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Abstract. We introduce multifractal pressure and dynamical multifractal zeta-functions
providing precise information of a very general class of multifractal spectra, including, for
example, the fine multifractal spectra of graph-directed self-conformal measures and the
fine multifractal spectra of ergodic Birkhoff averages of continuous functions on graph-
directed self-conformal sets.
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1. Introduction

For a Borel measure ;2 on R? and a positive number «, let us consider the set of those
points x in R4 for which the measure w(B(x, r)) of the ball B(x, r) with center x and
radius r behaves like r* for small r, i.e. the set

[ log u(Bx 1) _ }
m —————-=0xuy.

1.1
r\0 logr (.1

{xeK

If the intensity of the measure p varies very widely, it may happen that the sets in (1.1)
display a fractal-like character for a range of values of «. In this case it is natural to study
the Hausdorff dimensions of the sets in (1.1) as « varies. We therefore define the fine
multifractal spectrum of u by

Jule) = dimH{x ek (1.2)

i (08 #(B(x, 1)) }
im ————" =qu
N0 logr

where dimy denotes the Hausdorff dimension; here and below we use the following
convention: we define the Hausdorff dimension of the empty set to be —oo, i.e. we put

dimy @ = —o0.

The fine multifractal spectrum is one of the two main ingredients in multifractal analysis.
The second main ingredient is the Renyi dimension. Renyi dimensions quantify the
varying intensity of a measure by analysing its moments at different scales. Formally,
for g € R, the gth Renyi dimension 7, (¢) of w is defined by

1 B(x,r)1 14
(@) = tim "B B Y da)
N0 —logr

provided the limit exists. One of the main problems in multifractal analysis is to understand
the multifractal spectrum and the Renyi dimensions, and their relationship with each
other. During the past 20 years there has been an enormous interest in computing the
multifractal spectra of measures in the mathematical literature, and within the last 15 years
the multifractal spectra of various classes of measures in Euclidean space R? exhibiting
some degree of self-similarity have been computed rigorously; see the textbooks [Fa, Pe]
and the references therein.

Dynamical zeta-functions were introduced by Artin and Mazur in the mid
1960s [ArMa] based on an analogy with the number-theoretical zeta-functions associated
with a function field over a finite ring. Subsequently, Ruelle [Ruel, Rue2] associated
zeta-functions with certain statistical mechanical models in one dimension. During
the past 35 years many parallels have been drawn between number theoretical zeta-
functions, dynamical zeta-functions, and statistical mechanics zeta-functions. However,
much more recently, and motivated by the powerful techniques provided by the
use of the Artin—Mazur zeta-functions in number theory and the use of the Ruelle

https://doi.org/10.1017/etds.2014.140 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.140

1924 V. Mijovi¢ and L. Olsen

zeta-functions in dynamical systems, Lapidus and collaborators (see the intriguing books
by Lapidus and van Frankenhuysen [Lap-vF1, Lap-vF2] and the references therein) have
introduced and pioneered the use of zeta-functions in fractal geometry. Inspired by the
ideas from [Lap-vF1, Lap-vF2], within the past 4-5 years several authors have paralleled
this development by introducing zeta-functions into multifractal geometry. Indeed, in
2009, Lapidus and collaborators introduced various intriguing geometric multifractal zeta-
functions [LapRo, LapLe-VeRo] designed to provide information about the multifractal
spectrum f, () of self-similar measures , and many connections with multifractal
spectra were suggested and in some cases proved; for example, in simplified cases
the multifractal spectrum of a self-similar measure could be recovered from a zeta-
function. The key idea in [LapRo, LapLe-VeRo] is both simple and attractive: while
traditional zeta-functions are defined by ‘summing over all data’, the multifractal zeta-
functions in [LapRo, LapLe-VeRo] are defined by only ‘summing over data that are
multifractally relevant’. This idea is also the leitmotif in this work (as well as in earlier
work [Bak, MiOl, Ol4]); see, in particular, the first remark following the definition of
the zeta-function ;‘gy"’U(tp; -) in §4. Ideas similar to those in [LapRo, LapLe-VeRo]
have very recently been revisited and investigated in [Bak, MiOl] where the authors
introduced related geometric multifractal zeta-functions tailored to study the multifractal
spectra of self-conformal measures and a number of connections with very general types
of multifractal spectra were established.

We also point out that the work by Lapidus et al [LapRo, LapLe-VeRo] was followed
shortly afterwards by the introduction of a different type of multifractal zeta-function
by Levy-Vehel and Mendivil [Le-VeMe] tailored to provide information about the Renyi
dimensions 7, (g) of self-similar measures (. Ideas related to those in [Le-VeMe] have
also been investigated in [O12, O13] where the author introduce multifractal zeta-functions
designed to study the Renyi dimensions and the (closely related) multifractal Minkowski
volume of self-conformal measures.

In addition to the distinctively geometric approaches in [Bak, Le-VeMe, MiOl, Ol2,
O13], it has been a major challenge to introduce and develop a natural and meaningful
theory of dynamical multifractal zeta-functions paralleling the existing powerful theory of
dynamical zeta-functions introduced and developed by Ruelle [Ruel, Rue2] and others;
see, for example, the surveys and books [Ball, Bal2, ParPol, ParPo2] and the references
therein. In particular, in the setting of self-conformal constructions, [Ol4] introduced a
family of dynamical multifractal zeta-functions designed to provide precise information of
very general classes of multifractal spectra, including, for example, the multifractal spectra
of self-conformal measures and the multifractal spectra of ergodic Birkhoff averages of
continuous functions.

However, recently it has been recognized that while self-conformal constructions
provide a useful and important framework for studying fractal and multifractal geometry,
the more general notion of graph-directed self-conformal constructions provide a
substantially more flexible and useful framework; see, for example, [MaUr] for an
elaboration of this. In recognition of this viewpoint, the purpose of this paper is to develop
a dynamical theory of multifractal zeta-functions in the setting of graph-directed self-
conformal constructions.

https://doi.org/10.1017/etds.2014.140 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.140

Dynamical multifractal zeta-functions 1925

In §§2-3 we briefly recall the definitions of self-conformal constructions and the
accompanying pressure and dynamical zeta-functions. In §4 we provide our main
definitions of the multifractal pressure and the multifractal dynamical zeta-functions and
we state our main results. Section 5 contains a number of examples, including multifractal
spectra of graph-directed self-conformal measures and different types of multifractal
spectra of ergodic averages of continuous functions on graph-directed self-conformal sets.
Finally, the proofs are presented in §§6-10.

2. The setting, part 1: graph-directed self-conformal sets and graph-directed self-
conformal measures

2.1.  Notation from symbolic dynamics. We first recall the notation and terminology
from symbolic dynamics that will be used in this paper. Fix a finite directed multigraph
G = (V, E) where V denotes the set of vertices of G and E denotes the set of edges of G.
We will always assume that the graph G is strongly connected. For an edge e € E, we write
i(e) for the initial vertex of e, and we write t(e) for the terminal vertex of e. For i, j€V,
write

Ei={ecE]|i(e) =i},

. . . 2.1
Eij={ecE|i(e) =iand t(e) =j},

i.e. Ejisthe family of all edges starting at i, and E; ; is the is the family of all edges starting
at i and ending at j. Also, for a positive integer n, we write
Yt={e1---e,lejcEforl <i<n,
t(er) =1(e2),
t(ei—1) =1i(e;) and t(e;) =i(e;j41) for 1 <i <n,

t(en—1) =i(en)}

2.2)

se={J =¢. (
m

EGN={61'32-~-Ie,-eEforlgi,

t(er) =i(e2),
t(e;—1) =i(e;) and t(e;) =i(ejy1) for 1 < i},

i.e. X¢ is the family of all finite strings i = e - - - e, consisting of finite paths in G of length
n, ¢ is the family of all finite stringsi=e; - - - e;, with m € N consisting of finite paths
in G, and ZGN is the family of all infinite strings i = eje; - - - consisting of infinite paths
in G. For a finite stringi=e; - - - e, € X, we write

id) =i(er), td) =t(en), (2.3)
and for an infinite stringi =ejey - - - € EGN , wWe write
i(i) =1i(ey). 2.4)

Next, for an infinite stringi=-ejey - - - € EGN and a positive integer n, we will write i|n =
e| - - - ;. In addition, for a positive integer n and a finite string i =e - - - ¢, € X¢ with

https://doi.org/10.1017/etds.2014.140 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.140

1926 V. Mijovi¢ and L. Olsen

length equal to n, we will write |i| = n, and we let [i] denote the cylinder generated by i,
ie.

il ={j e =¢ |jin=i}. (2.5)
Finally, let S : Eg’ — Zg denote the shift map, i.e.

S(e1e2~~-)=e2e3--~ .

2.2.  Graph-directed self-conformal sets and graph-directed self-conformal measures.
Next, we recall the definition of graph-directed self-conformal sets and measures. A graph-
directed conformal iterated function system with probabilities is a list

(Vs Ev (Vi)iev, (Xi)iEVa (Se)eGEv (pe)eeE)

where the following hold.

° For each i € V, V; is an open, connected subset of R,

° For each i € V, X; C V; is a compact set with Xi°_ = X;.

° Foreachi, je Vande € E;j, S, : V; — Vjis acontractive cltr diffeomorphism with
0 <y < 1 such that S¢(X;) € X.

° The conformality condition. For i, je V,e € E;;and x € Vj, let

(DS (x) : RY - R?

denote the derivative of S, at x. For each i,jeV and ec Ejj, (DSc)(x) is a
contractive similarity map, i.e. there exists se(x) € (0, 1) such that [(DSe)(x)u —
(DS (x)v| = se(x)|u — v| forall u, v e RY.

° For each i € V, (pe)eck, is a probability vector.

It follows from [Hu] that there exists a unique list (Kj)icy of non-empty compact sets

K; C X, such that

K= Sk, (2.6)

eck;

and a unique list (u;);ev of probability measures with supp i = K; such that

wi= Z Peltie) © Sa . 2.7
ecE;
The sets (Kj)icv and measures (u)jey are called, respectively, the self-conformal sets and
self-conformal measures associated with the list (V, E, (Vi)iev, (Xi)iev, (Se)eck, (Pe)ecE)-
We will frequently assume that the so-called open set condition (OSC) is satisfied. The
OSC is defined as follows.
° The open set condition: There exists a list (U;)jey of open, non-empty and bounded
sets U; € X; with Se(U;) C U; for all i, j € V and all e € E; ;, such that Se, (Uge)) N
Se; (Ut(ey)) =D forallie Vandall e, e; € E; with g1 # €.
Fori=e; - e, € X, we write

Si:Se1 T Se,la
Ki=Se  Ser(Kien), 2.8)
DPi = Pey **° Pey>
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and we define the projection 7 : Eg — R? by

r@} =) Kin 2.9)

fori=eje; - -- € £ Finally, we define A : =} — R by
A1) =1og [(DSe;) (i(e;) (ST)) (2.10)

fori=ejey--- € Eg; loosely speaking the map A represents the local change of scale as
one goes from my(e,) (Si) to mi(e,) (1).

3. The setting, part 2: pressure and dynamical zeta-functions

Throughout this section, and in the remaining parts of the paper, we will use the following
notation: if (a,), is a sequence of complex numbers and if f is the power series defined by
f(@) =Y, a,z" for z € C, then we will denote the radius of convergence of f by o.q(f),
i.e. we write

0vad (f) = ‘the radius of convergence of f.

Our definitions and results are motivated by the notion of pressure from the
thermodynamic formalism and the dynamical zeta-functions introduced by Ruelle [Ruel,
Rue2]; see also [Ball, Bal2, ParPol, ParPo2]. In addition, Bowen’s formula expressing
the Hausdorff dimension of a self-conformal set in terms of the pressure (or the dynamical
zeta-function) of the scaling map A in (2.10) is also a leitmotif in our work. Because
of this, we now recall the definition of pressure and dynamical zeta-functions, and the
statement of Bowen’s formula. Let ¢ : E(I? — R be a continuous function; here, and below,
we equip Zg with the product topology with discrete factors and all statements about
continuity involving Eg’ will always refer to this topology. The pressure of ¢ is defined by

n—1

P(p) = hm log Z sup exp Z goSk 3.1
ext ueli] k=0

see [Bo2] or [ParPo2]; we note that it is well known that the limit in (3.1) exists. Also,
the dynamical zeta-function of ¢ is defined by

n—1
¢ (i) = Z (Z sup exp Z ¢S‘u ) (3:2)
iex! ueli]

for those complex numbers z for which the series converges, see [ParPo2]. We now list
two easily established and well-known properties of the pressure P(¢) and of the radius
of convergence o,4(¢9"(¢; -)) of the power-series {¥"(¢; -). While both results are well
known and easily proved (see, for example, [Bar, Fa]), we have decided to list them since
they play an important part in the discussion of our results.

