
5 

Nonparametric regression 

We have seen several examples of regression problems in Chapters 2 and 3, but  
there the focus has been on settings where the regression function has a finite-
dimensional representation, for instance as a linear function of each covariate. 
However, the relationship between a response and covariates may be much more 
complicated than this; see Figure 5.1. The purpose of this chapter, then, is to 
extend the nonparametric smoothing ideas of Chapter 4 to regression problems. 
These approaches offer much greater modelling flexibility, though they typically 
incur slower rates of convergence than can be obtained in settings where a para­
metric model is correctly specified. We begin by studying local polynomial esti­
mators, before discussing an alternative approach based on splines. 
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Figure 5.1 Daily counts of recorded positive tests for Coronavirus in the 
UK from 31 January 2020 until 3 November 2021. The solid line shows a 
local polynomial estimator that we will study in this chapter. 
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130 Nonparametric regression 

5.1 Fixed and random design 

As with other regression problems that we have seen earlier, nonparametric re­
gression is studied in both fixed and random design. For the univariate fixed design 
case, the design consists of ordered real numbers x1 ≤ · · · ≤ xn, and the response 
variables are assumed to satisfy 

Yi = m(xi) +  v 1/2(xi)εi, (5.1) 

for i ∈ [n], where ε , . . . , ε1 n are independent with E(εi) = 0,  Var(εi) = 1. Usually, 
our primary interest is in estimating the regression function m as in Figure 5.1. 
Similarly to Chapter 2, if the varianc e function v is constant, then the model is 
homoscedastic; otherwise, it is heteroscedastic. 

In the random design context, (x1, Y1), . . . , (xn, Yn) are assumed to be indepen­
dent and identically distributed pairs satisfying (5.1), but where E(ε1 |x1) = 0
and Var(ε1 |x1) = 1. The functions m and v given by m(x) :=  E(Y1 |x1 = x)
and v(x) := Var(Y1 |x1 = x) are still called the regression function and variance 
function respectively; see Section A.9.1 for a formal discussion of this notation. 

5.2 Local polynomial estimators 

For definiteness, we will assume fixed design,1 and as in Chapter 4, we will make 
use of kernels to smooth our data appropriately. The local polynomial estimator 
of degree p ∈ N0 with bandwidth h and kernel K, denoted m̂n( ; p) ≡ m̂n( ; p, h,K)· · ,
is constructed at the point x ∈ R by fitting a polynomial of degree p to the data 
using weighted least squares, with the pair (xi, Yi) assigned weight Kh(xi −x). See 
Figure 5.2. In other words, writing Q(u) := (1, u, u2/2, . . . , up/p!)T and Qh(·) :=  
Q(·/h), we have that m̂ (x; p) =  β̂n 0, where2 

n 

β̂ ≡ (β̂0, β̂1, . . . , β̂p)
T ∈ argmin 

{ 
Yi − βTQh(xi − x) 

}2 
Kh(xi − x). 

β∈Rp+1 
i=1 

Σ

The idea is that even though a linear model with predictor matrix 
( ) 
Q(xi)T  

i∈[n] ∈
R

n×(p+1) may be restrictive, a Taylor expansion indicates that a smooth regression 
function is nevertheless well-approximated by a polynomial locally around x. In  
general, the coefficients of the approximating polynomial will depend on x, and  
this explains the origin of the ‘local polynomial’ terminology. 
It is convenient to reformulate the problem in terms of matrices and vectors. 

1 Typically, in random design contexts, we condition on the covariates, which amounts to the 
same thing. 

2 In principle, there may be multiple minimisers, in which case we could take any (measurable) 
solution; however, we will see shortly that under a very mild condition, the solution is unique. 
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131 5.2 Local polynomial estimators 
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Figure 5.2 Illustration of the construction of a local linear estimator 
(p = 1) at a particular point, with the true regression function as a solid 
line, and the local linear estimator as a dotted line. The dashed line in the 
top panel shows the local linear fit at x0 = 0.3 and the bottom panel shows 
the scaled kernel around x0. 

To this end, let 

⎞⎛⎞⎛ 
Qh(x1 − x)T Y1 

X ≡ X(x; p, h) :=  ⎜⎝ 
. . . 

⎟⎠ ∈ Rn×(p+1), Y := ⎜⎝ 
. . . 
⎟⎠ ∈ Rn , 

Qh(xn − x)T Yn 

W  W (x; h,K) := diag  Kh(
 x n

R  x), . . . ,Kh(xn  x)  ×n
1 . ≡ − − ∈

( ) 

We can think of X as a predictor matrix in a ‘local’ linear model for Y , while the 
diagonal matrix W captures the weights in the weighted least squares criterion. 
Provided that XTWX  ∈ R(p+1)×(p+1) is positive definite,3 this formulation allows 

3 We have rank(XTWX) ≤ rank(W ) ≤ n, so  XTWX  is positive definite only if n ≥ p+ 1.  
When the kernel is non-negative, XTWX  is positive definite if and only if there exists S ⊆ [n] 
with |S| = p+ 1 such that (xi)i∈S has distinct components and Kh(xi − x) > 0 for i ∈ S. This  
follows from the fact that XS = V D h, w ere  x j−1

V := 
({xi−

h 

} )
  

i
∈ R

S p+1)
∈S,j [ +1] 

×(
∈ p

  
is a 

Vandermonde matrix and D := diag(1, 1, 1/2, . . . , 1/p!) ∈ R(p+1)×(p+1), so that 
pdet(XS ) =  h−p(p+1)/2 

{∥ −1
i ii1,i

j
1<i (x 22 S,i   2 

− x 1 ) 
}(∥

j=1 ! 
)    

∈ ; see also Exercise 6.5(b). 

https://doi.org/10.1017/9781009160421.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009160421.005


132 Nonparametric regression 

us to write 

β̂ = argmin  (Y − Xβ)TW (Y − Xβ) 
β∈Rp+1 

= argmin  
( 
β − (XTWX)−1XTWY  

)T 
(XTWX) 

( 
β − (XTWX)−1XTWY  

) 

β∈Rp+1 

= (XTWX)−1XTWY . (5.2) 

The positive definiteness condition therefore ensures that the solution is indeed 
unique. Moreover simple formulae exist for the local constant (Nadaraya–Watson) 
estimator (p = 0):  Σ

i=1 m̂n(x; 0, h,K) =  Σn

n 
Kh(xi − x)Yi 

i=1 Kh(xi − x) 
(5.3) 

and the local linear estimator (p = 1):  
n

1 Σ s2(x) − s1(x)(xi − x) 
m̂n(x; 1, h,K) =  

n s2(x)s0(x) − s21(x) 
Kh(xi − x)Yi, 

i=1 

(5.4) 

where s (x) ≡ s (x; h,K) := n −1 
Σn 

r r i=1(xi − x)rKh(xi − x) for  r ∈ N0; see  Exer­
cise 5.1. 

