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Abstract. This article is devoted to studying which conditions imply that a topological
dynamical system is mean sensitive and which do not. Among other things, we show
that every uniquely ergodic, mixing system with positive entropy is mean sensitive.
On the other hand, we provide an example of a transitive system which is cofinitely
sensitive or Devaney chaotic with positive entropy but fails to be mean sensitive. As
applications of our theory and examples, we negatively answer an open question regarding
equicontinuity/sensitivity dichotomies raised by Tu, we introduce and present results of
locally mean equicontinuous systems and we show that mean sensitivity of the induced
hyperspace does not imply that of the phase space.
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1. Introduction

A pair (X, T) is called a topological dynamical system (or simply t.d.s.) if X is a compact
metric space with metric d and 7 : X — X is a continuous map. A Borel probability
measure u in X is ergodic if it is invariant under T and every invariant set has measure
ZEro Or one.

A question of interest in topological dynamical systems is when orbits from nearby
points deviate. Sensitive dependence on initial conditions (or briefly sensitivity) appeared
as the first explicit mathematical definition to describe this turbulent behaviour [30].
According to the work of Auslander and Yorke [3], we say that a t.d.s. (X, T) is sensitive
if there exists § > 0 such that, for any non-empty open subset U C X, there exist x, y € U
and n € N such that d(T"x, T"y) > §. Following from [2, Theorem 3.4], we state the
following proposition.

PROPOSITION 1.1. A t.d.s. (X, T) is sensitive if and only if there exists a § > 0 such that,

for any non-empty open subset U C X, one of the following holds:

(1) NrU,$) :={neZy:diam(T"(U)) > 8} is infinite, where diam(-) denotes the
diameter of the set;

(2) limsup,_, ., d(T"x, T"y) > 6 for some x, y € U; or

(3) limsup,_, ., diam(T"U) > 6.

Sensitivity as a form of chaos is very weak. For example, the Sturmian subshift, which
is considered as a very rigid system, is sensitive.

Stronger forms of sensitivity have also been studied by adding extra requirements on
the set N7 (U, §) in (1). This idea was carried out by Moothathu in [27]. In particular, he
introduced the notion of cofinite sensitivity. That is, a t.d.s. (X, T) is cofinitely sensitive
if there is a § > 0 such that, for any non-empty open subset U C X, N7 (U, §) is cofinite,
i.e., diam(7'U) < 8 for only finitely many times.

Another interesting approach to strengthen sensitivity (due to its connections with
ergodic theory) is to replace the upper limits in (2) and (3) by upper average limits (Cesaro
and Banach averages) [10, 25]. Strictly speaking, this is given by the following definition.

Definition 1.2. A t.d.s. (X, T) is mean sensitive (or Banach-mean sensitive) if there is a
6 > 0 such that, for any neighbourhood U of X, there are x, y € U such that

= L, ' ‘

lim su d(Tix, T' )>5(or lim su d(T'x, T' )>8).
nﬁoop”; Y NM—EoN—Mi:ZM Y

Atd.s. (X, T) is diam-mean sensitive if there is a § > 0 such that, for every neighbourhood

U of X,

n—1

1
lim sup — Z diam(T'U) > 6.
n—oo
=0
When considering the opposite side of sensitivity (respectively, mean sensitivity,

Banach-mean sensitivity, diam-mean sensitivity), the notions of equicontinuous (respec-
tively, mean equicontinuous, Banach-mean equicontinuity, diam-mean equicontinuous)
points and systems appear correspondingly ([10, 13, 25], respectively); see §2 for
definitions.
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Mean sensitivity/equicontinuity has been studied recently because it turned out to be a
useful concept to describe/characterize ergodic theoretic properties such as when a system
has a discrete spectrum and when its maximal equicontinuous factor is an isomorphism
with topological notions [7, 10, 25]. The main concern of this paper is to explore which
conditions imply mean sensitivity and which do not.

The following implications follow from the definitions.

mean sensitivity = Banach-mean sensitivity

)

cofinite sensitivity = diam-mean sensitivity

From examples in [10, 25], we know that each implication is strict. Note that the first row
represents ‘point’ forms of sensitivity, where points are used in the definition, and, in the
second row, we write ‘diameter’ forms of sensitivity when the sensitivity is measured with
the diameter of the orbit of open sets. Motivated by this, we ask the following question.
Does cofinite sensitivity (which is the strongest form of ‘diameter’ sensitivity) imply
Banach-mean sensitivity (the weakest form of ‘point’ sensitivity)? This question has a
negative answer.

THEOREM 1.3. There exists a transitive cofinitely sensitive t.d.s. (X, T) which is Banach-
mean equicontinuous and hence not Banach-mean sensitive.

Other popular forms of chaos are positive entropy, mixing, Li- Yorke chaos and Devaney
chaos. A system is Devaney chaotic if it is transitive and the set of periodic points is dense.
For the definition of Li-Yorke chaos, see [6] . Considerable time has been spent figuring out
which conditions of chaos are stronger than others. For example, it is known that positive
topological entropy, Devaney chaos and weak mixing implies Li-Yorke chaos [6, 17, 19].

In this paper we show the following theorem.

THEOREM 1.4. There exists a Devaney chaotic t.d.s. with positive topological entropy that
is almost mean equicontinuous and hence not mean sensitive.

Note that in [25] a transitive non-mean sensitive system with positive entropy was
constructed, and also there exist mixing systems that are not mean sensitive.

For clarity, in summary, the conditions that do not imply mean sensitivity are:
topological mixing [25];
minimality plus a maximal equicontinuous factor which is not one-to-one [7];
cofinite sensitivity (Theorem 1.3);
Devaney chaos plus positive topological entropy (Theorem 1.4); and
positive entropy plus unique ergodicity (Theorem 3.15).

For the positive side, the only known conditions that are stronger than mean sensitivity
are:
e minimality plus positive topological entropy [10, 25];
e ergodic measure with full support and not purely discrete spectrum.

We add other properties to the list. The reader is referred to §3.3 for details.
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THEOREM 1.5. The following conditions imply mean sensitivity.

e Topologically mixing, unique ergodicity and positive topological entropy.
e Minimality and topological weak mixing.

o Transitivity and shadowing property with positive topological entropy.

There are several applications of the theory and counterexamples we constructed
in the following areas: (1) equicontinuity/sensitivity dichotomies (2) locally mean
equicontinuous (LME) systems and (3) dynamical theory of hyperspaces.

As for dichotomies, it was shown in [3] that a minimal t.d.s. is either equicontinuous
or sensitive. This result was generalized by showing that every E-system is either
equicontinuous or sensitive (see [13, Theorem 1.3] or [16, Theorem 4.6]). Recall that
a t.d.s. is an E-system if it is transitive and there exists an invariant measure with full
support.

For mean notions, we know that a minimal t.d.s. is either mean equicontinuous or mean
sensitive [10, 25]. In [32, Question 3.7.3], Tu wondered if each E-system is either mean
sensitive or mean equicontinuous. Since every Devaney chaotic t.d.s. is an E-system and
mean equicontinuous systems have zero entropy [10, 25], we obtain a negative answer to
the above question as a corollary of Theorem 1.4.

COROLLARY 1.6. There exist E-systems which are neither mean sensitive nor mean
equicontinuous.

Note that, in [10, Theorem 13], it was shown that a strongly transitive system (this
property is stronger than E-system) is either mean sensitive or mean equicontinuous.
Here we show that systems which are transitive and have dense minimal points (so called
M -systems) are either Banach-mean equicontinuous or Banach-mean sensitive (Corollary
3.11), and systems which are transitive and have the shadowing property (stronger than
M -systems) are either mean sensitive or mean equicontinuous (Corollary 3.18).

In [15], Glasner and Weiss introduced the concept of local equicontinuity. A
td.s. (X, T) is locally equicontinuous (LE) if, for every x € X, orb(x, T) is almost
equicontinuous. Inspired by this, we say that a t.d.s. (X, T) is LME if, for every x € X,
orb(x, T) is almost mean equicontinuous. In §4.1, we prove an application of Theorem
1.4 by showing the following theorem.

THEOREM 1.7. Similarly to LE systems, LME systems have zero topological entropy.
Nonetheless, contrary to LE systems, ergodic measures on LME systems may be supported
on non-minimal subsystems.

In ‘point’ forms of sensitivity (such as mean sensitivity), we care about the behaviour
of points. In ‘diameter’ forms of sensitivity, we pay attention to the behaviour of sets.
There is a general way to study the behaviour of sets: the study on hyperspatial dynamical
systems. Given a t.d.s. (X, T), we can naturally induce a t.d.s. (K (X), Tk ), where K (X)
is the hyperspace consisting of all non-empty closed subsets of X and endowed with the
Hausdorff metric (cf. [29]). Bauer and Sigmund in [5] initiated a systematic study on the
connections between dynamics of (X, T') and (K (X), Tx). In particular, they proved that

https://doi.org/10.1017/etds.2017.101 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2017.101

1612 F. Garcia-Ramos et al

(X, T) is weakly mixing if and only if K (X) is weakly mixing. Later, Banks [4] showed
that on (K (X), Tx) weak mixing is equivalent to transitivity. Very recently, Wu et al [34]
summarized the connections on F-sensitivity (where F is a Furstenberg family), and, in
particular, they showed that F-sensitivity of (K (X), Tx) implies that of (X, T'), and that
the converse is also true when, additionally, F is a filter. We refer the interested reader to
[23, 24, 26] for further connections.