THEOREM A. (Radius of convergence) See, for example, [Bar, Fa] Fix a continuous
function ¢ : Eg — R. Then we have

—log 0rad (¢ (g3 ) = P(g).
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THEOREM B. (Continuity and monotony properties of the pressure) See, for
example, [Bar, Fa] Fix a continuous function & : EET — R with ® <0. Then the
function t — P(t®), where t € R, is continuous, strictly decreasing and convex with
lim;, o P(t®) =00 and lim;_, o, P(t®) = —00. In particular, there is a unique real
number s such that

P(s®)=0;
equivalently, s is the unique real number such that
Trad (E " (sD; ) = 1.

The main importance of the pressure (for the purpose of this exposition) is that
it provides a beautiful formula for the Hausdorff dimension of a graph-directed self-
conformal set satisfying the OSC. This result was first noted by [Bol] (in the setting of
quasi-circles) and is the content of the next result.

THEOREM C. (Bowen’s formula) See, for example, [Bar, Fa] Let (K;)icy be the graph-
directed self-conformal sets defined by (2.6) and let A : ZEI — R be the scaling function
defined by (2.10). Let s be the unique real number such that

P(sA) =0;
equivalently, s is the unique real number such that
Oraa(@ " (A7) = 1.
If the OSC is satisfied, then we have
dimy K; ==
forallieV.

It is reasonable to expect that any meaningful theory of dynamical multifractal zeta-
functions should produce multifractal analogues of Bowen’s equation. In the next section
we will develop such a theory for graph-directed self-conformal constructions (extending
the theory for self-conformal constructions introduced in [Ol4]).

4. Statement of the main results
We denote the family of Borel probability measures on EET and the family of shift-invariant
Borel probability measures on EGN by P(EGN ) and 795(212I ), respectively, i.e. we write

P(EE’) = {u | n is a Borel probability measures on EGN},
PS(E(I? ) = {u | u is a shift invariant Borel probability measures on Eg 1%

we will always equip P(Eg) and PS(EEI) with the weak topologies. We now fix a
metric space X and a continuous map U :73(226N ) — X. The multifractal zeta-function
framework developed in this paper depends on the space X and the map U; judicious
choices of X and U will provide important examples, including multifractal spectra of
graph-directed self-conformal measures (see §5.1), and a variety of multifractal spectra of
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ergodic averages of continuous functions on graph-directed self-conformal sets (see §5.2).
Next, for a positive integer n, let L,, : Eg — P(Eg ) be defined by

ln—l
L,i=— S cki; 4.1
n ”;osk' (4.1)

recall that S: Y — B denotes the shift map. We can now define the multifractal
pressure and zeta-function associated with the space X and the map U'.

Definition. (The multifractal pressure P Y(g) and Fg (p) associated with the space X and
the map U) Let X be a metric space and let U : P(Eg) — X be continuous with respect
to the weak topology. Fix a continuous function ¢ : Zg — R. For C € X, we define the
lower and upper multifractal pressure of ¢ associated with the space X and the map U by

n—1

1
Eg (¢) = lim inf — log Z sup exp Z cpSku,
o iexy  Uell 4o
ULylilcC
. | el 4.2)
P (¢) =limsup — log Z sup exp Z ¢S*u.
no iexr  Uell 4o
" =
ULylilcC

If ﬂg (¢) and Fg (¢) coincide, then we write Pg (¢) for their common value, i.e. we write
—U
Pl (p)=PY(p) =Pc (o).

Definition. (The dynamical multifractal zeta-function g'gy"’U((p; -) associated with the
space X and the map U) Let X be a metric space and let U : P(Zg ) — X be continuous
with respect to the weak topology. Fix a continuous function ¢ : EGN — R. For C C X,
we define the dynamical multifractal zeta-function ;gy"’U (¢; -) associated with the space

X and the map U by

n n—1
§EYn,U((p; ) = Z %( Z sup exp Z (PSku) 4.3)

n iex? ueli] k=0
UL,lilcC

for those complex numbers z for which the series converges.

Remark. Comparing the definition of the pressure (3.1) (the dynamical zeta-function (3.2))
and the definition of the multifractal pressure (4.2) (the dynamical multifractal zeta-
function (4.3)), it is clear that the multifractal pressure (the dynamical multifractal zeta-
function) is obtained by summing over only those strings i € X¢ that are multifractally
relevant, i.e. those strings i € X¢ for which UL, [i] € C.

Remark. It is clear that if C = X, then the multifractal ‘constraint’” UL,[i] C C is
vacuously satisfied, and that, in this case, the multifractal pressure and dynamical
multifractal zeta-function reduce to the usual pressure and the usual dynamical zeta-
function, i.e.

PY(p) =Py (p) = P(9)
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and
e (s ) =Y (gs ).

Before developing the theory of the multifractal pressure and the multifractal zeta-
functions further, we make the following two simple observations. Firstly, we note in
Proposition 4.2 below that the expected relationship between the multifractal pressure and
the radius of convergence of the multifractal zeta-function holds. Secondly, we would
expect any dynamically meaningful theory of dynamical multifractal zeta-functions to
lead to multifractal Bowen formulas. For this to hold, we must, at the very least, ensure
that there are unique solutions to the relevant multifractal Bowen equations, i.e. we must
ensure that if ¢ : Eg’ — R is a continuous function with ® < 0, then there are unique real
numbers F (C) and f(C) solving the following multifractal Bowen equations:

lim Pl ¢, (f(C) ®) =0,

™0 4.4)
PLF(C)D) =0.

That there are unique numbers }5 (C) and f(C) satisfying (4.4) is our second preliminary

observation, see Proposition 4.3. However, before stating and proving Propositions 4.2

and 4.3, we first show that the limit lim,« FZ(C,,)( £(C) @) in (4.4) exists. This is the

content of the next proposition.

PROPOSITION 4.1. Let X be a metric space and let U : P(Eg) — X be continuous with
respect to the weak topology. Let C C X be a subset of X. Fix a continuous function
¢ : =N > R. Then the limits

lim PY ,

a0 —BEn) (9)

lim PU ()

Fup | BEr) @
exist.

Proof. This follows immediately from the fact that the function r — Fg(c),) (p) is
monotone. U

We can now state Propositions 4.2 and 4.3.

PROPOSITION 4.2. (Radius of convergence) Let X be a metric space and let U :
’P(ZGN) — X be continuous with respect to the weak topology. Let C C X be a subset
of X. Fix a continuous function ¢ : &N — R. We have

—10g raa (C™Y (93 ) = P (9).

Proof. This follows immediately from the fact that if (a,), is a sequence of complex
numbers and if f denotes the power series defined by f(z) = Zn a,7", then o,.q(f) =
1/(lim sup,, |a,|'/™). o

PROPOSITION 4.3. (Continuity and monotonicity of the multifractal pressure) Let X
be a metric space and let U : ’P(EET) — X be continuous with respect to the weak
topology. Let C C X be a subset of X. Fix a continuous function & : Zg — R with
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. . U —U
® < 0. Then the functions t — lim~\ o PB(CJ)(IQD) and t — P (t®), where t € R, are
continuous, strictly decreasing and convex with lim,_, _ limy\ o Fg(c) n(E®) =00 and

lim, 00 1m0 P ey (1) = —00 and limy—, —og P (1) = 00 and lim,c0 Pe. (1)
= —o0. In particular, there are unique real numbers /5 (C) and f(C) such that

. =U
lim P ®)=0 4.5
rl\f‘% B f(©) @) =0, (4.5)
PL(C) @) =0; (4.6)
equivalently, f (C) and f(C) are the unique real numbers such that
: U . —
rh\I}'(l) Urad(CB(Cyr)( f ) @; ) =1,
rad (68 (F(C) @5 ) = 1.

Proof. This statement is not difficult to prove and, for the sake of brevity, we have therefore
decided to omit the proof. O

We will now state our main results. The results are divided into two parts: the first part
consists of Theorem 4.4 and Corollary 4.5, and the second part consists of Theorem 4.6
and Corollary 4.7. The motivation for this is the following. Let A denote the scaling
map in (2.10). For judicious choices of X and U, we are clearly attempting to relate the
solutions F(C) and f(C) of the multifractal Bowen equations (4.5) and (4.6) to various
multifractal spectra. The following simple example serves to illustrate this. Let (u;)icy be
the graph-directed self-conformal measures in (2.7). Next, define X and U : 7?(221) - X
as follows: Let X = R. Define & : P(EGN) — R by

@ (i) =log pi)
and let
_J®du
N f Adu’
Note that if i € X, then UL,[i] = {(log pi/log |DSi(mw)|) |u € EET with t(d) =i(u)}. It
therefore follows that if ¢ : Eg — R is a continuous function, then

Un 4.7)

—U
P ()
1 n—1
= lim sup — log( Z sup exp Z goSku), 4.8)
non Py ueli] —
iexy k=0
for all ue £ with t(i)=i(u):
log pi/(log | DSi(rw)))eC
—U
Ppc.n(@)
1 n—1
= lim sup — log( Z sup exp Z (pSku>, 4.9)
o iex! uelil k=0

for all ue B with t(i)=i(w):
log pi/(log | DSi(rw) D€ B(C,r)
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and

(¢; 2)

-1
7" n
= Z —< Z sup exp Z goSku). (4.10)
w iex! uelil 4o
for all ue =Y with t(i)=i(u):
log pi/(log | DS;(rw)|)eC

dyn, U
%

For @ € R and C = {a}, we are now attempting to relate the solutions () and .7 () of
the multifractal Bowen equations

Jim Phcn (/@ M) =0, @.11)
PL(F(@) A) =0, 4.12)

to the multifractal spectrum f, (o) of w;; observe that the existence and uniqueness of the
solutions () and .7 () to (4.11) and (4.12) follow from Proposition 4.3. However, it
is clear that if C = {«}, then the sum in (4.8) may be empty, and the solution .7 («) to the
equation Fg (-7 (a) A) =0 is therefore —oo, i.e. .7 () = —oo. Hence, it may happen
that

F ) =—00 < f(a). (4.13)

It follows from this discussion that if C = {«}, then the pressure (4.8) and the zeta-
function (4.10) do not, in general, encode sufficient information to allow us to recover the
multifractal spectrum f,, (). The reason for the strict inequality in (4.13) is, of course,
clear: even though there are no strings i € X¢ and u € Eg’ with t(i) =i(u) for which
the ratio log pj/(log |DSj(;ru)|) equals «, there may nevertheless be many sequences
(in), of strings i, € £* for which the sequence of sets {log pj, /(log |DS;, (wu)|) |ue
ZGN with t(i,) =i(u)} ‘shrinks’ to the singleton {«}. In order to capture this, we can
proceed in two equally natural ways. Either we can consider a family of enlarged ‘target’
sets shrinking to the original main ‘target’ {«} (this approach will be referred to as the
shrinking target approach) or, alternatively, we can consider a fixed enlarged ‘target’ set
and regard this as our original main ‘target’ (this approach will be referred to as the
fixed target approach). Indeed, the statement of our main results below is divided into
two parts paralleling the above discussion: the first part (consisting of Theorem 4.4 and
Corollary 4.5) presents our results in the shrinking target setting, and the second part
(consisting of Theorem 4.6 and Corollary 4.7) presents our results in the fixed target
setting.

Statement of main results in the shrinking target setting. In the shrinking target
setting, Theorem 4.4 provides a variational principle for the multifractal pressure, and
Corollary 4.5 provides a variational principle for the solution f(C ) to the multifractal
Bowen equation (4.5). Below we denote the entropy of a measure u € P(Eg ) by h(w).

