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Abstract

We initiate a study of large deviations for block model random graphs in the dense regime. Following
[14], we establish an LDP for dense block models, viewed as random graphons. As an application of our
result, we study upper tail large deviations for homomorphism densities of regular graphs. We identify the
existence of a ‘symmetric’ phase, where the graph, conditioned on the rare event, looks like a block model
with the same block sizes as the generating graphon. In specific examples, we also identify the existence
of a ‘symmetry breaking’ regime, where the conditional structure is not a block model with compatible
dimensions. This identifies a ‘reentrant phase transition’ phenomenon for this problem - analogous to one
established for Erd6s-Rényi random graphs [13, 14]. Finally, extending the analysis of [34], we identify the
precise boundary between the symmetry and symmetry breaking regimes for homomorphism densities of
regular graphs and the operator norm on Erd3s-Rényi bipartite graphs.
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1. Introduction

The study of large deviation problems on random graphs has a long and rich history in Probability
and Combinatorics. Research in this area is motivated by the following fundamental question:
What is the structure of a random graph, conditioned on a rare event?

In a seminal paper, Chatterjee and Varadhan [14] formalised this question by combining the
theory of graph limits [32] with classical Large Deviations theory [19], and established a Large
Deviation Principle (LDP) for the Erdés-Rényi binomial random graph G(#, p). This is the sim-
plest random graph model, constructed by adding edges independently among n vertices with
probability p. As an application of this LDP, Chatterjee and Varadhan [14] examined upper tail
large deviations for regular subgraph counts. The homomorphism density t(H, G) of a graph H
on v vertices measures the probability that H appears on v randomly chosen vertices of a graph
G (see Definition 5). Let H be a d-regular graph, and for notational convenience, define the event
& ={t(H, G) > (14 8)E[t(H, G)]}. Chatterjee and Varadhan [14] established the existence of
0 < 8min(H) < 8max(H) such that if § < 8min(H) or 8 > Smax(H), conditioned on &, G(n, p) looks
like’ an Erd6s-Rényi random graph, albeit with a higher edge density. They call this the ‘replica
symmetric’ phase. On the contrary, [14] also establishes that for p sufficiently small, there exists
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8 € [8min(H), 8max(H)] such that conditioned on &s, the graph is not distributed as an Erdds—
Rényi random graph - this regime was termed as the ‘replica symmetry breaking’ regime. Using
the framework of [14], Lubetzky and Zhao [34] characterised the precise boundary between the
symmetry and the symmetry breaking regimes, in terms of § and p. We defer an in-depth survey
of large deviations on random graphs to Section 1.7.

Random graphs are simple stochastic models for large networks observed in a myriad of scien-
tific applications, and in this context, it is often natural to study graph models with inhomogeneities
or constraints. Large deviation phenomena are of natural interest in this general setting, although
progress in this direction requires several new ideas. The study of large deviations for constrained
random graphs has been initiated in the recent literature — [18] studies large deviations for the
uniform random graph with a given number of edges, while in [20], in joint work with Souvik
Dhara, S.S. studied large deviations for random graphs with given degrees. Finally, [7] focuses on
large deviations for random regular graphs in the sparse regime. In contrast, large deviations for
inhomogeneous random graphs is relatively unexplored (see [7] for some preliminary results on
sparse graphs). This paper seeks to fill this gap by initiating the study of large deviations for block
model random graphs.

We study large deviations for block model graphs drawn from a ‘base graphon’ with k blocks
that is specified by a set of values {pjj}1<i<j<k. pij € [0, 1]. A graph on kn vertices is sampled from
this model as follows: (i) collect the vertices into k groups of size n, indexed by 1,...,k, and
(ii) connect two vertices from groups i and j with probability p;;. (See Section 1.1 for a formal
definition.) Our contributions in this article can be summarised as follows:

1. We adopt the framework of [14], and establish an LDP for block model random graphs,
viewed as random graphons. The induced law of the random graph satisfies an LDP with
speed n? - the rate function in this case is the lower semicontinuous envelope of an
appropriate relative entropy functional (see formal statement as Theorem 11). Perhaps sur-
prisingly, although the block model is quite similar to the Erdés-Rényi random graph, our
derivation of the LDP requires going substantially beyond the ideas introduced in [14]. In
particular, the derivation of the LDP in [14] relies heavily on the fact that an Erdés-Rényi
random graph remains invariant in law under permutations of the vertices, a fact that is
no longer true for general block models. To overcome this barrier, we rely on a two-step
approach. (a) Using Szemerédi’s Regularity Lemma, we construct a Szemerédi net of block
graphons and cover an event by a finite union of open balls centred on the elements of this
net. Thus it suffices to characterise the limiting probability of each open ball. (b) To this
end, we employ a ‘method of types’-style argument, similar to the classical proof of Sanov’s
Theorem. A similar two-step strategy was employed earlier in [20] while deriving an LDP
for random graphs with given degrees. A crucial technical difference between the two set-
tings is that in [20], the graphon being sampled from was bounded away from zero and
one, whereas our results include block models that take value zero or one. As an imme-
diate application of this general result, we obtain an LDP for the Erdds-Rényi bipartite
graph.

2. Our general LDP, in turn, directly implies an LDP for graph parameters continuous with
respect to the cut topology (see Theorem 16), e.g., homomorphism density, largest eigen-
value, etc. For such graph parameters, the rate function is expressed as a variational
problem on the space of graphons.

3. Next, we turn our attention to the variational problem for upper tail large deviations of
regular subgraphs. In Theorem 19, we establish that close to the expected value, this prob-
lem exhibits a symmetric phase — where the variational problem admits solutions which
exhibit the same block structure as the base graphon. We also demonstrate that for large
target values of the homomorphism density, the variational principle admits symmetric
solutions.
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4. In some specific block graphons, we exhibit the existence of a non-symmetric phase -
where there does not exist a symmetric minimiser (see Section 1.5 for the specific exam-
ples). This establishes an analogue of the reentrant phase transition! phenomenon, noted
earlier for the upper tail problem on Erdés-Rényi random graphs [13, 14].

5. Finally, we turn to the bipartite Erd6s-Rényi random graph in Section 1.6 and study the
variational problems corresponding to the upper tails of regular subgraphs and largest
eigenvalue. We extend the analysis of Lubetzky and Zhao [34] and determine the precise
transition boundary between the symmetric and the symmetry breaking regimes.

We present a brief review of the relevant facts from graph limit theory [8, 9, 33] and detail our
main results in the rest of this section.

1.1 Graph limit theory: a brief review
In this section, we collect some facts from the theory of dense graph limits [8, 9, 33] which will

be relevant for the subsequent discussion. We refer the interested reader to [32] for an in-depth
survey of this area. Define the function 9, : [0, 1] — [n] as

1
1 OSxfz,

z?n(x)z{ (1

i %<x§£, l<i<n.
Definition 1 (Graphon). Let W be the space of all measurable functions f : [0, 112 [0, 1] such
that f(x, y) = f(y, x) for all (x, y) € [0, 1]>. We call f € W a graphon.

Definition 2 (Empirical Graphon). Let G be a simple graph on [n] ={1,...,n}. The empirical
graphon fC: [0, 11> — [0, 1] is defined as follows

1 if (u(x), 94(p)) is an edge in G,
ooy =
0 otherwise.
Next, we recall the notions of the cut distance and cut metric.
Definition 3 (Cut Distance). The cut distance between two graphons f, g € W is defined as

(f(x, y) — g(x. y)) dxdy] ,
SxT

do(f,g) = sup
$,T<[0,1]

where S, T are measurable subsets of [0, 1].

Definition 4 (Cut Metric). For f, g € W, the cut metric is defined as

so(f.¢) = inf do(f,¢®) = inf do(f¥,e?)= inf do(f¥,e),
o> g) Jof o(f>g”) ot o(f”.g%) nf, o(fv. g

where M denotes the set of bijective, Lebesgue measure-preserving maps ¢ : [0, 1] — [0, 1].

We will establish our large deviation principle in the natural quotient space associated with
80 For f, g € W, write f ~ g if 3 (f, g) = 0 and f for the equivalence class of all " ~ f. For con-

venience of notation, we write fG rather than fC for the equivalence class containing the step
function fC.

!n statistical physics and chemistry, a reentrant phase transition describes a phenomenon where while walking on a straight
line in parameter space, one leaves one phase, enters a new one, and then reenters into the first phase; we prefer to use this
standard notion to the term ‘double’ phase transition used in [13, 14].
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Set W = W/~.Forf,g €W, we set

0.9 =80(f.g) and  8a(f.8) =dn(f.9)

The above are well-defined, as for all f}, > such that f; ~ f,, it holds that ég(f1, g) =ég(f2, g)- In
[33], Lovdsz and Szegedy prove one of the central results in graph limit theory - the metric space
(W, é0) is compact. In particular, it is separable, which implies that the Borel o -algebra over W
is generated by the open balls. We use A to denote this o -algebra.

Throughout the paper we use V(G) and E(G) to denote the sets of vertices and edges of the
graph G respectively.

Definition 5 (Homomorphism Density). Let H = (V(H), E(H)) be a simple graph, where the ver-
tices are labelled as [v] = {1, ..., v}, where v =|V(H)|. Define the homomorphism density of H in
feWas

tH, f) = f[o [] feox)da ... dx,.

A GyeEH)

Since t(H, f) = t(H, g) whenever f ~ g, t(H,-) is well-defined on W. With a slight abuse of

notation, we use the same symbol for the function ¢(H, -):W — [0, 1]:f — t(H,f). As shown in [8,
33], this function is continuous for any finite graph H.

In this article, we study large deviations for block model random graphs. To this end, we denote
as BY the set of block graphons where the width of the blocks are given by the values in the
vector y, which we assume to be rational. Let A, ={y €[0,1]" N Q™: "', y; =1} denote the
(m — 1)-dimensional simplex restricted to rational points.

Definition 6. Given y € A, we define I} = [0, y1] and
j-1 J
T=Y v % l<j=m.

k=0 k=0

From these intervals, define the interval membership function

Oy (=) jlixel}. )

j=1
When y is clear from context, we write ¥ (x). Let BY be the set of graphons f € W of the form

FG69) =P o)»

where p;j = pj; € [0, 1]. We call such a graphon an m-block graphon. When y is clear from context,
we write f € BY as f = (pij)ije[m]- When y =(1/m,...1/m), we say f € BY is a uniform size (or
simply uniform) m-block graphon. When m = 2, we write BY1=7) for y € (0, 1) N Q to denote the
set of graphons with blocks of size y and 1 —y.

Let

Br*={feB’:f¢B" forallne Ap_}.

In other words, BY* is the subset of graphons in BY that cannot be described by a smaller number
of blocks. Let

B ={f e W:80(f,g) =0 for some g € B”}.
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Finally we define the sampling distribution for dense block model random graphs. We recall
that A denotes the Borel o -algebra over the metric space WV, §0).
Definition 7 (Sampling from a block model). Let Wo = (pjj);je(x) be a uniform k-block graphon.
Let Py, w, denote the probability distribution over VW obtained by sampling from Wy as follows.

Construct a simple graph G on kn vertices with unique labels in [kn]. Independently, add an edge
between vertex i and vertex j # i with probability Wy (i/kn, j/kn) = pri/m, [j/n1- Return the empirical

gmphon fC. Let Py, w, denote the probability distribution induced on W by the measure Prn, wy»
ie., Pkn,wo (A) = Prn, wi (fG € A)for all A € A.

Remark 8. Note that any graphon with rational-length blocks is a uniform k-block graphon for
some k, and thus the above scheme can be used to sample from such graphons.

1.2 Alarge deviation principle for block models

First we define the relative entropy function, both pointwise and for entire graphons. These defi-
nitions will be used to define the rate function for the LDP. Throughout we use the conventions
0log0=0and 0log (0/0) =

Definition 9 (Relative entropy). Define Iy, : VW — R U {00} as

1
Iw, (f) = > /[0 P hwo(xy) (f(x,y)) dxdy,

where hy(u) is the usual relative entropy,

l_
hp(u)zulogg + (1 —u)log 1

While the previous definition applies to all graphons, we now specialise to block graphons.
Given Wy, let Q = {(x, y) : Wy(x, y) € (0, 1)}. Define

Wa ={f e W: A ({(x,y) € Q°:f(x, ) # Wo(x, )}) =0} ©)
and
Wgz:{]?eVT/:SD(f,g)=0f0rsomegeWQ}, (4)

where A( - ) is the Lebesgue measure on [0, 1]2. In other words, Wy, is the set of graphons that agree
with Wy wherever Wy takes value 0 or 1, except possibly on a measure-zero set. Note that Py, 1y,

and kan,Wo are supported on Wq and Wa respectively. Lemma 31 states that W is closed (and

hence compact), and Proposition 34 states that Iy, is bounded on Wg, and infinite on W \ Wa,.
Note that Erdds-Rényi random graphs correspond to the constant base graphon Wy = p - this

model satisfies an LDP with speed 12, and rate function Ip [14]. However, in the general case, the

function Iy, ( - ) is not well-defined on the quotient space W, and thus cannot be the rate function
for our LDP. We introduce our candidate rate function Jy, on W as follows. To this end, we will
use the symbols B and S to denote the closed balls in W and W:

B(f.e)={geW:5n(f.8) <¢)
S(f.e)=1geW:sn(f.9) <e).
Definition 10 (Rate function). The rate function is defined as
_ [sup,_oinf,_.: Iy, (h) feWq
RS S
00 féEWa.
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In Section 2.1 we prove that Jy, is lower semi-continuous on w (Lemma 32), and that it is
bounded by some constant C(Wy) < 0o on Wg, (Proposition 34). Follow-up work by Grebik and
Pikhurko [24] simplified the expression for the rate function, and established that one can instead
work with

Jwo()=inf Iy, (k).
h:80y(hyf)=0

It would be interesting to see if this alternate expression can simplify our subsequent analysis.
Additional follow-up work by Markering [35] showed that the same rate function applies when
log (Wy), log (1 — Wy) € L([0, 1]3). Note that a block graphon with blocks containing zeros or
ones does not satisfy such an integrability condition.

Theorem 11. Let Wy be a uniform k-block graphon. The sequence IF’kn,WO obeys a large deviation
principle in the space W (equipped with the cut metric 8oy) with speed (kn)? and rate function Jy,.
Explicitly,

1. For any open set Uc W, lim inf,_ oo W log If”kn,wo(fj) > — infﬁeﬁ ]Wo(fl),
2. For any closed set FcC W, lim SUp, ;o0 ﬁ log I@kn,wo (F)<-— infﬁeﬁ ]WO(lNl),

(where we define the inf over the empty set to be 0c.)

Remark 12. Note that any graphon with rational-length blocks is a uniform k-block graphon for
some k. Therefore, our result also describes large deviations events for any base graphon with
rational-length blocks.

The proof of the LDP requires several new ideas, beyond those introduced in [14]. To explain
the main additional difficulties, note that for the Erd6s-Rényi random graph, Wy is the constant
graphon taking a value p, and thus the cut-distance (W, f) to an arbitrary graphon f € W is
equal to the distance dg(Wy, f). Somewhat related, the relative entropy I, is a well-defined rate
function on equivalence classes f = {g:6(f, g) = 0}. Neither of these holds if W}, is a block model
with more than one block. To some extent, similar issues were faced in [20] in the context of large
deviations for dense random graphs with given degrees. Our proof follows their general proof
outline. However, the graphons Wy considered in [20] are bounded away from zero and one, thus
making the distinction between ) and W, unnecessary. In contrast, the base graphon W in our
setting can have zero or one blocks - this creates many new analytic and probabilistic hurdles, and
makes our analysis substantially more challenging.

1.3 LDP for graph parameters and the associated variational problem

In this section, we turn our attention to upper tail large deviations for continuous graph
parameters.

Definition 13. A graph parameter is a function t : W — R. We extend such a function T to W
by setting T(f) = t(f), where as before, f is the equivalence class contammgf We further write

7(G) = t(fC) for any graph G. We set t%, (W) = max; 3, r(f) and 5, (We) = maxz. r(f

When t and W or WQ are clear from context, we simply write tmax. We similarly define t' (W),
mln(WQ) and tmin as the corresponding minimal graph parameter values.

A graph parameter T is continuous if it is continuous with respect to 80.

min

Remark 14. Note that the metric space OV, 80) is compact, and thus every continuous graph
parameter is, in fact, uniformly continuous with respect to 5.
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Note that by the compactness of W and WQ, the maxima in the above expressions are actually
maxima and not suprema. Also, note that tZ,, (W) = maxgeyy T(f).

Definition 15. Let t be a continuous graph parameter. For Wo € W and t <1, (W) we set

rnax

¢ (Wo, t) = min{Jw, (f) : f e W, T(f) > (5)
Fort > tfnaX(W), we set ¢ (Wy, t) = 00

Note that continuity of T and compactness of (W, 87) imply that {f eW: t(f) > t} is com-
pact. Since the lower semi-continuous function Jw, (Lemma 32) attains its minimum on any
compact set, it follows that ¢ (W, ) is well defined. Note also that {f € W: 7(f) > t} has non-
empty intersection with WQ ift<t maX(WQ) in which case ¢;(Wy, t) is bounded above by a

constant depending on W), and that {f eW: r(f) >N WQ =@ and ¢;(Wy, t) = o0 if t > tpax.
So in particular, ¢, (Wp, t) is discontinuous at ¢ = tyax. In addition, ¢, (Wy, ) =0 if £ < 1:(W0)
and ¢ (Wy, t) > 0 on (t(Wy), tmax] To see this, observe that if t < (W), then {f eEW: t(f) >t}
contains the equivalence class Wo, and thus ¢ (Wy, t) = 0. On the other hand, Jw, (f )=0if and

only if f, Wp) = 0 (Proposition 40), and thus ¢ (W, t) > 0 for t € (t(Wo), fmax]-

Our next result establishes ¢ as the rate function for the upper tail large deviation of the graph
parameter T. Moreover, this result proves that conditioned on the rare event, the random graph
concentrates on the minimisers of (5). This result is a direct adaptation of [34, Theorem 2.7] to
general k-block graphons Wj.

Theorem 16. Let Wy be a uniform k-block graphon. Let T be a continuous graph parameter,
t< tr’nax(W) and let Gy, be the graph on kn vertices sampled from Wy according to the proba-

bility distribution Py, w,. Recall ¢-(Wo, t) from (5), and assume that ¢ (W, -) is continuous at t.
Then

1
nli{lgo (k )2 log ]Pkn Wo (T(Gkn) = t) - _¢‘L’(W0a t)

Set F* to be the set of minimisers of (5). Then E* is a non-empty compact subset of W. If t > tmax,
then Py, w, (t(Gky) > t) =0, and if t < tyax, then for n sufficiently large and each & > 0, there exists
C=C(t, &, Wy, t) > 0 such that

P, (sg(ckn, ) < s‘r(ckn) > t) > 1 — exp(—Cn?).

In particular, if F* = {f*}for some}* €W, then as n — oo, the conditional distribution ofka" given
the event ©(Gy,) > t converges to the point mass at f*.

Remark 17. Note that, in general, Theorem 16 holds only at the continuity points of ¢ (W, t).
Remark 60 explains that ¢, has at most countably many points of discontinuity when 7 is a contin-
uous graph parameter. Moreover, we establish (see Lemma 58) that ¢, is continuous on R \ {fmax}
if 7 satisfies the ‘sufficient increase property’ (Definition 57). In turn, the proof of Lemma 55
establishes that homomorphism densities #(H, -) have the sufficient increase property for all finite
graphs H and all step functions Wy, and the proof of Lemma 56 establishes that the operator norm
has the sufficient increase property for a specific family of graphons Wy, namely those which
generate bipartite Erdds-Rényi graphs.

So in particular, we know that for these graph parameters, the conclusions of Theorem 16 hold
for all £, with the possible exception of t = tp.x. As we will see in Theorem 21, for the graph
parameter T = t(H, -), where H is a finite d-regular graph, they also hold at t = f1,x, in spite of the
fact that ¢ (W, f) is not continuous at this point.
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Theorem 16 establishes that typical behaviour under the upper tail large deviation event is
governed by the solutions of the variational problem (5). This directly motivates our subsequent
investigations into the properties of this problem.

Definition 18 (Symmetric Regime). Let m € ZF, y € Ay, Wo e BY*, and let T be a continu-
ous graph parameter. We say that t < tfnaX(WQ) is in the symmetric regime for Wy and t if all
minimisers g of

min{Jw,(f): T(f) > t}, 6)
few

satisfy g € BY . We call the symmetric solution unique if a unique element of We minimises (6).

Theorem 16 implies that in the symmetric regime, the conditional distribution of the random
graph concentrates on a set of graphons with block structure agreeing with Wy. In addition, if
there is a unique symmetric solution, the graph concentrates on the point mass corresponding
to this solution. Our subsequent results explore the existence of a symmetric regime for specific
graph parameters and establish uniqueness for a class of bipartite graphons W.

Next we specialise to the graph parameter defined by d-regular subgraph densities, i.e., to the

graph parameter v :f — t(H, f) for a d regular graph H. In Section 1.4, we first show that for 6
sufficiently small, t = (1 + §)t(H, W) is in the symmetric regime of Wy and this graph parameter.
Then we show that when ¢ is sufficiently close to the maximum homomorphism density, t is also
in the symmetric regime. In Section 1.5, we study examples of two-block graphons Wy that have
a non-symmetric regime — this exhibits that in these examples, these two symmetric regimes are
separated by a non-symmetric regime, establishing a ‘reentrant’ phase transition phenomenon for
large deviations in stochastic block models, analogous to the one established in [13, 14] for large
deviations in Erdés-Rényi random graphs.

1.4 The existence of a symmetric regime for d-regular graphs
The next theorem establishes the existence of a symmetric regime for é sufficiently small.

Theorem 19. Let m € ZF, y € Ay, Wo € BY*. Let H be a d-regular graph, and let T = t(H, -). If
t(H, Wy) < t- (WQ) then there exists § > 0 sufficiently small such that for all t € [t(H, W), (1 +

max

8)t(H, Wy)), t is in the symmetric regime for Wy and t(H, -). If h is a minimiser, then

Jwo (h) = I, (h) = min{Iy, (g) : g € B, t(H, g) > (1 + 8)t(H, Wp)}.

Next, we explore the variational problem near the maximum homomorphism density, and
establish the existence of a symmetric regime in this setting.

Theorem 20. Let m € ZF, y € Ay, Wo € BY*. Let H be a d-regular graph, and let T = t(H, -). If
t(H, Wy) <t~ (WQ) then exists ) > 0 such that for all t € (1 — 1n)tmax> tmax), t is in the symmetrzc

max

regime for Wy and t(H, -). In addition, if h is a minimiser, then

Jwo (h) = I, (h) = min{lyy, (g) : g € B, t(H, g) > (1 + 8)t(H, Wp)}.

Theorems 19 and 20 establish the existence of a symmetric regime for the homomorphism
density of regular graphs. This is challenging due to the form of the rate function Jy, (- ), and
is one of the main technical contributions of this paper. To this end, our first contribution is to
establish that

min{Jw, (f) : f € W, t(f) > t} = inf{Iy, (f) : f € W, T(f) > 1} ?)

under mild assumptions on the graph parameter t, which are satisfied for homomorphism den-
sities and the operator norm (Lemma 64). This insight facilitates our subsequent analysis, and
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allows us to work with the relatively entropy functional Iy,, instead of the complicated rate
function Jyy,.

Even with this simplification, our proof is quite involved. To exhibit the existence of a symmet-
ric phase, we will establish that for certain ranges of t (depending on W), any minimiser of (6) is
in B”. To this end, we will establish that if f is a minimiser of (6), there exists a sequence of block
constant graphons {f,, : n > 1} C BY such that 8(f, f,) — 0. This will imply that f € BY, as B is
closed in (W, 800). We refer the reader to Section 4 for details on the construction of this sequence
{fo:n>1}

Combined with Theorem 16, these two theorems characterise the ‘typical structure of the
graph, conditioned on an upper tail large deviation event for the graph parameter v = t(H, ) in
the vicinity of the endpoints of [t(H, W), tmax]. However, as stated, Theorem 16 applies only for

€ [t(H, Wp), tmax)- It is natural to wonder what happens when ¢ = t,«. This is the content of the
next theorem.

To state it, we recall the notation Wo = (pj)ije(m) for a graphon with blocks I; x I, i, j € [m],
and define a block I, x Ij, to be relevant if p,, > 0 and t(H, Wy) strictly decreases if p, is lowered.
Note that by definition, all blocks where p,;, = 0 are not relevant, while the blocks where p,, =1
may or may not be relevant. Note that the maximum homomorphism density of a fixed subgraph
H in a random graph drawn from Py, w, is maxseyy, t(H, f).

Theorem 21. Let Wy be a uniform k-block graphon. Let H be a finite d-regular graph, let T = t(H, -),
and let fmax be the step function which is equal to 1 on all relevant blocks, and equal to Wy on all

irrelevant blocks. Then fmax is the unique minimiser of (6) at t, (WQ) Moreover, for any & > 0,
there exists a constant C > 0 such that

Py (3005 frmax) < & |t(H. Gr) = tmax ) = 1 = €Xp(—Cr),

implying that as n — oo, the conditional distribution off'Gkﬂ given the event T(Gyy,) = tmax converges
to the point mass at fmax.

