.12), the condition 3 minz(Γ + χ(z − 1)) >maxz(Γ + χ(z − 1)) has to be
valid for Γ at any X,Y and τ2.

Next, we expand the disturbances

f = f (0) + ε2f (2) + · · · , f = (Θ, Γ,Σ,U,W,P) (4.5)

into series in ε2. Substituting these expansions into (2.5) and (2.6), we collect the
terms of zero and second order with respect to ε.

The concentration and temperature perturbations in the leading order are z-
independent:

θ = F(X,Y, τ2)+ θ00(τ2), Γ (0) = G(X,Y, τ2). (4.6)

Here we have separated out a part θ00(τ2) from F in a way that will be explained
below, see (4.9).

The velocity field in the zeroth order agrees with that found within the linear
stability problem:

U (0) = 12m0(2z− 3z2)∇h, W (0) = 12m0(z
3 − z2)∇2h, (4.7)

where h= F + G is the surface tension perturbation up to the sign and an unimportant
additive function of τ2.

The solvability conditions in the zeroth order determine the stability boundary, given
by m0 = m(m)

∗ for Kad = 0, see (A 1). In addition, these conditions determine a relation
between ∇θ and ∇Γ (0). With an appropriate choice of θ00(τ2), such that

〈F〉 = − Γ0

χ(1+ L−1)
, (4.8)

we obtain that F and G are connected as follows:

F =− G

χ
(
1+ L−1

) . (4.9)

Here the angle brackets denote a space-averaged value of the corresponding field and
〈G〉 = Γ0 = N/(48m0)+ χ/2 with m0 given by (A 1).

In the second order the calculations result in the following amplitude equation

ᾱḞ = (1− χ)(F − 〈F〉)+ γ̄2∇4F +∇2(γ̄1F + γ̄4 |∇F|2+γ̄7F2)

+ γ̄6J ·∇F +∇ · (γ̄3∇2F∇F − γ̄5 |∇F|2∇F), (4.10)

where the dot denotes a derivative with respect to τ2, ᾱ = χ(1 + L−1 + L−2) − 1 and
γ̄j (j= 1–7) are given in appendix B; J =∇∇−2∇ · (∇2F∇F)−∇2F∇F is proportional
to the toroidal component of the velocity.

For kad = 0 the coefficient γ̄7 vanishes and (4.10) coincides with (39) in Oron &
Nepomnyashchy (2004); for non-zero kad, only γ̄1 is changed in addition to γ̄7. In
particular, the coefficient γ̃5 is the same as in the cited paper, being positive. It means
that the cubic term itself corresponds to a supercritical bifurcation. With increase in
kad, the quadratic term with the coefficient γ̃7 becomes prevailing and (4.10) reduces to
the Sivashinsky equation (Sivashinsky 1983), which is known to provide a subcritical
bifurcation. (See also the remark concerning the Sivashinsky equation in § 4.4.) Thus,
the amplitude equation describes the change of the direction of branching as kad grows.
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This, in particular, means that for finite Kad a subcritical excitation takes place, in
accordance with the announced results at finite Kad, see § 4.4.

Within this subsection we deal with the critical perturbations, which correspond to
the minimum (m2 = m2c at K = Kc) of the neutral stability curve m2∗(K) determined by
the relation

(1− χ)− K2(γ̄1 + 2γ̄7〈F〉)+ K4γ̄2 = 0. (4.11)

This leads to

γ̄0m2c = 2
√
(1− χ)γ̄2 − kadLsχ

L2
(1+ L)− 2γ̄7〈F〉, K4

c =
1− χ
γ̄2

, (4.12)

where γ̄0 = (1− χ − χL−1)
2. It is important for further analysis, that the critical

value of m2 has only a K-independent correction due to the adsorption kinetics and,
therefore, the critical wavenumber Kc is not affected by kad,N and Ls.

First, we perform the weakly nonlinear analysis on a square lattice within (4.10). To
that end F is represented in the following form:

F = 〈F〉 + δ(a cos KcX + b cos KcY)

+ δ2[A2(a
2 cos 2KcX + b2 cos 2KcY)+ B2ab cos KcX cos KcY] + · · · , (4.13)

A2 =−K2
c [K2

c (γ̄3 + 2γ̄4)− 2γ̄7]
9(1− χ) , B2 =−2K2

c (γ̄3K2
c − 2γ̄7)

1− χ . (4.14)

It should be emphasized that the steady patterns on a square lattice can be observed in
a confined layer of a square horizontal cross-section with adiabatic and impermeable
for both phases of the surfactant vertical walls. Indeed, the boundary conditions
∇nF = ∇nh = 0 at the sidewalls ensure zero normal velocity at the boundary, whereas
the no-slip conditions are satisfied in a thin (on the typical longitudinal scale)
layer near the boundaries. Hence, the periodical patterns studied below can be also
experimentally found in the domain of the horizontal length π/K (or nπ/K with any
natural integer n).

