5]

Nonparametric regression

We have seen several examples of regression problems in Chapters 2 and 3, but
there the focus has been on settings where the regression function has a finite-
dimensional representation, for instance as a linear function of each covariate.
However, the relationship between a response and covariates may be much more
complicated than this; see Figure 5.1. The purpose of this chapter, then, is to
extend the nonparametric smoothing ideas of Chapter 4 to regression problems.
These approaches offer much greater modelling flexibility, though they typically
incur slower rates of convergence than can be obtained in settings where a para-
metric model is correctly specified. We begin by studying local polynomial esti-
mators, before discussing an alternative approach based on splines.
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Figure 5.1 Daily counts of recorded positive tests for Coronavirus in the
UK from 31 January 2020 until 3 November 2021. The solid line shows a
local polynomial estimator that we will study in this chapter.
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5.1 Fixed and random design

As with other regression problems that we have seen earlier, nonparametric re-
gression is studied in both fized and random design. For the univariate fixed design
case, the design consists of ordered real numbers z; < --- < x,,, and the response
variables are assumed to satisfy

Y, = m(x;) + 03 (2:)e, (5.1)

for i € [n], where ¢1,...,¢, are independent with E(g;) = 0, Var(e;) = 1. Usually,
our primary interest is in estimating the regression function m as in Figure 5.1.
Similarly to Chapter 2, if the variance function v is constant, then the model is
homoscedastic; otherwise, it is heteroscedastic.

In the random design context, (z1,Y1),..., (z,, Y,) are assumed to be indepen-
dent and identically distributed pairs satisfying (5.1), but where E(eq |2z1) = 0
and Var(e;|z;) = 1. The functions m and v given by m(z) := E(Y; |21 = z)
and v(z) := Var(Y; |21 = z) are still called the regression function and variance
function respectively; see Section A.9.1 for a formal discussion of this notation.

5.2 Local polynomial estimators

For definiteness, we will assume fixed design,! and as in Chapter 4, we will make
use of kernels to smooth our data appropriately. The local polynomial estimator
of degree p € Ny with bandwidth h and kernel K, denoted m,,(-;p) = 1, (-;p, h, K),
is constructed at the point z € R by fitting a polynomial of degree p to the data
using weighted least squares, with the pair (z;,Y;) assigned weight K, (z; —z). See
Figure 5.2. In other words, writing Q(u) := (1,u,u?/2,...,u?/p!)" and Q(-) :=
Q(-/h), we have that 1, (z;p) = By, where?

B = (307317 e >Bp)T € argmin Z{Yz - BTQh(ﬂﬁi - 35)}2Kh($i — ).
1

5GRP+1 i=

The idea is that even though a linear model with predictor matrix (Q(xi)T)ie[n] €

R™*(P+1) may be restrictive, a Taylor expansion indicates that a smooth regression
function is nevertheless well-approximated by a polynomial locally around z. In
general, the coefficients of the approximating polynomial will depend on x, and
this explains the origin of the ‘local polynomial’ terminology.

It is convenient to reformulate the problem in terms of matrices and vectors.

I Typically, in random design contexts, we condition on the covariates, which amounts to the
same thing.

2 In principle, there may be multiple minimisers, in which case we could take any (measurable)
solution; however, we will see shortly that under a very mild condition, the solution is unique.
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Figure 5.2 Illustration of the construction of a local linear estimator

(p = 1) at a particular point, with the true regression function as a solid
line, and the local linear estimator as a dotted line. The dashed line in the
top panel shows the local linear fit at o = 0.3 and the bottom panel shows
the scaled kernel around zg.

To this end, let

Qn(zr —x)" Y1
X = X(z;p,h) = : ceR>CH Yy =] : | eR",
Qh(mn - x)T Yn

W = W(z; h, K) := diag(Kp (21 — 2),..., Kp(z, —x)) € R™™

We can think of X as a predictor matrix in a ‘local’ linear model for Y, while the
diagonal matrix W captures the weights in the weighted least squares criterion.
Provided that X TW X e R®+)x#+1) is positive definite,® this formulation allows

3 We have rank(X T W X) < rank(W) < n, so X ' WX is positive definite only if n > p + 1.
When the kernel is non-negative, X ' W X is positive definite if and only if there exists S C [n]
with |S| = p + 1 such that (z;);es has distinct components and K, (z; —x) > 0 for ¢ € S. This
follows from the fact that X s = V D, where V := ({%}]_l)ies,je[p%—l] € RS*(+1) jg 5
Vandermonde matriz and D := diag(1,1,1/2,...,1/p!) € ReTDX(@+1) 56 that
det(Xg) = h—p(p+1)/2{]_[l.l’i?es’ilg2 (@i — @iy) }( pa j!)fl; see also Exercise 6.5(b).
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us to write

B =argmin (Y — XB8)TW(Y — X)

BeRp+1

— argmin (8 — (X WX)"' X 'WY) (X" WX)(8- (X WX)'X WY)
BeRp+1

=(X"WX)'X'WyY. (5.2)

The positive definiteness condition therefore ensures that the solution is indeed
unique. Moreover simple formulae exist for the local constant (Nadaraya—Watson)
estimator (p = 0):

