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Optimal free export/import regions

Samer Dweik

Abstract. We consider the problem of finding two free export/import sets E* and E~ that minimize
the total cost of some export/import transportation problem (with export/import taxes g*), between
two densities f* and f~, plus penalization terms on E* and E~. First, we prove the existence of such
optimal sets under some assumptions on f* and g*. Then we study some properties of these sets such
as convexity and regularity. In particular, we show that the optimal free export (resp. import) region
E* (resp. E7) has a boundary of class C? as soon as f* (resp. f™) is continuous and 0E* (resp. dE~)
is C*! provided that f* (resp. f~) is Lipschitz.

1 Introduction

In this paper, we study a shape optimization problem where the functional to be min-
imized is given by an export/import transportation problem with free export/import
zones. Before entering the details of this problem, let us introduce the standard
export/import transportation problem. Let f* and f~ be two given masses in some
bounded region Q and assume that we want to transport f* to f~ paying a transport
cost |x — y|, for each unit of mass that moves from x to y. But, as the total mass
of f* can be different than the one for f~, we are allowed to export or import
masses from the boundary dQ) paying two additional costs on the boundary (called
export/import taxes) g* (x) and g~ (), for each unit of mass that comes out/enters at
some point of dQ). We note that this problem has already been considered in many
papers [8, 3, 4, 5, 2]. In other words, we consider the problem

. _ +
yen‘}}‘&){fmo” yldy+fmg (»)d(I,)sy(y)

1.1) + /ao g_(x)d(l'[x)#y(x)},
where
G f7) = {y €0 (@ x Q) ()] g = £ ()] g = ).

In [3, 8], the authors proved, using two different approaches, that problem (1.1) has a
dual formulation, which is

sup{ fﬂ u(f*-f7)dx : uelip,(Q), -g <u<g on BQ},
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738 S. Dweik

Moreover, this problem has an equivalent minimal flow formulation (see [3, 4]):

: d / +dyt
aertd(Qn)l,l;?ewt(an){/n|0| *T o8 X
(1.2) +/; g_d)(_:V-G:f+XinQ}.
Q

Now, assume that we have two regions E* and E~ inside Q where the
export/import transport is free of charge; i.e., there are no taxes on these special
regions. Then problem (1.1) becomes

YEII(f*.f7)

(1.3) + fBQx(Q\E*) g (x)dy(x, y)}

Then our shape optimization problem consists of minimizing the total cost
W(E*,E™) of this export/import transport problem (1.3) plus some penalties on
E* (such as paying a cost proportional to the perimeter of E*) among all subsets
E* c Q, i.e.,, we minimize

W(E",E") = min {fmIx—yldy+f(Q\E+)Xan*(y)dy(x,y)

(1.4) min { W(E*,E”) + Per(E") + Per(E™) : E* c Q}.

We note that the authors of [1] already considered a shape optimization problem
slightly similar to problem (1.4); we now give a brief description of their problem. Let
f*and f~ be two densities (having the same total mass) in some region Q) and assume
that the traffic congestion in Q\E is higher than the one in E, so their aim was to find
a set E that minimizes

(1.5) min {J(E) + Per(E) : E c Q},

where
J(E) ::min{[Hl(o)dx+/ Hy(o)dx:V-0o
E Q\E
:f+—f_inQ,a-n:00nBQ},

where H; and H, are two continuous superlinear convex functions such that 0 < H; <
H,. They proved that there exists at least an optimal set E for problem (1.5). On the
contrary, an optimal set E may fail to exist if we replace Per(E) with |E[; i.e., the
problem

(1.6) min {J(E) + |E|: E c Q}

may have no solution. For this reason, they considered instead a relaxed formulation
of problem (1.6) (i.e., with a function 0 < 6 <1 instead of E). More precisely, they
showed that the optimal choice for 6 is to have 8 = 0 on some region E, (which
represents a high-congestion area), 6 =1 on another region E; (a low-congestion
area) and 0 < 8 <1on Q\(Ey U E;) (an intermediate congestion area). That is why we

https://doi.org/10.4153/5S0008439520000788 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000788

Optimal free export/import regions 739

consider a penalization with perimeter, since otherwise it is not clear how to prove
existence, and a solution may not even exist.

