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A CONSISTENT NONPARAMETRIC
TEST OF PARAMETRIC REGRESSION
MODELS UNDER CONDITIONAL
QUANTILE RESTRICTIONS

JOHN XU ZHENG
University of Texas

This paper proposes a nonparametkernel-based test of parametric quantile re-
gression modeld he test statistic has a limiting standard normal distribution if the
parametric quantile model is correctly specified and diverges to infinity for any
misspecification of the parametric mod&hus the test is consistent against any
fixed alternative The test also has asymptotic power 1 against local alternatives
converging to the null at proper ratéssimulation study is provided to evaluate the
finite-sample performance of the test

1. INTRODUCTION

This paper is concerned with testing the correctness of the specification of the
following parametric quantile regression model

Yi =9(Xi,B0) +u, i=1..,n, (1.1)

where the conditiondith (0 < # < 1) quantile of the error term; givenx; is zerq

y; is the dependent variahlg is the vector of regressaqrandf, is the vector of
parameters to be estimatddiere the regression functiayn(x;, 8o) measures the
conditional quantile of; givenx;, not, as is usualthe conditional meaMuch of

the work on quantile estimations of econometric models is due to Koenker and
Bassett (19781982) and Powell (1984986) The quantile linear regression
method introduced by Koenker and Bassett (1978) has been extended to simul-
taneous equation models (Amemjiyi®82 Powell 1983) and nonlinear regres-
sion models (Obenhofel982) Powell’'s least absolute deviations estimation
method for the censored regression model (1984) has also been extended to cen-
sored regression quantiles (Pow&B86) and monotonic regression models (Pow-
ell, 1991) Newey and Powell (1990) constructed efficient estimators for linear
quantile regression models and censored quantile regression moHelaber-

lain (1994) and Buchinsky (1994) provided empirical applications of quantile
regression techniques in estimating earnings functiQuantile estimations are
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also useful in testing some interesting features of error distributigunsh as
homoskedasticity (Koenker and Bassd®82 Powell 1986) and conditional
symmetry (Powe]l1986)

However the aforementioned quantile estimations rely on the assumption that
the conditional quantile of the dependent variable given the covariates belongs to
a parametric family of known functionsften linear functionsMisspecifying the
parametric quantile may lead to incorrect inferer@ae way to circumvent the
possible misspecification is to estimate the conditional quantile nonparametri-
cally. Tsybakov (1982) and Bhattacharya and Gangopadhyay (1990) provided
kernel and nearest neighbor estimations of conditional quaniége (1992)
developed a nonparametric estimator using neural netwbidwever nonpara-
metric methods are inefficient compared to the parametric methods if the para-
metric model is correctly specified\ good specification test may allow the
researcher to avoid this loss of efficiency

To my knowledgetesting functional forms of a parametric quantile regression
has not yet been considered in the literajudespite the fact that the related
problem of testing regression models under conditional mean restrictions has
been extensively investigatethe related work includes that of Bierens (1990)
Eubank and Spiegelman (1996pan and Li (1992)Hardle and Mammen (1993)
Hong and White (1995Horowitz and Hardle (1994) ee (1988) Stinchcombe
and White (1993)Whang and Andrews (1993WWooldridge (1992) Yatchew
(1992) Zheng (1996a)and othersThis paper intends to fill the literature gap by
providing a consistent test of the parametric quantile regression model using
nonparametric techniqued/e shall show that the related work on testing mean
restrictions can be extended to the quantile restriction.case

The paper is organized as followSection 2 presents the test statisBec-
tion 3 establishes the asymptotic distribution under the null hypothesis that the
parametric model is correct and the powers against both fixed and local alterna-
tives Section 4 provides a Monte Carlo simulation of the .t&stction 5 con-
cludes the paper