Remark 22. If r(f )=1tt (WQ) has a unique solutionfmax, it is immediately clear that

max
]P)kn,Wo <8|:| (kanaj?max) =0 TGGkn) > tmax) =1,

implying that the conditional distribution of f f G given the event {7 (f FGhn) > trae} is the point

mass at fmth The equation r(f) =t} (WQ) has a unique solution, for example, if v = t(H, -),
where H is a finite d-regular graph, and all blocks of W) that are subsets of Q2 are relevant. In this

case fmax = 1w,>0. This also holds if Wy is a bipartite graphon with two blocks and t(f) = lfllop
(see Theorem 28), again with fmax = 1w,>0. See the Appendix for additional details.

The proof of Theorem 21 is relatively straightforward given the proofs of Theorems 16, 19 and
20, and is deferred to the Appendix.

1.5 A non-symmetric regime in special cases

Next, we establish the existence of a non-symmetric regime in some specific families of two-block
graphons. Let

p if(xy) €[0,y]?
frarey)=3r if(xy) ey, 1

q otherwise.
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Figure 1. lllustration of the graphon f} .

We show the existence of a non-symmetric regime for base graphons of the form
fojfp,p, fffp,p, ffjp,o when p is sufficiently small. The first model corresponds to an Erdds—Rényi ran-

dom graph with a planted independent set, while the second example covers Erdés—Rényi graphs
with a planted clique. Finally, the third graphon leads to a bipartite Erd6s-Rényi random graph
with a planted clique in one of the partitions.

Theorem 23. Let y € (0,1) N Q and H be a d-regular graph. Assume that

l.O<t< t(H,fo]jO’l) and denote W, =f0)fp)p, or
4 — g
2. t(H, f{ ) <t <1anddenote W, _fl)p’p, or
3. t(H,fij’O) <t< t(H,fl)jLO) and denote W) =f17fp’0.

Separately, under each of these assumptions, there exists po > 0 such that if p < po,
min{Jyw, @) : t(H, ) > t} < min{Jw,(§):g € B!, t(H,g) > 1}.

These statements imply that for p small enough, the minimiser of the variational problem (6) is
non-symmetric.

In Proposition 43, we show that {§ € B7"1=7) : t(H, ) > t} is compact, which justifies the min-
imum on the right hand side in Theorem 23. Note that in the second and third case, we cover
all £ € (tmin, tmax)> Where fmin, fmax are the minimal and maximal values of t(H, W) ranging over
p € (0 1). On the other hand, in the first case, we do not consider the full range, since we exclude

[t(H, fo0.) tH: f1.1)-
To establish this result, we recall that I w, is significantly more tractable than the rate function
Jwy,- Our first step (see Lemma 85) is to show that if W) is a graphon of the form fo,p,p or fl)p’p,

then
min{Jw, (f) : f € B, 1(f) > t} = min{Iyw, (f) : f € BY1V UBY7Y) () > ). (8)

A similar simplification occurs for Wy of the form ﬁg:)p,zz, where z1, 2z, € {0, 1}.
Next we show that for graphons W), of the form W), = fOij,p and W) = fly o there exists pg > 0
such that if p < py,

inf{Iw, (f) : t(H, f) > t} < min{Iw, () :f € B U B, ((H, f) > t} 9)

for some range of t (Lemma 86). We establish this by constructing explicit graphons with lower
entropy than that of all graphons in B7>1=7) U BU=7¥), A similar simplification occurs for W, =
flep,O' Together with (7) and (8), (9) implies the desired conclusion.
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Figure 2. lllustration of the graphon £} .

1.6 Bipartite Erdos-Rényi graphs: symmetry vs. symmetry breaking

Lubetzky and Zhao [34] characterise the symmetric regimes for d-regular subgraph counts and
the largest eigenvalue in the Erd6s-Rényi model. We extend these results to bipartite Erd6s—Rényi
random graphs. Let fpy denote the graphon f()}:p,O’ ie.,

0 (xy)el0,y]*U(y,1]?

Iy e y) =
? p otherwise.

For Wy of the form ]fl,y, the following theorem completely characterises the symmetric and
non-symmetric regimes for t(H, -), where H is a regular graph.

Theorem 24. Fix 0 <p <1,y €(0,1) N Q, and H a d-regular graph with d > 1. Let Wy =j2,y. Let
r € [p, 1] and define tf = t(H,fry).

1. If(rd, hy(r)) lies on the convex minorant of x > hp(xl/d), then t! is in the symmetric regime
for Wy and t(H, -). Moreover, f; is the unique symmetric solution.

2. If (1, hy(r)) does not lie on the convex minorant of x hp(xl/d), then t! is not in the
symmetric regime of Wy and t(H, -).

Remark 25. The symmetric regime for subgraph counts in Erdés-Rényi graphs [34] takes a
similar form, with ¢/ replaced by ¢(H, r), where r denotes the constant graphon with value .

Finally, we characterise the symmetric regime for the largest eigenvalue. Similar to Erd6s-Rényi
graphs, the boundary for the symmetric regime for the largest eigenvalue coincides with that of
the density of two-regular graphs.

Definition 26. For a graphon f € W, define the Hilbert-Schmidt kernel operator T on L*([0, 1])
by
1
(Tpu)(x) = /0 FCoy)uty)dy

for any u € L*([0, 1]). The operator norm is given by
If llop = min{e > 0+ [| Tyull2 < cllullz for all u € L*([0, 1])}.

Lemma 27 ([34], Lemma 3.6). The function | - ||op is a continuous extension of the normalised

graph spectral norm, i.e., »1(G)/n for a graph G on n vertices, to (W, 8). Moreover, || - lop is a
continuous graph parameter.

Theorem 28. Fix0 <p <1,y €(0,1)NQ, and let Wy :fpy. Letr € [p, 1] and define tl = |[f,y llop-
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1. If (1%, hy(r)) lies on the convex minorant of x > hp(xl/z), then t! is in the symmetric regime

for Wy and || - || op. Moreover,ﬁy is the unique symmetric solution.

2. If(rz,hp(r)) does not lie on the convex minorant of x hp(xl/z), then t! is not in the
symmetric regime for Wo and || - ||op.

Remark 29. It is not hard to see that for T = t(H, -) and T = || - [|op, the function r — t(ﬂy) isa

continuous and non-decreasing function on [p, 1] and that r(fly) = t;lax(WQ). Thus Theorems 24
and 28 cover the full range [t(Wp), fmax]-

To establish Theorems 24 and 28, we follow the general approach introduced in [34]. Lemma
85 implies that (8) holds for 7(g) = t(H, g) where H is a d-regular graph or 7(g) = ||g|lop, mean-
ing that we can again reason about symmetry through the function Iy, rather than J,. For
r€(0,1], let f/ be the bipartite graphon with value r, and ¢/ = t(H, f,') be the corresponding
homomorphism density of a d-regular graph H. We apply a generalised Hélder inequality to
show that whenever f € Wq, satisfies t(H, f) > t(H,f,y), it holds that |[f||g >2y(1— y)rd (Lemma
93). Finally, we show that if (r, hy(r)) lies on the convex minorant of x > hp(xl/ 4y and |Lf||g >
2y(1 — p)r, then Iy, (f) > Iy, (f7), with equality occurring if and only if f = (Lemma 92).
To establish the non-symmetric regime, we show that whenever (4, hy(r)) is not on the convex
minorant, we can construct a graphon g with t(H, g) > t(H, f/') and Iw,(g) < Iw,(f}’) (Lemma
91). This construction is more complicated than the one in [34], due to the bipartite nature of the
underlying graph (see Figure 8 for the construction). The proof for the spectral norm 7(g) = |Igllop
follows using similar arguments.

1.7 History and related work

The upper tail large deviation problem for subgraphs of G(#, p) has attracted considerable atten-
tion in Probability and Combinatorics. By applying the theory of graph limits, Chatterjee and
Varadhan found the precise constant in the large deviation probability in the dense case [14]. This
approach does not work in the sparse regime where p — 0, as graphon theory only applies to dense
graphs.

The challenge of deriving an LDP for sparse graphs has attracted considerable attention in
recent years. In the sparse regime, even determining the right order of this probability on the
exponential scale proved to be considerably challenging. Following partial advances [27-30, 37],
this was finally resolved for H = K3 in [10, 16]. Subsequently, [17] identified the right order of
this probability for H =K, r > 4, and formulated a conjecture regarding the correct order for
general subgraphs. See [36] for a recent counterexample to this general conjecture. Recently, the
development of general theory [2, 12, 22] and problem-specific ideas [1, 3, 15, 25] have contributed
to rapid progress on large deviations in the sparse setting. These results relate the large deviation
probability to an entropic variational problem. In turn, some of these variational problems have
also been solved [4-6], leading to deep insights regarding the structure of the random graph,
conditioned on the rare event.

We emphasise that these remarkable results are mostly applicable for sparse random graphs
or hypergraphs [31], and do not shed any direct insight on the problem considered in this paper.
Instead, our work is the first step towards a full generalisation of the work of [14] and [34] to
block models. As [14] did for Erdés-Rényi graphs, we establish an LDP for block models and
demonstrate the existence of a reentrant phase transition for the upper tail of d-regular subgraph
counts. While we exhibit a reentrant phase transition for a limited class of block models, we show
the existence of a symmetric regime for arbitrary block models. Our methods are inspired by
the work of [34], which completely characterises the symmetric and non-symmetric regimes for

https://doi.org/10.1017/50963548325000008 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325000008

692 C.Borgs et al.

Erdés-Rényi graphs. Moreover, analogous to [34], we fully characterise the symmetric and non-
symmetric regimes for bipartite Erd6s—Rényi graphs. As discussed in the introduction, our work
fits into the broader theme of large deviations for dense random graphs with inhomogeneities or
constraints, and provides the first rigorous analysis of the large deviations problem for dense block
models.

Following the posting of this paper to arXiv, there has been some follow-up work. Grebik
and Pikhurko [24] simplified our function given by Definition 10 showing that taking the lower-
semicontinuous regularisation is not necessary. Building on our work, Grebik and Pikhurko [24]
derived an LDP for graphs sampled from step graphons whose blocks are not necessarily of ratio-
nal length. Markering [35] derived a large deviation principle for inhomogeneous Erdés-Rényi
random graphs, showing that the rate function takes a simple form under certain integrability
assumptions.

Outline: The rest of the paper is structured as follows. We establish our main LDP results,
Theorem 11 and Theorem 16, in Section 2. In Section 3, we derive some analytic properties of
¢r which are crucial in the analysis of the variational problem. Section 4 establishes the exis-
tence of a symmetric regime in the upper tail, while Section 5 establishes the existence of a
non-symmetric regime in specific examples. Finally, we characterise the symmetric regime in
Erd8s—Rényi bipartite models in Section 6. We finish with some open problems in Section 7.

2. Large deviation principle

In this section we establish the LDP. Since the space OV, 80) is compact, it will be enough to
prove the bounds in Theorem 11 for balls in the metric é; the precise statement is given in the
following lemma.

Lemma 30. Since the space OV, 8)) is compact, the bounds in Theorem 11 are equivalent to

1. Foralle > 0 and h € W, lim inf,_ o0 ﬁ log Pkn,Wo (S(fl, 8)) > —Jw, (]:l);
2. Forallg € W, limg_o limsup, w log ]f”kn,wo (S(& @) < —Tw, @)

The proof is standard (see e.g., [19, Theorems 4.1.11, 4.1.18]), and is thus omitted.

In Section 2.1, we begin by establishing several useful facts about the rate function and the space
Weq. We establish the LDP lower and upper bounds in Sections 2.2 and 2.3 respectively. Finally,
in Section 2.4, we prove Theorem 16, which establishes upper tail large deviations for continuous
graph parameters.

2.1 Preliminaries

In this section, we establish a variety of useful analytical properties. Of particular interest are
Lemma 31 and Lemma 32, which state that Wy, is closed and that Jy, is lower semi-continuous
on (W, 80).

Lemma 31. For any m € ZF,y € Ay, and Wy € BY, the set VN\/Q is closed in W with respect to the
cut metric topology OV, ).

Lemma 32. Foranym € Z*,y € Ay, and Wy € BY, the function Jw,( ) is lower semi-continuous
on (W, 80).

We start by stating some elementary properties of the relative entropy h,( - ).
Lemma 33. Let B € (0, 1/2] and let Gy(a, q) = aq — log (pe® + 1 — p). Then the following holds
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(i) Forallpe[B,1—B], Ihplloc <log(2/B).
(ii) The family of functions (hy)pe(,1-p) is equicontinuous on [0, 1].
(iii) Forall p ¢ {0,1}, hy(q) = sup,cr Gp(a, q)

(iv) Forq ¢ {0, 1}, the sup in (iii) is achieved by a = log (%J I-p),

Proof. (i) Follows by observing that |xlogx + (1 — x)log (1 — x)| <log2 and |xlogp| + |(1 —

x)log p| <x|log B| + (1 — x)| log B| = — log B.
(ii) Follows from uniform continuity of the function x — xlogx + (1 — x) log (1 — x).
(iil) and (iv) are elementary exercises left to the reader. O

The function Iw, also comes up naturally in [20] - however, in [20] it is assumed that the base
graphon W, is bounded away from zero and one, and thus the function Iy, is necessarily finite.
This is not the case in our context. We use Im(W)) to denote the image of Wy in [0, 1].

Proposition 34. Let Wy € W. If f & Wq, then Iy, (f) = co. If f € Wq and W obeys the assump-
tion

B =inf{w > 0:we Im(Wy) or 1 —we Im(Wy)} > 0, (10)
then Iw, (f) < %log (2/8).

Proof. Since hy(x) = oo for x # 0 and h; (x) = oo for x # 1, it follows that Iy, (f) = co when f &
Wea. To bound Iy, (f) for f € Wq, observe that

1
Twy(f) = 3 / hwy(xy) (F(x, ) dxdy, (11)
Q
since f and W agree on Q°. The proof is completed by invoking Lemma 33 (i). U

Proposition 35. Let ¢ > 0 and assume that Wy € W obeys the condition (10). Then there exists
n > 0 such that if f,g € Wq and ||f — glloo <1, then |Iw,(f) — Iw,(g)] <e.

Proof. Fix & > 0. By Lemma 33 (ii) there exists an 1 > 0 such that |h,(u) — hp(v)| < & whenever
|lu—v| <nandpe[B,1— B]. Inserted into (11), this completes the proof. O

We derive a variational representation for I, using convex duality.
Proposition 36. Let Wy € W and let S be the set of all symmetric functions in L,([0, 113). Forae S
and f € W, define
Kw, (f, a) =/[ . [a(x,y)f(x,y) —log (Wo(x,y)e“(x’y) +1-— Wo(x,y))] dxdy. (12)
0,1

Then Iy, (f) = % sup,es Kw, (f> @).

Proof. First, we consider the case f € Wq (in which case Iy, (f) = oo by Proposition 34). Then
there exists I' C [0, 1] with positive measure such that Wy (x, y) € {0, 1} and Wy(x, y) # f(x, y) for
(x,y) € I'. Choosing

0 () ¢r
am(xy)=1M  Wy(x,y)=0
M Wylx,y)=1

and taking M — oo, we see that sup,,.g Kw, (f, @) = 00 in this case.

Next we consider the case f € Wq. Recalling the definition of G, from Lemma 33
and noting that the integrand in (12) is zero if Wy(x,y) =f(x,y) € {0,1}, we then have
K, (f, a):fg2 Gw,(xy)(a(x, y), f(x, y))dxdy. Combined with (11) and Lemma 33 (iii), this
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shows that

1 1 1
Iw, (f) = 3 /Q hwo () (f (x, y))dxdy > 7 sup /Q Gwo(xy)(alx, y), f(x, y))dxdy = 7 sup Kw, (f a).

ae$s aes

To prove equality, we may w.l.o.g. assume that the right hand side is finite. We may further restrict
the integrals on both sides to the subset €2 C Q where f(x, y) € {0, 1}, since the contributions of

both sides to the complement can easily be seen to be equal. Finally, on €2, we may use Lemma 33
(iv) to conclude that

/Q By (F 6 )by = /Q G (@005, ), )y

where ay(x, y) =log (1{ Sf(f: l/) %‘m) If ag € L*(2), the right hand side is bounded by the sup

over all a € S, giving the desired upper bound. If it is not, we replace £ on both sides by its inter-
section with the set of points for which |ag(x, y)| < M before bounding the right hand side by
a sup over all square integrable a. The proof is concluded by using the monotone convergence
theorem.

The following propositions will be used to establish the lower semi-continuity of I,.

Proposition 37. Let m€ Z" and y € A,,. For Wy € BY, the set Wq, is a closed subset of VW with
respect to the topology W, dny).

Proof. Let {f,:n> 1} C Wq be a convergent sequence of graphons satisfying dg(f,, f) — 0 for
some f € W. Then on each block I x ] of Wy that takes value 0 or 1, f, = W, for all n> 1. Since
| fIx]f” —fl <do(fu.f) and do(fu, f) — 0, it follows that f = Wy on I x . Thus f € Wq. U

Proposition 38. Let (S, d) be either (W, d) or W, 30), and let F C S be a closed subset of S. Let
f:F— R be a lower semi-continuous function on (F, d). The extension f*: S — R U {oco} where

f(x) xeF
fflx)=
oo xeS\F

is lower semi-continuous on (S, d).

Proof. We show that f* is lower semi-continuous on S by demonstrating that for all @ € R, the
set {x € S|f*(x) > «} is open. Observe

{xeS|f"(x) >al={xeF|f(x) >a}U(S\F).

By lower semi-continuity of f on F, A = {x € F|f(x) > «} is open in F, and so A¢ is relatively closed
with respect to F and therefore closed in S (since F is closed). It follows that

{xeS|f*(x) >} =FNA°
is closed, and so we conclude that {x € S|f*(x) > «} is open. O

Lemma 39. Let m € Z" and y € A,. For Wy € BY, the function Iy, ( - ) is lower semi-continuous
on W, dm).

Proof. First, note that by Propositions 37 and 38, and the observation that Iy, (f) = oo for all
f e W\ Wg, itis enough to establish that Iy, is lower semi-continuous on (Wgq, dg). Second, by
Proposition 36, Iy, can be written as supremum over the functions Ky, (-, a), so it will be enough
to show that for all a € S, the function Ky, (-, a) is continuous on Wg, d).

Consider two functions f, g € Wq, and observe that every a € S can be approximated by step
functions in L. Given ¢ and a we can therefore find k < 0o and a k-step function a; such that
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la —agll2 < % As a consequence

€
Kuo(f.0) ~ Kuy(g.0)] = | [ af = 9] < 1 =9l < awtf ~ 9l + 5 < Il
n e
5

This is smaller than ¢ if do(f, ) < &/(||ak|lok?), which proves that Ky, (-, a) is continuous on
(Wa, dg), as required. O

The following proposition will be used to prove that for any continuous graph parameter v and
graphon Wy, the function ¢, (W, -) is strictly positive on (t(Wp), tmax].
Proposition 40. For me€ Z*,y € Ay, Wy € BY, andf €W, it holds that

]Wo(j?) =0if and only ifSD(f, Wo) =0.

Proof. Noting that our definition of /i, agrees with the definition of Jw, given in [20] whenever
f € Wq, and that 8 (f, Wy) > 0 if f ¢ Wq, the proposition follows from the analogous statement
in [20, Lemma 2.2]. O

Our next result establishes that VNVQ is closed in the cut metric. For a partition P of [0, 1], we
define Wp as the step function graphon that is obtained by averaging over all blocks induced by
the partition classes. Setting I"(x) C [0, 1] to be the partition class in P that contains x, we obtain

1

e — W (u, v)dudv.
ICG - ITW Jrexre)

Wp(x,y)
We call P an equipartition if all classes have the same measure, and use |P| to denote the number
of classes in P. Note that up to sets of measure zero, there is just one equipartition of [0, 1] into
n intervals; for definiteness and consistency with our previous conventions, we use the partition

([0) 1/”]) (l/l’l, 2/”]) cee ((n - 1)/”: 1])
Lemma 41 (Corollary 3.4 of [8]). Let f € W and s be a positive integer. For every equipartition Q
of [0, 1], there is an equipartition P with s|Q| classes such that P refines Q and

20
log, s’

ag(f.fp) <

The next lemma follows from Lemma 41.

Lemma 42. Let me Z*, y € Ay, and Wy € BY. Then there exists a sequence of refining parti-
tions Py of [0, 1] into equal length intervals such that for all f € Wq there exists a sequence of step
functions fi. € Wq with steps in Py such that (i) (fiy1)p, = fr and (ii) Sp(f, fi) < 1/k for all k > 1.

Proof. Let s; be such that ,/20/log, sy < 1/k, let qi be such that the lengths of the intervals
described by y are integer multiples of 1/, define gy inductively by gx = sxqx—_1, and let Pk be the
partition of [0, 1] into intervals of lengths 1/q. We will define fi as f, = (gx)p, where g, € Wq will
be inductively defined in such a way that (a) (gx)p, , = (gk—1)p,_, forall k > 2, (b) 5g(f, gx) =0
for all k> 1 and (c) d(gk, (gk)p,) < 1/k for all k> 1. This clearly implies the statement of the
lemma, since gx € Wg implies (gx)p, € Wq by the fact that P is a refinement of P,

()P, = (@) P )P = @) P = Q)P =Sk

by (a) and the fact that P is a refinement of P%, and the two statements (b) and (c) imply (ii).
We start our inductive construction by setting g1 = f. Noting that d(h, h') <1 forall h, W €
W, this shows that g; satisfies the inductive assumptions.
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Let k>2 and assume that g;_; satisfies the inductive assumption. By Lemma 41, we can
find an equipartition Qy of [0, 1] into gy =si|Pk_1| classes such that O refines Px_; and
dr(gk—1> (8k—1)9,) < 1/k. We now define a measure preserving bijection ¢ : [0, 1] — [0, 1] as
follows: Let I be an interval in Py_;, and let Yy, ... Y, those elements of Oy subdividing I. By
Theorem A.7 in [26], we can find a measure preserving bijection from I to itself such that the
image of Y1, ... Y, are the s; intervals in P that subdivide I. Doing this for all intervals in Qj
we obtain a measure preserving bijection ¢ such that the images of the partition classes of QO
are the partition classes of Py, and such that ¢ maps each interval in Px_; onto itself. Applying
this bijection to gx_; gives a graphon g, € Wq such that §(gk, gk—1) =0 and d(ge, (g)p,) =
dri(gk—1> (gk—1)g,) < 1/k. By the inductive assumption (b) we have that 6(gx, f) =0, and by
the fact that ¢ maps each interval in P;_; onto itself we have that (gi)p, | = (gk—1)p, ,. This
completes the inductive proof. u

We show that WQ is closed, using ideas from the proof that (VTA d0) is compact [33, Theorem
5.1].

Proof of Lemma 31. We establish the lemma by showing that WQ contains its limit points. Let
( n)n>0 be a sequence of graphons in Wa that converges to Wew. Since W, e Wa, we may
chose a sequence W, € Wq, such that §5(W,,, W) — 0. We claim that W ¢ WQ

By Lemma 42, we can find a sequence of refining partitions Py of [0, 1] into intervals of length
1/|Px| and sequences W, ;. € Wq such that

L oWy, Wai) <1/k
2. (Wn,k+1)73k = Wk

Next we claim that it is possible to replace (W,) with a subsequence such that for all k, W,
converges almost everywhere to a step function Uy with steps made out of the intervals in P.
Indeed, select a subsequence of (W,) such that the value of W,,; converges on the product of
all intervals I, I’ € P;. We obtain W, ; — U; almost everywhere for U; a step function on s
intervals of [0, 1]. Taking further subsequences for k=2, 3 .. ., we obtain a subsequence of (W,,)
such that W, ; — Uy almost everywhere for all k. By the Dominated Convergence Theorem,
Wyx — Uklli = 0, and so dg(W,,x, Uy) — 0. Each Uy is a step function on sy intervals of [0, 1].
Note that since W, € Wq and dg(W,, , Ux) — 0, Proposition 37 implies that Uy € Waq. For the
remainder of this proof, we replace (W,) with this subsequence; doing so does not change the
limit of the corresponding sequence in W.

