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WEAK CONVERGENCE OF
NONLINEAR TRANSFORMATIONS
OF INTEGRATED PROCESSES:
THE MULTIVARIATE CASE

NORBERT CHRISTOPEIT
University of Bonn

We consider weak convergence of sample averages of nonlinearly transformed
stochastic triangular arrays satisfying a functional invariance principle. A fundamen-
tal paradigm for such processes is constituted by integrated processes. The results
obtained are extensions of recent work in the literature to the multivariate and non-
Gaussian case. As admissible nonlinear transformation, a new class of functionals
(so-called locally p-integrable functions) is introduced that adapts the concept of
locally integrable functions in Potscher (2004, Econometric Theory 20, 1-22) to the
multidimensional setting.

1. INTRODUCTION

In the asymptotic theory of nonlinear regression a central role is played by func-
tionals of the form n~! i f (n~'2Uy). In particular, in time series regression
with integrated processes, U = (Uy)ren typically is a stochastic process such that
n=1/2 Uln), 0 <t <1, converges weakly (in the space D[0, 1] of cadlag functions)
to some limit process X = (X (#))o</<1 such as Brownian motion (BM). To de-
termine the asymptotic distribution of estimators or test statistics, it is of primary
importance to obtain the limiting distribution of such functionals for a large class
of functions f. For continuous functions, the continuous mapping theorem (CMT)
in its extended form implies that

1< —1/2 d !
w2 S0 S | rxwa (L.1)

at least as long as the limit process X has continuous paths. In recent years, several
approaches have been made to establish (1.1) for wider classes of functions. Park
and Phillips (1999, 2001) show that (1.1) actually holds for what they call “regu-
lar” functions' (which comprise piecewise continuous functions); de Jong (2004)
establishes (1.1) for functions that may have finitely many poles. The most general
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results that seem to have been obtained so far can be found in Potscher (2004) and
Berkes and Horvath (2006). In the former, it is shown that to obtain (1.1) it suf-
fices to require the function f to be locally integrable (cf. Section 2, Definition),
a property that is shared by the classes of functions admitted in Park and Phillips
(2001) and also in de Jong (2004). This condition is minimal in the sense that—at
least in the case where X is a BM—the integral in (1.1) may be shown to exist
if and only if f is locally integrable. The limit process X in Potscher (2004) is
confined to Brownian motion. In Berkes and Horvath (2006), more general Gaus-
sian limit processes are admitted. Local integrability of f is replaced by the more
restrictive local integrability of |x|*~! f(x), where 0 < a < 1 is such that the stan-
dard deviation o (f) of X (1) satisfies o (t)~* e L'([0, 1], dr). Moreover, diagonal
schemes (U,) are admitted, generalizing the normalized sums n~12U,. In both
approaches, it is required that the Uy, possess densities (with respect to Lebesgue
measure) satisfying certain boundedness conditions. More important, all these ap-
proaches deal with one-dimensional processes and Gaussian limit processes. Both
restrictions are crucial in one or the other argument. For example, the argument
linking existence of the integral in (1.1) and the condition of local integrability—
basically the occupation times formula for Brownian local time—does not extend
to higher dimensions, and so additional assumptions are needed to establish ex-
istence and finiteness of the integral. Also, the uniform boundedness condition
imposed on the densities of the process (k~'/2Uy) in Potscher (2004) is useful
only in the scalar case (cf. Remark 2.2). If X is no longer Gaussian but any other
(still one-dimensional) continuous semimartingale, the occupation times formula
(in a modified form) can still be used, but certain restrictions must be imposed on
the predictable quadratic variation of X.
Here we shall establish

1z a (!
;k;f(Unk)—) /0 f(X@))dt (1.2)

for a large class of r-dimensional triangular arrays (Uy),k = 1,...,n,n € N,
such that (Uy [4]),0 <t < 1, converges weakly to X. Non-Gaussian limit pro-
cesses X are admitted. Following are some examples, of which the second stands
for a multivariate situation and the third for a non-Gaussian limit distribution.
Further interesting examples in the one-dimensional Gaussian case pertaining to
fractional BM can be found in Berkes and Horvath (2006).

Example 1

Let (&) be a sequence of random variables for which a functional central limit
theorem holds, i.e., n_l/zS[,,.] = B, where Sy = Zl?:l &, B is standard BM, and
= denotes weak convergence in D[0, 1]. Then, introducing the sample mean &,, =
n='Ss,, the partial sums of the deviations U, = n—1/2 2’1?:1 & — E,,) converge
weakly to a Brownian bridge (BB), ie.?

Un. iy = B°(1) = B(t) —1B(1).

https://doi.org/10.1017/50266466608090476 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466608090476

1182 NORBERT CHRISTOPEIT

Example 2

Consider the VAR model in error correction form
AY =Yy + e, 1.3)

where I1 is a d x d matrix and (¢x) is d-dimensional pure white noise. Singularity
of IT is equivalent to the characteristic polynomial of (1.3) having a unit root, in
which case the process ¥ = (¥}) will be nonstationary. In such a situation, one
may be interested in testing whether Y is cointegrated and in determining the
cointegrating rank (cf. Johansen, 1995). Under the null hypothesis H () that Y is
cointegrated with cointegrating rank dy < d, II may be written in the form IT =
af’, where a and B are both d x dy matrices and f contains the dy cointegrating
vectors. To judge the performance of such tests a standard procedure is to evaluate
their power under local alternatives. In our context, the local alternative would be

1
H”(d(),dl) I = Hn = Otﬁ/—l- ;alﬁi, (1.4)

where the d x d; matrix ] contains d;| extra cointegrating vectors that enter in
the process with very small adjustment coefficients n~'a;. To derive the asymp-
totic distribution of the likelihood ratio statistic, we need to know the asymptotic
behavior of the solution process (¥}') of (1.3) under (1.4). It turns out that, for
Une =n~"2a’ Y}, it holds that

t
U iy = X (1) = ', /0 exp[A(t — )] dB(s),

where oy and A are d x (d —dp) and d x d matrices, respectively, related to
a,p,o1,p1 and B is d-dimensional Brownian motion. In particular, o is or-
thogonal to a : &/, & = 0. The term X is an r = (d — dy)—dimensional Ornstein—
Uhlenbeck (OU) process and satisfies the linear stochastic differential equation

dX(r) = AX(t)dt+ o' dB(1).
Example 3

This is concerned with convergence of Markov chains to diffusions. More pre-
cisely, let X be a solution of the stochastic differential equation (SDE)

dX(t) =b(X(t))dt+0o(X(t))dBy, 0<r<l. (1.5)

For each n € N, perform the discretization & = h,, = 1 /n and consider the stochas-
tic difference equation

AX} =b(X]_Dh+o(X]_Del,  k=1,....n,

n_
Xo=x.
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The &} are assumed independent and identically distributed (i.i.d.) with zero
mean and variance £, the drift b(x), and the diffusion coefficient ¢ (x) continuous.
Then, for each n, Uy = X}, k =0,1,...,n, is a homogeneous Markov chain.
Under certain conditions on the transition probabilities, which are satisfied for a
large class of distributions of the ¢} (including A/ (0, #) and Bernoulli with jump
size v/h), the corresponding processes X, will converge weakly to the solution
X of the SDE (1.5), provided the latter has a unique weak solution. Equivalently,
if the martingale problem for b and a = ¢’ is well posed. The latter will be the
case if, e.g., b(x) and a(x) are bounded measurable functions (boundedness may
be weakened) such that a(x) is continuous and satisfies the uniform ellipticity
condition

Wa(xX)u > Aul>  Vu,x eR’ (1.6)

for some 4 > 0. The interested reader may find the complete story in Strook and
Varadhan (1979). In particular, convergence of the Markov chains X} to the so-
lution of (1.5) is treated in chapter 11.2. For the special case where o (x) = o,
corresponding results may be found in Christopeit (1983).