THEOREM 4.4. (The shrinking target variational principle for the multifractal pressure)
Let X be a metric space and let U : ’P(E? ) = X be continuous with respect to the weak
topology. Let C C X be a subset of X. Fix a continuous function ¢ : Eg’ — R.
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(1) We have
. . =U
lim PY (p) =1lim P ()= su <h(u) —l—/ d,u).
o BEn o BEn uePsg:GN) ®
UpeC
(2) We have
lim —log 0rad (Zgi¢ 0 (@3 )) = sup (h(u) + / ) du)
O nePs(zl)
UpeC

Theorem 4.4 is proved in §9 using techniques from large deviation theory developed in
§§6-8. Observe that if we let C = X in Theorem 4.4, then the multifractal pressure equals

the usual pressure, i.e. Fg(c,r)(‘/’) = Eg(c,r)(‘p) = P(p), and the variational principle in
Theorem 4.4(1) therefore simplifies to the usual variational principle, namely,
o= s (ho+ [ wan)
nePs(s¢)
COROLLARY 4.5. (The shrinking target multifractal Bowen equation) Let X be a metric
space and let U : 73(232I ) — X be continuous with respect to the weak topology. Let C € X

be a subset of X. Fix a continuous function ® : Eg] — R with ® <0 and let f (C) be the
unique real number such that

. =U
lim P C) d)=0;
rl\O B(C,r)(/E( ) @)

equivalently, ]5 (C) is the unique real number such that

}l\ff(l) O’rad(é'g(c,r)(]z(c) ®;)) =1

Then
h
O = sup — q()“;-
wepsely | ®du
UpeC

Proof. Tt follows from Theorem 4.4 and the definition of f(C ) that

sup <h(u) +£(0) / ® du) = lim P, (F(©) @) =0.

nePs(T) @.14)
UpeC
The desired formula for f (C) follows easily from (4.14). O

Statement of main results in the fixed target setting. Of course, if the set C is ‘too small’,
then it follows from the discussion following the statement of Proposition 4.3 that we,
in general, cannot expect any meaningful results in the fixed target setting. However,
if the set C satisfies a non-degeneracy condition guaranteeing that it is not ‘too small’
(namely, condition (4.15) below), then meaningful results can be obtained in the fixed
target setting. This is the content of Theorem 4.6 and Corollary 4.7 below. Indeed,
Theorem 4.6 and Corollary 4.7 provide variational principles for the multifractal pressure
and for the solution f(C) to the multifractal Bowen equation (4.6) in the fixed target
setting.
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THEOREM 4.6. (The fixed target variational principle for the multifractal pressure) Let
X be a normed vector space. Let I’ :P(Eg) — X be continuous and affine and let
A :P(Eg) — R be continuous and affine with A(u) # 0 for all u € P(EGN). Define
U: P(ZGN) — X by U =T/A. Let C be a closed and convex subset of X and assume

that
CNUPsEY)) £ 2. (4.15)
(1) We have
Pl = sup (h(u)+[¢du> = sup <h(u)+/<pdu)-
nePs(zY) nePs(sd)
UpeC U;LECO'
(2) We have

—log 01ag (¢ (93 ))

= sup (h(u)+/sodu> = sup (h(u)Jr/wdu)-
uePs(zY) nePs(zd)

UpeC o
" UpeC

Theorem 4.6 is proved in §10 using techniques from large deviation theory developed
in §§ 6-8. Again, we observe that if we let C = X in Theorem 4.6, then the multifractal
pressure equals the usual pressure, i.e. PCU (¢) = P(¢), and the variational principle in
Theorem 4.6(1) therefore simplifies to the usual variational principle, namely,

P(p)=sup <h(u) + / ® du)-
nePs(Zg)
COROLLARY 4.7. (The fixed target multifractal Bowen equation) Let X be a normed
vector space. Let T : P(Zg) — X be continuous and affine and let A : ’P(E(I?) — R be
continuous and affine with A(u) # 0 for all i € ”P(Eg). Define U : P(Eg’) - XbyU=
I'/A. Let C be a closed and convex subset of X and assume that
CNUMPsEY)) £ 2.

Let & : Eg — R be continuous with ® < 0. Let f(C) be the unique real number such that

PE(F(C) @) =0;
equivalently, ]E (C) is the unique real number such that

0rad (CE (F(C) @; ) = 1.

Then
h
fO) = sup -l
pepscsty J Pdn
UpeC

Proof. The proof is similar to the proof of Corollary 4.5 using Theorem 4.6 and the
definition of f(C). O
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In §5 we will apply Theorem 4.4, Corollary 4.5, Theorem 4.6 and Corollary 4.7
to show that, in many cases, the solutions ;ﬁ(C) and f(C) to the multifractal Bowen
equations (4.5) and (4.6) coincide with various well-known multifractal spectra. However,
before considering any applications, we will provide the reader with a brief outline of the
proofs of the main results.

Outline of the proofs of Theorems 4.4 and 4.6. Below, we give an outline illustrating the
key ideas in the proofs of the two main results, namely, Theorems 4.4 and 4.6. We first note
that Theorem 4.6 follows from Theorem 4.4 by a ‘continuity’ argument; see §10 for the
details of this argument. We will now give an outline of the proof of Theorem 4.4. Recall
the statement of Theorem 4.4; namely, let X be a metric space and let U :73(221) —
X be continuous with respect to the weak topology. Also, let C € X be a subset of X.
Theorem 4.4 now says that if ¢ : EGN — R is a continuous function, then

. U . 75U
31\% Pren@) = rh{% Ppic.n(@)= sup <h(,U«) + / (7 dﬂ)

uePs(sl) (4.16)
UneC
and
lim —log orag(Cel (93 ) = sup h(u)+/<pdu .
N0 B(Cn) (4.17)

nePs(Eg)
UpeC

It is clear that (4.17) follows from (4.16) (see Proposition 4.2), and it therefore suffices to
prove (4.16). Writing

D(C)= sup <h(u)+/<ﬂdu),

nePs ()
UpeC
we can write (4.16) as
1 n—1
lim lim inf — log Z sup exp Z goSku =D(C),
IO iexp  uell oo
UL,[{ISB(C,
HIsBEn 1 4.18)
1 -
lim lim sup — log Z sup exp Z ¢S*u=D(C).
r\0 n n jexn ueli] =0
n =

ULn[ilSB(C,r)

We will use techniques from large deviation theory in order to analyse the asymptotic
behaviour of the sums on the left-hand side of (4.18). In particular, we will use one of the
most celebrated results from large deviation theory, namely, Varadhan’s integral lemma.
This result says that if X is a complete separable metric space and (Py), is a sequence of
probability measures on X satisfying the large deviation property with rate constants a, €
(0, 0o) for n € N and rate function I : R — [—00, 00] (this terminology will be explained
in §7), then any bounded continuous function F : X — R satisfies the following:

1
lim — log / exp(a, F)dP, = — inf(([(x) — F(x)), 4.19)
xXe

nodp
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and if we define the probability measure Q,, on X by

[ exp(a, F) d P,

On(E) = [ exp(an F) d P,

for Borel subsets E of X, 4.20)

then the sequence (Q,), has the large deviation property with constants (a,), and rate
function (I — F) —infyex j(x)<co( (x) — F(x)).

In order to use the above results to analyse the asymptotic behaviour of the sums on the
left-hand side of (4.18), we must construct a continuous function ﬁ(/, : P(Eg]) — Rand a
sequence of measures m, having the large deviation property with constants (#), such that

the sum
n—1
Z sup exp Z ¢S*u 4.21)
iexr  uell o

UL,[i]SB(C,r)

can be expressed in terms of the integral
/ exp(nl?(p) dﬁn

and the measure é(p, » defined by

[z exp(nl?(p) dfi,
[ exp(nF,) dTl,

Qp,n(E) = for Borel subsets E of 73(221).

In fact, instead of working with the sum in (4.21), we will (for technical reasons that are
explained in §6) work with a slightly modified sum, namely, the sum where the function L,,
has been replaced by a slightly different function M,,. We will thus construct a continuous
function F, :P(EGN) — R and a sequence of measures I1, having the large deviation
property with constants (1), such that the sum

-1
Z sup exp nX: (pSku (4.22)

iexp Uil oo
UM,[ISB(C.r)

can be expressed in terms of the integral
f exp(nky) dIl,
and the measure Q, , defined by

[ exp(nFy) dTl,
[ exp(nF,) dTl,

Qpn(E) = for Borel subsets E of ’P(E?).

Finally, we will obtain the asymptotic behaviour of the original sum in (4.21) from the
asymptotic behaviour of the modified sum in (4.22). The overall implementation of this
strategy is divided into four steps described below.

Step 1 (§6). The map M,,. We define the map M,, : ZGN — P(ZGN) and prove a number of
‘continuity’ results showing that the maps M, and L, are ‘close’ together.
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Step 2 (§7). The measures I1,. Using the map M,,, we define the measures I1, and prove
(using a result from Orey and Pelikan [OrPe2]) that the sequence (I1,), has the large
deviation property with constants (n), and rate function / given by

log A —h(p) for p e Ps(ZY),

1 =
#) for pu € PEM\Ps(EY).

where A is a constant (in fact, X is the entropy of the Parry measure on Zg ).

Step 3 (§8). The asymptotic behaviour of the modified sum (4.22). Define the function
Fy: 7?5(25) — Rby Fy(u) = f ¢ d . Let the measure I, be as in Step 2 and define the
probability measure Q , on P(ZGN) by

[ exp(nFy) dIl,
[ exp(nFy,) dTl,

Qpn(E) = for Borel subsets E of P(Eg‘).

We first show that the modified sum (4.22) can be expressed in terms of the integral
f exp(nFy) dI1, and the measure Q, ,; more precisely, we show that there is a positive
constant ¢ such that

n—1
sup exp Z gaSiu <cA'Qyn({U € C)) / exp(nFy) dIl,,
kexp Ukl
UM,[k]cC
n—1
. 1
sup exp Y @Su=—1"Q,,({U € C}) / exp(nF,) dIl,
iexn  uelkl g ¢
UM,[K]CC

for all n. Using Varadhan’s integral lemma, this is easily seen to imply that if G is an open
subset of X with UG N PS(ZET) # &, then

1 n—1 )
liminf —log > sup exp Y ¢S'uxD(G), (4.23)
e kexz Uelkl iz
UM,[KISG

and if K is a closed subset of X with U~'K N Ps(ZL) # @, then

1 n—1 '
lim sup — log Z sup exp Z ¢S'u < D(K). (4.24)
no N kexy Uelkl -

UM, KIcK

Step 4 (§9). The asymptotic behaviour of the (non-modified) sum (4.21). Finally, using the
‘continuity’ results from Step 1 (showing that the maps M,, and L, are ‘close’ together),
the desired asymptotic behaviour, i.e. (4.18), of the (non-modified) sum (4.21) can be
obtained from the asymptotic behaviour, i.e. (4.23) and (4.24), of the modified sum (4.22)
established in Step 3.
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5. Applications: multifractal spectra of measures and multifractal spectra of ergodic
Birkhoff averages

We will now consider several applications of Theorem 4.4, Corollary 4.5, Theorem 4.6
and Corollary 4.7 to multifractal spectra of measures and ergodic averages. In particular,
we consider the following examples.

. §5.1: Multifractal spectra of graph-directed self-conformal measures.

° §5.2: Multifractal spectra of ergodic Birkhoff averages of continuous functions on

graph-directed self-conformal sets.

5.1. Multifractal  spectra of graph-directed self-conformal measures. Let
(V, E, (Wiev, (XDiev, (Se)eck, (Pe)ece) be a graph-directed conformal iterated function
system with probabilities (see §2.2), and let (K;)icy and (ui)icv be, respectively, the list of
graph-directed self-conformal sets and the list of graph-directed self-conformal measures
associated with the list (V, E, (V)icv, (XDiev, (Se)ecEs (Pe)ecE), 1.€. the sets in the list
(K)iev are the unique non-empty compact sets satisfying (2.6) and the measures in the
list (1i)iev are the unique probability measures satisfying (2.7). Recall that the Hausdorff
multifractal spectrum f,, of y; is defined by

fu‘v(a) = dimH{x eK;

i ogHB(, 1)) }
m ——————=0«u
r\O log r

for a € R, see §1. If the OSC is satisfied, then the multifractal spectrum f,, (a) can be
computed as follows. Define & : EGN — R by

® (i) = log pig)
fori=ejep--- € EGN, and recall that the map A : Eg’ — R is defined by
A(i) =log | DS, (7w Si)|

fori=ejey---€ Eg. Next, we define the function 8 : R — R by

P(B(@A +qP)=0; (.1
equivalently, the function 8 : R — R is defined by
0rad (" (@@ + B()A; ) = 1. (5.2)

We note that if all the maps S, are similarities, i.e. if for each e € E there is a number
re € (0, 1) such that

[Se(x) — Se(Y)| = relx — |

for all x, y € X(), then there is an equivalent characterization of the function 8. Namely,
in this case the function 8 is given by the following. For ¢, t € R, define the matrix

A(g, t) = (aij(g, t))ijev by
aij(g, 1) = Z pire.

e€E;;

For g € R, the number S(q) is now the unique real number such that

pspecfrad A(CI, ,B(Q)) = 1;
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here and below we use the following notation: if M is a square matrix, then we write
Pspec-rad M for the spectral radius of M. If the OSC is satisfied, then the multifractal
spectrum f,; of w; can be computed as follows (see Theorem D below). This result was
first established by Edgar and Mauldin [EdMa] in 1992 assuming that the maps S, were
similarities, and was subsequently extended to the conformal case by Cole [Coll, Col2],
building on earlier results due to Arbeiter and Patzschke [ArPa] and Patzschke [Pa].
Below we use the following notation: if ¢ : R — R is a function, then ¢* : R — [0c0, o0]
denotes the Legendre transform of ¢ defined by

*(x) = ir}l,f(xy + ().
‘We can now state Theorem D.

THEOREM D. [Coll, Pa] Let ())icv be the list of graph-directed self-conformal measures
defined by (2.7). Let « € R. If the OSC is satisfied, then we have

Jui (@) = B*(a)
forallieV.

As a first application of Theorem 4.4, Corollary 4.5, Theorem 4.6 and Corollary 4.7, we
obtain a dynamical multifractal zeta-function with an associated Bowen equation whose
solution equals the multifractal spectrum f,, (o) of the graph-directed self-conformal
measure ;. This is the content of the next theorem.