Next we claim that the sequence (Uy)x>; has a limit U in Wq. It follows from (ii) that Uy =
(Ue)p, forall € > k. Let (x, y) be a uniform random point in [0, 1]. Since Uy = (U¢)p, , the sequence
(Ur(x, »), Ua(x, ¥), . .. ) is a martingale with respect to the canonical filtration. The random vari-
ables Uj(x, y) are bounded, and so the Martingale Convergence Theorem [21, Theorem 4.2.11]
implies that the sequence (U;(x, ), Ua(x,y),...) converges with probability one. Thus there
exists U € W such that Uy — U almost everywhere. By the Dominated Convergence Theorem,
|Ux — Ull1 — 0 and therefore d(U, Ug) — 0. Since U € Wq for all k, and Wg, is closed, it
follows that U € Wq. Moreover U € Wa,. o

It remains to show that 6;5(W,,, U) — 0 (as this implies that (W, U) — 0, which establishes
that the limit of the sequence is in Wgq). Let ¢ > 0. Choose k > 3/¢ sufficiently large such that
U — Ukll1 < e/3. For this fixed k, there exists #ng such that ||Uy — W, k|l1 < &/3 for all n> ny.
Observe that

SD(U) Wn) =< d\:\(U’ Uk) + d!:I(Uk, Wn,k) + SEI(Wn,k, Wn)
<NU = Uklli + 10k = Wiklli + 80(Wig, Wy) <e.
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Proof of Lemma 32. We modify the proof of [20, Lemma 2.1] to allow for Wy with values in
{0, 1}. For f e W, let
H{f)=  inf  Iw,(g).
gEW :80(gf)=0
If f ¢ W, then g ¢ We, for all g contributing to the infimum and by Proposition 34, H )=

On the other hand, if f € W, there exists a g € Wq contributing to the infimum, so with the help
of Proposition 34 we conclude that H( - ) is bounded on Wq. Combined with the fact that

he B(f, 8) <= é0(g, h) =0 for some g € S(f, 8),
we obtain that forf e Wq
Two (j?) =sup inf Iw,(h)=sup inf H(g)=sup  inf H(;l) =lim ian(l;).
8>0 heB(f,8) 5>0 geS(f.5) §>0 heS(f, $)NWq h—f

Therefore, Jw, ( - ) is the pointwise lim inf of a bounded function. This implies that Jy, ( - ) is lower
semi-continuous on Wq,.

Note that Jy,(f) = oo for all f € W \ WQ Therefore the lower semi-continuity of Jw,(-) on
W follows by Proposition 38 and Lemma 31. 4

We close this preliminary section with a proposition and a lemma which will be used in the
proofs of Theorems 19, 20 and 23.

Proposition 43. Let me Z" and y € Ay,. Let t be a continuous graph parameter. Then the
following holds:

(i) Theset{ge B : T(g) > t} is a compact set in (VT/, 3m).
(ii) The set {g € BY :t(g) > t} is a closed set in W, d).

Proof. Since W is compact, it suffices to show that {g € BY :t(g) > t} is closed. Let fn € BY be
such that r(fn) >t and fn converges to some graphon f Since t is continuous, lim,_, s 'c(fn) =
r(f >t

It remains to show that]; € B”. Without loss of generality, we may assume fn € BY, and write
fo= l] )ije[m]> Where each oz € [0, 1]. By the compactness of [0, 1]™, there exists a subsequence
such that

oz?.k — Bjj forall i, j € [m].

Let g = (Bij)ije[m) € BY. Since f,, — g pointwise and d fnk, ) < Ilfw, — gll1, the Dominated
Convergence Theorem implies that d(f,,, g) — 0. Since (fn,f) — 0, we have 6 (g, f) =0and
thus f eB.

The proof of the second statement is identical, except that it starts from a sequence f, € B
such that 7(f,) > t and f,, converges to some f € W in the metric d. O
Lemma 44. Suppose f €W is of the form f= Zi,je[k] Bijly,ly; where Bjj=Bji€[0,1] and
Y1,..., Yy form a partition of [0, 1] into measurable sets. Let g € W. Then d(f, g) = 0 if and only
if there exists a partition of [0, 1] into measurable subsets Y}, ... Y} such that g =73, e ,b’,jlyi/lng

and A(Y;) = A(Y]) almost everywhere.
Proof. Ifg canbe writtenas) ; jelk] Bijly 1y with A(Y;) = A(Y;) almost everywhere, then clearly
, Y]

30(f,g) = 0. To establish the other direction, we will use Theorem 8.6 (vi) from [26]. This will
require us to turn f into what is called a twin-free graphon, defined as a graphon W such that
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there exists no pair (x, x') € [0, 1] such that W(x, -) = W(x/, -) almost everywhere. Unfortunately,
by their very definition, step functions are not twin-free. To remedy this, we introduce graphons
over a general probability space (2, F, ), defined as measurable functions W:Q? — [0, 1] such
that W(x, y) = W(y, x) for all x, y € 2. We also need to define a cut distance between graphons W;
on (potentially) different probability spaces (€2;, Fi, ii), i = 1, 2. It is defined as

Sg(Wy, Wy) =inf  sup
Ko, TeQ x2;,

f (W16 %) — Waly ) y)dp(e o)

where the inf goes over all couplings of ©; and p;. It is easy to see that for graphons defined on
[0, 1], this definition agrees with the previous one (see, e.g., Lemma 3.5 in [8]). With these new
definitions, we define two graphons W;, W, over two possibly different probability spaces to be
equivalent if s (W;, W) =0.

With this definition, the graphon f is equivalent to the ‘discrete’ graphon fl; = B where i and
j lie in the probability space ([k], 2k ) with w(i) = A(Y;) (use the coupling which pairs i € [k]
with the uniform measure on Y;). It is also easy to turn f” into a twin free graphon as follows: if
i and ' are twins, i.e., if the i and j™h row of § are identical, just merge the sets Y; and Yj into a
new set of measure A(Y;) + A(Y)), reducing k by one. Note that this does not change the function
f>just the representation of the form f =}, jelk] Bijly;1y;. Iterating this procedure, we eventually
obtain a twin free graphon f” which has cut-distance zero from f, s (f', f) = 0.

At this point, we use Theorem 8.6 (vi) from [26] which says that §5(f’, ¢) = 0 if and only if there
exists a measure preserving map ¢ : [0, 1] — [k] such that g(x, y) = fd’)( D60) almost everywhere.
Defining Y] = ¢ ~'({i}) proves the lemma, in the case where the rows of 8 are pairwise distinct.
Otherwise, the intervals of g may be split in order to match the representation of . U

2.2 Lower bound
In order to prove Statement (1) of Theorem 11, we closely follow the proof of Theorem 2.3 in [14].
Proof of Theorem 11, Statement (1). We will prove the bound in the form given in Lemma 30.

Let fO% be the empirical graphon of a graph on kn vertices drawn according to Py, . First, we
claim that if

. 1
llnrggéfw IOg IFDkn,Wo (dD (ka">g) = 8) z _IWO (g) (13)

holds for all g € W and ¢ > 0, then the theorem follows.
To see this, we first observe that for h € W, 0 < n<e/2and g € B(h,n)

Brwo (S, €)) = P,y (B0 (F ", ) < €) = Py (A (F47, ©) < €/2)
where the identity follows from the definition of Pkn,Wo and S(}Nl, ¢), and the lower bound follows

upon noting that 8o (f%n, h) <dn (fO, g) + 801(g, h). Therefore, assuming (13) yields

1 - ~
lim inf P log Pn,w, (S(h, €)) > —Iw,(g)

n—oo ( n)2

forall 0 <y <e&/2 and all g € B(h, £/2). It follows that
1

lim inf 5 log EDkn,Wo (S(h,€)) > — sup inf Iw,(g)=—sup inf Iw,(g) = —]WO(I;)
n—co (kn) ne(0.¢/2] geB(hn) n>0 geB(hn)

as required.
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We have shown that (13) implies the theorem; we now turn to its proof. By Proposition 34, (13)
holds trivially for g € Wq. We may assume g € Wq. Let € > 0. We define (g4),>1, a sequence of
kn x kn block graphons that approximate g. Recall (1). For i, j € [kn], let

i’ = (kn)Z/ / S RNI= gopdxdy and g6 3) =Py 0,00
W FnlX kn kn

Since ||gy, — gll1 = 0, in order to prove (13) it suffices to show that

1
lim inf —— z 5 108 Prpwy (Ben) = —Iwy ()

n—oo ( n)

where B; , ={f : do(f, g») < ¢&/2}. We will apply the following proposition, which is proved as
part of Theorem 2.3 in [14]. For completion, we include a proof sketch in the Appendix (Section
8.2).

Proposition 45. Let f, be a graphon drawn from the measure Py, g, with g, as defined above. For
any e > 0, it holds that

nlggo Pkn,g,l (dl:l(fn’ g") >¢)=0.

We now apply a tilting argument to establish the lower bound, following [14]. Note that since
8§ € Wa, gn € W, and so the support of Py, ¢, is contained in the support of Py, . Therefore we
may write

APkng,
IEDkn,WO (Be,n) = den,Wo = exp\| — 10g 4P dIP)kn,gn
Ben Ben kn,Wo

&) o,

P, (Bor) 1 ( i dPy,
= Pkn,g, n)————— exp (0]
e TN Pkn,gn (Bs,n) Ben 8 dp kn,Wy

Proposition 45 implies that for n sufficiently large, Py, w, (Bg,n) > 0. Taking the logarithm of both
sides and applying Jensen’s inequality, we obtain

10g Py, (Be.n) = 108 Pio (Beon) : / 1 ( s ) *
og Prp, on) =108 Lkngy\en) T p ° e
8 Lkn, Wy De,n & Lkn,gn \De,n ]Pkngn(B5 n) By & > e

By Proposition 45, it holds that Prng, (Be,n) — 1. Furthermore, letting pmin and pmax be the
minimal and maximal values taken on by Wy in (0, 1), we have

1 / ( aqP)kn,g,1 )
— lo dP;
Cn? Jvs,, E\ Py, )

N (E———F
< o — 0.
- (kl’l)2 Waq\Be,n 8 min{pmim 1-— Pmax} kg

Therefore,

1 1 dpkn,gn
lim inf —— )2 log Prn,wo(Be,n) = —limsup —— | log APkng,-

n— 00 s 00 (kn)2
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Observe that the probability of sampling a graph G on kn vertices is

Ping, (G = [] (ngn)]l(i,j)eE(G) +0 —Pﬁf))ﬂ(i,j)ﬂ(@) :
i,jelkn]

i<j

By construction if Wy(i/(kn), j/(kn)) = 0, then pl(- =0 and if Wy(i/(kn), j/(kn)) = 1, then p(") =
1. Let V(G) denote the vertex set of G. Recalling the convention that 0log (0/0) = 0, we 0bta1n

1 den &
li — (1 )P
TSP (kn)? f o8 (den,wo> kg
Ping, ((G))

1

n=00 G:V(G)=[kn]

) 1
= lim sup o2 > 11 (P,(-jn)]l(i,j)eE(G) + (1 - Pzﬁ))]l(i,ﬁﬂ(c)) X
n—00 G:V(G)=[kn] i,je(kn]

i<j
p(n) 1— p(n)

> log—~——1{(i,j) € E(G)} +log —————1{(i,)) ¢ E(G)}
i,je[kn] WO(kn kn 1- O(kn kn

i<j

(n) l_p(ft)
=lim sup ——— Z p(") — +(1 pfjn))log I; .

n=00 ( ) i,je[kn] (kn k]n I_WO(H’kJ_n)

i<j

= lim sup Iw, (gx) = Iw, ().

n—oo

The last equality follows from a straightforward adaptation of an argument from [11, Lemma
5.7]: for any € > 0, set A = {(x, ¥) : [Ign(x, ¥) — g(x, )|I1 > €}. Observe that ||g, — gll1 > A(As)e,
implying A(A;) — 0 for any & > 0. In addition, note that Im(Wy) is finite and hy(-) is uni-
formly continuous for any fixed p. Therefore, for every 6 > 0, there exists &€ >0 such that
1AW (x,y) (€n (% 1)) — By (x,) (§(x, ¥))| < & whenever |g,(x, y) — g(x, y)| < . Consequently,

1
1wy (8n) — Iwy (©)] = E/A |hwo(xy) (€n(% 1)) — By (x,y) (. ¥))dxdy

1
2 e @) — B @l sy
[0,1]2\A,

C
—A(A 5

=3 A(Ag) +

where C > 0 is such that hy(y,)(a) < C for all a € [0, 1] and (x, y) € [0, 1]2. This completes the

proof.
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2.3 Upper bound

In this section we prove the upper bound of Theorem 11. The proof requires two key lemmas. The
first one establishes that as long as we look at balls around block constant graphons, we can restrict
to a finite number of measure preserving bijections, and the second one gives an upper bound
on the probability that sampling a graphon and applying an invertible transformation yields a
graphon in a particular d ball. This is formalised in the following two lemmas. Let My, be the
set of all permutations of [0, 1] corresponding to permuting the vertices of a graph on kn vertices,
ie. if 0 € My, then for all i € [kn], the image of the interval ¥, 1(i) under o is an interval of the

form ﬁk_nl (j) for some j € [kn].

Lemma 46. Let sy, s, € ZT and 1> 0. Given p € A, y € A, h€ B*, and a k-uniform block
graphon Wy € BY, there exists a finite set of invertible measure preserving transformations T € M
with | T| = N(n, sw, sp,) such that the following holds for all n > 12$isw/(kr)): For all 6 € My, there
exists T € T such that foralle > 0

P (A0 T 1) < £) = Prn, (A i) < e+ 1),

where fCn is the empirical graphon obtained by sampling Wy according to Py, w,.

Lemma 47. Let Wy be a uniform k-block graphon, ¢ > 0 and h € W. Let Gy, be the graph drawn

from Py, ., and let fOn denote the corresponding empirical graphon. For all invertible T € M, it
holds that

li log P d nh)<e)<— inf I .
imsup oo log i, (40 (/) <6) <= inf T

To prove the second lemma, we use the following LDP upper bound with respect to the weak
topology. Recall that the weak topology on W is the smallest topology under which the maps
f— f[O,l]Z f(x, y)g(x, y)dxdy are continuous for every g € L*([0, 1]%).

Theorem 48. Let Wy be a uniform k-block graphon. For every weakly closed set F € W,

imsup oo
The proof of Theorem 48 is a straightforward generalisation of Theorem 5.1 of [11]. For com-
pleteness we include the proof in the Appendix. We delay the proofs of Lemmas 46 and 47 to the
end of the section and proceed to the proof of the upper bound in Theorem 11.
In the proof of the upper bound in Theorem 11, we also use the following version of the Weak
Regularity Lemma, which follows directly from Theorem 3.1 in [11].

log Py, w, (F) < —}anWO(f)

Lemma 49 (Weak Regularity Lemma). Given & > 0 there exists a finite set H(¢) C W of block-
graphons, such that if f is a uniform n-block graphon there exists o € My, and an h € H(g) such
that

do(f°,h) <e
We call such a set H(g) C VW an &-net.

Proof of Theorem 11, Statement 2. We prove the bound in the form given in Lemma 30. Fix g
and o > 0. Let &, < /2, let H(¢/2) be an £/2 net as given in Lemma 49, and let T* be the union
of the sets of invertible transformations T given by Lemma 46 for each h € H(e/2). We index the
finite set as T* = {71, 72, . . . TN(y,Wp,e)}- Then
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Prnwy (S@ @) = Prw, (S0(f, ) < @)

= Y Pow | U Fetoto=anifdrn=zl
heH(e/2) oceMyy,
1)

= Y Y B (Fersat sanffdorn <

heH(e/2) 0 €My,

= Y Y P (d¢m<3)

heH(g/2) oeMy,
so(gh)<a+e/2

N ™

Ti &
< (kn)!|H(e/2 P do(fCn,h) <= +1n),
< (on)He/Dl | max By, (dof ) < 5 + )

so(gh)<a+e/2
i€ [N(VlaWO,é‘)]

where the last inequality follows from Lemma 46. Lemma 47 implies that

1 ti €

lim sup — log Py, (do(fCn ) <= +n) <—  inf I

ey (kn) %8 k”»W0< o b = 5 +”) - f:5D(fl»£)§%+'7 wolf)
< — lnf 1 >
- fn(f.g)<ate+n WO(f)

when h is such that (g, h) < @ + ¢/2 and 7; is invertible.
Let MeZ", and consider the M sequences {y)},>1 where i€[M]. A basic
analysis argument implies that if limsup,_, w logyl, <C for all ie[M], then

lim sup,,_, o, W log (maxie[um) ¥;,) < C. It follows that

1 -
li — logP S(g,
im sup s log kn,wo (8@ )
1 .
<lim sup —— lo kn)!|H(g/2 max P (d G, h) <e/2+ )
=lim sup 7o log (kn)!|H(e/2)] pex Py O(f 7k, h) <e/2+1
so(gh)<a+e/2
i€[N(n, Wo,e)]
=lim sup —— lo max P (d Glzlﬁ,h <g/2+ )
So(gh)<a+e/2
i€[N(n,Wo.e)]
<-— inf I .
T fsn(fg)<atetn W)
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Since ¢, 1 < /2, we obtain
1 _
lim sup —— log P S(g,a)) < — inf Iy, (f).
naoop (k”)z &5 n Wo ( (g ) fo(f.g)<2a O(f
Since (—inff.s (7 5)<20 Iw, (f)) is @ non-increasing function as o« — 0,

N 1 = ~ . .
o%lin hrrlllsogp (kn)? log Pinwy (8@ ) = Ollr>lg (_ f;aD(Ifr,lgf)gza Two (f)>

= —sup inf Iy, (f)
=0 f30(f)<2a o

= _] Wo (g);
as required. U
We will use the following definition and proposition in the proof of Lemma 46.

Definition 50. Let ¢ € M. Let I, ..., Iy be a partition of [0, 1]. We say that ¢ respects the interval
structure of I, ..., I if forall jand X C I;, ¢(X) C I;.

Proposition 51. Let h be a graphon that is constant on each block I; x I for i,j € [k]. If ¢ is
invertible and respects the interval structure of I . . . Iy, then for allg € W

do(g? ) = do(g. h.

Proof. Note that since & is constant on each block I; x I and ¢ respects the interval structure,

h(x,y) = h(¢(x), $()) = h(x, y).
It follows that

doy(g, h) = do(g?, h?) = dy (¢, h). O

Proof of Lemma 46. For ease of notation, we denote f = f¥ as the empirical graphon obtained
by sampling Wy according to Py, w,. Let {H;:i € [s;]} and {Wy;: j € [sy]} denote the intervals of
the block structure governed by p and y respectively; formally, H; = [0, 1], Wo1 = [0, 111,

i—1 i

i—1 i
H; = Z,uj,z,uj for2<i<s,, and Wy;= Z]/]‘,Z)/j for2 <i<s,,.
j=1 j=1 =1 =1

{H,} are the intervals corresponding to the blocks of & and { Wy ;} are the intervals corresponding
to the blocks of Wy,

We begin with a proof outline. First we construct a finite set of measure preserving trans-
formations T C M such that each o € My, is ‘close’ to a transformation t in T. Then, in
order to compare f° and f*, we define «, B invertible transformations that respect the intervals
Hy, ... Hy,. Proposition 51 implies that d(f°, h) =dp((f°)*, h) and do(f*, h) = d[]((f’)ﬂ, h).

It follows that
Pinw, (A0 1) < &) =Pruw, (do( (F7)" . h) <¢), (14)
Pronwo (d0(f*, 1) < & + 1) = Pron,w, (dm( () o <e+ n) : (15)
Finally, we will describe a coupling of f and g, each with marginal distribution Py, y,, that
guarantees

do ()" (7)) =n (16)
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At 2 3 Y4

V41 V42 V43 V44 V45 U4

1 M2 H3 M Hs He

V15 V25 U35 V45

Figure 3. Illustration of the transformation /45 > 7(l45).

with probability one. The triangle inequality implies

Praw, (d0( ()% h) <€) < Prnw, (dD (ff) <8+n> (17)

The statement follows directly from (14), (15), and (17).
To complete the proof according to this outline, we must complete the following tasks:

1. Define a finite net of measure preserving transformations T € M with |T| = N(n, sp, sw).

2. For each transformation o € My, define a ‘close’ transformation 7 € T. Informally, we
will say that two transformations are close if they map approximately the same amount of
mass from Wy, to H; for all i € s,] and j € [sp].

3. Define a and B, invertible transformations that respect the intervals Hj . . . H,.
4. Exhibit a coupling of f and g each sampled according to [P, 1y, that guarantees (16).

We begin with (a). For convenience we index vectors v € Rt by pairs (4, ) € [sw] X [sp,]. Let

ZZVU_l ZVIJ—MJxZVij=J/i}.

V= {ve]RSWSh
i=1 j=1

Recall that {H;} are the intervals corresponding to the blocks of h and {W;} are the intervals
corresponding to the blocks of Wy. For each v € V we associate an invertible measure preserving
transformation 7, € M that maps an interval of length v;; contained in Wj,; to an interval that is
contained completely in H; for each (i, j). To this end, let

Iy = [0, v11] and ZVa +ZVzb>Z Va+ZV1b (i,7) # (1, 1).
a=1 a=1

Note that the intervals I;; are sorted first by the first index, then by the second index. Define
7:[0,1] — [0, 1] to be the transformation that translates the intervals so they are first sorted by
the second index, then by the first index,

t(h)=[0vn] and (= ZuwZv@,ZuwZva] (0,7) # (1, 1).
a=1

For an illustration of this transformation, see Figure 3.

Observe that I;; € Wy, and 7(I;;) € H;. Note that V' is a compact set, and thus we can construct
a finite net V* C V such that for all v € V, there exists v* € V* such that ||v — v*|| 00 < 1/(8sysp).
Let T={t,|Jve V*}U{r, ! jve V*}.
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Next we address (b). Let M = {1y, . . . iy, } be the set of intervals corresponding to vertices in
an empirical graphon with kn vertices, where m; = [0, ﬁ] and

_ i—1 i _
Y <i<
m; ( . ’kn] for2 <i<kn.

We call the intervals in M ‘vertex intervals’.
For each transformation in My, we find a transformation in T that moves roughly the same
amount of mass between intervals Wy,; and H; for all i € [s,,] and j € [s,]. We construct an ele-
ment in T that is close to o ~! rather than o to make the construction in the next section more
convenient. (Note that both o and o ~! are in My,,.)
Let Nj; be the set of vertex intervals that are mapped from Wy to H; under o1,

Njj = {mg € M|m; € Wy,; and o (m,) C Hj},

and let n;; = |Njj].
Each vertex interval is contained in some Wy ; by construction. Since o ~! maps at most s, — 1
vertex intervals to the boundary between intervals of h,

s Sh
ZZn,-jzkn—sh—i-l.
i=1 j=1

Define v € Rwh, vij = njj/ (kn). We claim that there exists v/ € V with v;j > Vjj for all i, j such that

sp—1 U
V=] < < )
l lloo < p S5
To see this, let j1; = > jgl vijand y; = > JSth vij. Then fi; < pjand y; < y; and
Sw Sh s 1
- ~ h—
Y ==Y - =1-Y Y vy=4, A< et
i j i=1 j=1

Taking a coupling ¢;; of the probability distributions (%(yi - )Z))ie[sw] and (%(,uj — /lj)) | and

j€lsn
setting v;j =vjj + ;A proves the claim. (Observe that n > 8sp2sy/ (kn) by the assumption of the
lemma.)

Choosing v* € V* such that [|[v' — v*|loc < 1/(8swsy), we then have

v —=v"loc <
SwSh
We associate o ~! with 7« € T. Let T = T ! and notet € T.
Next we address (c), defining the transformations o and . We must define « and 8 in a
way that conveniently facilitates a coupling satisfying (16) in step (d). In particular, we will

define a coupling so that (f")a and (g’)ﬂ are identical on many sets of the form m x m’
where m and m' are vertex intervals. We can exactly couple the values f(o(x(x)), o (a(y)))
and g(t(B(x)), T(B(»))) on m x m/, provided o(x(x)) and t(B(x)) are in the same interval
Wo,i and o (a(y)) and t(B(y)) are in the same interval Wy . In this case, on both m and m
flo(a(x), o(a(y))), g(r(B(x)), T(B(y))) ~ Bern(p;j) where p;; is the value of Wy on Wo; x W,
and thus they can be coupled.

We say that a vertex interval m € M is ‘synchronised’ if m C H; for some j € [sy,], and o (a(m))
and t(B(m)) are vertex intervals that belong to the same interval Wy ; for some i € [s,,]. We con-
struct & and B so that at least a (1 — 1/2) fraction of the vertex intervals 1 € M are synchronised.
In step (d), we will couple the behaviour of the vertices corresponding to o («t(m)) and t(B(m))
for each synchronised vertex interval .
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12 12 12 22 22 32
@i @5 @ @i @5 @il

SR

2(1)m2(2)me2 (3)mz (4)mz (5)m2(6)

Figure 4. The construction of @ ~1. The tall solid vertical lines represent the divisions between the intervals Wo 1, . . . Wo 3, and
the tall dashed vertical lines represent the divisions between the intervals Hy, . . . Hs. All arrows indicate that the respective
transformations map the specified vertex intervals to vertex intervals by translation.

Let nyj, Ijj, v* be as defined in parts (a) and (b). Let k;; = min{nj, Lv;knj — 1}. We will construct
a and B so that there are k;; synchronised vertex intervals contained in H; whose images under
(0 o) and (7 o B) are contained in Wy ;.