Z’L lKh(‘TZ ‘T)YZ

x;0,h, K 5.3
ol 0 ) = S e 3
and the local linear estimator (p = 1):
1 = so(z) — s1(w) (2 — )
1 (251, b, K) ﬁ; o @nlz) — 2@ Ky (z; — )Y, (5.4)

where s,(z) = s, (z;h, K) :=n"t 3" (; — 2)"Kp(z; — x) for r € Ny; see Exer-

cise 5.1.
From (5.2), we can see that all local polynomial estimators are of the form
i (z) = n~t Y wi(x)Y;, where the set of weights {w;(z) = wy;(;21,...,2,) :

i € [n]} is called the effective kernel at x. Such estimators are called linear estima-
tors or linear smoothers, because the estimate at each point z is a linear function
of the response vector Y; this terminology is reminiscent of Chapter 2.

The example in Figure 5.3 provides intuition about the behaviour of the local
constant and local linear estimators at both interior and boundary points. Here,
the asymmetry of the Beta(2,4) design density, combined with the negative slope
of the true regression function at x = 0.5, means that the local constant estimator
has an upward bias (top left). The local linear estimator, however, adapts to the
design by downweighting observations to the left of x = 0.5 and upweighting
those to the right, giving a very accurate estimate (top right). At the boundary
point, these features are further emphasised. The Nadaraya—Watson estimator
has a strong positive bias (bottom left), while the local linear estimator adapts
to the design by assigning negative effective kernel weights to observations far
from the origin, significantly reducing the bias (bottom right).

Proposition 5.1 shows that local polynomial estimators of order p ‘reproduce’
polynomials of degree at most p, in the sense that if the response values lie on
such a polynomial in our covariate, then the local polynomial fit is precisely this
polynomial. In fact, p plays a role somewhat akin to that of the order of the
kernel in Chapter 4: larger values of p enable us to take advantage of greater
smoothness in the regression function. Indeed, the properties (5.5) will allow us
to ensure that the leading terms vanish in a Taylor expansion of the bias (see the
proof of Proposition 5.3).

Proposition 5.1. Let {w,(z) = wyi(z;21,...,2,) 1 i € [n]} denote the effective

https://doi.org/10.1017/9781009160421.005 Published online by Cambridge University Press


https://doi.org/10.1017/9781009160421.005

5.2 Local polynomial estimators 133

© © .
0 0 LR
=¥ K ° = < P
s o S I
3 ™ . N S o .° N
,.f’?‘ Q% 2 5
- * & :::‘A&
< T T T T T T < T T T T = T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T x

Y
—-1-0.50 05 1
Y
—-1-050 05 1

o | <
@ ™ H
B8 R .
s 9 g s © °
3 - %o"m., 3 - \‘.
© S .'o’ e %0;;"
T T T T T T T T T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T x

Figure 5.3 Comparison of local constant (left) and local linear (right) fits
and effective kernels for estimating an interior point = 0.5 (top) and a
boundary point = 0 (bottom). In the upper panels of each of the four
cases, the true regression function is given as a solid curve, while the
estimates at the given points are shown as dashed horizontal lines. In the
lower panels, the effective kernel of the estimator in question is given as
larger circles, with the effective kernel of the other estimator as smaller
circles.

kernel at x of a local polynomial estimator of degree p, and let R denote a polynomial
of degree at most p. If X W X s positive definite, then

1 n
- Z wy.i(z)R(z;) = R(x).
i=1
In particular,
%pr7i(x) =1 and Z(az, —2)w,i(x) =0 for € [p]. (5.5)
i=1 i=1

Proof Recalling the definition of @; from Section 5.2, fixing € R and writing
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r(z) :== (R(z), R (z)h,...,R® (x)hp)T € RP*1 we have since R is a polynomial of
degree at most p that

p
1
R(e) =Y 5RO@)(@ ) = r(@) Qnlx: - ).
=0
Now let R := (R(z1),... ,R(:z:n))T € R", so that R = Xr(z), and by the positive
definiteness of X T W X,

— Zwm = (X"WX)"'X"WR), =r(x); = R(x),

as required.

The final equalities in the statement are obtained by taking R to be the poly-
nomial that is identically equal to the constant 1, and R(:) = (- — z)* for ¢ € [p]
respectively. O

Before we describe the statistical properties of local polynomial estimators, we
first present a lemma that controls the effective kernel weights. We let )\mm( )
denote the minimum eigenvalue of a symmetric matrix ¥, and write ||K||» =

SupuG]R |K( )l

Lemma 5.2. Let K be a kernel that vanishes outside [—1,1], and let x € R. Assume
that \o = Aonnz(p) = Amin(R ' XTWX) > 0. Then

1 2| K |oo
e < 222 floo
n|w1(x)| >

Ly w
ol el <h)

for each i € [n].