THEOREM 5.1. (Dynamical multifractal zeta-functions for multifractal spectra of
graph-directed self-conformal measures) Let (ui)iev be the list of graph-directed self-
conformal measures associated with the list (V, E, (Vi)iev, (Xi)iev, (Se)eck, (Pe)ecE),
i.e. (i is the unique probability measure such that jii =) g Pelli(e) © s

For C C R and a continuous function ¢ : Zg — R, we define the dynamical graph-
directed self-conformal multifractal zeta-function by

n—1

- z"
o= N (X swew est)
n " iex! uelil ko
log pi/(log diam K;)eC

for those complex numbers z for which the series converges. Let A be defined by (2.10)
and let B be defined by (5.1) (or, equivalently, by (5.2)). Let o« € R.
(1)  There is a unique real number , (o) such that

. dyn-con , X _
i o1ag (€575 (@) A ) = 1.
(2) We have
/(@) = p*(a).
(3) Ifthe OSC is satisfied, then we have

Aa) = fu(a) = dimH{x € K;

i log ui(B(x, r)) }
m -———=u
™0 log r

forallieV.
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We will now prove Theorem 5.1. Recall that the function A : 2§ — R is defined by
A(i) =log |DSe, (7 Si)| for i=ejes---€ Y. Also, recall that & : £Y — R is defined
by @ (i) = log pig) forie Eg . We now introduce the following definition. Define U :
P(zd) — Rby

dd
Up=d 2 (53)
JAdu
and note that if i € X, then
. log p; N . . .
UL il={———— |ueX th t(d) = .
& {log DSGrwy | € Ze M D=1
It therefore follows that
¢ (@1 2)
B " n—1 .
= Z — Z sup exp Z pS*u). (54)
w iex! velil 4o

for all ueEgl with t(i)=i(u):log pj/(log |DSj(ru)|)eC
In order to prove Theorem 5.1 we first prove three small auxiliary results, namely,
Propositions 5.2-5.4.

PROPOSITION 5.2. Let U be defined by (5.3). Let A be defined by (2.10) and let B be
defined by (5.1) (or, equivalently, by (5.2)). Let € R. Then

h(w)
sup  — A = B*(a).
wepssly S Adu
Up=«o

Proof. This result is folklore. However, for the sake of completeness, we have decided to
include the brief proof. We must show the following two inequalities:

h(w)

Bf@)< sup -— , (5.5)
pepscsty S Adn
Up=o
h
sup  — ) e, (5.6)
wepscsty J Adn
Upn=«o

Proof of (5.5). Fors € Rand g € R, let 115 , denote the Gibbs state of s A + g®. We now
prove the following two claims.

CLAIM 1. Forall g, we have [ ® diup(g).q/ [ A dipg).q = —B' (@)

Proof of Claim 1. Define F:R xR — R by F(s,q) =P(sA+qd) for s,geR. 1t
follows from [Ruel] that F is real analytic with (3/ds)F(s, q) = f Adug g, and
(0/0qQ)F (s, q)= [ ® dus,q. Next, since 0= F(B(q), q) for all g, it follows from an
application of the chain rule that

OZ/AdMﬁ(q),qﬂ/(CI)—i‘/(bdﬂﬁ(q)ﬂ

for all ¢, and hence —B'(q) = [ ® dup(g).q/ [ A ditp(g).q for all g. This completes the
proof of Claim 1. O
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CLAIM 2. For all g, we have —(h(1p(q).9)/ [ A d1ig(q).q) = B*(—B'(@)).

Proof of Claim 2. Since ug(g),q is a Gibbs state of B(g)A +g® and P(B(g)A + qP)
=0, we deduce that

0=P(B@A+qP)

=h(1pg),q) + f(ﬂ(Q)A +q®) dupg).q

Zh(ﬂﬁ<q>,q)+ﬂ(4)/Adﬂﬂ(qm +Q/q’dﬂﬂ<q),q’

and hence —(h(1p(g).q)/ [ A dipg).q) =B@ +q(f ®dupqg.q/[Adrpa) g Tt
follows from this and Claim 1 that

_ hupg).qg)
J A dipg).q
=p@) +CIW =B(q@) —qp'(q) = inf(B(p) — pB (@) = B* (=B (@)
for all g. This completes the proof of Claim 2. O
We can now prove (5.5). If 8*(«) = —o0, then inequality (5.5) is clear. Hence, we may

assume that 8*(«) > —oo. In this case, it follows from the convexity of 8 that there is
a point g, € R such that @ = —8'(¢,), see [Ro]. We therefore conclude from Claim 1

that the measure Wp(g,)q, satisfies Upiy)qe =) P dipa) g/ /A dipan).a0 =
—B'(qs) = «, and hence, using Claim 2,

h h
sup _ hw) > _ (46 (ga).qa)
[LE'PS():(I?),UM:Q fA d“’ fA d“ﬁ(%)sqa
This completes the proof of (5.5).

> B*(=B'(qa)) = B ().

Proof of (5.6). FixgeRand € PS(EGN) with U = «. Using the variational principle
(see [Wal]) we conclude that

PB@A +q®) = sup (h(v)+f(ﬂ(q>A+qd>)dv>

veP ()

> h(u) + /(ﬂ(q)A +q®)du

=h(u)+ﬂ(q)/1\du+q/<1>du~

Since A < 0, this implies that B(q) > —(h(w)/[Adw) —q(f @ du/[Adw). Next, as
[ ®dup/[Adu=Up=a,we conclude that

_ hw f<1>du
fAd,u fAdu
h(w)

[ Adup

h(w)

Sadu

qga + B(g) > qa

>qo +
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Finally, taking the infimum over all g € R and taking the supremum over all u € 735(22')
with U = « gives inequality (5.6). O

PROPOSITION 5.3. Let U be defined by (5.3). Let A be defined by (2.10) and let B be
defined by (5.1) (or, equivalently, by (5.2)). Let « € R. Let t be the unique real number
such that

. dyn,U . _
rh\r‘% O'rad(é‘B(a,r)(tA’ )) =L
Then
sup <h(M) +t/Adu> =0,
uePs(sy)

Up=«o

and we have

h
r= sup — g,
wepsczly S Adi
Up=o

Proof. We first note that it follows immediately from Theorem 4.4 that

sup <h(u) +t/Ad,u,>
nePs(zh

Up=u

. —=U . dyn, U . _
= lim Py () = Jim —log 07 &gl A ) =o0. (5.7)

Equality (5.7) is easily seen to imply that

h(p)
t= sup -— .
wepssry S Ad
Up=«o

Finally, it follows from the above equality and Proposition 5.2 that r = 8*(«). This
completes the proof. O

PROPOSITION 5.4. Let U be defined by (5.3). Fix a continuous function ¢ : Zg’ — R.
(1) There is a sequence (Ay), with A, > 0 and A, — 0 such that for all closed subsets
W ofRandforalln eN,ie ¢ andu e Z(I? with t(i) = i(u), we have

1 i 1 i
dist[ — 2P0 ) <dist( —=2P w4 A, (5.8)
log | D Sj(rru)| log diam Kj
1 i 1 i
dist( —2 P W) <dist| — 2P w)4a,. (5.9)
log diam K; log | DSj(mru)|
(2) Let W be a closed subset of R. For all r > 0, we have
Grad (Eiy o ry (@3 ) < Orad (G " (@05 ). (5.10)
Grad i o (93 ) < Traa (G (@3 ). (5.11)
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(3) Let C be a closed subset of R. Then we have

dyn-con

: . T dyn,U .
}l\f% Otfad(é‘B(C,r) (p; )= rll\l"l’(l) Urad({g(c’r) (@3 ).

Proof. (1) It is well known and follows from the principle of bounded distortion (see,
for example, [Bar, Fa]) that there is a constant ¢ > 0 such that for all integers n
and all i e Eg and all u, v € [i], we have 1/¢ <|DSj(w S"u)|/ diam K; <c¢ and 1/c <
|DSi(r S"a)|/|DSj(w S"v)| <c. It is not difficult to see that the desired result follows
from this.

(2) Fix r > 0. Let (Ay), be the sequence from part (1). Since A, — 0, we can find a
positive integer N, such thatif n > N,, then A, < r. Consequently, using (5.9) in part (1),
for all n > N,., we have

n—1 n—l
Z sup exp Z (pSku = Z sup expz gz)Sku
iexn Uell 4o iexn uelil o
ULylilcW for all ue =N with t(i)=i(u):

log pi/(log | DSi(mw))eW

iex{
for all ue =N with t(i)=i(u):
dist(log pj/(log | DSj(ru)|), W)=0

n—1
X sup exp Z oSku
ueli] k=0
n—1
< Z sup exp Z oSku
iex! uelil 4o
dist(log pi/(log diam Kj), W)<0+A,
n—1
< Z sup exp Z (pSku
ey uelll =0
dist(log pi/(log diam Kj), W) <r
n—1
= Z sup exp Z (pSku. (5.12)
jexs ueli] =0
log pi/(log diam K;)e B(W,r)
A similar argument using (5.8) in part (1) shows that
n—1 n—1
Z sup exp Z <pSku < Z sup exp Z (pSku. (5.13)
iexs uelil 4o iexr Ul oo

G
log pi/(log diam K;)eW UL,[i1ISB(W,r)

The desired results follow immediately from inequalities (5.12) and (5.13).
(3) This result follows easily from part (2). O

We can now prove Theorem 5.1.

Proof of Theorem 5.1. Let U be defined by (5.3).
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(1) It follows from Proposition 5.4 that

lim 0ag (¢ ey (143 ) = i oraa (C0e ) (1A ) (5.14)
r\O0 ’
for all 1. Also, it follows from Proposition 5.2 that there is a unique number ,“(«) such
that
lim 0,00 (¢ ™Y (A@) A; ) =1 (5.15)
N0 rad é‘B(o(,r) / > = L. .

Combining (5.14) and (5.15) shows that () is the unique real number such that we have
lim, 0 Trad (o (/@) Ai ) = limys 0 0raa (C o (@) As ) = 1.
(2) It follows from (1) and Proposition 5.4 that

. dyn-con 2 . 1 n,U .
1= }1\1‘% Urad(gB}écf:) (@) A; ) = ll\n'(l) 0’rad(é-B}(,C r)(/(a) A5 ),

and Corollary 4.5 therefore implies that the number («) is given by
)

S(a)y=sup . (5.16)
pepscsly S Adu
Up=u
Finally, combining Proposition 5.2 and (5.16) shows that (o) = B*(«).
(3) This follows immediately from (2) and Theorem D. O

5.2. Multifractal spectra of ergodic Birkhoff averages. We first fix y € (0, 1) and
define the metric d,, on Eg as follows. Fori, je EGN with i # j, we will write i A j for
the longest common prefix of i and j (i.e. i A j =u where u is the unique element in X
for which there are k’, k" e EN with k' =eje} - -- and k" =efe] - - - such that ] # e,
i =uk’ and j = uk”). The metric d,, is now defined by

. 0 ifi=j,
dV(l’J) = liAj| ifi .
14 ifiz]j

for i, j € £Y; throughout this section, we equip Eg with the metric d,,, and continuity
and Lipschitz properties of functions f : Eg’ — R from Eg to R will always refer to the
metric d,,. Multifractal analysis of Birkhoff averages has received significant interest over
the past 10 years, see, for example, [BaMe, FaFe, FaFeWu, FeLaWu, Oli, Ol1, OIWi].
Fix a positive integer M. The multifractal spectrum Ffe "¢ of ergodic Birkhoff averages of a
vector-valued continuous function f : Eg — RM is defined by

n—1

1 .
llr{n; Zf(S 1)_a}

F{"®(e) = dimy {i ezl
k=0

fora € RM; recall that the map 7 is defined in §2. One of the main problems in multifractal
analysis of Birkhoff averages is the detailed study of the multifractal spectrum F e
For example, Theorem E below is proved in different settings and at various levels of
generality in [FaFe, FaFeWu, FeLaWu, Oli, Ol1, OIWi]. Before we can state this result
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we introduce the following notation. If (x,), is a sequence of points in a metric space X,
then we write acc, x, for the set of accumulation points of the sequence (x,),, i.e.

acc x, = {x € X | x is an accumulation point of (x,),}.
n

We will also use the following notation: if f: 22’ — RM is a continuous function with
f=(fi,..., fu), then we will write

/fdu=</f1du,...,/fMdM)

for u € 73(22I ). We can now state Theorem E.