Coming back to our shape optimization problem, we can also consider a more
general version of problem (1.4): assume that the export/import transport on E* is
not free, but in order to export some mass from E*, we pay a cost g§, while outside of
E* we pay a higher cost g{", and to import some mass to E~, we pay a cost g, while
to Q\E~, we pay a higher cost gi . In other words, we minimize

min {W(E",E™) + Per(E") + Per(E”) : E* c Q},

where

W(E*,E") = i f -yld f o (y) dy(x,
( ) )’el‘[r(r}l*r,lf){ Qxﬂ|x )’| reE E*xanO(y) Y(x )’)

.
dy(x,
+fm\E+)Xan1 (y)dy(x,y)

+ [30fo 8o (x)dy(x, y) + faQX(Q\E—) g (%) dy(x,y)},

For simplicity of exposition, we will assume that gi = 0 on 9Q. In fact, all the
results about the convexity of the optimal free export/import regions hold true in
the general case under the assumption that g§ < gi" on 0Q.

The aim of this paper is to show the existence of two optimal export/import sets
Eg, and Eg, for problem (1.4) and then to study some properties of these optimal
sets. More precisely, we prove that Ej, and E, are uniformly convex under some
assumptions on f* and g*. Moreover, we will study the regularity of EX_; in particular,

we will show that Eg,,

+
opt>
is smooth (say C*') inside spt(f*) as soon as f* is Lipschitz.

2 Export/Import Transport Problem with Free Export/Import
Regions

Let f* and f~ be two nonnegative Borel measures on a compact domain Q c R? such

that spt(f*) c Q. Let g* : 0Q » R* be two given functions. Let E* be two subsets
of Q; then we consider the problem

. —y|d f + d s
yenr(r}gr}f){ fQXQ Y+ J peyean 8 O D)

(2.1) + faQX(Q\E—) g (%) dy(x,y)}.

We have the following proposition.

Proposition 2.1 Assume that f* e L'(Q) and g* € C(0Q). Then problem (2.1)
reaches a minimum.
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Proof Let (y,), c II(f*, f7) be a minimizing sequence. Then it is clear that we
can assume that

y2(0Q x 0Q2) = 0.
In this case, we get

Pn(Qx Q) <pu(Qx Q) +yn(Qx Q)
= f1(Q)+f(Q).

Hence, up to a subsequence, y,— y for some y € II(f™, f~). We define the three parts
of y, as follows

i ,_ ib ._ bi . _
Y = Vmiged Yo T Vmdea Vn T Vn 50580

Yet, we see that y’/ —~ V1> yib ~y,, and yb —~ y3 such that y = y; + V2t Moreover,

we have spt(yl) cOxQ, spt(y2) QxdQand spt(ys) c 0Q x Q This implies that
y1=9"" y2 =9, and y; = y*". On the other hand, let us divide y’ in two parts:

)/i,b =Vn “lg+xaq + Yn - 1(Q\E‘f)xaﬂ-

We see that y,, - 1g+xaq — ya With spt(ys) € E* x 0Q and y, - 1(\g+)xaq — ¥s With
spt(ys) € (Q\E*) x 0Q such that

Y =ya+ys.

Yet, f*eL'(Q) and (IT,)sy™ < (M)s(y-1g, ) = f*, then Y (9E* x 9Q) = 0.
Hence, we get that

Yn - La\e+)xan = ¥ - L(a\e+)xoa-

Similarly, thanks to the fact that f~ € L'(Q) and (IT,):y"" < (I1,)s(y - 1Qxf"z) =1,
one can prove that

Yn - laox(o\E-) = ¥ - laax(a\e-)-

Consequently,
l'm'nff - y|dya, f g" (y)dyn(x,
o Q><Q|x yldyn+ (Q\E+)xdQ ) dynl.y)
“(x) dyn(x,
i fanx(Q\E—)g () dyn(x. )
= -y|d f “(y) dy(x,
/(;m|x yldy+ (Q\E+)xan ) dyGxy)
“(x)dy(x, ).
+[BQX(Q\E—)g () dy(x. y)

This implies that the transport plan y € II(f*, f7) is in fact a minimizer for
problem (2.1). [
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Let yopt be an optimal transport plan for problem (2.1). We divide yop into three
parts yop y(’f;t and yé’;t, where

yOpt Yopt 1Q><(O) yopt Yopt * 10 FYok and yoPt Yopt - IOQxQ'
Set

opt (H )#(YOpt) and opt - (H}’)#(Yopt

We consider the three following problems:

(P1) min{f |x - yldy:y e I(f" - opt’f_ - v(:pt)}’

P2 i —y|d f “(y)dy: (11,

el [ ol [ 0
o spt((I1)e) < ao},

(P3) mln{[()x()'x_y' d)’ * —/BQX(Q\E‘)g (x) dV(Hy)#y

i (1)27) € 30|
Then we have the following proposition.