In this paper, we will study how mean forms of sensitivity and equicontinuity behave on
hyperspaces. Following the definition and a bit of work (similarly, as in [34, Corollary 1])
it is not hard to see that if (K(X), Tx) is diam-mean sensitive, then so is (X, T).
Nonetheless, using the example in the proof of Theorem 1.3, we show that for mean
sensitivity this does not happen.

THEOREM 1.8. There exists a transitive t.d.s. (X, T) with zero topological entropy that is
Banach-mean equicontinuous (and thus not mean sensitive) such that (K (X), Tx) is mean
sensitive and has positive topological entropy.

Note that, in [14], Glasner and Weiss constructed the first example of a t.d.s.
(X, T) that is minimal and has zero topological entropy but (K(X), Tx) has positive
topological entropy. These results indicate that induced dynamics on hyperspaces admit
more complicated behaviours than dynamics on the phase space.

We also show that, on the hyperspace, mean equicontinuity and diam-mean
equicontinuity are equivalent (Corollary 4.9); for mean sensitivity, we have the following
result.

THEOREM 1.9. Let (X, T) be at.d.s. and let (K (X), Tk) be its induced hyperspatial t.d.s.
Consider the following statements.
(1) (K(X), Tg) is diam-mean sensitive.
2) (K(K(X)), Tx) is diam-mean sensitive.
(3) (K(X), Tg) is mean sensitive.
@) (K(K (X)), Tx) is mean sensitive.
Then (1) and (2) are equivalent. If, additionally, (X, T) is weakly mixing, then (1)—(4)
are all equivalent.

2. Preliminaries
Throughout this paper, we denote by Z.; and N the sets of non-negative integers and natural

numbers, respectively.

2.1. Subsets of Z+. Let F be a subset of Z . The density and upper Banach density of

F are defined by

— #{FN[0,n—1

D(F)=lim sup w

n— 00 n
and
#HFN[M,N -1 . #FN[M,N—1
BD*(F) = lim sup { [ I = lim Sup{ sup { [ 1l },
N—-M—oc0 N-M n—oo | N—M=n n
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where #{-} denotes the cardinality of the set. It is clear that D(F) < BD*(F) for any
FCZy.

We say that a subset F' C Z is syndetic if there is an n € N such that F N {m, m +
1,...,m+n}#@ forany m € Z,, and we say it is thick if there are n; — 0o such that
FDU?il{n,-,ni +1,...,n;+1i}.

2.2. Topological dynamics. Let (X,T) be a tds., let x€ X and let U be a
neighbourhood of x. We denote the orbit of x by orb(x, T) = {x, Tx, .. .}, its orbit closure
by orb(x, T') and the return times of x to U by N(x, U) ={n € Z; : T"x € U}.

We say that a point x is periodic if T"x = x for some n € Z., transitive if orb(x, T)
= X, recurrent if N(x, U) is non-empty for any neighbourhood U of x and minimal if
N (x, U) is syndetic for any neighbourhood U of x.

A td.s. (X, T) is a transitive system if, for any non-empty open sets U, V C X, there
exists n € N such that T7"U NV # @; it is weakly mixing if the product t.d.s. X x X is
transitive; and it is a minimal system if every point of X is transitive. It is well known that
if x is recurrent, then orb(x, T') is transitive.

Given a td.s. (X, T), we denote by M(X, T) the collection of all T-invariant
Borel probability measures on X. It is well known that M (X, T) is always non-
empty. Let u € M (X, T). We define its support by supp(u) = {x € X : n(U) > 0 for any
neighbourhood U of x}.

We say that a t.d.s. (X, T) is:

e Devaney chaotic if it is transitive and the set of periodic points is dense;
e an M-system if it is transitive and the set of minimal points is dense; and
e an E-system if it is transitive and there exists an invariant measure with full support.

Every Devaney chaotic system is an M-system and each M-system is an E-system.

Let (X, T) and (¥, S) betwo t.d.s. and let ¥ : X — Y be a continuous function. We say
that 7 is a factor map if 7 is surjective and satisfies that m o 7 = S o . In this case, we
say that X is an extension of Y or Y is a factor of X. The factor & is said to be almost
one-to-one if there exists a residual subset (i.e., contains a dense G;s set) G such that
7 N (w(x)) ={x} forall x € G.

We refer any reader not familiar with topological entropy to the textbook [33].

2.3. Various forms of equicontinuity and sensitivity. ~ We have defined various forms of
sensitivity in §1.
Let (X, T) be a t.d.s. and let x € X. We say that the point x € X is:

e an (ordinary) equicontinuous point if, for any ¢ > 0, there is a § > 0 such that, for
every y € X withd(x, y) <48,d(T"x, T"y) <eforalln € Z;

e amean equicontinuous point if for any & > 0 there is a § > 0 such that for every y € X
with d(x, y) < 8, limsup,_, o (1/n) Y0=0 d(T'x, T'y) < ¢;

e a Banach-mean equicontinuous point if, for any & > 0, there is a § > 0 such that,
forevery y € X withd(x, y) <8, limsupy_ys_, o, (1/(N — M)) Z,N;Ml d(T'x, T'y)
< g;and
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e adiam-mean equicontinuous point if, for any ¢ > 0, there is a neighbourhood U of x
. 1 4. ;
such that lim sup,,_, ., (1/n) >_/—, diam(T"'U) < ¢.
A td.s. (X, T) is Q-equicontinuous (where Q = ordinary or mean or Banach-mean or
diam-mean) if all points in X are Q-equicontinuous; and it is almost Q-equicontinuous if
the set of Q-equicontinuous points is residual.

Remark 2.1.

(1) When every point is Q-equicontinuous (where Q = ordinary or mean or Banach-
mean or diam-mean), by compactness it is easy to check that the § is independent of
the choice of x.

(2) With the usual triangle inequality argument, we can make clear the difference
between mean equicontinuity and diam-mean equicontinuity, i.e.:

e x € X is a mean equicontinuous point if and only if, for every ¢ > 0, there exists
8 > 0 such that sup,, ¢y limsup,_, ., (1/n) Z?:_ol d(T'yy, T'y,) < &, where
U ={z:d(z, x) <8}; and

e x € X is a diam-mean equicontinuity point if and only if, for every ¢ > 0, there
exists 8 > 0 such that lim sup,_, o, supy, ..y (1/n) Z;‘:ol d(Tiyy, T'y)) <&,
where U = {z :d(z, x) < 8}.

(3) According to Fomin [9], a t.d.s. (X, T) is mean-L-stable if, for every ¢ > 0, there
exists 8 > 0 such that if d(x, y) <8, then D({i > 0:d(T'x, T'y) > ¢}) < &. It was
shown in [25] that a t.d.s. is mean-L-stable if and only if it is mean equicontinuous.
Actually, the proof of such equivalence comes from a general argument which can
be used to show that every mean condition has an equivalent density condition. To
be precise, one only needs to show the following easy observation. Let M > 0 and
let {a;} be a sequence of reals with 0 <a; < M.

o Iflimsup,_ . (1/n) Y72} a; <8, then D({i : a; > v/8}) < /3.
o IfD{i>0:q; >8)) <34, then lim sup,_, o, (1/n) Z:‘:ol a; < (M +1)8.

(4) There exist almost equicontinuous transitive t.d.s.s (X, T) which are not mean
equicontinuous [25].

(5) Let (X, T) be an almost equicontinuous t.d.s. which is not mean equicontinuous.
By [13, Theorem 1.3], such a system is not an E-system. Thus if A is the closure
of the union of the supports of all invariant measures, then A is a proper closed
invariant subset of X. Consider the factor map 7 : X — Y that maps A to a point p.
Observe that A contains no transitive points and that the restricted map 7’ = 7| X\A
X\ A— Y\ {p}is a homeomorphism. This means that 7 is an almost one-to-one
map. Besides, it is easy to see that ¥ x Y is uniquely ergodic (i.e., it has only one
invariant measure) with the only invariant measure concentrated at the point (p, p).
By [25, Corollary 3.7], the t.d.s. on Y is mean equicontinuous. This shows that every
almost equicontinuous transitive t.d.s. is an almost one-to-one extension of a mean
equicontinuous one. For a comparison, note that factors of almost equicontinuous
systems may not even be almost mean equicontinuous (see, e.g., [25, Remark 4.4]).