From (5.2), we can see that all local polynomial estimators are of the form 
m 1 

Σn ˆ n(x) = n − i=1 wi(x)Yi, where the set of weights 
{ 
wi(x) ≡ wp,i(x; x1, . . . , xn) :

i ∈ [n] 
} 
is called the effective kernel at x. Such estimators are called linear estima­

tors or linear smoothers, because the estimate at each point x is a linear function 
of the response vector Y ; this terminology is reminiscent of Chapter 2. 
The example in Figure 5.3 provides intuition about the behaviour of the local 

constant and local linear estimators at both interior and boundary points. Here, 
the asymmetry of the Beta(2, 4) design density, combined with the negative slope 
of the true regression function at x = 0.5, means that the local constant estimator 
has an upward bias (top left). The local linear estimator, however, adapts to the 
design by downweighting observations to the left of x = 0.5 and upweighting 
those to the right, giving a very accurate estimate (top right). At the boundary 
point, these features are further emphasised. The Nadaraya–Watson estimator 
has a strong positive bias (bottom left), while the local linear estimator adapts 
to the design by assigning negative effective kernel weights to observations far 
from the origin, significantly reducing the bias (bottom right). 
Proposition 5.1 shows that local polynomial estimators of order p ‘reproduce’ 

polynomials of degree at most p, in the sense that if the response values lie on 
such a polynomial in our covariate, then the local polynomial fit is precisely this 
polynomial. In fact, p plays a role somewhat akin to that of the order of the 
kernel in Chapter 4: larger values of p enable us to take advantage of greater 
smoothness in the regression function. Indeed, the properties (5.5) will allow us 
to ensure that the leading terms vanish in a Taylor expansion of the bias (see the 
proof of Proposition 5.3). 

Proposition 5.1. Let 
 { }

wp,i(x) ≡ wp,i(x; x1, . . . , xn) :  i ∈ [n] denote the effective 
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5.2 Local polynomial estimators 

Figure 5.3 Comparison of local constant (left) and local linear (right) fits 
and effective kernels for estimating an interior point x = 0.5 (top) and a 
boundary point x = 0 (bottom). In the upper panels of each of the four 
cases, the true regression function is given as a solid curve, while the 
estimates at the given points are shown as dashed horizontal lines. In the 
lower panels, the effective kernel of the estimator in question is given as 
larger circles, with the effective kernel of the other estimator as smaller 
circles. 

kernel at x of a local polynomial estimator of degree p, and  let  R denote a polynomial 
of degree at most p. If  XTWX  is positive definite, then 

n
1 Σ 

wp,i(x)R(xi) =  R(x). 
n 

i=1 

In particular, 

 
n 

1 Σ
wp,i(x) = 1

n 
i=1 

and 
nΣ 
(xi − x)l wp,i(x) = 0  for l ∈ [p]. 

i=1 

(5.5) 

Proof Recalling the definition of Qh from Section 5.2, fixing x ∈ R and writing 
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134 Nonparametric regression )  
r(x) :=  R(x), R′(x)h, . . . , R(p)(x)hp T ∈ R

p+1
( 

, we have since  R is a polynomial of 
degree at most p that Σp  1 

R(xi) =   −  R(l)(x)(xi x)l = r(x)TQ
l! h(xi − x). 

l=0 

Now let 
 

R := R(x )
T

1 , . . . , R(xn) ∈ R
n

( )
, so that  R = Xr(x), and by the positive

definiteness of 
 

XTWX, 
n

1 Σ ( ) 
wp,i(x)R(xi) =  (XTWX)−1XTWR  

1 
= r(x)1 = R(x), 

n 
i=1 

as required. 
The final equalities in the statement are obtained by taking R to be the poly­

nomial that is identically equal to the constant 1, and R(·) = ( − x)l·  for l ∈ [p]
respectively. 

Before we describe the statistical properties of local polynomial estimators, we 
first present a lemma that controls the effective kernel weights. We let λmin(Σ) 
denote the minimum eigenvalue of a symmetric matrix Σ, and w rite  K∥∞ := ∥
supu R |K(u)|∈ . 

Lemma 5.2. Let K be a kernel that vanishes outside [−1, 1], and  let  x ∈ R. Assume 
that λ 1

0 ≡ λ0,n,h,x(p) :=  λmin(n− XTWX) > 0. Then  

1 2∥K∥∞ 
{|xi−x|≤h}

n
|wi(x)| ≤  

λ0nh 

for each i ∈ [n]. 

Proof First observe that for i ∈ [n], the quantity wi(x)/n is the (1, i) entry o f  
the matrix (XTWX)−1XTW ∈ R

(p+1)×n. Hence, ∥ ∥
∥ 

1  

n
|wi(x)| ≤ ∥(XTWX)−1Qh(xi − x)Kh(xi − x)∥ 

2 ( p )1/2 

≤ ∥K∥∞ ∥∥ 
Qh(xi − x) 

∥ ∞ 
Σ 1 

{|xi−x|≤h} ≤
∥K∥

λ0nh 2 λ0nh 
j=0 

(j!)2 {|xi−x|≤h} 

∞2∥K∥
{|xi−x|≤h},≤ 

λ0nh 

as required. 

It is convenient in our next results to assume that xi = i/n for i ∈ [n]; extensions 
to non-equally spaced designs are certainly possible, however. In particular, only 
minor changes to the arguments are needed in settings where there exist universal 
constants c, C > 0 such that  c/n ≤ xi − xi C/n−1 ≤  for all i [n] (with∈  x0 := 0). 
Recall the definition of the Hölder class H(β, L) from  Definition 4.2. 

Proposition 5.3. Assume the model (5.1) with m ∈ H(β, L) on [0, 1], with  xi = i/n 
for i ∈ [n] and with maxi∈[n] v(xi) ≤ σ2. Let K  be a kernel that vanishes outside 
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135 5.2 Local polynomial estimators 

[−1, 1], let x  ∈ [0, 1] and suppose that 
( 

λ0 ≡ λ 1
0,n,h,x(p) := λ min n

− XTWX) > 0. 
Then, for p ≥ ⎣β⎦ − 1 =:  β0 and for h ≥ 1/(2n), we have 

Var m̂n(x; p, h,K) ≤ 
16∥K∥∞2 σ2 

λ2
0nh 

and 
||| Bias m̂n(x; p, h,K) 
 8L∥K∥∞ 

hβ . | ≤ 
λ0β0! 

