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This paper proposes a nonparametric, kernel-based test of parametric quantile re-
gression models+ The test statistic has a limiting standard normal distribution if the
parametric quantile model is correctly specified and diverges to infinity for any
misspecification of the parametric model+ Thus the test is consistent against any
fixed alternative+ The test also has asymptotic power 1 against local alternatives
converging to the null at proper rates+A simulation study is provided to evaluate the
finite-sample performance of the test+

1. INTRODUCTION

This paper is concerned with testing the correctness of the specification of the
following parametric quantile regression model:

yi 5 g~xi ,b0! 1 ui , i 5 1, + + + ,n, (1.1)

where the conditionaluth ~0, u , 1! quantile of the error termui givenxi is zero,
yi is the dependent variable, xi is the vector of regressors, andb0 is the vector of
parameters to be estimated+ Here the regression functiong~xi ,b0! measures the
conditional quantile ofyi givenxi , not, as is usual, the conditional mean+Much of
the work on quantile estimations of econometric models is due to Koenker and
Bassett (1978, 1982) and Powell (1984, 1986)+ The quantile linear regression
method introduced by Koenker and Bassett (1978) has been extended to simul-
taneous equation models (Amemiya, 1982; Powell, 1983) and nonlinear regres-
sion models (Obenhofer, 1982)+ Powell’s least absolute deviations estimation
method for the censored regression model (1984) has also been extended to cen-
sored regression quantiles (Powell,1986) and monotonic regression models (Pow-
ell, 1991)+ Newey and Powell (1990) constructed efficient estimators for linear
quantile regression models and censored quantile regression models+ Chamber-
lain (1994) and Buchinsky (1994) provided empirical applications of quantile
regression techniques in estimating earnings functions+ Quantile estimations are
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also useful in testing some interesting features of error distributions, such as
homoskedasticity (Koenker and Bassett, 1982; Powell, 1986) and conditional
symmetry (Powell, 1986)+

However, the aforementioned quantile estimations rely on the assumption that
the conditional quantile of the dependent variable given the covariates belongs to
a parametric family of known functions, often linear functions+Misspecifying the
parametric quantile may lead to incorrect inference+ One way to circumvent the
possible misspecification is to estimate the conditional quantile nonparametri-
cally+ Tsybakov (1982) and Bhattacharya and Gangopadhyay (1990) provided
kernel and nearest neighbor estimations of conditional quantiles+ White (1992)
developed a nonparametric estimator using neural networks+ However, nonpara-
metric methods are inefficient compared to the parametric methods if the para-
metric model is correctly specified+ A good specification test may allow the
researcher to avoid this loss of efficiency+

To my knowledge, testing functional forms of a parametric quantile regression
has not yet been considered in the literature, despite the fact that the related
problem of testing regression models under conditional mean restrictions has
been extensively investigated+ The related work includes that of Bierens (1990),
Eubank and Spiegelman (1990), Fan and Li (1992),Härdle and Mammen (1993),
Hong and White (1995), Horowitz and Härdle (1994), Lee (1988), Stinchcombe
and White (1993), Whang and Andrews (1993), Wooldridge (1992), Yatchew
(1992), Zheng (1996a), and others+ This paper intends to fill the literature gap by
providing a consistent test of the parametric quantile regression model using
nonparametric techniques+We shall show that the related work on testing mean
restrictions can be extended to the quantile restriction case+

The paper is organized as follows+ Section 2 presents the test statistic+ Sec-
tion 3 establishes the asymptotic distribution under the null hypothesis that the
parametric model is correct and the powers against both fixed and local alterna-
tives+ Section 4 provides a Monte Carlo simulation of the test+ Section 5 con-
cludes the paper+

2. THE DERIVATION OF THE TEST STATISTIC

LetF~ y,x! be the joint probability distribution function of a random vector~Y,X!
defined on some probability space~V,F,P! where~Y,X! takes values onR3 Rm+
We have a random sample$~ y1,x1!,~ y2,x2!, + + + ,~ yn,xn!% from the probability dis-
tribution F~ y,x!+ In econometrics, Y andX usually denote a dependent variable
and a vector of covariates, respectively, as in model (1+1)+Denote the conditional
distribution functionY given X by F~ y6x!+ The uth ~0 , u , 1! conditional
quantileQu~x! of yi givenxi 5 x is defined as

Qu~x! [ inf $ y :F~ y6x! $ u%+ (2.1)