The amplitudes a and b satisfy the set of two algebraic equations

γ̄0(m2 − m2c)a= (K0a2 + K1b2)a, (4.15a)

γ̄0(m2 − m2c)b= (K0b2 + K1a2)b, (4.15b)

where

K0 = [ 34 γ̄5 − A2(γ̄3 + 2γ̄4)]K2
c − A2γ̄7, (4.16)

K1 = [ 12 γ̄5 + B2(γ̄3 − γ̄4)]K2
c − B2γ̄7. (4.17)

It is readily seen that the Landau constants do not depend on Ls and N; therefore,
the only parameter that characterizes an influence of the sorption kinetics on pattern
selection is kad.

It is well known (Golubitsky, Swift & Knobloch 1984; Hoyle 2006) that rolls
emerge through the direct bifurcation at

K0 > 0, (4.18)

whereas for squares supercritical branching takes place at

K0 + K1 > 0. (4.19)
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FIGURE 4. (Colour online) Pattern selection within (4.10) for P = 2,L = 0.01. (a) Variation
of the Landau constants K0, given by (4.16), with kad; the solid, dashed and dotted lines
correspond to χ = −0.1,−0.2 and −0.5, respectively. (b) Pattern selection on square
and hexagonal lattices; the dot-dashed (dotted) line separates domains of supercritical and
subcritical bifurcations for rolls (squares) (subcritical bifurcations take place to the right of
the curves); rolls are selected on a square lattice within the crosshatched area, squares are
selected beyond this area and to the left of the dotted line. The dashed line corresponds to
Q = 0 for hexagons (4.22); this line separates up and down hexagons; near this line (4.23) is
valid.

Under conditions (4.18) and (4.19), rolls are selected on a square lattice at K1 > K0,
otherwise squares are selected.

The self-interaction coefficient, K0, is positive at kad = 0 and it becomes negative
with increase in kad, as shown in figure 4(a). The cross-interaction coefficient, K1,
varies with kad in a qualitatively similar way, being less than K0 almost everywhere.

The stability map in the plane (kad − χ) is presented in figure 4(b). It is clear that
at small kad both patterns are supercritical and squares are selected. It is noteworthy
that at larger kad a small area appears where rolls are selected. With increase in kad,
the direction of branching changes for both squares and rolls. Thus, (4.15) describes
the transition from squares selected for infinitely fast kinetics (kad = 0) (Oron &
Nepomnyashchy 2004) to the subcritical bifurcation at kad � 1. Of course, subcritical
branching within (4.10) does not lead to an infinite growth of the solution, since at
large |F(X,Y)| the stabilizing cubic term dominates. However, at the stable upper
branch F ∼ kad at large kad.

In fact, it is well known (see Golubitsky et al. 1984; Hoyle 2006) that quadratic
terms in the amplitude equation (4.10) lead to a subcritical excitation of hexagons
due to resonant interaction of rolls with the wavevectors K1 = Kc(1, 0),K2,3 =
Kc(−1,±√3)/2. Therefore, all of the remaining patterns are unstable in infinite
domains near the stability threshold unless the coefficient of quadratic interaction
vanishes. (For the above-mentioned square pattern in a confined cavity of square
horizontal cross-section the emergence of hexagons is prohibited owing to the
boundary conditions.)

Thus, we address the branching of the hexagons, representing the solution in the
form

F = 〈F〉 + δ (a cos KcX + b cosK2 ·R+ c cosK3 ·R)+ · · · . (4.20)

The stationary solution for the hexagons is governed by the equation

γ̄0(m2 − m2c)a+ Qbc= 0, (4.21)

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
2.

61
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2012.619


Longwave Marangoni convection in a surfactant solution 443

and a pair of equations produced from (4.21) by a cyclic permutation of the
amplitudes a, b and c. Here Q is given by

Q=− ᾱ
2
− 1

10P
(1− χ − χL−1)+ 12χ

LK2
c

(1+ L−1)kad. (4.22)

When this coefficient is positive, up hexagons are selected (liquid rises in the middle
of a cell), in the opposite case down hexagons emerge. For the infinitely fast kinetics,
when the last term in (4.22) is zero, the selected pattern is determined by the Prandtl
number, χ and L as was found by Oron & Nepomnyashchy (2004). An example of
calculations is presented in figure 4(b). For heating from below (m0 > 0, χ < 0), with
increase in kad, down hexagons are selected. The opposite situation takes place for
heating from above (m0 < 0, χ > χ1 > 0), when up hexagons are selected at large kad.

Near the locus of Q = 0, the cubic nonlinear terms become comparable with the
quadratic one, and the amplitudes are defined by the following equation

γ̄0(m2 − m2c)a+ Q1bc= K0a3 + K2(b
2 + c2)a, (4.23)

and a similar pair of equations for b and c. Here Q1 = Q/δ. The cubic terms are
stabilizing along the curve Q= 0 (see figure 4b for K0), therefore in the case of small,
but non-zero Q, a saddle-node bifurcation takes place at a certain m2 < m2c, which
leads to emergence of a stable branch of hexagons. Numerical calculations show that
K2 > K0 along the dashed line in figure 4(b), i.e. with increase in m2 this branch of
hexagons loses the stability and at larger m2 rolls are selected on a hexagonal lattice
(Golubitsky et al. 1984; Golovin, Nepomnyashchy & Pismen 1995; Hoyle 2006). The
condition, which determines a stability of squares with respect to hexagons (Golovin
et al. 1995), is also valid along the dashed line. Therefore, with increase in m2 the
stable pattern is selected by the stability analysis within (4.15): except for the small
cross-hatched area in figure 4(b), squares are selected in this case.