In the present paper, we establish (1.2) for a class of function that is suited
for the multivariate case and allows for limit processes other than Brownian mo-
tion. In the one-dimensional setting, locally integrable functions are covered as a
special case.

2. WEAK CONVERGENCE FOR LOCALLY p-INTEGRABLE
FUNCTIONALS

Let U = (Upk),k=1,...,n,n € N, be a stochastic triangular array of R"-valued
random vectors all defined on some basic probability space (Q, F,P). As usual,
we adjoin with U a sequence of R”-valued stochastic processes X, = (X, (t))/e[0.1]
by setting

k—1 k
X, () = Uy, —<t<-, k=1,...,n,

n n

and X, (1) = Uyy,. The processes X, thus defined have right continuous paths
with left limits. The definition deviates from common practice, where the associ-
ated continuous time processes are defined by X, (t) = Uy 141, Where [a] denote
the largest integer < a (with a fictitious initial value U,o—usually U,o = 0).
This has the advantages that only actually “observed” values U,1, ..., U,, (and
no fictitious initial value U,,() appear and that

1 & 1
2 X W)= | oy @1

without any correction for initial and final values. Because our concern is only
with “ordinary” (Lebesgue) integrals, this difference in definition of the X, (r)
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does not lead to troubles related to “anticipating” or “nonanticipating” integrands.
Moreover, one can show that X, = X is equivalent to X,, = X provided X has
continuous paths.

Our setting covers as a special case the situation considered in Park and Phillips
(1999, 2001) and also Pétscher (2004), namely, arrays of the form Uy, = n~12y;,
where (Ug)ken is a stochastic process and X, () = n_l/zU[m]. We may view
the X, as random elements taking values in the space D,[0, 1] of R"-valued
cadlag functions. We identify D, [0, 1] with D([0, 1])" and endow it with the
product topology. The latter may be generated by various metrics, e.g., d, (x, y) =
[d(x1, yl)2 +-+d(x, yr)z]l/z or d; (x,y) =max{d(x1, y1), ..., d(xr, y)} (for
x(t) = (x1(t),...x,(¢)) and the same for y). Weak convergence in D,[0, 1] will
be denoted by =, whereas for convergence in distribution of random variables or

d . . .
vectors we shall use the usual —. The term |x| will denote euclidean norm in R”.

The class of functions for which we shall derive weak convergence (1.2) is
specified by the following definition.

DEFINITION. A measurable function f : R"— R is called locally p-integrable
(with 1 < p < 00) if, for every R > 0,

/ | £ ()P dx < 0. (2.2)
{Ix|<R)

Note that local p-integrability for some p > 1 implies local p’-integrability
for every p’ < p, and so in particular for p = 1. For p =1 (and r = 1) this
is just the definition of a locally integrable function in Potscher (2004). In the
one-dimensional case, if the limit process X is a continuous semimartingale with
predictable quadratic variation (X), the occupation times formula states that

1
/0 |F(X@)Id (X), = / £ OO (), 2.3)

where [, (x) is the local time of X at x. For many limit processes of interest such
as BM, BB, and the one-dimensional OU process, (X); = o2t for some constant
o 2. In this case, we find that on the w set Qg = {w € Q: sup, | X (¢, w)| < R}

1 1
/0 F (X (O)ldi = 02 /0 LF (X ) Lx )<y df

- 0—2/i|f<x>|zl<x)dx

INA

R
oLy /_ Fldx,

where Lg = sup_p., - gl1(x). Because local time /; (x) can be chosen continuous
in ¢ and cadlag in x, this is almost surely (a.s.) a finite number. Hence, for such
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processes, local integrability guarantees existence (and finiteness) of the integral

fo] f(X(¢))dr with probability one. For limit processes (still one-dimensional)
whose predictable quadratic variation is of the more general form

(X); = /Otaz(s,X(s))ds,

(2.3) implies that on Qg
! V1 f(X (@)
| ircapra= | 3 x oy xR d (X, 2.4)
Hence, if
0inf1 o(t,X(t,w)) >0 as., (2.5)
<t<

it will follow from (2.4) and (2.3) (denoting s(w) = info<;<1 o2(t, X (t,))) that

1 R R
/ |F(X (@) dr < 572 / Lf OOl () dx < s~ Ly / ()] dx
0 R R

on Q. Because [Jr Qr = Q, this shows that the integral fol f(X(¢))dr exists
and is finite with probability one. Assumption (2.5) is satisfied, e.g., for geomet-
ric BM X (7), where d(X), = ¢>X (t)>dt and info<,<; X (t) > 0. If 62(t, X (1))
is not bounded away from zero with probability one, local p-integrability with
p > 1 may still yield the desired result. To see this, perform a (p, ¢)-Holder es-
timate (with p~! 4+ ¢~! = 1) on the right-hand side of (2.4) (for simplicity for
autonomous o (x)):

/1 | f(X (1))l
0

o2(X (1)) Xz d (X

IA

1 1/p
[/0 |f(X(t))|p1{|X(t)|<R}d<X>t:|

1 , 1/q
X {/0 o~ q(X(t))l{IX(t)|§R}d(X>t}

R 1/p R 1/q
[ / |f<x>|f’zl(x)dx] [ / 0‘2q(x)11(X)dX}
R

1/ 1/
<Lg [/_Illf(x)lp dx] ’ [/Za_zq(x)dx] q.

Hence, if f is locally p-integrable with p > 1 and ¢ =2 is locally g-integrable,
then the integral fol f(X(¢))dt exists and is finite with probability one.

In the multidimensional case, no analogue of formula (2.3) seems to exist, and
existence of the integral must be ensured in a different way. We shall come back
to this point after having stated the assumption to be made.
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Assumption 1. There exists a process X = (X (¢));¢[0,17 With continuous paths
such that X;,, = X in the product topology of D, [0, 1]. Here the X,, are defined
as at the beginning of Section 2.