Proposition 2.2 The plans yopt, yopt and yopt solve (P1), (P2), and (P3), respectively.

In addition, yopt (Id, T+ )# Vg, Where Tg+ is the Borel selector function of the
multivalued map

ey - [ P3) = argmin(x sy e 30) e,
B T*(x) := argmin{|x — y| + g"(y) : y € 0Q} ifx € Q\E".

On the other hand, )’gfn = (Te-,1d)#voy, where Tg- is the following Borel selector
function:

P(y) := argmin{|x - y| : x € 9Q} ifyeE,

TE—()/) = {T_()/) . argmin{|x —)/| +g_(x) ix € aQ} l'fy € Q\E_-

Proof  This follows immediately from the fact that yf);t, y(‘;ll’)t, and y(’j;',t are admis-
sible in (P1), (P2), and (P3), respectively. Moreover, if y;, y,, and y; minimize
(P1), (P2), and (P3), respectively, then y; + y, + y3 minimizes problem (2.1), and so,
Yo i and ybi minimize (P1), (P2), and (P3), respectively. On the other hand, if
y # (Id, Te+)#vgy, is admissible in (P2), then we have

~Hdy+ [ “(y)d

[Qxao be=yldy + (Q\E+)xaﬂg (r)dy
- —y|d f gt (0] d
fmm"‘ yldy + (Q\E+)Xm[|x y+g" ()]
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— Tg+ d
g \/E*'xaﬂ |x E (x)| ¥
— Tg+ + + .
gy oo [~ T (9] ¢ (T () 0y

bi _
opt —
]

This shows that pb = (Id, Tg+)sv:,. Similarly, we also get that y

opt opt*
(TE—, Id)#vgpt.

We conclude this section by the following proposition.

Proposition 2.3 Assume f* € L'(Q). Let yop be an optimal transport plan for (2.1)
and consider the transport plans y(’;"Pp yff;,t and yﬁl‘;t. Let vy := (Hx)#y(’f;,t and v, =
(I1,)syoh;. Then there are two sets E* c spt(f*) such that v, = f* - 1g-.

Proof  Assume that this is not the case for v;, (of course, the proof will be the same
for v,,,), i.e., there is some set A such that 0 < v, < f* on A. This means that on 4,
we split the mass f* in two parts: one is going to f~ — v, and the second one is
exported to dQ). But this is a contradiction, since |A| > 0, while it is well known that
the set of double points (that is, the set of points that belong to different transport
rays) is negligible for the Lebesgue measure (see [9]). ]

3 Properties of the Optimal Free Export/Import Regions

In this section, we prove existence of optimal free export/import sets Ej,, and Eg,
for problem (1.4). Then we introduce some regularity results on E,,,. Fix A* > 0; then
we consider the following shape optimization problem

(3.1) min {W(E*,E”) + A" Per(E*) + A~ Per(E™) : E* c Q},

where
W(E*,E7) = i / -y|d +[ + d s
( ) min { ) |x y| y (B g (y) y(x y)

yelI(f*.f7)
“(x)dy(x, .
+/a e & (x) dy( )/)}

First, we have the following proposition.

Proposition 3.1 Assume that f* € LP(Q), for some p > 1, and g* € C(9Q). Then
there exist two optimal free export/import regions Eg, and E for problem (3.1).
Proof  Let (E,E; )« be a minimizing sequence in problem (3.1). For each k, let
yk be an optimal transport plan for W(E},E; ) (see Proposition 2.1). Recall that
yr € II(f*, f7), and one can assume that y; gives zero mass to 9 x 9€), so there
is some constant C such that y(Q x Q) < C, for every k. As g* € C(9Q2), we have
W(E{,E;) > —C||g| o> for all k. Then we get that