4.2. Small Kad: oscillatory mode, case I
We now proceed to the analysis of the oscillatory mode in the same limiting case,
Kad� 1, again dealing with the limit of fast desorption (Kd� 1,Ka = O(1)).

Substituting expansions given by (3.3) and (4.1)–(4.5) supplemented with an
additional time scale τ = ε2t into (2.5) and (2.6) one can repeat the procedure similar
to that carried out by Shklyaev et al. (2007). We do not present all of the details,
referring instead to the cited paper and giving a brief summary of the results in
appendix A.

In the zeroth order the velocity components are given by (4.7) with h= F + G̃. Here
we introduce F and G according to (4.6) with θ00 = 〈θ〉 and set G= Γ0 + G̃, assuming
that mean values of F and G̃ are zero. (Again, Γ0 = N/(48m0) + χ/2, but m0 is now
defined by (A 2).)

In the second order we arrive at the linear amplitude equations:

L1(F,G)= L2(F,G)= 0, (4.24)

where

L1 = Fτ −∇2[(1− m0)F − m0G], (4.25)

L2 = Gτ −∇2[χ(L+ m0)F + (L+ χm0)G]. (4.26)

Here, as we have stated above, m0 is given by (A 2) and, therefore, the solution
oscillates in τ with the frequency Ω , see (A 3).
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Proceeding to the fourth order and demanding the solvability of the corresponding
boundary-value problem, we arrive at (A 5) and (A 6) with additional term kadσn,

σn = Gτ − 12m0∇ · (G∇h)− Ls∇2G, (4.27)

in the right-hand side of (A 6). (The derivative Gτ has to be replaced with terms
proportional to ∇2F and ∇2G via (4.24).)

In order to describe the nonlinear dynamics within this approach, one has to write
a general solution of (4.24) as a superposition of travelling waves, which possesses
a certain symmetry. (The Fourier amplitudes depending on τ2 can be arbitrary at this
stage.) Then it is necessary to demand the solvability of non-homogeneous linear
problem (A 5) and (A 6) with the above-mentioned correction. Its solvability conditions
serve as evolutionary equations for the Fourier amplitudes.

The new term which stems from the adsorption kinetics, kadσn, includes both linear
and quadratic contributions. The linear contribution results in a correction to the
growth rate, proportional to kadK2:

γ = γ (o) − kadK2

2

[
1+ Ls + N

4
− m0(1− 6χ)

]
− ikadK2

2Ω

[
Ls + N

4
−Ω2 − m0(Ls − 6χ)

]
, (4.28)

where γ (o) is given by (A 11).
The adsorption-induced term in γ can be calculated via (3.11) at small Kad. It is

important that this term is proportional to K2 similarly to the term containing m2. In
particular, this means that the critical value of m2 has only a K-independent correction
due to the adsorption kinetics and, again, the critical wavenumber Kc is independent of
kad,N and Ls. Similarly to § 4.1, below we fix K = Kc and m2 = m2c, corresponding to
the minimum of the neutral stability curve m2(K) for the oscillatory mode.

Quadratic nonlinearity influences only pattern selection on a square lattice (Pismen
1988; Shklyaev et al. 2007), whereas branching for rolls, rhombic patterns (Shklyaev
et al. 2007) and hexagons (Shklyaev et al. 2009a, 2011) remains unchanged. All
patterns on these lattices bifurcate supercritically.

Let us briefly discuss the results for a square lattice, representing the solution of
(4.24) in the following form:

h= δ(A1eiKcX + A2e−iKcX + B1eiKcY + B2e−iKcY)e−iΩK2
c τ

+ δ2(C1eiφ+ + C2e−iφ+ + C3e−iφ− + C4eiφ−)e−2iΩK2
c τ + c.c.+ · · · (4.29)

φ+ = Kc(X + Y), φ− = Kc(X − Y). (4.30)

Here the small factor δ2 is a measure of the supercriticality m2 − m2c; Aj and
Bj (j = 1, 2) are the complex amplitudes of four base travelling waves, whereas
Cj (j = 1–4) are the amplitudes of four oblique waves. These oblique waves are
generated through the quadratic interaction of the type A1 × B1→ C1, etc., and, in turn,
they influence the nonlinear growth of the base waves via the quadratic interactions
C1 × B∗1→ A1 and C4 × B∗2→ A1 (the asterisk denotes the complex conjugation). This
leads to a conventional set of the amplitude equations governing a pattern selection on
a square lattice (Silber & Knobloch 1991):

Ȧ1 = [γ2 − K0 |A1|2−2K1 |A2|2−K2(|B1|2+ |B2|2)]A1 − K3A∗2B1B2, (4.31a)

Ȧ2 = [γ2 − K0 |A2|2−2K1 |A1|2−K2(|B1|2+ |B2|2)]A2 − K3A∗1B1B2, (4.31b)
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TR