For transitive and minimal systems, we can state dichotomies between an
equicontinuous side and a sensitive side. It is known that each transitive t.d.s. is either
Q-sensitive (where Q = ordinary or mean or Banach-mean or diam-mean) or almost
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Q-equicontinuous, and that a minimal t.d.s. is either Q-sensitive or Q-equicontinuous
(see [1, 10, 25], respectively). In this paper, we will present more characterizations of
dichotomy. To make it easier for the reader, we briefly sketch the proof of the dichotomy
theorem. If (X, T') is transitive and U C X is a non-empty open set, then either:

(i) U contains a Q-equicontinuous point; or

(ii) there are no Q-equicontinuous points in U.

If (ii) holds, then there exists a transitive point x € U which is not a Q-equicontinuous
point. It is easy to see that T'x is not a Q-equicontinuous point. Using a triangle inequality
argument (e.g., see [25, Proposition 5.3]), one can show that (X, T') is Q-sensitive. If
(1) holds, then all transitive points in U are Q-equicontinuous points and so are all the
transitive points in T-'U,i=1,2,3,.... Since Uloil T—'U contains all the transitive
points, it means that every transitive point is a Q-equicontinuous point and then (X, T') is
almost Q-equicontinuous.

Remark 2.2.

(1) The set of transitive points is equal to the set of equicontinuous points of a
transitive almost equicontinuous t.d.s. (see, e.g., [1]). This implies that a transitive
equicontinuous t.d.s. must be minimal. On the other hand, there are transitive non-
minimal mean equicontinuous t.d.s.s [25]. In the constructed example, the set of
its non-transitive mean equicontinuous points forms a dense subset. Remark 2.1(4)
above provides another example where some, but not all, of the non-transitive points
are mean equicontinuous points (just note that Y is mean equicontinuous and that the
restricted factor map 7| y\ -1y : X \ 7~ (U) — Y \ U is a uniform isomorphism
for any open set U which contains p).

(2) There are some easy conditions that imply that a t.d.s. is not mean equicontinuous.
Since every transitive mean equicontinuous t.d.s. is uniquely ergodic (see, e.g., [25]),
we obtain that the following families are not mean equicontinuous:

e transitive systems with more than one minimal subsystem, e.g., non-minimal
M-system; and

e non-minimal E-systems (since it has at least two invariant measure: the one with
full support and the one concentrated on a minimal proper subset).

2.4. Symbolic dynamics. Let £ =10, 1} be endowed with the Cantor product
topology (given by the discrete topology on {0, 1}). A compatible metric on 2; is defined
by d(x, y) =0if x = y; otherwise d(x, y) = 1/i withi =min{j € N:x; # y;}. We have
that E;r is compact, and the shift map o : E; — E;, defined by o (x),, = x,4+1 forn e N,
is continuous. We often refer to (X7, o) as the full shift and to any compact o -invariant
subsystem X C E;L as a subshift.

Fix n e N. We call w € {0, 1}" a word of length n and write |w|=n. Let o(w) =
#{i € N:w; = 1} be the number of occurrences of symbol 1 in w. For any two words
u=uuy...u, and v=vivy...v,, we define the concatenation of u,v by uv =
UiUD . ..UV . . . Uy OF, equivalently, by u U v. In the same manner, we define by u™
the concatenation of m copies of u for some m € N and by u® the infinite concatenation
of u. Let X be a subshift of E;‘ and let x = x;x; - - - € X. For any ¢, j € Z, we denote
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X[1,04j] = Xt X 41 - - - Xr4j. We say that a word w = wyws . . . w, appears in x at position ¢
ifx;pj1=wjforj=1,2,...,n,ie, Xy 4n—1] = w. By L(X), we mean the language
of subshift X, which is the set consisting of all words that can appear in some x € X, and
by £,(X), we mean the set of all words of length n in £(X). For any word u € L,(X),
its cylinder set is defined by [u] = {x € X : x1x2 ... x,, = u}. Note that the cylinder sets
{[u] : u € L(X)} form a basis of the topology of X. A subshift is transitive if and only if it
contains a transitive point.

3. Main results

3.1. Proofof Theorem 1.3. Inthis section, we will prove Theorem 1.3, i.e., we construct
a subshift which is cofinitely sensitive but not Banach-mean sensitive. The notation we
need was summarized in §2.

We are working with the non-common notation of using A LI B = AB to denote the
concatenation of two words and Uf-’: . A’ to denote the concatenation of the words
{Ai}ﬁ’:a. By convention, if a > b, we assume that U?:a Al is an empty word.

To begin with, let A; = 111 and By = 000. For n > 2, we recursively write

Ap = Ay 1018, _10F-14,

and
|An| ' ‘
B, = |_| A 101711041 1y 4, 0144
i=1

= A, 104171 oA, 00104 A, 01414, 014
where the sequence {k,} is required to satisfy that k,, > n(2|A,| + | Byl).
Let x =lim,_ A,0% and X = orb(x, o). By construction, x is clearly a recurrent
point and, consequently, X is a transitive t.d.s. Before proceeding, we describe several
properties of X with the following lemmas.

LEMMA 3.1. For any m >n and o € L;(Ay) U L (By) with t(=t,) = |A,| + 2k, +
| Bul,
o(w)=#{i e N:w; =1} <|A,| + |By|-

Proof. We will prove this using induction on m.
Assume thatm =n + 1. If w € L;(A,+1), we clearly have o(w) < |A,| + | B,|. This is
because w can only be either of the form
A0 B, 0k 0k B0k A,
or
(A (1A 114,10 B0 (A1 ay—i—1), O <1< |An] — 1.
If we L;(By+1), then
Al '
By = |_| Anol—llolAnH\—l L AnolAnﬂl
i=1
— AnlolAn+1|—1 o Anoi—llolAn+1|—i o An()lA’H"l_llAnOlA"*'”.
With this, we obtain that o(w) < |A,| + 1 < |A,| + | Bal-
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Assume this foranyn <! <m — 1 and w € L;(A;) U L;(B;). We conclude that
o(w) < |Anl + |Bnl.

If we L;,(An), then
€ Ly(Am—1) U Ly (Ap—10=1) U L, (051 A,,_1)
U L (Bn—1) U Ly (By—105m-1) U £, (051 B, _1).

Thus we also conclude that o(w) < |A,| + |By|.
Finally, assume that w € £;(B,,). We express
|An| . _
By = |_| Ap_10771101A 1= 1y A, 014!
i=1
Since each A; (I > n) starts and ends with A,,,
Anl ‘
w € Li(An-1) U | L0104 U £, 014
i=1
[Am| 1—1 _ _
U U U L0110 (A, ) )
i=1 p=1
Al 1=2
U U £ @@asDiia,i-g1a,n0 =" 1047170
i=1 ¢=0
=2
U U Et((An+1)[|An+l‘_q’|An+l|]0‘Am|)'
q=0

Once again, we conclude that o(w) < |A,| + | By]|.
Lety € X. We define Ey :={i € Z : y;11 = 1}.
LEMMA 3.2. Foranyy € X, BD*(E,) =0.

Proof. We will prove this result in two cases.

Assume that y € orb(x, o). Then y = 0c%x is a transitive point for some a € Z . Note
that, for eachn > t; = |A| + 2k; + | By|, there is a unique m(= m(n)) € N such thatz,, <
n=rmtym + Sm < tmy1 With t, = |Ap| + 2k + |Bp|, rm € Nand 0 < s, <t,,, — 1. Thus
by Lemma 3.1, for any interval [M, N — 1] with length n,

#HEyN[M, N—11}  o(ym+1,mM+n))

n n
0(y[M+1,M+(rm+1)tm])

'mtm

_ m + D(An| + 1BwD

T rm(Am| + 2ky + | B )

- (rm + D(Am| + [Bnl) '
T rmllAp| +2mQ2lAp| + | Bul) + |1Bnll
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Considering this and the fact that m — oo when n — oo, we conclude that

#E,N[M,N —1
BD*(E,) =lim sup{ sup tEy Nl ]}}
n—oo |(N—M=n n
<1 (rm + D) ([Am| + |Bm|)
< lim sup

m—oo FTmllAml +2mQ@|Am| + |Bml) + | Bull -
Now assume that y € X \ orb(x, o). There exists a sequence {a;};°, C Z4 such that
o%x — y. Hence, for each word y[pr41,m4n) With M € Z, n € N, there is an ap, € N
such that
Y1 M+n] = 0" X[1 M+n] = X[ay, +1.ap, +M+n]-
Using Lemma 3.1 (and a similar argument to that used before) we conclude that
0(x )
BD*(Ey) =lim sup{ sup Lap, + M1 ap, + Mtn] }
n— 00 N—M=n n
. (rm + DUAm| + |Bml)
< lim sup =
m—oo Fml|Am| +2mQ2[Am| + |Bul) + |Bul]

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let X be the subshift defined above. First, we will prove that X
is cofinitely sensitive. Let U C X be a non-empty open set. Since x € X is a transitive
point, there exists m € N such that 0" x € U. Furthermore, there exists s € N such that the
cylinder [X[+1,m+s]] C U. By the construction, we can pick ani € N such that X[, 41,545
is a subword of A;. Without loss of generality, we can further assume the word A; ends
with X[41,m+s] (choose large enough s, if necessary). Also, observe that each word A;,
ends with A;, and appears in B;, for any i < i; < i3 € N. Thus it is not hard to see that
the sequences z; = x[m+1,m+s]01 10 (j =0, 1, 2, . ..) are eventually the points of X and,
furthermore,that {z; : j € Zy} C [X[m+1,m+s1] C U. Consequently,

N7 (U, 1/2) = {n € Z, : diam(¢"U) > 1/2} D Z4 \ [0, m + 5],

and the cofinite sensitivity follows.

