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Subgraph expansions are commonly used in the analysis of reliability measures of a failure-
prone graph. We show that these expansions are special cases of a general result on the
expected value of a random variable defined on a partially ordered set; when applied to
random subgraphs, the general result defines a natural association between graph functions.
As applications, we consider several graph invariants that measure the connectivity of a
graph: the number of connected vertex sets of size k, the number of components of size k,
and the total number of components. The expected values of these invariants on a random
subgraph are global performance measures that generalize the ones commonly studied.
Explicit results are obtained for trees, cycles, and complete graphs. Graphs which optimize
these performance measures over a given class of graphs are studied

1. Introduction

A random subgraph of a graph G is defined by imposing a probability measure on the
subgraphs of G. Any real-valued function defined on the subgraphs of G is then a random
variable, in which case the expected value may be a parameter of interest. Most measures
of the reliability of a failure-prone graph fit into this general context. In the network
reliability model, G is used to represent either a communications network or a network
of components; the vertices of G represent either sites or terminals and the edges of
G represent either communications links or components. A general probability measure,
interpreted in the reliability context, allows both edge and vertex failures and allows
statistical dependence between element failures. However, it is usually assumed that only
the edges (or only the vertices) fail, and it is also assumed that elements of a given type
(either edges or vertices) fail independently with the same probability. These restrictive
assumptions have been overused in the literature, since they are sometimes not realistic
and sometimes not necessary.

The most studied performance measure for a failure-prone graph is the probability that
some distinguished vertex set U of the graph remains connected after the element failures.
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This measure is called the U-terminal reliability; references [5], [9], and [19] are good
surveys of this subject. The special cases which have received the most attention are when
the set consist of two vertices, the two-terminal reliability, and when the set consists of all
of the vertices, the all-terminal reliability. The all-terminal reliability is a global reliability
measure. Another global performance measure is the pair-connected reliability or the
resilience of the graph: the expected number of pairs of vertices that remain connected
after the element failures (see for example [1]-[4], [8], [10], and the references in these
papers). There have been two main lines of investigation in network reliability. One
involves computational issues such as complexity questions, explicit formulas, reduction
and factoring results. The other line involves the study of optimally reliable graphs within
a given class of graphs.

In many cases, the analysis of performance measures involves expansions over subgraphs
of the failure-prone graph, in a certain way. One of the main points of this paper is to
show that these subgraph expansions are all special cases of one very simple, general
result in which the expected value of a graph function can be expressed in terms of
another graph function. The natural home for this result is the Mobius inversion theory
of partially ordered sets, and it is interesting beyond the application to reliability because
it defines a natural correspondence between graph functions. As applications, we will
consider several graph invariants that describe the connectivity of a graph: the number
of connected vertex sets of size k, the number of components of size k, and the total
number of components. The expected values of these invariants on a failure-prone graph
are performance measures that generalize some considered in the literature. We will
obtain a number of results relating these graph invariants, their associated invariants, and
their expected values. We will give some explicit results for trees, cycles, and complete
graphs. Finally, we will consider optimal graphs for these performance measures in the
model in which elements fail independently and elements of a given type fail with the
same probability. Our analysis will provide insight into the fact that, for many global
performance measures, there is no uniformly optimal graph.

2. Probability measures on partially ordered sets

In this section, we will review the partial sum expansion for a real-valued function defined
on a finite partially ordered set and the Mobius inversion formula. This expansion is useful
for representing the expected value of a random variable when the poset is endowed with
a probability measure.

Definition. Let S be a finite set, partially ordered by a relation <, and having a zero
element 0 and a unity element 1 (thus 0 < s < 1 for every s € S). For s,t € S with
s < t, the subsets [s,t], (s,t), [s,t), and (s,t] are defined in the usual way. For example,
[ss0)={ueS :s<u<th

There is no loss in generality in assuming the existence of zero and unity elements,

since they can always be appended. The following results are standard in the theory of
finite posets (see [0]).
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Lemma 2.1. If X :S — IR, then there exists a unique function X~ : S — R such that

X(t)= Y X(s)forteS. (2.1)
se[0,] J

Note that (2.1) determines X~ recursively since

X ()=X(@)— Y X (s)fortes. (2.2)
s€[0,t)

The operator that takes X into X~ is linear and is a downward difference operator.

Example 2.1. Let S be a chain (that is, < is a total order) whose elements are sy < 51 <

co <L 8y, then X7 (s0) = X(so) and X~ (s;) = X(s;) — X(si—1) for i = 1,2...,n. In this case,
the downward difference operator is the ordinary backward difference operator.

Definition. The Mdbius function u is defined inductively on the set of ordered pairs
{(s,t) :s,t € S,s <t} as follows:

u(s,s) = 1forses,
ulr,t) = — Z u(r,s) forr,t € S with r < t.

s€lr,t)

Lemma 2.2. If X :S —> R then
X~()= ) wsnX(s) for t € 5. O

se€[0,]

Lemma 2.2 gives the Mébius inversion formula.