Proof By Lemma 5.2, we have for  h ≥ 1/(2n) that  

Σ  ( 
1 Σ n )

σ2 n 

Var m̂n(x; p, h,K) = Var  
n

wi(x)Yi ≤ 
n2 

wi(x)
2 

i=1 i=1 ( ) n n 

≤ σ2 max 
1 
wi(x)

1 Σ 4∥K∥∞2 σ2 Σ 
{|i/n−x|≤h}

λ2i∈[n] n 
| | 

n 
|wi(x)| ≤  

0n
2h2 

i=1 i=1 

4(2nh + 1)∥K∥2 σ2 16∥K∥2 σ2 
∞ ∞ .≤ 

λ0
2n2h2 

≤ 
λ2
0nh 

For the bias, by Proposition 5.1 we have 

( ) 

n n
1 Σ 1 Σ { } 

Bias m̂n(x; p, h,K) =  wi(x)m(xi) −m(x) =  wi(x) m(xi) −m(x) 
n n 

i=1 i=1 

1 Σ m x + τi(xi − x) (β0)(x) 
= 

n 

wi(x) 
(β0) −m

(xi − x)β0 

n β0! i=1 

for some τ1, . . . , τn ∈ [0, 1]. Hence, by Lemma 5.2 again, for h ≥ 1/(2n), 

| 
Σ 

| | L 
n 

xi − x β L Σ n 
xi − x β |Bias m̂n(x; p, h,K) ≤ 

n 

Σ 
|wi(x)|

|
β0! 

|
= 

n 
|wi(x)|

|
β0! 

|
{|xi−x|≤h} 

i=1 i=1 

Lhβ n 
8L∥K∥∞ 

hβ ,≤ 
nβ0! 

|wi(x)| ≤  
λ0β0! i=1 

as required. 

In order to state an overall upper bound on the risk of local polynomial esti­
mators, we first study the dependence of λ0 on n and x; we do this under some 
simplifying conditions. For a corresponding result under random design, see Ex­
ercise 5.6. 

Proposition 5.4. Suppose that xi = i/n for i ∈ [n], and that K(u) ≥ K0 {|u|≤Δ}
for some K0, Δ > 0. Then, for any n 2 and h 1/(4Δ), ≤≥ ( ) 

(4Δ + 2)eΔ
2 

inf λ0,n,h,x(p) ≥ K0 max Λp(Δ) − , 0 , 
x∈[0,1] nh 

where Λp(Δ) is the minimum eigenvalue of the matrix 
∫ 

 Δ
H̃p(Δ)  

:= Q
0

(u)Q(u)T du 
with (j, k)th entry H̃p,jk(Δ) := Δj+k−1{(j −1)!(k−1)!(j +k−1)}−1 for j, k ∈ [p+1]. 
Moreover, 

Λp(Δ) ≥ 
Δ(p+1)2 

(p + 1)−(p+1)2 

. 
Δpe2pΔ 

·
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136 Nonparametric regression 

Observe that for fixed v ∈ R
p+1 with ∥v∥2 = 1, the function u → vTQ(u) is a  

non-zero polynomial of degree at most p, so has only finitely many zeros. Hence ∫ 
vTH̃

 
p(Δ)v 

Δ
= v

0
T 2
Q(u) du > 0

 ( )
 for every such v, so H ˜ p(Δ) is positive definite, 

or equivalently Λp(Δ) > 0. The final claim of the proposition strengthens this 
argument by providing an explicit positive lower bound. Thus, under equi-spaced 
design, we may choose the degree p and kernel K so that λ0 is uniformly bounded 
below by a positive constant over a wide range of bandwidths. Nevertheless, the 
rapid decay in p of the lower bound on the minimum eigenvalue in Proposition 5.4 
hints at a potential drawback of choosing p too large, and in fact p = 1 is a  
common choice in practice. 

Proof Fix x ∈ [0, 1], let ui := (xi − x)/h for i ∈ [n], so that u1 ≤ 1/(nh), and 
let u0 := −∞. We will also initially suppose that x <  1 − hΔ, so that un > Δ. 
Observe that for any v ∈ R

p+1 with ∥v∥2 = 1,  we  have  ( ) n 

v T 1 
XTWX  v ≥ 

K0 
Σ( 

v TQ(ui) 
)2 

n nh {ui∈[0,Δ]}. 
i=1 

The main idea is to approximate this Riemann sum by 
∫ Δ 2 

K0 0 vTQ(u) du
( )

. To  
do this, first note that for u [0, Δ], ∈

Σ Σ ( p 2l )1/2 ( ∞ 2l )1/2 

∥Q(u)∥ u u ≤ e Δ
2/2 .2 ≤ 

(l!)2 
≤ 

l! 
l=0 l=0 

Moreover, using the fact4 that |bl −al| ≤ max(1, l/2)(bl−1 +al−1) b−a|| for a, b ≥ 0 
and l ≥ 1, we have for u, ũ ∈ [0, Δ] that { p }1/2 

∥Q(u) −Q(ũ)∥2 ≤ 
Σ max(1, l2/4)(ul−1 + ũl−1)2(u − ũ)2 

(l!)2 
l=1 { p }1/2 ( ∞ )1/2 Σ max(4, l2)Δ2l−2 Σ Δ2l 

u u≤ |u − ˜| 
(l!)2 

≤ 2|u − ˜| 
l! 

l=1 l=0 

= 2e Δ
2/2|u − ũ|. 

Thus, by Cauchy–Schwarz, T 2 
sup Δ2 

u∈[0,Δ] v Q(u) ≤ e
( )

and 

2 2| v TQ(u) − v TQ(ũ) | = |v T Q(u) −Q(ũ) ||v T Q(u) +  Q(ũ) | 
u≤ 4e Δ

2 |u − ˜| 

( ) | | ( )|| ( )| |( )

for u, ũ ∈ [0, Δ]. Hence, writing i  := min{i ∈ [n] :  u− i ≥ 0} and i+ := min{i ∈ [n] :  

4 To see this, first let l >  2, so t  ltl−1 is convex on [0, ∞), and for b > a   0≥ , we have 

∫ b ∫ b{( ) ( ) }b − t t − a l 
bl − a l = l tl−1 dt ≤ l a l−1 + bl−1 dt = (bl−1 + a l−1)(b − a). 

a a b − a b − a 2 

On the other hand, for l ∈ [1, 2], we have 0 ≤  (ab)l−1(b2−l − a2−l) =  al−1b − abl−1, so  
bl − al ≤ (bl−1 + al−1)(b − a). 