The transformations o ~! and 7! map approximately the same amount of mass from Wy ; to
Hjforalli€ [sy] andj € [s], but the intersection of the image of Wy ; and H; may be very different
under the two maps. We design ! and 87! so that « ™! oo ~! and B! o 77! both map mass
from Wy, to the same subinterval of H;. Working with the inverse functions allows us to think

of ™! and B! as functions that reorganise the images of Wy ; under o ~! and 7! (respectively)
within each interval H;. We now formally construct « and B by constructing their inverses.

First we construct ¢ !, as illustrated in Figure 4. There are n;; vertex intervals contained in Wy,
that are mapped to vertex intervals in H; under o ~'. Informally, @ =" will rearrange the images
of these vertex intervals within H; by sorting them by their origin interval Wy ;. Under o ™!, the
image of vertex intervals originating in Wy ; are mapped to the leftmost vertex intervals contained
completely in H;j.

Formally, let allj, a;] o aZ__ enumerate k;; of the n;; vertex intervals contained in Wy that are
g

mapped to vertex intervals in H; under o ~'. Let m;(i) be the i interval of M that is entirely

contained in Hj. Define o € M so that o~ ! translates the interval cr_l(az) to the vertex interval
specified as follows:

i—1
o Mo @) =mi | Y kj+e),
z=1

and H;j\ (U?L Uf,fil o_l(a2)> maps to H;\ (Uj.gl Ulzil (x_l(o_l(aZ))> under @~ ! in any
invertible manner. Since o ~'(H;) = H;, « and & ~! respect the intervals H, . . . Hy,.
Next we construct the map 87, as illustrated in Figure 5. Recall the definition of I;j described
in the construction of 7, = t~!. Each interval Ijj is contained in Wy; and t_l(Ilj), t_l(Izj),
. .T’I(Ishj) are consecutive intervals (in that order) whose union is H;. Unlike ol 771 may
not be in My, and so the image of vertex intervals under 7! are not necessarily vertex intervals.
Informally, 87! will map the images of vertex intervals under 7 ~! to vertex intervals in a way that
maintains their relative order in H;.
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b2 | b2 | bi2 b2 | b2? b3?
71 \ \/ %

571

2(D)m2(2)mz2 (3)ma (4)mz (5)m2(6)

Figure 5. The construction of 8~1. The tall solid vertical lines represent the divisions between the intervals Wy 1, . .. Wo 3,
and the tall dashed vertical lines represent the divisions between the intervals Hi, . . . Hs. The arrows corresponding to 7%
illustrate that r‘lumap intervals to intervals by translation. The arrows depicting 8~ show that =% maps adjacent intervals
of the form r’l(bZ) (shown by horizontal line segments) to vertex intervals by translation.

We now formally describe 1. Since I ij has length v;’]‘-, there are at least Lvi;knj — 1 vertex inter-
vals contained in I;; € Wy, all of which are mapped to H; under 71 Let blf, blzj e bzij enumerate
ki of these vertex intervals contained in I;;. Define 8 € M so that B! translates the interval

(which is not necessarily a vertex interval) ! (bg) to the vertex interval specified as follows:
B i—1
BTN =mi | Y ky+e),
z=1

and H; \ (Ufll Ulgil 171(b2)> maps to Hj \ (Uzl Ulgil ﬁ(rfl(bg))> under 7! in any invert-
ible manner. Since 8(H;) = H;, B and B! respect the intervals Hj, . . . Hy,.

Next we construct K, a set of synchronised vertex intervals. Note that for all triples 4, j, £ with
i€ [swl,j € [sp], and £ € [k], m; (Z;;ll ks + E) is a synchronised vertex interval since aZ and bg
are vertex intervals contained in Wy ;. Let

i-1
K={mj(> kj+t]li€lsyl,jelsp), and € € [ky]

z=1

Finally, we bound the size of K. Recall that by construction v;; = n;;/(kn) and |[v — v*| s <
n/(4sysp). It follows that

nkn

>k
n; — vikn| < .
Iy = vigkn| < 4s,sp,

Since |ij}kn] —1- vj}kn| <2, it follows that

nkn

kii = min{n;;, |[vikn| — 1} > n; — 2 — .
1] { ) |_ ij J }_ 1 4SWSh
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We use this to lower bound the total number of synchronised intervals in K,

s Sh s Sh
nkn nkn
|K|:ZZk,~jZ ZZ”’J —25wsh—Tzkn—sh+l—25wsh—T

i=1 j=1 i=1 j=1

> kn (1 _ wsh Z) >kn(1—17/2),

since n > 125%1514, /(kn) = 12ss,,/(kn) by the assumption of the lemma.

Finally, we address (d). We construct a coupling of f and g so that (f°)* and (g")? agree on
sets of the form 7 x /' where m, m’ € K are synchronised intervals. Let v and v/ be the vertices
in f corresponding to the vertex intervals that are mapped to /1 and 71’ respectively under o o «.
Let u and v’ be the vertices in g corresponding to the vertex intervals that are mapped to m and
m’ respectively under 7 o B. By construction, v and u correspond to vertex intervals contained in
the same interval Wy ;, and likewise v' and ' correspond to vertex intervals contained in the same
interval Wy ;. Let X,), and Yy, be the indicator random variables for the events that there is an
edge between vertices a and b in f and g respectively. Recall that p;; denotes the value W) takes
on Wo; x Woy,. Since X,,» ~ Bern(p;j) and Y, ~ Bern(p;j), we can couple X,,s and Y, exactly,
which then guarantees that (f°)* and (¢7)# agree on the set 7m x 7.

Since (f°)* and (¢°)f agree on the synchronised vertex intervals (Usex ﬁ1)2 and

| (UMEK 14_1) | > 1—n/2, it follows that d ((f")“, (gf)ﬁ) <, as desired. O
Proof of Lemma 47. Fix T € M. Note that 7 is invertible and dg(f*, g) = do(f, gf_1 ). It follows
that

Pin,w, (dIZI (fG'Z", h) < 8) = Pin,wo (dD (ka”, hffl) < 8)
= Prn,wo (fG"" € {g:dm (g, hfl) < e}) .

Note that [11, Lemma 5.4] implies that the set {g : do(g, hf_l) < &} is closed in the weak topology.
Applying Theorem 48, we obtain

. 1 G?
lim sup - 1og P, (dD(f o ) < e)
—1i L Gin . !
_hrllql)solip )2 log Pry,w, (f € {g.dm ( ,h ) 58})
<-— inf Iwe(f) <— inf Iy, (f),
felgdoeh <o) fonfmse
where the last line follows from the observation that §7(g, ) < dy(g, h™ ). U

2.4 Proof of Theorem 16
We begin with the following theorem, which is a direct adaptation of [14, Theorem 3.1] to general
k-block graphons Wy. As usual, for f € W and H € W, define $p(f, H) = infj,_g 6a(f> h).

Theorem 52. Let Wy be a uniform k-block graphon. Let F be a closed subset ofW, and let F° be its
interior. Suppose

inf Jw, () = inf J, (). (18)
heF® heF
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Let E* be the subset of F where Jyy, is minimised. Then F* is non-empty and compact, and

min Jyy, (fz) =— lim

mir lim s log Py, w, (F). (19)
€

If minj_5, Jw, (h) < oo, then for all sufficiently large n and all ¢ > 0, Pkn,wo (j?Gk" €F)>0and
Pl wi (SD (fO, F*) > 8VG"" € F) < e~ CeR

where C(e, F)is a positive constant depending only on € and E. In particular, if F* contains only one
element h* (and ]Wo(h*) < 00), then the conditional distribution ofka" gzvenka" € F converges to
the point mass at h* as n— oo.

Proof. Since W is compact and F is closed, F is also compact. By Lemma 32, the function Jy, is
lower semi-continuous on F. Since F is compact, Jyw, must attain its minimum on F. Therefore,
F* is non-empty. Moreover, by the lower semi-continuity of Jy,, F* is closed, and hence compact.
Finally, by Theorem 11,

— inf ]Wo(h) <11m 1nf (k 2 logIF’k,, WO(F ) <liminf —— (k 2 logIF’kn WO(F)

hEFO n—oo
<limsup —— log IP’kn Wo (F)<— inf Jy, (h) — min Jw, (fz).
n—00 (k )? heF heF

Combined with (18) this proves (19).

Next, assume that the inf in (18) is finite. This is only compatible with (19) if I@kn,WO (150) >0
for all n larger than some n. Fix ¢ > 0 and let

E 2 {ﬁef::ag(ﬁ,ﬁ*) ze] ,
which is also a closed subset. Observe that F, N F* = ). Then
IFP')kn,Wo (];Gk" € P€> IFEbkn,Wo (]NCGk" € Ps)
<

Ipkn,Wo (ka" € F) B I?)kn,Wo (];Gk” € F‘O)

kan,wo ((SD(]?G"”, P*) > SL]?G"" IS F) =

Using Theorem 11 again, this shows that,

Grn  Tr* £Gin
h;?lsolip (k 72 logIP’kn Wo <8|j(f JE) > elf 7k e F)
. \ IR ZGin ~ 70
511,?3? (k 2 [IOg kn, Wo (f . eF) log Pin,w, (f neF )]
ZIiVI;rl)SOlép (k 2 log IP’kn Wo (f kn ¢ Fg) - hm 1nf (k 2 log Pkn Wo (kan e Fo)
< inf Jy,(h) — inf Ju,(h)
heFo heF,

= inf Jw, (k) — inf Jw, (h).
heF heF,

It now suffices to show that infﬁeﬁ ]Wo(fl) < infﬁeﬁs ]W0~(I~1). Clearly, 1nfh€F ]Wo(fl) < infﬁeﬁg Tw, (fz).
Suppose that equality holds. The compactness of Fr and the lower semi-continuity of Jw,
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(Lemma 32) imply that there exists g € F, that attains the infimum. It follows that Jw, (@) =
nfﬁei«; Jw,(h) = infﬁeﬁ Jw,(h). But then g € F*, and so F, N F* # (3, which is a contradiction. [

Proof of Theorem 16. We will prove the theorem by establishing condition (18) in Theorem 52.
We first note that the continuity of ¢, (Wo, -) at ¢ excludes the trivial case (W) = {t}, since then
'L'(W) = {t} as well, which shows that ¢, (W), -) jumps from a finite constant to co at ¢. Therefore,
we may assume the graph parameter t is not constant.

Next we recall that ¢ (W, t) = min{Jw, f) f € F}, where F= {f eW: 'L'(f ) >t} By the con-
tinuity of 7, F is closed. Also by the continuity of 7, the open set O = {f eW:t f) >t} C RO
contains F, = {f ewW: ‘L’(f) >t + ¢} for all ¢ > 0. As a consequence,

¢ (Wo, t) = inf Jy, (h) < mf Jwo(h) < mf]wo(h)< inf Jy, (h) = ¢ (Wo, t + ).
heF hng

Sending ¢ — 0 and using the continuity of ¢(Wy,-) at t, we see that the first inequality is
saturated, proving (18).

Recall that Py, w, is supported in Wg. The proof is completed by noting that ¢ (W, t) < oo if
and only if t < fmax. O

3. ¢.: Monotonicity, continuity, and examples

In this section, we establish some analytical properties of the function ¢, which will be critical for
our discussion of symmetry/symmetry breaking in the subsequent sections. Section 3.1 collects
some preliminary properties of homomorphism densities and the cut distance. In Section 3.2,
we introduce the ‘sufficient increase property’, which guarantees the continuity of ¢.. Further,
we establish that homomorphism densities satisfy this property, and the operator norm satisfies
this property under additional assumptions. Finally, Section 3.3 establishes an alternative varia-
tional representation of ¢, at points of continuity. Using this representation, we identify a class of
parameters T such that ¢; is strictly increasing.

3.1 Preliminaries

In subsequent sections, it will be necessary to express the homomorphism density as the sum of
interval labelled homomorphisms and identify interval labelled homomorphisms that are always
zero on We. Given m € ZJr y € Ay, and Wy e BY, let I1, I, . . . I, be the intervals of y, i.e.
I =[0,y1] and [; = ( Zl 1 Vis lel y;] for j > 2. When we proved Theorem 16, we used k to
denote the total number of intervals and assumed that all intervals have the same length. Here the
intervals need not be the same length - to emphasise this we now use m to denote the total num-
ber of intervals. The blocks of Wy have the form I; x Ij for i, j € [m]. Let v = | V(H)| be the number
of vertices in H, and let Y € [m]" be a vector of vertex interval indices. Define the interval-labelled
homomorphism density as

t(H,g,Y) =/ / . / 1_[ 8(xi, xj) dxy . . . dxpdxy.
xlerl szIYZ Xy

€Ivy ijieEH)

In other words, t(H, g, Y) accounts for the homomorphisms in which the j# vertex is in I y; for all
je[v]and so

HH,g)= >  HHgY).

Ye[m]v
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I 0 p 0
I P 0 p
I3 0 p p

Figure 6. For W, the graphon above and H a triangle, the block /1 x /5 is not relevant. Increasing the number of edges
between /; and I, will not increase the number of triangles in the graph since any triangle has at least two vertices coming
only from /3.

Next, we define relevant blocks to be the blocks whose values may affect the homomorphism
density of a graphon in Wgq,. Increasing the value of a graphon g in Wg on a relevant block has
the potential to increase t(H, g). Figure 6 gives an example of a block that is not relevant.

Definition 53. Fix a finite graph H and Wq. We say an interval labelling vector Y is irrelevant
with respect to Wy if there exists {i, j} € E(H) such that the block Iy, x Iy takes value zero on Wy.
Equivalently, Y is irrelevant if t(H,g,Y) =0 for allg e Wq. We say Y is relevant otherwise.

We say a block 1, x I, contributes to the interval-labelled homomorphism density t(H, g, Y) if
Yi=a and Y; = b for some {i, j} € E(H). We say the block I, x Iy, is relevant if 1, x I}, contributes

to some t(H, g, Y) with Y relevant. Let R C [0, 112 be the union of all relevant blocks.

Note that a block I; x I}, is relevant if and only if p,;, > 0 and t(H, Wy) strictly decreases when
Pab is lowered.

Our next result establishes that if the cut distance between two graphons is at least a constant,
one can find a region where the values on the graphons differ by at least a constant. This result will
be crucially used to establish the ‘sufficient increase property’ in this section. In our subsequent
discussion, we will use this result to establish the existence of nearby graphons with lower entropy.
Lemma 54. Let f,geW. Let Sﬁ ={(xy) €[0,1]%:f(x,y) —g(x,y) > B} and Sg ={(x.y) €

(0,112: g(x, ) — f(x,y) > B).

1. Iff > g pointwise and do(f, g) > ¢, then |SE/2| > /2.
2. Ifdg(f, g) > &, then |Ss/4| >¢e/dor |S;/4| >e/4.

Proof. Suppose f > g pointwise and d(f, g) > ¢. Since f > g pointwise, do(f,g) = |If — gll1. It
follows that

I
e<dn(fg)=If - g||1—/ f g =ISal+ S0~ 17,0

and so |S€/2| >¢e/(2—¢)>¢/2.
Next suppose d(f,g) > & with no additional assumptions on f,g € W. Let ST ={(x,y) €

(0,112 f(x, ) > g(x, )} and S~ ={(x,y) € [0, 1]%: f(x, y) < g(x,y)}. Since d(f,g) > e, there
exists A, B C [0, 1] such that

f—g'za

AXxB
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f—g‘S/ V—g|=/ f—g+f g—f.
AxB AxB (AxB)NSt (AxB)NS~

It follows that f(AxB)ms+f —g>¢/2or /(AxB)ms— g —f > &/2.In the first case, let f(x, ) = f(x, y)

for (x, y) € (A x B) N S, and otherwise set f(x, y) = g(x, y). Then f > g pointwise, and d(f, g) >
£. By the first statement, we obtain IST| > - A similar argument applies to the second case. ]
4

Observe

3.2 Establishing the continuity of ¢,

In this subsection we establish that ¢ is continuous for certain graph parameters . When 7 is
clear from context, we let ¢(t) = ¢ (W, t).

Lemma 55. Let H be a finite graph, let Tt =t(H, -), let m € 7T,y € Ay, and Wy € BY. Then ¢ is
continuous on R\ {tf . Wq)}.

Lemma 56. Let 1(g) = |Igllop, let Wo be a two-block bipartite graphon with Wo € BY1=Y) ywhere
v €(0,1) N Q. Then ¢ is continuous on R\ {t}, .. (Wa)}.

In order to establish the above lemmas, we describe the sufficient increase property of v and
Wo, and show that having this property guarantees that ¢, is continuous. Then we show that
homomorphism densities have this property (with any block constant base graphon Wy), and the
operator norm has this property when Wy is a two block bipartite graphon.

Definition 57. We say that © has the sufficient increase property on W, if the following is true. Fix
anyn>0andt . Wq) <t <tL, V). Then there exist & = a(t, tmax> 1) B = B(t; tmax> 1) > 0,

such that the following holds for all g € Wq. If T(g) >t — «, then there exists g € {f : ||[f — glloo <
n} N W such that ©(g*) >t + B.

Lemma 58. Letm € L, y € Ay, Wy € B, and let T be a continuous graph parameter that has the
sufficient increase property on We. Then ¢ is continuous on R\ {t},,,(Wa)}.

In [34], Lubetzky and Zhao studied the variational problem (6) when Wy is a constant graphon.
They defined a ‘nice graph parameter’ as a graph parameter 7 that is (i) continuous with respect
to 60 and (ii) has the property that every local extremum of T with respect to Lo, is necessarily
a global extremum. They showed that for any nice graph parameter 7, ¢; is continuous in the
setting where the base graphon Wy is constant. Their proof technique cannot be directly adapted
to the setting where Wy is a block constant graphon with a zero or one block. When W), take values
zero or one, the entropy function I, can be infinite, creating a technical hurdle. In particular, it
is not clear how to establish right continuity of ¢, for arbitrary nice graph parameters. We instead
use Definition 57 as a sufficient condition for the right continuity of ¢-.

Before proving Lemma 58, we establish the left continuity of ¢, without any assumptions on
the block graphon Wy or the continuous graph parameter t.

Lemma 59. Let T be a continuous graph parameter, and let m € Z+, y € Ay, and Wy € BY. Then
@ is left-continuous.

Proof. We first note that we may assume that ¢ <t} (WQ) since ¢ =00 and hence con-
stant above ty,x. Let t, 7 t. Since ¢ is non- decreasmg in t, the sequence ¢(f,) has a limit, and
limy,— 00 ¢(t,) < @(t). To prove an | upper bound on ¢(¢), recall the definition (5) of ¢(¢) as a mini-
mum. For each k > 1, there exists gx such that 7(gx) > fx and Jw, (gk ¢ (tx). By the compactness
of W, there exists a convergent subsequence g, such that 6(gx;, &) — 0 for some g € W. Since

t(gk]) > t, and t; ' t, it follows that 7(g) > t, and thus ¢(t) < ]Wo (2). Combined with the lower
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semi-continuity of Jw, (Lemma 32), we get

(1) <Jw, (@) < lijm inf Jw, (8k) = lijm inf¢(ty,) = lim p(ty).
— 00 — 00 n—o0 |

Remark 60. Since ¢ is left-continuous (Lemma 59) and non-decreasing, ¢ can have at most
countably many points of discontinuity.

We now prove Lemma 58, which establishes the continuity of ¢ when 7 has the sufficient
increase property.

Proof of Lemma 58. By Lemma 59, it suffices to establish the right-continuity of ¢ at t. By
assumption, t # tmay. Since ¢ is constant on (—o00, tmin] and (fmax, 00) (where it is 0 and oo,
respectively), we may assume that tpin <t < tpmax. Consider a sequence t, \( t, and an arbitrary
& > 0. We need to show that there exists » sufficiently large such that ¢(t,) < ¢(¢) + ¢.

Let 7>0 be such that if f,geWq and |f —glloo <1, then [Iw,(f) —Iw,(g)| <&;
Proposition 35 guarantees the existence of such an 7. Let g € Wq be such that 7(g) >t and
(1) = Jw, (). By definition of Jw, ( - ) there exists a sequence f; € We such that

Iw,(fi) = Jw,(@ and  8(fi,§) — 0.
Since 7 has the sufficient increase property on Wgq, there exist ¢, 8 > 0 such that
t(h) >t —a = Fh* with |h* — h|lc <nand T(h*) >t + B.

Since 7 is continuous in (WQ, 80) and t(g) > ¢, there exists ko sufficiently large such that for all
k> ko, T(fx) > t — «. Thus, for all k> ko, there existsflé such that

tf)=t+B and Ifi —filloo <1
The choice of n implies

IIWO(f]é) - IWo(fk)| <e.

By compactness of (Wa, 807), there exists a convergent subsequence such that flé] — h for some

he WQ Since 7 is continuous with respect to 5, 1:(]?]24) — r(fz), and so ‘C(I:l) >t + B. It follows
]

that

ot + B) < Jw,(h) < lim inf T, (f ) < lim inf o (fy) + & =Jwo @) +& = #(1) +¢.

Taking n sufficiently large such that ¢, <t+ $ and noting ¢(t,) < ¢(t + B) yields the desired
statement. 0

Next we establish that homomorphism densities have the sufficient increase property. To this
end, we introduce the following graphon g*7,

8(x,y) (x,y) €2
g y) = (20)
min {g(x,y) +n,1} otherwise

and note the following fact.
Fact61. Let ¢, u, w,z € R with u> 0. Suppose that £ > uz and £ > w — z. Then £ > u”—_tvl

Proof. Note that forallz € R, uz > Lj‘—fl orw—z> M”—Jr’l The fact follows directly. ]
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Lemma 62. Let t = t(H, -) where H is a finite graph, let m € 7%,y € Ay, and Wy € BY, and let
tmax denote 7. (Wq). Fix n € (0, 1]. Then there exists c=c(y, H,n) € (0, 1] such that t(g*") >
7(g) + c(tmax — T(g))? for all g € Wa,.

Proof. Define g™** as follows

g(x,y) (%) e([0,1]>\R)UQC

g (% y) =
1 otherwise,

where R is the union of relevant blocks, as defined above. Note that since g = Wy on [0, 1]? \ £,
g™ € Wa. Also note that 7(¢"™*) = maxsepyg T(f) = fmax-
Let ey = |E(H)| and v = |V(H)| be the numbers of edges and vertices in H. Let

_ t(H>gmax) - l‘(H,g) _ fmax — T(g)
- eH N ey

d

Since the statement of the lemma is trivial if 7(g) = tmax we may assume w.l.o.g. that d > 0. The
Counting Lemma [8, Theorem 3.7] [32, Lemma 10.23] implies that §5(g™*, g) > d, and so

dD(g,gmaX) > SD(g’gmaX) > d.

Let S={(x,y) € [0, 1]>: g™¥ — g > d/2}. Since g™* > ¢ pointwise, Lemma 54 implies that |S| >
d/2. Letn/ £ min{n, d/2}. It follows that g'”’ — g >n' on S. By construction, S C R. Recall that m
denotes the number of blocks in Wy. Therefore, there are at most m? relevant blocks of [0, 1] of
the form I; x I; for i, j € [m]. Thus, there exists a, b € [m] such that I, x I, is relevant and |(I; x
1,) 0S| > d/(2m?).

It suffices to show that increasing g to g*" on (I, x I,) N S yields a constant increase in the
homomorphism density. Since I, x I is a relevant block, there exists a relevant Y € [m]” such
that Y, = a, Y, = b for some {p, q} € E(H).

Define

Zg(H,g,Y) =/ L / 1_[ 8(xi, x)1{(xp, xg) & S} dx, . . . dxy.

v€lvy (i) eB(H)

Zs(H,g, Y) = f / [T stox)tiC ) €8}, d.
x1€ly, velyy ;e E(H)

In other words, Zs(H, g, Y) accounts for the homomorphisms in which the {p, q} edge lies in
S, and Zg(H, g, Y) accounts for the homomorphisms in which the {p, g4} edge does not lie in S.
Therefore,

t(H,g,Y)=2Z5(H,g,Y)+ Zs(H, g, Y).

Since g™ > g pointwise, Zg(H, g™, Y) > Zs(H, g, Y). Next we derive two lower bounds on
Zs(H,g*", Y).
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First observe

ZS(H,g+'7, Y) =/ .. / H g+"(x,-, x)1{(xp, x4) € S} dxy . . . dxy
x1€ly, xy€ly, {ij)eE(H)

=/ . / g+’7(xp,xq) 1_[ g (x;, x)1{(xp, x4) € S} dxy ... dxy
X1 EIyl xy€ly, {i,j}E(H)

{i.}#{p.q}

2/ @opx) +1) [T gbix)L{(xp xg) € S} dxy ... dxy
x1€ly xy€ly, {i,j}€E(H)

(i) (pa)
> Zs(H, g Y)(1+1).

The final inequality follows from noting that g + " > (1 + n’)g. Our goal is to lower bound the
difference t(H, g*") — t(H, g) by a constant. The above computation implies that t(H, g"") —
t(H,g) > n'Zs(H, g, Y). This lower bound may not be sufficient if Zs(H, g, Y) is too small. We
derive another lower bound for this case.