Let ¢ > 0 and n € (0, ). For n, there is a K € N such that 1/(K + 1) <n < 1/K. For
any pair (y1, y2) € X x X, we can use Lemma 3.2 to obtain BD*(E,, U E,) = 0. This
implies that if F = {i € Z, :d(c'y;, 0 y2) > 1}, then

BD*(F) < Tim sup 2K#{(Ey, UE,,)N[M, N — 1]} _
N—-M—oo N-M

0.

Hence, similarly to Remark 2.1(3),
N-1

lim sup d(o'y1, o'yr)
N—-M—o0 -M i:ZM

< lim sup
N-M—oo N =M

< BD*(F) -diam(X) +n < e.

#FN[M, N — 1]} - diam(X) + 7 - (N — M))

Since the choice of pair (y;, y2) is arbitrary, X is Banach-mean equicontinuous and thus
is not Banach-mean sensitive. O
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3.2. Proof of Theorem 1.4. In this section, we show that positive topological entropy
and Devaney chaos does not imply mean sensitivity. As a corollary, we show that mean
sensitivity and mean equicontinuity have no dichotomy for E-systems. It is fair to mention
that the following construction is inspired by the techniques in [25] and [24]. Nonetheless,
the proof for this result has several extra technical issues.
We start with an arbitrarily binary minimal subshift (Y, o). Pickapoint y = y1y> ... €
Y and denote the word C, = y1 ...y, for each n € N. Set A; = 101, B; = C1. Now we
recursively define
Ans1 = A, 00 B0k A,

and

n
Byt1=Crti |_|(AiO|A"+1‘)n+1_i
i=1
= Cn+1 (AlolAZI)n(AzolAfé‘)n—l L (AnolA’l+1|)l,

where the sequence {k,} satisfies that:
(1) kn/(An| + 2k, + |Byl) > |Bil/|By| forall 1 <n < m;and
(2)  kn=nQ|An| + |Bal).
Let x =1lim,,_, o0 A,0°° and X = orb(x, o). From the construction, it is clear that (Y, o)
is a minimal subshift of (X, o), and the system (X, o) is transitive and has dense periodic

points (of the form o’ (A,10|A"+1 |)"O). From this, we obtain the following result.
PROPOSITION 3.3. (X, o) is a Devaney chaotic t.d.s.

We will later prove that the subshift (X, o) satisfies the following property.
PROPOSITION 3.4. (X, o) is almost mean equicontinuous.

From the construction and Propositions 3.3 and 3.4, we obtain the following proposition

PROPOSITION 3.5. In the full shift (S5, o), every minimal subshift (Y, ) is contained in
a Devaney chaotic subshift (X, o) that is almost mean equicontinuous.

Note that since the system in Proposition 3.5 is transitive but not uniquely ergodic, by
Remark 2.2(2) it can not be mean equicontinuous.

Now we can prove Theorem 1.4.

Proof of Theorem 1.4. Let (Y, o) be a minimal subshift with positive topological entropy.
Using the fixed Y, we construct a subshift (X, o), as in Proposition 3.5. Then (X, o)
is Devaney chaotic and almost mean equicontinuous, and so it is not mean sensitive
[10, 25]. Besides, (X, o) also has positive topological entropy because it contains (Y, o)
as a subsystem. This implies that Theorem 1.4 holds, which completes the proof. O

Consequently, we obtain the proof of Corollary 1.6.

Proof of Corollary 1.6. Note that every Devaney chaotic t.d.s. is an E-system and
that mean equicontinuous systems have zero entropy [10, 25]. Then by combining
this with Theorem 1.4, the corollary follows. One can also yield the corollary from
Proposition 3.5. O
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So it remains to prove Proposition 3.4. For this, we need more information about the
structure of (X, o), which will be obtained in the following series of lemmas. To help the
reader to get a good understanding of these lemmas, we will describe the relations between
them: Lemma 3.9 is exactly what we need in the proof of Proposition 3.4; Lemmas 3.6,
3.7 and 3.8 are used to prove Lemma 3.9.

Observe that each A; starts and ends with A; forall 1 <i < jeN. Let m >n + 1.
Using that A,4+1 = A0 B, 0k A,,, one can check that there exists an M € N and a
sequence {m;}? | withn <m; <m — 1 such that

M
An=|_| An0*i B,y 0Fmi L1 A,
i=1

= A,0" B, 0% A,0%+1 B, 0k A0k B0k A,. (3.1)
LEMMA 3.6. Foreachm >nand 1 <s < |A,| + 2k, + |Bul,

S
19
|Ap| 4 2k, + | By

0((A,0% B, 05y ) < max{ } “(|Anl + |Bal).

Proof. 1t is clearly true for m = n. Assume that m > n. The result is easy to check for
s €[1, |An| + kn]. Now, since the sequence {k,} satisfies condition (1), k;, > 2k, and
|Bim| < (IByl - ki) /(|Ay| + 2k, + | B,|). This leads to

| Bl - km
|An| + 2kn + | By
_ UAnl + k) ([ An| + | Bal)
T |Aul + 2k + | Bal

(|An| + 1Byl

0(A,08 B0 1 () < |Au| 4 | Bl < |An] +

<
T |Ap| + 2kn + | By
for all s > |A,| + kn, which completes the proof. O

LEMMA 3.7. Foreachm >n + 1:

(1) 0(Am) < (Aml/(Anl + 2ky + |BaD) + 1) - (| An| + |Ba);

2)  0o(Ap0Amin'ly = 0(An) < ((Am| + |Amsm' D/ (Anl + 2kn + |Bu])) - (|An] + |Bal)
forany m’ > 1; and

(3)  0(A, 04l ) < Ayl + | Byl forany 1 <s < |Au| + |Anl.

Proof. (3) is trivial and obviously (1) = (2). So we only need to show (1).
Let M € N and {mi}i"i] be such thatn <m; <m — 1 and

M
An =|_| An0"i B, 0" L A,
i=1
Observe that, for each r > n,
|A,0% B0 | = | Ay | + 2k, + |Br| = |Ap| + 2ky + | Bal.
By Lemma 3.6,

_ | A, 0% B,0%r|
0(A, 0% B,.0Fr) < (|4, + | By,
(A, - )_|An|+2kn+|Bn| (An| + |Br])
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SO
M
0(Am) =D 04,01 By, 0470) + 0(Ay)
i=1
o3 A0 B OB (Al + 1BaD
TS A+ 2k (B T T
5( |4n| +1>-(|An|+|Bn|),
| Anl + 2kn + | By
which completes the proof. O

Since y is a minimal point, the word O or 1 appears in y syndetically. This implies that
there exists N € N such that Ay does not appear in y. We will use this N in the following
lemma.

LEMMA 38. Let n> N, m>n+1 and 1 <t < |By,| such that (Buy)[,1+|A,-1] = An-
Then, for each0 <s < |B,,| + kyn — t,

s+ 1
[Anl| + 2ky + | Byl

0((Bn0")j1.1451) < ( + 1) - (|An| =+ |Bul).

Proof. By definition,

m—1
By =Cp | ] (a0,

i=1
Although the choice of N, A, does not appear as a subword of C,, |_|;1=_11(A,-O‘Ai+1|)m”',
nonetheless, for eachn <i <m — 1, A,, is contained in AiO‘Ai“‘.