Proof First observe that for i € [n], the quantity w;(x)/n is the (1,7) entry of
the matrix (X "W X)'XTW ¢ R®+)x" Hence,

L )] < (XWX Qo — )i )]

1/2
< 1K 1K (v 1
— )\ nh HQ i~ X H ]l{|x,—x\<h} < )\()nh ]ZO (]|)2 ]1{|Tl—x\§h}
_ 2Kl

Nonh Lja;—a<ny;
as required. O

It is convenient in our next results to assume that z; = i/n for i € [n]; extensions
to non-equally spaced designs are certainly possible, however. In particular, only
minor changes to the arguments are needed in settings where there exist universal
constants ¢,C' > 0 such that ¢/n < z; — 2,1 < C/n for all i € [n] (with z, := 0).
Recall the definition of the Holder class (3, L) from Definition 4.2.

Proposition 5.3. Assume the model (5. 1) with m € H(B, L) on [0, 1], with z; = i/n
for i € [n] and with max;e,v(x;) < o®. Let K be a kernel that vanishes outside
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[—1,1], let @ € [0,1] and suppose that Ao = Non.ho(P) = Amin (n‘lXTWX) > 0.
Then, for p > [B] — 1 =: By and for h > 1/(2n), we have

16 K%, 0°
A2nh

Proof By Lemma 5.2, we have for h > 1/(2n) that

Var m, (z;p, h, K) Var( Zwl ) < :Zwl

A0 §
< g2 max—|w, Z| w; = )\2 27,2 Zﬂ{h/n z|<h}

i€[n]

8L Kl|o

ho.
AoBo!

Varm, (z;p, h, K) < and |Bias7hn(x;p, h,K)| <

2 2
_ 4nh + DKL _ I61KIL0?

- AZn2h? — Ak
For the bias, by Proposition 5.1 we have
1 & 1 "
Bi 7 n\Ls 7h7 K)=— 1 4 ? g
iasm, (z;p ) "2 w;(x)m(z;) - Zw ){m(z;) — m(z)}
1 n m(BO €T _|_ iz, —x —_ m(ﬁo) x
= — wl(x) ( T( ; )) ( )(LL'Z‘—:L‘)BO
n im1 50.
for some 74,...,7, € [0,1]. Hence, by Lemma 5.2 again, for h > 1/(2n),
B
. ~ xz - -Tz
|Bias v, (z;p, h, K)| < fZI || ZI || l L{ja;i—z|<h)
< Lhﬁ Z| 8L||K||o<,hﬁ
- B! 7
as required. O

In order to state an overall upper bound on the risk of local polynomial esti-
mators, we first study the dependence of A\g on n and z; we do this under some
simplifying conditions. For a corresponding result under random design, see Ex-
ercise 5.6.

Proposition 5.4. Suppose that x; = i/n for i € [n], and that K(u) > Kol{ju<a}
for some Ko, A > 0. Then, for any n > 2 and h < 1/(4A),

A2
inf Aonne(p) > Ko max(Ap(A) — (4A+2)e,0>,

z€[0,1] nh
where A,(A) is the minimum eigenvalue of the matriz I~I fo )T du
with (4, k)th entry H, ;1 (A) := A1 (G=1)!(k=1)!(j —l—k: 1)} forj, k: € [p+1]
Moreover,
(p+1)* .
M(8) 2 B (1) 00

— AperA
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Observe that for fixed v € RP*! with |jv||, = 1, the function u — v"Q(u) is a
non-zero polynomial of degree at most p, so has only finitely many zeros. Hence
v H,(A)v = fOA (UTQ(U))2 du > 0 for every such v, so H,(A) is positive definite,
or equivalently A,(A) > 0. The final claim of the proposition strengthens this
argument by providing an explicit positive lower bound. Thus, under equi-spaced
design, we may choose the degree p and kernel K so that A\ is uniformly bounded
below by a positive constant over a wide range of bandwidths. Nevertheless, the
rapid decay in p of the lower bound on the minimum eigenvalue in Proposition 5.4
hints at a potential drawback of choosing p too large, and in fact p = 1 is a
common choice in practice.

Proof Fix x € [0,1], let w; := (z; — x)/h for i € [n], so that uy < 1/(nh), and
let ug := —oo. We will also initially suppose that x < 1 — hA, so that u, > A.
Observe that for any v € RP** with ||v|js = 1, we have

1 T Ko " 2
UT( X WX>UZMZ(UTQ(W)) Liu,efo,a]}-

n :
=1

The main idea is to approximate this Riemann sum by K, fOA (UTQ(u))Qdu. To
do this, first note that for u € [0, A],

COES (;f,))/ (¥ ’L;,)/ <t

=0 £=0

Moreover, using the fact* that |b* —af| < max(1,£/2)(b* "t +a*~1)|b—al for a,b > 0
and £ > 1, we have for u,u € [0, A] that

p 2 W a2 (0 — )2 1/2
Q) - Qs < {37 M LA 0

{=1

(<= max(4, £2)A2-2 1/2 ANy
B

(=1 £=0

= 26A2/2]u — al.

Thus, by Cauchy-Schwarz, sup,c( a| (vTQ(u))2 < e and

(0T Q)" ~ (vTQ@)°| = [T (Qw) ~ Q@) [ (Q(w) + Q(@))]
< 4e™|u — 4
for u, @ € [0, A]. Hence, writing i := min{i € [n] : u; > 0} and i, := min{i € [n] :

4 To see this, first let £ > 2, so t + £t*~1 is convex on [0, 0), and for b > a > 0, we have

b — ot ze/btéfl dt < e/b{cj:i)affl + (:}:—Z)béil}dt _ g(blfl +a V)b —a).