If P is a probability measure on (the subsets of) S, then of course P is completely
determined by its probability mass function s +— P{s}. Let E denote the expected value
operator associated with P. On the probability space (S, P), a function X : S — R can
be thought of as a random variable and the following lemma gives a simple expansion
of the expected value of X in terms of X—. This expansion has been derived in a
number of special cases in network reliability models and is the basis for a good deal
of reliability analysis. However, the simplicity and generality of the result seems to have
been overlooked.

Theorem 2.1. If X : S — R and P is a probability measure on S, then
E(X)=> X (s)P[s.1]. (2.3)

seS
Conversely, if X,Y : S —> R and
E(X)=)_Y(s9)P[s.1] (2.4)
ses

for every probability measure P on S, then Y = X ™.
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Proof. If X : S — R and P is a probability measure on S then, from the definition of
expected value and from Lemma 2.1,

EX) = > X@P{t}=>_ > X (P}
tes teS se[0.1]
= Y D) X (s)P{t} =D X (s)P[s.1].
seS te[s1] ses

Hence (2.3) holds. Conversely, suppose X,Y : S — R and (2.4) holds for every probability
measure P on S. If t € S and P is point-mass at ¢ then (2.4) gives

X()=> Y(s).

se€[0,]

Hence by Lemma 2.1, Y = X ]

Similarly, for any X : S — IR, there exists a unique Xt : S — R such that
X(@s) = Y Xt forses, (2.5)

te[s,1]
X*s) = X(s)— Y X*(t)forseS. (2.6)
te(s,1]

The operator that takes X into X is also linear and is an upward difference operator. Of
course the upward difference X can also be thought of as a downward difference relative
to the reverse of the given partial order, so any result for downward differences will have
an analogue for upward differences. In particular, an analogous Mobius function and
inversion formula could be given for X*. If P is a probability measure on S then

EX)=Y_ X" (1)P[0.1]. (2.7)

tesS

Moreover, X is the only function satisfying (2.7) for every probability measure P.

3. Graph functions and random subgraphs

We will consider undirected graphs without loops, but perhaps with multiple edges. If G
is a graph, let V(G) denote the vertex set of G, n(G) the number of vertices in G, and
m(G) the number of edges in G. Let () denote the ‘empty’ graph which has no vertices or
edges. If G is a subgraph of H, we write G < H and the segments [G, H], [G, H), (G, H]
and (G, H) are defined as in Section 2. If G < H, let Gy denote the corresponding induced
subgraph which contains all edges in H that connect vertices in V(G). Reference [14] is a
general reference on graph theory.

For any graph H, the subgraph relation < is a partial order on [(), H], the collection
of subgraphs of H, with () as the zero element and H as the unity element. A random
subgraph of a given graph H is described by a probability measure Py defined on the
sample space [, H]. In the reliability context, a random subgraph of H is used to model
a failure-prone version of H. Note that, in general, both edges and vertices can fail, with
different probabilities, and element failures may be statistically dependent. If only edges
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can fail, then Py is concentrated on spanning subgraphs of H and if only vertices can fail
then Py is concentrated on induced subgraphs of H.

Example 3.1. Let H be a graph and let p,p € [0,1]. For G < H define

PH,p,p(G) — pn(G)(l _ p)n(H)—n(G)pm(G)(l _ p)m(GH)—m(G). (31)

In the reliability context, each vertex of H fails with probability 1 — p, each edge of H
fails with probability 1 — p, and all element failures are independent. Thus, we will refer
to this as the model with independent, identically distributed (11D) element failures; p and
p are the parameters. Note that the segment [G, H] is the event that all elements of G
(and perhaps other elements) are operational and hence

PG, H] = p"@p™ ). (3.2)

The segment [0, G] is the event that each vertex in H that is not in G, and each edge in
Gy that is not in G (and perhaps other elements) have failed, so

PH,p,p [0’ G] — (1 _ p)’l(H)7’1(G)(1 _ p)m(Gn)*m(G)' (33)

If p =1, we have the IID edge-failure model with parameter p, and if p = 1, we have the
IID vertex-failure model with parameter p.

Suppose that H is a graph and X : [0, H] — R. The results of Section 2 apply, so, by
(2.1) and (2.2),

X(G) = > X (F)forG<H, (3.4)
Fe0,G]
X7 (G) = X(G)— > X (F)for G<H. (3.5)
Fe[0.6)

Note that X~ (G) depends only on the subgraphs of G and hence is independent of H.
In particular, if X is a graph invariant, then so is X, and thus the downward difference
operator is a natural correspondence between graph invariants. Using standard results in
[6], it is easy to determine the Mobius function for the subgraph relation. If F < G and
if the vertices in V(G) — V(F) are isolated, then

,U(F, G) — (_ 1 )m(G)fm(F)(_l)n(G)fn(F) ;

otherwise p(F,G) = 0. Thus, X~ can be given explicitly in terms of X using the M&bius
inversion formula in Lemma 2.2.

In contrast, the definition of the upward difference X+ depends on the underlying
graph H. Thus (2.5) and (2.6) become

X(F) = Y X%GH), for F<H, (3.6)
Ge|[F,H]
X*(F,H) = X(F)— Y X"(G,H)for F<H. (3.7)
GE(F,H]

The Mobius function corresponding to the upward difference would also depend on H.
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It is important to note that upward and downward differences depend on the partial
order. For example, if the induced or spanning subgraph relation were used instead of
the general subgraph relation, then the upward and downward difference of a function
would change accordingly.