|→
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ui > Δ}, we have  ∫ | | | Σ | 

| | 

n Δ | 1 ( TQ(ui) 
)2 ( )2 

v {ui∈[0,Δ]} − v TQ(u) du| 
0 

| nh | 
i=1 |i+ −1 ∫ | |Σ ui {( )2 ( )2} | 2 ( )2 | v TQ(ui) v TQ(u) du| + sup v TQ(u)≤ 

i=i− 
max(ui−1,0) 

− 
nh u∈[0,Δ] 

i+ ∫ min(ui,Δ) Δ2 Δ2 

Δ2 Σ 2e (4Δ + 2)e≤ 4e 
max(ui−1,0) 

(ui − u) du + ≤ 
nh 

. 
nh 

i=i− 

Now suppose that x ≥ 1 − hΔ. Then 

u1 =
1/n − x 1 − 1/n 

+Δ  ≤ −Δ,
h 

≤ −  
h 

and since un ≥ 0, the points u1, . . . , un form  a grid of step size (nh)−1 on an 
interval containing [−Δ, 0]. We can therefore apply the inequality ( ) n 

v T 1 
XTWX  v ≥ 

K0 
Σ( 

v TQ(ui) 
)2 

{ui∈[−Δ,0]}, 
n nh 

i=1 

together with very similar arguments as above, to conclude that for every x ∈
[0, 1], ( )  

λ0,n,h,x(p) =  inf  v T 1 
XTWX  v 

v∈Rp+1:∥v∥2 =1 n ( {∫ Δ ∫ 0 } 

≥ K0 max inf min 
( 
v TQ(u) 

)2 
du, 

( 
v TQ(u) 

)2 
du 

v∈Rp+1:∥v∥2=1 0 −Δ 

(4Δ + 2)eΔ
2 ) 

−
nh 

, 0 . 

Finally, note that for all v = (v1, . . . , vp+1)T , ṽ = (ṽ1, . . . , ṽp+1)T ∈ Rp+1 with 
ṽ 1
j = ( j
 1) − vj−  for j ∈ [p + 1],  we  have ∥ṽ∥2 = ∥v∥2  and ∫ ∫ 0 Δ ( )2 ( )2 

ṽTQ(u) du = v TQ(u) du = v TH̃p(Δ)v. 
−Δ 0 

Thus, {∫ ∫ } Δ 0 

inf min 
( 
v TQ(u) 

)2 
du, 

( 
v TQ(u) 

)2 
du = Λp(Δ), 

v∈Rp+1:∥v∥2 =1 0 −Δ 

which completes the first part of the proof. 
For the final claim, write 

H̃p(Δ) = Δ DpHpDp,·

where D ≡ D (Δ) := diag(1, Δ, Δ2 p
p p /2!, . . . ,Δ /p!) ∈ R

(p+1)×(p+1) and Hp is the 
Hilbert matrix with entries Hp,jk := 1/(j + k − 1) for j, k ∈ [p + 1]. As a special 
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case of a Cauchy determinant ,5  we have det(Hp) =  c4 
p/c2p+1, where

∥
 l
cl := i=1 i! 

for l ∈ N, so  
2 ( ) cpdet H̃p(Δ) = Δp+1 det(Dp)

2 det(Hp) = Δ(p+1)2 

. 
c2p+1 

In addition, writing Λmax ≡ Λmax,p(Δ) > 0 for the maximum eigenvalue of H̃p(Δ), 
and using the fact that all norms are convex to apply Jensen’s inequality, we have Σ ∫ Δ ∫ Δ p

Δ2j+1 

Λmax ≤ 
0 

∥Q(u)Q(u)T∥op du = 
0 

∥Q(u)∥22 du = 
j=0 

(2j + 1)(j!)2 

( ∞ )2 Σ Δj 

≤ Δ 
j! 

= Δe 2Δ . 
j=0 

(5.6) 

We conclude that ( ) 

Λp(Δ) ≥ 
det H̃p(Δ) Δ(p+1)2 

cp 
2 Δ(p+1)2 

(p + 1)−(p+1)2 

,
Λp Δp 2pΔ Δp 2pΔ 

max 
≥ 

e
· 
c2p+1 

≥ 
e

· 

where the final bound follows from Exercise 5.5. 

Theorem 5.5. Under the conditions of Propositions 5.3 and 5.4, and with a bounded 
kernel K, there exist a bandwidth h∗ 

n ≡ h∗ 
n(β, L, σ

2, p,K) as well as n0 ∈ N and
C > 0 , both depending only on p and K, such that { ( ) } 2β [{ }2] L2 L1/β σ2 σ22β+1 

sup sup E m̂n(x; p, h ∗ 
n,K) − m(x) ≤ C

n2β 
x∈[0,1] m∈H(β,L) 

∨ 
n 

∨ 
n 

for every n ≥ n0. 

Thus, unlike what we saw with kernel density estimation in Theorem 4.6, we  
now identify three different regimes for the rate of convergence of local polynomial 
estimators. If L and σ are considered as constants, then we recover the same 
n−2β/(2β+1) rate as in Theorem 4.6. On the other hand, if L/(σnβ ) is sufficiently 
large, so we allow functions that are very rough relative to the noise level, then 
the bias contribution  L2/n2β dominates. Finally, if Ln1/2/σ is sufficiently small, 
then the only functions that are in our class are close to constant on [0, 1], and 
the noise term σ2/n dominates. We will see in Exercise 8.14 that all three regimes 
match, in terms of their dependence on L, σ and n, the minimax lower bound 
in this problem, and in this sense the local polynomial estimator m̂  

n( ; p, hn
∗ ,K)·

achieves the minimax optimal rate. 

Proof Choose n0 ≡ n0(p,K) ≥ 2 large enough that for n ≥ n0, we have  ( 
Δ2 ) 

1 (8Δ + 4)e 1 1 
hmin := 

2 
∨ 

Λp(Δ) n 
≤ 

4Δ 
=: hmax, 

5 A Cauchy matrix A = (Aij ) ∈ Rm×n has entries of the form Aij = 1/(wi − zj ), for distinct 
w1, . . . , wm, z1, . . . , zn ∈ R; in particular, every submatrix of a Cauchy matrix is a Cauchy 
matrix. When m = n, we have  det(A) =  n ∥i−1

 (wi − wj i=2 j=1 )(zj − zi)/ 
∥n ∥n (wi − zj i=1 j=1 ) ∥     

,

so A is invertible. 
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and assume henceforth that n ≥ n0. Then for  h ∈ [hmin, hmax], we have by Proposi­
tion 5.4 that infx [0,1] λ0,n,h,x(p) ≥ K0Λp(Δ)/2 > 0∈ , and hence by Proposition 5.3, 
there exists C ′ ≡ C ′(p,K) > 0 such that 

∈ ∈H

( )  

sup sup E 
x [0,1] m (β,L) 

[{ }2] 
m̂n(x; p, h,K) −m(x) ≤ C ′ 

σ2 

nh 
+ L2h2β =: Mn(h). 