2. THE DERIVATION OF THE TEST STATISTIC

LetF(y, x) be the joint probability distribution function of a random veatérX)
defined on some probability spa@e, 7, P) where(Y, X) takes values oR X R™,
We have a random samgleys, X1), (Y2, X2), ...,(Yn, Xn)} from the probability dis-
tribution F(y, x). In econometricsY andX usually denote a dependent variable
and a vector of covariatggespectivelyas in model (11). Denote the conditional
distribution functionY given X by F(y|x). The 8th (0 < # < 1) conditional
quantileQ,(x) of y; givenx; = x is defined as

Qy(x) = inf{y: F(y[x) = 6}. (2.1)

If, as is assumed throughotite conditional distribution functioR (y|x) is ab-
solutely continuous i for almost allx, thenF (Q,(x)|x) = 6. Denote 1() as the
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indicator function i.e, 1(A) = 1 if eventA occurs and (A) = 0 otherwise
Define the “check function”

pole) =[0Le=0) — (1 — 0)1(e < 0)e (2.2)
as in Koenker and Bassett (1978)is well known that
Qy(+) = argwminE[pa(yi = w(x))], (2.3)

wherew(-) are Lebesgue measurable functions

In parametric quantile regression moddlse #th conditional quantile ofY
given X is assumed to belong to a parametric family of functigts 8) where
B € B C R The null hypothesis to be tested is that the conditional quantile is
correctly specified

Ho: PIF(g(x,Bo)|x) =0]=1 forsomes, € B, (2.4)
whereas the alternative to be tested is that the null is:false
H.: PUF(g(x;,B)|x) =60]<1 forallg & B. (2.5)

Note that the alternative encompasses all possible departures of the null Aodel
test is consistent if it has asymptotic power equal to 1 against the infinite-
dimensional alternative (2).

The null hypothesis is true if and onlyBE[1(y; = g(x;, 8o))|xi] = 6 or 1(y; =
g(xi,Bo)) = 0 + € whereE(e;|x;) = 0. This reduces the problem of testing a
quantile restriction to a problem of testing a particular type of mean restriction
This paper extends the mean restriction tests of Zheng (19%6a 1996b) to
the quantile restriction cask seems clear that the other specification tests cited
earlier can also be extended

Lete; denote 1y; = g(x;, Bo)) — 6. Let p(x) be the marginal density function
of X. ThenE[¢€;|x ] = F(g(X;, Bo)|X;) — 0. Observe that

W = E{e E[e|x 1p(x)} = E{[E(e&i|x)]?p(x;)}
= E{[F(g9(xi,Bo)|xi) — 61%p(xi)} = 0, (2.6)

where equality holds if and only ifl, is true The test is based on the sample
analog ofW (weightingW by the density functiop(x) serves the same purpose
as in Powell Stock and Stoker [1989] of avoiding the problem of trimming on
the boundary of the density functian)

The density weighted conditional expectatié(;|x;)p(x;) can be estimated
by the kernel regression

. 1001 /%—x
Eelxp00) = 3 3 i K (X5 a0y, = 006,80 — 01 (2.7)
j=1

whereK () is akernel function antdis a bandwidthThe unknown parametegy
can be estimated as in Obenhofer (1982) and Dupacova and Wets.([1888be
an estimator of.
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Replacing; by e = 1(y, = g(x;, 8)) — 6, we obtain the sample analog\b£

100 1 (-
—ZZEFK( "

n“ ==

Xj)[l(yi =g(x,B) — 01[L(y, = g(x,B)) — 6]. (2.8)

3. THE LIMITING DISTRIBUTIONS OF THE TEST STATISTIC

We consider the case where some componentsark discrete and some are
continuousLetx; = (x4, X%)" € R™ X R™ wherexy; is discretex,; is contin-
uous andm; + m, = m.

For any matrixA, let || A| denote its Euclidean norme., |A| = [tr(AA)]Y2,
We impose the following regularity assumptions

Assumption 1 {y;, x }{., is a random sample from a probability distribution
F(y,x) onR X R™ Let p1(x;) be the marginal probability function af;. There
exists a countable subs¥t of R™ such that

(i) X1 € Xy impliespy(xy) > 0;
(i) 2y, ex,P1(x1) = 1;and

(iii) inf{|z1 — zo||: 21,2, € X1,24 # 2o} > 0.