If Py is a probability measure on [0, H], then, by (2.3) and (2.7),

Ex(X)= Y X (GPy[G.H]= > X™(G.H)Py[0.G]. (3.8)
Ge[),H] Ge[0,H]

4. Graph invariants and reliability measures

In this section we will study a number of graph functions which in some sense measure
the connectivity of a graph. When these functions are viewed as random variables defined
for a given failure-prone graph, their expected values give performance measures.

If G is a graph, let ¢(G) = m(G) — n(G) + 1. If G is connected then ¢(G), the cyclomatic
number of G, is the dimension of the cycle space of G. Let e(G) denote the number of
end-points of G (vertices of degree 1). The path on n > 1 vertices will be denoted L,, the
complete graph on n > 1 vertices by K,, and the cycle on n > 3 vertices by C,. Also, we
will adopt the usual conventions for binomial coefficients: (Z) =0ifb<Oorb>a.

Definition. Let H be a graph and U < V(H). For G < H, let Iy(G) =1 if U < V(G)
and the vertices in U are connected in G, and let Iy(G) = 0 otherwise.

On the random subgraph ([(Z), H],PH), Iy is the indicator random variable that takes
the value 1 if U is a connected set of vertices in the random subgraph and takes the value
0 otherwise. In particular, if u € V, then Iy, is the indicator variable that takes the value
1 if u has not failed. If u,v € V' with u # v then I, is the indicator variable that takes
the value 1 if u and v are connected vertices in the random subgraph of H. Generally, if
U has at least two elements and U, denotes the collection of two-element subsets of U

then
Iy = H I{u,v}a
{up}el,
although of course this is not usually a minimal factoring. Note that Eg(Iy) = Py(Iy = 1)
is the probability that U is a connected set of vertices in the random subgraph of H. This
is the U-terminal reliability of H. In particular, Ey(Iy,,)) is the two-terminal reliability of
H, with terminals u and v, and Eg(Iy(g)) is the all-terminal reliability of H.

Definition. For k = 1,2,..., and for any graph G, let X;(G) denote the number of
connected vertex sets of size k in G; let Y;(G) denote the number of components of size
k in G; and let Z(G) denote the total number of components in G.

Note that X, Y;, and Z are graph invariants, since no distinguished vertices are

referenced. On the random subgraph ([0, H], Py), Xk, Y, and Z are random variables
that give, respectively, the number of connected vertex sets of size k, the number of
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components of size k, and the total number of components in the random subgraph. Note
that X;(G) = n(G), the number of vertices in G. On ([0, H], Py), X is the number of
surviving vertices in the random subgraph of H, so for the IID model of Example 3.1,
X has the binomial distribution with parameters n(H) and p. On ([0, H], Py), X, is
the number of pairs of vertices which are connected in the random subgraph of H, so
Ep(X>) is the pair-connected reliability of H. Finally, X, = Iy on [0, H] so Eg(Xym))
is the all-terminal reliability of H. In general, Eg(Xy), Eg(Yy), and Ex(Z) are global
performance measures of of H, although only the special cases mentioned have received
much attention. Of course, the general results in Section 3 and in particular (3.4)—(3.8)
hold for these graph functions.

There are simple, linear relationships between these graph functions and hence also
their upward differences, downward differences, and expected values on ([@, H]). These
relationships are analogous to Sylvester’s formula and the sieve formula in combinatorics
(see [6]).

Theorem 4.1. For G<H and k=1,2,...,

Xi(G) = > {Iu(G): U< V(G),|U| =k}, (4.1)
nG) ,.

X(G) = Z(,{)Y;(G), (42)
j=k
n(G) .

Y(G) = ) (=1 <,](>X1(G), (43)
Jj=k
n(G) n(G

)
Z(G) = Y Yi(G) => (-1Y'X,(G). (4.4)
=1 j=1
Proof. Equations (4.1), (4.2) and the first equation in (4.4) follow immediately from the
definitions. Equation (4.3) follows from (4.2), and the second equation in (4.4) follows
from (4.3). Ul

Corollary 4.1. Equations (4.1)—(4.4) hold with each graph function replaced by its expected
value on ([0, H], Py), and with V(G) replaced by V(H) in (4.1) and n(G) replaced by n(H)
in (4.2)-(4.4).

Proof. These results follow directly from Theorem 4.1 and the linearity of expected value.

L]
Corollary 4.2. Equations (4.1)—(4.4) hold with each graph function replaced by its downward
difference. Similarly, equations (4.1)—(4.4) hold with each graph function replaced by its
upward difference defined relative to H. L]

One of the goals of this section is to study the downward differences of these graph
functions because they are themselves measures of graph connectivity and, as noted above,
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their definitions do not depend on the underlying graph H. Also, the downward differences
are fundamental in the study of the expected values that are performance measures.