Let 8 = minje[,,) |Ij|. Observe that for all {, j} € E(H), g (x;, xj) > nwhen x; € Iy, and xj € Iy;
as Y is relevant. It follows that

ZsH, gt V)= SN o x Bp)l [ 1yl = n™1SN (Ta x L,)IB 2.
jelmN\{p.q}
We have shown that
Zg(H,g*",Y) — Zs(H, g, Y) > n'Zs(H, g, Y)

and

Zs(H, g™, Y) — Zs(H, g, Y) = n|SN (I x )| — Zs(H, g, Y).

Applying Fact 61 with wu=n,w=n%|SN I, x ,)|f"%z=2s(H,g,Y), and €=
Zs(H,g™,Y) — Zs(H, g, Y), we obtain

(1SN (I, x I,)|BY2)
n' +1 '

Zs(H,gt",Y) - Zs(H, g, Y) >

We now simplify our lower bound using the facts that [SN (I, x I))| > d/em?), n'/(1+1n) >
n'/2,n" > nd/2,and d = (tmax — 7(g))/en, obtaining

(IS La x 1) |B"2) _ 0 d2 B2 i (tmax — 7(9))° 8"

n +1 - 8m? Se%j[m2
Setc= %. Note that c is a function only of H, y, and 7. It follows that
t(H, g™, Y)=Zg(H, g™, Y) + Zs(H, g™, Y)
> Z5(H, & Y) + Zs(H, g, Y) + c(tmax — 7(g))?
= t(H, & Y) + cltmax — 7(0))".
Thus, t(H,g™) > t(H, g) + c(tmax — 7(g))%. 0
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Next we establish that ¢; is continuous when 7t is a homomorphism density by using Lemma 62
to show that homomorphism densities have the sufficient increase property.

Proof of Lemma 55. By Lemma 58 it suffices to show that 7 has the sufficient increase property.
Fixnandt. Leta =8 = %(tmax — t)2, where ¢ € (0, 1] is from Lemma 62. Ifr(g) >t+ %(tmax — 1),
we can choose g* = g. Next, suppose 7(g) <t + %(tmax — t). But then fmax — 7(g) > %(tmax — 1)
and by Lemma 62, t(g*") > t(g) + 3 (fmax — t)%. The assumption 7(g) > t — o then implies

r@“02t+§umm—ﬂ2=t+ﬂ

Noting that § < %(l‘mX —1)?< %(tmaX — t) completes the proof. U

Next we show that the operator norm has the sufficient increase property. We begin with the
following lemma.

Lemma 63. Let 7(g) = l|gllop and let Wy € BY1=Y) where y € (0,1) N Q be a bipartite graphon.
Let g be as defined in (20). Fix any n € (0, 1] and g € Wq such that ©(g) < t* .. (Wg). Then

4
r(g“?)2 > max {nztlznax, <1 + % (tmax — t(g))20> r(g)z} .

Proof. Recalling the definition of a bipartite graphon fpy from Section 1.6, we note that except for
the trivial case p € {0, 1} (in which case Wq = {Wy} and 7(g) = tmax for all g € Wgq), the set Q2 is
[0,y] x (y,1]U(y,1] x [0, y]. Let h™** =fly be the graphon that takes value 1 on 2 and agrees
with Wy on Q€ (where both are 0). Note that if f < g pointwise, then ||f|lop < l|gllop- It follows that
7(h™®) = tmax. The graphon h™** satisfies f < h™* for every f € Wq.

To prove the first lower bound, we note that g™ > £, pointwise, implying that [|g™lop >
”fr;/ ||op = 77||f1y ”op = Ntmax.

To prove the second lower bound, we note that it follows from the proof of [34, Lemma 3.6]
that for f,g e W

(”f”op - ”g”op)4

Z <8a(f. g).

Letd = w. It follows that
d <8 (h™™, g) <dp(h™, ).

Next, let n” =min{n,d/2} and S={(x,y) € Q: h™*(x,y) — g(x,y) > n'}. Since "™* =g on
[0, 1]2 \ © and #™* > ¢ pointwise, Lemma 54 implies that |S| > d/2.

Since Ty is a self-adjoint compact nonnegative linear operator, there exists u € L,([0, 1]) such
that u(x) > 0, [|ull = 1 and Teu(x) = [|g|lopu(x) for almost all x € [0, 1] [11, Proposition 2.11]. Let
P C [0, 1] be a measure one subset where this proposition holds. We will derive a lower bound on
7(g™)? by showing that for some ¢ > 0,

Tgnu(x) > Tgu(x) + ¢, (21)

for x in some subset of [0, 1]. The construction of this subset will depend on S and u. For ease of
notation, we let ¢ = /2. Define

Ag={x€[0,1]:u(x)>¢e} and A;=10,1]\A,.

We will consider two cases that depend on the size of A{. In each case we find a subset of [0, 1]
and ¢ > 0 satisfying (21).
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Before proceeding to the cases, we establish a useful property of u. Define

% 1
U = / u(x)dx and wu,= / u(x)dx.
0 %

Since || u]|2 = 1, there exists a subset of [0, 1] with positive measure where u > 1 on the subset. Let z
be an element of the intersection of this subset with P. We assume that z € [0, y]. After completing
the proof under this assumption, we will discuss how a similar argument applies when z € (y, 1].
Since z € [0, y], g is zero on {z} x [0, y] and so

1
Igllop = Ngllopu(2) = Tgu(z) = / gz y)u(y)dy = / 8(z y)u(y)dy < u. (22)
Y
Case 1: |AS N[0, y]| > d/16. Let x € AS N [0, y] N P. Observe
nligll
Tou(x) = lIgllopu(x) < lIgllope = gz op

Note that g™(x, y) > n for all y € (y,1] and g™"(x, y) =0 for all y € [0, y] by construction. It
follows that

1
Tyrru(x) = / ¢ 100 Yu()dy = nuz > 1lglop.
Y

Thusforallxe A N[0, y]NP

oo

Ty+nu(x) — Tou(x) > 5

Observe that

1
o = g 2 Tyl = [ (T
0

nligllop ) 2
s (T TR g [ s
ACN[0,y] 2 (AEN[0,y])

dn’llgli3,
64

Case 2: [AS N[0, y]| <d/16. Recall |S| > d/2. For each x € [0, 1], define Sy ={y € [0,1] : (x, y) €
S}, and let X = {x € (y, 1] : |Sx| > d/8}. Since g is symmetric, (x, y) € S if and only if (y,x) € S. It
follows that

d
4

. 7 lgls, )
> || Tgull; + |Ag N[0, y]IT >1(9)" +

S| ! d d d
S5 = ISI=X+ 20—y - XD = X]+ (1 - X)) = - +IX]. (23)
2 ), 8 8 8

Therefore |X| > d/8. Note that for all x € X, |SX NAg|>d/16 because |Sx| > d/8, Sx C [0, y] and
|AS N[0, y]| < d/16. Recall that for y € Sy, g7"(x, y) > g(x, ) + 1’ and that for y € A, u(y) > ¢.
Therefore, for all x € X,

1
T = [ g putndy= [ s +iutndy+ [ gy

xNAg

/

d
> Tou(x) + &n'|Sx NAg| > Tou(x) + — gn
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Finally, observe that

1 7\ 2
(gt > / (Tgrnu(x))*dx > / (Tgu(x)+d8—") dx + / Tqu(x)*dx
0 X 16 Xc¢

/

den’\? Ae?nr?
2 ||Tg“||§+|X|< 16 ) Zf(g)2+2T-

Recalling that ¢ =n/2, n’ > nd/2, and d = (tpax — r(g))4/4, we see that in the first case, we
have

_ AIgGy _ A (tmax — T(@) 7(0)?

T(g+n)2 _ _C(g)Z ” 28

and in the second case,

3.2.,,2 3.2 2 4 15 4 _ 20
_L,(g-i-r])Z _ T(g)2 > d>e"n/ > d’n (77_d> _ n“d _ 1N (fmax — 7(g)) .
211 213 2 215 225

Therefore, in both cases

4
Tg™? — 0 2 S5t — 1@ 7(0)

Finally we revisit our assumption prior to the case work that the value z € P such that u(z) > 1is
in [0, y]. Suppose instead that z € (y, 1]. The equation analogous to (22) implies that u1 > [|g||op.
Now switching the roles of [0, ¥ ] and (y, 1] in Case 1 gives the same lower bounds on r(g+’7)2. O

Next we establish the continuity of ¢, when 7 is the operator norm and Wy is a bipartite
graphon with Wy € BY”"1=7), We use Lemma 63 to establish the sufficient increase property.

Proof of Lemma 56. By Lemma 58, it suffices to show that t has the sufficient increase property.
Fixnand t. If t = 0, the choice B = Ntmax and the first bound in Lemma 63 implies that 7 (g") > B.

If t>0, the proof proceeds along the same lines as the proof of Lemma 55. Set o =
min{t/2, ct/4} and 8 = min{ct/4, (tmax — t)/2}, where

n* 20

As before, the required bound is easy if T(g) > ¢ + %(tmax — t). In this case, we again choose g* = g.
Next, suppose T(g) <t + %(tmax — t). But then tiax — 7(g) > %(tmax — t) and by the second bound
in Lemma 63, t(g*") > (1 + ¢)t(g). The assumption 7(g) > t — o implies

(@M >(t—a)+(t—a)c>t—ct/d+ct/2>t+ct/4>t+B. 0

3.3 Properties of ¢, at points of continuity

Lemma 64 below states that at points of continuity, the function ¢,(Wpy, t) can be alternatively
expressed as the minimum of Iy, over a subset of YW. We use this characterisation of ¢ to estab-
lish that ¢, is strictly increasing when t is an increasing, uniformly continuous graph parameter
and ¢, is continuous (Lemma 65).

Lemma 64. Fixm € Z*, y € Ay, Wy € BY, and let t € R. If p.(Wo, -) is continuous at t, then
¢ (Wo, t) = inf{Tw, () : f e W, T(f) > t}. (24)

Lemma65. Fixm e Z",y € A, Wy € BY, and let T be a graph parameter that is uniformly contin-
uous (with respect to 80) and increasing, meaning that if f > g pointwise then t(f) > t(g). Suppose
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that ¢(Wy, -) is continuous on the open interval (z(Wy), tfnaX(WQ)). Then ¢ (W, -) is strictly
increasing on [t (Wy), tmax]-
Therefore, if T is a uniformly continuous increasing graph parametet, ¢-(Wy, ) is continu-

ous on (t(Wy), tmax)> cmdf is a minimiser of the variational problem (5), then t(f) =t for all
t € [T(Wo), tmax]-

Remark 66. Note that the Counting Lemma [33, Lemma 10.23] and [34, Lemma 3.6] imply that
homomorphism densities and the operator norm are each uniformly continuous with respect
to 8.

Proof of Lemma 64. Let h(t) = inf{Iw,(f) : f € W, T(f) > t}. It is clear from the definition that
¢ < h. We will show that the right continuity of ¢ at t implies that ¢(t) > h(z).
To this end, we claim that for all a € R,

inf{Jw, () : 7(f) > a} = inf{Tw, (f) : T(f) > a}. (25)

Indeed, it is clear the left hand side is at most the right hand side. Since both sides are infi-
nite if the set {f € Wa : 7(f) > a} is empty, we may assume that this set contains at least one
fe W such that 7(f) > a. By the definition of Jyy,, there exists g, such that §5(g,, f) — 0 and

Iw,(gn) = Jw,(f). By continuity of 7, there exists ny sufficiently large such that for all n > n,
7(gn) > a. Thus

Jwo (f) = inf{Tw, (h) : T(f) > a},

and so (25) follows.
We now turn to showing that if ¢ is right continuous at ¢, then ¢(t) > h(t). Applying (25), we
obtain

¢t + &) > inf{Jw, (f) : 7(f) > t +£/2}
=inf{Iw,(f) : () > t +¢/2}
> inf{Iw, (f) : T(f) > t}
= h(t)
for any ¢ > 0. It follows by right continuity of ¢ at ¢ that

¢(t) = lim ¢(t + ) > h(2).
e—0 O

Lemma 67. Fixme Z*t, y € Ay, and Wy € BY, and let f, g € Wq. For any & > 0, there exists n =
n(e, Wo) > 0 such that if f > g > Wy pointwise and dg(f, g) > ¢, then

Proof. We may assume that ¢ < 2(1 — p) for p € Im(Wp) \ {0, 1}. Recall the definition
ST a=1xy) el0,1°:f —g=e/2}.

Lemma 54 implies that |S:/2| >¢g/2. Let

"= min min

' hy(x+e/2) —h 0.
PGIM(WO)\{O,I}xe[p,ll_g/z] [ p(x / ) p(x)] >

Since f > g > Wq and h,( - ) is increasing on [p, 1], we have that

th(x,y)(f(x>y)) = hWO(x,y)(g(x>}/) +e/2)> hWO(x,y)(g(x’ )’)) + 77/
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forall (x,y) € S:/Z. As a consequence,

Iw, (f) = /[ . hw,(xy) (f (x, ) dx dy
0,1

z/ hmmemmmwf (o) gC6 ) + 1) dx dly
[0,1]2\8}) N

£/2 £/2
s 87)/
> Tw, (@) +1'1S; ol = Iwy (§) + >

Taking n = n’e/2 completes the proof. g

Proof of Lemma 65. The lemma is trivial if 7(Wj) = tfnax(WQ) so we may assume that 7(Wy) <
tmax. Furthermore, since ¢(Wy, -) is non-decreasing, it is enough to prove that it is strictly
increasing on the open interval (t(Wy), tmax). Let T(Wy) <t < 3 < tmax. We will prove that
¢ (W, t1) < ¢ (Wo, 12) by applying Lemma 64 and showing that

inf{Iw, (f) : T(f) > 11} < inf{Tw, (f) : T(f) > ta}.

To establish the above statement, it suffices to show that there exists n = n(¢1, t2) > 0 such that the
following is true. If f € Wg, is such that 7(f) > t,, then there exists ¢’ € Wq such that 7(g') =1,
and I, (g") < Iw, (f) — 1.

Given f € Wq with t(f) > t,, we will define g and g satisfying éo(g,g’) > 8 where § is a
function of f, — t;. We will then show that I, (g) < Iw,(f) and Iw,(g") <Iw,(g) —n, for n=
n(B). Define g € Wq such that g(x, y) = max{Wy(x, y), f(x, )}. Since g > f pointwise and 7 is
increasing, t(g) > t(f) > t,. Moreover g > Wy pointwise. Next define g, € Wq where

Lo (2, y) = Wo(x, ¥) + a(g(x, y) — Wo(x, ).

By construction g; =g and gy = Wy, and so t(g1) > 2, and t(gp) < ;. Since 7(gy) decreases
continuously as « — 0, there exists some «g such that t(g,,) =t. Let ¢’ = gq,. Since t(g) —
7(¢’) > t, — t;, the uniform continuity of v implies that (g, g’) > B for some positive 8 =
B(ty — t1). It follows that do(g, g’') > B. Note also that g, ¢’ € Wq and g > ¢’ pointwise. Therefore
Lemma 67 implies that there exists n =n(B) such that Iy,(g’) < Iw,(g) — n. By construction,

O

IWo(g) = IW()(f) and so IWo(g/) = IWo(f) - 1.

4. The symmetric regime in general block models
In this section we prove Theorems 19 and 20, which establish that for any d-regular graph H and
Wy € B, there exists a symmetric regime for Wy and #(H, -).

Notation. Throughout this section we fix a particular d-regular graph H with d > 2. Since we
consider d to be fixed, we suppress the dependence on d in our notation.

Definition 68. Let p € (0,1) and d > 2. We define ¥/, : [0, 1] — R as

Yp(x) = hp(x1/ %),
and let @P(x) denote the convex minorant of V,(x).

Proposition 98 in the Appendix collects some useful properties of V.

Next, we introduce notation that allows us to reason about individual blocks within a graphon.
Let m € Z* and let y € A™ be a vector of interval widths that determines block membership. Let
Ij for j € [m] be as given in Definition 6. For x € [0, 1], recall that  (x) denotes the membership of
X, so that x € Iy x).
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Figure 7. lllustration of the graphon f = (fj); je(m) for m = 3. The indicated point in the graphon f is in the (1, 2) block. The
pointis mapped to a point in the function f1,, with a scaled position.

Letf € W. For each i, j € [m], we define a function fj; : [0, 1]> — [0, 1] that describes f restricted
to the block I; x I by?

i—1 j—1
fii,y)=f Z Yk + XVi> Z Yk + YV (26)
k=0 k=0

with yp = 0. We write f = (fjj); je[m] to indicate that
FO6 ) = fo.0) (r(x), r(y)), (27)

where
B (x)—1
X —= Zi:(g) Vi
V9 (x)

r(x) = (28)
(see Figure 7). By an abuse of notation, when a graphon f takes constant values on the blocks
defined by y (as in Definition 6), we write f = (f;j);je[m) Where each fj; € R is a constant rather
than a constant function.

In this section, we will utilise the restricted functions f;;. Note that in contrast to the original
graphon f € W, the f;; functions are not necessarily symmetric. However, we will continue to use
the cut distance d on these functions. In particular, we will crucially use Lemma 54 — we note
that the proof of this result does not utilise the symmetry of the functions, and thus continues to
hold in this extended setting.

Definition 69. Let d > 0 and m € Z. For a graphon f = (fij)ije[m]> we define the corresponding
d-averaged block constant graphon

15 =filla)ijerm»
1
where the d-norm is defined as ||g||4 = (f[O,l]Z g(x, y)ddxdy> .

Definition 70. Let m € Z,y € A, and Wy € BY* with Wy = (Pij)ijeim)- We say that the graphon
f = (fij)ije[m) satisfies the e-neighbourhood minorant condition with respect to Wy if for all (i, j) such

2Strictly speaking, the function f;j contains a little more information than is contained in f restricted to I; x Ij, namely, it
represents the function f restricted to the closure of I; x I;. But this difference only appears on a set of measure zero, and is
thus inconsequential; furthermore, the relation (27) holds for all (x, y) € [0, 112
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that pij € (0, 1), Yp,; = ‘&Pij in an g-neighbourhood around |[f,~j||z, meaning

xe (IS — & Ifylld +2) 010, 1) = v, (0) = ¥, ()

Remark 71. To avoid ambiguity, we define the e-neighbourhood minorant condition for Wy with
respect to the minimal block structure describing Wy. For this reason we require Wy € BY>* in
Definitions 18 and 70 and Theorems 19 and 20.

4.1 A key lemma for establishing the symmetric regime

We will establish the symmetric regimes for § small and é large (Theorems 19 and 20 respectively)
by applying the following lemma.

Lemma 72. Let m € Z, y € Ay, and Wy € BY*, ¢ > 0, and H be a d-regular graph. Supposef’ is
a minimiser of the variational problem (6) for t =t(H, -) and there exists a sequence of graphons

fn € Wq such that each f, satisfies the e-neighbourhood minorant condition, g(fy,f) — 0, and
Iwo (fa) = Jw, (f). Then f € BY and Jw, (f) = Iw,(g) for some g € BY with g =f.

The proof relies on the following two lemmas. We delay their proofs until the end of the
subsection.

Lemma 73. Let H be a d-regular graph. Let f = (f;})i je(m) and f* = (lfijlla)i je(m). Then

t(H,f) < t(H, f").

Lemma 74. Let H be a d-regular graph, m € ", y € Ay, and Wy € BY*. Let f = (fidijeim) € Wa.
Assume that f € Wq satisfies the e-neighbourhood minorant condition with respect to Wy for some
e>0.Ifdo(f,f*) = o > 0, there exists n = n(e, d, Wo, &) > 0, such that

Iw, (f) = Iwy () + .
Consequently, I, (f) = Iw, (f*) if and only if f € BY .

Proof of Lemma 72. Letj:' be a minimiser of the variational problem (6). Let f,, € Wq be such that

each f, satisfies the e-neighbourhood minorant condition, 5 (f,, f) — 0, and Iw, (f.) = Jw, (f).
For each f,, define f; to be the corresponding d-averaged graphon. We claim that d(f,’, f,) — 0.

Indeed, suppose for the sake of contradiction that there exists § > 0 and a subsequence
{fu;}i=1 such that dD(f:,., fn;) = B for all i. By Lemma 74, there exists some 1 > 0 such that

Two (fa;) = Iw, (f,j‘i) + 1. Consider the sequence {f,fi},-zl. By the compactness of WQ, there exists
a convergent subsequencef,;"ik — f' for some f’ € Wq. By Lemma 73, t(H, i) = H(H, fn;, ) and so

t(H,f) > t(H,f) > t. It follows that ]Wo(f’) > min{Jw,(g) : T(g) > t}. Observe
Jwo () =lim inf Ty, (f, ) > liminf T, (£ ) + 1> Jwo () + 7
k—o0 k— 00 k

> min{Jw,(g): t(g) >t} + 1,

and thus we have reached a contradiction. _

We have shown that do(f), f,) — 0. It follows that ég(f,;,f) — 0. Since each f, € B”, we
can write f; = (ocg)i jelm] where each ozi’; € [0, 1]. By the compactness of [0, 1]’”2, there exists a
subsequence such that

a;k — Bjjforall i, j € [m].
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Let g = (Bij)ijeim)> § € B. Since f,; — g pointwise and d(f,; ., g) < Ilf,; — gll1, the Dominated
Convergence Theorem implies that d(f,; , g) — 0. Since o (f;k,f) — 0, we have SD(g,j?) =0.
Thusf’ € 7. Note t(g) > .

Next we show that Iy, (g) = Jw,(f). Since 8g(f*,f) — 0, liminf, oo Iw, (F¥) = Jw, (F)-
Further, since each f, satisfies the e-neighbourhood minorant condition, then by Lemma 74,

lim sup,,_, o, Tw, (fy) < limp— o0 Iw, (fn) = ]Wo(f). Thus, limy,— o0 Iw, (f;}) :]Wo(f). Sincefjk —g
pointwise and f,, , ¢ € Wq, the continuity of h, for any fixed p € (0, 1) implies that

Ty (@)= lim T (f) = Jwo F)-

4.1.1. Proofs of supporting lemmas
We turn to the proofs of Lemmas 73 and 74.

Proof of Lemma 73. The lemma is a direct consequence of the generalised Hé6lder inequality of
[23] (stated as Theorem 97 in the Appendix). Let v = |V(H)| be the number of vertices in H. Recall
the definition of t(H, f):

t(H, f) =f 1_[ f i xj)dxy - - - dx,.
(011" i)eEm)

We break up the integration over the blocks specified by the vector y. Recall the definition of I;
(Definition 6). We have

t(H,f):Z...Z/ [T fCaxp)dxs---dx,.

=1 i,=1Y%1€l v€liy (4 e B(H)
Recall that f(x, y) = fy(x),0(y) (r(x), 7(y)) as stated in (28) and (27). It follows that
F(%as Xp) = fo ()0 () (T(Xa)s 7(xXp)) = i iy, (1(a)5 7(xp)).

Substituting and applying a change of variables, we obtain

t(H,f):i...i/

i1=1 i,=1Y%

I T / l_[ fia,ib(i‘(xa), T(xb))dxl e dxy

€l (a,b)eE(H)

14

1_[ le / l_[ fi,;,i;,(xa, xb)dxl e dxv.

x€[01)” (e E(H)

m m
=1 i=1 \j=1

By the generalised Hélder inequality (Theorem 97),

m v

(<Y O T | TT Wil =tEH£).
i1=1

=1 \j=1 (a,b)eE(H) O

We will apply Lemmas 75, 77 and 78 in the proof of Lemma 74.

Lemma 75. Fix m€ Z*t, y € Ay, and let f, g € B be two graphons with f = (i) jyetmp and g =
(gij)(i,j)e[m]2~ Then d(f, g) < max;; d(fijs &ij)-

Proof. Recalling the definition of d, we will need to bound supg 1 | /. 7 (f — g)| over all mea-
surable subsets S, T' C [0, 1]. Fix two such subsets, and recall that I; is the ith block. By the triangle
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inequality,
(f(x, y) —g(x, y)) dxdy’ = Z / (f(x, —glxy ) dxdy
SxT (ij)elm {Sx TIN{L;x I}
< > / (F(e) = g(x.)) dxdy| .
(i)em]? (SxT)N(I; <)

Setting T; = r(T N I;) and S; = r(T N I;), where r is as described in (28) and (27), we write the right
hand side as

>y / . (fij(x y) — gij(x, ) dxdy‘ <> vy max o (fees ke) = max oy (fies gke):
(i)elm)? el ij ’ ’

Since S, T C [0, 1] were arbitrary, this completes the proof. U
Definition 76. Given f : [0, 112 = [0, 1] measurable, c € R, and ¢ € [0, 1], define the sets

AF(f,0)=1{(xy) €[0,1]*: f(x,y) —c> ¢}

A (f,0)={(xy) €0, 1]? ic—f(x,y) > ¢}

Lemma 77. Letf : [0, 1]% — [0, 1] be measurable, and let g be the constant graphon that takes value
fl 4. There exists B = B(e) such that if do(f, g) > ¢, then

AFELIAIDI= B and A5 (P IFIDI = B
where f¢ denotes the function f(x, y) = f(x, y)?