Assumption 2 Let the marginal density of,; be p,(x,) and the conditional
density ofx,; givenxy; = X, beq(xx|X1). Herep,(X,), q(X»|X,), and their first-
order derivatives with respect i are uniformly boundedrhe conditional den-
sity f (y| X4, X,) of y givex; andx, has bounded first-order derivatives with respect
toy andx,. Denotep(Xy, Xo) = P1(X1)g(Xa| Xq).

Assumption 3 The parameter spadeis a compact and convex subsetRf

E[Su 9%9(xi, 8) ‘H

nebl apag’

E[Su ag(xi, B) 89(X.,ﬁ) H
el o8

There exists an estlmat@rof Bo = arg mingegE[po(yi — (xi,@))] such that
under the nulkn(B — Bo) = Op(1), whereas under the alternatjy—, 8" € B.
Both 8o andB™ are interior points oB.

Assumption 4 The kernel functiorK takes the forniK (u, u,) = Ky (u1) Kx(Uy)
onR™ X R™, The termK,(-) has a bounded support &7+ HereK,(0) = 1 and
Ks(-) is a nonnegativéboundedsymmetri¢ and Lebesgue measurable function
onR™ such thatf K,(u) du = 1 andf | u|Kx(u) du < co.

The condition (iii) of Assumption 1 ensures that the Xetdoes not contain
limit points of X;. The condition is satisfied ik, are dummy variablesThe
estimator in Assumption 3 is satisfied by that of Dupacova and Wets (1988)

Besides testing the null against fixed alternative§)2ve also consider test-
ing for local departures from the nulClassical tests usually consider local mis-
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specifications that converge to the null at the parametric maté?. Here we
consider this sequence of local alternatives

Hin: FI(9(X, Bo) + dnl (x))[x] = 6, (3.1)
whered, — 0 asn — oo and the functior (-) and its first-order derivatives are
bounded

The main difficulty in deriving the asymptotic distribution of the statistic de-
fined in (28) is that the indicator function(y; = g(x;, 8)) is not differentiable
with respect tg8. This prevents taking usual Taylor expansion 0y & g(x;, 3))
aroundB,. To circumvent the problepwe appeal to the work of Sherman (1994)
on uniform convergence d&f-statistic indexed by paramete#s it turns oufthe
limiting distribution of the statistic in (B) only depends oh™z To simplify the
derivation of its asymptotic distributionsve multiply the statistic in (B) by
h™ and drop the terms with= j, which yields aU-statistic

— X
n(n—l)%hmZ ( h >
X [y = g(x, 8)) — 01[1(y; = g(x,8)) — 6]. (3.2)
The following theorem contains the asymptotic properties of this statistic

W, =

THEOREM Given Assumptions—4 if h — 0 and r*h?™ — oo for somed <
a < 1 as n— oo, then the following hold

(A) under the null hypothesig.4),

nhm™/2W, —4 N(0,02) (3.3)

with

o2 =20%1- B)ZIKZZ(U) du X E[ p(Xgi, Xai)], (3.4)

whereo? can be consistently estimated by

P2 =200 - 0 e S = <%) (3.5)
(B) under the alternatie hypothesi$2.5),

Wi —p EX[F(g(xi, 8)[x) — 612p(x)} > 0; (3.6)
(C) under the local alternaties(3.1) with d, = n=Y2h~m/4,

W, =g M, 02), (3.7)

where

w = E[f2(g(x,Bo) X)) 2(x)p(x)]. (3.8)
Standardizingh,, we obtain the final test statistic

T, = nh™/2W, /6. (3.9)
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Thus T, —4 N(0,1) under the null T, —, o underany fixed alternative and
T —4 N(w/o,1) under the local alternatives given in{3and (C) By lettingh
approach zero sufficiently slowlyhe test can be made to be consistent against
any local alternatives converging to the null arbitrarily close to the parametric
raten— %2, Given their genesjst is not surprising that the consistency and local
power of this test closely parallel the consistency and local power of nonpara-
metric tests of regression functions under conditional mean restrictions