By hypothesis, (Bp)(s,1+|4,/-1] = An. There exist n <r <m —1land 0<l<m —r
such that ¢ locates in some A, of B,,, i.e.,
r—1

Com I_l(AiolAi+||)m—i Ll (ArolA"+‘|)l+l )

i=1

r—1
o I_l(AiolAH-l\)m—i L (Aro\ArHI)l

i=1

<t =<

Also there exists M € N and a sequence {mi}i"i | withn <m; <r — 1 such that
M
Ar=|_| An0"n B, 0" L A,
i=1

We assume that there exists 0 < a < M such that

r—1
Cpn I_l(AiolAiHI)m*i L (ArO|Ar+l|)l

i=1

a
t= + || An0Fmi By, 08 | 4+ 1.

i=1

This may not be the case, as A, appears also as subwords of some B,,;. We will explain
later what to do if this is not the case.
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This implies that
M
(B0 i1 1451 =( L] An0 By, 05 L 4,011
i=a+1
m—1
L (A0 Aretlym=r=t=t| ] oAy uokm) . (32
i=r+1 [0.5]

Depending on the location of # + s, (BmOk'")[,, 1+s] can be rewritten as the concatenations

9
(B0 ivs1 = | | Ej»
j=1

where, foreach £ =1, ..., 9, E; is either empty, or satisfies that:
() Er =1L, An0 By, 0
Q) E,= AnolArm;
(3) E3;=(A0A+1h forsome O <u<m—r—1—1;
4) E;= |_|:.:r]Jrl (A; 0141 hym=1 for some r +2 <v<m — 1;
(5) Es=(A,04+1)* for some 0 < w <m — v;
(6) E¢=|1F_, A0 B, 0% for some p € Nand {b;}/_, withn < b; <m —2;
(7)  E7 = A, 0k By 0% ) for some ¢ > nand 1 < ey <|A,| + | By, | + 2ke;
(8) Eg=A,044dl; . forsomed >nand | <e; <|A,|+ |Ayl; and
9 E9= An0|A'"‘0km[1,e3] for some 1 <e3 < |A,| + |An] + ki
Now we make some comments about the decomposition for better understanding.
Observing the expression of 3.2, if # + s locates in some A,O‘A“rll n<t<m-1),
then |_|?=l E; is the left part determined by the chosen A,0M4r+1l. Since A0+l =
7, Ay0Fmi B, 08 U A,0/4+1] for some g € Z and a sequence {m;}!_, withn <m; <
t—1, |_|i9=6 E; is the part from the beginning of the chosen A,0/4:+1! to the location of
t +s. E7, Eg, Eg are the possible cases that are left over from the division and one and
only one of them is non-empty. The idea of the decomposition is to expand B,,0%" into
concatenations of the form AnOk’”i BmiOk’”i and A,0144!,

Once BmOk'" is broken as the union of E;, as above, we can make use of Lemmas 3.6
and 3.7 to show the following.
(1) 0(E1) =3 (4,0 B, 0) < |E1|/(|An] + 2Kkn + [Bal) - (1An] + |Bal).
(2) By Lemma 3.7(1), 0(E2) = 0(A,) < |Eal/(|An| + 2kn + | Bal) - (|1An| + | Bal).
(3) By Lemma 3.7(2), o(E3) < |E3|/(|An| + 2ky + | Bnl) - (|An| + |Bnl).
(4) By Lemma 3.7(2), o(Es) < |Eal/(|An| + 2k, + | Bnl) - (|An| + |Bal).
(5) ByLemma 3.7(2), o(Es) < |Es|/(|An| + 2k + |Bul) - (|An| + |Bnl)-
(6) 0(Ee) =Y 0(A,0% By, 0"1) < |Eg|/(|1An| + 2kn + |Bul) - (|1An] + | Bal).
(7) By Lemma 3.6, o(E7) < max{l, |E7|/(|An| + 2ky + | By )} - (|1An| + | Bul).
(8) 0o(Es) <0(Ap) <|Ay| + |Bul.
(9) 0(E9) <0(Ap) <|Ay| + |Bul.
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Hence (if E; = @, then o(E;) = 0; otherwise using the above inequalities)

6
O(Bp0 )iy 1) = 3 0(E:) + max{o(E9), o(Es), o(Eo))
i=1
s+1
1) (A, B,l).
S<|An|+2kn+|Bn|+ ) (1Al 1Bl

If the extra assumption of # does not hold, we can continue the (eventually finite) process
of expanding B, ; this process will only provide words of the same type as considered

before.
This finishes the proof. a
LEMMA 39. If j —i > |Au], n> N and X[ j+|A,|-1] = An, then
( )<< J +2)(|A|+|B )
o(xyi i _
=07 = X Al + 2k + (B, o

Proof. Observe that A, (n > N) does not appear in y and that x[; ; 4|4, |—1] iS equal to Aj,.
We have to consider different cases depending of the locations of i and j.
(1) If there exists p € N and a sequence {m; }l.P: | with m; > n such that

p—1
X[, j—11 = |_| A, OFmi B,,, 0Fmi Ly (A, 0Fmr BmPOk’””)[l,sl]
i=1
forsome 1 < sy < [A,| + 2k, + [Bpn,, |, then by Lemma 3.6 it is not hard to see that

j—i
o(xpii—17) < + 1 )(Axl + |Bnl).-
( [i,j l]) <|An|+2kn+|Bn| >(| n| | n|)

Hence the inequality follows.
(2) If there exist m > n +1 and 1 <t <|B,,| such that the initial position of xj; j_1j
is exactly the tth position of By, and (Bj)[r,1+4,/—1] = An, then two cases are

involved:
(a) if|A,|l<j—1i=<|Bul+ky—1t+1,thenx; j_1) can be expressed as
Xiij—11 = (B0 1 1591

for some 0 < s> < |By,| + k;, — t and by Lemma 3.8 we conclude this case;
(b) if j —i > |Bu|+ km —t + 1, then we can write xf; ;1] as

q—1
Xpij—11 = (B O™ (1 1B, 1 +k] |_| A0 By 081 L1 (A,0%a By, 0Fma)py 41,

i=1

where g € N, {mi}?:1 is a sequence with m; > n,and 1 <s3 < |Ay| + 2kp, +
|Bm, |. By applying Lemmas 3.6 and 3.8, we finish this case and so the whole
proof is complete. O

Now we are going to prove Proposition 3.4.
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Proof of Proposition 3.4. To show that X is almost mean equicontinuous, we will show
that the transitive point x is mean equicontinuous.

Let ¢ > 0. There exists K € N such that, for any a, b € X, if ap k) = bp1 k), then
d(a, b) < ¢/5. Since k, satisfies (2), i.e., k, > n(2|A,| + |By|), we conclude that

Ad + 1Bl
1200 [Ay| + |Bal + 2k

Considering this, there exists m € N large enough such that

2K (Aul +1Bul) _¢
Aml + Bl + 2k~ 4

Let z € [A,,,]. If there exists a k € Z such that oKz = 0%, then

n—1

1 .
lim sup — Z d(c'z,0%°) =0.
n—oo N izo

Otherwise, o¥z #0% for all k € Zy. For any i € N, there is an /; € N such that
Z[1,144] = X[i; l;+i]- Since z starts with A, then by Lemma 3.9 and the choice of K,

1 n—1 ' 1 '
limsup — Y d(o'z,0%) < = limsup ~#{0 <i <n — 1: (o' )1 x) = 0¥)
n—oo N i—o 5 nsoo R

1 .
+ limsup —#{0 <i <n — 1: (o'z)p.x7 # 0X)

n—oo N

& 1
< 2 + lim sup — - 2K - 0(z[1,n])

n—oo N

€ . 1
<Z+11msup—-2K- (|Am|+|Bm|)]

n—oo 1N |:|Am|+2km+|Bm|

_ 1
+ limsup — - 4K - (|Apm| + |Bul)
n—oo N

8+8 £
<=-4-=—.
4742

This implies that

n—1

) 1 S
lim sup — Z d(o'x,0'z) <e¢,
n—oo N %
i=0
for any z € [A,;] and hence x is a mean equicontinuous point, which completes the whole

proof. O

Inspired by Corollary 1.6, we naturally ask if every E (or M, P)-system is
either Banach-mean/diam-mean sensitive or Banach-mean/diam-mean equicontinuous.
We conjecture that this question is still not true for E-systems in general, and we leave
it open here. In the following, we will show that for M-systems the dichotomy theorem is
always true for Banach-mean notions.

THEOREM 3.10. Each Banach-mean equicontinuous M-system (X, T) is minimal.
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Proof. 1If X is anon-minimal M -system, by [31, Theorem 4] there exists a § > 0 such that,
for any non-empty open subset U C X, there is a pair (x, y) € U x U satisfying that the
set F={ne€Zy :d(T"x, T"y) > §} is a thick set. Note that the upper Banach density of
each thick set is exactly one. Similarly to Remark 2.1(3),

N—-1 N-—1
lim sup d(T"x, T"y) > lim sup B#{FN[M,N —1])
N-M—oo N —M i;l/l NeM—soo N—M i;l:/l
=48 -BD*(F) =34.
That is, (X, T') is Banach-mean sensitive, which is a contradiction. O

Combining [25, Propsition 6.1(5)] and Theorem 3.10, we immediately have the
following corollary.

COROLLARY 3.11. Let (X, T) be an M-system. Then it is either Banach-mean sensitive
or Banach-mean equicontinuous.

3.3. Conditions that imply mean sensitivity.  In this section, we are looking for sufficient
conditions under which a t.d.s. is mean sensitive. First, we focus on a special class
of transitive and ergodic systems. To begin with, we need some results and definitions
introduced in [11].