On the other hand, for £ € [1, 2], we have 0 < (ab)*~1(b>~¢ — a?>~¢) = a’~1b — ab’!, s0
bt —af < (1 + a1 (b —a).
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u; > A}, we have

n

'nlh Z(’UTQ(Ui))QH{uie[O,A]} —/0 (UTQ(U))Qdu

i=1

iy—1
k2 2 2
= TQ)) - (" Vu|+ = su T
- %; /max(“iho){(v Q(u )) (U Q(U)) } “ nh ue[O,pA] (v Q(U))
) it min(u;,A) 2€A2 (4A + 2>€A2
A PRpp—
: i i—=i_ [nax(uil,O) (Ul U) dut nh < nh '

Now suppose that z > 1 — hA. Then

_ 1/n—x <_1—1/n
h - h

and since u,, > 0, the points uy,...,u, form a grid of step size (nh)~! on an

interval containing [—A, 0]. We can therefore apply the inequality

+A§_A7

U

1 Ky —
v (XTWX>U> 2 (”TQ(ui)fﬂ{uie[—A,Olb
n

~ nh 4
=1

together with very similar arguments as above, to conclude that for every = €

[0,1],
: (1T
Xonnz(P) = inf v | —X WX |v
veERPHL:||v|l2=1 n
A ) 0 )
zKomaX< inf min{/ (v Q(u)) du,/ (v Q(u)) du}
vERPTL:|v|2=1 0 _A
(4A 4 2)e?” >
_E2TYC o).
nh
Finally, note that for all v = (v1,...,vp11)",0 = (01,...,0p41) € RPT! with

0, = (1)1, for j € [p+ 1], we have ||7]|s = ||v]|2 and

/0 (37 Q(u))" du = /A(UTQ(U))2 du=v" H,(A)v.

—A 0
Thus,

inf min{/OA(vTQ(u))zdu, /0 (UTQ(U))Qdu} = A, (A),

UERP+1:|‘U||2:1 —_A

which completes the first part of the proof.
For the final claim, write

I:IP(A) =A- D,H,D,,

where D, = D,(A) := diag(1,A, A%/2!,...,AP/pl) € RPTVX(FP+D and H,, is the
Hilbert matriz with entries Hy j, := 1/(j +k — 1) for j,k € [p+ 1]. As a special
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case of a Cauchy determinant,” we have det(H,) = c;/cap41, where ¢, := T, !
for £ € N, so

2
det(I:Ip(A)) = AP*Ldet(D,)? det(H,) = A(p+1)zccip.
2p+1

In addition, writing Ayax = Amax,p(A) > 0 for the maximum eigenvalue of H »(A),
and using the fact that all norms are convex to apply Jensen’s inequality, we have

A A p A2i+1
T _ 2 — -
s < [ 1QWIQ oy = [ 1QWIE =3 o2
00 N
SA(Z;?!j) = Ae?A, (5.6)

We conclude that
det(lEIp(A)) A+1)? 012) Ap+1)°
AP (A) 2 A%)nax 2 AI)erA ’ Copi1 2 APGQpA

where the final bound follows from Exercise 5.5. O

(p+ 1)@

Theorem 5.5. Under the conditions of Propositions 5.8 and 5.4, and with a bounded
kernel K, there exist a bandwidth h} = hi(8,L,0% p,K) as well as ny € N and
C > 0, both depending only on p and K, such that

23
L2 LI/B 2\ 2B8+1 2
sup  sup E[{mn(x;p,h’;,K)—m(x)}z] SC{W\/ ( g ) \/J}

z€[0,1] meH(B,L) n n
for every n > nyg.

Thus, unlike what we saw with kernel density estimation in Theorem 4.6, we
now identify three different regimes for the rate of convergence of local polynomial
estimators. If L and o are considered as constants, then we recover the same
n~28/(28+1) rate as in Theorem 4.6. On the other hand, if L/(on?) is sufficiently
large, so we allow functions that are very rough relative to the noise level, then
the bias contribution L?/n?® dominates. Finally, if Ln'/?/c is sufficiently small,
then the only functions that are in our class are close to constant on [0, 1], and
the noise term 2 /n dominates. We will see in Exercise 8.14 that all three regimes
match, in terms of their dependence on L, ¢ and n, the minimax lower bound
in this problem, and in this sense the local polynomial estimator m,,(-;p, h¥, K)
achieves the minimax optimal rate.