The behavior of the test may be further understood by comparing it with clas-
sical testsSince the model (1) imposes very weak distributional assumptions
the classical tests such as Wdi#elihood ratio (LR) and Lagrange multiplier
(LM) that require specifying a complete distribution do not apply héee fea-
sible test is they 2 test To construct a 2 test partition the product spadex R™
into subspace$(y,x):y = g(x, Bo)} and{(y,x):y > g(x,Bo)}. The observed
frequency falling in{(y,x):y = g(xB0)} is i1 1[yi = 9(xi, Bo)], and its ex-
pected frequency under the null i®. The observed frequency falling in
{(y,%):y>g(x Bo)}isZL1 1y > g(x;, Bo)] = n— 211 1 y; = g(x;, Bo)], and
the expected frequency g1 — 6). Then ay ? test may be based on the statistic

2

2:11[% = Q(Xi,,é)] - né

Xn = NET
n 2
n- Zl[Yi =g(x,B8)]—n(l -9
: "= ®)

1 1l N N
i=1j=

Equation (310) bears some resemblance taj2Under the nully? —4 x (1),
whereas under the alternative

1
xa/n %pm{E[F(g(Xi,B*NXﬂ] - 0}% (3.11)

Thus they 2 test cannot distinguish among those alternatives for which

E[F(g(xi,B")Ix)] =6,

whereas=[g(x, 8*)|x] is notidentically equal té. This shows that thg ? test is
not consistent against all possible alternatives

4. A MONTE CARLO SIMULATION

In this sectionwe conduct a Monte Carlo simulation of the size and power of the
test to see how the proposed test behaves in finite samples
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We consider five models where a random sample of the dependent variable
generated as follows

Vi = 0(Xqi, Xo1) + Ui, i=1...,n (4.1)

Hereu; + 1 has a standard lognormal distribution so that the medianiszera
The termsu;, X4, and x,; are independenixy; is discrete and has a binomial
distribution with the probability of success equal t6 @nd the number of inde-
pendent trials equal to; &ndx,; has the standard normal distribution models
1-5 the quantile regression functions are setto be %, + X5, 1 + X3 + X, +
(X2 + X1%o + X2), L+ X1 + Xo + (X2 + x1%, + x2)¥2 log(1 + x# + x2), and
exp(l + x; + X»), respectively

The null hypothesisi, that we want to test is that the conditional medialy of
givenx, andx, belongs to the parametric famik/8 = By + B1X1 + BX», and so
6 = . Obviously Hy is true for model 1 and false for models 2-5

The main issue in the simulation is how to choose the bandwidttere we
select the bandwidthto minimize the generalized cross-validation (GCV) func-
tion

; [1(ys = X/B) — 6 — Gn(x)]?

GCv(h) = n[1 — tr(H)/n]? ’

(4.2)

where(,(-) is a kernel estimator of the regression funct®fi1(y, = x/B8) —
011}

> k(X5 ey = x4 - o)

Gn(x) = i <X = XJ) 4.3)
and tr(H) is the trace of the matrikl = (h; j)nxn With
)
h
hi,j = (44)

In regression caseminimizing GCV will yield an asymptotically optimal band-
width that is proportional ton~Y(™*4 (see Hardle1990) So we choose the
bandwidthh to be An~¢, whereA is a constaniWe use the grid search method
to find the optimal) by letting Q05 = A = 5.0 and the grid points be.@5,
0.15,...,4.90, and 50 with increment QL.