Per(Ef) < C for every k.
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Yet, E;; c Q for every k, and Q is bounded. Hence, up to a subsequence, (E}, E;) -
(E*,E7)in L', where E* and E" are two subsets of Q. In particular, we have

Per(E*) < limkinf Per(Ej).
Moreover, we have

W(E!,E; :f - y|d f (y)d ,
(Ex»Ey) Qanx yldyx + (Q\E;)Xmg (y) dyr(x,y)

“(x)d , ).
) N S CLACHD

Set

vi = (IL)#(yr - laxaa) and v = (IL)#(yk - laaxa)-

From Proposition 2.2, we know that

(yk - laxea,> ¢) = ﬁ+ (/)(x,P(x))dvz + L\E* ¢(x, T+(x))dv2,

k

forall ¢ € C(Q2 x Q), and
-1 xQO> = P > P T_ > _7
(e lasary) = [, V(PO ) v+ [Q\E; v(T™ (), y) dv;

for all y € C(Q x Q). Yet, up to a subsequence, we see that y; — y (in the sense of
measures) for some y € II(f*, f7) and v; — v* in L?, where

(7 laxann9) = [ $(xP(x))dv" + fmy o(x, T (x)) dv*,
forall¢ € C(Q x Q) and

(y o) = [y = [ W)y,
for all y € C(Q x Q). Consequently, we have

WE*,E_S/ —df *(y) dy(x,
( )< ) Jx-yldys @yan s ) y(x:y)
() dy(x,
L e, & ()
= liminf W(Ef, Ef).
Finally, we infer that

W(E*,E")+ A" Per(E*) + A” Per(E™) <
limkinf [W(E},E;) + A" Per(Ej) + A~ Per(E}) ],

which means that the pair (E*, E~) minimizes problem (3.1). |

On the other hand, we have the following monotonicity property.
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Proposition 3.2 For Af, A5 >0, let (EN,E ) and (EF,E;;) be the correspond-
ing optimal free export/import regions for problem (1.4) with A* = Af and A* = A3,
respectively. Let y,, and y,, be two optimal transport plans for W(E}.,E;-) and
W(EL,E‘ ), respectively. Set vy = (IL:)#(y1, " laxaa), vj, = (I ) (y;tz laxaa )

min g
xg*

and

vy, = (L)« (yr, - laaxa), and vy = (I1,)+(y1, - laaxa)- Assume that = T <m
spt(vy,) © spt(vy, ); then we have Ey. c Ej..
l 2

Proof From the optimality of(E/\+ E)- ) and (E)T; Ej- ) in problem (1.4) with A* =
A7 and A* = A3, respectively, we have

W(EIT JEp-)+ A Per(E;r) + Ay Per(E}-)

and
W(EX;, EX;) + A5 Per(EI;) +A; Per(E/{Z_)
< W(E;: UE}:, E).) + A3 Per(Ej: U Ejy) + A; Per(E) ).
But,
Per(EUE') + Per(ENE’) < Per(E) + Per(E").
Then we get
1 _ _
F(W(EIT,EA;) - W(Ej; nEjy, Ey-))
1
1
< — (W(E; VES;, Ey) - W(E Ey))-
2
Yet we have
W(EL B~ WUES Ef B 2= [ g (P) dvig ()
1 1 1 2 1 E+ E+ 1
I
and
W(ES UES Ey) - W(EL E.) < - f o €T ) g (o).
1 2 2 2 2 E+ \E+
A
We infer that
g (T (x)) vz (x) g (P(x)) ma; ()
- dx <0.
E* \E A A

Similarly, we prove that

[ (g_(T_(x)_) vi; (%) g_(P(x)z Vlr(x))dxgo.
E-_\E_ ’12 )Ll

This concludes the proof. ]
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Remark3.1 Assumethat f~ = 0.For\;, A, > 0,1letE), and E,, be the corresponding

optimal free export regions for problem (1.4) with A* = A; and A* = A,, respectively.
min g*
max g+

Assume that % < . Then we have E), c E,,.

The aim now is to study some properties of the optimal free export/import regions
opt and Eg. First, we start by introducing the following definition.

Definition 3.1 For a subset E c Q, we define the Q-convex hull of E as Ugen P>
where Py c Q is a polygone with k-vertices on oE.

Definition 3.2  Let E be a subset of (2. We say that E is ()-convex if the Q-convex
hull of E is the set E itself.