If , as is assumed throughout, the conditional distribution functionF~ y6x! is ab-
solutely continuous iny for almost allx, thenF~Qu~x!6x! 5 u+ Denote 1({) as the
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indicator function; i+e+, 1~A! 5 1 if event A occurs and 1~A! 5 0 otherwise+
Define the “check function”

ru~e! [ @u1~e $ 0! 2 ~1 2 u!1~e , 0!#e (2.2)

as in Koenker and Bassett (1978)+ It is well known that

Qu~{! 5 arg min
w

E @ru~ yi 2 w~xi !!#, (2.3)

wherew~{! are Lebesgue measurable functions+
In parametric quantile regression models, the uth conditional quantile ofY

givenX is assumed to belong to a parametric family of functionsg~x,b! where
b [ B , Rq+ The null hypothesis to be tested is that the conditional quantile is
correctly specified:

H0: Pr@F~g~xi ,b0!6xi ! 5 u# 5 1 for someb0 [ B, (2.4)

whereas the alternative to be tested is that the null is false:

H1: Pr@F~g~xi ,b!6xi ! 5 u# , 1 for all b [ B+ (2.5)

Note that the alternative encompasses all possible departures of the null model+A
test is consistent if it has asymptotic power equal to 1 against the infinite-
dimensional alternative (2+5)+

The null hypothesis is true if and only ifE @1~ yi # g~xi ,b0!!6xi # 5 u or 1~ yi #
g~xi ,b0!! 5 u 1 ei whereE~ei 6xi ! 5 0+ This reduces the problem of testing a
quantile restriction to a problem of testing a particular type of mean restriction+
This paper extends the mean restriction tests of Zheng (1995, 1996a, 1996b) to
the quantile restriction case+ It seems clear that the other specification tests cited
earlier can also be extended+

Let ei denote 1~ yi # g~xi ,b0!! 2 u+ Let p~x! be the marginal density function
of X+ ThenE @ei 6xi # 5 F~g~xi ,b0!6xi ! 2 u+ Observe that

W [ E$ei E @ei 6xi #p~xi !% 5 E$@E~ei 6xi !#
2p~xi !%

5 E$@F~g~xi ,b0!6xi ! 2 u# 2p~xi !% $ 0, (2.6)

where equality holds if and only ifH0 is true+ The test is based on the sample
analog ofW (weightingW by the density functionp~x! serves the same purpose
as in Powell, Stock, and Stoker [1989] of avoiding the problem of trimming on
the boundary of the density function)+

The density weighted conditional expectationE~ei 6xi !p~xi ! can be estimated
by the kernel regression

ZE~ei 6xi ! [p~xi ! 5
1

n (
j51

n 1

hm KSxi 2 xj

h D@1~ yj # g~xj ,b0!! 2 u#, (2.7)

whereK~{! is a kernel function andh is a bandwidth+The unknown parametersb0

can be estimated as in Obenhofer (1982) and Dupacova and Wets (1988)+ Let Zb be
an estimator ofb0+
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Replacingei by ei [ 1~ yi # g~xi , Zb!! 2 u, we obtain the sample analog ofW,

1

n2 (
i51

n

(
j51

n 1

hm KSxi 2 xj

h D@1~ yi # g~xi , Zb!! 2 u#@1~ yj # g~xj , Zb!! 2 u#+ (2.8)

3. THE LIMITING DISTRIBUTIONS OF THE TEST STATISTIC

We consider the case where some components ofx are discrete and some are
continuous+ Let xi 5 ~x1i

' ,x2i
' !' [ Rm1 3 Rm2 wherex1i is discrete, x2i is contin-

uous, andm1 1 m2 5 m+
For any matrixA, let 7A7 denote its Euclidean norm, i+e+, 7A7 5 @tr~AA'!#102+

We impose the following regularity assumptions+

Assumption 1+ $ yi ,xi % i51
n is a random sample from a probability distribution

F~ y,x! on R 3 Rm+ Let p1~x1! be the marginal probability function ofx1i + There
exists a countable subsetX1 of Rm1 such that

(i) x1 [ X1 impliesp1~x1! . 0;
(ii) (x1 [X1

p1~x1! 5 1; and
(iii) inf $7z1 2 z27 : z1,z2 [ X1,z1 Þ z2% . 0+

Assumption 2+ Let the marginal density ofx2i be p2~x2! and the conditional
density ofx2i givenx1i 5 x1 beq~x26x1!+ Herep2~x2!, q~x26x1!, and their first-
order derivatives with respect tox2 are uniformly bounded+ The conditional den-
sity f ~ y6x1,x2! of ygivex1 andx2 has bounded first-order derivatives with respect
to y andx2+ Denotep~x1,x2! [ p1~x1!q~x26x1!+

Assumption 3+ The parameter spaceB is a compact and convex subset ofRq+

EFsup
b[B

** ]2g~xi ,b!

]b]b ' **G , `,

EFsup
b[B

** ]g~xi ,b!

]b

]g~xi ,b!