THEOREM E. [FaFe, FaFeWu, FeLaWu, Oli, Ol1, OIWi] Fix y € (0, 1) and let f:
EGN — RM be a Lipschitz function with respect to the metric dy. Let A: Zg — R be
defined by (2.10). Let C be a closed subset of RM. If the OSC is satisfied, then

n—1

1 h
dimH ﬂ{ie EGN agc; Zf(Ski)QC} = sup . _fji—ud)lu
k=0 nePs(Zg)
ffd/Leg‘

In particular, if the OSC is satisfied and @ € RM, then we have

n—1

1 h
dimHn{iez§ lir{n;Zf(Ski):a}: sup _fji/t;“.
k=0 nePs(Xg)
ffdu:g

As a second application of Theorem 4.4, Corollary 4.5, Theorem 4.6 and Corollary 4.7,
we will now obtain zeta-functions whose radii of convergence equal different types of
multifractal spectra of ergodic Birkhoff averages. We first state and prove a fairly
general result, namely Theorem 5.5 below, from which analogous results for a number
of different multifractal spectra of ergodic Birkhoff averages, including Fy®(et), can be
deduced. Indeed, immediately after the statement and proof of Theorem 5.5, we will apply
Theorem 5.5 to prove the following results: Theorem 5.6 on the multifractal spectra of
ergodic averages of continuous vector-valued functions, Theorem 5.7 on the multifractal
spectra of relative ergodic averages of continuous functions and, finally, Theorem 5.8 on
the multifractal spectra of a more general type of relative ergodic averages of continuous
functions.

THEOREM 5.5. (Multifractal zeta-functions for abstract multifractal spectra of ergodic
Birkhoff averages) Fix y € (0, 1) and W C R!, and let @ : EGN —R! be a Lipschitz
function with respect to the metric dy, such that { f ddu|pe P(EGN)} C W, recall that
f®=(P,..., D), thenwewrite [ ®du=(f ®1du, ..., [ Prdu). Let Q: W —
RM be a continuous function.

For C CRM and a continuous function ¢ : Eg — R, we define the abstract dynamical
ergodic multifractal zeta-function associated with Q by

n—1

dyn- 7"
=Y X swew esh).
n " iex? uelil - 4—o
for all ueli]:

Q((1/n) YpZg ®(Sku)eC
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Let A : =Y — R be defined by (2.10).
(1)  Assume that C € RM is closed.
(1.1) There is a unique real number ,(C) such that

. dyn-erg . —
rh\r‘% Urad(gB(C,r) (/(C) A ) =1

(1.2) We have

h
/(C) =sup sup - ) .
acC  uePg(zl) fAd'U“
o(f ®dwy=a

(1.3) If the OSC is satisfied, then we have

A(C) =dimy 7 {i exd

n—1
agcQ(% > <I>(Ski)> c c}.
k=0

(2)  Assume that there are continuous and affine functions T : W — RM and A : W — R
with A(X) # O for all X such that Q =T'/ A, and assume that C € RM is closed and

convex with C N{T'(f @ du)/A(f @ dp) | 1w € Ps(ED)} # @.
(2.1) There is a unique real number .7 (C) such that

Oraa (" E(FC) As ) = 1.
(2.2) We have

__ h
F(C) = sup sup — 1(\Md) .
aeC  epg(sl) f 1

o(f ®dpw)=c
(2.3) If the OSC is satisfied, then we have

1 n—1
accQ(— > <I>(S"i)) c c}.
n n
k=0
Proof. We first note that it follows from [OI1] that if C is a closed subset of RM | then
1. h(w)
-y ostiy)ccp= - NGAY
agcQ(nkZO ( n))_ } wp swp = GAD)

@cC pePs(g)

]

ﬂ
10
Q

R

(C) = dimy n{i exd

dimy ﬂ{ie =

o(f @ dpw)=e
Next, we define the function U : P( EGN ) = RM to be the composite of the following two
maps:
—[®d
Pty L2l 2 R,
ie.
onmaff o)

for 1 € P(BY). Since, clearly, ggy"'erg(go; )= ggy”’U(go; -), the results now follow from
Corollary 4.5, Corollary 4.7 and (5.17). O
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Next, we present three corollaries of Theorem 5.5.

THEOREM 5.6. (Multifractal zeta-functions for multifractal spectra of vector-valued
ergodic Birkhoff averages) Fix y € (0, 1) and let f: EGN — RM be a Lipschitz function
with respect to the metric d,,. For C C RM and a continuous function ¢ : ZGN — R, we
define the dynamical ergodic multifractal zeta-function by

n—1
dyn-vec-erg , . _ i k
% W=~ < > sup exp ) ¢S u)-
n iexy k=0
for all ueli]:
(1/n) 025 f(SkweC
Let A : XY — R be defined by (2.10).
(1)  Assume that C € RM is closed.
(1.1) There is a unique real number /(C) such that

. dyn-vec-erg s . —
rh\I‘I(l) Orad(é‘B(C,r) (/(C) A;)) =1

Ifa € RM and C = {a}, then we will write ) = /(C).
(1.2) We have

h
A (C)=sup sup — () .
acC ePy(sd) fAdl’L
[tdpu=a

(1.3) If the OSC is satisfied, then we have

n—1

1 ks
agc; Zf(S i) C C}.

A(C) =dimy {i ezl
k=0

In particular, if the OSC is satisfied and @ € RM, then we have

1n—l
N key
l1£nn E f(S 1)—a}.

/(@) = dimy n{i ezl
k=0

(2)  Assume that C € RM is closed and convex with C N {[fdu|pe PS(EEI)} + Q.
(2.1) There is a unique real number .7 (C) such that

Trad (" TE(T(C) A; ) = 1.
(2.2) We have

l

h
(C)=sup sup —[(\—l;).
acC yepysty S Adn

[tdp=a

(2.3) If the OSC is satisfied, then we have

n—1

_ 1
F(C) = dimy rr{i e 3¢ |ace— Y " f(ski) c C}.
nn
k=0
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Proof. This follows immediately by applying Theorem 5.5 to W = RY and the maps ® :
=Y — RMand Q : W — RM defined by ® = f and Q(x) = x. O

THEOREM 5.7. (Multifractal zeta-functions for multifractal spectra of relative ergodic
Birkhoff averages) Fix y € (0, 1) and let f, g: Eg — R be Lipschitz functions with
respect to the metric dy, and assume that g(i) # 0 for all i. For C C R and a continuous
function ¢ : Eg — R, we define the dynamical relative ergodic multifractal zeta-function
by

n-rel-er; Zn - l
£ (g z)=2—< > sup exp ) _ ¢S*u )
n " iex! velil 4o
for all ueli]:
(Cp2) f(Skwy/ 302 g(Skwyec
Let A : XY — R be defined by (2.10).
(1)  Assume that C € RM is closed.

(1.1) There is a unique real number ,(C) such that
. dyn-rel-erg , . .
lim oraCpicy  (/(C) A3 ) =1.

Ifa e R and C = {a}, then we will write /() = /(C).
(1.2) We have
h(w)
/(C) =sup sup “TAd
aeC /LE’Ps(Z(I?I) f
[fdu/fgdu=a

(1.3) If the OSC is satisfied, then we have

=

k
ach f(S D C}.

A(C) =dimy 7 {i ezl

Zk =0 g(Skl)
In particular, if the OSC is satisfied and o € R, then we have
Sk
/() = dimy 7[{1 exd Z f( D a}.
Zk =0 g(S i)

(2) Assume that C CRM s closed and convex with cn {[fdu/[gdulne
Ps(ZQ)} # @.
(2.1) There is a unique real number .7 (C) such that
Orad(C& " EECTC) As ) = 1.
(2.2) We have

F(C) =sup sup __hw

aeC MEPS(ZGN) f A dlL '
[fdu/fgdp=a
(2.3) If the OSC is satisfied, then we have
__ Ski
F(C) = dlerr{leEG # C}.
K Yohzo 8(Ski)
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Proof. This follows immediately by applying Theorem 5.5 to W =R x (R\{0}) and the
maps @ : =Y — R? and Q : W — R defined by ® = (f, g) and Q(x, y) = x/y. m

As a final application of Theorem 5.5 we consider a type of relative ergodic multifractal
spectrum involving quantities similar to those appearing in Holder’s inequality; for this
reason we have decided to refer to these multifractal spectra as ‘Holder-like relative ergodic
Birkhoff averages’.

THEOREM 5.8. (Multifractal zeta-functions for multifractal spectra of Holder-like relative
ergodic Birkhoff averages) Fixy € (0, 1) and let f1, ..., fm, 81, ---,8M: Eg’ — R be
Lipschitz functions with respect to the metric d,,, and assume that fi(i) > 0 for all | and
alli, and that gi(i) > O for alll and alli. Fix sy, ..., sy, t, ..., ty > 0. For C CR and
a continuous function ¢ : EEI — R, we define the dynamical Holder-like relative ergodic
multifractal zeta-function by

é_gyn-Htil-erg (90; Z)

n n—1
:ZZ_< ) sup exp 3 <pSku>.
n iex! uelil =

for all ueli]:

(T2 (1 /my 302 fi(Skwt/ TIE (1 /m) Y320 gi(SFw)heC

Let A : Z(I? — R be defined by (2.10). Assume that C € RM is closed.
(1)  There is a unique real number ,(C) such that

. dyn-Hol-erg , . _
}1\1"% O'rad(gB)éC,r) (/(C) A;)) =1

Ifa e R and C = {a}, then we will write /(o) = /(C).
(2) We have

/(C) =sup sup — .
aeC NE,PS(Zg) f A d/,l,
[T ¢ i diyt/ T (s dp)'t =
(3) Ifthe OSC is satisfied, then we have
accl_[zﬁiﬂ(l/n) Shzo fi(Skuy) c C}
T m) g s (Shw)t
In particular, if the OSC is satisfied and o € R, then we have
i T2 ((A/m) 20 fi(S )y a}
T ) Yo i (Skwy)

A(C) =dimy 7 {i exd

() = dimy n{i exy

Proof. This follows immediately by applying Theorem 5.5 to W =R™ x (R\{O)¥ and
the maps (I>:EGN—>R2M and Q : W — R defined by ®=(f1, ..., fm, 81, ---,8M)
and Q(xl,--~7XM»yla~--,)’M):H1Ai1x;l/nlﬁil ¥ O
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6. Proofs. The map M,

The purpose of this section is to introduce the auxiliary map M, and to prove various
continuity results regarding this map. The two main results are Lemmas 6.2 and 6.3.
Loosely speaking, these lemmas say that the maps L, and M, behave asymptotically in
the same way. We also state and prove a simple but useful lemma about upper semi-
continuous maps, see Lemma 6.4. All the key lemmas in this section (i.e. Lemmas 6.2-6.4)
play important roles in the following sections.

The map M,,. Since the graph G = (V, E) is strongly connected, it follows that for each
ie X, we can choose i € ¢ with |i| < |V| such that t(i) =i(i) and t(i) = i(i). Next, for
ie Xf, define ie Eg by

Finally, for a positive integer n, we define M,, : Eg — PS(EGN ) by

Myi = L, i ()

q n-+liln|—1
= — Sk 6.1)
n + liln| /; §Qin)

forie Zg; recall that the map L, : E(I? — P(Eg) is defined by

1 n—1
L,i=— .
nl " Z(Sskl
k=0

forie Eg; see (4.1).

Why the map M,,? We will now explain the main technical reason for introducing the
map M,,. In order to prove Theorem 4.4 we will use results from large deviation theory.
In particular, we will use Varadhan’s integral lemma (i.e. Theorem 8.1), which says that if
X is a complete separable metric space and (P,), is a sequence of probability measures
on X satisfying the large deviation property with rate constants a, € (0, co) for n € N and
rate function / : R — [—o00, 0o] (this terminology will be explained in §7), then

1
lim — log / exp(a, F)dP,=— inf (I(x) — F(x))
n o a xeX

n
for any bounded continuous function F : X — R (see §8 for more a detailed discussion
and statement of this result).
More precisely, in §8 we use Varadhan’s integral lemma to analyse the asymptotic
behaviour of the integral

1 — .

- log / exp(nFy(Ly(iln))) dI1(i) (6.2)
as n — oo where IT is the Parry measure on Eg (the Parry measure will be defined in §7)
and the function F, : 77(22]) — Ris given by F,(u) = f @ du. Defining A, : P(Eg’) —
Rby A,()=L, (i|n), then (6.2) can be written as

%log/exp(an,) d(Mo Ah. (6.3)
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Consequently, if the sequence (ITo A} 1), satisfied the large deviation property with
rate constants a, = n, then Varadhan’s integral lemma could be applied to analyse the
asymptotic behaviour of the sequence of integrals in (6.3). However, it follows from
results by Orey and Pelikan [OrPel, OrPe2] that the sequence (ITo L,), satisfies the
large deviation property with rate constants a, =n and Varadhan’s integral lemma can
therefore be applied to provide information about the asymptotic behaviour of the sequence
of integral defined by

%kg/emmaganoLfy (6.4)

In order to utilize the knowledge of the asymptotic behaviour of (6.4) for analysing the
asymptotic behaviour of (6.3), we must therefore show that the measures

MoA,!
and
MolL,!

are ‘close’. However, for technical reasons we will prove and use a similar ‘closeness’
statement involving the measures

MoM,!
and
MolL; .

Indeed, below, we prove a number of results showing that the maps M,, and L, (and
therefore also the measures ITo M, ! and T o L, ') are ‘close’. These results play an
important role in §7. In particular, they allow us to (1) use Orey and Pelikan’s result
from [OrPel, OrPe2] saying that the sequence (ITo L, 1), satisfies the large deviation
property to prove that the sequence (IT o M, 1),, also satisfies the large deviation property
(see Theorem 7.2), and (2) replace all occurrences of Ln(i|_n) in the formulas in §8 with

M,i, allowing us to use the large deviation property of the sequence (IT o M, ,. This
explains the main reason for introducing the map M,, and the associated measure I o Mn_1 .