In the study of U-terminal reliability, Satyanarayana [16, 17] showed that (in our
notation)

Ey(Iy)= Y Du(G)Py[G.H]. (4.5)
Ge[0,H]

He called the coefficient Dy (G) the U-domination of G and was able to describe it in graph-
theoretic terms. However, since (4.5) holds for all probability measures Py, it follows from
Theorem 2.1 that Dy = I;, and hence this result is simply a special case of the downward
difference expansion of expected value (3.8). Moreover, in Theorem 4.2 below we give a
very simple combinatorial proof of Satyanarayana’s graph-theoretic interpretation of the
coefficient. This leads in turn to an interpretation of X, .

Definition. A tree T is a U-tree if U < V(T) and T is a minimal graph connecting
the vertices in U. A U-formation of a graph G is a set of U-trees whose union is G; the
formation is odd if the number of U-trees in the set is odd and even if the number of
U-trees in the set is even.

Note that a tree T is a U-tree if and only if U < V(T) and U contains all end-points
of T.

Theorem 4.2. If G is a graph then I is the number of odd U-formations of G minus the
number of even U-formations of G.

Proof. Let Ny(G) denote the number of odd U-formations of G minus the number of
even U-formations of G. If G contains n U-trees then

B n i (n
S Nu(F) =3 (-1) (k)

Fe[0,6] k=1

The second sum is O if n = 0 and 1 if n > 1. In either case it follows that

> Nu(F) =Iy(G).

Fe[0,G]

By the uniqueness of the downward difference (Lemma 2.1), it follows that Ny =1I;. [l

The domination coefficients I;;(G) have been described in somewhat more topological
terms in [17]; the sign of I;(G) is (—1)“©) and the magnitude of I;(G) is the number of
orientations of G that can be written as acyclic unions of oriented U-trees in a certain
sense.

There have been a number of recent papers on the characterization and computation
of domination coefficients, both in this setting and for more general reliability structures.
See, for example, [7], [12], [18], [20], [21], and the references in these papers. In [19], the
Mobius inversion formula is used for the computation of two-terminal reliability when
elements fail independently, but with different probabilities.
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By combining Theorem 4.2 and Corollary 4.2, we can now obtain a graph-theoretic
interpretation of the invariant X, .

Definition. For k > 1, a k-formation of a graph G is a U-formation with |U| = k.

Note that two different k-formations of G may consist of the same set of trees, but
corresponding to different subsets U.

Corollary 4.3. For k = 1,2,... and any graph G, X, (G) is the number of odd k-formations
minus the number of even k-formations of G. ]

From the remarks following Theorem 4.2, note that the sign of X, (G) is the number
of orientations of G that can be represented as acyclic unions of oriented U-trees (in the
precise sense given in [17]), summed over all U with |U| = k.

From previous results on domination and from Corollaries 4.2 and 4.3, the values of
X, Y,”,and Z~ can be obtained for some very simple graphs. Additional computational
results for X5, which correspond to pair-connected reliability, will be given in the next
section.

Theorem 4.3. For a graph G and for k = 1,2,..., X, (G) # 0 if and only if there exists
U < V(G) such that |U| = k and every edge of G lies on some U-tree in G. Equivalently,
X, (G) # 0 if and only if G is connected and there exists U < V(G) such that |U| =k and,
for any cut-point v of G, every component of G —v has a vertex in U.

Proof. By Corollary 4.2, equation (4.1) holds with Iy replaced by I; and X; by X, . But
I; is the U-domination coefficient, so the theorem follows immediately from results in
[18]. U

Note in particular that X (K;) = 1 and X;(G) = O for any other graph G. By
Corollary 4.2, equations (4.2) and (4.3) hold with the invariants replaced by their downward
differences. It follows that if X;(G) = 0 for j > k then Y,"(G) = 0, and if X;(G) =0 for
j =1 then Z7(G) = 0. In particular, ¥,7(G) = 0 and Z~(G) = 0 if G is disconnected.

Theorem 4.4. If T is a tree and k = 1,2,... then

. (n(T)—eT)

Xy = ( k—e(T) > (0

o) = (0, @7)
L ifT=1L,

Z(T) = {—1 if T =Ly, (4.8)
0 otherwise.

Proof. Let T be a tree with n vertices and e end-points. Note that X, (T) is the number

https://doi.org/10.1017/50963548398003629 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548398003629

474 K. Siegrist
of ways in which T can be represented as a U-tree with |U| = k. As noted above, in order
for T to be a U-tree, the end-points of T must be in U, but the remaining k — e vertices

of U can be chosen from the remaining n — e vertices of T in any manner. Hence (4.6)
holds. Next, by Corollary 4.2 and (4.6),

e = e (020

_ k n—e _
( 1.) (—1)¢(i + o) (” i e), (4.9)

!
(M1

where V is the maximum operator and (i 4 e); denotes the usual falling factorial. But

i(_l)ﬁe (Vl 7 8) Xt = (_x)e(l _ x)n—e
i=0

— }:p4rc_§+eyx—ni (4.10)

i=n—e

Comparing the second sum in (4.9) and the first sum in (4.10), we see that the former is
the kth derivative of the latter at x = 1. Using the second sum in (4.10) to compute the
derivative gives (4.7). Finally, from Corollary 4.2 and (4.7),

2=y () @11)

j=1 ")
If n=1and e =0 (so that T = L) then the sum in (4.11)is 1. f n =2 and e = 2 (so
that T = L), the sum in (4.11) is —1. If n > 3 (and hence e < n), the sum is 0. ]

From (4.7), note that |Y,~(T)| is the number of vertex sets of T of size k containing all of
the non-end-points. An interesting open problem is to give a graph-theoretic interpretation
of the invariants Y,~ and Z~.