Let (X, T) be a t.d.s., let  be an ergodic measure on X and let f € LZ(;L). We say

that f is an almost periodic function if {U%f : j € 7} is a compact subset of L>(1). An
ergodic system (X, pu, T) is weakly mixing if and only if every almost periodic function
is constant. On the other hand, (X, u, T) has a discrete spectrum if and only if every
fe Lz(,u,) is almost periodic (these two results are due to Halmos and Von-Neumann; for
detailed proofs, see [33]).

Now assume that f is a continuous function on X. We say that (X, T) is f-mean
sensitive if there exists ¢ > 0 such that, for any non-empty open subset U C X, we can
find x, y € U satisfying

n—1

| ) .
dy(x,y):= lim =" |f(T/x) = f(Ty)Pdp > .
n—oo p 4 0
J=

When considering the opposite side, we say that x € X is an f -mean equicontinuous point
if, for any & > 0, there is § > O such thatif d(x, y) < §, thendy(x, y) < &. (X, T) is said
to be an almost f-mean equicontinuous system if there is a point which is both transitive
and f-mean equicontinuous. Similarly to the proof of [11, Theorem 2.14], we obtain the
following lemma.

LEMMA 3.12. Let (X, T) be a t.d.s. Then (X, T) is almost mean equicontinuous if and
only if it is almost f-mean equicontinuous for every continuous function f.

LEMMA 3.13. Let (X, T) be a transitive t.d.s., let i be an ergodic measure on X and let
f € L%() be a non-almost periodic function. If. for any non-empty open subset A C X
and any infinite subset S C Z., there are s #t € S and a generic point z € X for u
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(with respect to continuous functions) such that z € T"SANT ™' A, then (X, T) is mean
sensitive.

Proof. Continuous functions are dense in L?(X, u) and the set of non-almost periodic
functions is open [11, Theorem 1.13], so there exists a continuous function f € L2(X , L)
that is not almost periodic. This implies that it is not totally bounded, and hence there
exists € > 0 and an infinite subset S C Z such that

/lU"f—Ujf|2duzs foreveryi #j €.

For any non-empty open subset A C X, there exists s #¢ € S and a generic point z €
X for pu such that z € T™*ANT™"A. Define g(x) :=|Uj f(x) — U}f(x)|2. Since f is
continuous, so is g. As z is a generic point for u, for the continuous function g,

—1
15 .
lim — E g(TJz)zfgd/Lzs.
n—oo n 4 g
j=

Let p:=T°z€ Aandq:=T'z € A. Then

n—1

n—1
1 . ) 1 . .
im — Jp) — J o2 — 1im — s\ JHt N2
Jim ]§:O|f(T p = [Tl = lim -~ j§:0|f(T ) = [(T7H)]

ln—l .
— i _ J
_nll)rrgon Zg(T 7) > e&.
J:

That is, for any non-empty open subset A C X, there are p, g € A such that

n—1

1 . ,
im — Jp) — 712
’g&”EJﬂTm fT/ g >e.

Following the definition, we know that (X, T') is f-mean sensitive. By [11, Theorem 2.13],
(X, T) is not almost f-mean equicontinuous, and by Lemma 3.12 (X, T) is also not
almost mean equicontinuous. Now using the dichotomy theorem in [10, 25], (X, T) is
mean sensitive. O

In the following theorem, (2) and (3) are corollaries from previously known results. We
write them together for comparison.

THEOREM 3.14. Let (X, T) be a transitive t.d.s. and | be an ergodic measure on X.

(X, T) is mean sensitive if one of the following holds.

(1) (X, T) is uniquely ergodic, topologically mixing and has positive topological
entropy.

(2)  w has full support and (X, i, T) does not have discrete spectrum (in particular, if
it is non-trivial and measurably weakly mixing or has positive entropy with respect

to [L).
(3) (X, T) is minimal and has positive topological entropy.
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Proof. (1) Since (X, T) is uniquely ergodic (with the unique ergodic measure i) and has
positive topological entropy, then it has no discrete spectrum, and hence there is a non-
almost periodic function f € Lz(u) (see, e.g., [11, 33]). Since (X, T) is topologically
strongly mixing, for any non-empty open subset A C X and any infinite subset S C Z,
it is clear that {T" A : n € S} is dense in X. This implies that there are s # ¢ € S such that
TSANT'A #(@. By the unique ergodicity of (X, T), we know that each non-empty
open subset T~ AN T~" A contains a generic point for p. Using Lemma 3.13, (X, T) is
mean sensitive.

(2) Since p has full support, every open set has positive measure. In [10], it is shown
that if (X, u, T) does not have discrete spectrum, then there exists 6 > 0 such that, for
every set of positive measure U C X, there are x, y € U such that

1 n—1 ) )
lim sup — Z d(T'x, T'y) > 5.
n—oo N %
i=0
(3) This result can be found in [10, 25]. Note that, for any minimal t.d.s. (X, T), each
ergodic measure on X has full support. Using the variation principle and (2), it is not hard

to see that (X, T') is mean sensitive. O

What we can see is that positive entropy plus a strong form of topological ergodicity
implies mean sensitivity. We do not know if every transitive (or even weakly mixing)
uniquely ergodic t.d.s. with positive entropy is mean sensitive. Note that without the
transitivity condition, this question has a negative answer.

THEOREM 3.15. There exists a uniquely ergodic t.d.s. with positive entropy that is not
sensitive.

Proof. Let Y {0, 1} be a minimal uniquely ergodic subshift with positive topological
entropy. Let X =Y U {2, 3}, y e Y and let T : X — X be defined as
ifxey,
Ty o(x) X .
y otherwise.
It is not hard to see that (X, T) is uniquely ergodic and that it is not sensitive (using the
open set {2, 3. O

The following theorem can be deduced from results in [25].

THEOREM 3.16. Every non-trivial minimal topologically weakly mixing t.d.s. is mean
sensitive.

Proof. Let (X, T) be a non-trivial minimal topological weakly mixing t.d.s. Assume that
it is not mean sensitive. Then, from [25, Corollary 5.5] or [10, Theorem 8], (X, T) is mean
equicontinuous.

Let feq: X — Xeq be the maximal equicontinuous factor map. Then, by [25,
Corollary 3.6], feq is proximal, i.e., feq(x) = feq(y) if and only if

lim inf d(T"x, T"y) = 0.
n—0o0
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Since (X, T') is minimal and weakly mixing, X has no non-trivial equicontinuous factors,
i.e., X¢q is a singleton. It then follows that X is proximal, which contradicts the assumption
that (X, T) is non-trivial minimal. We conclude that (X, T') is mean sensitive. O

Now we will study systems with the shadowing property. Recall that a sequence {x,}°°
is a §-pseudo-orbit for T if d(xp+1, Tx,) < 6 for all n € Z, and it is e-traced by a point
x € X if d(T"x, x,) <€ for all n € Z;. We say that a t.d.s. (X, T') has the shadowing
property if, for any ¢ > 0, we can find a § > 0 such that each §-pseudo-orbit for 7 is
e-traced by some point of X.

It is known that a transitive system with the shadowing property is either equicontinuous
or sensitive (see, e.g., [28, Theorem 6]). Now we show that if the transitive system with
shadowing property has positive topological entropy, then it is mean sensitive. This result
is inspired by [22].

To prove it, we need the notions of a sensitive and a distal pair. A pair (x1, x2) €
X2 \ Aj is called a sensitive pair [35] if, for any neighbourhood U; of x; (i =1, 2) and
any non-empty open subset U of X, there exist k € N and y; € U such that Ty; € U; for
i =1, 2, and is called a distal pair (see, e.g., [8]) if lim inf,_, o d(T"x1, T"x3) > 0.

THEOREM 3.17. Let (X, T) be a transitive t.d.s. with the shadowing property. If (X, T)
has positive entropy, then it is mean sensitive.

Proof. Following from the proof of Lemma 3.3 in [22], we know that there exist a sensitive
and distal pair (vy, v2) in X2. By the definition of distal pair, there are ¢ > 0 and m € N
such that

d(Tvy, T'v) > 3¢

for all £ > m. For this &, choose § > 0 such that each § -pseudo-orbit can be e-traced.
Let U, W be non-empty open subsets of X with d(W, X\ U) > ¢, and let V; be
neighbourhoods of v; with diam(V;) < § for i =1, 2. Since (vq, v2) is a sensitive pair,
there are x1, xo € W and n € N such that

T"x1€Vy and T"'xp e V,.
Fix i € {1, 2}. It is easy to see that the sequence
xi, Txiy oo, T Yy v, Top ...
is a §-pseudo-orbit. Then there exist y; € X such that
d(xi, yi)<e and d(T*"v;, T*y))<e, k=nn+1,....
This implies that y; € U since d(W, X \ U) > ¢, and that
d(T*y1, T*y2) > ¢

for all kK > m + n. Hence
| Nl
lim sup N Z d(T"y1, T"y) > ¢,

n—00
n=0

which shows that (X, T') is mean sensitive. O
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The following corollary is a consequence of this.