AR and TR
1.0

1.5

0.2 0.4 0.6 0.80 1.0

kad

0.5

2.0

AR

FIGURE 5. (Colour online) Pattern selection on a square lattice within (4.31); P = 2, L =
0.01. Domains of stability for alternating rolls and travelling rolls are marked ‘AR’ and ‘TR’,
respectively. In the domain marked ‘AR and TR’, multistability occurs.

and a pair of similar equations for B1,2. Here the dot denotes the time derivative,
which are small, O(δ2), and

γ2 = ∂γ

∂m2
(m2 − m2c). (4.32)

Recall that Silber & Knobloch (1991) found five limit cycles within (4.31). Two of
them, travelling rolls (TRs) and standing rolls (SRs), are one dimensional, whereas the
remaining three, travelling squares (TSs), standing squares (StSs) and alternating rolls
(ARs) are genuine square patterns. (Under certain conditions there also exist standing
cross rolls, but they are always unstable.)

For the infinitely fast kinetics the coefficients of the nonlinear interactions are given
by (A 14). The above-mentioned adsorption-induced term in (A 6) replaces only µ(o)

and µ(o)2 , given by (A 14d), with µ and µ2, respectively:

µ= µ(o) + 6m0K2
c kad

1+Ω2

{
1− 2m0 +Ω2 + i

Ω
[1+Ω2 + m0(Ω

2 − 1)]
}
, (4.33a)

µ2 = µ(o)2 + 12m0K2
c kad

[
1+ i

Ω
(1− m0)

]
. (4.33b)

The change in the growth rate γ does not influence the denominator in K2, see
(A 14b). Indeed, new terms included in (4.28) are proportional to K2 and therefore
γ0(
√

2Kc) − 2γ0(Kc) = γ (o)0 (
√

2Kc) − 2γ (o)0 (Kc). Thus, the replacement of µ and µ2

according to (4.33) is the only consequence of the adsorption kinetics. As has been
emphasized above, Kc is independent of the kad. This, in particular, means that all of
the nonlinear coefficients remain fixed under variation of both N and Ls.

The calculations show that all five patterns found by Silber & Knobloch (1991)
bifurcate supercritically (Shklyaev et al. 2007). Of course, for one-dimensional
patterns there is no oblique waves at all and, hence, the directions of branching for TR
and SR do not depend on kad. However, stability of these patterns is determined by the
rescaled Langmuir number.

Pattern selection studied within (4.31) indicates that with the increase in kad ARs
lose their stability, whereas TRs become stable. It is clear from figure 5, that there is
an interval of kad, where both above-mentioned patterns are stable.

The selection of wavy patterns in a confined cavity is, generally speaking, a
complicated task. However, for the particular case discussed in § 4.1, a domain of

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
2.

61
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2012.619


446 S. Shklyaev and A. A. Nepomnyashchy

a square horizontal cross-section with adiabatic boundaries (∇nF = ∇nΓ = 0), the
answer is simple. This boundary condition corresponds to reflection of the waves
and, hence, it supports standing waves, but suppresses the travelling waves. Therefore,
ARs, which is a superposition of two standing waves, survive. Only the spectrum of
wavenumbers (and, hence, frequencies) becomes discrete: the horizontal cavity length
should be equal to an integer number of half-wavelengths. In contrast, TRs cannot be
found in this case unless the cavity length is large in comparison with a wavelength of
TRs.

4.3. Small Kad: oscillatory mode, case II

As we have shown in §§ 4.1 and 4.2, in the case Kad = O(ε2) the amplitude equations
are similar to those with Kad = 0, except for the appearance of additional terms. The
structure of the amplitude equations changes drastically with the growth of Kad. As the
next step, let us consider the case

Kad = εk̃ad, (4.34)

which is relevant for the oscillatory mode. (Again Kd is assumed large.) According to
the results of § 4.2, only the one-dimensional solution has to be considered, because
for large kad (but small k̃ad) TR is the only stable pattern.

Then, we introduce the first slow time τ1 = ε3t, and add terms of odd orders in ε to
expansions given by (4.3)–(4.5):

f = f (0) + εf (1) + · · · , f = (θ,Θ, Γ,Σ,U,W,P), (4.35)
m= m0 + εm1 + · · · . (4.36)

Repeating all of the calculations one can see that the problems in the zeroth and
second orders do not change, whereas the solution in the first order reads:

θ (1) = F1(X,Y, τ2), Γ (1) = G1(X,Y, τ2), h1 = F1 + G1, (4.37)

U (1) = 12(2z− 3z2)∇(m0h1 + m1h), (4.38)

W (1) = 12(z3 − z2)∇2(m0h1 + m1h). (4.39)

This solution is an obvious extension of (4.6) and (4.7) to the first order.
The one-dimensional solution of (4.24), the solvability conditions in the second

order, is

h= δ(A1eiKX + A2e−iKX)e−iΩK2τ + c.c., (4.40)

where the complex amplitudes of two counter-propagating waves depend on the slow
times τ1, τ2, etc.