Proof. Without loss of generality, we may assume that ¢ is small enough such that 1 > ¢/4 >
d (¢/8)? . We begin by observing that for u, v > 0 satisfying u — v > £/4 and a(x) = x4,

u vte/4 d
a(u) — a(v):/; a' (x)dx > /1:—1-8/8 a' (x)dx > %a’ (%) =d (g) . (29)
Let f:[ — [0, 1] satisfy the hypotheses of the lemma. Lemma 54 implies that

8/4f |Lf”d |>5/4 or |Ag,(f, Iflla)l = e/4. We will establish the result in the case that
g 4(f fIla)| > €/4. The other case follows by an analogous argument. Note that if f(x, y)
I[flld > ¢/4, then (29) implies

Fny) — If14> d (g)d

Let c=d(¢/8)%. Since |A€/4(f Iflla) = &/4 and A8/4(f, Ifla) S AF (£ 11119, it follows that

Iég(fd, |[f||d)| > /4> c. For ease of notation, let AT —A(J)r(fd, |[f||g) and A~ =Aa(fd, |[f||g).
serve

2
czs/ fi- ufan/ fi- nfnZ:/ 114 = £ < 1AZ (P AN + =
AR At A- 2

It follows that |4, , (% IIf )] = ¢/2. Since |AL , (F% IFIDI = |4 (f, fla)l = ¢ = */2, taking
B = ¢ /2 completes the proof. O

Lemma78. Letp € (0,1), & > 0, and f : [0, 1]> — [0, 1] measurable. There exists n = n(p, &, B) > 0
such that if |Ag (f, If 1D 1AZ (f, If D] = B and Yip(x) = Yp(x) for all x € (If 1 — & IIf 1 + &),
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then
| 0= 00 (151 +
[0,1]2
Proof. For ease of notation let z= ||f||;. Since v, is differentiable, it follows that @p is differen-
tiable at z, and so @@};(z) = 1//}’,(2) is a subdifferential of @p at z. Let
gw) = p(2) + (D) (w — 2).

Moreover, since Iﬁl’,(z) is a subdifferential of 1}1, at z, 1/}p(w) > g(w) for all w € [0, 1]. Since g is a
linear function,

f ey =g ( / f(x,y)> —e (1) = v (IF1) =B (IF1) . G3O)
[0,1]2 [0,1]2
Define

d(w) = Yp(w) — g(w),

and note that d'(w) = wl’)(w) — wl’,(z). Assuming w >z + /2 and applying the Fundamental
Theorem of Calculus twice, we obtain

o =dw —d@) = [ d@da= [ [y dbaa

z+B/2 pa w a
= / / ¥, (b) db da + / / Y, (b) db da,
z z z+p/2 )z

o, 2
_w—z—p/2)
- 2

provided that w};/ (x) is non-negative on [z, w]. The same argument applies for w <z, and one

min{w};/(x) :x € [z+ B/2,w]},

obtains a similar lower bound, with min{l/f}’,’(x) :x € [w, z— B/2]} instead.

Next, we construct a set S C [0, 1]? and choose 1’ > 0 such that for all (x, y) €S,

(i) Yp(f () = Vp(f (x ),
(i) ftuy) —zl =8,
(iii) w};/(b) >’ for all be[f(x,y),z— B/2] if f(x,y) <z, or for all be[z+ B/2,f(x,y)] if
fy) =z
(iv) w}’)’ is non-negative on [f(x, y), z] if f(x, y) < z or non-negative on [z, f(x, y)] if f(x, y) > z,
and

V) ISI=B.

Our construction of S depends on v, and z. Let pg be as given in Proposition 98. There are three
cases concerning po. In each case, n’ is well-defined because it is the minimum of a continuous
function over a compact set.

(1) If p > po, then wl’,’ is positive on [0, 1]. Let S = A;(f, z)and ' = min{lﬁl’,’(x) :xe[0,1]}.
(2) If p < po, then the function ¥, has two inflection points r and r,, and 1//}2’ (x) >0o0n[0,r1)

and (1, 1] and 1//1/,’(x) <0on (r1, ). Note that z & (r; — &, 72 + ¢), since ¥, = I/Afp is convex
in an e-neighbourhood around z.
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- Ifz<r —egletny = min{wl’,’(x) :x € [0, — ¢]}. Note ' > 0 since wl’,’ is positive on
[0,71 —&]. LetS =Ag(f, z).

—-Ifz>r+telety = min{tpg(x) :x € [ry +&,1]}. Note n’ > 0 since %;/ is positive on
[ro+e,1]. Let S =A/J3r(f, z).

(3) If p = po, then the function v, has one point r such that wl’,’(r) =0and w}’,’(x) >0on [0,r)

and (r,1]. Ifz <1, let ' = min{lﬂl’,’(x) :x€[0,z— B/2]}and S :Ag(f, 2).Ifz>rletn =

min{lﬁl’,’(x):xe [z+ B/2,1]} and S=A;§(f, z). Since A;(f, z),AE(f, z) are non-empty,
0<z—B/2<z+B/2<1.

By our choice of S= A4 (f,z) or S= A;(f, z) as needed, it is easy to see that properties (i), (ii),
and (v) are satisfied. To see how the remaining properties are satisfied, consider for example Case
(2), where z < r; — ¢. In this case, (x,y) € S =AE (f,z) implies f(x,y) <z— B <r; —e — B. Since
wl’,/ (x) > 0 on [0, 1), property (iv) is satisfied. Property (iii) is satisfied since w}’,’ (b) >/ for all
be [0, —¢] D [f(x, y), z— B/2], where the inclusion holds for any (x, y) € S.

Note that if (x, y) € Sand f = f(x, y) > z, then properties (i)-(iv) imply that

_z— 2 132
U2 P ingygy:be e+ /2.1 2 T2

(31)

Up(f) — () = vp(f) — g(f) = d(f) >

The same bound holds if f(x, y) < z.
Recall that 1Z/p(w) > g(w) for all w € [0, 1]. It follows by (30), (31) and property (v) that

/ Up(f (. 3)) dx dy — ¥y (I1f 1) =/ Up(f(x, ) — g(f (x, 7)) dx dy
(0,12 [0,1]2

Iy /3
nﬂznﬂ'

8 8

> /S Do) — g(f(xy)) dxdy = |S|

Taking n = n’ 8> /8 completes the proof. g

Proof of Lemma 74. Suppose f is a graphon that satisfies the e-neighbourhood minorant con-
dition, and has the property that dg(f, f*) > «. Since do(f,f*) > «, Lemma 75 implies that
there exists some a, b € [m]? such that d(fop, ||fasll4) > @ (Where by an abuse of notation, ||f;]l4
denotes the constant function that takes that value ||fsl4). Since f € Wa, f;j is constant when-
ever pjj € {0, 1} and the values a, b are such that py, € (0, 1). Lemma 77 implies that there exists

B = B(a) such that |AF (f4, Ifu D] = B and |A5 (F4, Ifap | = B.
For each (i,j) such that p; € (0,1), Lemma 78 implies that there exists n;; = n;j(pij, &, B)

such that lfg [0> 1]2 - [Oa 1]a |A‘g(g’ ”g”l)" |A;(ga ||g||1)| = ,B and Wp,-j(x) = @p,-j(x) for all x €
(Iglh — & liglh +£), then

/[o " 1&pij(g) > J/Pij (llglv) + mij. (32)
Let n/ = mln(,d){nl] :pij c (0, 1)}

Since f satisfies the £-neighbourhood minorant condition, ¥, = I/}pab in an e-neighbourhood
around the value ||f;; ||Z =| ;é”l. Applying (32) to ff , we obtain

| ntatenasdy=[ vy, (Fhw) dsdy= [ iy, (b))
[0,1]2 [0,1) [0,1]2

= O (W) + 1 = v (Vs 12) + 1 = s (sl )+
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For all i,j such that p;; € (0, 1), the point (|Lf,-j||j, hp(l[f,de)) lies on the convex minorant of
Vp,; (%) = hy, (x!/4), and so applying Jensen’s Inequality we obtain

; — (4 o (£4
/[ | s sy /[ o (Fco ) dxdy = /[ e U (e ) dxdy

= ‘Z’Pﬁ </[0’1]2f;(x,y)dxdy) = I/A’Pz‘j (”fli ”Z) = Vpy (“finZ) = hp; (”fij”d) .

Since f € W, it holds that f(x, y) = Wy(x, y) for all (x, y) such that Wy (x, y) € {0, 1}. Let ¢;; be
the indicator that p;; € (0, 1). Observe

Iw,(f) = ZZ%)@CU f - hy,;(fij(x, y))dxdy

i=1 j=1

m m
>n'vave+ Y, O vivicihp; (il 2)
i=1 j=1
=n"Ya¥p + Iw, (") -
Taking 1 = 1’ ming;j){yiy; : pjj € (0, 1)} yields the desired result. U

4.2 Symmetry for small §

We now prove Theorem 19, which establishes the existence of a symmetric regime when § is small.
We state the key lemmas used in the proof and defer the proofs of these lemmas to the end of the
subsection.

Lemma 79. Given me Z*, y € Ay, Wy € BV* and a finite d-regular graph H, there exist 5o =

80(H, Wy) and & = e(Wy) > 0 such that the following is true. For all 0 < § < 8y, if f is a minimiser
of the varzatzonalproblem (6)witht =1+ 8)t(H Wo), then there exists a sequence of graphons f,, €

Wea such that ép (fn,f — 0, Iw, (fu) = Jw, (f) and each f, satisfies the e-neighbourhood minorant
condition.
We now use Lemma 79 to prove Theorem 19.

Proof of Theorem 19. Let Wj, € B”*, and let H be a finite d-regular graph. Let §o > 0 and € > 0 be

as in Lemma 79, and assume that § < 8p. Suppose that f is a minimiser of the variational problem
(6) with t = (1 4 8)t(H, Wy). By Lemma 79, there exists a sequence of graphons f,, € Wq such that

each f, satisfies the ¢- nelghbourhood minorant condition, 8(fy, f ) — 0, and Iw, (f,) = Jw, (f ).

Lemma 72 implies that f € B” and Jy, (f ) = Iw,(g) for some g € BY with g = f Thus, the problem
is in the symmetric regime.

Let h be a minimiser of the variational problem (6) with t = (1 + 8)t(H, Wy). By the above
argument we may assume that h € 3% and Iy, (h) = Jw, (h). Note that

min{Iy,(g) : g € B, t(H,g) > (14 8)t(H, Wo)} < I, (h) = Jw, (h)
and

min{Iw,(g):g € BY, t(H,g) > (1 + 8§)t(H, Wy)} > min{Jw,(g): g € BY, t(H,g) = (1+ 8)t(H, Wy)}

= Jw, (h) = Ty, (h).
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It follows that
Jwo(h) = Tw,(h) = min{Iy,(g) : g € BY, t(H, ) > (1 + 8)t(H, Wo)}. 0

4.2.1. Proofs of supporting lemmas
We now prove Lemma 79. We first show that graphons with homomorphism density close to
t(H, W) must be close to W, pointwise except possibly on a small set.

Lemma80. Letme Zt, y € Ay, Wy € BY such that y € R™, and let H be a finite d-regular graph.
Suppose [ > Wy pointwise and t(H, f) < (1 + 8)t(H, Wy) for § > 0. Let Y be a relevant interval
labelling vector with respect to Wy. Suppose I, x I, contributesto Y, i.e. Y; = a and Y; = b for some
{i,j} € E(H). (See Definition 53.) Let Sp = {(x, y) € I, X I, : f(x, y) = Wo(x, y) + €}. Then

< St(H, WO)PabVaVb
- t(H’ WO) Y)
where py, is the value of Wo on I X Ip, va = |14, and y, = |I|.

€1Se

>

Proof. Let v=|V(H)| be the number of vertices in H. Observe

t(H,f,Y) = / .. f [ fGwxw)dx,...dx
xlélyl xVEIyV {u,w}eE(H)
I o [] v / Flxo %) dx;
uelV\ij)  (ww)eEE)\(ij) %i€la Jxjely
= [ mwl I pvn (f Pab+ f (s+pab))
wel\ij}  {ww)eEH\(ij) Griot) SlaxTp\Se (%) <Se
= [T Wl ] prv | (Lallllpw + £lSel)
uel\(ij)  (wwleEH\ (i)
&[Se|
=t(H, Wy, Y) + t(H, Wy, Y).
PabYaVb

We use this to lower bound the homomorphism density of f, and obtain
(14 8)(H, Wo) = t(H,f)= Y HH.f,Z)
ze[m]v
€[S |
~ PabYaVb

HH, Wo, Y) + Y t(H, Wo, 2)
zZe[m]v

elS
= 5l t(H, Wy, Y) + t(H, Wp).
PabYaVb

The statement of the lemma follows directly. u

Lemma 81. Fix meZ", y € Ay, Woe B and H a finite d-regular graph. There exist 8o =
80(H, Wy) and e =¢&(Wy) > 0 such that the following is true. If f € Waq, f > Wy pointwise,
f = Wy on irrelevant blocks (Definition 53), and t(H, f) < (1 + o)t(H, Wy), then f satisfies the
e-neighbourhood minorant condition.
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Proof. Let Wy = (pjj)ije(m]- By Proposition 98, for p; € (0, 1) the function Vp,;:(0, 1) > R is

either convex or Wp is constructed by replacing ¥, with its lower common tangent on exactly
one interval. If ‘ﬂpzj is convex, then the minorant condition is trivially satisfied for the (i, j) block.

Otherwise, let g;j be such that qg- is the left point of intersection between v, and its lower common
tangent. Let P = {(i, ) : 1#1’,; (x) =0 for some x € [p;j-, 1]} and define
o d d
&= (E})lenp i — Pjj-
Since wp (pl]) =0 for all (i, j), we have g;; > p;; for all (i, j) € P, so that & > 0.

Let f € Waq, f = Wy pointwise, f = W) on irrelevant blocks (Deﬁnltlon 53),and t(H, f) <(1+
8)t(H, Wy). Let (a, b) € P. When I, x I, is irrelevant, |[fab||d = qah —¢&.Since Y, = wpab on

[0, qu], Yo = ‘&Pab in an e-neighbourhood around ||f |14 oIt sufﬁces to show that for § sufficiently

small, ¥, , = gﬁpﬂb in a neighbourhood around || fab||3 for all (a, b) € P such that I, x I, is relevant.
Fix such a pair (a, b). Let S, = {(x, ) € I, x I : f(x, y) = Wo(x, y) + n}. Let S,‘7 =T xIp)\ Sy

Observe
1
|quh||3 = / fx, y)4dx dy-l—/ f(x, y)4dx dy
YaYb \JS; Sy

<:;——-Qs (Pay + 1) +15,1)

Let n(8) =,/ % By Lemma 80,

8t(H, Wo)pabYaVe

8)|S =
n(8)ISy@)| < t(H, Wy, Y)

= [Sy5)1 < n(5).

It follows that
n(s)
YaVb

a4 < (pap + n(8)* +

Note that as § — 0, n(§) — 0, and the above expression approaches pgb. Thus we can pick
8 sufficiently small so that |[fab||g < ng — ¢. Since ¥, = I/A/pub on [0, ng], Vo = ﬁpab in an ¢-
neighbourhood around ||f, ||Z. Repeating the argument for each block concludes the proof. U
We will combine Lemma 81 with the following lemma to prove Lemma 79.

Lemma 82. Letf be a minimiser of the variational problem (6) with t = (1 + §)t(H, Wy) for § > 0.
Then there exists a sequence {fu}n>1 such that fn € Wa, fu = Wy pointwise, f, = Wy on irrelevant

blocks, Tw, (fa) = Jw, (f) and 80(fu, f) —

Proof. Letj~’ be a minimiser of the variational problem (6) with t = (1 + §)t(H, Wy). There exists
a sequence {f,}»>1 such that f, € Waq, Iw,(f.) = Jw,(f) and ég(f, f.) = 0. Let R C [0, 1]? be the
union of the relevant blocks (Definition 53). Define f, € Wq such that

max{f,(x, y), Wo(x,»)} (x,y) €R

fulxy) = {
Wo(x, y) (xy) €R
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Note that this ensures that f, > W, pointwise, and note further that f, = W, whenever f, # f,,
which in turn implies that Ky, (f; (% 1)) < hwy(xy) (fa(x, »)) for all (x, y) € [0,1]* and hence

Tw, (fa) = Tw, (fa)-
We claim that the lemma follows from showing that do(f,,, f,) — 0. Indeed, if do(f,, f,) —

0, then &0 fn,f ) — 0. Thus 11m1nf1w0 fn)>]W0(f) Since 11,\;0(fn)<11,v0 (fu) for each n,

lim sup Iw, (f,,) < lim sup Iw,(f,) = ]Wo(f) Thus, Iw,(f,) — ]Wo(f) as n — oo. Note that by con-
struction f,, > Wy pointwise and f, = W) on irrelevant blocks. This completes the proof.

It remains to prove that d(f}, f,) — 0. Suppose for contradiction that there exists ¢ > 0 and a
subsequence such that dg (f,’li, fn;) = e foralli>1. Let

= min min{h,(p + &/4), h,(p — £/4)},
1 pelm(Wo)\{0,1} {hy(p +&/4), hy(p — &/4)}

where we have chosen ¢ > 0 sufficiently small so that p + /4, p — ¢/4 € (0, 1) for all p € Im(Wj) \
{0, 1}. We will show that Iy, (f.) < Iw,(fs;) — £n/4, and then use this to derive a contradiction.
Indeed, let 83/4 ={(x, y) € [0, 112 :fn’i (%, 9) — fu;(x, ¥) > £/4} and S;/4 ={(x,y) e
[0, 1] i x,y) f,’li(x, ) >¢e/4}. Let S= Sj/4 USS_/4 Lemma 54 implies that |S| > ¢/4.
If (x,y)€ /4 N R, then max{fy,(x, y), Wo(x, )} — fu;(x, y) > &/4. Tt follows that f; (x,y) =
Wolx, y). If (x,y) € 86/4 \ R, then Wy(x, y) — fu.(x,y) = £/4. In both cases f,,(x, y) < Wo(x, y) —
&/4, and s0 hy,(xy) (fn; (%, ¥)) = n. Therefore

P ey) (56 1)) = 0 < By () (s (3, ) — 0.

If (x, ) € SE_/ 4 then (x, y) € R because f;, > f, on R. It follows that f,;i(x, y) = Wo(x, »), and so
Jni (%, 9) = Wo(x, y) + /4. Thus hWO(X,},) (fu;(x, ¥)) = n, which implies

hWo(X,)/)(_fy/li('xi )’)) =0=< hWO(x,y)(fn,- (x))/)) -n.
Recall that th(x,y)(fr/,i(x>y)) < hwy(xy) (fr; (x5, ) for all (x,y) € [0, 1]? and that |§| > ¢/4.
Therefore
&n
o) = [ o) [ oo = = Twath) = 5.
0,112\$ S

Next, consider the sequence {f,;i},-zl. By the compactness of W, there exists a convergent
subsequence jf/'ik — h for some h € Wq. Since fr; = fa; on all relevant blocks, t(H, f;.) > t(H, fy,),

and so t(H, h) > t(H,f) > (14 8)t(H, Wy). It follows that ]WO(;l) > min{Jw, () : t(H,g) > (1 +
8)t(H, Wp)}, which in turn implies

~ & ~ &
() = liminf Iy, () = lim inf T (F, ) + = = Jo () + =

> min{jw, @) £(H, 8) = (1 + OHH, Wo)) + 5 = Jwo () + 5

We thus have reached a contradiction. O

Proof of Lemma 79. By Lemma 81, there exists &g, ¢ such that if f € Wq, f > W, pointwise, f =
Wo on irrelevant blocks (Definition 53), and t(H, f) < (1 + SO)t(H Wo), then f satisfies the ¢-
neighbourhood minorant condition. Let 0 < § < 8y, and let f be a minimiser of the variational
problem (6) with t = (1 + §)t(H, Wy).

Lemmas 55 and 65 imply that £(H, f) = (1 + 8)#(H, Wo). By Lemma 82, there exists a sequence
{faln>1 such that f, € Wq, fn > Wy pointwise, f, = Wy on irrelevant blocks, Iy, (f,) = Jw, (f)

and 3(f, fn) — 0. Since 5|:|(f fn) = 0, t(H, fn) = (14 8)t(H, Wy). Since § < &y, there exists ng
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such that for all n > ny, t(H, f,) < (1 + 8¢)t(H, Wy). It follows by the assumption on &y that for all
n > ny, f, satisfies the e-neighbourhood minorant condition. U

The next proposition derives crucial properties for the minimiser of the relative entropy
problem, which will be useful in the subsequent analysis.

Proposition 83. Let meZt, y € Ay, Wo€BY, a finite regular graph H, v =t(H,"), and
tH, Wy) <t <t~ (WQ) If f is a minimiser of

max
min{Iy,(g):g € BY,t(H,g) > t},
then Wy < f pointwise, with equality on the irrelevant set. Furthermore, t(H, f) = t.

Proof. Let Wo = (pij)ije(m) and let f = (cjj)ije[m) be a minimiser. First, if a;; <p;;, we can
decrease Iy, while maintaining the constraint t(H, g) > ¢ by increasing «;;. Next observe that if
I; x I is irrelevant, then t(H, f) does not depend on fjj; since hy(B) has a unique minimum at
B = p, this implies f;; = p;;

To prove the last statement, suppose for contradiction that t(H, f) > t. There exists a relevant
block I, x I, such that ctzp, > pgp. Let R be the union of the relevant blocks. Let fg be the following
graphon

B () el x I
fp=3f(xy)  (xy)eR\I, x1I,

Wo(x,y) otherwise.

Since h,(B) is strictly increasing for B € [p, 1], Iw, (fg) is strictly increasing for 8 > p,j,. Combined
with the continuity of t(H, fg) as a function of 8, we conclude that there exists 8 € [pgy,, @4p) such
that t(H, fg) > t and Iw, (f) > Iw,(f). This is a contradiction. 0

4.3 A symmetric regime for larger §

We now establish the existence of a symmetric regime for larger § (Theorem 20).

Lemma 84. Fix me Z*t, y € Ay, Wo€BY and H a finite d-regular graph. There exists § =
8(Wo, H), e = e(Wy) > 0 for which (1 + 8§)t(H, Wo) < maxgew, t(H, g) such that the following is
true: If f € Wa, f > Wy pointwise, f = Wy on irrelevant blocks, and t(H, f) > (1 + 8)t(H, Wy), then
f satisfies the e-neighbourhood minorant condition.

Proof. Let Wy = (pjj)ijc(m]- By Proposition 98, for p; € (0, 1) the function Vp,:(0, 1) > R is

either convex or Wp, is constructed by replacing ¥, with its lower common tangent on exactly
one interval. If ¥, is convex, then the minorant condition is trivially satisfied for the (3, j) block.

Otherwise, let q; and g;; be such that qz and Zlg. are respectively the left and right points of intersec-

tion between Iﬁpij and its lower common tangent. Let P = {(j, j) : Iﬁ;):j (x) =0 for some x € [pg, 11},
let R denote the relevant blocks, and define

d
£1 = min (1 —qij)

(ij)eP
&= min - pf
(ij)€P\R —’] J

& =min{ey, &}.
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Since 1//1’71_]_ (pgl-) =0 and wz/nj(l) = oo for all i, j, we have gij > pij and g; <1 for (i,j) € P, so that

& > 0. Let gjj be the graphon in W, that takes value g;; + &'/ on the block I; x Ij and takes value

1 on the rest of 2. Let § be such that (1 + 8)t(H, Wo) = max; jep t(H, ).