]b ' **G , `+

There exists an estimatorZb of b0 [ arg minb[BE @ru~ yi 2 g~xi ,b!!# such that
under the null!n~ Zb 2 b0! 5 Op~1!,whereas under the alternative, Zb rp b *[ B+
Both b0 andb * are interior points ofB+

Assumption 4+ The kernel functionK takes the formK~u1,u2! 5 K1~u1!K2~u2!
onRm1 3 Rm2+ The termK1~{! has a bounded support onRm1+HereK1~0! 5 1 and
K2~{! is a nonnegative, bounded, symmetric, and Lebesgue measurable function
on Rm2 such that* K2~u! du 5 1 and*7u7K2~u! du , `+

The condition (iii) of Assumption 1 ensures that the setX1 does not contain
limit points of X1+ The condition is satisfied ifx1 are dummy variables+ The
estimator in Assumption 3 is satisfied by that of Dupacova and Wets (1988)+

Besides testing the null against fixed alternatives (2+5), we also consider test-
ing for local departures from the null+ Classical tests usually consider local mis-
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specifications that converge to the null at the parametric raten2102+ Here we
consider this sequence of local alternatives:

H1n: F @~g~x,b0! 1 dnl ~x!!6x# 5 u, (3.1)

wheredn r 0 asn r ` and the functionl ~{! and its first-order derivatives are
bounded+

The main difficulty in deriving the asymptotic distribution of the statistic de-
fined in (2+8) is that the indicator function 1~ yi # g~xi ,b!! is not differentiable
with respect tob+This prevents taking usual Taylor expansion on 1~ yi # g~xi , Zb!!
aroundb0+ To circumvent the problem,we appeal to the work of Sherman (1994)
on uniform convergence ofU-statistic indexed by parameters+As it turns out, the
limiting distribution of the statistic in (2+8) only depends onhm2+ To simplify the
derivation of its asymptotic distributions, we multiply the statistic in (2+8) by
hm1 and drop the terms withi 5 j, which yields aU-statistic

Wn [
1

n~n 2 1! (
iÞj

1

hm2
KSxi 2 xj

h D
3 @1~ yi # g~xi , Zb!! 2 u#@1~ yj # g~xj , Zb!! 2 u#+ (3.2)

The following theorem contains the asymptotic properties of this statistic+

THEOREM+ Given Assumptions1–4, if h r 0 and nah2m2 r` for some0 ,
a , 1 as nr `, then the following hold:

(A) under the null hypothesis~2+4!,

nhm202Wn rd N~0,s2! (3.3)

with

s 2 [ 2u2~1 2 u!2EK2
2~u! du 3 E @ p~x1i ,x2i !#, (3.4)

wheres 2 can be consistently estimated by

[s 2 [ 2u2~1 2 u!2
1

n~n 2 1! (
iÞj

1

hm2
K 2Sxi 2 xj

h D; (3.5)

(B) under the alternative hypothesis~2+5!,

Wn rp E$@F~g~xi ,b *!6xi ! 2 u# 2p~xi !% . 0; (3.6)

(C) under the local alternatives~3+1! with dn 5 n2102h2m204,

Wn rd N~m,s2!, (3.7)

where

m 5 E @ f 2~g~xi ,b0!6xi ! l
2~xi !p~xi !#+ (3.8)

StandardizingWn, we obtain the final test statistic

Tn [ nhm202Wn0 [s+ (3.9)
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Thus, Tn rd N~0,1! under the null, Tn rp ` underany fixed alternative, and
T rd N~m0s,1! under the local alternatives given in (3+1) and (C)+ By letting h
approach zero sufficiently slowly, the test can be made to be consistent against
any local alternatives converging to the null arbitrarily close to the parametric
raten2102+ Given their genesis, it is not surprising that the consistency and local
power of this test closely parallel the consistency and local power of nonpara-
metric tests of regression functions under conditional mean restrictions+

The behavior of the test may be further understood by comparing it with clas-
sical tests+ Since the model (1+1) imposes very weak distributional assumptions,
the classical tests such as Wald, likelihood ratio (LR), and Lagrange multiplier
(LM) that require specifying a complete distribution do not apply here+One fea-
sible test is thex 2 test+ To construct ax 2 test, partition the product spaceR3 Rm

into subspaces$~ y,x! : y # g~x,b0!% and $~ y,x! : y . g~x,b0!%+ The observed
frequency falling in$~ y,x! : y # g~xi b0!% is (i51

n 1@ yi # g~xi ,b0!#, and its ex-
pected frequency under the null isnu+ The observed frequency falling in
$~ y,x! : y . g~x,b0!% is (i51

n 1@ yi . g~xi ,b0!# 5 n 2 (i51
n 1@ yi # g~xi ,b0!#, and

the expected frequency isn~1 2 u!+ Then ax 2 test may be based on the statistic

xn
2 [ F(

i51

n

1@ yi # g~xi , Zb!# 2 nu

#nu
G2

1 Fn 2 (
i51

n

1@ yi # g~xi , Zb!# 2 n~1 2 u!