Theorem 4.5. For the cycle C,, on n = 3 vertices,

X7 (C) = —@—1(?} k=12,..., (4.12)
0, k=1,2,...,n—2,

Y, (C,) = n, k=n—1, (4.13)
1—n, k=n,

Z(C) =1

Proof. First note that (4.12) is correct if k = 1 or if k > n, so suppose that 2 < k < n.
Fix a cyclic orientation of C,. A U-tree is a directed path from u € U to v € U such that
the directed path from v to u meets no other vertices of U. Hence, if U is a vertex set
of size k, then there are k U-trees. Any collection of two or more of these U-trees is a
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U-formation of C, and therefore, by Corollary 4.3,

k
X7 (Cy) = (Z) > (=1t (’J‘) = —(k— 1)(;’).
j=2

Next, by Corollary 4.2 and by (4.12),

v =0 () [~ (7).
= /

which gives the result in (4.13). Finally, by Corollary 4.2 and (4.13), Z~(C,) = n—(n—1) =1
]
Theorem 4.6. For the complete graph K, on n = 2 vertices,
X, (K, = (—n(2) (Z) k—1)n-2), k=12,..., (4.14)
0, k=1,2...,n—2,
VoK) = (DU nm—2), k=n—1,
(=) — 1), k=n,

Z (K = (=) m—2).

Proof. In [17] it is shown that, if U is a vertex set with k elements, then (in our notation)

n—1

I5(Ky) = (=)D = 1)(n —2)1.
It follows from Corollary 4.2 that (4.14) holds. Note that, interestingly,
Xi (Ky) = (=D (0 = 2)1X5(Co),
and hence, by Corollary 4.2,
Y (Kn) = (1) = 2)17, ()
Z(K,) = () —2)127(C,).

The remaining results in Theorem 4.6 now follow immediately from Theorem 4.5. ]

5. The IID model

In this section, we consider the IID probability model with parameters p and p, as defined
in Example 3.1. The primary goal of this section is the study of the global performance
measure Ep,,(X;). This generalizes, in two ways, the measures that have been most
commonly studied. The expected value includes pair-connected reliability (k = 2) and
all-terminal reliability (k = n(H)), and the probability model includes the IID edge-failure
model (p = 1) and the IID vertex-failure model (p = 1).

Several authors have studied polynomial expansions of performance measures in the
IID edge-failure model, and to a lesser extent in the IID vertex-failure model. These
expansions are all special cases of the following general result for the expected value of
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a graph function over a random subgraph, which relates the coefficients in the expansion
to the downward and upward differences of the graph function.

Theorem 5.1. Let X : [0, H] — IR. Then

n(H) m(H) ‘
Enp,(X) = > > X (H,ij)p'p’
i=0 j=0
n(H) m(H) A '
= D> X'H.iL)HL-p'(L—p),

i=0 j=0
where
X~(H.i,j) = Y {X(G):G < H,n(G)=i,mG)=j},
XF(H,i,j) = Y {XH(G,H):G < H,n(G)=n(H)—i,mG) = m(Gy) — j}.

Proof. These results follow from (3.2), (3.3), (3.8) and a summation interchange. ]

Theorem 5.1 holds of course for the invariants X, Y, and Z. Using summation
interchange and Corollary 4.2, it is simple to see that, for fixed i and j, the coefficients
I5(G,i,j), X; (G,i, j), Y,7(G,i,j) and Z7(G, i, j) are related in a way analogous to equations
(4.1)—(4.4). A similar statement holds for the coefficients with + superscripts.

If n(G) = n(H) then Gy = H, and therefore

XT(H,0,0) = X (H,H) = X(H). (5.1)

Also, from Theorem 5.1 and the binomial expansion, the sequences X (H,i,j) and
Xt(H,i,j)fori=0,1,...,n(H) and j = 0,1...,m(H) are inverse-pairs in the combinatorial

sense [11], related by
(5)())xaren
1) \J

Corollary 5.1. If Ey 1 ,(X) is expanded as a polynomial in powers of p, then the coefficient
of p! is

n(H) m(H)
X™(H,i,j)= (=" >
k=i

=i I=j

> {X7(G) : G < H.m(G) = j}.

If En1,(X) is expanded as a polynomial in powers of 1 — p, then the coefficient of (1 — p)/
is

> {X"(G.H) : G < H.n(G) = n(H),m(G) = m(H) — j}. O
Corollary 5.2. If Ey,1(X) is expanded as a polynomial in powers of p, then the coefficient
of p'is
> {X7(G) : G < H.n(G) =i}
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If Ey p1(X) is expanded as a polynomial in powers of 1 —p, then the coefficient of (1—p)' is
> {X*(G.H) : G < H.n(G) = n(H) — i, m(G) = m(Gn)}. O

Note that if G < H and m(G) = m(H) then necessarily n(G) = n(H) and G = H. Hence
X7(H,n(H),m(H)) = X~ (H).