COROLLARY 3.18. Each transitive t.d.s. with the shadowing property is either mean
equicontinuous or mean sensitive.

4. Applications
In this section, we show applications of our previous results. Corollary 1.6 has already
been explained in §3.2 . The other applications need further explanation.

4.1. Local mean equicontinuity. In [15], Glasner and Weiss introduced the concept
of local equicontinuity. A t.d.s. (X, T) is LE if, for every x € X, orb(x, T) is almost
equicontinuous. Inspired by this, we define local mean equicontinuity.

Definition 4.1. A td.s. (X, T) is LME if, for every x € X, orb(x, T) is almost mean
equicontinuous.

In general, LE systems have zero topological entropy. This comes from the fact that
almost equicontinuous systems have zero topological entropy.

We know that almost mean equicontinuous systems may have positive topological
entropy (see the example in §3.2) but, nonetheless, LME systems always have zero
topological entropy.

THEOREM 4.2. Every LME t.d.s. has zero topological entropy

Proof. Assume that (X, T') has positive topological entropy. This implies that there exists
a point x € X and an ergodic measure x such that p has positive entropy and supp(u) =
orb(x, T). By Theorem 3.14(2), orb(x, T') is mean sensitive. Hence (X, T) is not locally
mean equicontinuous. O

Theorem 1.3 in [15] says that if (X, T') is locally equicontinuous, then every invariant
ergodic probability measure on X is supported on a minimal subsystem . This is not true
for LME systems (as described in Theorem 1.7).

THEOREM 4.3. There exists a non-minimal E-system that is LME.

Proof. Consider the example constructed in §3.2 with (Y, o) = {0°°}. We already knew
it is a non-minimal E -system (since it is Devaney chaotic, as Proposition 3.3 stated); we
will show that it is LME. Let x be the transitive point constructed in §3.2 and y € X. If
y € orb(x, o), then orb(y, o) = X is almost mean equicontinuous (this is proved in §3.2).
If y ¢ orb(x, o), then, observing the construction, y is either a periodic point or a limit
point with the form B0, where B is a subword of some A, (furthermore, the possible
B is the suffix of A,). This implies that orb(y, o) is a finite set and hence is almost mean
equicontinuous, which completes the whole proof. O

Now we are going to prove Theorem 1.7.

Proof of Theorem 1.7. The first part is Theorem 4.2. The second part follows from
Theorem 4.3, since it is clear that X = supp(u) is not equal to the union of its minimal
subsystems (in fact, X is the closure of the union of its minimal subsystems). O
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4.2. Hyperspaces. Let X be a compact metric space. We define the hyperspace K (X)
as the space of non-empty closed subsets of X equipped with the Hausdorff metric, dy,
which is defined by

dy(A, B) = max{max min d(x, y), max min d (x, y)}
xeA yeB yeB xe€A
=inf{e >0: B(A,¢) DB, B(B,¢) D A}

for A, Be K(X)and B(A, ¢) = UaeA B(a, ¢). The Hausdorff metric, dg, can induce a
topology on K (X) known as the the Vietoris topology.

Let Uy, ..., U, be non-empty open subsets of X and fix n € N.
n
(U1,...,Un)z{AeK(X):ACUUI- andAﬂUi;é@foreachizl,...,n}.
i=1
The family
{(Uy, ..., Uy): Uy, ..., U, are non-empty open subsets of X, n € N}

forms a basis for the Vietoris topology. With this topology, K (X) is compact.
Given a continuous map 7 : X — X, we induce a continuous map Tk : K(X) — K(X)
by
Tx(C)=TC forC € K(X).

We know that (K (X), Tx) is a t.d.s. We refer any reader not familiar with hyperspace to
[29] for more details.

For n € N, we define K,,(X) :={A € K(X) :|A| <n} and Ky(X) := Unzl K,(X).
The following facts are easy to check.

LEMMA 4.4. Let (X, T) be atd.s. Then:
(1) Ku(X)isclosed and K (X) is dense in K(X) [5, Lemma 2]; and
(2) if Y is a dense subset of X, then Koo (Y) is dense in K (X).

4.2.1. Proof of Theorem 1.8. As mentioned before, every generalized diam-form of
sensitivity can be inherited from the hyperspace K(X) to the phase space X (see, for
example, [34]). Nonetheless, we will prove Theorem 1.8 which says that this is not the
case for (Banach) mean sensitivity.

Proof of Theorem 1.8. Let (X, o) be the example constructed in the proof of Theorem 1.3
(in §3.1 ). By Theorem 1.3, (X, o) is Banach-mean equicontinuous and hence it has zero
topological entropy (see, for example, [25, Theorem 3.8]). Now we show that (K (X), ok)
is mean sensitive.

Let U/ be a non-empty open subset of K (X). Considering that K, (X) is dense in K (X),
orb(x, o) is dense in X, and by Lemma 4.4 there is a point

P={p1,..., pm} € Ko(orb(x, 0)) NU

for some m € N. Let ¢ > 0 be such that By, (P, ¢) CU. For each 1 < k < m, there exists
Ny > 0 such that 1/Ny < €. Since each py lies on the orbit of x under a shift map, we can
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see (pk)io,n,] as a subword for a certain A,, . Without loss of generality, we can assume

that the word A,, ends with (pr)[o,n,] (choose large enough Ni, if necessary). By the

construction, each word A;, ends with A;, and appears in B;, for any i» <i; <iz € N.
Now we construct a closed subset Oy of X as follows.

Ok = {(p)jo, N 10471
(PO[0.N 010 Ame+t1=2
(P[0.N 07 101 Amcril=G+D o
(PO0,5:10%}-

One can check that dy ({pr}, Ox) < € and that, for each i > Ny, there is a g € Qf such
that (px)i # qi. Thus

1 n—1 . . 1 n—1
limsup ~ > dp ok {pi} ok Q) =limsup~ Y 1=1.
n—oo N iz n—oo N =Nt 1
Let Q :=J;_; Ok and N := maxj<g<m Ni. Clearly, dy (P, Q) < ¢ and hence Q € U.
By Lemma 3.2, 5(Epk) =0foreachk =1, ..., m. This implies that if

G={ieN:(pr)i=0forallk=1,...,m},

then B(G) = 1. Note that, for each i € G N (N, +00), we can choose a ¢’ € Q with
qi’ = 1. This implies that dy (a}'( P, U}; Q) =1, and hence we conclude that

n—1 n—1

. . 1 . 4
lim sup — dy(oy P, o Q) > lim sup — dy(oy P, oy Q)
p K K P K K

n—oo M7 n—oo M, TN
1
> lim sup — Z 1
n=>00 T INHT—11NG
=D(G)=1.

This shows that K (X) is mean sensitive.

It remains to show that the topological entropy of K (X) is positive. By the construction,
it is not hard to see that (X, o) contains a subsystem (Y, o), which is the collection of
points that contain at most one 1. That is, ¥ = {x' € Z; i € Z4+} with the shift map,
where x! :x’lxlz...x}..., i>0,j>1 Withx}: 1if j =1, andx;. =0if j #i. Since
(K(Y), o) has positive topological entropy (see, for instance, [21, Theorem 13]) and
K(Y) C K(X), we conclude that (K (X), ok ) has positive topological entropy. O

On the other hand, we cannot construct such a counter-example for weakly mixing or
diam-mean sensitive systems (see Theorem 1.9).

A question in a similar spirit is the following. Can a t.d.s. with zero topological entropy
have a hyperspace with uniform positive entropy (u.p.e.) of order n (n > 2)?

Let n > 2. We say that (x1, ..., x,) € X" is an n -entropy tuple if {x, ..., x,} is
not a singleton and for each pairwise disjoint closed neighbourhoods V; of x;, (X, T)
has positive topological entropy with respect to the open cover Y = {X \ V; : 1 <i <n}.
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We say that a t.d.s. (X, T) has uniform positive entropy (or is u.p.e.) of order n if each
(x1, ..., xy) € X"\ A, is an entropy tuple.

The answer to the question is no. It was shown in [18, Theorem 8.4] that, for any n > 2,
X is u.p.e. of order n if and only if K (X) is u.p.e. of order n. We will generalize one of the
implications of this result in Theorem 4.7 by showing how we can find locally the entropy
pairs.

Definition 4.5. Let (X, T) be a t.d.s. and let A= (A1, ..., Ax) be a tuple of subsets of X.
We say that a subset J C Z is an independence set for A (or that A has the independence
set J) if, for any non-empty finite subset / C J,

m T_iAx(i) #* 0
iel

forany s € {1,...,k}..

The following characterizations appeared in [20].