#n~1 2 u!
G2

5
1

u~1 2 u!

1

n (
i51

n

(
j51

n

$1@ yi # g~xi , Zb!# 2 u%$1@ yj # g~xj , Zb!# 2 u%+ (3.10)

Equation (3+10) bears some resemblance to (2+8)+ Under the nullxn
2 rd x 2~1!,

whereas under the alternative

xn
20n rp

1

u~1 2 u!
$E @F~g~xi ,b *!6xi !# 2 u%2+ (3.11)

Thus thex 2 test cannot distinguish among those alternatives for which

E @F~g~xi ,b *!6xi !# 5 u,

whereasF @g~x,b *!6x# is not identically equal tou+ This shows that thex 2 test is
not consistent against all possible alternatives+

4. A MONTE CARLO SIMULATION

In this section,we conduct a Monte Carlo simulation of the size and power of the
test to see how the proposed test behaves in finite samples+
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We consider five models where a random sample of the dependent variabley is
generated as follows:

yi 5 g~x1i ,x2i ! 1 ui , i 5 1, + + + ,n+ (4.1)

Hereui 1 1 has a standard lognormal distribution so that the median ofui is zero+
The termsui , x1i , and x2i are independent; x1i is discrete and has a binomial
distribution with the probability of success equal to 0+5 and the number of inde-
pendent trials equal to 5; andx2i has the standard normal distribution+ In models
1–5, the quantile regression functions are set to be 11 x1 1 x2, 1 1 x1 1 x2 1
~x1

2 1 x1x2 1 x2
2!, 1 1 x1 1 x2 1 ~x1

2 1 x1x2 1 x2
2!302, log~1 1 x1

2 1 x2
2!, and

exp~1 1 x1 1 x2!, respectively+
The null hypothesisH0 that we want to test is that the conditional median ofy

givenx1 andx2 belongs to the parametric familyx 'b 5 b0 1 b1x1 1 bx2, and so
u 5 1

2
_ + Obviously, H0 is true for model 1 and false for models 2–5+

The main issue in the simulation is how to choose the bandwidthh+ Here we
select the bandwidthh to minimize the generalized cross-validation (GCV) func-
tion

GCV~h! 5
(
i51

n

@1~ yi # xi
' Zb! 2 u 2 [gh~xi !#

2

n@1 2 tr~H !0n# 2 , (4.2)

where [gh~{! is a kernel estimator of the regression functionE$@1~ yi # xi
'b! 2

u#6xi %

[gh~x! 5
(
j51

n

KSx 2 xj

h D@1~ yj # xj
' Zb! 2 u#

(
j51

n

KSx 2 xj

h D (4.3)

and tr~H ! is the trace of the matrixH 5 ~hi, j !n3n with

hi, j 5

KSxi 2 xj

h D
(
l51

n

KSxi 2 xl

h D + (4.4)

In regression cases,minimizing GCV will yield an asymptotically optimal band-
width that is proportional ton210~m14! (see Härdle, 1990)+ So we choose the
bandwidthh to beln2106, wherel is a constant+We use the grid search method
to find the optimall by letting 0+05 # l # 5+0 and the grid points be 0+05,
0+15, + + + ,4+90, and 5+0 with increment 0+1+

We choose the kernel to be the bivariate Epanechnikov kernelK~u1,u2! 5
K~u1!K~u2!, where

K~u! 5 0+75~1 2 u2!1~6u6 # 1!+
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The simulation is conducted for sample sizes 100, 200, and 300+ Each experi-
ment is based on 1,000 replications+Hereb0 are estimated by the least absolute de-
viation estimation+ The critical values for the test are from the standard normal
distribution+ Let N12p be the~1 2 p!th percentile from the standard normal dis-
tribution+ Then at~1 2 p! level, we reject the null ifTn . N12p+We letp 5 1%,
5%, and 10%+

The results of the simulation are shown in Table 1+ We can see that the non-
parametric test has adequate size+As sample size gets larger, the power increases,
in line with the asymptotic theory+

5. CONCLUSION

This paper has provided a consistent test of parametric regression models un-
der conditional quantile restrictions+ The test can be extended to testing for the
censored regression modelyi 5 max$0,xi

'b0 1 ei % or other monotonic regres-
sion models considered by Powell (1991) by exploiting the fact that the quan-
tile of a monotonic function is a monotonic function of the quantile+ For example,
for the censored regression model, a consistent test may be obtained by replac-
ing 1~ yi # xi