Now let  h  { 2 2 }1/(2β+1)
0 := σ /(L n) , so that  σ2/(nh 2

0) =  L h2β
0 

 , and define h∗n := 
hmin ∨ h0 ∧ hmax. Then  { ∗ 

}2] 
sup sup E m̂n(x; p, h n,K) −m(x) 

x∈[0,1] m∈H(β,L) 

[

,

,

L
( 

⎧ ⎪⎪⎪⎪⎪⎨ 
βMn(hmin) ≤ 2C ′L2h2β if 

L 
> C1n ,min σ 

1/β σ2 
)2β/(2β+1) 

−1/2 L 
(h0) = 2C ′ βif C2nM 

σ 
≤ C1n≤ ≤  n n ⎪⎪⎪⎪⎪⎩ 

σ2 L 
) ≤ 2C ′ if 

nhmax 
< C2n

−1/2(h maxM  n
σ 

where C1, C2 > 0 depend only on β, p and K. The result follows. 

By applying Fubini’s theorem and integrating the pointwise bound in Theo­
rem 5.5 over x ∈ [0, 1], we obtain the same bound on the mean integrated squared 
error. 

Corollary 5.6. Under the same conditions as Theorem 5.5, ∫ { 
{ (  }  

L1/β σ2 )2β/(2β+1)1 L2 σ2 
∗ 

}2 
m̂n(x; p, h n,K) −m(x) dx ≤ Csup E ∨  

n 
∨ 

2βn n m∈H(β,L) 0 

for every n ≥ n0. 

The notion of risk in Corollary 5.6 can be interpreted as the mean squared 
prediction error for a (randomly drawn) new covariate x ∗ ∼ U [0, 1]. In fact, 
Theorem 5.5 allows us to obtain mean squared prediction error bounds of the same 
order whenever a new covariate is drawn randomly from an arbitrary distribution 
on [0, 1]. 

5.3 Splines 

We now introduce an alternative approach for nonparametric regression, via 
splines. Our focus here is on the structure and computation of the estimators, 
which as for local polynomial estimators is relatively straightforward to describe. 
The study of their statistical properties is more involved, however, and is deferred 
to the more general setting of kernel ridge regression in Chapter 6. 

5.3.1 Cubic splines 

Let n ≥ 3 and a  ≤ x1 < · · ·  < xn ≤ b. A function g : [a, b] → R is called a cubic
spline with knots at x1, . . . , xn if 
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(a) g is a cubic polynomial on each of the intervals (a, x1), (x1, x2), . . . , (xn−1, xn), 
(xn, b); 

(b) g has two continuous derivatives on [a, b]. 

A cubic spline is called natural if it is affine on [a, x1] and [ xn, b], so that g′′(a) =  
g′′′(a) = g ′′(b) = g ′′′(b) = 0. It is possible and convenient to represent a natural 
cubic spline g by the two vectors g = (g , . . . , g )T ∈ R

n
1 n

 and γ = (γ , . . . , γ  
2 n−1)T ∈

R
n−2, where  gi := g(xi) for  i ∈ [n] and  γi = g′′(xi) for  i ∈ {2, . . . , n− 1}. (Observe 

that γ1 = 0 = γn  are not included in γ.) In fact, writing hi := xi+1 − xi for 
i [n 1], we have −∈

g(x) =
(x− xi)gi+1 + (xi+1 − x)gi 

hi {( ) ( ) } 

−
6

1
(x− xi)(xi+1 − x) 1 +  

x−
hi 

xi 
γi+1 + 1 +  

xi+1 

hi 

− x
γi 

for x ∈ [xi, xi+1] and i ∈ [n− 1]; see Exercise 5.7, where the reader is also invited 
to derive corresponding expressions for g on [a, x1] and  [xn, b]. 

Proposition 5.7. Given g = (g1, . . . , gn)T ∈ R
n, there exists a unique natural cubic 

spline g with knots at x1, . . . , xn satisfying g(xi) = g i for i ∈ [n]. Moreover, there  
exists a positive semi-definite matrix K ∈ R

n×n, not depending on g, such that ∫ b 

g ′′(x)2 dx = g TKg. 
a 

Proof See Exercise 5.9. 

The function g in Proposition 5.7 is called the natural cubic spline interpolant 
to g1, . . . , gn at x1, . . . , xn. Let S 2[a, b] denote the set of real-valued functions on 
[a, b] that have an absolutely continuous first derivative. 

Proposition 5.8. For any g = (g1, . . . , gn)T ∈ R
n, the natural cubic spline inter­∫ 

polant to g1, . . . , gn at x1, . . . , xn  the is unique minimiser of ′′ b 
R(g̃ ) =  g

a
˜′′(x)2   dx

over all g̃ ∈ S2[a, b] that interpolate g1, . . . , gn at x1, . . . , xn.

Proof Write g for the natural cubic spline interpolant of g1, . . . , gn at x1, . . . , xn. 
Suppose that g̃ ∈ S2[a, b] also interpolates g1, . . . , gn at x1, . . . , xn, and l et  h := g̃−
g, so that  h(xi) = 0  for  i ∈ [n]. It is convenient to write  g′′′(x +0 ) := limx

′′′(x)↘x0 g
for x0 ∈ [a, b). Since g′′(x) = 0  for  x ∈ [a, x1] ∪ [xn, b], integration by parts yields 

Σ { } 

 b  xn n−1  Σ xi+1 
′′(x)h′′(x) dx ′′′(x)h′(x) dx ′′′(x + g = − g = − g i ) h′(x) dx 

a x1 xii=1 

n−1 
+ = − g ′′′(xi ) h(xi+1) − h(xi) = 0. 

i=1 

∫ ∫ ∫

It follows that 
b 

R(g̃ ′′) =  R(g ′′) + 2  g ′′(x)h′′(x) dx+ R(h′′) ≥ R(g ′′). 
a 

∫ 
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5.3 Splines 141 

Equality holds if and only if R(h′′) = 0, which means that h′′(x) = 0 for almost 
all x ∈ [a, b]. But then, for each a ≤ x′ < x′′ ≤ b, we have h ′(x′′) − h′(x′) =  ∫ x ′′

 h x
x

′′( ) dx = 0′
 

,  so  h′ is constant, and h is affine. But h(x1) =  h(xn) = 0,  so  h is 
identically zero and g̃ = g. 