Thus, if Ex(X) is known for (p,p) in a rectangle, then X (H) can be recovered as the
coefficient of p") pmH) Similarly, in the IID edge-failure model (p = 1), X~ (H) is the
coefficient of p™),

Recall from Corollary 4.3 that the magnitude of X; (H) is the number of ways in
which H can be represented as an oriented acyclic union of paths, and hence is an
interesting invariant. Moreover, X5 (H) is the coefficient of p™*) in Ep1,(X2) (pair-
connected reliability with IID edge failures). In [2], the pair-connected reliability was
computed explicitly for certain classes of graphs which arise in applications, and hence

X5 can be computed for these graphs, leading to the following results:

Example 5.1. If W, denotes the wheel on n + 1 vertices (obtained by connecting each
vertex of the cycle C, by a new edge to a common, new vertex), then

X5 (Wog1) = (1) (% = n+ 02 — 1)/12)

If F,11 denotes the fan on n+ 1 vertices (obtained by connecting each vertex of the path L,
by a new edge to a common, new vertex), then

X5 (Fygt) = (=1 (n(n® = 1)/6 + n) .

If D,y denotes the diamond on n + 1 vertices (obtained by connecting each vertex of the
star S, on n vertices by a new edge to a common, new vertex), then

X5 (Duy1) = (1) (" +n—1).

Polynomial expansions of performance measures have been used to compare the mea-
sures for different graphs, and for the study of optimal graphs within a given class of
graphs, primarily in the IID edge-failure model. The analysis usually hinges on a graph-
theoretic interpretation of the coefficients in the expansion. We will now generalize some

of the results that have been obtained by considering Ep ,,(Xx) in the IID model. The
following two theorems identify some of the coefficients.

Theorem 5.2. Let H be a graph and let k = 1,2,... . Then

X (H,i,j)=Y, (H,i,j)=0ifi<korj<i—1. (5.2)
Also, X;”(H,k,k — 1) = Y,7(H,k,k — 1) and the common value is the number of trees of
order k in H.

Proof. If n(G) < k then G cannot be represented as a union of U-trees with |U| =k, so
X, (G) =0 by Corollary 4.3. If j > k then X (G) = 0, so, by Corollary 4.2, Y,"(G) = 0 also.
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By Theorem 4.3, X, (G) = Y,7(G) = 0 if m(G) < n(G)—1 (since G would be disconnected).
By Corollary 4.3, if G < H and n(G) =k, m(G) = k—1, then X, (G) = 1 if G is a tree and
X, (G) = 0 otherwise. Also, X;7(6)=0 if j >k, so X, (G, k,k—1)=Y, (G k,k—1). [

Corollary 5.3. Let G and H be graphs and k = 1,2,... . If there exist p > 0 and € > 0
such that
Enpp(Xi) = Egpp(Xi) for 0 < p <e, (5.3)
then
X, (H,k,k—1) > X, (H,k,k —1). (5.4)
The statement is also true with Xy replaced by Y throughout.

Proof. By Theorems 5.1 and 5.2, if Ep , ,(Xk) or Ep p,(Yy) is expanded as a polynomial
in powers of p and p, the smallest order term is p*p*~! with coefficient X, (H,k,k — 1) =
Y, (H,k,k — 1). All other terms have order at least k in p and at least k in p. The same
comments apply to G, so the result follows. ]

Corollary 5.3 has a partial converse. If strict inequality holds in (5.4) then, for each
p > 0, strict inequality holds in (5.3) for some € > 0 (which may depend on p).

In particular, Corollary 5.3 applies in the IID edge-failure model. When k = 2 (pair-
connected reliability), the lowest order coefficient in the expansion is X5 (H,2, 1) = m(H),
the number of edges in H. When k = n(H) (all-terminal reliability), the lowest order
coefficient in this expansion is

X (H,n(H),n(H) — 1),

the number of spanning trees in H.

Definition. Let H be a graph having a component of order at least k > 2. Let 4;(H)
denote the smallest number of edges whose deletion disconnects a component of H of
order at least k.

If H is connected and has at least k vertices, then Ay(H) = A(H), the edge connectivity
of H.