We choose the kernel to be the bivariate Epanechnikov kétel,u,) =
K(u;)K(u,), where

K(u) = 0.75(1 — u?)1(ju] = 1).
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TaBLE 1. Percentage of rejections in models 1-5

Sample size 1% level 5% level 10% level

MOdell'y=1+X1+X2+u

100 Q7 4.3 9.2

200 10 4.7 103

300 11 53 9.5
Model 2y =1+ X, + Xp + (X + Xy X, + X3) + U

100 204 387 527

200 614 831 904

300 929 984 996
Model 3y =1+ X, + X + (X2 + X% + x3)¥2 + u

100 843 952 983

200 100 100 100

300 100 100 100
Model 4y = log(1 + x? + x2) + u

100 122 260 386

200 327 565 695

300 624 834 902
Model 5y = exp(1 + X; + X2) + U

100 936 990 996

200 100 100 100

300 100 100 100

The simulation is conducted for sample sizes, 2, and 300 Each experi-
mentis based on@00 replicationsHereB, are estimated by the least absolute de-
viation estimationThe critical values for the test are from the standard normal
distribution Let N;_,, be the(1 — 7)th percentile from the standard normal dis-
tribution. Then at(1 — =) level, we reject the nullifT, > N;_ .. We let7 = 1%,

5%, and 10%

The results of the simulation are shown in Tablé\le can see that the non-
parametric test has adequate sixk®sample size gets largéine power increases
in line with the asymptotic theory

5. CONCLUSION

This paper has provided a consistent test of parametric regression models un-
der conditional quantile restriction§he test can be extended to testing for the
censored regression model= max{0,x/ B, + €} or other monotonic regres-

sion models considered by Powell (1991) by exploiting the fact that the quan-
tile of a monotonic function is a monotonic function of the quantier example

for the censored regression modeelconsistent test may be obtained by replac-
ing 1(y; = x/B) with 1(y; = max{0,x/8}). The test can also be used to test
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multiple quantile restrictionsHo: g,(x) = g(x, Bo(0)) for all & € © by simply
substitutingS.pc.o {10 yi = 9(x, 8(0))] ~ OH1[yi = g(x;, B(0))] — 0} for {1[y; =

g(xi, B)] — 0}H{1[ y; = g(x;, B)] — 6}. The test of multiple quantile restrictions may

be used to test for homoskedasticity as in Koenker and Bassett (1982) and Powell
(1986) Using infinite number of quantile restrictioyyge may be able totesta fully
specified parametric conditional distribution
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APPENDIX: PROOFS

We first present a result on uniform convergencéJedtatistic indexed by parameters

Letz,...,z,be an independent and identically distributeddi) random sample with
distribution on a sef Let B be a subset oR". For each8 € B, H(z4,...,Z, B) is a
real-valued function org¥. Following the notations in Sherman (1994)e define the
kth-orderU-statistic indexed by as

ki
Unan(',B) = H 2 Hn(zilw'wzikvﬁ)' (Al)
*ig#ip,a#b

If E[Hn(Z4,...,2,8)|z] = 0fori = 1,...,k thenH,(-, 8) andUXH,(B) are said to be
degenerate

Let H = {H.(-,8):8 € B,n = 1,2,...}. We say thatH has an envelopé&(-) if
supy,enlHn(-,B8)| = L(-). Under some mild regularity condition called a euclidean (see
Sherman1994) we can establish the uniform convergenceUdfH, (-, 8) in a neigh-
borhood of3y € B.

LEMMA1. LetH = {H,(-,8): B € B} be a class of degenerate functions on I% (i)
‘H is Euclidean for a constant erlope and(ii) E[Hn(-,8) — Ha(+,B0)]? = O(n~¥?)
uniformly aer O,(n~*2) neighborhoods 08, then for any0 < o < 1,

‘Unan(',B) - Unan(-,B0)| = op(n—k/Z—a/4)

uniformly awer Oy(n~*?) neighborhoods o8,.
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Proof of Lemma 1. We modify the proof of Corollary 8 of Sherman (1994) by applying
it to Gn(iﬂ) = Hn(»B) - Hn('nBO)~

Let{M,} be a sequence of bounded real numbersgand {8 € B: vn||8 — Bo| = M,}.
Applying the main corollary of Sherman (1994) wigk+ 1, we have that forany & « < 1,

[ supn“?UtGn(-, Bl | = A[E [ sumUAGRC 00| | (A2)