5.3.2 Natural cubic smoothing splines 

Given covariate–response pairs (x1, Y1), . . . , (xn, Yn) with n ≥ 3 and  a ≤ x1 < · · · <
xn ≤ b, where our target of inference is the regression function g, an alternative  
to local polynomial estimation is to balance the fidelity of the fit to the data 
against the roughness of the curve. This can be achieved by seeking to minimise 

n ∫ b 

Sλ(g̃) :=  
Σ{ 

Yi − g̃(xi) 
}2 

+ λ g̃′′(x)2 dx 
i=1 a 

(5.7) 

over g̃ ∈ S2[a, b]. Here λ > 0  is a regularisation (or smoothing) parameter that 
plays a similar role to the equivalent quantity in Chapter 3. Choosing λ very 
small means the solution will almost go through each of the data points, while 
choosing λ very large means that we will approximate the linear regression fit. 

Theorem 5.9. For each λ ∈ (0,∞), there exists a unique minimiser ĝλ of Sλ(g̃) 
over g̃ ∈ S2[a, b]. It is the natural cubic spline with knots at x1, . . . , xn and g =
(I+λK)−1Y , where Y  = (Y1, . . . , Yn)T, and where K is taken from Proposition 5.7. 

Proof If g̃ ∈ S2[a, b] is not a natural cubic spline with knots at x1, . . . , xn, then  
by Proposition 5.7, we can consider the natural cubic spline g ∗ interpolant to 
g̃(x1), . . . , g̃(xn) at x 1, . . . , xn. By  Proposition 5.8, R(g ∗) < R(g̃), so Sλ(g ∗) < 
Sλ(g̃). But if g is a natural cubic spline with knots at x1, . . . , xn, then by the  
second part of Proposition 5.7, 

Sλ(g) = (Y − g)T(Y − g) +  λg TKg 

= g T(I + λK)g − 2Y T g + Y TY 

= 
( 
g − (I + λK)−1Y 

)T 
(I + λK) 

( 
g − (I + λK)−1Y 

) 

+ Y TY Y T(I + λK)−1Y . −

Since  is positive definite, the result follows. I + λK

The function ĝλ in Theorem 5.9 is called the natural cubic smoothing spline 
(for data (x1, Y1), . . . , (xn, Yn) and smoothing parameter λ); see Figure 5.4. The­
orem 5.9 not only reduces the infinite-dimensional optimisation problem (5.7) 
over S2[a, b] to a finite-dimensional one (over the n-dimensional subclass of natu­
ral cubic splines with knots at x1, . . . , xn), it also identifies the unique optimising 
element of the subclass. 
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Figure 5.4 A comparison of the natural cubic interpolant (solid) and 
natural cubic smoothing splines (dotted) for data generated using the 
dashed regression function. 

5.3.3 Automatic choice of smoothing parameter 

A popular method for choosing λ is to minimise the leave-one-out cross-validation 
score 

n
1 Σ( )2 

CV(λ) :=  Yi − ĝ−i,λ(xi) , 
n 

i=1 

where ĝ−i,λ minimises 
 2 b 

S i,λ(g̃) :=  j i Yj − g̃(xj ) + λ  g̃
′′(x)2 dx− a

∫ )Σ (
 over g̃ ∈

S2[a, b]; see also Section 3.3. Although it looks like we have to compute n natural 
cubic smoothing spline fits to ( find CV(λ), the following result shows that this is 
not the case. Write A

 ) 
(λ) ≡ Aij (λ) := (I + λK)−1 ∈ Rn×n

i,j∈[n] 
 . 

Proposition 5.10. We have 

n ( )2 

CV(λ) =  
1 Σ Yi − ĝλ(xi) 

. 
n 1 − Aii(λ)i=1 

Proof See Exercise 5.10. 

Also popular is the generalised cross-validation score 

n ( )2 

GCV(λ) :=  
1 Σ Yi − ĝλ( 

(xi) ) . 
n 

i=1 
1 − n−1tr A(λ) 

The quantity Aii(λ) can be considered as analogous to the leverage of the ith 
observation in linear regression; see Exercise 2.6. We see that GCV(λ) modifies  
CV(λ) by downweighting observations with high leverage. 
A possible disadvantage of natural cubic smoothing splines is that we have a 

‘parameter’ 
( 
g(x

T
1), . . . , g(xn) 

)  
of dimension n to estimate. An alternative ap­

proach is to choose a reduced set of knots ξ1, . . . , ξR, say, located at equispaced 
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sample quantiles of x1, . . . , xn. Splines of degree p can then be expanded in the 
truncated power series basis 

 1, x, x2  , . . . , xp, (x− ξ1)
p
+, . . . , (x− ξR)

p 
+;

see also Exercise 5.11. We can fit such a spline by minimising 

Σ Σ Σ n { p R }2 

Yi − βj xi
j − βpr(xi − ξr)+ 

p 

i=1 j=0 r=1 

over (β0, β1, . . . , βp, βp , . . . , βpR)T ∈ Rp+1+R
1

 . The function corresponding to the 
solution is called a regression spline (with knots at ξ1, . . . , ξR and of degree p). 
Here, R plays the role of the smoothing parameter, controlling the bias–variance 
trade-off. 

5.4 Exercises 

Exercise 5.1 Verify that the local constant and local linear regression estimators 
have the forms given in (5.3) and ( 5.4) respectively. 

Exercise 5.2 In the random design nonparametric regression model for inde­
pendent and identically distributed pairs (x1, Y1), . . . , (xn, Yn), each having joint 
density fX,Y , the regression function m may be expressed as ∫ ∞ fX,Y (x, y) 

m(x) =  y dy, 
−∞ fX (x) 

where  is the marginal density of fX x1. Find the estimator of m that results 
from estimating  and  using kernel density estimators with symmetric 
kernel K (and the corresponding product kernel in the latter case) and a common 
bandwidth. 

fX,YfX

Exercise 5.3 Consider the nonparametric regression model 

Yi = m(xi) +  εi, 

for i ∈ [n], where x1 < · · ·  < xn are fixed and ε1, . . . , εn are independent with 
E(εi) = 0  and  Var(εi) = 1  for  i ∈ [n]. For β, L > 0, let H̃(β, L) denote the subclass 
of  consisting of functions f that satisfy H(β, L)

max f (j)(x) − f (j)(x x− x ′
j=0,1,...,β0−1 

| ′)| ≤ L| | 

for all x, x′ ∈ [0, 1], where β0 := β⎦ − 1⎣ . Assume that m ∈ H̃(β, L), that xi = i/n 
for i ∈ [n] and t hat  K is bounded and vanishes outside [−1, 1]. Prove that if 
p < β0 and h ≥ 1/(2n), then 

|Bias m̂n(x; p, h,K)| ≤ C(λ0, p, L,K)hp+γ , 

where we write λ 0 for the minimum eigenvalue of n−1XTWX, and where both 
C(λ0, p, L,K) > 0 and the universal constant γ > 0 should be specified. 
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Exercise 5.4 Consider a vector Y = (Y1, . . . , Yn)T of responses from the non­
parametric regression model 