The solvability conditions in the third-order are:

L1(F1,G1)=−m1hXX − ∂τ1F, (4.41)

L2(F1,G1)= χm1hXX − ∂τ1G− k̃adσ̃n, (4.42)

where σ̃n is the one-dimensional reduction of (4.27). We split σ̃n into two parts, σ̃nl,
linear with respect to F and G, and σ̃nn, quadratic in F and G, as follows

σ̃nl = Gτ − 12m0Γ0hXX − LsGXX, (4.43)

σ̃nn =−12m0 (G̃hX)X, G̃= G− Γ0, Γ0 = N

48m0
+ χ

2
. (4.44)
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Only σ̃nl contributes into the solvability condition of the linear set of (4.41) and (4.42),
whereas σ̃nn does not produce any resonant terms within the one-dimensional problem.
Dealing with the neutrally stable solution, we set (G̃,F) ∼ exp(−iΩ1K2τ1) and find
out the correction to the Marangoni number,

m1 = k̃ad
1+ Ls + N/4− m0(1− 6χ)

1− χ , (4.45)

and to the frequency, Ω1. Both of these quantities can be extracted from (3.16) and
(3.17) at small values of the Langmuir number. A particular solution of (4.41) and
(4.42), linear with respect to F and G, is unimportant for the further analysis, whereas
the nonlinear part of the solution is

h(1)n =−
4m0k̃ad

Ω2
[ξ(A2

1e2iKX + A2
2e−2iKX)e−2iΩτ

+ 3(ξr − 1+ m0)A1A∗2e2iKX] + c.c., (4.46)

where ξ = ξr + iξi = (1 − m0 + iΩ)(2 + iΩ)/(1 + iΩ). The corresponding part of the
surface concentration Γ (1)

n can be easily expressed using h(1)n .
In the fourth order we obtain the one-dimensional reduction of (A 5) and (A 6) with

the additional term 12m0k̃ad (Γ
(1)

n hX + G̃h(1)nX )X in the right-hand side of (A 6). There
are also a number of linear and quadratic terms which do not directly influence the
weakly nonlinear behaviour of TRs. Moreover, the contribution of the linear terms to
the growth rate is of the form k̃2

adK2; therefore, similarly to case I m2 has only a
K-independent correction due to the adsorption kinetics and the critical wavenumber
remains the same as for Kad = 0 (Oron & Nepomnyashchy 2004).

The solvability conditions yield the following set of amplitude equations:

Ȧ1 = (γ2 − K0 |A1|2−K1 |A2|2)A1, (4.47a)

Ȧ2 = (γ2 − K0 |A2|2−K1 |A1|2)A2. (4.47b)

The real parts of the self- and cross-interaction coefficients are given by

K0r = α(o)r −
72m2

0k̃2
adK2

Ω2(1+Ω2)
[(2m0 − 1)(m0 − 1)+Ω2(1+ m0)], (4.48a)

K1r = 2α(o)r +
72m2

0k̃2
adK2

Ω2(1+Ω2)
(m0 + 1)(L+ L2), (4.48b)

where α(o) is given by (A 14c) and the subscript r refers to the real part of a
corresponding coefficient. It is clear that the contribution of the sorption kinetics
into K0r is negative, i.e. K0r becomes negative for rather large k̃ad. At Kad = O(ε2)

(small k̃ad) the last term in K0 vanishes and the formula K0r = α(o)r is restored, see
§ 4.2.

The domain of supercritical Hopf bifurcation in the plane (χ − k̃ad) is shown
in figure 6. Plotting this figure we again consider critical perturbations thus setting
K = Kc. It is worth noting, that both Ls and N contribute to K0,1 neither directly nor by
means of the selection of the critical wavenumber Kc. Therefore, the presented plot is
valid irrespectively of these two parameters.

It is also noteworthy that the same approach for the pattern selection on a hexagonal
lattice leads to changes in all constants of nonlinear interaction similar to that for
rolls, cf. (4.48). This, generally speaking, breaks the degeneracy found by Shklyaev
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Subcrit.

Supercrit.

0.5

0.2 0.4 0.6 0.80 1.0

1.0

FIGURE 6. Direction of branching for the wavy patterns, case II. Domains of supercritical
and subcritical bifurcations for TRs within (4.47) and (4.48); P= 2, L= 0.01.

et al. (2009a, 2011). The pattern selection for this case can be carried out on the base
of Roberts, Swift & Wagner (1986), although such analysis lies beyond the scope of
this paper.

4.4. Nonlinear evolution at finite Kad

We now proceed to the finite values of the Langmuir number, applying the expansions
(3.3), (4.1), (4.4) and (4.5). The Marangoni number is not expanded in ε, but it is
rescaled according to the relation M = 48m.

The solvability conditions in the leading order of expansion read

θτ = ∇2(θ − mh), (4.49a)

Γ (0)
τ = ∇2 (L+ KadLs)Γ

(0) + Lχθ + mχh

1+ Kad
+ 12mKad

1+ Kad
∇ · (Γ (0)

∇h). (4.49b)

Linearization of (4.49) around Γ (0) = Γ0 and θ = 0 provides the linear stability
problem studied in § 3.1. In the limit Kad � 1, χ = 0 (4.49) reduces to (151) and
(152) of Mikishev & Nepomnyashchy (2010b) valid for an insoluble surfactant. It is
also worth noting that a similar set of amplitude equations was analysed by Goldobin
& Lyubimov (2007) for axisymmetric regimes with a source of solute at the origin.
Both distinctions, the axial symmetry and the presence of the source, are crucial and
therefore the results obtained by Goldobin & Lyubimov (2007) cannot be used for the
problem under consideration.