' Zb! with 1~ yi # max$0,xi
' Zb%!+ The test can also be used to test

Table 1. Percentage of rejections in models 1–5

Sample size 1% level 5% level 10% level

Model 1: y 5 1 1 x1 1 x2 1 u
100 0+7 4+3 9+2
200 1+0 4+7 10+3
300 1+1 5+3 9+5

Model 2: y 5 1 1 x1 1 x2 1 ~x1
2 1 x1x2 1 x2

2! 1 u
100 20+4 38+7 52+7
200 61+4 83+1 90+4
300 92+9 98+4 99+6

Model 3: y 5 1 1 x1 1 x2 1 ~x1
2 1 x1x2 1 x2

2!302 1 u
100 84+3 95+2 98+3
200 100 100 100
300 100 100 100

Model 4: y 5 log~1 1 x1
2 1 x2

2! 1 u
100 12+2 26+0 38+6
200 32+7 56+5 69+5
300 62+4 83+4 90+2

Model 5: y 5 exp~1 1 x1 1 x2! 1 u
100 93+6 99+0 99+6
200 100 100 100
300 100 100 100
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multiple quantile restrictions, H0: qu~x! 5 g~x,b0~u!! for all u [ Q by simply
substituting(u[Q $1@ yi # g~xi , Zb~u!!# 2 u%$1@ yi # g~xi , Zb~u!!# 2 u% for $1@ yi #
g~xi , Zb!# 2 u% $1@ yi # g~xi , Zb!# 2 u%+The test of multiple quantile restrictions may
be used to test for homoskedasticity as in Koenker and Bassett (1982) and Powell
(1986)+Using infinite number of quantile restrictions,we may be able to test a fully
specified parametric conditional distribution+
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APPENDIX: PROOFS

We first present a result on uniform convergence ofU-statistic indexed by parameters+
Let z1, + + + ,zn be an independent and identically distributed (i+i+d+) random sample with

distribution on a setS+ Let B be a subset ofRq+ For eachb [ B, Hn~z1, + + + ,zk,b! is a
real-valued function onSk+ Following the notations in Sherman (1994), we define the
kth-orderU-statistic indexed byb as

Un
kHn~{,b! 5

k!

n! (
iaÞib,aÞb

Hn~zi1, + + + ,zik,b!+ (A.1)

If E @Hn~z1, + + + ,zk,b!6zi # 5 0 for i 5 1, + + + ,k, thenHn~{,b! andUn
kHn~b! are said to be

degenerate+
Let H [ $Hn~{,b! :b [ B,n 5 1,2, + + +%+ We say thatH has an envelopeL~{! if

supHn[H6Hn~{,b!6 # L({)+ Under some mild regularity condition called a euclidean (see
Sherman, 1994), we can establish the uniform convergence ofUn

kHn~{,b! in a neigh-
borhood ofb0 [ B+

LEMMA 1 + LetH [ $Hn~{,b! :b [ B% be a class of degenerate functions on Sk+ If (i)
H is Euclidean for a constant envelope and(ii) E @Hn~{,b! 2 Hn~{,b0!# 2 # O~n2102!
uniformly over Op~n2102! neighborhoods ofb0, then for any0 , a , 1,

6Un
kHn~{,b! 2 Un

kHn~{,b0!6 # Op~n2k022a04!

uniformly over Op~n2102! neighborhoods ofb0+
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Proof of Lemma 1. We modify the proof of Corollary 8 of Sherman (1994) by applying
it to Gn~{,b! [ Hn~{,b! 2 Hn~{,b0!+

Let $Mn% be a sequence of bounded real numbers andBn 5 $b [ B : !n7b 2 b07# Mn%+
Applying the main corollary of Sherman (1994) withp5 1,we have that for any 0, a , 1,

EFsup
Bn

6nk02Un
kGn~{,b!6G # LHEFsup

Bn

~U2n
k Gn

2~{,u!!aGJ102
, (A.2)

whereL is a generic constant+ By Chebyshev’s inequality, we have

EFsup
Bn

~U2n
k Gn

2~{,b!!aG # HEFsup
Bn

~U2n
k Gn

2~{,b!GJa
+ (A.3)

Because$U2n
k Gn

k~{,b! :b [ Bn% is aU-process of orderk, it can be decomposed into a sum
of degenerateU-statistics as in equation (6) of Sherman (1994)+ Thus, we have

EFsup
Bn

~U2n
k Gn

2~{,b!!G # sup
Bn

E @Gn
2~{,b!# 1 (

l51

k

EFsup
Bn

6U2n
l gl ~{,b!6G, (A.4)

where the class of functions$gl ~{,b! :b [ Bn% are degenerate+Applying Corollary 4(i) of
Sherman (1994), we have

(
l51

k

EFsup
Bn

6U2n
l gl ~{,b!6G 5 (

l51

k

O~n2l02! 5 O~n2102!+ (A.5)