Yi = m(xi) +  εi, 

where xi = i/n for i ∈ [n], where m : [0, 1] → R and where ε1, . . . , εn are in­
dependent with E(εi) = 0 and  Var(ε 2

i) ≤ σ  for i ∈ [n]. Fix x ∈ (0, 1), let K 
denote a bounded kernel that vanishes outside [−1, 1], let p ∈ N0 and let h >  0. 
Assume that λ0 := λmin(n−1XTWX) > 0, and let β̂ = (β̂ , β̂ , . . . , β̂0 1 p)T, where  
β̂ := (XTWX)−1XTWY . 

Suppose that m is differentiable and consider m̂′ 
n(x) :=  β̂1/h as an estimator of 

m′(x). Writing ′ Σ  
m̂n(x) =  n−1 n

i=1 vp,i(x)Yi, prove that whenever R is a polynomial 
of degree at most p, we have  

n
1 Σ 

vp,i(x)R(xi) =  R′(x). 
n 

i=1 

Prove further that 
1 
vp,i(x)| ≤  

2∥K∥∞ 
{|xi−x|≤h}

n
|

λ0nh2 

for i ∈ [n]. 
Finally, assume that m ∈ H(β, L) for s ome β >  1 and  L >  0. Prove that when 

p ≥ ⎣β⎦ − 1 and  h ≥ 1/(2n), we have 

Var m̂ ′ (x) ≤ 
16∥K∥∞2 σ2 

n λ2
0nh

3 
and || Bias m̂ ′ (x)|| 8L∥K∥∞ 

hβ−1 .n ≤ 
λ0β0! 

Exercise 5.5 Recall the function 
∥l 

cl = i=1 i! for  l ∈ N from the proof of Propo­
sition 5.4. Show that Σ {  p

2 log  cp − log c2p+1 = − j log j + j log(2p+ 2  − j) − (p+ 1) log(p+ 1)  
j=1 

}
for all p ∈ N0. Deduce that 

2cp ≥ (p+ 1)−(p+1)2 

. 
c2p+1 

Exercise 5.6 Let x1, . . . , xn be independent and identically distributed random 
variables that have a Lebesgue density f0 on [0, 1] satisfying f  := infx [0,1] f0(x) > ∗ ∈
0 and  f∗ := supx∈[0,1] f0(x) < ∞. Let  K be a bounded kernel satisfying K(u) ≥
K0 {|u|≤Δ} for some K0,Δ > 0, and let δ ∈ (0, 1]. In the notation of Section 5.2, 
prove that with probability at least 1 − δ, we have  

{ ( ) / 

( ) 

f∗Δlog  2(p+ 1)/δ
inf λ0,n,h,x(p) ≥ max K0f∗Λp(Δ) − 2∥K∥∞e 2Δ 

x∈[0,1] nh 

−
∥K∥∞e2Δ log 2(p+ 1)/δ 

, 0 
} 

. 
3nh 
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Hint: Apply the matrix Bernstein inequality, which states that if δ ∈ (0, 1] and 
X1, . . . ,Xn are independent d× d symmetric random matrices with E(Xi) =  0 and 
λmax(Xi) ≤ R Σ  ∥ for i  [n] (where  ∈ λmax(·) denotes the largest eigenvalue), and if we 
write   2 := ∥ n 2 

∥
E(X ∥ v i=1 i ) op

, then with probability at least 1 − δ, ( Σ ) ) ) n ( d R ( d ≤ 21/2 v log1/2λmax Xi + 
δ 3 

log 
δ 

. 
i=1 

Exercise 5.7 Let a ≤ x1 < · · ·  < xn ≤ b, and l et h i = xi+1 − xi for i ∈ [n − 1].
Given g = (g1, . . . , gn)T and γ = (γ2, . . . , γn 1)T− , show that if there is a natural 
cubic spline g with g(xi) =  gi for i  [n] and∈ g ′′(xi) =  γi for i = 2, . . . , n 1− , then 

{( ) ( ) } 
g(x) =

(x− xi)gi+1 + (xi+1 − x)gi 
hi 

− 
6

1
(x− xi)(xi+1 − x) 1 +  

x−
hi 

xi 
γi+1 + 1 +  

xi+1 

hi 

− x
γi 

for x ∈ [xi, xi+1] and  i ∈ [n−1]. Find the corresponding expressions for g on [a, x1] 
and [xn, b]. 

Exercise 5.8 Define tri-diagonal matrices   Q = (Qij )
n,n−1
i=1,j=2 ∈ Rn×(n−2) and R = 

n  (R ) −1,n−1 ∈ R
(n−2)×(n 2)

ij i=2,j=2 
−⎧ 

 (note the starting indices) by 

Qij := 

⎪⎪⎨ 

⎪⎪⎩ 

h−1 if i = j − 1,i 

= j, −h−i−
1
1 − h−1 if ii 

h−1 if i = j + 1,  i−1 

0 otherwise, 

and 

⎪⎪⎨ 
hi/6  if j = i+ 1,  
(hi−1 + hi)/3 if  j = i, 

Rij := 
hi−1/6  if  j = i− 1, 

otherwise. 
⎪⎪⎩ 

0 

⎧ 
 

Prove that g = (g1, . . . , gn)T ∈ Rn and γ = (γ2, . . . , γ  
R

n 2
n 1)T ∈ −−  represent 

a natural cubic spline g, so that  g(xi) = g i for i ∈ [n] and  g′′(xi) = γ i for 
i = 2, . . . , n 1, if and only if − T Q g = Rγ. 