Comparing M, and L,,. We now prove various continuity statements saying that the maps
M, and L, are ‘close’. These statements play an important role in §7, where we apply
Varadhan’s integral lemma to prove Theorem 7.2. We first introduce the metric L on
P(Eg). Fix y € (0, 1), and let d,, denote the metric on ZGN introduced in §5.2. For a
function f : EGN — R, we let Lip,, (f) denote the Lipschitz constant of f with respect
to the metric d,, i.e. Lip, (f) = SUD; jexl iz (If@ — f@®l/dy(, j)), and we define the

metric L in P(ZY) by
[rdi~[rav

we note that it is well known that L is a metric and that L induces the weak topology. Below,
we will always equip the space P(Eg ) with the metric L. Before stating and proving the
key results in this section, we prove a small technical auxiliary result.

L(s,v)= sup ; (6.5)
2SR

Lip, (=1
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LEMMA 6.1. Let (X, d) be a metric space and let U : 73(22]) — X be continuous with
respect to the weak topology. Fix r > 0. There is a positive integer N, such that if n > N,,
ue Xfandk,le 2§ with t(u) = 1(K) and t(u) = i(l), then we have

d(UL,(uk), UM, (ul)) <r.
Proof. Fix y € (0, 1) and let L be the metric in P(Zg) defined in (6.5). Since U :
P(Zg) — X is continuous and P(Eg) is compact, we conclude that U : P(Eg) - X

is uniformly continuous. This implies that we can choose § > 0 such that all measures
W,V E P(EGN ) satisfy the following implication:

L(i, v) <8 = d(Uu, Uv) < % (6.6)

Next, choose a positive integer N, such that 2(|v|/N,) < § and 1/N,(1 — y) < 6.
Now, fixn > N,,ue X andk, l € Eg with t(u) = i(Kk) and t(u) = i(l). It follows that
L(Ln(uk), M, (al)) < L(L,(uk), L,(aD)) + L(L, (ul), M, (ul))
< L(Ln(uk), L, (al)) + L(L,(al), Lyt gw)

We first estimate the distance L(L,(uk), L, (ul)). Indeed, since 1/N,(1 — y) <3, it
follows that

L(Ln(uk), Ly(ul)) =  sup
RS
Lip, (f)=1

/fﬂbmmh—/fd@Amw

1 n—1 ' 1 n—1 .
= sup —ZﬂﬁM%—Zﬂwmﬂ
f‘:ZGN—>R n i=0 n i=0
Lip, (f)=l1

n—1
1 ) )
< sup = Y |f(ST(uk) — (S (ul)]
rEi-r i
Lip, (f)=<1
n—1
> dy (S (uk), S (ul))

i=0

=

S | =

n—1

_ l Z ylSi(uk)/\Si(ul)|
n
i=0

<
“N(—y)

<4,

and we therefore conclude from (6.6) that

d(UL,(uk), UL, (ul)) < % (6.7)
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Next, we estimate the distance L(L, (ul), L, gu). We start by observing that if we fix
ig e EGN, then
[rai~[rav
[ = sonan~ [ s = faonav

/gdu—/gdv

for all u, v e P(EY). It follows from (6.8) that

Lt v) = sup
f:ZGN—>R
Lip, (/)<

= sup
f:ZGN—>R
Lip, (f)=1

= sup (6.8)
xR

Lip, (g)=<1
8(ip)=0

L(Ln(ul), Ly+gu) =  sup
TN SR
Lip, (g)=1
g (ip)=0

/gd(Ln(uD)_/gd(Ln-Hﬁ\ﬁ)

lnfl 1 n+[al—1
= su — Si(ul)) — — S'a
g:zgiw,;g( (W) - = ;0 g(s'w)
Lip, (9)=<1
g(ip)=0

< sup <
NS R
Lip, (g)<1
8(ip)=0

n—1 1

- ;O g(8' D) - ;0 g(S'm)
+ m Z g(S ﬁ)

2 )

o n—1 1 n+[a|—1
< sup <—A Iglloo + —— llgll )
ot G 20 el
Lip, (9)=<1

g(ip)=0

n+ul—1

[u]
= lglloo
[u]

= sup 2
2SR n+
Lip, (9)<1
(ip)=0

VI NN
< sup 2—|gllec [since [u] < |V]]. (6.9)
TN SR
Lip, ()=<1
g(ip)=0
However, if g: Eg’ — R satisfies Lipy (g) <1 and g(ip) =0, then |g()|=|g®) —
glig)| <d, (i, ip) < 1forallie Y, and hence || g|loo < 1. It therefore follows from (6.9)
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thatif n > N,,ue X¢ andl € Eg with t(u) = i(l), then L(L, (ul), L,+g@) <2(]v|/n) <
2(|vl/Ny) < 8, and we therefore conclude from (6.6) that

.
d(U Ly (ul). Ly < 5. (6.10)

Finally, combining (6.7) and (6.10) shows that L(L,(uk), M, (ul)) < L(L,(uk),
Ly(al)) + L(L,(ul), Lyymm) <r/24+71/2=r. O

We can now state and prove the first two key lemmas in this section.

LEMMA 6.2. Let (X, d) be a metric space and let U : P(Eg) — X be continuous with
respect to the weak topology. Fix r > 0. There is a positive integer N, such that if n > N,

and C is a subset of X, then we have
fue B¢ | ULylul € C} € {ue B¢ | UM,[ul € B(C, )},
iexY|ULiecC)Clie =Y | UM,ie B(C, )}, (6.11)
and
fue X2 | UM,[u] CC}C{ue T | ULyu] C B(C, r)},
{ie = |UM,ieC)Clie =¢ | ULyie B(C. ). (6.12)

Proof. 1t follows from Lemma 6.1 that there is a positive integer N, such that if n > N,,
ue X" and k,le Eg with t(u) =i(k) and t(u) = i(l), then d(U L, (uk), UM, (ul)) < r.
In particular, this implies that if n > N, and u € X" with UL, (uk) C C, then
dist(UM,,(ul), C) < d(UM,(ul), UL, (uk)) + dist(U L, (uk), C)
<r+0=r (6.13)
for all k,1¢€ EIGV with t(u) =i(k) and t(u) =i(l), and if n > N, and ue X" with
UM, (ul) C C, then
dist(U L, (uk), C) < d(UL,(uk), UM, (al)) + dist(U M,,(ul), C)
<r+4+0=r (6.14)

for all k, 1€ EGN with t(u) =i(k) and t(u) =i(l). Inclusions (6.11) follow immediately
from (6.13), and inclusions (6.12) follow immediately from (6.14). O

LEMMA 6.3. Fix r > 0. There is a positive integer N, such that if n > N, and C is a
subset ofP(Zg), then we have

L,;'(C) < M, (B(C, 1)),
M (C) S LY (B(C, r)).

Proof. This follows by applying the previous lemma to X = 73(221) and the map U :
P(E) — P(2Y) defined by Up = pu for p € P(ZY). O

The final result in this section is a simple continuity result about upper semi-continuous
maps. This result is undoubtedly well known. However, we have been unable to find a
reference and for this reason we are including the short and simple proof.
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LEMMA 6.4. Let X be a metric space and let F : X — R be an upper semi-continuous
function. Let K1, K3, ... C X be non-empty compact subsets of X with K1 2 Ko 2 - - -.
Then

inf sup F(x)= sup F(x).

n xeky xeﬂ" K,
Proof. First note that it is clear that inf, sup,cg, F(x) Zsup,en g, F(x). We will
now prove the reverse inequality, namely, inf, sup,cx F(x) < SUpyen, k, F (x). Let
¢ > 0. For each n, we can choose x, € K, such that F(x,) > sup,.g, F(x) —e. Next,

since K, is compact for all n» and K1 © K, D -- -, we can find a subsequence (x,, )k
and a point xg € ﬂn K, such that x, — xo. Also, since K, D K,,2---, we
conclude that sup, . Kn, F(x) > sup, Koy F(x)>---, and hence inf; sup,. K, F(x)=

lim sup;, sup, . Kn, F(x). This implies that inf, sup,.g, F(x) <infy sup,, Koy F(x)=
lim sup;, sup, . Kn, F(x) <limsup, F(x,,)+¢. However, since x,, — xo, we deduce
from the upper semi-continuity of the function F that lim sup; F(x,,) < F(xp).
Consequently, inf, sup, ek, F(x) < lim sup; F(xp,) +¢& < F(xp) +¢ < SUP. e, K,
F(x) + ¢. Finally, letting ¢ \ O gives the desired result. O

7. Proofs. The measures Il and I1,

In this section we introduce two technical auxiliary measures, namely, the measures IT and
I1,; see definitions (7.2) and (7.3) below. The main result in this section is Theorem 7.2
showing that the sequence (I1,), has the large deviation property. Theorem 7.2 plays a
major role in the proof of Theorem 8.3 in §8. We start by introducing some notation. We
first introduce the two main auxiliary measures IT and IT,,.

The measure I1. Let B = (b; j)i jev denote the matrix defined by
bij=Eijl.

We denote the spectral radius of B by A. Since G = (V, E) is strongly connected, we
conclude that the matrix B is irreducible, and it therefore follows from the Perron—
Frobenius theorem that there is a unique right eigenvector u = (u;)iey of B with eigenvalue
A and a unique left eigenvector v = (v;)icy of B with eigenvalue A, i.e.

uB = \u,

7.1
Bv =y, .

with i, v >0 for all i such that >  wjvi=1 and ) ,ui=1. For eeV, write
Te = vi?el)vt(e))»_l. A simple calculation shows that ZeeE,‘ e =1 for all i and that
Zi ZeeE,‘j ujvime = ujv; for all j. It follows from this that there is a unique Borel

probability measure I1 € P(Eg ) such that

[i] = Uie1) Vi(e)) ey * * * TTe

= Ui(er) Vice) A"
= Ui VA " (7.2)

foralli=e;---e, € X¢.
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The measure T1,. Finally, for a positive integer n, we define the probability measures
M, € P(P(£()) by

M,=MoM,"; (7.3)

recall that the map M,, : 2§ — 7)5(25) is defined in (6.1).

We now turn towards the proof of the main result in this section, namely, Theorem 7.2,
showing that the sequence (I1,), has the large deviation property. The proof of
Theorem 7.2 is based on a large deviation theorem by Orey and Pelikan [OrPel, OrPe2]
(see also [JiQiQi, Remark 7.2.2]). In particular, Orey and Pelikan [OrPel, OrPe2]
prove that various sequences of Gibbs measures satisfy the large deviation property, see
Theorem 7.1 below. However, we begin by stating the definition of the large deviation
property.

Definition. Let X be a complete separable metric space and let (P,), be a sequence of
probability measures on X. Let (a,), be a sequence of positive numbers with a, — oo
and let 7 : X — [0, oo] be a lower semi-continuous function with compact level sets. The
sequence (P,), is said to have the large deviation property with constants (a,), and rate
function [ if the following two conditions hold.

(i)  For each closed subset K of X, we have

1
lim sup — log P,(K) < — inf I(x).
n ay xekK
(i) For each open subset G of X, we have

1
lim inf — log P,(G) = — inf [ (x).
n a xeG

n

THEOREM 7.1. [OrPel, OrPe2]
(1) Let ®: EET — R be a Holder continuous function. Let ug be the Gibbs state of ®
and write [l = [Ld © L;l. Define Iy : P(EGN) — [0, oo] by

lou = 1 F @~ J@du—h(u)  for ue Ps(E),
q> =
00 for p e P(EH\Ps(ED).
Then the sequence (Lo n)n has the large deviation property with respect to the

sequence (n), and rate function .
(2) WriteTy =T o L;'. Define I : P(£) — [0, oc] by

L = |1ogh =) for e Ps(ZE);
00 for p e P(EH\Ps(ED).
Then the sequence (I'y), has the large deviation property with respect to the

sequence (n), and rate function I.

Proof. (1) This follows from [OrPel, OrPe2].

(2) We use the notation from part (1), namely, if & : ZGN — R is a Holder continuous
function, then we let ;1o denote the Gibbs state of ® and we write o , and Ig for the
measure and function defined in the statement of part (1) of the theorem. Let O : EGN —R
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denote the zero function, i.e. O(@i) =0 for all i € Eg’ . Noticing that up =I1 (by [Wa,
Theorem 8.10]) and P(O) =log A (indeed, the variational principle implies that P(O) =
SUP ez h(w), and we deduce from [Wa, Theorem 8.10] that SUP ez h(u) = h(IT) and
from [Wa, Theorem 7.13] that 2 (IT) = log A; combining these results shows that P(O) =
sup,cxn h(p) = () =log 1), we conclude that 1o, = po o L'=TNoL'=T,
and Ip = I, and the result therefore follows immediately from (1).