Combining the preceding equation with Assumption (ii), we have

EFsup
Bn

~U2n
k Gn

2~{,b!!G 5 O~n2102!+ (A.6)

By (A+2) and (A+6), we have proved the lemma+ n

The following lemma,which is also useful in proving the theorem, follows from Lemma
3+1 of Powell et al+ (1989)+

LEMMA 2 + Let Un
2H~zi ,zj ! be a second-order U-statistic and rn~zi ! 5

E @Hn~zi ,zj !6zi #+ If E @7Hn~zi ,zj !72# 5 o~n!, then

!n$Un
2Hn~zi ,zj ! 2 E @Hn~zi ,zj !#% 5 2n2102 (

i51

n

$rn~zi ! 2 E @rn~zi !#% 1 op~1!

and Un
2Hn~zi ,zj ! 5 E @Hn~zi ,zj !# 1 op~1!+

Proof of Theorem. Note that, by Assumption 4, for sufficiently largen, K1@~x1i 2
x1j !0h# 5 1~x1i 5 x1j !, and so we only need to consider

Wn 5
1

n~n 2 1! (
iÞj

1

hm2
1~x1i 5 x1j !K2Sx2i 2 x2j

h D
3 $1@ yi # g~xi , Zb!# 2 u%$1@ yj # g~xj , Zb!# 2 u%+ (A.7)

(A) Denote

Wn~b! 5
1

n~n 2 1! (
iÞj

1

hm2
1~x1i 5 x1j !K2Sx2i 2 x2j

h D
3 $1@ yi # g~xi ,b!# 2 u%$1@ yj # g~xj ,b!# 2 u%+ (A.8)

NONPARAMETRIC TEST OF QUANTILE MODELS 133

https://doi.org/10.1017/S0266466698141051 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698141051


We shall first show that uniformly over theOp~n2102! neighborhood ofb0, nhm202 3
@Wn~b! 2 Wn~b0!# 5 op~1!+ Then we show thatnhm202Wn~b0! has a limiting normal
distribution+ Thusnhm202Wn 5 nhm202Wn~ Zb! also has a limiting normal distribution+

Step 1+ Uniform convergence ofWn~b!+ Denote gi ~b! [ g~xi ,b! and Fi ~b! 5
F @gi ~b!6xi #+ DenoteQn~b! 5 @10n~n 2 1!#(iÞj Hn~zi ,zj ,b!, wherezi 5 ~ yi,xi

'!' and

Hn~zi ,zj ,b! [ 1~x1i 5 x1j !K2Sx2i 2 x2j

h D$1@ yi # gi ~b!# 2 u%$1@ yj # gj ~b!# 2 u%+

(A.9)

ThenWn~b! 5 Qn~b!0hm2+We first show uniform convergence ofQn~b!+We decompose
Hn~zi ,zj ,b! into three parts:

Hn~zi ,zj ,b! 5 1~x1i 5 x1j !K2Sx2i 2 x2j

h D
3 $1@ yi # gi ~b!# 2 Fi ~b!%$1@ yj # gj ~b!# 2 Fj ~b!%

1 2 3 1~x1i 5 x1j !K2Sx2i 2 x2j

h D$1@ yi # gi ~b!# 2 Fi ~b!%$Fj ~b! 2 u%

1 1~x1i 5 x1j !K2Sx2i 2 x2j

h D@Fi ~b! 2 u#@Fj ~b! 2 u#

[ H1n~zi ,zj ,b! 1 2H2n~zi ,zj ,b! 1 H3n~zi ,zj ,b!+ (A.10)

Then letQsn~b! 5 @10n~n 2 1!#(iÞj Hsn~zi ,zj ,b!, ~s5 1,2,3!+Noting thatu 5 Fi ~b0!,we
haveQ2n~b0! 5 Q3n~b0! 5 0+ HereH1n has a constant envelope becauseK2 is bounded+
DenoteF @min~gi ~b!,gi ~b0!!6xi # 5 Fi ~min~b,b0!!+ Now we verify Condition (ii) of
Lemma 1+

E @H1~{,b! 2 H1~{,b0!# 2 # LE @$1@ yi # gi ~b!# 2 Fi ~b!%$1@ yj # gj ~b!# 2 Fj ~b!%

2 $1@ yi # gi ~b!# 2 Fi ~b!%

3 $1@ yj # gj ~b!# 2 Fj ~b!%# 2

5 LE$Fi ~b!@1 2 Fi ~b!#Fj ~b!@1 2 Fj ~b!# 1 Fi ~b0!

3 @1 2 Fi ~b0!#Fj ~b0!@1 2 Fj ~b0!#

2 2@Fi ~min~b,b0!! 2 Fi ~b!Fi ~b0!#

3 @Fj ~min~b,b0!! 2 Fj ~b!Fj ~b0!#%

# L7b 2 b0!7, (A.11)

where the last inequality can be shown by Assumptions 1 and 2+ Thus supBn
E @H1~{,b! 2