Proof Choose ng = no(p, K) > 2 large enough that for n > ng, we have
A2
= (L R DY 1

Sv S< =g

2" TAA) Jn T aA T e

5 A Cauchy matriz A = (A;j) € R™*" has entries of the form A;; = 1/(w; — z;), for distinct
Wi, ..., Wm,21,--.,2n € R; in particular, every submatrix of a Cauchy matrix is a Cauchy
matrix. When m = n, we have det(A) =[], H;;ll (wi —w;) (25 — =)/ TTicy [ 1= (wi — 25),
so A is invertible.

https://doi.org/10.1017/9781009160421.005 Published online by Cambridge University Press


https://doi.org/10.1017/9781009160421.005

5.8 Splines 139

and assume henceforth that n > ng. Then for & € [hmin, Amax], we have by Proposi-
tion 5.4 that inf,c(0,1] Aonn,2(p) > KoAp(A)/2 > 0, and hence by Proposition 5.3,
there exists C" = C’(p, K) > 0 such that

sup  sup E[{rm,(z;p,h,K)—m(x )} | < C"( —i—Lth) : M, (h).
z€[0,1] meH(B,L) nh

Now let hg := {02/(L?n)}/ 2+ so that 02/(nho) = L*h)°, and define h¥ :=
hmin V ho AN hmax- Then
sup  sup B [{i (w5, b5, K) = () }]
z€[0,1] meH(B,L)

L
M,y (hin) < 2C"L20%° if = > Cynf,

l’IllIl

g
I 28/(28+1) L
( /Pq 2) if an_1/2 < -—Z Clnﬁ,
g

< M (ho) == 20/
2
Mn(hmax) < 2¢"

L
if — < Czn_l/Q,
Nhmax o

where C1,Cy > 0 depend only on §, p and K. The result follows. ]

By applying Fubini’s theorem and integrating the pointwise bound in Theo-
rem 5.5 over z € [0, 1], we obtain the same bound on the mean integrated squared
€ITOr.

Corollary 5.6. Under the same conditions as Theorem 5.5,

1.2 /B 2\ 2P/ (2B+1) 2
sup E/ {rn (@ p, by K) — }dx<C{ ( n0> va}

meH(B,L) n

for every n > ng.

The notion of risk in Corollary 5.6 can be interpreted as the mean squared
prediction error for a (randomly drawn) new covariate z* ~ UJ[0,1]. In fact,
Theorem 5.5 allows us to obtain mean squared prediction error bounds of the same
order whenever a new covariate is drawn randomly from an arbitrary distribution
on [0,1].

5.3 Splines

We now introduce an alternative approach for nonparametric regression, via
splines. Our focus here is on the structure and computation of the estimators,
which as for local polynomial estimators is relatively straightforward to describe.
The study of their statistical properties is more involved, however, and is deferred
to the more general setting of kernel ridge regression in Chapter 6.

5.3.1 Cubic splines

Let n >3 and a < z; < --- < z,, < b. A function g: [a,b] — R is called a cubic
spline with knots at xq, ..., x, if
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(a) g is a cubic polynomial on each of the intervals (a,z;), (1, %2),. .., (Tn_1,7n),

(@, b);
(b) ¢ has two continuous derivatives on [a, b].

A cubic spline is called natural if it is affine on [a, 2] and [z,,b], so that ¢"(a) =
g"(a) = ¢"(b) = ¢""(b) = 0. It is possible and convenient to represent a natural
cubic spline g by the two vectors g = (g1,...,9,)" € R" and v = (Y2,...,7m_1)' €
R"~2, where g; := g(z;) for i € [n] and ~; = ¢"(z;) for i € {2,...,n—1}. (Observe
that v = 0 = ~, are not included in «.) In fact, writing h; := z;41 — z; for
i € [n— 1], we have

T—Zi)Git1 + (Tiy1 — )i
g(x):( )9+1h‘( +1 )9

1 T—T; ZTiv1 — %
— E(x —x;)(wip1 — x){ <1 + h>%+1 + (1 + 4}2)%}

for z € [z;,2,41] and i € [n — 1]; see Exercise 5.7, where the reader is also invited
to derive corresponding expressions for g on [a,z1] and [z, b].

Proposition 5.7. Given g = (g1,...,9,)" € R", there exists a unique natural cubic
spline g with knots at x1,...,x, satisfying g(x;) = g; for i € [n]. Moreover, there
exists a positive semi-definite matriz K € R™*"™, not depending on g, such that

b
/ g"(z)*dz =g Kg.
Proof See Exercise 5.9. O

The function ¢ in Proposition 5.7 is called the natural cubic spline interpolant
t0 g1y...,gn at x1,...,2,. Let Saa,b] denote the set of real-valued functions on
[a,b] that have an absolutely continuous first derivative.

Proposition 5.8. For any g = (g1,...,9,)" € R", the natural cubic spline inter-
polant to g1,...,gn at x1,...,x, is the unique minimiser of R(g") = fab J"(z)?*dx
over all g € Sy[a,b] that interpolate gy, ...,gn at T1,..., Ty,

Proof Write g for the natural cubic spline interpolant of ¢1,..., 9, at 1,...,z,.
Suppose that g € Sy[a, b] also interpolates g1, ..., g, at z1,...,2,, and let h ;== g—
g, so that h(z;) = 0 for i € [n]. It is convenient to write ¢"(z§) = lim,~ ., ¢" ()
for zy € [a,b). Since g”(x) =0 for = € [a,z1] U [z,,b], integration by parts yields

b Ty n—1 Tiy1
[ e =— [ e =Yg [ nea
a ] i=1 X

n—1
==Y ¢" (@) {M(zip1) — h(z:)} = 0.
i=1
It follows that

R(g") = R(g") +2 / g"(x)n"(x) dz + R(h") = R(g")-
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Equality holds if and only if R(h”) = 0, which means that h”(x) = 0 for almost
all € [a,b]. But then, for each a < 2/ < 2 < b, we have h/(z") — h'(2') =
f;, h"(z)dx =0, so h' is constant, and h is affine. But h(z1) = h(z,) =0, so h is
identically zero and g = g. ]