B, B

whereA is a generic constanBy Chebyshev’s inequalifyve have

E[ supUGA( ) | = {E[sumUsGRC.8) || (A3)
B, By

BecausdUX GKX(-,8): B € B,} is aU-process of ordek, it can be decomposed into a sum
of degeneratéJ-statistics as in equation (6) of Sherman (1994jus we have

k
E[sumuzknez«,m)} = SUpE[GZ(-,B)] + E[sunuz'ngm-,ﬁ)q, (A.4)
B, Bn =1 By

where the class of functiodg (-, 8) : 8 € B} are degeneratédpplying Corollary 4 (i) of
Sherman (1994 )we have

K 3

3, E[sunUba (8| = 3 002 = O(n ). (A5)

=1 L B, i=1

Combining the preceding equation with Assumption (i have

E[sup(uzknen%,ﬁ))} = 0(n2), (A.6)
By

By (A.2) and (A6), we have proved the lemma u

The following lemmawhich is also useful in proving the theorefollows from Lemma
3.1 of Powell et al (1989)

LEMMA 2. Let ufH(zi,zj) be a seconarder U-statistic and R(z) =
E[Hn(zi,7)|z]. If E[[Ha(zi,2)]?] = o(n), then

VI{U2H,(z,2) — E[Hn(z;,2)]} = 2n~ 2 E {rn(z) — E[ra(z)]} + 0p(2)
i=1
and U?Hn(z,7) = E[Hn(z;,Z)] + 0,(1).

Proof of Theorem. Note that by Assumption 4for sufficiently largen, Kq[(x3; —
x1j)/h] = 1(xyi = Xy;), and so we only need to consider

1 1 Xoi — Xoi

W, = hn=1 % hm Uxy = le)Kz<Tj>
X {1y = g(xi, B)] — 0H{1ly; = 9(x;, 8)] — 6} (A7)
(A) Denote
1 1 i — Xoj
Wa(B) = =1 > e 10 = X1])'<2<¥>
i#]j
X A{1[y; = g(x;, B)] — 01y, = 9(x;, B)] — 0} (A.8)
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We shall first show that uniformly over th®,(n~*2) neighborhood of3,, nh™/2 x
[Wh(B) — Wh(Bo)] = 0p(1). Then we show thahh™/2W,(B,) has a limiting normal
distribution Thusnh™/2W, = nh™/2W,(3) also has a limiting normal distribution
Step 1 Uniform convergence of\,(B). Denoteg(B) = g(x;,8) and F(B) =
F[gi(B)Ixi]. DenoteQn(B) = [1/n(n — DIZi.; Ha(zi, 7, B), wherez; = (y;,x{)" and

Xoi — Xgj

Hn(z,7,8) = 1(xy = le)K2<T>{1[yi =g(B)] - 01y, = g(B)] — 6}.

(A.9)

ThenW,(B) = Q,(B)/h™2 We first show uniform convergence @ (3). We decompose
Hn(zi, 7, 8) into three parts

Hn(z,7,8) = 1(xy = X1j)'<2<%>
X {1lyi = g(B)] — R(BHLY = g/(B)] — F(B)}
Xoi — Xpj

+ 2 X 1(xqy = le)K2<T>{1[Yi =g(B)] - R(BHFK(B) — 6}

Xoi — Xpj

+ 1(xqy = X1j)K2< h )[Fi(,B) - 01[F(B) — 0]

= Hin(z,7,B) + 2H,0(21,7,8) + Han(z, 7, 8). (A.10)

Then letQsn(B) = [1/n(n — 1)]Zi Hen(Zi, 7, B), (s= 1,2,3). Noting thaty = F;(8,), we
haveQ,n(Bo) = Qzn(Bo) = 0. HereH, has a constant envelope becaldseés bounded
DenoteF[min(gi(B),gi(Bo))|x 1 = F(min(B,Bo)). Now we verify Condition (ii) of
Lemmal

E[Hi(-,8) — Hi(+,80)]* = AE[{1ly: = g:(B)] — F(BHLLY; = g(B)] — F(B)}

—{ilyi=ag(B)] - FR(B)}
x{1ly; = g(B)] - F(BI?