Exercise 5.9 Prove that the matrix R defined in the previous question is positive 
definite. Deduce that, given g = (g , . . . , g )T ∈ R

n
1 n , there exists a unique natural 

cubic spline g with knots at x1, . . . , xn satisfying g(xi) = gi  for i ∈ [n]. Show 
further there exists a positive semi-definite definite matrix K ∈ R

n×n such that 
 b 

g ′′(x)2 dx = g TKg. 
a 

∫
(5.8) 

Exercise 5.10 Write ĝλ for the natural cubic spline fit to (x1, Y1), . . . , (xn, Yn), 

with corresponding leave-one-out fits ĝ−i,λ for i  [n]. For i  [n], define ∈ ∈ ˜ (i) 
Y := 

 ( ˜ (i) ˜ (i)
Y1 , . . . , Yn )T by Ỹ (i) 

j := Yj for j  i, and  (  
Ỹ

i)
i := ĝ (x )−i,λ i . Further let ĝ :=−i  (  

ĝ (x ), . . . , ĝ (x ) 
T ∈ R

n−i,λ 1 −i,λ n

 )
, andA (λ) =  Aij (λ) := (I+λK)−1 ∈ R

n×n
i,j∈[n]

 

) (  
 , 

where K is taken from (5.8). Show that  
(i)

ĝ i = A(λ)Ỹ− for i [n]. Deduce that ∈
Σ ( n )2 

CV(λ) =  
1 
n 

i=1 

Yi − ĝλ(xi) 
1 −Aii(λ) 

. 
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Exercise 5.11 The truncated power series representation for a natural cubic 
spline g with knots ξ1 < · · ·  < ξR in (a, b) is  

Σ Σ 3 R 

g(x) :=  βj x
j + θ )3 ,r(x− ξr +

j=0 r=1 

for some β0, β1, β2, β3, θ1, . . . , θR ∈ R. Prove that the boundary conditions for 
natural cubic splines ensure that =

ΣR 
β2  β3 = 0,  r=1 θr = 0 and 

ΣR
r=1 θrξr = 0.  

Hence derive the reduced basis N1, . . . , NR : [a, b] → R, given  by  

N1(x) := 1, N2(x) :=  x, Nr+2(x) :=  dr(x) − dR−1(x), 

for , where r ∈ [R− 2]

(x− ξr)+
3 − (x− ξR)+

3 

dr(x) :=  ,
ξR − ξr 

for . r ∈ [R− 1]

Exercise 5.12 Fix p ∈ N0 and L > 0. Let 

Yi = m(xi) +  εi 

for i ∈ [n], where x1 < · · ·  < xn are fixed, where m ∈ H(p + 1, L), and where 
ε1, . . . , εn have mean zero. Prove that if x0 ∈ {/ x1, . . . , xn} and n < p+ 1,  then  [{ }2] 

inf sup Em m̃n(Y1, . . . , Yn) −m(x0) = ∞, 
˜ ∈ ˆ m∈H(p+1,L)mn Mn 

where M̂n denotes the set of all estimators m̃n ≡ m̃n(Y1, . . . , Yn) of  m(x0). 

Exercise 5.13 Fix a known p ∈ N0. Suppose that we observe 

Yi = m(xi) +  εi, i ∈ [n], 

where xi = i/n, where m  ∈ H(β, L) for some unknown β ∈ (0, p + 1]  and  L >  
0, and where ε1, . . . , εn are independent, mean-zero random variables that are 
sub-Gaussian with variance parameter 1. Let K be the uniform kernel given by 
K(x) :=  x 1 /2{| |≤ } . Suppose that n ≥ max(p+ 1, 2), let δ = n−2 and define | { ( | |) |} 

6e 2j 2p+ 2  2p+ 2  H′ := 
Λp n 

log 2n 2 

2p+ 3  
loglog2(4n) : j = 1, . . . ,  

2p+ 3  2(4n) ,n 

where Λp = Λ (1) > 0p  denotes the smallest eigenvalue of the matrix H̃p(1) in 
Proposition 5.4. Let  n := H′ ∩ [0, 1/4] nH  if this set is non-empty, and otherwise 
let Hn := {1}. For  x0 ∈ [0, 1], define 

2

σn,h := 
( 
29 log(2n |Hn|) 

)1/2 

, În,h := 
[ 
m̂n(x0; p, h,K)−σn,h, m̂n(x0; p, h,K)+σn,h 

] 
Λ2nhp

for h ∈ Hn, and set { } ∩ 
ˆ h(x0) := max  n : Î ˜

 
∅ .h ≡ ˆ h ∈ H n,h 

h̃∈Hn∩[0,h] 
̸=
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Show that this Lepski-type choice of bandwidth satisfies 

sup E 
[{ 
m̂n(x0; p, h,Kˆ ) − m(x0) 

}2] ≤ C 

( 
log 
n

n 
)2β/(2β+1) 

x0 ∈[0,1] 

for some C ≡ C(β, L, p) > 0. 

5.5 Bibliographic details and background 

Like kernel density estimation, nonparametric regression has a long history. The 
Nadaraya–Watson estimator was proposed independently by Nadaraya (1964) 
and Watson (1964). Extensions to local polynomial fitting were studied by Stone 
(1977), who considered local linear estimators with weights constructed from 
nearest neighbour distances, and Katkovnik (1979). The topic is now covered in 
several different books, including Härdle (1990), Wand and Jones (1995), Fan 
and Gijbels (1996), Loader (1999), Györfi et al. (2002) and W asserman (2006); 
our presentation of local polynomial regression is closest to Tsybakov (2009). 
The finite-sample nature of Proposition 5.4 allows us to recover the three regimes 
in the bound in Theorem 5.5. All three will be matched, up to a multiplicative 
factor depending only of the smoothness level β, in the minimax lower bound in 
Exercise 8.14. Nevertheless, the weighted least squares loss function is tailored to 
the setting of Gaussian errors, so Young et al. (2026+) recently introduced the 
outrigger local polynomial estimator , designed to achieve distributional adaptivity 
across different conditional error distributions. 
The data for Figure 5.1 were originally taken from https://coronavirus.data.

gov.uk/cases

 
, and are now available at the book website. Vandermonde matrices 

are named after the French mathematician Alexandre-Théophile Vandermonde, 
who introduced them in the eighteenth century; the formula for its determinant 
may be computed by induction on the matrix dimension. The formula for the 
determinant (and inverse) of a Cauchy matrix was derived by Schechter (1959). 
Splines are heavily studied in numerical analysis (De Boor, 1976; Schumaker, 

2007). Within the statistical literature, they were popularised as a technique for 
nonparametric regression by Silverman (1985), Eubank (1988), Wahba (1990) 
and Green and Silverman (1994). Our focus on cubic splines mimics Green and 
Silverman (1994), though more general spline spaces, as well as the statistical 
properties of the resulting estimators, are studied in Chapter 6. Generalised cross-
validation was proposed by Golub et al. (1979). 
The version of the matrix Bernstein inequality stated in Exercise 5.6 follows 

by combining Tropp (2012, Theorem 6.1) with Exercise A.6.11(b). 
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