5.3.2 Natural cubic smoothing splines

Given covariate-response pairs (z1,Y1), ..., (z,,Y,) withn > 3anda <z <--- <
x, < b, where our target of inference is the regression function g, an alternative
to local polynomial estimation is to balance the fidelity of the fit to the data
against the roughness of the curve. This can be achieved by seeking to minimise

53(3) = 3%~ (e} + )\/ (@) da (5.7)

over g € Syla,b]. Here A > 0 is a regularisation (or smoothing) parameter that
plays a similar role to the equivalent quantity in Chapter 3. Choosing A\ very
small means the solution will almost go through each of the data points, while
choosing \ very large means that we will approximate the linear regression fit.

Theorem 5.9. For each \ € (0,00), there exists a unique minimiser gx of Sx(g)
over g € Ssla,b]. It is the natural cubic spline with knots at xy,...,x, and g =
(I+MK)~YY, whereY = (Y3,...,Y,) ", and where K is taken from Proposition 5.7.

Proof 1If g € Ss[a,b] is not a natural cubic spline with knots at zy,...,x,, then
by Proposition 5.7, we can consider the natural cubic spline g* interpolant to
g(x1),...,g(x,) at xq,...,z,. By Proposition 5.8, R(g*) < R(g), so Sx(g*) <
SA(g). But if ¢ is a natural cubic spline with knots at z1,...,z,, then by the
second part of Proposition 5.7,

Sx(g)=(Y —g)" (Y —g) + g Kg
=g (I+)\K)g—2Y'g+Y'Y
— (g— (I +XK)"'Y) (I+AK)(g— (I+\K)"'Y)
+Y'Y -Y' (I+)\K)'Y.
Since I + MK is positive definite, the result follows. O

The function g, in Theorem 5.9 is called the natural cubic smoothing spline
(for data (z1,Y1),...,(z,,Y,) and smoothing parameter \); see Figure 5.4. The-
orem 5.9 not only reduces the infinite-dimensional optimisation problem (5.7)
over Ssz[a, b] to a finite-dimensional one (over the n-dimensional subclass of natu-
ral cubic splines with knots at x1,...,z,), it also identifies the unique optimising
element of the subclass.
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Figure 5.4 A comparison of the natural cubic interpolant (solid) and
natural cubic smoothing splines (dotted) for data generated using the
dashed regression function.

5.3.3 Automatic choice of smoothing parameter

A popular method for choosing X is to minimise the leave-one-out cross-validation
score

where §_; x minimises S_;x(9) == > ,;(¥; — §(xj))2 + )\fbg”(x)de over g €

Ss[a, b; see also Section 3.3. Although it looks like we have to compute n natural
cubic smoothing spline fits to find CV (), the following result shows that this is
not the case. Write A(\) = (4;;(N)) = (I +\K) ! e Rvxn,

ijem

Proposition 5.10. We have

Proof See Exercise 5.10. O

Also popular is the generalised cross-validation score

LI Yi-a) Y
GOV =7 Z<1 — n—ltr(A(/\))) '

i=1

The quantity A;;(\) can be considered as analogous to the leverage of the ith
observation in linear regression; see Exercise 2.6. We see that GCV(\) modifies
CV()) by downweighting observations with high leverage.

A possible disadvantage of natural cubic smoothing splines is that we have a
‘parameter’ (g(z1),..., g(:/z:n))T of dimension n to estimate. An alternative ap-
proach is to choose a reduced set of knots &1, ...,&R, say, located at equispaced
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sample quantiles of z1,...,x,. Splines of degree p can then be expanded in the
truncated power series basis
1753’5527---aﬂfpv(x_ﬁl)ﬁa--'a(x_fR)iS

see also Exercise 5.11. We can fit such a spline by minimising

n

p R 2
j=0 r=1

i=1

over (Bo, Brs---+Bps Bpis- - Bpr) | € RPFIFE The function corresponding to the
solution is called a regression spline (with knots at &;,...,&g and of degree p).
Here, R plays the role of the smoothing parameter, controlling the bias—variance
trade-off.

5.4 Exercises

Exercise 5.1 Verify that the local constant and local linear regression estimators
have the forms given in (5.3) and (5.4) respectively.

Exercise 5.2 In the random design nonparametric regression model for inde-
pendent and identically distributed pairs (z1,Y7),..., (z,,Y,), each having joint
density fxy, the regression function m may be expressed as

_ [T @)
mi) = [ Py,

where fx is the marginal density of z;. Find the estimator of m that results
from estimating fx and fxy using kernel density estimators with symmetric
kernel K (and the corresponding product kernel in the latter case) and a common
bandwidth.