O

We can now state and prove the main result in this section.
THEOREM 7.2. Define I : P(ZY) — [0, oo] by

log A — h(p) for p e Ps(ZL),
for € P(Eg)\PS(EGN)-

Then the sequence (I1y,), has the large deviation property with respect to the sequence

I(u)=

(n), and rate function I.

Proof. We will use the same notation as in Theorem 7.1, i.e. for a positive integer n, we
write 'y =I1o L, 1. We now prove the following two claims.

CLAIM 1. For each closed subset K of’P(Eg), we have

1
lim sup — log IT,,(K) < — inf I(u).
n n nek

Proof of Claim 1. Let K be a closed subset of 73(221). Now, observe that it follows from
Lemma 6.3 that for each » > 0, we can find a positive integer N, such that for all n > N,
we have

iesy | Myjiek)Cliesl | LiieB(K,r).
This clearly implies that for all # > N, we have
I, (K) <Tn(B(K, 1))

(7.4)
=TW(B(K, r)).

Next, since B(K, r) is a closed set and since it follows from Theorem 7.1 that the sequence
(I"»)x has the large deviation property with respect to the sequence (n), and rate function
I, we conclude from (7.4) that
1 1 -
lim sup — log I1,,(K) <limsup — log I',(B(K, r))
n n n n

<— inf I(w)
HEB(K,r)

for all r > 0. Hence

1
lim sup — log IT,,(K) < inf (— inf I(,u))

n n r>0 weB(K,r)
=inf sup —I(n)
r>0  cBK.P)
=inf sup —I(u). (7.5)

" LeBK,1/n)
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However, it follows from Theorem 7.1 that /I is a rate function and therefore, in
particular, lower semi-continuous. We deduce from this that the function —1 is upper semi-
continuous. Since the sets K,, = B(K, 1/n) are compact (because they are closed subsets
of ’P()Z)GN) and 7?(22]) is compact) with K1 2 K7 2 K3 - - -, we therefore conclude from
Lemma 6.4 and the fact that —1I is upper semi-continuous that

inf  sup —I(n) =inf sup —1(n)
" weBE,1/n) " peky,

— sup —I(w). (1.6)
I‘veﬂn Ky

Next, observing that (,K, =(), B(K, 1/n) = K (because K is closed), we deduce
from (7.6) that
inf  sup —I(w)=sup —I(w)
" weBK,1/n) nek

= — inf I(w).
MHEIK (n)

(7.7)

Finally, combining (7.5) and (7.7) shows that limsup, (1/n)logIl,(K) <
—inf, e I (). This completes the proof of Claim 1. O

CLAIM 2. For each open subset G ofP(Eg), we have
1
lim inf — log I1,(G) > — inf I(w).
n n neG
Proof of Claim 2. Let G be an open subset of P(Eg). For each r > 0, we will write

(G, r) = {pn e P(EY) | dist(, P(E\G) > r}. Now, observe that it follows from
Lemma 6.3 that for each r > 0, we can find a positive integer N, such that for all n > N,

we have
. N . . N . r
{ie X¢ |Ln1€I(G,r)}§{1€EG M,ﬂGB(I(G,r), 5)}

This clearly implies that for all n > N, we have

T, (I(G.r)) <TI, (B (I(G, ). %)) (7.8)

However, since it is easily seen that B(I(G,r),r/2) C G, it follows that
I, (B(I(G,r), r/2)) <I1,(G), and (7.8) therefore shows that for all n > N, we have

I (I(G, 1)) < In(G). (7.9)

Next, since I (G, r) is an open set and since it follows from Theorem 7.1 that the sequence
(I"»)» has the large deviation property with respect to the sequence (n), and rate function
I, we conclude from (7.9) that

1 1
lim inf — log I1,(G) > lim inf — log ', (1 (G, 1))
no o n non

>— inf [
2= inf (n)
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for all > 0. Hence

1
lim inf — log I1,,(G) > sup(— inf I(,u))
n n >0 nel(G,r)

— —inf inf I(w)
r>0 uel(G,r)

= — inf I(w). (7.10)

/‘LEUr>0 1(G.r)
Finally, since G is open, it follows easily that | J I1(G,r) =G, and (7.10) therefore
implies that lim inf, (1/n) log [1,(G) > — inquU,>0 1G,rn I () =—infycg I (). This
completes the proof of Claim 2. O

r>0

The desired result follows immediately from Claims 1 and 2. O

8. Proofs. The modified multifractal pressure

In this section we introduce our main technical tool, namely, the modified multifractal
pressure; see definition (8.1) below. The two main results in this section are Theorem 8.3
and Theorem 8.4. Theorem 8.3 applies Theorem 7.2 (saying that the sequence (I1,),
satisfies the large deviation principle) to establish a variational property for the modified
multifractal pressure and Theorem 8.4 shows that the multifractal pressure and the
modified multifractal pressure are ‘asymptotically’ the same.

We start by defining the modified multifractal pressure. For C C X, we define the
modified lower and upper multifractal pressure of ¢ associated with the space X and the
map U by

n—1

1
Qg (¢) =lim inf — log Z sup exp Z pSu,
n n ief_)g uel(i] k=0
UM,lilcC 8.1)

n—1
ag (¢) = lim sup l log Z sup exp Z (pSku.
no iexy Ul o
UMylileC
In order to establish a variational principle for the modified multifractal pressure, we
introduce the following notation. For a continuous function ¢ : TY — R, we define F, :
Ps(Ed) — Rby

Fo(p) = / pdp.

Observe that since ¢ is bounded, i.e. ||¢]lo < 00, we conclude that || Fy |l < [|¢llec < 0.

In addition, for a positive integer n, define the probability measure Q,, , € 73(77(22I )) by

[ exp(nFy) dIl,
[ exp(nF,) dTl,

Qypn(E) = for Borel subsets E of P(EY);

recall that the measure IT,, is defined in (7.3).

We now turn towards the proof of the first main result in this section, namely,
Theorem 8.2, providing a variational principle for the modified multifractal pressure.
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The proof of Theorem 8.2 is based on large deviation theory. In particular, we will
use the fact that the sequence (I1,), satisfies the large deviation principle together
with Varadhan’s [Va] large deviation theorem (Theorem 8.1(1) below), and a non-trivial
application of this (namely, Theorem 8.1(2) below) providing first order asymptotics of
certain ‘Boltzmann distributions’. Recall that the large deviation property is defined in §7.

THEOREM 8.1. Let X be a complete separable metric space and let (P,), be a sequence
of probability measures on X. Assume that the sequence (Py,), has the large deviation
property with constants (ap), and rate function I. Let F : X — R be a continuous function
satisfying the following two conditions.

(i)  Forall n, we have

/ exp(a, F)dP, < oo.
(i) We have

1
lim lim sup — log/ exp(a, F)dP, = —o0.
{M<F)

M— o0 n an

(Observe that conditions (1)—(ii) are satisfied if F is bounded.) Then the following
statements hold.
(1) We have

1
lim — log / exp(a, F)dP, =— inf ({(x) — F(x)).
noa xeX

(2) For each n, define a probability measure Q, on X by

[ exp(a, F) d P,

OulE) = [ exp(anF)dP,

Then the sequence (Qn), has the large deviation property with constants (a,), and

rate function (I — F) — infyex, 1 (x)<co({ (x) — F (x)).

Proof. Statement (1) follows from [El, Theorem I1.7.1] or [DeZe, Theorem 4.3.1], and
statement (2) follows from [El, Theorem I1.7.2]. O

Before stating and proving Theorem 8.3, we establish the following auxiliary result.

THEOREM 8.2. Let X be a metric space and let U :P(EGN) — X be continuous with
respect to the weak topology. Let C C X be a subset of X. Fix a continuous function
©: Eg — R. Then there is a constant c such that, for all positive integers n, we have

n—1
sup exp Z @Siu <t Qyn({U € C)) / exp(nFy) dIl,,
kexy UKl oo
UM,[k]cC
n—1
i 1 n
sup exp Y @S'u=-1"Q,,({U € C}) / exp(nF,) dTl,.
kezp Ukl ¢
UMp[K]CC
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Proof. For each positive integer n and each i € ¢, we write s; = supy¢[j €Xp ZZ;(I) @Sku,
for the sake of brevity. Let C be a subset of X. For each positive integer n, we clearly have

/ S ATLGD)
{ie= UM, [ jin1cC)

Sijn dT1(i)

kv /[k]m{jeEE’UMn[jn]CC}

=Y skll(KIN{je =¢ | UM, jin] < C)
kex?
= > scTI(KIN{j € B¢ | UM,[jln1SCh.  (8.2)
kex?
[KINGEeE UM, [ JIn1SCY£2
Now observe that if k e X¢ with [k]N{je Zg | UM,[jln] € C} # @, then a simple
argument shows that U M, [k] C C. We conclude from this that

> scTI(KI N {j € ¢ | UM, [ jln] € CD)
kexg
[KIN(je = |UM, [ jin1=Cl#2
= > scTI(KIN{j € B¢ | UM,[jln] S Ch.  (83)
kex?

KIN{GeSt UM, [jinlcCl£o
UM,[kISC

Combining (8.2) and (8.3) gives
/ sijn dT1()
{ie= UM, [ jIn1SC)
= > skTI(KI N {j € ¢ | UM, [ jln] € C))
keX{

KINGEEY|UM,[ jIn1SCl#2
UM,[KIEC

= Y sl(kIN{je =g | UM,[jln] < C). (8.4)
keXg
UM,[k]cC
However, if k € X¢ with UM, [k] € C, then itis clear that [k] C {j € EGN | UM,[ jin] C
C}, and hence [K] N {j € EGN | UM, [ jln] € C} = [K]. This and (8.4) now imply that

sin dTI) = Y scTI(KI N {j € ¢ | UM, [ jin] € C))
keX{
UM,[k]cC

> sIl(kD

keXg
UM,[k]cC
= Z Skui(k)vt(k))»_n. (8.5)

kex{
UM,[klcC

/;62§IJMnU1ﬂCC}
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It follows from the principle of bounded distortion (see, for example, [Bar, Fa])
that there is a constant cop > 0 such that if n €N, ie X and u, ve[i], then 1/c <
exp Y1Z0 oS*u/ exp Y120 ¢ Skv < c. In particular, this implies that, for all n € N and
for alli € X, we have

1 n—1 B n—1 ~
a exp Z gpSki <sj <cpexp Z (pSki. (8.6)
k=0 k=0

We can also find a constant ¢; > 0 such that 1/c; < u;jv; < ¢ for all i. Now put ¢ = cpc;.

CLAIM 1. For all positive integers n, we have

Y sz / exp(n Fy(Myi)) dT1(i), (8.7)
ket i IUM, [ jIn1=C)

UM,[kISC
Z Sk > Lim / exp(n Fy(Myi)) dT1(i). (8.8)
Kex! ¢ Niexd UM, Ljin1cC)

UM, [K]=C

Proof of Claim 1. Tt follows from (8.5) and (8.6) that if n is a positive integer, then we
have

n—1

exp (Z ps* (iTn)) dri()

e UM, [ jIn1=C} e

Z skfck”/'

kex{ i

UM, [KlSC
=cA" / exp(n / 1) d(Mni)> dT1(i)
iesNuM,jlnlcc)

=\t / exp(n Fy(M,i)) dT1().
{iezY UM, [ jin1cC}

This proves inequality (8.7). Inequality (8.8) is proved similarly. This completes the proof
of Claim 1. O

The next claim is easy to prove and the proof is therefore omitted.