H1~{,b0!# 2 5 Op~n2102!, and so by Lemma 1,

sup
Bn

6Q1n~b! 2 Q1n~b0!6 # Op~n212a04!+ (A.12)
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DenoteSi ~b! [ ]F @gi ~b!#0]b andTi ~b! [ ]2F @gi ~b!#0]b]b '+ For Q2n~b!, by taking a
Taylor expansion ofFi ~b! aroundb0, we have

Q2n~b! 5
1

n~n 2 1! (
iÞj

1~x1i 5 x1j !K2Sx2i 2 x2j

h D$1@ yi # gi ~b!# 2 Fi ~b!%~b 2 b0!'Sj

1
1

n~n 2 1! (
iÞj

1~x1i 5 x1j !K2Sx2i 2 x2j

h D$1@ yi # gi ~b!# 2 Fi ~b!%

3 ~b 2 b0!'Tj ~ Nb!~b 2 b0!

5 ~b 2 b0!'Q2n
A ~b! 1 ~b 2 b0!'Q2n

B ~b!~b 2 b0!, (A.13)

where Nb is betweenb0 andb+ By (6) of Sherman (1994), Q2n
A ~b! can be decomposed as a

sum of degenerateU-statistics of order 1 and 2+ Then by Lemma 1, supBn
7Q2n

A ~b!7 #
Op~n21022a04! 1 Op~n212a04!+ For Q2n

B ~b!,

EFsup
Bn

7Q2n
B ~b!7G # LEF 1

n~n 2 1! (
iÞj

K2Sx2i 2 x2j

h DG
5 EK2~u!hm2 du 5 O~hm2!+

Thus,

sup
Bn

6Q2n~b!6 # Op~n212a04! 1 Op~n21hm2!+ (A.14)

For Q3n~b!, taking a Taylor expansion ofFi ~b! aroundb0, we have

sup
Bn

6Q3n~b!6 5 sup
Bn

* 1

n~n 2 1! (
iÞj

K2Sx2i 2 x2j

h D~b 2 b0!'Ti ~b1!Tj
'~b2!~b 2 b0!*

# sup
Bn

L7b 2 b072
1

n~n 2 1! (
iÞj

K2Sx2i 2 x2j

h D
5 sup

Bn

L7b 2 b072Op~hm2! 5 Op~n21hm2!, (A.15)

where bothb1 andb2 are betweenb0 andb+ Combining (A+12), (A+14), and (A+15), we
have proved

sup
Bn

6Qn~b! 2 Qn~b0!6 # Op~n212a04! 1 Op~n21hm2!+ (A.16)

Thus,

sup
Bn

6nhm202Wn~b! 2 nhm202Wn~b0!6 5 Op~n2a04h2m202! 1 Op~hm202! 5 op~1!+

(A.17)

Step 2+ Asymptotic distribution ofWn~b0!+ We apply Theorem 1 of Hall (1984) on
asymptotic distribution of a degenerateU-statistic+ Let the kernel ofWn be Hn~zi ,zj !+
Under the null, note thatE$@1~ yi # gi ~b0!! 2 u# 26xi % 5 u~1 2 u!+ For i Þ j, j Þ k, k Þ i,
we have
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E @Gn
2~zi ,zj !# [ E$E @Hn~zk,zi !Hn~zk,zj !6zi ,zj #%

2

#
L

h4m2
EHEFK2Sx2k 2 x2i

h DK2Sx2k 2 x2j

h D*zi ,zjGJ2

5
L

h4m2
EEFEK2~u!K2~u 1 v!hm2 duG2

p2~x2i !p2~x2i 2 hv!hm2 dx2i dv

5 O~10hm2!, (A.18)

E @Hn
2~zi ,zj !# 5

1

h2m2
EF1~x1i 5 x1j !K2

2Sx2i 2 x2j

h Du2~1 2 u!2G
5 u2~1 2 u!2

1

h2m2

3 (
x1i[X1

EEK2
2Sx2i 2 x2j

h Dp1
2~x1i !q~x2i 6x1i !q~x2j 6x1i ! dx2i dx2j

5 u2~1 2 u!2
1

hm2
E K2

2~u! du

3 (
x1i[X1

E p1
2~x1i !q

2~x2i 6x1i ! dx2i 1 oS 1

hm2
D

5
1

hm2

s 2

2
1 oS 1

hm2
D 5 OS 1

hm2
D, (A.19)

E @Hn
4~zi ,zj !# # LEF 1

h4m2
K2

4Sx2i 2 x2j

h DG
5

L

h4m2
EEK2

4~u!p2~x2i !p2~x2i 2 hu!hm2 dx2i du 5 OS 1

h3m2
D+ (A.20)

Thus we have

E @Gn
2~zi ,zj !# 1 n21E @Hn

4~zi ,zj !#

$E @Hn
2~zi ,zj !#%

2 #
O~10hm2! 1 n21O~10h3m2!