Assumption 2. For each n,k, U, possesses a density ¢, (with respect to
r-dimensional Lebesgue measure) such that

1 n
sup— ¥ llpnill, < o0, (2.6)
n nk:l

where |l¢ ||, denotes L9-norm (with ||¢||s = ess-sup, |¢(x)|) and Pl 4+q7 =1
(with g = oo for p =1).

Henceforth, when referring to Assumption 2, we shall denote by C; any finite
bound for the left-hand side.

Assumption 3. For almost all # (with respect to Lebesgue measure on [0, 1])
X (r) possesses a density y, (with respect to r-dimensional Lebesgue measure)
such that the following inequality holds. For p > 1 (with the p from (2.2)),

1 1/q
/0 [ / wtq(x)dx} dt < Cy (2.7a)

for some finite constant Cy. For p =1, (2.7a) is replaced by

1
/ w(x)dt < Cy forall x. (2.7b)
0

2.1. Remarks Concerning Assumption 2

Remark 2.1. In the important special case where U,; = n~ 12Uy, assume that
the Uy have densities ¢;. Then the density ¢, of Uy is given by ¢ur(x) =
n"?pr(n'/?x), and lnklly = n’/21’||(ok||q. Hence, in this case, Assumption 2
amounts to the following requirement.

Assumption 2'. The U possess densities ¢ (with respect to r-dimensional
Lebesgue measure) that satisfiy

n
supn207E S g, < Cr. 2.6))
n k=1
Because the sum Y _, [lpklly is strictly increasing, Assumption 2’ can only be

satisfied if r < 2p.

Remark 2.2. Consider the following assumption (which, forr =1 and p =1,
is Assumption 2.2 in Pétscher, 2004).
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Assumption 2”. The random vectors kV2u, possess densities s; such that
supy llaklly < M < oo.

Then the ¢ in Assumption 2’ are given by ¢i(x) = k~"/?h; (k~'/%x), with
lpilly =k="/?P||hi|l4. Hence

Ay =P S gl < M= Y 2, 2.6)
k=1 k=1

For r < 2p, the sum on the right-hand side of (2.6”) is O(n!~"/27), so that
A, = O(1). Consequently, in this case, condition (A2") is sufficient for (A2"). For
r > 2p, the term on the right-hand side of (2.5”) diverges. Therefore, the concept
of local integrability (p = 1) together with Assumption 2” (i.e., the setting con-
sidered in Potscher, 2004) does only work in the one-dimensional setting (r = 1).

2.2. Remarks Concerning Assumption 3

Remark 3.1. As we have seen earlier, many one-dimensional limit processes
of importance such as BM, BB, OU process, and geometric BM satisfy (2.5),
which turned out to be a sufficient condition for existence and finiteness of the in-
tegral in (1.1) for locally p-integrable functions. Therefore, for this latter purpose,
Assumption 3 could be dispensed with in the one-dimensional case. However, in
any case, Assumption 3 is needed for a certain approximation result (cf. Lemma
A.4 in Appendix A), and so this assumption must be required anyway.

Remark 3.2. Assumption 3 is satisfied for the following processes:

(a) (multivariate) BM;

(b) BB;

(c) (multivariate) OU process;
(d) geometric BM;

(e) more general: one-dimensional Gaussian processes with variance o2 (r)
satisfying

L dr
/0 5 < 2.8)

(f) diffusion limit processes as in Example 3 in the Introduction.

Proofs of these assertions are given in Appendix C. Case (e) covers one-
dimensional BM and, more generally, fractional BM with parameter 0 < H < 1
and also the cases (b), (c) (univariate case), and (d). Some further examples related
to fractional BM and a discussion of condition (2.8) can be found in Berkes and
Horviéth (2006). With Example 3, we leave the scope of Gaussian processes, and
methods from the theory of partial differential equations or diffusion processes
have to be brought into the game to verify estimates such as (2.7). At the end of
Appendix C, we will give a brief sketch of results of this type.
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Remark 3.3. We still have to make sure that Assumption 3 guarantees exis-
tence and finiteness of the integral fol S (X (¢))drt (in particular in the multivariate
case where we cannot resort to an occupation times formula). To this end note

that, as a consequence of Assumption 3, for locally p-integrable f (and with Qp
as before)

! 1
ElQR/O |f(X(t))|dt§/0 E|f(X ()] 1gx (1< R) dt
1
/ / | f )|y (x)dx dt
0 J{lx|<R}

i 1/q
P q

{/{kaR}lf(x)I dx] /0 [/‘/’t (x)dx} dt

1/p
@ [/{|x|<R} |f(x)|”dx}

IA

IA

for p > 1 and

1 1
EIQR/O |f(X(t))| dt < \/{|x|§R} |f(x)|/0 l//;(x)dtdx < Cz/{

[x|<R

}If(X)Idx

for p = 1. Hence, in both cases, the expected value on the left-hand side is finite,
implying that the integral fol | f(X(t))|dt is finite a.s. on Q. Now let R 7 oo to
see that fol | f(X(¢))|dt is a.s. finite. Actually, in the one-dimensional case with
X = B = BM, local integrability (i.e., p = 1) is equivalent to existence and al-
most sure finiteness of the integral fol f(B(t))dt. This follows from a theorem
of Engelbert and Schmidt (cf. Karatzas and Shreve, 1988, Prop. 6.27 plus Prob.
6.29).

Remark 4. Not surprisingly, Assumptions 2 and 3 are closely related. This
becomes evident if we consider the densities y,, (x) of X,,(¢). By definition of the
Xy, it holds that w,; (x) = @ (x) for (k—1)/n <t < k/n. Now, in general, weak
convergence X, = X will not imply convergence of the densities. In situations,
however, where this is the case, i.e., where v, (x) = y,(x) (say, a.s. with respect
to Lebesgue measure), we have that (for p > 1)

/01 [/ qu(x)dx} l/th=/01 [/nll)rrgo t//,i’,(x)dxy/th

1 1/q
Sliimn—mo/o [/‘/’gt(x)dx] dt

) 1 & 4 1/q
:himn—>oo; Z |:/§”nk(x)dx:|

k=1
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. 1
" =1
< 0OQ.

In other words, Assumption 2 implies Assumption 3 (in this special situation).
A similar result is true for p =1 (i.e., ¢ = c0).

The main result of this section is the following theorem.

THEOREM 2.1. Under Assumptions 1-3, (1.2) is true for every locally
p-integrable function f.

In certain situations (cf. Section 3), the conditions made are not quite sufficient
to establish (2.6) but rather

] n
sup — Y llguelly < o0 (2.6
n=K " =g
for some integer K. (A similar problem arises in Pétscher, 2004.) Call Assumption
2 with (2.6) replaced by (2.6*) Assumption 2*. Then the following result is true.

THEOREM 2.1%. If, in Theorem 2.1, Assumption 2 is replaced by Assumption
2* then

1 & 4l *
2 XG0S [ 1.2°)

If, under (2.6"), one would nevertheless like to establish the original conver-
gence (1.2), one has to consider the means

1 K
Sp=— z f(Unk)
nk:l

separately and show that S,, = op(1). Because, for fixed k, Uy =x+o0p(1) in the
(most common) case where X (¢) has fixed initial value x, i.e., P(X(0) =x) =1,
this will depend on the well-behavedness of the function f near x. More details
can be found in P6tscher (2004).