LEMMA 4.6. Let (X, T) be a t.d.s. and let Uy, U; be pairwise disjoint subsets. Then:

(1) apair (x1, x2) € X2\ A is an entropy pair if and only if there is an independence set
S with positive density for (U, V), where U, V are any non-empty neighbourhoods
of x1, xy, respectively;

(2) a pair (U1, Up) has an independence set with positive density if and only if
hop(T, {U}, Us}) > 0; and

(3)  hwop(T, {Uy, Us}) > Oif and only if there is an entropy pair (x1, x2) € Uy x Us.

THEOREM 4.7. Let (X, T) be a td.s. and let Ay, Ay € K(X) with AiNA,=0. If
(A1, Az) is an entropy pair of (K(X), ok), then there exists an entropy pair, (x1, X2) €
Al X Ay, of (X, T).

Proof. Let n € N. We define Ul' :=,,ca, Bla1, 1/n) and Uy :=J,,ca, Blaz, 1/n).
Without loss of generality, we can assume that U 11 N Uz1 = . Since (A1, A3) is an entropy
pair, by Lemma 4.6(1) for each n € N, there is an independence set S = S(n) with positive
density for ((U}'), (U3)). This implies that, for any finite subset ' C S,

() 7w #9

keF

for any i e{1,2}F. Let A€ Mker T,;k(Ui’;). We know that TKA C Ui'; for any
ke F, ie., S is also an independence set with positive density for (U, UJ).
By Lemma 4.6(2), hwp(T, {(U7)¢, (U7))}) > 0. Then using Lemma 4.6(3) there is
an entropy pair (x}, xy) € U x Uj. Assume that (x{, xj) — (x1, x2) when n — oo
(passing to subsequence, if necessary). It is easy to check that (x1, x2) € A1 x Az is an
entropy pair. O
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We leave the following open question. Is every t.d.s. with u.p.e. of order n(n € N) mean
sensitive?

4.2.2. Relationships on hyperspaces. The notions of diam-mean equicontinuity and
mean equicontinuity are different in general. Actually, in §3.1, we provided a transitive
mean equicontinuous t.d.s. which has no diam-mean equicontinuous points. Nonetheless,
on hyperspaces, the notions coincide.

THEOREM 4.8. Let (X, T) be a tds. and let A€ K(X). Then A is diam-mean
equicontinuous if and only if it is mean equicontinuous.

Proof. By definition, every diam-mean equicontinuous point in K(X) is mean
equicontinuous.

Now assume that A € K(X) is mean equicontinuous. By Remark 2.1(2), for every
€ > 0, there is a 6 > 0 such that, for any By, B, € By, (A, §),

n—1

1 . .
lim sup — ZdH(T;(BL Ty By) < %

n—oo N

i=0
Now we choose suitable 0 < 8’ < §/2 and an open subcover {By(x1, §'), ..., Bg(xm, §')}
of A such that
V= (Bq(x1,8), ..., Ba(xm,8")) C(Ba(x1,8), ..., Bi(xm, 8")) C By, (A, 3).
For simplicity, we denote W = (By(x1,6'), ..., Bg(xy, §)). Now set E = {xy, x2,

.o..xmyand F=JiL, By(x;, 8'). Clearly, E, F € By, (A, §). Note that
diam(T} V) < sup du(Ti By, TLE)+ sup duy(TLE, T} Ba)
BjeW BeW
<dy(TLF, TLE) +dy(TLE, Ty F) = 2dy(TLE, T} F)
foralli € Z,. Thus

n—1 n—1

1 . 1 .
lim sup — diam(T% V) < lim sup — diam(T: W
nﬁoopn; (K)_ n%oopng (K )
n—1

<2limsup = > dy(TLE. Tk F) <e.

n—oo N i=0
This implies that A is a diam-mean equicontinuous point. O
As a consequence of Theorem 4.8, we obtain the following corollary.

COROLLARY 4.9. Let (X, T) be a t.d.s. Then K (X) is diam-mean equicontinuous if and
only if K (X) is mean equicontinuous.

Also, we know that, in general, diam-mean sensitivity and mean sensitivity are different
concepts (e.g., see Theorem 1.3). We do not know if, in general, a hyperspace is mean
sensitive if and only if it is diam-mean sensitive. Nonetheless, when combining [25,
Theorem 5.4], [4, Theorem 2] and Theorem 4.8, we obtain the following corollary.
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COROLLARY 4.10. Let (X, T) be a weakly mixing t.d.s. Then (K(X), Tx) is diam-mean
sensitive if and only if (K (X), Tx) is mean sensitive.

We do not know if this characterization holds in general. Theorem 1.9 present a partial
characterization.

Recall that a map 7w : X — Y is called semi-open if, for every non-empty open subset
U C X, the interior of 7(U) in Y is not empty. Let x € X. We say that 7 is open at x if,
for every neighbourhood U of x, 7w (U) is a neighbourhood of 7 (x). It is known that 7 is
semi-open if and only if the set {x € X : & is open at x} is residual [12, Lemma 2.1].

LEMMA 4.11. Let ¢ : K(K (X)) — K(X) be defined by Ar> D =|J,c4 A Then ¢ is a
well-defined semi-open factor map.

Proof. To see that ¢ is well defined, it suffices to check that D =J,.4 A € K(X)
for any given Ae K(K(X)). Let {x,}°2, be a sequence of D and x, — x, and
let A, € A with x, € A, for each n € N. Assume that A, converges to A€ A¢e
K(K(X)). This implies that x € A C D and thus D € K (X). Furthermore, we observe
that dy ((Jgcq As Upes B) <du (A, B) for any A, B € K(K (X)), $({C}) = C for any
CeK(X),and Tx o ¢ = ¢ o Tk . Hence ¢ is a factor map.

Now let U = (U1, Ua, . .., Uy) be a non-empty open subset of K (K (X)), where each

U, is non-empty open in K (X). Without loss of generality, we assume that, for each 1 <

J < m, there are non-empty open subsets Uj, e, U,{ such that (U‘li, e, U,‘j) CU;. Let
W= (Ull, e, U,}, e, Uf", ..., U). It is not hard to see that WV is non-empty and
openin K (X). We now claim that W C ¢ (). Indeed, for any E in WV, there are non-empty
open subsets Vl.j of X such that Vl.jCVl.jCUij,izl,...,n,jzl,...,m and E €
(VL . Vv VMY Let El = ENV/ and B/ =J_, E/. Clearly, E/ C
Ul.j, EJ €eUjand E = U’]’?:l EJ.We define £ :={E', ..., E™}. We know that £ € U and
¢ (£) = E. This shows ¢ is semi-open. O

LEMMA 4.12. Letw : (X, T) — (Y, S) be a semi-open factor map. If (Y, S) is diam-mean
sensitive, then so is (X, T).

Proof. The map 7! : Y — K (X) is an upper semi-continuous function, so it possesses a
residual subset Yo C Y of continuous points. Since 7 is semi-open, by [12, Lemma 2.1]
Xo =n"1(Yp) is a residual set of X. Now let U be a non-empty open subset in X. Let
xo0 € Xo NU and ¢ > 0 be such that B(xg, ¢) C U. By the definition of X and the semi-
openness of 7, there is a continuous point yo € Yo N int(7 (B (xo, €))) for 7! with yy =
7 (x0) (where int(-) denotes the interior of a given set). Let o > 0 be such that B(yg, o) C
int(r (B(xop, €))). Since (Y, S) is diam-mean sensitive, similarly to Remark 2.1(3), there
is a t > 0 such that the upper density of F := {i € Z : diam(S’ B(yo, o)) > 2t} is greater
than ¢. For each i € F, there exists y; € B(yg, o) such that

d(S'yi. S'yo) > 1.
By the continuity of S, there is a vi' € Yo N B(yp, o) such that

d(S'yi, S'yi") <d(S'yi, S'yo) — 1,
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and hence
d(S'yi', 8'yo) > 1.

Since y! € Yo N B(yo, 0) C Yo N7 (B(xo, €)), there is an x; € B(xo, &) with y/ = (x;).
Then
d@T'x;, 1T xg) > t.

By the continuity of , there is 0 < s < ¢ such that
d(Tixi, Tixo) > s,
andthus FC{i € Z; : diam (T B(xg, €)) > s}. Similarly to Remark 2.1(3),

1 n—1 ' 1 n—1 )
lim sup — Z diam(T'U) > lim sup — Z diam(T' B(xg, €))
n—oo N~ n—oo N <
i=0 i=0
>s-D(F)>st>0,

which shows that (X, T) is diam-mean sensitive. O
The following lemma is a particular case of [34, Corollary 1].

LEMMA 4.13. Let (X, T) be a td.s. If (K(X), Tx) is diam-mean sensitive, then so is
(X, T).

Now we are ready to show Theorem 1.9.

Proof of Theorem 1.9. The equivalence of (1) <= (2) follows from Lemmas 4.11 , 4.12
and 4.13. When X is weakly mixing, we use Corollary 4.10 to conclude that (1) <=
2)<—= 3) = @). O
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