Theorem 5.3. Let H be a graph having a component of order at least k = 2. If 0 < j <
Ac(H) then
X]j(HaO)]) = Yk+(H:09j) = 0

Moreover,
XHH,0,4(H)) = Y (Xi(G)— Xi(H)),
GeYy
YHH,0,4(H) = > (Yi(G)— Yu(H)),

GeYy,

where 9. is the set of all subgraphs G obtained from H by deleting k edges.
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Proof. Suppose that j < A«(H). By definition, X, (H,0, j) is the sum of X; (F, H) over all
subgraphs F of H which are obtained by deleting j edges of H. If F < G < H, then, by
definition of A;(H), Xx(G) = X\ (H) and hence it follows inductively that X,:r (G,H) =0.
Hence X,j (H,0,j) = 0. It then follows that X,j (H,0, A (H)) has the representation given
in the theorem. The proof for Y,* is similar. L]

Corollary 5.4. Let G and H be graphs, each having a component of order at least k. Suppose
that, for some € > 0,

En1p(Xk) Z Eg1,(Xi) for p>1—e. (5.5)
Then
Xi(H) > X,(G). (5.6)
If equality holds in (5.6), then
A(H) = 2k (G). (5.7)
If equality holds in (5.6) and (5.7), then

X, (H,0,(H)) = X;}(G,0, (G)). (5.8)

Proof. By Theorems 5.1 and 5.3, if E 1 ,(Xk) is expanded as a polynomial in powers of
1 — p, then the constant term is X (H), and the next term is the one of order 4;(H), with
coefficient X;"(H,0, Ax(H)). The same comments apply to G so the results follow. ]

Corollary 5.4 has a partial converse. If strict inequality holds in (5.6), or equality in
(5.6) and strict inequality in (5.7), or equality in (5.6) and (5.7) and strict inequality in
(5.8), then there exists € > 0 such that, for each p € (1 —e¢, 1), there exists 6 > 0 (which
may depend on p) such that Ey ,,(Xy) > Eg,,(Xy) for p € (1 —46,1].

If T is a tree and U < V(T) then there is a unique U-tree in T. Hence the following
result follows from (4.1) and Corollary 4.3.

Theorem 5.4. Let T be a tree and let k < n(T). For k <i < n(T), X (T,i,i — 1) is the
number of vertex sets U such that |U| = k and the U-tree in T has i vertices; X, (T,i, j) =0
otherwise. L]

From Theorems 5.1 and 5.4 it follows that
n(T) o
Erpp(Xi) =Y X (T,ii—1)p'p"". (59)
i=k

Therefore
1
ET,p,p(Xk) = pET,l,pp(Xk) = ;ET,pp,l(Xk)'

Thus, for trees, the polynomial for the full IID model can be obtained from the poly-
nomials for the IID edge-failure or vertex-failure models. From Theorem 5.4, note that
X5 (T,i,i—1) is the number of pairs of vertices in T at distance i. This result was obtained
in [1] for the edge-failure model (p = 1) and in [3] for the vertex-failure model (p = 1).
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Example 5.2. Let S, denote the star on n = 2 vertices. For any vertex set U consisting of
k end-points, the U-tree has k + 1 vertices. Therefore, by Theorem 5.4,

n—1 _ n—1
ES,,,p,p(Xk) = (k o I)Pkpk ! + ( k )pk+1pk, k=2,...,n

Example 5.3. Let L, denote the path on n = 2 vertices. If a vertex set U of size k
(2 <k <n) has a U-tree with i vertices (k < i < n) then the pair of points in U with
maximum distance must have distance i — 1. There are n — i+ 1 pairs of points at distance
i— 1 and, for each such pair, there are (;;12) vertex sets containing this pair of points but
no pair with greater distance. Therefore

- . l - 2 i i—
EL,,,p,p(Xk) = Z(n —i+ 1) (k _ 2)p P 1'

i=k

We now consider the existence of graphs that maximize Eg, ,(Xx) for G in some class
of graphs and for all values of p and p. The following theorem generalizes results for
pair-connected reliability (k = 2) in the IID edge-failure model (p = 1) [1] and the 11D
vertex-failure model (p = 1) [3], and shows that, among trees, the star is best and the
path is worst for any value of k. Of course, for all-terminal reliability, all trees of order n
are equally reliable.

Theorem 5.5. [f T is any tree on n = 2 vertices and 1 < k < n then, for any p,p € [0,1],

Ep, pp(Xi) < E7,,(Xi) < Es, pp(Xk). (5.10)
Proof. By (5.9), for any tree T with n vertices,
Erp,(Xi) =pY_ X (T,i,i— 1)(pp)™".
i=k

For k < j < n, we denote the partial sums of the coefficients in this polynomial as follows:
J
A(Tk, j) =Y X (T,i,i—1).
i=k

To prove the theorem, it suffices to show that
A(Ln’ksj) < A(T:vk)]) < A(Sn’k’j) for k < J < n. (5'11)

Note that A(T,k,j) is the number of vertex sets U in T with |U| = k whose U-tree
in T has j or fewer vertices. For u € V(T), we will also denote by A(T,u,k, j) the
number of vertex sets U in T with u € U, |U| = k, whose U-tree in T has j or fewer
vertices. Suppose that T’ is another tree with n vertices and with v’ € V(T'). To show
that A(T,u,k, j) < A(T',u,k, j), it suffices to find a bijection between V(T) and V(T’),
mapping u to u’, such that, for any U = V(T) with u € U, the subtree of T determined
by U has at least as many vertices as the subtree in T’ determined by the image U’. We
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will use this method to show that, for any tree T on n vertices and any u € V(T),
A(Ly, ek, j) < A(T,uk, j) < A(Sy, ¢, k, j) for k < j < n, (5.12)

where c¢ is the centre of the star S, and e is an end-point of the path L,. First, root the
star S, at the centre ¢, the path L, at the end-point e, and T at u. For each of these trees,
order the vertices from 1 to n in a way that preserves distance to the root (thus, if v; is
farther from the root than v; then j > i). The orderings define bijections between each pair
of vertex sets. Now let U < V(T) with |U| =k and u € U. Let U; be the corresponding
subset of V(S,) and U, the corresponding subset of V(L,). The tree in T generated by U
has at least k vertices; the tree in S, generated by U; has exactly k vertices. If m is the
number of the last vertex in U, then the tree in T generated by U has no more than m
vertices; the tree in L, generated by U, has exactly m vertices. Therefore (5.12) holds.