Remark 5. An inspection of the proof of Theorem 2.1 (see Appendix A) shows
that the assertion remains true if the following changes in the definition of local
p-integrability and the assumptions are performed. Let w : R” — R be a positive
Borel function (a weight function).

e In (2.2), replace dx by u(dx) = w(x)Pdx. In other words, f(x)w(x) is
locally p-integrable.

e In Assumption 2, replace [lg.lly by ||gonk||£]w) = [[ ol (x)w(x)~9dx]"/4,
ith (w) _ _ -1
with [[gnklloo” = ess-sup, pur(x)w(x)™".
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e In Assumption 3 (formula (2.7a)), replace dx by w(x)™9dx. In case p =1,
replace (2.7b) by sup, w(x)~" fo] v (x)dt < oco.

Introducing the weight function w allows a certain trade-off between the behavior
of f and that of the densities. For example, poles of the densities may be admitted
at the price of reducing the class of functions f for which (1.2) remains valid.
This is in the spirit of Berkes and Horvath (2006), where local integrability of
Ix|%71 f(x) (e, w(x) = |x|*1) is required.

3. INTEGRATED PROCESSES

An important special case is provided by triangular arrays of the form
k—1

Unk = z Apjutg—j, @3.1)
j=0

where (uy) is a linear process:
(0.°]

Ug = 2 Tyegy. 3.2)
v=0

(For simplicity we assume initial value zero, the general case offering no addi-
tional difficulties.) The uy and &g are of dimension d, so that A,; and I', are
r x d and d x d matrices, respectively. Typically, r < d, which we shall assume
henceforth. The ¢; are assumed i.i.d. with mean zero and positive definite
covariance matrix X with minimal eigenvalue 4 > 0. For A,; =n"%A, (3.1) is
an integrated (vector) process. The rate of convergence o depends on the kind of
linear processes admitted in (3.2). In particular, we shall have to distinguish pro-
cesses u with short memory (autoregressive moving average—type [ARMA-type]),
where the coefficient matrices I'), decline geometrically fast, and those with long
memory, for which the I', tend to zero at polynomial speed. To be definite, our
approach will be designed so as to cover the following paradigms.

@Ay = n~V2I. Ge.,r=d), Y2 o ITs] < 0o. This is the “classical” integrated
process. For later reference,

n'2 A, =1 (3.3
As is well known (cf. Johansen, 1995), the limit process is X (f) = T'(1)Z'/2B(z),
where B is r-dimensional standard BM and I'(1) =Y5° , T,
(II) The second paradigm is provided by Example 2 in the Introduction. The

solution of (1.3) for IT = II,, with

1 1
M, =o' +-ap; =10+ -1

n n

is given by

k—1
no_ J .
Yk = Z Angk_],
=0
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where A,, = I; +11,,. Because U, = n_l/zalYnk, we have A,; = n_l/zaj_Aﬁ
and u = ¢, i.e., I, = 6,/ (unit impulse at n = 0). Note that aj_l_[(()) = 0. The
dimension of A,; and aj_ isrxd, withr =d —dy <d. As already stated in the
Introduction, the limit process X is an 7-dimensional OU process.

In what follows, we shall need the following simple relation between these
matrices:

1
n'2 A, = I+~ Ay, (3.3-I0)

with residuals given by

= ,
Apj=a, IV (I+T11,)". (3.4)
i=0

This is easily proved by induction.
(IIT) This is (the multivariate version of) Example 2.7 in Berkes and Horvath
(2006). In this case, Ay; =n~7A,1/2 < H < 1. Hence

nflA,; = A. (3.3-110)

The linear process u is allowed to have long memory, i.e., I, ~ n~’T with £
and H related by H =3/2—f,1/2 < f < 1 (we shall make this more precise
subsequently). The limit process X is fractional BM.

In all three examples, the right-hand side of (3.2) converges a.s. and in L2,
Using (3.1) and (3.2), we express the Uy in terms of the ¢;:

k=1 )
U = 2 Chigk—1+ 2 Cuigk—1 = U,j,;-}- U (3.5)
=0 1=k

Note that U,;; and U, are independent. A simple calculation shows that
IA(k—=1)
Cu= Y Aylij. (3.6)
j=0
Let @, denote the characteristic function (c.f.) of Uy, and ¢ the c.f. of the &;. By
virtue of (3.5),
k=1
|@uk(0)| = [Eexp [iv'UyJexp [ivo'Uy] | < [Eexp [iv'Uf]| =[] |# (Cho)]-
1=0
3.7)

Hence, if the C,; are regular square matrices, integrability of ¢ (v) (i.e., [ |¢(v)]
dv < 0o) will imply integrability of the @, (v) (by means of the transformation
formula for integrals) and, a forteriori (by the inversion formula), the existence
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of continuous bounded densities ¢, for the U,;. In view of our paradigmatic
scenarios, however, we would like to admit nonsquare C,; and also find weaker
integrability conditions for ¢. Actually, our objective is to find conditions on ¢
that will ensure Assumption 2:

l n
sup— > llonklly < oo. (3.8)
n gy

Suppose that ©,; € L} (henceforth, L} will denote the space of Borel functions
h on R subject to [ |2 (0)|P dv < 0o, with norm llell,»; the shorthand notation
le|l, will be reserved for |[|e|| LP as in Section 2). Then, by the (multivariate) inver-

sion formula,? (continuous and bounded) densities ¢, do exist and are given by
o) = @a) 7 [ Do) .
As a consequence, denoting m,; = 2z )~ || Pull1,

pux(x) < @) [ 10wl =,

o0 Tdr= [ o () puix) dy < m!
R’ R"

for 1 < g < oo. Therefore,

lonill, < my? (3.9)
(which is also valid for p = 1, g = 00). Hence, a sufficient condition for (3.8) to
hold is

sup~ 2 1Delly” < (3.10)

In the discussion that follows, we shall present conditions on the c.f. ¢ of the
&5 together with conditions on the asymptotic behavior of the C,; that will ensure
(3.10), the link being provided by (3.9). Actually, the assumptions to be made
allow us only to establish the following weaker form of (3.10):

1 *
sup — Z Oull)/? < (3.10%)
n>K N =

for some integer K. Correspondingly, we can only conclude that Assumption 2*
is satisfied, i.e.,

1
sup — Z lpnklly < oo. (2.6%)
n>K "} —

Our first condition to establish (3.10*) is nothing but the multivariate version
of condition (3.4) in Pétscher (2004).
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Assumption 4. ¢ is in L} (dv) for some nonnegative integer m > 1:

/ @)™ dv < 0.
Rd

Instead of an integer m, one may admit any real number ¢ > 1, but—as the proof
of Proposition 3.1 will show—if it is assumed that ¢ € L/ (dv) with u € (m —
1,m] and m € Z, then we may as well require the weaker condition ¢ € L7} (dv).