Suppose f € Wgq, f> Wy pointwise, f =W, on irrelevant blocks, and #(H,f)> (1+
8)t(H, Wo) > t(H, g;j). Lemma 73 implies that for (i) € P, t(H, g;;) < t(H, f) < t(H, f*) where
f*=filla)ije(m) is the d-averaged graphon. Let (a, b) € P. When I, x I is irrelevant, |Lfab||g =
pgh < q:b — ¢&. Since V¥, = 1/A/puh on [0, qu], Vou = 1/A/pub in an e-neighbourhood around ||fab||g.
Next suppose I, x I, is relevant. Since t(H, f*) > t(H, gs,) and ggp > f, on [0, 112\ (I; x I), f*
must be greater than g, on I, x Ij. It follows that ||falla > G, + e1/4 and so |[fah||g > qu +¢.
Since ¥, = lﬁpub on [qu, 1, ¥p, = ‘ﬁpab in an e-neighbourhood around || fabl|g. O
Proof of Theorem 20. Let Wi € B”*. By Lemma 84, there exist §, & > 0 such that if f € Wq,
f = Wy pointwise, f = Wy on irrelevant blocks, and t(H, f) > (1 + 8)t(H, Wy), then f satisfies the
g-neighbourhood minorant condition. Let 1 be such that (1 + 8)t(H, Wy) = (1 — )tmax. Since
(1+8)t(H, Wo) < maxgew, t(H, g), it holds that n > 0. Let t € ((1 — 7)tmax> fmax]

Let ¢ be a minimiser of the variational problem (6) with this value of . Lemma 82 implies
that there exists a sequence g, € Wq such that Iw,(g,) — Jw,(g), each g, > Wy pointwise, and
80(gn> £) — 0. It follows that t(H, g,) — t(H, g) > t. Since t > (1 + §)t(H, Wy), there exists some
ng such that for all n> ny, t(H, g,) > (1 + 8)t(H, Wy). It follows by Lemma 84 that for all n >
ng, gn satisfies the e-neighbourhood minorant condition. Lemma 72 implies that ¢ € ¥, which
establishes symmetry in this case. The rest of the proof is the same as that of Theorem 19. U

5. Symmetry breaking in special cases

In previous sections we let y € A, and defined B” as the set of block graphons in which the
interval structure is given by the vector y. In this section, we let y € (0,1) N Q and let BY1=7)
denote the set of block graphons with two intervals, the first of length y and the second of length

1—y.
Recall the definition

p if(xy)elo,y]?
Jrar®y) =1 if(6y) €y, 11?
q otherwise.
We prove Theorem 23, which establishes the existence of a non-symmetric regime for graphons

of the form fOij,p’ fl}jP»P’ and fl)jp,o when p is sufficiently small.

Lemma 85. Lety € (0, 1) NQ and Wy € BY-1=7) pe a graphon with Im(Wy) € {0, p, 1}. If g € Waq,
then Jw,(g) = Iw,(g). Moreover, if T is a continuous graph parameter and Wy is a graphon of the
formfz)fp’p with z € {0, 1}, then

min{Jw, (f) :f € B, t(f) > t} = min{Iw, (f) : f € BV U BV, 2(f) > 1},

provided t € R is such that the above minima are finite. If Wy is a graphon of the form fZ»P)ZZ with
z1, 22 € {0, 1}, then

min{Jw, (f) :f € B, ©(f) = t} = min{Iw, () : f € B, ¢(f) = 1},
again provided t € R is such that these minima are finite.

Proposition 43 establishes that sets of the form {f € Br:1-1); 1:(]? ) > t} are compact under 80,
and therefore the above left-hand minima are well-defined. Since f € B""1~7) can be identified
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with [0, 1]3, the set B"1=7) is compact with respect the Euclidean metric. Since Iy, is continuous,
it follows that the righthand minima are well-defined.

Lemma 86. Let y € (0,1) N Q and H be a d-regular graph with v vertices. Assume that

1. 0<t< t(H,f()’fo’l) and denote W), =f0’fp’p, Ey) = BYA=v) gy BA=v¥) or

2. t(H,fffO,O) <t <1and denote W, :fffp)p, Ay) =BY1=r)ypi-rv) or

3. t(H,fij)O) <t< t(H,le)O) and denote W, =f17jp)0, Hy)=Br1-7),
Separately, under each of these assumptions, there exists pg > 0 such that if p < po,

inf{IWp(f t(H,f) > t} < min prf :f € Ely), t(H,f) >t}
Proof of Theorem 23. We apply Lemma 86 to conclude that there exists po > 0 such that if
P < po,

inf{ pr(f) t(H,f) >t} <min pr(f :f € Ely), t(H,f) >t}
Lemmas 55, 64 and 85 imply that
min{Jw, @) : t(H, g) > t} < min{Jw, () :f € B, t(H,f) > t}.

Therefore if g is a minimiser of (6), then § ¢ B""177), meaning t is not in the symmetric
regime.

5.1 Proof of Lemma 85

Proposition 87. Let y € (0,1) N Q and Wy € BW1=¥) pe a graphon such that Im(Wy) < {0, p, 1}.
Let Ip(f) = .f[O,l]Z hy(f (x, y))dxdy, and let Q4 = {(x, y) € [0, 1]2: Wo(x, y) = q} for g € {0, p, 1}. For
all f e Wq,

Iw, (f) = Ip,(f) — [S20|hp(0) — [21]hy(1).
Proof. Suppose f € Wq. Then for g € {0, 1}, f = g almost everywhere on . It follows that

Iw, (f) = /hp(f(x, )dxdy—}-/Q ho(f(x,y))dxdy—l—/S‘2 h(f(x, y))dx dy
=/ hy(f(x, y))dx dy

=/[ - hy(f (. y))dx dy — |Q01h,(0) — [S21]hp(1)
0,1

= Ip(f) — 1S20lI15(0) — |2 Iy (1). -
Lemma 88. Lety € (0,1) NQ and Wy € BY1=Y) Let VNVQ be defined with respect to Wy,

(i) Suppose Wy =fz]fp,p, and z € {0, 1}. Iff € BY1=7) N W, there exists g such that BD(]?, g =
Oandg e (BY1=v) U BA=vY)y N Wq,.

(i) Suppose Wo =, ey and 21,2 € (0.1}, If f € BY1=7) N\ W, there exists g such that
SIZI(f?,g) =0andge BW-1=v) q Wa.
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Proof. Since f € BY1=¥) N W, there exists some g € BY1=7) and h € Wy, such that 8(f, h) =
0 and é3(f, g) = 0. Thus 8 (h, §) = 0. Since g is of the form g =}, ajjly, x 1y; with Y1 = [0, ¥]

and Y, = (y, 1], we can use Lemma 44 to conclude that & must be of the same form with
appropriate sets Y7, Y, of sizes y and 1 — y.

First suppose that Wy has the form fz),/p,p for z € {0, 1}. We consider cases:

(a) If|Y; N[0, ¥]| > 0, then or1; = z and g € Wa, which completes the proof.

(b) If |[Y]7 N[0, ¥]| =0, it must be the case that y <1/2 and |Y; N[0, y]| > 0, implying that
az; =z. Note that we can always re-define ¢ on the measure zero set ({y} x [0,1])U
([0,1] x {y}) so that g¢ e BU=v7) for ¢(x)=1—x. Since y <1/2, g¢ =zon [0,y] x
[0, y] meaning g® € Wq. By construction, g? € B1=7) and 64(g?, f) = 0.

Next, suppose that Wy has the form fz};,p,ZZ for z1,2, €{0,1}. As h € Wgq, h takes value z; on
[0, y]? and value z; on (y, 1]°.

(a) If|Y; N[0, ]| > 0and |Y, N (y,1]| > 0, then a1y =21, a2 = 25 and again g € Wa.

(b) If |[Y; N[0, ]| =0, then y <1/2, |Y;N[0,y]] >0 and |Y] N (y, 1]| > 0. It follows that
11 =22 and 0y = 21.

- Suppose y = 1/2. As before, by re-defining g on the boundary if necessary, we note that
for p(x) =1—x, g¢ takes value z; on [0, y] x [0, ¥], and value z, on (y, 1] x (y, 1].
Thus g? € Waq. By construction g? € B7*1=7) and 6 (g‘p,f) =0.

- If y <1/2, then |Y)|=1—y =|(y,1]| > 1/2. Thus |Y,; N (y,1]| >0, and a3z =2,.
Thus z; = z; and h must take value z; = z; almost everywhere, meaning g does as well,
sogeWqn BW-1-7),

(c) The case that |Y; N (y, 1]] = 0 follows analogously to the above case. Note that if y # 1/2,

cases (b) and (c) only occur when z; = z,. Therefore when z; # 23, g € B 1=v) nwg,. O

Proof of Lemma 85. First we show that if g € Wgq, then J, () = Iw, (g). Let g € Waq. There exists
a sequence of graphons {g,},>1 with each g, € Wq such that Iy, (g,) — Jw,(g) and 6(gs, £) — 0.
It follows that there exists a sequence ¢, € M such that d (g,(f ",g) — 0.Note that I,(g") = I,(gn).
Let ¢ = [Q0]hy(0) + |Q1]|hy(1). By Proposition 87, I,(g) = I,(g) — ¢ and Iw,(gs) = I,(gn) — ¢
since gy, g € Wa. Leveraging the lower semi-continuity of I, with respect to dj (Lemma 39), we
obtain

Jw, (@) = linn_l)(i)rgflwo(gn) = linrggéflp(gn) —c= linn_l)ggflp(gf”) —c>1Ip(g) — c=Iw, ().

Since the definition of Jy, implies that Jw, (g) < Iw,(g), it follows that Jy,(g) = Iw,(g)-
Next suppose Wy is of the form fzjfp’p or sz,P,Zz where z,z1,2, €{0,1} and z; =2z,.

Clearly min{Iw, () : f € BY1=7) U BU=Y) (f) > t} > min{J, (§) : § € BY177), () > t}. Let

h be such that ]WO(iI) = min{Jw,(g) :geBW’l—W,r(g) > t}. Lemma 88 implies that we may
assume h € (BY°1=7) U BA=7¥)) N Wg. Observe

min{]wo(f) :j‘ e B 1=v), (f) >t} =]W0(}~1) = Iw,(h)
> min{Iy, (f) : f € B U BV ) 1(f) > 1),

This establishes the claim in these cases. The proof for Wy = fz};,p,ZZ, 21,22 €{0,1}, z1 £z, is
analogous. O
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5.2 Proof of Lemma 86
Our construction of a non-symmetric graphon with lower entropy than any symmetric graphon
is different for each of the three cases. Each proof uses the following proposition.

Proposition 89. Let {W,}yc(0,1) be a family of graphons where W), takes value in {0, p, 1}. Assume
further that the sets where W), assumes the values {0, p, 1} is the same for all p € (0,1). For i€
{0, p, 1}, let Qi = {(x, y) € [0, 1] : Wy(x, y) = i}. Let E be the graph with two vertices and one edge. If

f €Wg, then
Iw,(f) 1
im —2 _—(t(E,f)—|§21|).
p—~0logl/p 2
Proof. First observe that for a fixed o,
h alog & 4 (1 — ) log 1=¢
lim p(Oll) = lim 4 : 1P . (33)
p—0 log 5 p—0 log ]

Since % is bounded as p — 0 (using Lemma 33) and f € Wg, the Dominated Convergence
Theorem implies that

w,(f) 1 h(f) 1 [ k() 1 1
pl—% log1/p _;ER) 2 fgzp log1/p ) /;Zp ;l—% log1/p ) /pr_ 2 (t(E’f) B |Ql|) ’

O

5.2.1. Erdés-Rényi graphs with a planted independent set

In this subsection, we prove the existence of a non-symmetric regime for d-regular subgraph
counts in graphons of the form fgfp)p when p is sufficiently small. We will do this by showing that
the union of isolated vertices with a clique will have lower relative entropy than the minimum in
Bw1=v) y g=v.y),

Proof of Lemma 86, Statement 1. Let W), = folfp)p. First note that
min{T, (f) : f € B U B, H(H, f) > 1)

=min{lw,(fyap) 0 B € [p 1l z€{y, 1 =y} t(H, f5a5) >t} (34)

We can restrict to graphons of the form f§, 5 since I, (f,’, 5) = 0o when 7 7 0. We can further
restrict to &, B > p since hy( - ) is decreasing on [0, p] and ¢(H, -) is an increasing function.

Define the non-symmetric graphon y; as follows.

1 (xy)ell—1t3,1]2
xe(, y) =
0 otherwise.

In other words, the graphon ; is the union of a clique and isolated vertices that has the required
subgraph density (by the fact that t(H, x;) =t). Note that the assumption that t < t(H, fO}:O,l)

implies that t1/V <1 —y andso x; € Wa. By (34), it suffices to show

Iw, (xt) Iw, (f5 0 5)
lim Wy Xt < li p%’a’ﬂ

(35)
p—=0 logl—7 p—0 log%

for each triplez € {y, 1 — y}, a, B € [p, 1] such that t(H>foz,a,ﬁ) >t
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Let E be the graph with two vertices and one edge. By Proposition 89, for z € {y,1 — y}

Iw, (foup) 1 Iw,(xe) 1 1
lim A’?’ﬁz—t(ﬂffuﬂ) and  lim —~ lt (E Xt)_—fv
p—0 logl—7 2 o p—0 logp

Therefore to establish (35), it suffices to show that
2 2
tv < t(H,fOZ’a’ﬁ)v < t(E,fOZ)a,ﬂ).

By the generalised Holder inequality (Theorem 97) and the facts that E(H) = dv/2 and g% < g for

any graphon g,
G
t(H,g) = 1_[ 8(xi, xj)dxy . . . dx, (f (g(x,y))d dx dy)
01 (i) (0172
P
< ( / g(x,y) dx dy) =t(E, g)? (36)
[0,1)2

The second inequality is strict if g takes values in (0, 1) on a set with positive measure, as is
the case for all graphons in the set of potential minimisers described on the right hand side of
(34), with the exception of graphons of the form f7, ;. We claim that for such graphons, the first
inequality is strict. When we apply Theorem 97, we take f;(x;, x;) f0,1,1(xt’ xj). To have equal-
ity, fi must have a product representation fi (x;, x;) = f1i(x;)f1j(x;). Suppose such a representation
exists. For x;, x;j € [0, z)z,fl (xi» xj) = 0, and so f1;(x;) = 0 or f1j(x;) = 0. However, then f(x;,-) =0
or fl(-,xj) =0 on a set of positive measure, which is not consistent with the structure of the
graphon fg, ;. Finally, taking g = f, 4 and rearranging establishes (35). O

5.2.2. Erddés-Rényi graphs with a planted clique
In this subsection, we prove the existence of a non-symmetric regime for d-regular subgraph
counts in graphons of the form fl):p,p when p is sufficiently small. Again it will be the union of

a clique and isolated vertices which has lower relative entropy than the minimiser in B%>1=7) U
B=v:y),
Proof of Lemma 86, Statement 2. Let W, = fl’jp’p. First note that

min{lw, (f) :f € B U BYYY), (H, f) > 1)

=min{lw,(ff,p):z€{y. 1 —v}La, B elp 1], t(H, £, 5) > th, (37)

by similar reasoning to the proof of Lemma 86, Statement 1. Define the non-symmetric graphon
X: as follows.

1 (xy) elo,tv]?
xe(%,y) =
0 otherwise.

In other words, the graphon yx; is the union of a clique and isolated vertices that has the required
subgraph density. Note that since ¢ > t(H, fly 0.0)> t'/V > y and so x; € Wa. By (37), it suffices to
show that

I Iw, (f, 5)
llr% Wp(}it) - 111’1‘%) p(fl,(;l,ﬂ
p—0 log > P log 5

for each triplez € {y, 1 — y}, @, B € [p, 1] such that t(H,ff’aﬁ) >t
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Let E be the graph with two vertices and one edge. By Proposition 89, for z € {y,1 — v}

2 2
lim pr(fia,ﬂ) _ t(E’fiZ,a,ﬁ) -Y and lim IWP(Xt) _ t(E, x¢) — y2 _ tv — yz
p—0 log}) 2 p—0 10g1% 2 2

Therefore, it suffices to show that

1

2 1 2 2
S =72) <5 (B Sup) = 7?) = 6 SHHfup)? < HE S p):

This holds by (36), as long as one of & or B is not equal to 1. Finally, note that f, | is clearly

not an optimiser since t(H, f’| ;) > t and so we can always produce g € B@1=2)\ {f{ 1,1} such that
t(H,g) > tand Iw,(g) < IWp(flz,l,l)'

5.2.3. Erddés-Rényi graphs with a planted clique and independent set
In this subsection, we prove the existence of a non-symmetric regime for d-regular subgraph
counts in graphons of the form flyp o When p is sufficiently small. This time, it will be the union of

a clique, a bipartite complete graph and isolated vertices which has lower relative entropy than the
minimiser in BY>1=7),

Proof of Lemma 86, Statement 3. Let W, = flJ:p,O and t(H, fljjo,o) <t<t(H, fly 1’0). First note that

min{IWp(f) :fe B, t(H,f) >t}
=min{lw, (], o) :« € [0, 1], t(H, f{, o) = 1}
=min{lw, (f o) :@ € [0, 1], t(H, f{, o) = t}. (38)

The first equality follows because I, (f;

0.,
follows by Proposition 83.
We construct a non-symmetric graphon x, such that t(H, xo) = t(H, ff:a)o). Let

) =00 when 1 # 1 or 8 # 0. The second equality

1 (o) eloy+0—y)ad?\ (y,1]?

Xa (%, y) =
0 otherwise.

Let s; be the number of labelled independent sets of size k in H, and let v= | V(H)| be the number
of vertices of H. In any homomorphism of H in fffa’o, the vertices of H mapped to the interval
(y, 1] must form an independent set. Counting homomorphisms by the number of vertices that
map to (y, 1], we obtain

14 14
HH, fly0) =D sy 1 =)™ =3 sy ((1 = y)a 1% = 1(H, xa).
k=0 k=0

To establish symmetry breaking, it suffices to show that x, has lower entropy than the class of
symmetric graphons ffja,o' Thus by (38), it is enough to show that
IWP(Xot) i IWp(fl}ja,())

i (39)
p—0 logl% p—0 logll)
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for all & such that t(H,ff:a)O) =t. Since t(H,fij)O) <t< t(H>f1)j1,0)’ t(H’fIZ,a,O) # twhen o € {0, 1}.
Thus, it suffices to establish (39) when « € (0, 1).
Observe using (33) that

i Ivlvg(xf) - im (1= )ty hy(1) + (1 it A=rarh© _ ()
- g, P~ g5
and
4
;imo IW{;O(fl,la,O) ~lim (1 —l)/)ylhp(a) — (e
- g5 P 0g ,
Noting that 0 < o < 1 establishes (39), and completes the proof. U

6. Bipartite Erdos-Rényi graphs

In this section, we prove Theorems 24 and 28, which precisely identify the symmetric and non-
symmetric regimes for d-regular subgraph counts and the operator norm in bipartite Erd6s-Rényi
graphs respectively. Throughout this section, we fix p € (0, 1) and y € (0, 1) N Q. We use the nota-
tion ]fl,y to denote the bipartite graphon with density p and blocks of size y and 1 — y, as illustrated
in Figure 2.

6.1 Density of d-regular subgraphs

We will apply Lemmas 90 and 91 to identify the symmetric and non-symmetric regimes
respectively.

Lemma 90. Let p € (0,1), y €(0,1) NQ and Wy =fpy. Let H be a d-regular graph with d > 1. Let
0<p<r<1 be such that (r, hy(r)) is on the convex minorant of V. If f € Wq and t(H, f) >
t(H, f}), then I, (f) > Iw, (f,) with equality if and only if f = f}" almost everywhere.

Lemma91. Let p€(0,1), y €(0,1) NQ and Wy =ﬁ,y. Let H be a d-regular graph with d > 1. Let
0 <p <r<1besuch that (4, hy(r)) is not on the convex minorant of V. Then there exists g € VW
such that t(H, g) > t(H,fry) and Iw,(g) < Iwo(fry).

We now prove Theorem 24, which completely characterises the symmetric and non-symmetric
regimes for d-regular homomorphism densities in bipartite Erdés-Rényi graphons.

Proof of Theorem 24. Suppose that the point (r?, hy(r)) lies on the convex minorant of .
We will show that # = #(H, fry) is in the symmetric regime for t(H, -). Let g € V~VQ be such that
Jw, (g) = min{Jw, (f) (HH, f) > /). We may assume that ¢ € Wq. By Lemma 85, Jw, (2) = Iw, (2)-
Since t(H, g) > t and (+4, hy(r)) lies on the convex minorant of ¥, Lemma 90 implies that
Iw, (g) > Iw, (). Since Iw,(g) =Jw, (@) = min{Jw, (@) : t(H,g) >t} < I, (f), it follows that
Iw,(f7) = Iw,(g). Lemma 90 implies that ¢ =f, meaning that £ is the unique symmetric
solution.

Next, suppose that the point (r, hy(r)) does not lie on the convex minorant of v,. We will

show that ! = #(H, fry) is not in the symmetric regime for t(H, -). Lemma 91 implies that there
exists g € Wq such that t(H, g) > t(H, f,) and Iy, (g) < Iw,(; ). By Lemma 85, Jw, (8) = Iw, (g)
We apply Lemma 85 and obtain
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min{Jw, &) : t(H, g) = t} ,§ € BV} = min{lw, (¢) : t(H, g) > 1} , g € BY177) U p1=71))
= min{Iw, (f] ) : g € [0, 1], t(H, f] ) > 1 } = I, (f})

> Ty, () > min{Jw, @) : t(H,g) >t/ }.

The second equality follows by noting that if y # 1/2 and g € B!=7"¥), then Iy, (g) = 0o or g
is the zero graphon. The third equality follows by noting that I, (fy ) and t(H, f; ) are increasing
functions of g. 0

6.1.1. Proof for the symmetric regime
The following lemma describes a norm condition on f that implies that the graphon f; has lower
entropy.

Lemma 92. Suppose that d > 1 and p <r <1 are such that the point (r%, hy(r)) lies on the convex
minorant of Y, and

g = 2 (1= y)r.
Then Iy, (f) = Iw, (), with equality occurring if and only if f = f} almost everywhere.
Proof. The statement is trivial if f & Waq. For f € Wy,

Iwo(f)=/oy /yl hp(f(x,y))dxdyzfoy /yl vy (fd(x,y)) dxdy

zfoy /yl U (fd(x,y)) dxdy

. 1 vt

>y(L—y)Yp (m/o /}:f(x,y)dxdy) (40)
X 114

=YL=V (mT)

>y (1= p)p(r)

=y (L= V)p(r) =y (1 = y)hp(r) = Iy (7 )- (41)

Note that (40) is an application of Jensen’s inequality, and (41) is due to 1/A/p being an increas-
ing function on [r% 1]. If f #f}, then the step using Jensen’s inequality is a strict inequality.
Therefore, I, (f) > Iw, (f}), with equality occurring if and only if f = f" almost everywhere. U

The following lemma establishes a norm condition on graphons that satisfy the subgraph
density requirement.

Lemma 93. Let p,7€(0,1), y €(0,1) NQ and Wy =fpy. Let H be a d-regular graph with d > 1.
Let f € Wq be such that t(H, f) > t(H,fry). Then |V||Z >2y(1— y)rd.

Proof. We may assume H is bipartite. Since H is d-regular, H must have m vertices in each
partition class and dm edges for some m € Z". Let ¢ be the number of connected components

of H. Note that t(H,f,y) =2y (1 — y))mrdm. Let f be any graphon such that Iw,(f) < co and
t(H,f) > t(H,f,V). Then t(H,f,y) < t(H, f) implies
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(H, ) = 2 ™(1 — yymrim < /[ [T feoxds...,do

O™ (i e E(H)
14 1 Y 1
=zC/ / // [T feox)dx,...,don (42)
oy O Y (GijeEH)
1
c,,mey _ . \m 1 Y ' VAN . ’
<2y"a-y)" J] . (i, x7)dx; dix; (43)
(i) €E(H) y(1—y) x=0 Jxj=y
md
¢ I’H(l )m 1 14 /1 f( )dd d ‘
=2y (l—-y — x,y) dy dx
)/(1_)/) x=0 Jy=y

Yy 1 m 1 m
_ € d Yol d
=2 </x:0 /y:yf(x,y) dydx) =2 (2|Lf||d) .

In (42) we rewrite the density by ordering the vertices so that they alternate between the sides
of the bipartition. The factor 2¢ accounts for the fact that within each component, a partition class
of vertices can map to either [0, y] or (y, 1], and the other partition class will map to the other
interval. The generalised Holder inequality from Theorem 97 implies (43). In the application of
Theorem 97, we set p; = d for every i € [2m]. The Radon-Nikodym derivatives of the measures
are given by

dlakt1 % O=x=y d Aok 0 O=x=vy
— = an —= =
dx 0 y<x=1 dx ﬁ y<x<l1
for ke {0,1,...,m}, i.e. uokyq is uniform on [0, y] and wy; is uniform on (y,1]. The sets
Ay, ..., Ay correspond to the set E(H). We conclude that |Lf||g >2y(1 — y)rd. ]

Proof of Lemma 90. Let f € Wq be such that t(H, f) > t(H,frV). Lemma 93 implies that ||f||g >
2y (1 — y)r?. Tt follows by Lemma 92 that Iy, (f) > Iy, (f7) with equality if and only if f = /. O

6.1.2. Proof for the non-symmetric regime

Proof of Lemma 91. Since (79, hy(r)) is not on the convex minorant of v/,(x) = hp(rl/ 4y we may
use Proposition 98 to conclude there exist 71, 12, 7 such thatp <7 <r <r, <1and (1, hy(r)) lies
strictly above the line segment joining (r‘li, hy(r1)) and (rg, hy(r2)). Let s € (0, 1) be such that

rd =sr‘li +(1— s)r‘zi,

and thus
shy(r1) + (1 = 8)hp(r2) < hp(r). (44)

We use the values 71, 72, and s to define a family of graphons (g°),~0. We will prove that for
€ > 0 sufficiently small (i) t(H, g°) > t(H, f) and (ii) Iw,(g®) < Iw, (f,y). Define
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(65)] a3
— —
T r T r|Toa
Y 0 r1 T T2
| T | Lo
r 1 T
11—~ ro T2 0
T T2 T
Figure 8. Construction of g°.
2
o] =yse
L=y I =1[0,01]
_ 2
ary=(1—y)se L=,y +a]
az;=(1-y) ((1_5)82+83) L=(1—a31]
=y ((1 —5)82—|—83) Ii=(y —ag, y]. (45)
Let
I1a=[0,y]\ (hUly) and Io3=(y,1]\(LUI;).
Define

0 () e([0,y)x[0,y)U((y,1] x (y,1])
£ (xy) o (6y) e xI3) Uz x 1)UL x Iag) U(las X Ip)
g XY=
ry (%) €3 x Ina) U (era x I3) U (Iy X I3) U (I23 % Iy)

r  otherwise.