Suppose next that T is a tree on n vertices and T’ is the tree obtained by joining a
new vertex v to a vertex u € V(T) by a new edge. Let U = V(T). The U-tree in T’ is the
same as the U-tree in T. If u € U then the U U {v}-tree in T’ is the U-tree in T with v
connected to u. Finally, if u ¢ U then the U U {v} tree in T" is the U U {u}-tree in T with
v connected to u. Hence

A(T' k, j) = A(T,k, j) + A(T,uk — 1,j — 1) + A(T,u, k, j — 1). (5.13)

Finally, we will use induction on n to prove (5.11). First, (5.11) holds trivially when
n = 2, since there is only one tree on 2 vertices. Thus, suppose that (5.11) holds for a
given n. Let T' be a tree on n+ 1 vertices. Let v be an end-point of T’ connected to a
vertex u, and let T be the tree on n vertices obtained by deleting v. Note also that the
star S,11 can be obtained by joining a new vertex to the centre ¢ of the star S,, and that
the path L,,; can be obtained by joining a new vertex to an end-point e of the path L,.
From the induction hypothesis and (5.12) we have

A(ankaj) < A(Taka.]) < A(Smknj)a
A(Lp,e,k—1,j—1) < A(T,uk—1,j—1) < A(Sp,c,k—1,j—1),
A(Lm e)k’j - 1) < A(Ta uak,j - 1) < A(S'b C’k7j - 1)

Adding through the inequalities and using (5.13) gives
A(Ln+1,k,j) < A(lek,J) < A(Sn-Haksj)s

and the proof is complete. Ul

Now let ¢ be a nonempty class of graphs and let H € 4. If (5.3) is satisfied for each
G € %, then, by Corollary 5.3, H must have the maximum number of trees of order
k among all graphs in 4. On the other hand, if (5.5) is satisfied for each G € ¥ then,
by Corollary 5.4, X (H) = Xi(G) for each G € 4, and A(H) > A(G) must hold for all
G € % such that X, (H) = X;(G). For most values of k the conditions for optimality in
Corollaries 5.3 and 5.4 are inherently at odds with each other: if ¢ is a sufficiently rich
collection of graphs, then a graph H € ¥ which maximizes connectivity (see [13]) will not
also maximize the number of trees of order k. For such a collection % there will not exist
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a graph H that maximizes Ep ,,(Xy) when p is small and also when p and p are both
near 1.

Specifically, consider the class %,,, of all unlabelled (n,m) graphs. When k = 2 (pair-
connected reliability) and p = 1 (the IID edge-failure model), it is shown in [4] that, for
n<m< (;) — 2, there does not exist a graph that is optimal for all values of p. When
k =2 and p = 1 (the IID vertex-failure model), it is shown in [3] that for some values
of (n,m) there exists a graph that is optimal for all values of p, but for other values
of (n,m) there does not exist such a graph. The situation is similar when k = n and
p = 1 (all terminal reliability in the IID edge-failure model [15]). The cases k = 2 and
k = n are a bit unusual. When k = 2, Corollary 5.3 gives no useful information since the
lowest order term in the expansion is m for all G € 4,,,. When k = n, the conditions for
optimality in Corollaries 5.3 and 5.4 may not be inconsistent. Forn > 4, 3 <k <n—1,
and n < m < (g) — 2, we conjecture that there does not exist a graph H € 9,,, that
satisfies conditions (5.3) and (5.5) for all G € %,,,.

As an example, consider the problem of maximizing E¢p,(Xx) over the class 4,,. It is
shown in [15] that, when k = n and p = 1, the cycle C, is optimal for all values of p.
Suppose that 3 < k < n. By Corollary 5.4, C, is the unique optimal graph when p = 1
and p is sufficiently close to 1. For k < j <n, let G; € 4,, be the graph with a cycle of
length j and n — j end-points connected to a common point u on the cycle. There are j
trees of order k contained in the j cycle of G;. On the other hand, a tree of order k in G;
containing i of the end-points of G; must contain a path through u in the j-cycle of G;
with order k —i. It follows that the number of trees of order k in G; is

k—1 ;
_ . S
X; (Gj,k,k—l)zj-l—;(k—l)( i ) (5.14)
However, the cycle C, has n trees of order k. The expression in (5.14) is larger than #n so,
by Corollary 5.3, it follows that C, is not optimal when p > 0 and p is small.
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