O~10h2m2!

5 O~hm2! 1 O~10nhm2! r 0, asn r `, (A.21)

becausehr 0 andnhm2 r` asnr`+ Thus the condition of Theorem 1 of Hall (1984)
is satisfied+ By the theorem we have

nhm202Wn~b0! rd N~0,s2!+ (A.22)

From steps 1 and 2, we have proved thatnhm202Wn rd N~0,s 2!+
Step 3+Consistency of [s 2+ The term [s 2 is a standardU-statistic with kernelHn~zi ,zj ! 5

2u2~1 2 u!2~10hm2!K 2 @~xi 2 xj !0h#+ We can easily show thatE @7Hn~zi ,zj !72# 5
O~10hm2! 5 o~n!+ Thus the condition of Lemma 2 is satisfied+ By equation (A+19), we
have, for sufficiently largen,

E~ [s2! 5 s2+ (A.23)

Therefore by Lemma 2, [s 2 5 s 2 1 op~1!+
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(B) Similarly to step 1 of the theorem, we can show thatWn 5 Wn~b *! 1 op~1!+ Sim-
ilarly to step 3 of (A), the condition of Lemma 2 can be shown to be satisfied+ Under the
alternative, we have

E @Wn~b *!# 5
1

hm2 (
x1i[X1

EEK2Sx2i 2 x2j

h D@F~gi ~b *!6x1i ,x2i ! 2 u#

3 @F~gj ~b *!6x1j ,x2j ! 2 u#

3 p1
2~x1i !q~x2i 6x1i !q~x2j 6x1i ! dx2i dx2j 1 op~1!

5
1

hm2 (
x1i[X1

EEK2~u!@F~g~x1i ,x2i ,b *!6x1i ,x2i ! 2 u#

3 @F~g~x1i ,x2i 2 hu,b *!6x1i ,x2i 2 hu! 2 u#

3 p1
2~x1i !q~x2i 6x1i !q~x2i 2 hu6x1i ! dx2i h

m2 du 1 op~1!

5 E$@F~g~xi ,b *!6xi ! 2 u# 2p~xi !% 1 o~1!+ (A.24)

Therefore by Lemma 2,

Wn 5 E @Wn~b *!# 1 op~1! 5 E$@F~g~xi ,b *!6xi ! 2 u# 2p~xi !% 1 op~1!+ (A.25)

(C) Similarly to step 1 of (A), we can show thatnhm202Wn 5 nhm202Wn~b0! 1 op~1!+
Taking a Taylor expansion ofF @~g~xi ,b0! 1 dnl ~xi !!6xi # arounddn 5 0, we have

F @~g~xi ,b0! 1 dnl ~xi !!6xi # 5 F~g~xi ,b0!6xi !

1 dn f ~g~xi ,b0!6xi ! l ~xi ! 1 op~dn
2!+ (A.26)

ThenWn~b0! can be decomposed as

Wn~b0! 5 H 1

n~n 2 1! (
iÞj

1

hm2
1~x1i 5 x1j !K2Sx2i 2 x2j

h D
3 @1~ yi # gi ~b0!! 2 u 1 dn f ~gi ~b0!6xi ! l ~xi !#

3 @1~ yj # gj ~b0!! 2 u 1 dn f ~gj ~b0!6xj ! l ~xj !#J
2 2dnH 1

n~n 2 1! (
iÞj

1

hm2
1~x1i 5 x1j !K2Sx2i 2 x2j

h D
3 @1~ yi # gi ~b0!! 2 u 1 dn f ~gi ~b0!6xi ! l ~xi !# f ~gj ~b0!6xj ! l ~xj !J

1 dn
2H 1

n~n 2 1! (
iÞj

1

hm2
1~x1i 5 x1j !K2Sx2i 2 x2j

h D
3 f ~gi ~b0!6xi ! l ~xi !f ~gj ~b0!6xj ! l ~xj !J 1 op~dn

2!

[ T1n 2 2dnT2n 1 dn
2T3n 1 op~dn

2!+ (A.27)
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Similarly to the proof of (A), we can show thatnhm202T1n rd N~0,s 2!+ Applying
Lemma 2 we can show thatT2n 5 Op~n2102! and

T3n rp E @ f 2~gi ~b0!6xi ! l
2~xi !p~xi !#+ (A.28)

Thus, if dn 5 n2102h2m204, then

nhm202Wn rd N~m,s2!, (A.29)

wherem 5 E @ f 2~gi ~b0!6xi ! l 2~xi !p~xi !#+ n
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