Exercise 5.3 Consider the nonparametric regression model
Vi = m(xi) + e

for i € [n], where z; < -+ < z,, are fixed and ey, .. .,€n are independent with
E(e;) = 0 and Var(e;) = 1 for i € [n]. For 8, L > 0, let H(8, L) denote the subclass
of H(B, L) consisting of functions f that satisfy

(4) — O (N < -
omax  |fP(@) = fO)] < Lz — 2|

for all z, 2’ € [0,1], where 3, := [3] — 1. Assume that m € #(8, L), that z; = i/n
for i € [n] and that K is bounded and vanishes outside [—1,1]. Prove that if
p < Bo and h > 1/(2n), then

|Bias v, (;p, h, K)| < C(Xo,p, L, K)hP*7,

where we write Ay for the minimum eigenvalue of n=*X "W X, and where both
C(Xo,p, L, K) > 0 and the universal constant v > 0 should be specified.
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Exercise 5.4 Consider a vector Y = (Yi,...,Y,,)" of responses from the non-
parametric regression model

Y = m(z;) + &4,

where x; = i/n for ¢ € [n], where m: [0,1] — R and where &,...,¢, are in-
dependent with E(e;) = 0 and Var(g;) < o2 for i € [n]. Fix z € (0,1), let K
denote a bounded kernel that vanishes outside [—1,1], let p € Ny and let h > 0.
Assume that Ao := Apim(n ' X WX) > 0, and let 3 = (3o, 1,...,5,)7, where
B:=(X"WX)'X'WY.

Suppose that m is differentiable and consider 1/, (x) := (;/h as an estimator of
m/(x). Writing /), (z) = n=* Y7, v,.:(x)Y;, prove that whenever R is a polynomial
of degree at most p, we have

% Z vp.i(x)R(z;) = R'(z).

Prove further that

Loy < A D
n' P — Aonh?

1|z, —2|<h}

for i € [n].
Finally, assume that m € H (8, L) for some 8 > 1 and L > 0. Prove that when
p>[B]—1and h >1/(2n), we have

16| K|%,0°
AZnh?

8L K|loo
AofBo!

Exercise 5.5 Recall the function ¢, = Hle ! for £ € N from the proof of Propo-
sition 5.4. Show that

Var i/, (z) RP=1L,

IN

and  |Biasm, (z)| <

p
2logc, —logcapr1 = — Z{j logj+jlog(2p+2—3)} — (p+1)log(p+1)
j=1
for all p € Ny. Deduce that

2
D> (pt1) e
Cop+1

Exercise 5.6 Let xq,...,z, be independent and identically distributed random
variables that have a Lebesgue density fo on [0, 1] satisfying f. := inf,¢jo,1) fo(z) >
0 and f* := sup,cpj fo(r) < co. Let K be a bounded kernel satisfying K(u) >
Kol{ju<a} for some Ky, A >0, and let ¢ € (0,1]. In the notation of Section 5.2,
prove that with probability at least 1 — 0, we have

) f*Alog(2(p+1)/6)
B 2A
mg[%fl] )‘O,n,h,w(p) > maX{KOf*Ap(A) 2||K || e \/ nh
| K |oce?2 log(2(p + 1)/0) }
- ,0 5.
3nh
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Hint: Apply the matrix Bernstein inequality, which states that if 6 € (0,1] and
X,..., X, are independent d X d symmetric random matrices with E(X;) = 0 and
Amax(Xi) < R for i € [n] (where Amax(+) denotes the largest eigenvalue), and if we
write v == ||>7, IE(X?)HOP, then with probability at least 1 — 4,

(S 0) =220 () + S (3)

Exercise 5.7 Let a < 27 < - <z, < b, and let h; = x;41 — x; for i € [n —1].
Given g = (g1,..-,9n)" and v = (72,...,vn_1) ", show that if there is a natural
cubic spline g with g(z;) = g; for i € [n] and ¢"(x;) = ~; for i =2,...,n — 1, then

T —T;)Gi+1 T (Tiv1 — )G
g(l:):( ) +1h4( +1 )

— é(xf;ri)(miﬂ :1:){(1 + 3 )%H + (1 + T)%}
1]

for x € [z;,2;41] and i € [n—1]. Find the corresponding expressions for g on |a,

and [z, b].
Exercise 5.8 Deﬁne tri-diagonal matrices Q = (Q;;)1 L, € R*™*(""? and R =
(Rij)isy s € R=2x(=2) (note the starting indices) by
Bl ifi=j—1, hi/6 ifj=i+1,
) =R =Ryt ifi =g, ) (i +hy)/3 i G =1,
Qi = h Y ifi=j+1, and Rti; := hi_1/6 ifj=i—1,
0 otherwise, 0 otherwise.

Prove that g = (g1,...,9,)" € R® and v = (V2,...,Yn_1)' € R"~2 represent
a natural cubic spline g, so that g(z;) = g¢; for i € [n] and ¢"(z;) = 7; for
i=2,...,n—1,if and only if Q" g = R~.