Remark 3.2 We note that the Q-convex hull of a subset E c Q) is not necessarily
convex, unless Q) is convex or the convex hull of E is contained in Q.

Proposition 3.3  Assume d = 2. Let EOpt (resp. Eqpy
import) region. Then, Ej (resp. E,) is Q-convex.

) be the optimal free export (resp.

Proof  Let us prove that the optimal free export region E,, is (A—convex. Suppose
that this is not the case and let E;; be the Q—convex hull of Eg . It is not difficult to
see that

Per(E,y) < Per(Eg,).

Moreover, let y,pt be an optimal transport plan for W (Eg,, Ey, ). Then the following

opt>
holds:
W(E;[;’Eopt)

< —y|d f *(y)d f “(x)d
fQ . |x = yldyopt + (Q\E;};)Xmg () dyopt + o (O\E,,P.>g (x) dyopt
< —y|d f *(y)d f “(x)d
fQ |x = yldyopt + @\ x00 S (D dyope+ | @i € (x) dyopt
_W(Eopt’ (:pt)'

Hence, we get

W(E:;t’ ;pt) +A° Pef(EXJt) +A” Per(Eopt) < W(Eopt’ gpt)

+ A" Per(E,,) + A" Per(E,),

which is a contradiction, as (Eg E,,;) minimizes problem (3.1). The proof of Q-
convexity for E,, is eventually the same. [ ]

More precisely, we have the following proposition.

Proposition 3.4 Assume d =2. Let Ej, be the optimal free export/import region

and let vy, the mass to be exported/imported. Then, Eg, is convex in the interior of
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+

Spt(Vyp ). Moreover, the part of Eg,,

hull of spt(vgp,)-

that is outside spt(v;,,) is a part of the Q-convex

Proof  The convexity of E,, in the interior of spt(v5,,) follows immediately from
Proposition 3.3. Let C be a part of 0E,\ spt(v,,,) and x, y be the endpoints of C
such that [x, y] ¢ Q\spt(v;,,). Then it is clear that the segment [, y] is better than
Cin Egp. |

Corollary 3.5  Assume that d = 2 and spt(v,,) is Q-convex. Then Eg, is contained
in spt(vgye)-

We also have the following corollary.

Corollary 3.6  Assume that d =2 and spt(f*) is Q—convex. Then the optimal free
export/import region Eg.,, is contained in spt(f*).
Moreover, we have the following proposition.

Proposition 3.7 Assume that d = 2 and the convex hull of spt(vg,,) is contained in
Q. Then the optimal free export/import region Eg,,, is convex.

Proof  This follows immediately from Proposition 3.4. m

Remark 3.3 Notice that it is not obvious when d >2 if the optimal free
export/import regions E;’Pt and Eg, are (2-convex or not, since it is not true in
dimensions 3 or greater that the perimeter of the Q2-convex hull of a set is less than
the perimeter of the set itself. However, it is possible to prove convexity of ES,; under
the assumption that EZ , are smooth. In fact, from the optimality conditions on E,

opt opt
in the problem

m{a Per(E) - [ [Ix =" ()| + (T () = x - P()] dvzpt<x>},

one can prove (see, for instance, [7]) that for any smooth vector field V such that
V -n =0 on 0Q, one has

[ K = [l = T+ g7 (7 () =[x = P ] Vi ()] Vo =0,

opt

where K denotes the mean curvature of 0E! . and # is the exterior normal vector to

opt
0E . Since V is arbitrary, we get

K = /\% [|x - T (x)|+g"(T"(x)) - |x —P(x)|] Vopt(X) 2 0 0n OE .

+
opt

Proposition 3.8  Assume that Q is convex. Then the optimal free export/import set

Ej,, intersects the boundary of spt(vgy, ), unless g* = ¢ on some arc of 9Q.
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Proof  Assume that Ej,, n d[spt(v,,,)] = 0. Let R be the union of all the transport
rays between v -1 Et, and its projection on the boundary P,[v} IE:P‘]. Set E :=
(RN spt(vgpe))\Eop and € := P(R). As the transport rays cannot intersect at their
interiors, we then see that this set E is also exported (with a tax ¢g*) to the same arc
Cwith T*(x) = P(x) € G, for all x € E. Yet this implies that there is some constant ¢
such that g* = con C. |

opt opt

Now, we will study the regularity of E,

Proposition 3.9  Assume d =2 and f* € LP(Q) with p > 2. Yhen the optimal free
export/import region Eg, is C' in the interior of Q. Moreover, E opt 1S C! provided that

0Q is CL.

