
Index

3-algebra, 230
3-gluon amplitude

all-minus from F3, 40
anti-MHV, 33
MHV, 33, 38

3-graviton amplitude, 40, 251
all-minus from R3, 40

3-particle special kinematics, 27–28
3-point anti-MHV superamplitude, 85
4-bracket, 109
5-bracket, 111

ABDK/BDS Ansatz, 136–137
ABJM theory, 231
all-line shift, 64, 65–68
all-minus gluon amplitude, 40, 43, 76, 122
all-minus graviton amplitude, 40, 252
all-plus gluon amplitude, 43, 76
all-plus graviton amplitude, 252
amplitugicians, 64
amplituhedron, 214
analytic continuation, 55
analytic properties

loop amplitudes, 118–126
tree amplitudes, 44–49, 51, 61

angle bracket, 20
angle spinor, 17
angle-square bracket, 21
anti-MHV

3-graviton, 251
3-point gluon, 33
3-point superamplitude, 85
definition, 44
Parke–Taylor formula, 44, 58

auxiliary field, 72
axion, 254

basis of 1-loop scalar integrals, 126
BCFW, 50, 53–62

bridge, 174, 198
bridge in 3d, 243
in 3d, 233–238
in momentum twistor space, 142–159
n-point tree gluon MHV, 54–57
n-point tree graviton MHV, 252
n-point tree NMHV superamplitude, 111

NMHV 5-point, 57, 58
shift, 53
spurious poles, 61
supershift, 86

BCJ
(fundamental) amplitude relations, 35, 279
color-kinematics duality, 277
double-copy relation, 280, 281
generalized gauge transformation, 275

BDS/ABDK Ansatz, 136–137
BGK graviton amplitude, 252
Bhabha scattering, 2, 29
BLG theory, 230
bonus relation, 62
Bose symmetry, 5, 22, 39, 40
boundary operation, 210
box integral, 123, 124, 126, 141
BPS operator, 269
bubble integral, 123, 124

Cauchy’s theorem, 52
central charge, 73
Chern–Simons

Lagrangian, 224
level, 224
matter Lagrangian, 224
propagator, 226

χi A , 110
collinear limits

loop-level, 121
tree-level, 47–49, 61

color factors, 31, 274
color-kinematics duality, 36, 277
color-ordered amplitude, 31

BCJ, 276
gluon MHV, 33, 44, 96
gluon NMHV, 57–61
N = 4 super Yang–Mills, 64
properties, 34

color-ordered Feynman rules, 32, 118
color-structure, 31
completeness relation, 18
complex conjugation, 17
complex momentum, 17, 37
component amplitude, 82
Compton scattering, 2, 28
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320 Index

conformal boosts, 97
conformal symmetry, 78
convex hull, 202
Coulomb branch, 78, 259
counterterm, 261
CPT, 72, 73, 231
critical dimension Dc , 261
cross-section, 1, 6

IR finite, 122
spin-sum, 23

CSW, 50, 65–68, 253
CSW prescription, 66, 67
cut conditions, 124
cyclic identity, 34

D2k Rn , 262, 266
de Donder gauge, 250
dilatation, 97
dilaton, 254
dilaton–axion gravity, 254, 270
dilogarithm, 118
dimensional analysis, 39
dimensional regularization, 119
double-copy relation, 280, 281
dual inversion, 104
dual space yi , 103, 104
dual superconformal symmetry, 95, 102–113

in 3d ABJM theory, 238

e−e+ annihilation, 2, 6
E7(7) symmetry, 258, 267, 269
effective field theory, 260
Einstein–Hilbert action, 40, 65, 249
embedding formalism, 102
extended supersymmetry, 72, 73
external data, 2, 3

F3, 40
factorization, 49, 52
Fermi symmetry, 5
Feynman rules

color-ordered, 32, 118
fermions, 18
gluons, 32, 118
gravitinos, 38
gravitons, 38, 250
vectors, 25
Yang–Mills theory, 32, 118

Fierz identity, 22
fine structure constant, 3
forward limit, 139, 151–155

gauge invariance
polarization vectors, 25

generalized gauge transformation (BJC), 275
generalized unitarity, 125, 162

Gervais–Neveu gauge, 30
gluino, 39
gluino–gluon interaction, 39
gluon amplitudes

MHV classification, 43–44
N = 1 supersymmetry Ward identity, 76
N = 4 supersymmetry Ward identity, 80

gluon tree amplitudes
3-point, 33
CSW, 65–67
helicity violating, 76
MHV, 33, 44, 96
NMHV 5-point from BCFW, 57, 58
NMHV 6-point from BCFW, 59–61