It should be emphasized that there is a crucial difference between the leading-order
amplitude equation (4.10), and those obtained in the absence of adsorption by Oron
& Nepomnyashchy (2004) or for small Kad, see (4.24). Indeed, in the latter case, in
the framework of the Boussinesq approximation, the evolution of perturbation in τ

is governed by the gradient of the temperature and concentration perturbations rather
than by these perturbations themselves. Hence, the nonlinear terms in the amplitude
equations contain additional differentiations with respect to spatial variables, thus they
have a higher smallness order in the longwave limit than the nonlinear term in (4.49b).

In the case Kad = 0 (or Kad = O(ε), see §§ 4.1–4.3), (4.49) are linear and
they determine the critical value of m = m∗ where the longwave finite-amplitude
disturbances of the temperature and concentration neither grow nor decay. In the case
of finite Langmuir number, Kad = O(1), there is no such value of m at all. Indeed,
the full nonlinear set of equations describes coupled nonlinear diffusion of two scalar
fields with the ‘diffusivities’ depending on Γ (0). It is obvious, that above the stability
threshold, given by (3.14) or (3.16), an effective diffusivity becomes negative. In this
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case the problem is ill-posed and the system evolution results in an infinitely fast
growth of short waves. This leads to the growth of shortwave perturbations (or at
least perturbations with a characteristic length scale smaller than ε−1) over the entire
layer. The set of amplitude equations cannot be regularized by addition of a certain
stabilizing term in this case, except for the situations discussed in the last paragraph of
this subsection. One of the possible hypotheses of the further dynamics of the system
is that the finite-amplitude shortwave convection sets in.

Moreover, it can be readily shown in the one-dimensional case that both monotonic
and oscillatory spatially periodic solutions bifurcate subcritically within (4.49). Thus,
for finite-amplitude perturbations, the problem is ill-posed even below the stability
threshold.

For the steady state, when Γ (0) = Γ0 + Γs = N/(48m) + χ/2 + Γs and θs = mhs =
mΓs/(1− m), equation (4.49) reduces to

∇ · [Deff (Γs)∇Γs] = 0, (4.50)

where

Deff = 1
(1− m)(1+ Kad)

[
m(m)
∗ − m

m(m)∗

(
L+ Kad

(
Ls + N

4

))
+ 12KadmΓs

]
. (4.51)

The latter quantity vanishes at

Γs = Γc =−
(

1− m

m(m)∗

)
L+ Kad(Ls + N/4)

12mKad
, (4.52)

which can be treated as a lower boundary of a basin of attraction for the base state.
The initial perturbation, which does not violate the condition Γ (0)(R, τ = 0) > Γ0 + Γc

for any X and Y , decays and the surface concentration approaches its mean value Γ0.
Let us discuss the expected evolution in the simplest two-dimensional system when

the initial profile of the surface concentration Γ (X, τ = 0) has one maximum (at
X = 0) and one minimum (at X = L) over the domain 0 < X < L; the minimum value
of Γ (τ = 0) is slightly less than Γ0 + Γc. (Such a system can be thought of as a
half of a spatially periodic solution or a system confined by rigid walls at X = 0,L.)
We expect a subcritical excitation of the shortwave convection near X = L whereas
the longwave convection in the remaining domain transports the surfactant towards
the point X = 0. The advection of the surfactant results in a sharp peak in Γ around
the point X = 0 and triggers a shortwave flow as well. Therefore, a couple of fronts
separating domains of shortwave and longwave convection appears. The dynamics of
these fronts can be described by a matching procedure, but numerical computations
are needed to calculate the finite-amplitude shortwave convection (unlike the case
considered by Bernoff (1988)). Such an analysis lies beyond the scope of the current
paper.

The well-posedness of the system of amplitude equations can be restored only by
taking into account the quartic terms in the linear dispersion relation, i.e. by adding
the terms with fourth derivatives. This procedure was materialized in §§ 4.1–4.3 for
sufficiently fast sorption kinetics. Another example can be provided by revisiting the
scaling (4.4) assuming both θ and Γ̃ to be O(ε2). However, such an analysis for
the monotonic mode results in the Sivashinsky equation (Sivashinsky 1983), which is
known to be ill-posed as well (Bernoff & Bertozzi 1995; Nepomnyashchy et al. 2004).
Thus, we come to the conclusion that a longwave weakly nonlinear analysis based on
the scaling determined by (4.1) and (4.4), is not self-consistent in the general case
Kad = O(1).
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5. Conclusions
We consider thermosolutocapillary convection in a heated thin film of a binary

mixture. The solute is a surfactant, which is present in both surface and bulk phases.
Linear stability analysis clearly demonstrates the strong stabilization of the base

conductive state in the presence of the adsorption/desorption kinetics. This stabilization
takes place for the longwave monotonic and oscillatory modes (figure 1) and for the
shortwave oscillatory mode (figure 3). It is known that usually (Palmer & Berg 1972;
Nepomnyashchy & Simanovskii 1986; Ryabitskii 1993), in spite of strong damping of
the monotonic mode in presence of surfactant, there is almost no stabilization of the
layer, because of emerging oscillatory mode. In contrast, in our case the shortwave
oscillatory mode is suppressed even more efficiently than the monotonic one. As
shown in figure 3, this mode almost disappears in the presence of the sorption kinetics
and advection of the surfactant over the free surface. It should be noted that in this
paper we do not consider the transient growth effects due to the non-normality of the
linearized evolution operator that are non-trivial in some cases, e.g. for open flows, see
Blackburn, Sherwin & Barkley (2008) and references therein.