As to the conditions on C,;, we let ourselves be guided by the three examples in
the Introduction. By virtue of (3.7), the C,; need only be considered for/ <k —1,
where

l
Cu=Y, AnjTi—;.
j=0

(D) Cpy=n~12 Zﬁ-:o I';. Putting C = T'(1) = X2, T, this means that
n'2Cpy=C+ Ry (3.11-1)

with |R,| < Zj’ilﬂ IT';|. In the one-dimensional case, it is required that I'(1) # 0.
The corresponding condition in the multivariate setting will be regularity of C.
(II) By (3.4), for white noise input u = ¢ (as considered in Johansen, 1995),

T, =0d,1 and n'/?A,; = o/, I+ (1/n)A,;, so that

1
nl/zc,,l=n]/2An1=alI+;An1=C+Rnl (3.11-11)

with
1 -1

C=d, Ruy=—Ay= ioclcl S (+10,)".
n n b

By construction (cf. Johansen, 1995), a/, a1 has (full) rank r. In general, |/ +
I1,| < ¢ for some constant ¢ > 1, and hence |R,;| < n~'L¢! uniformly in n for
some constant L. In Johansen (1995) it is assumed that all eigenvalues of the
matrix A = I 4+ 19 have modulus less than one, so that the same will be true for
A, for n large enough. Still, this is not sufficient for ¢ < 1, and so, without further
information, it may not be concluded that R,; — 0. If, however, it can be shown
in a special setting that ¢ < 1, then A,; is uniformly bounded and nl/2c,; — C.

(I T, ~n~PT, such that $}_ T ~n'~F (e, n = $7_ T; — T). Then (cf.

(3.3-11))
] l
nfCy=Y n"A, T =AY T},
j=0 j=0
nf1P~1Cy=C+Ry, C=ATl, R =o(1). (3.11-I1I)

Here C should have full rank r.
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In view of the relations (3.3), we shall make the following assumption.

Assumption 5. There exist numbers 1/2 <a <1, —1/2 <y <0, such that
lim,, ;_, oo >*1% Jnin (CuiCly) =0 > 0,

T 20012 /
1imy, 1 001 ™ 1% Amax (CiClyy) < M < 00.

Here Amin (Amax) denotes the smallest (largest) eigenvalue. The lim is to be under-
stood for [ < n; i.e., the precise meaning of the assumption is as follows: There
exists a positive number J such that for all 0 < x < 1 an integer K = K () may
be found such that n?*1%” Amin (CuC,,;) > « for all n,1 satisfying n > 1 > K.

Similarly for the lim (with x > 1).

Finally, we need one more assumption about the c.f. ¢ that allows us to control
the behavior of ¢ (n*1” C,u).

Assumption 6. |[¢(v)| < 1 forv # 0. If r < d, there exists a measurable func-
tion p : RT—[0, 1] such that p(0) =1, p(s) < 1 fors > 0, [;° p(s)ds < oo, and
lp@)| < p(|v|) for all v € RY.

In the one-dimensional case, Assumption 6 is equivalent to requiring that the
¢; do not have a lattice distribution.

PROPOSITION 3.1. For Uy, given by (3.1) and (3.2), Assumptions 4—6 are
sufficient for the U, to have densities @ satisfying (3.10%) provided the param-
etersr, p,o,y satisfy the following conditions:

1 1
a<lyl+5 ifp>r<lyl+2>,
1. 1
a <|y|+§ 1fp=r<lyl+2>, (3.12)

1
ra <p ifp<r<|y|+2>.

Note that a > |y |+ 1/2 is not a feasible constellation because also the third
case implies that o < |y |+ 1/2. Forr =1, because 1/2 < |y |+ 1/2 < 1, the first
case applies with any p > 1. In all three of the preceding examples, the condition
a <|y|+1/2issatisfied (¢ =1/2,y =0inlandI; inlIll,a = H =3/2—-p €
1/2,1),y =p—1=1/2—H,andsoa+y =1/2).

Usually, r,a, and y will be given, and the problem is to find the smallest (or
the infimum of those) p such that (3.12) is satisfied, corresponding to the largest
class of locally p-integrable functions. For this purpose, we have to read (3.12)
backward. For r > 2, the infimum is pg = ra (a number > 1). If o < |y|+1/2,
then p = py is a feasible choice. If « = |y |+ 1/2, then po = r(|y |+ 1/2). This
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constellation is not feasible (middle case in (3.12)), and so in this case every
p > po will do but not py itself.

NOTES

1. As pointed out by a referee, the class of “regular” functions in Park and Phillips (1999) actually
coincides with the class of locally Riemann integrable functions.

2. Though, strictly speaking, this is not correct, we shall often use notations such as Uy, ] = X (¢)
or X, (t) = X(r) to indicate weak convergence in D[0, 1] (instead of replacing the time index ¢ by
a dot). The use of the arrow = should make it clear that functional weak convergence is meant and
not just convergence in distribution of the random variables X, (¢) for fixed 7, etc., for which we shall

reserve the symbol i> .

3. I have not found a ready to use reference for the multivariate inversion formula for L! cfs.
Starting from the general inversion formula (cf. Kawata, 1972, Thm. 8.9.1) one may, however, proceed
as in the one-dimensional case to derive the formula in Section 3 (cf. Kawata, 1972, proof of Thm.
4.4.2; Shiryaev, 1996, Sect. 12, proof of Thm. 3b).
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APPENDIX A: Proof of Theorem 2.1

LEMMA A.1. Let f be locally p-integrable. Then, for each ¢ > 0, there exists a con-
tinuous function fg such that

J1r@=pra<e
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Proof. For N = 1,2, ..., consider the open annulus Ay ={x e R" : N —1 < |x| < N}.
Let f) denote the restriction of f to Ay (i.e., fy : Ay — R is given by fy(x) =
f(x)). By standard approximation results (cf. Hewitt and Stromberg, 1969, Thm. 13.21),
there exist continuous functions fy . : Ay — R with compact support (in Ay) such
that

/ ’fN(x)_fN,e(x)|pdx<82_N.
AN

Define f, : R"™ — R by
fe@) = 3 fne(@)1sy(x)
N=1

(i.e., in particular fz(x) = 0 near the boundary of each annulus). Then f; is continuous
and

Jir@=r@irar= 3 [ |- fyoe dv<e.
N=17AN

Introduce

n

n
Zn :n_l 2 S W), Zn,e :n_l 2 JeUnk),
k=1 k=1

1 1
zo= [ fexoya,  z= [ rx@)ar
LEMMA A.2. Under Assumption 2,

supE}Z,, —Zn,g} < Clsl/p.
n

n

nl Z f(Unk)—n_1 2 feWUnk)
k=1 k=1

Proof E|Z, — Z, ;| =E

n

<n VY Elf (Un) = fo(Un)]
k=1

n
=1 Y 170 = fe@lpmx)dx a1
k=1
By Lemma A.1, the right-hand side in (A.1) may be estimated for p =1 by

n n
'y ugonkuoo/u(x) — fe@ldr<en™ Y lopillog < Cie
k=1 k=1
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and for p > 1 by
n 1/p 1/q
p! [ |f(x>—fg<x>|1’dx} [ o (x)dx]
2|/ [

n
1/p, -1
<e!/Pn > lenklly
k=1

< Cl & l/p
uniformly in 7. n

LEMMA A.3. Let h : R"— R be a continuous function and P a probability measure
on D,[0, 1] such that P(C,[0,1]) = 1 (where C,[0, 1] denotes the subset of continuous
functions). Then the mapping H : D,[0, 1] — R defined by

1
H(x) = /0 h(x(t)) dt (A2)

is measurable and continuous with respect to the Skorokhod topology except on a set of P
measure zero.