CLAIM 2. For all positive integers n, we have {j € Eg | UMy[jln]SCl={je Eg |

UM,j < C}.
For all positive integers n, we now deduce from Claims 1 and 2 that
Z sk < cA” / exp(nFy,(M,i)) dTI(i)
kex! liesf|UM, Ljin1=C)

UMy[k]cC

=c\! / exp(nFy,(My,i)) dT1(i)
{UM,eC}

=ck”/ exp(nFy,) dIl,
{UeC}

=cA"Qun({U € C}) / exp(nFy) dIl,.
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Similarly, we prove that for all positive integers n we have

> sz %A” Qyn({U € CY) / exp(nFy) dTl,.

kex{
UM, [k]cC

This completes the proof of Theorem 8.2. O

THEOREM 8.3. (The variational principle for the modified multifractal pressure) Let X be
a metric space and let U : P(Zg) — X be continuous with respect to the weak topology.
Fix a continuous function ¢ : 22‘ — R

(1) If G is an open subset of X with Uu-'én 735(22]) # O, then

QU@)>  sup (h(u)+ / wdu>. (8.9)
nePs(ZH)
UpeG

(2) IfK is a closed subset of X with U~ K N PS(EET) # &, then

—U
Qk(p) = sup (h(u)+f<ﬂdu)~ (8.10)
nePs(E¢)
Upek
Proof. We introduce the simplified notation from the proof of Theorem 8.2, i.e. for each
positive integer n and each i € X¢, we write s; = supy¢[j €Xp ZZ;& @S*u. First note that
it follows immediately from Theorem 8.2 that

1 1
liminf —log ) s > log i+ liminf — log Oy »({U € G})
n n n n
iex{
UM, [i1<G

1
+ lim inf — log f exp(nfky,) dIl,,
noon

1 1
lim sup — log Z si < log A + lim sup — log O, ,({U € K})
" n iexy n n
UM,lilcK

1
+ lim sup — log / exp(nkFy) dIl,. (8.11)
n n

Define 1 :P(Zg) — [0, oo] by

logr —h(u) for u e Ps(ZY),
Tw=y_ for ;1 € P(EMN\Ps(EY)
G S{&g)-

Next, we observe that it follows from Theorem 7.2 that the sequence (I1,), C
”P(P(Zé’)) has the large deviation property with respect to the sequence (), and rate
function /. We therefore conclude from part (1) of Theorem 8.1 that

1
lim — log / exp(nfy)dll, =— inf (I(v) — F,(v))
non veP (=) (8.12)
=— inf (I(v) — Fp(v)).
UEPs(EGN)
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Note that it follows that

(I—-Fy)— inf (IW)—Fy,v))=U—-Fy)— inf ([I©W)— Fy(v)). (8.13)
veP(zl) vePs(T)
I(v)<oo

Indeed, if v e ”P(EGN), then it is clear from the definition of [ that I(v) =o0 if
and only if ve P(EN)\Ps(ZY), whence {v e P(ZY) | I(v) <00} =Ps(ZY); hence
infveP(EE’),I(vkoo(l(‘)) - F,(v)) = infuePS(E§)(I(V) — Fy(v)), and equality (8.13)
follows immediately from this. Also, since the sequence (I1,), C P(P(Eg)) has the
large deviation property with respect to the sequence (n), and rate function /, we conclude
from part (2) of Theorem 8.1 that the sequence (Qy ), has the large deviation property
with respect to the sequence (), and rate function (/ — Fy) — ianGP(EGN),I(v)<oo(I v) —
Fo(w)=U—F,) — infvePS(EGN)(I(V) — Fy(v)) (where we have used (8.13)). As the set
{UeGy=U"'Gisopenandtheset {U € K} = U~ K is closed, it follows from the large
deviation property that

1
lim sup — log Q, ,({U € G})
n n

>— inf ((I(M) —Fy(w) — inf (I(v) — FMV)))
neP (=) vePs (L)
UneG

=— inf <(1(M)—F¢(M))— inf (I(V)—F¢(V))),
nePs(z) vePs (=)
UneG
(8.14)

1
lim sup — log O, ,({U € K})
n n

<— inf ((Iw)—FW(m)— inf (1<v>—F¢(v)>)
nePEd) vePs(2d)
Upnek

=— inf ((I(M) —Fy(w) — inf (I(v) — F(p(v))>~
HePs (s vePs(5g)
Upnek

Combining (8.11), (8.12) and (8.14) now yields

1 1
lim sup — log E si > log A + lim sup — log Qy ,({U € G})
" " iexd " "
UM,lilcG

1
+ lim sup — log / exp(nky) dIl,
n n

>logi — inf ((I (W) — Fp(u)) — inf (I (v)—Fw(V))>
nePs(2h) vePs(Eg)
UneG

— inf  (I(v) — Fy(v))
Ueps(EGN)
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=logh+ sup (Fyp(u) —1(w)
nePs(=L)
UneG

= sup (h(u«)Jr/wdu)-
uePs(zl)
UpneG

This completes the proof of inequality (8.9). Inequality (8.10) is similarly proved. O

We now turn towards the second main result in this section, namely, Theorem 8.4,
showing that the multifractal pressure and the modified multifractal pressure are
‘asymptotically’ the same.

THEOREM 8.4. Let X be a metric space and let U :P(ZGN) — X be continuous with
respect to the weak topology. Let C C X be a subset of X and let r > 0. Fix a continuous
Sfunction ¢ : Eg — R. Then we have

Pl(p) < QB(C 0@, QL@) < Py @),
Pe@) = Cpen@:  Co@) < Pycr(@).

Proof. This follows immediately from Lemma 6.2. O

9. Proof of Theorem 4.4
The purpose of this section is to prove Theorem 4.4.

Proof of Theorem 4.4. (1) We must prove the following two inequalities:

sup (h(u) + / godu) <inf BZ(C,,)(QD), .1
pnePs(zh) r=0
UpeC
. —U
inf PB(C,r)(ﬁo) = sup (h(llv) + / @ dﬂ>~ 9.2)
r>0 puePs(zh)
UneC

Proof of (9.1). Since B(C, r) is open with C C B(C, r), we conclude from Theorem 8.3
that

sup (h(u)+/g0a’,u> < sup (h(M)+/<PdM>
uePs(zY) nePs(zd)

UpeC UneB(C,r)
< Q%cn @) 93)

Taking the infimum over all r > 0 in (9.3) gives
sup (h(u) + / wdu) < mf QB(C (@)

nePs(Ee)
UpeC

94
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Next, we note that it follows from Theorem 8.4 that Q B(C. ((p) __B( B(C.r). r)((p)
Combining this inequality with (9.4) and using the fact that B(B(C r),r) € B(C, 2r),
we now conclude from Theorem 8.4 that

swp (oo + [ pan) <inf 080
uePs(zl)
UpeC
. U
< rlgg EB(B(CJ)J)(@ [by Theorem 8.4]
. U
=< ,12% £B(C,2r)(¢)
< inf Piyc ) (@)-

This completes the proof of inequality (9.1).

Proof of (9.2). Since B(B(C,r),r) € B(C, 2r) C B(C, 2r) and B(C, 2r) is closed, we
conclude from Theorems 8.3 and 8.4 that

e~ . ~—=U
inf Ppc (@) <inf Qppc (@) [by Theorem 8.4]
r>0 r>0
. o=U
= rlgg QB(C,zr)(<P)
< inf sup (h(,u) + / % du) [by Theorem 8.3].

>0 eps(zh)
UuneB(C,2r)

Letting Ug :PS(EIGN ) — X denote the restriction of U to PS(EGN), the above inequality
can be written as

. .U .
inf Ppc,y(¢) < inf sup <h(u) + / (pdu)
r>0 r>0 MeUgliB(C,Zr)

= inf sup <h(,u) + f © du). 9.5)

n A5 AT
neUs "B(C,1/n)

Next, note that since B(C, 1/n) is closed and Ug is continuous, the set US_IB(C, 1/n)
is a closed subset of Ps(Zg). As PS(ZEI) is compact, we deduce that US_IB(C, 1/n) is
compact. Also, note that it follows from [Wa, Theorem 8.2] that the entropy function
h: PS(EEI) — R is upper semi-continuous. We conclude from this that the map F :
735(22]) — Rdefined by F () =h(pn) + f @ dp is upper semi-continuous. Finally, since
the sets K, = US_IB(C, 1/n) are compact with K1 2 K» 2 K3 2 --- and F is upper
semi-continuous, we deduce from Lemma 6.4 that

inf sup <h(u) —i—/god,u) =inf sup F(w)
" ueus B(C,1m) " peky,

= swp F(
weN, Kn

sup <h(,u)+/<pdu>. (9.6)

ne), Ug 'B(C.1/n)
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Next, observe that (), U§1B(C, 1/n) C Ugl(ﬂn B(C, 1/n)) = Uglf, and hence

sup <h(u) +/¢du> < sup (h(lt) +/§0dﬂ>
e, Us "B(C,1/m) nen, Us'C

= sup (h(u)—l—/(pd,u). 9.7
nePs(E¢)
UpeC

Finally, combining (9.5), (9.6) and (9.7) gives inequality (9.2).
(2) This part follows immediately from part (1) and Proposition 4.2. O

10.  Proof of Theorem 4.6
The purpose of this section is to prove Theorem 4.6. We first prove two small lemmas.

LEMMA 10.1. Let A:P(EY) — R be continuous with A(i) # 0 for all € P(EY).
Then either A <0 or A > 0.

Proof. This is clear since 73(22I ) is convex and therefore, in particular, connected. O

LEMMA 10.2. Let X be a normed vector space. Let T : P(EGN) — X be continuous and
affine and let A : ’P(Zg) — R be continuous and affine with A(u) # 0 forall u € ’P(Zg).
Define U : ’P(EGN) — X by U=T/A. Let C be a closed and convex subset of X and
assume that

CNUPsE) £ o.
Then

sup (h(u)+/<pdu> = swp <h(u)+/wdu)-
nePs(z) nePs(zd)

UupeC °
He UneC

Proof. For brevity define F : PS(ZGN) — Rby F(p) =h(w) + f @ d . It clearly suffices
to show that

sup F(u)< sup F(w). (10.1)
nePs(z nePs(Z)
UpeC Uueé

We will now prove inequality (10.1). Write s = SUP e Py(=), UpeC F(un). Fix ¢ > 0.
It follows from the definition of s that we can choose A € 735(2}?]) with UA € C and

F(L) > s — . Also, since C N U(PS(E(I.,V)) #* @, wecanfindv e 775(2?]) with Uv € C.
For ¢t € (0, 1) we now define y; € PS(EF) by yy =tv+ (1 —t)A. Next, we prove the
following two claims.

CLAM 1. Forallt € (0, 1), we have Uy; € C.
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Proof of Claim 1. Fix t € (0,1). Write a=tAW)/tAWV)+ (1 —1t)AR)) and b=
(1 —=-AR)/AW) + (1 —t)A(X)). We now make a few observations. We first observe
that it follows from Lemma 10.1 that either A <0 or A > 0. This clearly implies that
a, b e (0, 1). Next, we note that
'ecv+ 1 —-0r)
Aitv+ (1 =1N)

tTr)+ A —-0Ir'R)
AW+ (1 —DAR)

Uy, =

B T(v) 1-Tr®)
AW F (A —DAR) AW+ (1 —1)AR)
tA(V) 1 =1HAR)
= Uv +
tAW) + (1 —1)A(N) tAW)+ (1 —1)A(N)
=aUv +bUA.

We can now prove that Uy, € C. Indeed, since a, b € (0, 1) witha+b=1and Ur e C
and Uv € C, we conclude from [Con, p. 102, Proposition 1.11] that Uy; =aUv + bU X €
C. This completes the proof of Claim 1. O

CLAIM 2. There is o € Pg(Eg) with U o € C such that F (o) > s — €.

Proof of Claim 2. Since the entropy function 4 : PS(EGN ) is affine (see [Wal]), we
conclude that F is affine, and so F(y;)) =F@tv+ (1 —)A)=tFW)+ (1 —t)F(A) —>
F(A) > s — &. This implies that there is #o € (0, 1) with F(y,,) > s — &. Now put ;o = yy,.
Then F(i9) = F(yy,) > s — € and Claim 1 implies that U uo = Uy, € C. This completes
the proof of Claim 2. a
We can now prove inequality (10.1). Indeed, it follows from Claim 2 that there
is uo € PS(EE]) with Upg € C such that F(ug) >s — e, and hence s — & < F(ug) <
o F (). Finally, letti 0gi < o F(u). a
supueps(EGN)’Uﬂec (w). Finally, letting ¢ \( O gives s < SuPuePs():GN),UMeC (n)

We can now prove Theorem 4.6.

Proof of Theorem 4.6. In view of Lemma 10.2, it suffices to prove the following two

inequalities:

sup (h(u)-F/(PdM) < PL(p). (10.2)
nePs(Ze)

Uueg
—U
Pl < sup <h(u) + [ wdu) (10.3)

1ePs(Zg)
UpeC

Proof of inequality (10.2). Forr >0, let G, = {x € C | dist(x, X\C) > r}, and note that
G, is open with B(G,, p) CC for all 0 <p <r. We therefore conclude from
Theorems 8.3 and 8.4 that if 0 < p < r, then
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PL@) = P (@)
> Qgr (¢) [by Theorem 8.4]

> sup (MM)—l—/wdu) [by Theorem 8.3]. (10.4)
nePs(=E)
UpeG,

Taking the supremum over all » > 0 in (10.4) yields
PU) = sup  sup (h(m + / v du)-

>0 pePs(sl)
UpeG,

Letting Usg :PS(EGN) — (0, 00) denote the restriction of U to PS(EGN), the previous
inequality can be written as

PY(¢) = sup sup (h<u>+ / wdu>
r>0 MEUEIGr

sup <h(u)+f<pdu>- (10.5)

MGUr>0 U_;l Gr

\%

o

However, it is easily seen that |J,.,G,=C, and hence |J,., US_IG, =
US_1 U,20Gr) = US_IC. We conclude from this and inequality (10.5) that

PZ(p)> sup <h(u)+f¢du>

15
nelg " C

= sup (h(M)+/</)dM>~
nePs(=E)

UMEE
This proves inequality (10.2).

Proof of inequality (10.3). Since C is closed, we immediately conclude from
Theorems 8.3 and 8.4 that

?g (p) < @g (¢) [by Theorem 8.4]

< sup (h(u)—i—/(pdu) [by Theorem 8.3].
nePs(8)
UpneC

This proves inequality (10.3). O
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