Weakly nonlinear analysis of longwave perturbations is carried out in the case of
the small Langmuir number Kad, which is the dimensionless ratio of the adsorption
and desorption rates. The study performed at Kad � 1 demonstrates the transition
from a regular supercritical convective motion to a blowing up as Kad increases.
More precisely, the system is governed by the ratio of two asymptotic parameters
kad = Kad/

√
B, where B is the (small) Biot number. (In the case studied in § 4.3,

k̃ad = Kad/B1/4 is relevant.)
For steady convection, the competition of squares, rolls and hexagons is found. As

shown in figure 4, either of these patterns can be stable under certain conditions. The
selection of rolls is a remarkable feature of the sorption kinetics; at small values of the
Biot number, stable rolls found neither for pure nor for binary liquid. With increase in
kad, the branching changes its direction and subcritical bifurcation sets in.

Even more intricate variation with increase in Kad takes place for the longwave
oscillatory convection. Starting with stable alternating rolls (ARs) at kad = 0, we
observe multistability region within a certain band of kad (see figure 5), where both
ARs and travelling rolls (TRs) are stable and any of these two patterns can be reached
depending on the initial conditions. Further growth of kad makes TR the only stable
solution, which at finite k̃ad (or, equivalently, kad� 1, Kad� 1) bifurcates subcritically,
i.e. no stable patterns exist.

We also generalize the weakly nonlinear study to finite values of the Langmuir
number. The set of amplitude equations for the general case is shown to be ill-posed:
depending on the initial conditions, a perturbation either decays or blows up with
fast growth of the short-scale perturbations. The mechanism of the blowing up is
an advection of the surfactant along the free surface and this unbounded growth of
perturbations is connected with the growth of the linear stability threshold as Kad

increases. It is more easy to explain that effect in the limit when the dimensionless
desorption rate Kd is small, hence the surfactant is weakly soluble. The convective
flow at the surface sweeps the surfactant and cleans the surface, except for the borders
between the convective cells, where the divergence of the surface velocity is negative
and the surfactant is collected. Hence, the threshold for the pure surface is effectively
restored, which means the subcritical development of the instability. Of course, the
blowing up ensues from the strong nonlinearity of the longwave approximation and
its relatively weak dissipation, which cannot persist against the formation of the
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large gradient of the surface concentration at the borders of the convective cells.
‘shock waves’ emerging can be resolved within direct numerical simulations of the full
(unrescaled) convective problem.

For the calculations we choose the parameters typical for experiments (e.g. small
Biot and Lewis numbers). Computations are performed in a wide range of the
Soret number χ and dimensionless adsorption rate Kad, covering most experimentally
attainable situations. Changing the bulk concentration of the surfactant (and, hence,
both χ and Kad), one can track most the regimes described as well as the reported
bifurcations between these patterns.

Our work is a natural extension of the previous papers on the longwave convection
of binary liquid, the problem which provides a rare example of a longwave oscillatory
mode. Allowing for the substantial progress in analytical solution, this problem is
rather rich in possible scenarios and bifurcations (Pismen 1988; Clune, Depassier &
Knobloch 1996; Oron & Nepomnyashchy 2004; Shklyaev et al. 2007, 2009a, 2011).
In this study we have demonstrated the dynamics of the system, when the perturbation
itself (not only its gradient) enters into the amplitude equation. It is shown that such
a ‘distortion’ of the initial system, even being rather small, drastically changes its
dynamics near the stability threshold in such aspects as selected patterns and direction
of branching.

Similar phenomena can be expected in other systems. Taking into account weak
non-Boussinesq effects, such as dependence of viscosity and other phenomenological
coefficients on both the temperature and concentration, provides another valuable
example of such a problem. A surface or interface deformation, when the layer
thickness determines ‘mobility’ and other hydrodynamic properties of the system under
consideration, also can be mentioned.
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Appendix A. Brief review for the case of no adsorption
Here, for the sake of convenience, we briefly present the main results of Oron

& Nepomnyashchy (2004) and Shklyaev et al. (2007), which are necessary for the
current problem. Recall that a different time scale and different signs of the Soret
number and the concentration field were used in the cited papers.

The fast evolution (in the time τ = ε2t) of F and G, the primary parts of the
temperature and concentration disturbances, is governed by (4.24).