Proof. Note first that the integral in (A.2) is well defined and finite because the paths
x(1),0 <t <1, are bounded in R" and % is bounded on bounded sets. As to measurabil-
ity, this follows from the argument in Billingsley (1968, App. II [Measurability of Some
Mappings]) if & is bounded. But every continuous function /(x) may be approximated by
(continuous) bounded functions 4 (x) such that

1 1
HN(x):/O hN(x(t))dH/O h(x(t))dt = H (x).

Hence H is measurable as limit of a sequence of measurable functions. As to almost sure
continuity, we shall show that the set of continuity points of H contains C, [0, 1]. To this
end, consider any x € C,[0, 1] and a sequence x, € D,[0, 1] such that x, — x in the
(product) Skorokhod topology. Because x is continuous, this implies uniform convergence

llxn — x|l = 0. As a consequence, all paths x,(¢),0 <t < 1,n=1,2,..., lie in some
bounded set B. Hence, by bounded convergence (because | (x,(t))| < sup,cp|h(2)]),
Ja (e () dt = [ h(x(r))dr. u

COROLLARY A.1. Under Assumption I, for every ¢ > 0,

Zns S Z,. (A3)

Proof. By (2.1), (A.3) is the same as

1 1
/ Fo(Xn())dt S / (X)) dt.
0 0

By Assumption 1, the induced measure P = PX ~1 has the property that P(C,[0,1]) = 1.
The assertion follows then from Lemma A.3 and the CMT (in its extended form). u
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Though we shall not need it, let us note in passing that the assertion of Lemma A.3
remains valid if /4 is a Borel function that is bounded on bounded sets and continuous
except on a set of (r-dimensional) Lebesgue measure zero and if—in addition—the one-

dimensional distributions Pnt_l are absolutely continuous with respect to Lebesgue mea-
sure for almost all ¢.

LEMMA A.4. Under Assumption 3,
E|Z,—Z| <&'/PCy.

Proof. By Lemma A.1, for p > 1,

1 1
E|zg—Z|=E]/O fa(X(t))dt—/o FOX(0))de

1
< / E|f:(X (1) — f(X(1))ldt
0

1
=/ /Ife(x)—f(X)lwt(x)dxdt
0

1 1
s/ol [/Ife(X)—f(X)Ide} p{/wﬁ(x)dx] "

< El/pCQ.

For p=1,

1
E|Z; - Z| s/o /Ifg(x)—f(x)l yi (x) dxd

1
=/Ifg(x)—f(X)| UO wt(x)dt} dx
<eCy.

Proof of Theorem 2.1. Let ¢, ¢z, 9n, pn,s denote the characteristic functions of Z, Z,
Zy, Zn,e, respectively. We have to show that

im_ (1) = (1) (A4)
for all t. Henceforth, fix ¢.

Step 1. By Lemma A.2, making use of the fact that |1 —e'"'| < |A|,

EeiZn _ EoitZn.:

}(ﬂil(t)_¢n,a(l)| =

<E

oiZn (1 _eit(zn,£_zn)) )

< E‘l_eit(zn,g—zn)

< |f|E|Zn,e_Zn|

<|t|Cie'/P (A.5)

uniformly in 7.
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Step 2. By the same calculation, using Lemma A.4,

lp (1) = 0: ()] < 111 C6'/7. (A-6)
Step 3. By Corollary A.1, for each fixed # > 0 and ¢ > 0,

|Pn.e () = (O] <1 (A7)

for n large enough, say, n > ng(n, €).
Putting (A.5)—(A.7) together, fix any # > 0 and chose ¢ > 0 so small that (still for fixed #)

(€1 +Ca)e'/P < 21.
Then, for n > ny(7y, ),
lon (1) — ()] < 3.

This shows (A.4). n

Proof of Theorem 2.1*. Modify the definitions of Z, and Z, by summing from index
K onward. Then Lemma A.2 remains valid, and only the proof of Corollary A.1 has to be
modified insofar as now

1 1 )
Zna= [ o n@)di+Ruor T foUnd)

with Ry o =n~' X7 £.(U,). But because Uy = 0p (1) for fixed k, Ry ; = 0p (1) for
every fixed & > 0. u

Proof of Remark 5. Lemma A.1 remains valid with u(dx) in place of dx. In the proof

of Lemma A.2, substitute 1 = w(x)w()c)_1 under the integral in (A.1) and use the Holder
estimate (for p > 1)

the right-hand side of (A.1)

IN

| n 1/p
'Y [ / If(X)—fe(X)l”ﬂ(dx)}
k=1

1/
X {/gozk(x)w(x)_qu} !

p -1 % (w)
ern Z lonkllg
k=1

< Clsl/p.

IA

The same procedure applied to the proof of Lemma A.4 yields
1 1/p
ElZ;-Z| < /0 [/Ifs(X) - f(X)Ipﬂ(dX)}

1/q
x [/ tg/,q(x)w(x)_qu} dt
< 81/pC2.

The rest is as in the proof of Theorem 2.1. The proof for p = 1 is obvious. n
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APPENDIX B: Proof of Proposition 3.1

LEMMA B.1. Let X be an r-dimensional random vector with c.f. ¢, EX =0, E|X|2 <
00, . =EXX'. Let A denote the minimal eigenvalue of X. Then there exists A € (0, 1)
such that

)
(1) < exp [—g |r|2}

fort € R subject to |t] < A.

Proof. Expansion of the c.f. around zero yields
2 2
. Z Z .
iz _q -'_7_7(111_])
e +iz ) > e

with 0 < 7 = 7(z) < 1. Hence, inserting z = ' X and taking expectations,

/
_nirx _ o, rxr 1 1 \2 [ itt'X
(1) = gz 1
$(t) = Ee 1= = SB{(x)? (X 1)
2 2
'St
1 -
[R(1)| < EE(z’x)2 et X—1‘
L o th’X
< SHPEIXP[e Y -1

=tl?0(1) as t—0

(the latter by bounded convergence). Therefore

(1) = R(t)=o(|t|*) ast— 0.