Proof ~ Assume that this is not the case at some point x € dE( . After a rotation
and translation of axes, we can assume that x = (0, 0) and the x;-axis is below the two
tangent lines to 0E , at x. Let a; and a, be the parameterizations of the two parts of

0E, around x. Take ¢ > 0 small enough and let § > 0 be such that a;(¢) = az(-6).
Now, let C be the part of 0, between (&, a1 (¢)) and (-6, a2(~0)) and let C be the
segment joining these two points. Let E; ) be such that 0EJj, = (0Eg,\C) u ©. Then
we have

£ 0
Per(E,) - Per(Eopt)—s+8—f0 \/1+0c{(s)2ds—[6\/1+0c;(s)2ds.

Thanks to the convexity of Ej, (see Proposition 3.4), we have that |aj(s)], [a3(s)| 2
¢ > 0, for s small enough. Hence, we get that

)< (1-V1+c)(e+9).

Per(EOpt) Per(E; opt

On the other hand, let yopc be an optimal transport plan for W(Eg,,, Eg,, ). Then we
have
W(Egl:t’ Eopt) W(Eopt’ opt) f . g+ ()/) d)/opt
Eopt opt) x0Q
— + P d +
Joes oy & PN ()
< g o Ivapell ol B\l 7.
Yet,

0
|Eqpe\Eopt| = (e + &) au(e) — f ar(s)ds - ./5 ay(s)ds < C(e +8)%

Consequently, we get
W (Egpes Eqpe) + A" Per(Egy,) — W(Eg ) = A" Per(E;,,) <

(A7 (1= V14 )+ g | [vpe 1 Cle + 8)17] (e + 8),

which is a contradiction for ¢, § small enough, as (Eg,, E,y,) is @ minimizer for
problem (2.1) and p > 2. ]

opt> opt
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Proposition3.10  Assumed =2, g* > ¢ > 0, and f* is continuous on spt(f=). Let vy,

the mass to be exported/imported and let E,,, be the optimal free export/import region.
Then Eg,,, is strictly convex in {vyy, > 0}. In particular, if f* is bounded from below,
then E5,,, is uniformly convex inside spt(vg,,).

+

Proof  Let yope be an optimal transport plan for W(E;,, Eg,) such that v, =

(T1:)# (Yopt - Laxaq)- It is easy to see that the set EJ,, minimizes

. . —yld f + dy : (11,
ngn{mln{foxﬂbc yldy + (Q\E)Xmg (»)dy : (TL)#y

= Voper (ITy)sy © aQ} +A" Per(E)}.

On the other hand, from Proposition 2.2, the transport plan yff;t = (Id, Tg)# v, pr»
where the map T is defined as follows

P(x):=argmin{|x — y|: y € 0Q}, ifx € E,

T -
5(%) {T*(x) ==argmin{|x — y| + g*(y) : y € 0Q}, ifx e Q\E,

is a minimizer for the problem

i —y|d / *(y)dy : (IL
mm{/mﬂlx yldy + (om0 d (y)dy: (TLy)sy
e spH((TTy)ey) € aa}.

So, we infer that E;pt

minimizes

mEin{/Q |x = Te(x)| dvgy (%) + [Q\E g (Te(x)) dvgy(x) +A* Per(E)}.

Fix xq € aE;’pt. Let C be a part of BEgpt around x¢ and let x; := (s1,t1), x2 := (52, 12)

be the endpoints of . Assume that C is the graph of a function . Then we see that
®opt minimizes the following problem:

S a(s) S
min{f f u(s, 1) vy, (s, 1) dtds+,\+[ V1+a/(s) ds: a(s)
s1 0 S1
=t, a(sy) = tz},
where

u(s,t):=1(s,t) =T (s, t)| + g (T (s,t)) = |(s, t) = P(s, £)|.
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From the optimality conditions on aop: and thanks to the continuity of v, on
spt(vyp) (see Proposition 2.3), we get that

o)
[\/Hazw(s)z

This implies that

] = A1+ (S aOPt(S))v:pt(s"xopt(s))-

K(so) = (SOs“opt(SO)) Vit (50> @opt(50) )5

where £(so) denotes the curvature of JE, at xo := (S0, @opt(s0)). Yet, we have
u(s,t) > g*(T(s,t)) > ¢ > 0. This concludes the proof. |

Corollary 3.11  Assume d = 2 and f* is continuous on spt(f*). Then, the optimal free
export/zmport region E;,, is C* in the interior of spt(v;,,) and C! in the interior of Q0.