For the monotonic mode (∂τ = 0 at the stability boundary) this results in the
following stability threshold:

m0 = L

L− χ − χL
. (A 1)

Nonlinear evolution of perturbations is governed by (4.10) with kad = 0.
The stability threshold for the oscillatory mode is

m0 = 1+ L

1− χ (A 2)
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and the frequency of the neutral oscillation in τ is given by ΩK2,

Ω2 = χ
(
1+ L+ L2

)− L2

1− χ . (A 3)

The general solution of (4.24) for h= F + G can be presented as

h=
∑
K

AK(τ2) exp[i(K ·R−ΩK2τ)] + c.c., (A 4)

F and G can be expressed through h via (4.24).
Nonlinear evolution of the Fourier amplitudes AK in slow time τ2 is governed by the

solvability conditions of the following linear non-homogeneous problem

L1(Q,R)=−Ḟ − F − m1∇2h− m0

60
∇4
[
3Φ − 2m0

(
1− χ − χ

L

)
h
]

− m2
0

10
∇2

[
1
P
(∇h)2+6ζ

]
− m2

0

10

(
1+ 2

P

)
∇ · (∇2h∇h)

+ 48m2
0

35
∇ · [(∇h ·∇F)∇h]− 312m2

0

35P
J(F, ψ), (A 5)

L2(Q,R)=−Ġ+ χm1∇2h+ χm0

60
∇4
[
3Φ − 2m0

(
1− χ − χ

L

)
h
]

+ χm2
0

10
∇2

[
1
P
(∇h)2+6ζ

]
+ χm2

0

10

(
1+ L−1 + 2

P

)
∇ · (∇2h∇h)

− 48m2
0

35
∇ · {[∇h ·∇(χF − L−1G)]∇h} − 312m2

0

35P
J(G, ψ), (A 6)

where Q(R, τ, τ2)= θ (2), R(R, τ, τ2)= Γ (2),

ζ = ∇h ·∇[(1− χ)F + L−1G], (A 7)

Φ =
[
2+ m0

P
(1− χ)

]
h− 1+ χL

P
F − L

P
G, (A 8)

J(f , g)= fXgY − fYgX is a Jacobian of the mapping from (X,Y) to (f , g). The field ψ is
determined by the following problem

∇2ψ = hY∇2hX − hX∇2hY; (A 9)

it coincides with the toroidal potential of the velocity field up to a constant factor.
At small supercriticality, each Fourier amplitude obeys the equation

ȦK = γ (o)AK , (A 10)

where

γ (o) =−1
2

(
1+ i

L+ χm0

Ω

)
+ m2K2

2

(
1− χ − i

χ − L+ χL

Ω

)
+ m0K4

120P

(
f + i

fi

Ω

)
, (A 11)

f =−χ [2P(L−1 − 1+ L)− 3(1+ L)] + (2PL− 4P− 3L), (A 12)

fi = 2P(χ − L+ χL)[3+ m0L−1(χ − L+ χL)] + 3(1− χ)Ω2. (A 13)

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
2.

61
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2012.619


Longwave Marangoni convection in a surfactant solution 453

It is noteworthy to discuss briefly the branching on a square lattice, when h can be
presented by (4.29). In this case the amplitudes of the leading Fourier harmonics are
governed by (4.31) with

2K0 = K1 = 2(α(o) + β(o)), K3 = 2α(o), (A 14a)

K2 = β(o) + µ(o)µ
(o)
2

γ
(o)
0 (
√

2Kc)− 2γ (o)0 (Kc)
, (A 14b)

α(o) = 24m2
0K4

35L

(
L+ 1+ i

L2 + 1− m0

Ω

)
, β(o) =−48m2

0K4

35
i
Ω
, (A 14c)

µ(o) = µ(1) + µ(2), µ
(o)
2 = 2µ(1) + 2µ(2)

(
1+ 2P−1

)
, (A 14d)

µ(1) =−m2
0K4χ

20L

(
1+ i

Ω

)
, µ(2) = m2

0K4

20

[
1− χ − i

Ω
(χ − L− χL)

]
. (A 14e)

Here γ (o)0 (K) is the growth rate exactly for the critical Marangoni number m2 = m2c.
(Therefore, γ

(o)
0 (Kc) is pure imaginary, whereas Reγ (o)0 (

√
2Kc) < 0.) The term

proportional to µ(o)µ
(o)
2 in K2 describes generation of the oblique waves Cj(j = 1–4)

and their feedback on the dynamics of the leading harmonics. This term is the only
addition generated by quadratic nonlinearity (Pismen 1988; Shklyaev et al. 2007).

Appendix B. Coefficients of the amplitude equation (4.10)
The coefficients of (4.10) are

γ̄1 = γ̄0m2 + kadLsχ

L
(1+ L−1), (B 1)

γ̄2 = 1
15
(1− χ − χL−1), (B 2)

γ̄3 = 1
5P
(1− χ − χL−1)− ᾱ

10
, (B 3)

γ̄4 = 1
10P

(1− χ − χL−1)− 3
5
ᾱ, (B 4)

γ̄5 = 48
35
[1− χ(1+ L−1 + L−2 + L−3)], (B 5)

γ̄6 =− 312
35P

ᾱ, (B 6)

γ̄7 = 6
kadχ

L
(1+ L−1). (B 7)

Recall, that γ̄0 = (1− χ − χL−1)
2 and ᾱ = χ(1+ L−1 + L−2)− 1.
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