Now proceed as in Potscher (2004, proof of Lem. B.1). For the reader’s convenience, we
reproduce his arguments here. There exists 0 < A’ < 1 such that, for |¢] < A’, it holds that
[R(1)| < Alt]?/4 < 1/2 as well as # £¢/2 < 1. As a consequence, |¢(1)| < [1 —'Zt/2|+
[R(D)] < 1—A1t12/2+ Alt|? /4 =1 — 4|t|? /4. Because ¢ (0) = 1 and ¢ (¢) is continuous, we
may choose 0 < A” < A’ such that |¢(t)| > 0 for || < A”. Taking logarithms,

1 1
log | (1)] < log (1 -4 |t|2) ==/ [t +6(t) for |t] < A",

with 5(0) = 0 and 6(r) = o(|¢|%) as r — 0. In particular, we may find 0 < A < A” such
that [0(¢)| < A |t|2/8 for |t] < A and hence

1
loglg(1)] < —gzmz. u

Proof of Proposition 3.1. The proof is an adaptation of the proof of Lemma 3.1 in
Potscher (2004) to the multidimensional case. Our starting point is (3.7):

|,k (0)] < H ¢ (Crp)] -
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For every choice of positive numbers Ry,

[oweia= [ TTo(c v+ [ H!¢ Cyyo)|do

[0]<Ruk 1—0 |> Rk j—
= Ink + Jnk- (B.1)

Concerning I,;. Let A denote the minimal eigenvalue of the covariance matrix X of the
es and let A € (0, 1) be as in Lemma B.1:

A
I ()] < exp {—g |u|2} (B.2)
for o] < A. By Assumption 5, for n, [ large enough, say, n,/ > K’ with K/ = K(%),

2(112;/ Amin ( nlC;/u) = (B.3)

NSRS

Also, |C! 0% < Zmax (CiCl)IvI> < 2Mn=2%172 |p|? for n,1 > K” = K(2), and so
o] < n%k? cA implies

! w|? < 2M /D A% < A2,
if we put ¢ = (2M)~ Y2 (remember that y <0, and so (k/ l)27 < 1for/ < k). Henceforth,

let K = K’ v K” and put R, = n®k? cA. It then follows from the definition of I, (cf.
(B.1)) together with (B.2) and |¢| < 1 that

k—1 —
e[ TleEmlans [ |<RnleK p |5 ICunl’] a ®.4)

U|§Rnk1=[(

Clol* = dmin (CuCl) 012 = (6/2)n 241727, the
right-hand side of (B.4) may be estimated by

k—1
A0
/ | | exp {——n_zal_zy |v|2} dv
|U|§Rnk1=K 16

k—1
= exp | —cjn 2% 2 1727 10)?| do
[o]< Rk 1=K

(new constants ¢; will be introduced without further mention). Because 2];;}(1 2y >
k2 fork > K +1,

Iy < / exp [—C3n‘2“k1+2|” |v|2] do. (B.5)
[0] <Rk

Now make the substitution =%k (1127 /2y = Remember that R,; =n®k” ¢ A and note
that [v] < Ry < |u| < k'/2cA. Then, putting @ = (1+2]y [) /2 for a while,

the right-hand side of (B.5) = n"*k~"? /

2 rog,—ro
exp {—63 [u] ] du < cqn'”k
lu|<k!/2¢A
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forn,k > K, and hence
1P < csnm/Pr=rolp. (B.6)
Using the fact that

dnl=n, 0<p<1,

M=

kT<< c'logn, n=1,n>2,

1 /

k c, n>1,

for some constant ¢’, it follows from (B.6) (with y =r0/p =r (1+2|y|)/2p) that

n n
l 2 Ilk/p <Csnra/p—l 2 k—ré/p

ke S

M=k k=1

con”®/P=nt T URIDRP b 1y 41/2),
< cgn" /P~ ogn,  p=rlyl+1/2), (B.7)

cn" /P, p<rlyl+1/2).

The exponent v of 7 in the first case is

ro  r(14+2y) r 1
A T
P 2p P 2

Therefore, for n” to be bounded, it must hold that v < 0, i.e., « < |y |+ 1/2. In the third
case, for n” to be bounded, p must satisfy ra < p. The second case, p =r (|y |+ 1/2),
leads to boundedness if p > ra, i.e., a < |y |+ 1/2. All three cases may occur.

Concerning Jy. Going back to (B.1), apply a k-fold Holder estimate to obtain

1/(k—K)
) (B.8)

s [ TT 16 (o) do < H (/ 6 (o) o
|U|>Rnkl [0]> Ruk

with K as before (cf. (B.3)).
Case (a): r =d.Forn,k > K, n*1” C,; is regular by Assumption 5. Hence, making the

substitution u = C ;zl”’

k=K —
/|u|>R,lk|¢(C’/’lv)| do = |det Cp| I/C,_]

nl ’4)> nk

I () * =5 du. (B.9)

By virtue of (B.3),

1/2
|det Cpyl = det (C,y C1))Y

https://doi.org/10.1017/50266466608090476 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466608090476

WEAK CONVERGENCE OF INTEGRATED PROCESSES 1203

and

172 _
< Zatax ((Cpy Cut) ™) I

C’l_lu’= [1/( ! Cnl)_lu]

n nl

—-1/2
-1/2 0
= ’lmin/ (C;zl Cnl) lul < (5) n®17 |ul.
As a consequence, remembering that R, = n*k” ¢A, it follows from (B.9) that

/ k—K ragr k—K
D) do < cin"®l y/ u du
/|v|>Rnk # (Co)] - lul>ca (k/1)! 9l

<oK' [ I ()X du,
lu|>cr(k/K)”

where we have made use of the fact that /7 < K7 (remember that y < 0) and start the
numeration of constants ¢; afresh. Hence, from (B.8),

Ju <c¢ nraK”'/ WK qu. B.10
nk < €1 S~ | ()] (B.10)

Put ¢y =sup {|¢ ()| : [u| > c3 (k/K)? }. Then, fork > K +m,
I Sl O ®B.11)

(In this context, let us remark that nothing is gained by admitting any real number x > 1
instead of an integer m in Assumption 4. For if m — 1 < y < m, then (B.11) would still
hold for k > K + m, with exponent x under the integral. But then we may from the start
require the weaker condition with ¢ = m.) By Assumption 6, because ¢ > 0, it holds that

oK <y < 1fork < n,¢n_(K+m) < ¢1_(K+m) and hence
Tk < C3nra¢rl§—K—m < C,4nr0c¢5’

1 x
— 2 ‘,r:k/p < CSnra/!’—l (1 _¢lr11) < C6nra/p—1. (B.12)

M k=K+m

Boundedness of n ™! S i—Kim J,:k/ P'is thus equivalent to the condition ra < p.