Gr(k, n), 185
Grassmann delta function, 84, 85
Grassmann variables ηA , 80
Grassmannian, 185

orthogonal, 246
residue theorem, 60, 193

Grassmannian integral
momentum space form, 185, 186
supertwistor form, 184

gravi-photon, 255
gravitino, 38, 254
graviton tree amplitudes

3-point, 40, 251
4-point, 40, 59, 251
all-minus from R3, 40
BCFW, 65
CSW, 68
MHV classification, 44
n-point MHV, 252

gravitons, 38, 40, 250
gravity=(gauge theory)2, 36, 41, 59,

253–256

helicity, 16, 19
helicity amplitude, 20
helicity operator, 98
helicity violating, 42–44, 76–77, 252
Higgs-gluon fusion, 41
higher derivative operators

D2k Rn , 262, 266
F3, 40
R3, 40, 263
R4, 263, 265, 267–268
R5, 265

incidence relations, 101, 107
infinity twistor, 202
inversion, 99
inversion (dual space), 104
IR divergence, 120–124

Jacobian, 165
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κ (gravitational coupling), 40
κCS (Chern–Simons level), 224
Klein–Gordon equation, 41
Kleiss–Kuijf relations, 35, 276
KLT relations, 41, 59, 253
Kostka number, 85

Lagrangian
gravity, 40, 65, 249, 250
N = 4 SYM, 77
φ4, 64
QCD, 30
QED, 26
scalar-QED, 29, 62
supersymmetric chiral model, 69, 72
Yang–Mills theory, 30, 62
Yukawa theory, 19
Yukawa with Majorana-fermion, 24

λi λ̃i , 18
large z, 52

gluon amplitudes, 54, 61
graviton amplitudes, 252

Leading Singularity, 162, 164
composite, 173
in 3d, 242

link variables, 183
little group

3d, 218, 223
4d, 37, 218
6d, 218, 219
D dimensions, 216

little group scaling, 37–41
determines 3-point amplitudes, 38–39

locality, 39, 44, 51, 181, 193, 194, 206, 214
loop amplitude, 118
loop-integral, 118
loop-integrand, 118, 138–141

4-point MHV, 162–167
5-point MHV, 170
n-point MHV, 171

low-energy theorems, 258, 267, 269

Mandelstam invariants, 23
massive particles, 259, 295
matrix element, 41
maximal cut, 127, 161
MHV

3-gluon, 33
3-graviton, 251
ABDK/BDS Ansatz, 136–137
BCFW proof (gluons), 54–57
classification gluons, 41–44
classification gravitons, 44, 252
classification with SU (4), 80
definition, 43
gluon tree amplitude, 33, 44, 96

graviton tree amplitude, 252–253
N = 8 supergravity superamplitude, 257
superamplitude tree-level, 84, 96
superamplitude 1-loop 4-point, 130,

132
superamplitude 2-loop 4-point, 135
superamplitude 3-loop 4-point, 136

MHV vertex expansion, 50, 65–68
moduli space, 78
Møller scattering, 2
momentum

complex, 17, 37
real, 17, 37

momentum conservation, 3, 23
momentum supertwistors, 110, 142
momentum twistors, 107–113, 138–159
multi-peripheral form, 275

n-gluon tree amplitude, 33, 44, 96
n-graviton tree amplitude, 252–253
n-simplex, 203

volume, 205
N = 1 super Yang–Mills, 73
N = 1 supergravity, 255
N = 2 super Yang–Mills, 73
N = 2 supergravity, 255
N = 4 super Yang–Mills, 64, 73, 77–86

spectrum, 79
Ward identities, 79–80

N = 4 supergravity, 255, 289, 293
N = 8 supergravity, 256–258, 261–269

UV structure, 261
natural units, 2
NK MHV

definition, 44, 80, 252
sector, 80
superamplitude, 83
tree superamplitude, 146–149

NMHV
definition, 44
gluon amplitudes, 57–61
superamplitude (tree), 93, 111, 112
superamplitude 1-loop 6-point, 134

no-triangle, 131
non-linear sigma models, 295

off-shell superspace, 81
on-shell amplitude, 3
on-shell condition, 2, 15
on-shell diagram, 175

in 3d, 242
on-shell superspace, 80–82
orthogonal Grassmannian, 246

Parke–Taylor formula, 33, 44, 96
inductive proof of, 54–57
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partial amplitude, 31
Passarino–Veltman reduction, 127
pentagon integral, 169
perturbative gravity, 249
perturbative N = 8 supergravity, 261
φ4, 64
photon decoupling identity, 35
planar, 118
Poincaré algebra, 69
Poincaré generators, 95
polarizations

spin-1, 25, 38
spin-2, 38, 250

pole at infinity, 52, 144
polylogarithms, 118
polytopes, 202
propagator matrix, 278
pure gravity, 250
pure spinor formalism, 270
pure supergravity, 255