Figure 8 illustrates the construction of the graphon g°.

Next we claim that t(H, g°) > t(H, fry) for sufficiently small ¢. Let m be such that H has 2m
vertices and dm edges. Let ¢ be the number of connected components of H. Note that the only
embeddings of H into g° which contribute a value other than r*" to the integral in t(H, g°) are
such that at least one vertex of H is mapped to U?Zl I;. Since each «; is of order &2, in order to
compute t(H, g°) — t(H, f') up to error O (¢*) it suffices to consider embeddings in which only
one vertex is mapped to U?Zl Ij. Observe

t(H)ge) - t(H)ﬂy)

Y 1 Yy 1
= 25/ / e / / 1_[ g (xis yj) — N dxy .. dxom
0 y 0 Y

(ij)eE(H)
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=2m [alym_l(l — y)m(rf — rd)re(H)_d +op(1 — y)m_lym(rf - rd)re(H)_d

tas(1 = )"y = ) gy 1 ) = e 0 ()
=2 myM(1 — )y —d (ssz(rf — )1 (1 —9)e? + &) (r‘zi - rd)> +0 (%)
=2y M(1 — y )yt —d (rgl — rd> e+ 0 (e*).

Since r; > r, the above computation implies that t(H, ¢g°) — t(H, fry) > 0 for ¢ sufficiently small.
Next we show that Iy, (g°) < I, (f,) for sufficiently small &. Observe

IWo(gs) _IW()(fry)
=( (1—y —ay—a3z)+ oz (y —ar —aa)) (hp(r1) — hy(r))

+ (@3 (y — a1 —ag) + oy (1 —y — oz — @3)) (hp(r2) — hy(r))
=2y(1—y) (1 — &> — &) [se? (hp(r1) — hp(r)) + (1 — $)e? + &) (hyp(r2) — hp(1))]
=2y(1—y) (1 — &> = &) & [shy(r1) + (1 — )hy(r2) — hyp(r) + & (hp(r2) — hp(r))] .

Using the condition (44), we conclude that there exists ¢ sufficiently small such that Iy, (g%) —
Iw, () <0, as desired. U

6.2 Largest eigenvalue

In this subsection we prove Theorem 28, which characterises the symmetric and non-symmetric
regimes for the largest eigenvalue of the adjacency matrix of a bipartite graph. Recall that | - ||op is
a continuous extension of the normalised graph spectral norm (Lemma 27). Note that |[f,y llop =

r/¥ (1 —y). We will use the following two lemmas to prove Theorem 28.

Lemma 94. Let y € (0,1) NQ and let W =]§,y. For every f such that f € Wq, we have ||f|1 <
Fllep < 117l

Lemma 95. Let 0 < p <r < 1 be such that (r%, hy(r)) does not lie on the convex minorant of x —
hp(\/a—c). Then there exists some g € Waq with ||gllop > 7/ (1 — y) and Iy, (g) < IWO(fry).

Proof of Theorem 28. Let /,(x) = hp(ﬁ). Suppose that the point (72, hy(r)) lies on the convex
minorant of 1,. We will show that t! = |If¥ llop is in the symmetric regime for ¢(H,-). Let g €
We, be such that Jy, (§) = min{Jw, (@) : Igllop > t }. We may assume that g € Wq. By Lemma 85,
Jwo (&) = Iw, (g). Since |Igllop > t! =r/y(1 —y), Lemma 94 implies that ||g|l, > /2y (1 — y).
Next, by Lemma 92, we have Iy, (g) > I, (') with equality if and only if g = f. Since Iy, (g) =
Jw, (&) = min{Jw, (@) : t(H, g) >t/ } < Iw, (£ ), it follows that Iy, (f}') = Iw, (g). By Lemma 92, we
conclude that ¢ = f, meaning that f; is the unique symmetric solution.

Next, suppose that the point (2, hy(r)) does not lie on the convex minorant of ¥r,. We will show
that t/ = || llop is not in the symmetric regime for t(H, -). Lemma 95 implies that there exists

g € Wa such that ||gllop > (/¥ (1 — y) and Iw,(g) < Iwo(fry). By Lemma 85, Jw, (g) = Iw,(g). We
apply Lemma 85 and obtain
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min{Jw, @) : lIgllop = /. & € B} = min{Iw, (@) : ligllop = . g € BY1 77 U BA777)
= min{IWO(fqy) ‘g€ [0,1], ||qu/ ||0p = ti)‘/} = IWO(ffy)
> Iy, (g) = min{Jw, @) : llgllop = 17 ). (46)

The second equality follows by noting that if y # 1/2 and g € B=7Y), then Iy, (g) = o0 or g
is the zero graphon. The third equality follows by noting that Iy, (fy ) and ||f [|op are increasing
functions of g.

It follows by (46) that any minimiser § ¢ BY>177), and so the problem is not in the symmetric
regime. U

Proof of Lemma 94. As stated in [34], the left inequality follows from the observation that

If = 1TeLh = 1Tz < Nlf llop-

To derive the upper bound, we use the Cauchy-Schwarz inequality. Observe that for any
u:[0,1] - R,

1 1 2
i = [ ( / f(x,y)u(ymy) ix
12 1 J 2d 1 v ] 2d
—/0 (/V o y)uly) )’) x+/}: (/0 [, y)uly) y> x
1 vy rl Y 1 py
< / u(y)*dy ( / f f(x,y)zdydx> + / u(y)*dy ( / / f(x,y)zdydx>
Y 0 Jy 0 y JO

1
= S lul31115.
It follows that || Tyull, < \/LE||f||2||u||2 for all u, and thus [|f]|ep < % Ifl2. O

Proof of Lemma 95. Let ¢° be as defined in the proof of Lemma 91. We have already shown that

Iw,(g°) < Iwo(fry) for small enough & > 0. It remains to show that [|g°[lop > /¥ (1 — ¥).
For this claim, it suffices to exhibit a function u e L?*([0,1]) such that ( Tgeu)(x) >

r/ v (1 — y)u(x) for all x € [0, 1]. Recall the definitions given in (45). Let

@(V—al —agrn x€l
r1—y x€ls
@(V—al —ag)ry  x€ly

H = %(1—)/—0{2—053%1 xebh
Y x €lns
%(l—y —op —a3)ry xels.

Recall that
1—82—83=l()f—011—014)=;(1—)/—012—013)-
14 -y
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We consider six cases, and assume ¢ is sufficiently small in each. For x € I,

1
Ty u(x) = /0 g° (x, y)u(y)dy

14
=ayr- {_y(l—)/—012—043)r1+(1—)/—012—013)r1'«/7r
+oazr- 1{7 1-—y—ay—az)n

-y
>(1—y —ay—a3)ri/yr= T(V — o1 —ag)/ynr

ALY

(y —a1 —ag)ri =ryy(1 — y)ulx).

For x € I,
1_
Teeu(x) > (1 —y — o — a3)r/yr = Ty()/ — a1 — o) /yr
v1i—vy
=ryy(l—y) 5 (y —a1 —agra=ry/y(1 — y)u(x).
Forx eI,

Tgeu(x) > (y —a1 —ag)riy/1—yr= %(1 —y - —a3)rny1l—yr
_ VY _
=ryy(l— y)m(l —y —ar—a3)r =ry/y(1 = y)u(x).

Forx eI,

Teeu(x) > (y —o1 —ag)ry/1—yr= %(1 —y —ay —a3)rny/1—yr
=ryy(l— V)@(l —y - —a3)n=ryy(l—yul).

Next consider x € I;14. Using the fact that r? = sr1 + (- s)rz, along with o = (1 — y)se? and
=(1-y) ((1 —s)e+¢ ) we obtain

Tgsu(x):(l—y—az—a3)< f 2—}—\/_7’ + o3 ﬁy )

=(1-p)1 - -¢) (fi (2r} + e313) +¢7r2>

=1-y)Q—g*—¢% <% (1 —y)se’rf + (1 —y) ((1— s)e? + 83) r%) + ﬁr2>
=/r(1—yp)1—e*—¢%) (se 4 ((1— s)e + 53) s+ r2)
=71 =—p) Q- =) (P + e +17) =yl —y) (r + (5 — 1) e’ + O?))

> 70 =) =r/y(Q —y)V1—yr=rJy(1 —y)ul),

where the inequality holds for sufficiently small & > 0 since r; > r.
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Similarly, for x € 1,23,

yr%—i— 1—yr2+a4 5
14 14

Tgeu(x) = (y — a1 —ay) (051 —7 2)

]

1—8 —&

(

=yJ1—-yQ—¢
=yV1—y(l—e=&) (¥ + B + ) =y /1—y (P + (3 — e’ + 0(e*))
>yV1—y? =r/y(U—y)yyr=r/y(1 - y)u),

where again the inequality holds for sufficiently small & > 0.
We have shown that Tgeu(x) > r\/y (1 — y)u(x) for all x € [0, 1], for & > 0 sufficiently small.
Therefore, there exists & > 0 such that ||g°[lop > 7/ (1 — y). O

alr% + a4r§) + m#)

]Y

5 J/sezr% +y (11— s)e? + 83) r%) +v1- yrz)

&%) (se?rf + (1 —s)e” + &%) r3 +17)

7. Open questions

We collect here some questions arising naturally from our investigations.

1. Our results establish a ‘reentrant phase transition’ in upper tail large deviations for homo-
morphism densities in specific block model random graphs. Note that our results on the
symmetric regime are quite general, and applicable for arbitrary block graphons. In con-
trast, our proof for the existence of a symmetry breaking regime is case-specific, and
does not generalise directly. It is natural to believe that this reentrant phase transition
phenomenon should hold for a much wider family of block graphons, and it would be
interesting to investigate this further.

2. A natural follow up question concerns the precise boundary between the symmetric and
non-symmetric regimes. So far, this boundary has been identified for very homogeneous
graphs - the Erdés-Rényi random graph in [34] and the Erd6s-Rényi bipartite graph in
this article. We expect the general case to be significantly more challenging and is beyond
the scope of this paper.

3. Theorems 19 and 20 together identify a symmetric regime for the homomorphism density
of a regular subgraph. In this regime, is the solution to the variational problem unique?

4. Another natural direction of inquiry concerns the behaviour of the minimiser(s) in
the symmetry breaking regime. In fact, we do not even know whether the upper tail
variational problem (6) has a unique minimiser in the symmetry breaking phase. Any tan-
gible progress on this uniqueness question would be a promising start in this direction.
Moreover, it would be of interest to identify the structure of the minimiser(s) in the non-
symmetric regime. These questions remain open even for Erdés-Rényi graphs, and were
already raised in [14] and [34].

5. Finally, we note that our analysis of the upper tail variational problem (6) is restricted
to regular subgraphs. Non-trivial extensions to non-regular graphs will likely require new
ideas, and will provide new insights on the upper tail problem.
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8. Appendix
8.1 Weak topology LDP upper bound

To prove the upper bound LDP in the weak topology, Theorem 48, we will use a general LDP
upper bound given in [11, Section 4.3] which we restate as Lemma 96 below.

We need some notation. Let .7’be a real topological vector space whose topology satisfies the
Hausdorff property. Let 7#* denote the dual space of continuous linear functionals on J# Let #
denote the Borel sigma-algebra of s#and let {,},>1 be a sequence of probability measures on
(74 P). Define the logarithmic moment generating function A, : 7% — (—o0, o0] of 1, as

A) =log / exp(A(x))d i, (x).
H
Given a ‘rate’ {e,},>1,1.e., a sequence of positive real numbers ¢, tending to 0, we define A —

[—00, 00] and its Fenchel-Legendre transform A* : 7##— [—o00, 00] as
8

A(L) =lim sup e, A (A /en)

n—0o0

A*(x) = sup (A(x) — A(L)).
re*

Lemma 96 (Theorem 4.1 of [11]). For any compact set I' C 3¢

lim sup &, log w,(I') < — inf A*(x).
xel’

n—00

Proof of Theorem 48. We closely follow the proof of Theorem 5.1 in [11]. Let .7’be the vector
space L2([0, 1]) with the weak topology. For each a, f € ./ define A, in the dual space #* as

Aa(f) = /[‘ - a(x, y)f (x, y)dxdy.
Setting /4y = Pk w,» define A, : % — Ras
An(3) =log f%exp(x(f))dpkn,wo (f) =log (EMWO [exp(w))]) .
Sete, = ﬁ, and let

2
A() =lim sup W

Let € be the empirical graphon on kn vertices drawn from Wy. For i, j € [kn], let Xij be the indica-
tor for the event that {i, j} is an edge in G. Since G is a simple undirected graph Xj; = Xj; and Xj; = 0.

For ease of notation let W({ = Wo(z/(kn) j/(kn)). Note Xj; ~ Bern(WJ) Let Iy, = [0, 1/kn],
Itni = ((i —1)/kn,i/kn] for i=2,...,kn and let B;j, be the square Iy, ; X Ix,;. Let S be the set

of symmetric L? functions. For a € S let a, denote the level kn approximant, i.e.

an(x, y) = (kn)? / a(w, z)dw dz
B

where B = B, , is such that (x, y) € B ».
Observe that for an empirical graphon f¢,

Aa(FO) = Xi'/ a(x, y)dxdy = Xi-/ a(x, y)dx dy.
«f Z ’ Blijim) 4 4 Z ! B(i,j;n)UB(j,in) ’ Y

1<i,j<kn,i#j 1<i<j<kn
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Recall Xjj ~ Bern(Wg ), and so for any 6
E [exp (6X;)] = Wiexp(6) + 1 — W

Since the events {Xj;};; are independent, it follows that for anya € §

Aul(em?2a/2) =10g (Bypy, ,, [exp ((km*2a()/2)] )

=log | Efep exp X~/ a(x, y)dxd
g( P, > X s 2V

1<i<j<kn

.. kn)? .
=log 1_[ Wlexp {kn)” f a(x, y)dxdy | +1 - w{
2 JB(ijn)UBG.in)

SNS—

1<i<j<kn
ij (kn)* ij

= Z log | Wyexp a(x, y)dxdy | +1— W,

1<i<jekn 2 JB(ijin)UBG,in)
—kn)®> Y / log (Wgexp (an(x,9)) +1— W(’{) dxdy

1<i<j<kn B(ijm)

(kn)* .

== log (Wo(x, y)exp (an(x, y)) + 1 — Wpy(x, y)) dxdy (47)
[0,1]\B

where B, £ UL, B(, i, n).

Next we consider u,(x) = log (pe* + 1 — p) , in order to reason about the limit of the above
integral as n — oco. For p € [0, 1], u;,(x) =pe*/(pe* + 1 — p), and so |u;,(x)| <1 everywhere. Thus
lup(x) — up(y)| < |x — y| for all x, y € R. It follows that

| log (Wo(x, y)exp (an(x, »)) +1 — Wo(x, y)) — log (Wo(x, y)exp (a(x, y)) +1 — Wo(x,y)) |

<lan(x,y) — a(x, y)|.

By Proposition 2.6 of [11], &, — a in L?, and therefore using the above inequality and the Cauchy-
Schwarz inequality, we obtain

/[0 12 198 (Wol 2)exp (@) +1 = Wox. )

- (log (Wo(x,y)exp (a(x, y)) +1— Wy(x, y))) dxdy

IA

/[ . |Gn(x, y) — a(x, y)|dxdy
0,1

1

( / (8n(y) — a(x, ) dxdy)z —o.
[0,1]2

IA
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Therefore,

lim log (Wo(x, y)exp (an(x, ) + 1 — Wo(x, y)) dx dy

n—o0 [0,1]2

= /[ . log (Wo(x, y)exp (a(x,y)) +1— Wpy(x, y)) dx dy. (48)
0,1
Next we consider the limit of the above integral over the set B,. Since |up(x) — up(y)| < |x — |,
taking y = 0, we obtain |u,(x)| < |x|. The Cauchy-Schwarz inequality then implies that
[t yisay
By

=

‘ /B log (Wo(x,y)exp (&n(x,y)) +1- Wo(x,y)) dxdy

A 2 Y2 Nl
<\ IBul | an(x,y) dxdy 5\/]{_.
n

Since a, — a in L2,

lim log (Wo(x, y)exp (Zzn(x, y)) +1— Wy(x, y)) dxdy=0. (49)
By

n—oo

Finally we use (47), (49), and (48) to compute fora e S

2
K()\.a) =lim sup w

n—00

=lim sup/ . log (Wo(x,y)exp (&n(x,y)) +1- Wo(x,y)) dx dy
[0,1]°\B,,

=lim sup/ . log (Wo(x,y)exp (&n(x,y)) +1- Wo(x,y)) dx dy
[0,1]

n—00

_ /[ 1108 (Wolx exp ) + 1= Wol ) dds

For f € 7] let
A )2 sup (M) — AW)).
ret*
By Proposition 36,
A*(f) = sup (Ra(f) = AGha)) = 2L, (f)-

Combined with the compactness of the weak topology [11, Proposition 2.8], [11, Theorem 4.1],
stated here as Lemma 96, implies that

2
li los P F) < —inf2I .
WLSUP G2 108 P (B) = = fnf 21wy ()

8.2 Other useful results
The following theorem appears in [23]. We include the notation given by [34].

Theorem 97. Let uy,. .., 1, be probability measures on Q, ..., Qy,, respectively, and let pu =
[T, wi be the product measure on Q =[]\L, 2. Let Ay,. .., An be nonempty subsets of [n] =
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{1,...,n} and write Qs =[[;cq Q2 and pa = [jcq w1 Let fi € LP(Qa;, pa;) with p; > 1 for each

i € [m] and suppose in addition that ) ;4. 1%1 <1 foreachle [n]. Then

/ﬁ il f}i (/ del.)"l" .

Assume without loss of generality that the sets {k:iec Ay} are distinct for each i€ [n], and
f filPidpa; > 0 for all j € [m]. Then equality holds if and only if there exist functions fj; on Q; and
constants aj; > 0 such that

1. forallje [m], |fil = ]_[ieAj |fjil almost everywhere with respect to
2. forallie [n],r,se€lk:i€ A}, andr #s, oyilfilPr = asi|filPs almost everywhere with respect
to ;.
Ifpi = d for every i € [m], the inequality reduces to

/ﬁm'dﬂfﬁ (/ lfz‘lddMA,);.

Proof of Proposition 45. The proof is very similar to that of Theorem 2.3 [14], and we only
sketch it here. Since both f, and g, are block graphons, the distance d(f,, g») can be written as a
maximum over 4" pairs of sets S, T C [0, 1], that are unions of a subset of the intervals used in the
definition of g,. But given S and T, the expectation of [, 1 fu is [q, 7 gn- Azuma’s inequality then

shows that the probability that the difference is larger than ¢ is bounded by e’ (kn)” for some
universal constant ¢ > 0. The union bound now implies the proposition. |
Proposition 98 (Lemma A.1 of [34]). Let d > 1 and p € (0, 1). Consider yr,(x) = hy, (xl/d> with
domain [0, 1].

1. The function y,(x) is decreasing on [0, pd] and increasing on [pd, 1].
2. Let
d—1

po=—"74"
d—1+4edl

() If p > po, then Yrp(x) is convex and I/II/)/ >0on [0, 1].

(b) If p = po, then Yrp(x) is convex and 1//}’,/ = 0 at exactly one point in (pd, 1).

(c) For p < po, the function V,(x) has exactly two inflection points r‘f and rg withp <r <
r2 < 1. The function Yy, is convex on [0, r‘li] U [rg, 1] and concave on [r‘li, rg]. Moreover

Yy is strictly positive on [0, U (g, 1].

8.3 Behaviour at t = tax
8.3.1. Proof of Theorem 21
In this subsection we prove Theorem 21.

Proof of Theorem 21. First, observe t(H ,fmax) = tmax. Consider the optimisation problem

min{Jyw, (f) : t(H, f) > tmax}- (50)
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Let f* be a minimiser of (50). Lemma 82 states that there exists a sequence f, € WQ such
that t(H fn) = tmax> fn = Wo pointwise, f, = Wy on irrelevant blocks, I, (f,) = Jw, (f* and

8o (fas f*) — 0. For n > ny, the f, satisfy the ¢’-neighbourhood minorant condition for some >0
(this follows from Lemma 84). It suffices to prove the claim for ¢ satisfying 0 <& < &’; we there-

fore assume this inequality. Lemma 72 implies that f* € 37, and Jw, (f* = Iw,(g) < oo for some
g € BY. Therefore

Tw, (g) = min{Jw, () : t(H, ) > tmax} < Iw, (finax) < 00,

and thus g € BY N Wq. Further, 8 (fy, g) = 0 implies #(H, g) = fmax. This implies ¢ = 1 on the rel-
evant blocks. Moreover, Iw,(g) < Iw, (fmax) Which is possible iff g = W on the irrelevant blocks.
We therefore conclude that g = fiax. We then have f, = finax and Jw, () = Jw, (fmax) = Iw, (fmax)-

We have thus established that fmax is the unique minimiser to the upper tail variational problem
for t = tmax.
Next, we have,

]P)kn,Wo <8D (,ka">fmax) =&, t(H> Gkn) = tmax)
IFDkn,Wo (t(H) Gkn) = tmax) .

Prouavy (801G fnax) = & |t(H, Gicn) = tmax) =
(51)

Note that the set {f 180 (f ,fmax) > ¢, t(H ,f) > tmax} is closed, and thus Theorem 11 implies

1
lim sup—— log Pkn Wo (‘SD(JC fmax > &, t(H Gkn) = tmax)
n—oo (kn)?

=- inf{]Wo(];) : SD(f)]?max) =&, t(H)]?) > tmax) =: — C.

We conclude that for every 5 > 0, there exists N(n) such that if n > N(#), then

(k 12 108 Prnwo (3D(f . frnax) = €, 1(H, Gkn)>tmax> <—C+n,
or equivalently

Py (3009 frnw) = €4 HH, Gi) = timax) < exp (—(kn)*(C = 1)) . (52)

Next, we turn to the denominator. Let (I; x I;);jc(x) be the blocks of Wy, and let R C [0, 117
denote the union of the relevant blocks. Recall the definition of #( - ) from (2), let A = (A;); jelkn]
denote the adjacency matrix of Gy, and let S be the set of relevant edges:

S= {(l,]) S [kl’l]z :Ik(kz‘ ) X I (k ) CR}

Observe that

https://doi.org/10.1017/50963548325000008 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325000008

Combinatorics, Probability and Computing 751

]P)kn,Wo(t(H’ Gkn) = tmax) =P (m(i,j)ES{Alj = 1})

=11 22 11 »%

a:l, xI,CR a<b:;xI,CR
n
= exp (2> Z 10g (paa) + 1* Z log (pap)
a:l,xI,CR a<b:,xI,CR

1 n
=ep(on’ Y logpa) =5 Y. 10g(pad)

a,b:1, xI,CR a:l,xI,CR

= exp (—(kn)* I, (fmax) (1 + 0(1))) .
Recall that Iy, (fimax) = Jw, (fnax)» s0 that
Pion o (HCH, Gin) = trman) = exP (k) vy (nax) (1 + 0(1))) (53)

Applying (52) and (53) to (51), we obtain for n > N(n)

Py (S0, Fnan) 2 [ £(H, Gn) 2 tmax ) = exp (=(km)(C = ) + (k) w, (Frnax) (1 + 0(1)))

=exp (—(kn)? (C' = 1= Jw, (i) (1 + 0(1))) ).
Recalling that]?maX is the unique minimiser of (50), the proof is complete by observing that
C'= infl{Jwo () : 30(F fnax) = 8 t(H, ) = tina)

> inf{Jw, (F) : t(H, f) = tmax} = Tw (fnax). 0

8.3.2. Elaboration on Remark 22

Let Wy be a uniform k-block graphon, and t = t(H, -), where H is a finite d-regular graph. By

Lemma 73, t(H,f) < t(H,f") < tmax, With equality if and only if f* = 1,~0, as all non-trivial

blocks of Wy are relevant. Thus f* = 1y, is the unique solution to t(H, f) = tmay in this setting.
Note that if W =J§,y, and 7(f) = ||fllop> tmax = /¥ (1 — ). Further, using Lemma 94, we con-

clude that ILfGllop > tmax implies that |[fG||§ > 2y(1 — y). This is possible if and only if f© = fly.

This establishes the desired claim.
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