Moreover, Ey,, is C*' provided that 9Q) is C"'.

Proof  This follows from Propositions 3.4 and 3.9, the continuity of vg, (see
Proposition 2.3) and u, and the fact that the curvature  of dE;,, in the interior of
Q satisfies (see Proposition 3.10)

k(s) = %u(s, Aopt($)) v;pt(s, Aopt($))-

Now, assume that xq € 0Eg,, N Q. Similarly to Proposition 3.10, we denote by C the
arc of 8E§pt around xg and by xj := (s1,11), x; := (52, t2) the endpoints of C. Assume
that € (resp. 0Q) is the graph of a function ap; (resp. ). Then we have that aqp; solves

s2 a(s) 52
min {/ f u(s, 1) vope(s, t) deds + A* f Vi+al(s)ds: a
1 0 S1

2> v, 06(51) =1, 06(52) = tz}.
From the optimality conditions on a,p, we get

(5) u(s “Opt(s))vopt(s “OPt(S))

As 9Q is CVL, it is then clear that & is bounded from below as well. This concludes the
proof. [ ]

Corollary3.12  Assumethatd = 2 and f* is C*>* onspt(f*), witha € (0,1). Then the
optimal free export/import region Eg,, is C>% in the interior of spt(vgp). In particular,
Eg, is C¥! inside spt(v,,) as soon as f* is Lipschitz on spt(f*).

Remark 3.4  We see that if f* is C©* on spt(f*) and g* = ¢* > 0, then the optimal

free export/import set E,, is C k+2.¢ in the interior of SPt(Vopt)-
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Remark 3.5 It is not clear how to adapt Proposition 3.9 to the case d > 2. On the

other hand, we know that any part E ¢ 0E_, is a solution of the variational problem

a(y)
min{/ / u(j> ya)vope (7> ya)dya dy
B(e) JO

+ /\Jr f( )\/ 1+ |V(X(}-/)|2d}-/ 1 Id x (X|BB(£) = BE}
B(e

From the optimality conditions on a,p;, we get that agp satisfies the following
equation:

1Y% D) |l ) v (5w (G
' l 1+|Vtxopt()_’)|2]_/\+ (7> opt (7)) vopu (7> ctope(7))

or, equivalently,
1 ) , _ _
Z ai,j aazc,-xj%pt = e u(y, “OPt(}’)) V:)—pt(y’ ‘Xopt()’))>
i

where
6i,j(1 + |V“opt()-})|2) - axia‘opt axjocopt
ai,j = o3 :
(1+[Vaop (7)*)?
In fact, under some assumptions on a; ; (see, for instance, [6]), it is possible to prove
a higher regularity on a,p. But it is not clear if the coefficients a; ; satisfy the required
assumptions or not, and it is even unclear whether, in higher dimensions d > 2, we

can prove that the optimal free export/import region Ej,, is smooth, as Eg,, may not
be, for instance, )-convex when d > 2.

The following example shows that, in general, the optimal free export set E;,, is
not C? on the boundary of spt(f) if f ¢ C(Q).

Example 3.12.1 Let Q = B(0,2) and let f be a nonnegative density such that f =1
on [-1,1] x [-1,1]. Assume g = 1 on dQ. Fix A > 0, so that problem (1.4) is equivalent
to minimizing

min {1 Per(E) - [En ([-1,1] x [-1,1])|: E c Q}.
Let x be the curvature of dQ); then we know that x = % on ]-L1[ x ]-L1[.If A < 1,
then it is clear that the optimal set E,p¢ # 0. Yet we know that E,p is C'. This implies
that there is part of E,p inside ]-1,1[ x ]-1,1[ and the curvature of this part is %

However, we can see easily that Eqpe 0 0(]-1,1[ x ]-1,1[) # 0. Consequently, 0Ep, is
not C2.
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