QCD, 8, 30
QED processes, 2, 25–30

R-invariant Ri jk , 92, 104, 109–111
R-symmetry, 73, 78, 258
R3, 40, 263
R4, 263, 265, 267–268
R5, 265
ratio function, 133
rational terms, 129
real momentum, 17, 37
reality condition, 17
recursion relations

BCFW, 50, 53–62
boundary term (absence of), 52
CSW, 50
in momentum twistor space, 142–159
off-shell vs. on-shell, 50
shifted momentum, 51
super-BCFW, 86–94

reference spinor, 25
choosing, 27
in CSW, 65–67
independence of, 26, 29, 45

reflection identity, 34
region variables, 103
relation angle square spinors, 17
remainder function, 136
renormalization, 120
Risager shift, 65, 68
RSV connected prescription, 194

s, t , u, 23
S-matrix, 7, 122, 125
scalar integrals, 122

scalar theory λφ4, 64
scalar-QED, 29, 58, 62
Schouten identity, 24, 25
selectrons-spositrons scattering, 29
shifted amplitude, 51
shifted momentum, 50, 51

BCFW, 53
valid (good) shift, 52

sigma model, 41
simplex, 203

volume, 205
soft factor, 46
soft function, 46
soft limits

loop-level, 121
tree-level, 46, 47, 61

special kinematics, 27
3d, 223, 225
6d, 220
BCFW, 55

spin sum, 23
spin-sum completeness, 18
spinor helicity formalism

3d, 223
4d, 17
6d, 219
massive particles, 295

split-helicity, 59, 61
splitting function, 48
spurious pole, 45, 61
square bracket, 20
square move, 167, 175
square spinor, 17
string theory amplitudes, 295
subamplitude, 49, 52
super Yang-Mills, 63, 64

N = 1, 73, 75, 77
N = 2, 73
N = 4, 73, 77–86
N < 4, 294

super-BCFW, 86–94
in 3d, 233–238
in momentum twistor space,

142–159
shift, 86

super-Poincaré, 70
super-QED, 73
super-sum, 86, 87, 130
superamplitude, 82–86

ABDK/BDS Ansatz, 136–137
MHV classification, 82
MHV tree, 84, 96
MHV 1-loop 4-point, 130, 132
MHV 2-loop 4-point, 135
MHV 3-loop 4-point, 136
NK MHV tree, 94, 146–149
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NMHV tree, 93, 111, 112
MHV 1-loop 6-point, 134

supercharges, 69–74, 76, 79, 81–84
superconformal symmetry, 78

3d, 226
dual, 95, 102–113
ordinary, 95–99

superfield, 81
supergravity

N = 1, 255
N = 2, 255
N = 4, 255, 289, 293
N = 8, 256–258, 261–269
N = 8 superamplitude, 257
N = 8 UV structure, 261
UV structure for various N , L , and D,

269–271
supermomentum conservation, 84
supermultiplet, 72–73
supershift, 86
superspace

off-shell, 72
on-shell, 80–82

supersymmetry, 69
algebra, 70
central charge, 73
extended, 72, 73
R-symmetry, 73
transformation, 69

supersymmetry Ward identities, 73–77,
79–80

gluon MHV amplitudes, 80
gluon–gluino MHV, 77
helicity violation, 76, 252
N = 1 chiral scalar model, 73–75
N = 1 SYM, 75–77
N = 4 SYM, 79–80
NMHV, 77

solution, 85
supergravity, 252, 256

supertwistor, 100
superwavefunction, 80–82

the Symbol, 137
θi j

definition, 93
dual space θi , 104

transcendentality, 119, 134, 137, 240
triangle integral, 123, 124
twistor, 100, 102, 296
twistor string, 101, 193, 248

U (1) decoupling identity, 34, 276
unitarity, 7, 125, 214
unitarity cut, 125
UV divergence, 119, 120

vevs, 78, 250

Ward identity (gauge), 25
Ward identity (supersymmetry), 73–77, 79–80
Weyl equation, 17
Wilson loops, 295,

�i jk (definition), 92

Yang–Baxter move, 244
Yang–Mills theory, 30–37, 62
Yangian, 106, 181, 238
yi j

definition, 90, 93
dual space yi , 103

Young diagram, 85
Yukawa theory, 19

zone variables, 103
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