Case (b): r < d. Going back to (B.8) and making use of Assumption 6, we estimate the
integral on the right-hand side by

/ k—K / k—K
d dv.
/|U|>Rnk [ (Coo) | do < /|U|>Rnkp(}cnzv\) b

Making the substitution v = n%[” u and remembering that R,;; = n*k” ¢ A, the right-hand
side may be further estimated by

n”"zw/ n17 ") du. B.13
|u|>(k/l)7cAp(| ] (B.13)
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For n,k > K, [n%07 Clyu| = n®1? (! CoyClyu)"* > n®17 2}2 (CuCl ) 1ul > /372 (by

(B.3)). Hence, in view of the properties of the function p required in Assumption 6 and
because [” < K7, (B.13) is dominated by

n"*K"" / ) p(c7lu)* K au.
lu|>(k/K) cA

But this is of the same form as the expression (B.10) and may be treated in the same way.

Note that in both cases the treatment of the second term J,,; in (B.1) contributes only
the condition ra < p, which is already contained in (B.7). (In the first two cases, it is
automatically fulfilled because p > r(|y|+1/2) > ra.) Taking the estimates (B.7) and
(B.13) together, we find that (3.10*) is satisfied with K replaced by K +m. u

APPENDIX C: Proof of (2.7) for Various Special Cases

C.1. Proof of (2.7a) for Multivariate Gaussian Processes. Let X (t) ~ N (m;, ;) with
covariance X; satisfying the following condition.

Assumption C1. For p > 1, the minimal eigenvalue 0,2 of X; satisfies
b —r/p
/0 o, dt < o0.

Then, if v, (x;m, X) denotes the r-dimensional normal density with mean m and covari-
ance X,

pr () = @) =D/ 472 [det 10D 20, (x;my, g7 Ey),

1/q
( / v (x)qu) = (2m)~"/2P g7/ [det 3,17 /2P
< const. X a,_r/p.
The inequality follows from det £; > 6.

Assumption (C1) is fulfilled for r-dimensional BM provided 2p > r. For the OU process
considered in Example 2 in the Introduction, the covariance matrix is

1 /
T = aﬁ_/ e(A+A )”duaj_.
0
Consider the diagonalization A + A’ = QAQ’, where Q is an orthogonal matrix and
A = diag(4q,...,Ag) is the diagonal martix of eigenvalues of A+ A’. Then e(A+A)u
Qe Q' and so

/l e(A+A/)Mdu — Q/t eAM duQ/ — QMt Ql~
0 0

The entries of the matrix M; = fé M dy are of the form A~ (e — 1) for nonzero eigen-
value 4 of A and ¢ for zero eigenvalues. Typically, in the setting considered in Example
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2, A is degenerate, and so zero eigenvalues do exist. In this case, the minimal eigenvalue
of OM; Q' is 1. Hence, because x' £,x = x'a/, OM; Q" | x > Amin (OM; Q') x'a/ a x >
Amin (OM; Q") Amin (o, 1) Ix|* = ct|x|?, it follows that 67 > ct (note that ¢ > 0
because aj_a 1 isregular). As a consequence, for the OU process the situation is the same
as for r-dimensional BM, namely, Assumption (C1) is fulfilled as long as 2p > r.

For r-dimensional BM, (2.7b) is not satisfied unless » = 1. This follows from the sub-
stitution s = 1/¢, which yields

1 0o
/0 wi(x)dt = (271)_r/2/1 §"12= 2= x5 /2 4.
Forr =1,

o0
/1 =32 1x15/2 4 <2

uniformly in x. For » > 2, however,

o0 2 R 2
himx_x)/ §7/22=lx%s/2 g 5 / 72 2im_ ge /2 g
1 1

=/Oosr/2_2ds=oo.
1

This settles examples (a) and (c) in Remark 3.2.

C.2. Proof of (2.7b) for One-Dimensional Gaussian Processes as in Remark 3.2 (e).
Without restricting generality, we may assume mean zero, i.e., X (1) ~ N (0, ¢ (1)2). By the
inversion formula for densities,

wr(x) = ZL/OO e_i“e_"zg(t)z/zdv.
T J—c0

By assumption (2.8) and because

/oo e—l)zo'(t)z/ZdD _ N 2
—c0 o ()

if o (¢) > 0, it follows from Tonelli’s theorem that

1 1 rl o0 22 1 L at
xdts—/ dt/ e_””(t)/zdo:—/—<oo
/0 v N Vaz Jo o)

uniformly in x. u

C.3. Proof of (2.7b) for Remark 3.2 (a)-(d) (One-dimensional case). For every case,
we verify condition (2.8). Then the assertion follows from (e).

(a) Fractional BM (one-dimensional): ¢ (1) = tH satisfies (2.8) for0 < H < 1.

(b) For BB, o(t) = /t(1 —1). Hence

/li_/l i _
0o o) Jo «/t(l—z)_ﬂ
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(c) One-dimensional OU process: dX(t) = —bX(t)dt + o dB(t). The variance is

o0 = (1),

Hence

L dr 1 1 dr
—— =0 VZb/ ——
/0 o(t) 0 /1 —e—2b1
—2b
du

—1/2 fl—e
Z(Zb"z) /0 (I—u)Ju

1—e
~12 1
:(2bo2) L]
1= Valo

_ (2b02)_1/21nl+7 Vi-er?

1—V1—e20
(d) For geometric BM dX(t) = X (t) [bdt+ cdB(t)], X (0) = x, the variance is

a(z)2 — 20201 ( 1) ,

. o 2 R 2
and therefore (performing the substitution # = ¢’/ — 1 and denoting u = ¢’ — 1)

—2bt
/o1 o)~ / N

1 /a —(2b+0?%)/0?
= (wo?) 7 [ 0D du
0 Ju

< 0

(note that this is true regardless of the sign of the drift parameter b).

C.4. Condition (2.7) for Example 3. Assume that the coefficients b(x) and a(x) = o (x)
o (x) of the SDE (1.5) satisfy the following conditions.
(1) a and b are (globally) bounded and Lipschitz continuous on compact sets;
(i1) in addition, a is globally Holder continuous and satisfies the uniform ellipticity
condition (1.6).

Then the transition function of the solution X of the SDE (1.5) possesses a transition
density y (x, ¢, y) satisfying the bound

12
y (.t y) < Ct"exp [—c'ytx'] (.1

for some positive constants ¢, C. The transition density y (x, ¢, y) may be obtained as fun-

damental solution of the parabolic equation (L —3/0t)y = 0, where L is the differential
operator

L= Zb(x) + 2 1/( )

i=1
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(cf. Friedman, 1964; 1975, Chs. 6.4 and 6.5). As a consequence of (C.1), for fixed initial
value x = x(, X (¢) possesses the density

) lx —xol? ,
i (x) =y (xg,1,x) < C1~"/ | =Clvr (330, (1/20) 1)

exp |:—c

This brings us back to the first case considered in this Appendix, namely, multivariate
Gaussian processes, and actually to multivariate BM. As a consequence, (2.7a) is fulfilled
if2p >r. |
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