= AE{R(B)[1 - R(BIF (AL - F(B)] + Fi(Bo)
X [1 = Fi(Bo)IF(Bo)[1 ~ Fi(Bo)]
= 2[Fi(min(B, Bo)) — Fi(B)Fi(Bo)]
X [F(min(B,Bo)) — F(B)F(Bo)l}

= AlB = Bo)l, (A.11)

where the last inequality can be shown by Assumptions 1 amtiis sug, E[Hq(-,8) —
Hi(+, Bo)]? = Op(n~¥?), and so by Lemma,1

quan(ﬁ) — Qun(Bo)l = Op(niliam)- (A.12)
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DenoteS (B) = dF [gi(B)]/9B andTi(B) = 9°F [gi(B)]/9BIB'". For Qan(B), by taking a
Taylor expansion oF;(3) aroundBy, we have

QZn(B) E 1(X1| XlJ)K2< 2 >{1[y| = gl(,B)] FI(B)}(B - BO)/S

I#J

n(n_ T xl,)Kz( - ){1[y.sg.<m] F(B)}

i#]
X (B = Bo)'Ti(B)(B — Bo)
= (B = Bo)'Qn(B) + (B — Bo) Q5(B) (B — Bo), (A.13)

whereg is betweernB, andg. By (6) of Sherman (1994)95,(8) can be decomposed as a
sum of degeneratg-statistics of order 1 and. ZThen by Lemma 1sups, |Qo(B)| =
Op(nN~V27/%) + Oy(n~1-+/4), For Q8,(B),

€| surlB | = e| [t S22 ) |

= J‘Kz(u)hm2 du= O(h™).

Thus

sup Qzn(B)| = Op(N~1 %) + Op(n~th™). (A.14)
By

For Qsn(B), taking a Taylor expansion & (3) aroundB,, we have

o> K2<X2i R - >(ﬁ = Bo) Ti(BUT(B2)(B — Bo)

SBUHQan(BN sup

n(n H&J
Xoi — X
= SupAIB — Bol? i S o2 )
Bn Ht]
= SUpA|B — Bol?Op(h™) = Opy(n~*h™), (A.15)

where bothB; andg, are betweeiB, andB. Combining (A12), (A.14), and (A15), we
have proved

Séijn(B) — Qn(Bo)| = Op(n~17%/%) + Op(n~th™). (A.16)

Thus
Sgp\nhmz/zwn(ﬂ) — nh™/2W,(Bo)| = Op(n~*/*h~™M/2) + Oy (h™/2) = 0,(1).

(A17)

Step 2 Asymptotic distribution ofW,(Bo). We apply Theorem 1 of Hall (1984) on
asymptotic distribution of a degenerdtestatistic Let the kernel ofW, be Hn(z;, 7).
Under the nullnote thatE{[1(y; = gi(Bo)) — 013|xi} = 6(1 — 0). Fori #j,j # k k#,
we have
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E[G2(z,7)] = E{E[Hn(2, z)Hn(z. 2)1Zi, Z 1}?

A Xok — Xoj Xok — Xoi 2
= o €[ (22 a2 ) 2]

A 2
= ham _U[sz(U)Kz(U + U)hmzdu] P2(Xai ) P2(Xai — hv)h™ dxoi do

= O(1/h™), (A.18)

E[H2(z,Z)] = % E[l(xli = xﬂ}@(@)@z(l - 9)2}
=0%(1—-0)?> ——

h2m2

x ff K% ( : > PZ(X1i)A(Xai [X1i) 0 (Xg) [ X1i) A%oi Ao

1
0%(1 — 0)? hm f KZ(u) du

1
f PE(X1) Q2 (Xai [ Xqi) dxpy + 0<hm2>

xl,EXl

1 o2 1 1
hm27+0 s =0 hm )’ (A.19)

1 Xoi — Xoi
E[H¥(z,7)] = AE[h4mz Kf(%)]

A 1
= hams ffo(U)pz(Xzi)pz(Xzi — huyh™ dxy; du = O(W) (A.20)