Exercise 5.9 Prove that the matrix R defined in the previous question is positive
definite. Deduce that, given g = (g1,...,9,)" € R", there exists a unique natural
cubic spline g with knots at xq,...,z, satisfying g(z;) = ¢; for i € [n]. Show
further there exists a positive semi-definite definite matrix K € R™*™ such that

b
/ g (x)*dr =g ' Kg. (5.8)

Exercise 5.10 Write g, for the natural cubic spline fit to (z1,Y3),. (In, Y ),
with corresponding leave-one-out fits g_; \ for i € [n]. For i € [n], define v

(ﬁ(i), ...,17,5”>)T by 17]-@ =Y for j +# i, and Y(i) := g_ix(z;). Further let g_, :=
(dia(@1). - Goin(za)) T € R, and A(N) = (A5(N), i = (I+AK)~! € R™,
where K is taken from (5.8). Show that g_, = A(\ v forie [n]. Deduce that

)
CV(A):—F (Y 0 “"”;3)
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Exercise 5.11 The truncated power series representation for a natural cubic
spline g with knots & < -+ < &g in (a,b) is

z@xwze &)

for some Bo,ﬁl,ﬁg,ﬁgg,ﬁl,...,ﬁg € R. Prove that the boundary conditions for
natural cubic splines ensure that 8, = 33 = 0, Zf‘:l 6, = 0 and Zle 0,.&. = 0.
Hence derive the reduced basis Ny,..., Ng: [a,b] — R, given by

Ni(z) =1, Na(z):=z, Nypo(z):=d.(z)—dr_1(z),
for r € [R — 2], where
(z— &)} — (@ —&r)Y

) = e ’

for r € [R—1].
Exercise 5.12 Fix p € Ny and L > 0. Let
Y =m(x;) + &

for i € [n|, where x; < --- < z, are fixed, where m € H(p + 1,L), and where
€1,...,&, have mean zero. Prove that if zy & {z1,...,2,} and n < p+ 1, then

1nf sup By [{mn(Y,....Y,) — m(xo)}z] = 00
nEMy, meH(p+1,L)

where M,, denotes the set of all estimators 1, = . (Y1,...,Y,) of m(xg).
Exercise 5.13 Fix a known p € Ny. Suppose that we observe
Y = m(x;) + &, i € [n],

where z; = i/n, where m € H(3, L) for some unknown g € (0,p + 1] and L >
0, and where ¢1,...,¢, are independent, mean-zero random variables that are
sub-Gaussian with variance parameter 1. Let K be the uniform kernel given by
K (x) := 1yjz<13/2. Suppose that n > max(p +1,2), let 6 = n~? and define

, Ge 27 o] 2p+2 ) 2p+2
= ——1 1 4 tg=1,... 1 4

where A, = A,,(l) > 0 denotes the smallest eigenvalue of the matrix H,(1) in
Proposition 5.4. Let H,, := H!, N [0,1/4] if this set is non-empty, and otherwise
let H,, := {1}. For x4 € [0, 1] define

(29 log(2n?|H,,|)
On,h * A2k
2nh

for h € H,,, and set
h = h(zo) == max{hé?—[n : m fn,;L 7&@}.

heHt,N[0,h]

> ) fn,h = I:mn(mo;pv ha K)_Un,ha mn($05p7 h>K)+U’n,h:|
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Show that this Lepski-type choice of bandwidth satisfies
<log n) 28/(28+1)

sup E[{mn(xo;p,ﬁ,K) — m(xo)}Q] <C o

zo€[0,1]

for some C = C(3,L,p) > 0.

5.5 Bibliographic details and background

Like kernel density estimation, nonparametric regression has a long history. The
Nadaraya—Watson estimator was proposed independently by Nadaraya (1964)
and Watson (1964). Extensions to local polynomial fitting were studied by Stone
(1977), who considered local linear estimators with weights constructed from
nearest neighbour distances, and Katkovnik (1979). The topic is now covered in
several different books, including Hardle (1990), Wand and Jones (1995), Fan
and Gijbels (1996), Loader (1999), Gyorfi et al. (2002) and Wasserman (2006);
our presentation of local polynomial regression is closest to Tsybakov (2009).
The finite-sample nature of Proposition 5.4 allows us to recover the three regimes
in the bound in Theorem 5.5. All three will be matched, up to a multiplicative
factor depending only of the smoothness level 3, in the minimax lower bound in
Exercise 8.14. Nevertheless, the weighted least squares loss function is tailored to
the setting of Gaussian errors, so Young et al. (2026+) recently introduced the
outrigger local polynomial estimator, designed to achieve distributional adaptivity
across different conditional error distributions.

The data for Figure 5.1 were originally taken from https://coronavirus.data.
gov.uk/cases, and are now available at the book website. Vandermonde matrices
are named after the French mathematician Alexandre-Théophile Vandermonde,
who introduced them in the eighteenth century; the formula for its determinant
may be computed by induction on the matrix dimension. The formula for the
determinant (and inverse) of a Cauchy matrix was derived by Schechter (1959).

Splines are heavily studied in numerical analysis (De Boor, 1976; Schumaker,
2007). Within the statistical literature, they were popularised as a technique for
nonparametric regression by Silverman (1985), Eubank (1988), Wahba (1990)
and Green and Silverman (1994). Our focus on cubic splines mimics Green and
Silverman (1994), though more general spline spaces, as well as the statistical
properties of the resulting estimators, are studied in Chapter 6. Generalised cross-
validation was proposed by Golub et al. (1979).

The version of the matrix Bernstein inequality stated in Exercise 5.6 follows
by combining Tropp (2012, Theorem 6.1) with Exercise A.6.11(b).
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