Thus we have

E[GA(z,z)] + n"*E[HA(z,7)] _ O(1/h™) + n~*0O(1/h3™)
{E[H(z,2)]}? B O(1/h2™)

= 0(h™) + O(1/nh™) — 0, asnh— oo, (A.21)

becausdé — 0 andnh™ — co asn — oo. Thus the condition of Theorem 1 of Hall (1984)
is satisfied By the theorem we have

nhmz/ZWn(,Bo) —d N(O,O'Z). (A22)

From steps 1 and,2ve have proved thath™/2W, —4 N(0,c2).

Step 3 Consistency of 2 The termg 2 is a standardl-statistic with kerneH(z;, z) =
2031 — 6)%(1/h™)K 2[(x; — X;)/h]. We can easily show thaE[|H,(z,z)]?] =
O(1/h™) = o(n). Thus the condition of Lemma 2 is satisfidly equation (A19), we
have for sufficiently largen,

E(62) = o2 (A.23)

Therefore by Lemma, 272 = 02 + 0,(1).
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(B) Similarly to step 1 of the theorenwe can show tha\l, = W,(8*) + 0,(1). Sim-
ilarly to step 3 of (A) the condition of Lemma 2 can be shown to be satisfidader the
alternative we have

e8] = e 3 [ k(2 iR (8 e o]
X [F(gj(B*)]Xqj, %) — 6]
X pf(xli)Q(Xzﬂxli)Q(ij\Xli) dxo; dXpj + 0p(1)
= hm2 X1.6X1 fsz(U)[F(g(X1|,X2|,B )|X1|,X2| 0]
X [F(g(X1i, X1 — hu, B)[Xgi, X2 — hu) — 6]
X PF(X1i) A (Xai [ X11) Q(Xoi — hu[Xy;) dxih™ du + 0,(1)
= E{[F(g(x;,8)|x) — 61p(x)} + o(2). (A.24)
Therefore by Lemma,2
Wi, = E[WL(B*)] + 05(1) = E{[F(g(xi, %)) — 61%p(x;)} + 0p(1). (A.25)

(C) Similarly to step 1 of (A)we can show thath™/2W, = nh™/2W,(B,) + 0,(1).
Taking a Taylor expansion &F[(g(x;, Bo) + dnl(Xi))|x;] aroundd, = 0, we have

FI(g(xi,B0) + dnl(x))[xi] = F(g(xi,Bo)|x)
+ dn F(g(Xi, Bo) X)) (Xi) + 0,(d3). (A.26)

ThenW,(Bo) can be decomposed as

1 P — Xoi
Wh(Bo) = {n(n— 2 hme 1(xq5 = X1;)'<2<¥)

I¢J

X [1(yi = 9 (Bo) — 0 + dr T(gi(Bo) X)) (%i)]

X [1(y; = g(Bo) — 0 + dnf(gj(BO)|Xj)|(Xj)]}
d L Xoi — X
-2 "{mghmz 1(xq = XlJ)K2<T>

i#]

X [1(yi =gi(Bo) — 6 + dnf(gi(50)|xi)|(xi)]f(gj(ﬁo)|xj)|(xj)}

1 Xoj — Xoj
2 )
+ dn { n(n _ 1) z hm2 1(Xl| le)K2< h >

X f(gi(BO)|Xi)|(Xi)f(gj(BO)|Xj)|(Xj)} + 0p(dd)

= Tin — 20, Ton + d2 Tz, + 0p(d2). (A.27)
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Similarly to the proof of (A) we can show thabh™/2T,, —4 N(0,0?). Applying
Lemma 2 we can show thap, = Op(n~%?) and

Tan —p ELT 2(6i (Bo)[xi)1 206) p(xi)]. (A.28)
Thus if d, = n~Y2h~™/4 then

nh™/2W, =g M, 02), (A.29)

whereu = E[ f 2(gi(Bo)[x)! 2(xi)p(xi)]. u
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