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Fermat's method of factorisation
PETER SHIU

1. Introduction

On 7 April 1643,Fermatwrote the following intriguing letter (see[1])
to Mersenne:

You askwhetherthe number10089559816% prime or not, and
for a methodto decide,within a day, whetherit is prime or
composite. To this question| answerthat the number is
composite beingthe productof 898423and 112303,which are
primes. | remainalways,reverendrather,your very humbleand
very affectionate servant. Fermat.
It seemdikely that Fermathad claimedthat he could factorisenumbersup
to about 10", and that Mersennethen constructedthe two primesin the
letterandsentthe productasa challengeto him. No oneknowshow Fermat
managed to find the factors ‘within a day’.

Fermatdisclosedpartially his methodof factorisation,which appliesto
any odd composite numbhlr One tries to find integesandB such that

N=A~A-B
so that two factors fax are given by
P=A-B and Q=A+B

The time, or effort, involved is spentalmostentirely on the squaretest,

which amountsto checkingwhetherthe square-rootof a numberis an

integer. Thetestis appliedto A2 — N with successivevaluesof A > VN,

sothat B? is delivered,but the methodis viable only whenthereis success
with A neary/N.

For Mersenne'schallengenumberN, the squaretest is applied with
every A > +/N > 317640, until successcomesat A = 505363, so that
N = A? — B? with B = 393060, yielding the factorsP and Q in Fermat's
letter. ObviouslyFermatdid notapply 187723squareests,sohe musthave
had some tricks up his sleeve. It is our speculationthat he knew the
enhancement of his method we consider here.

2. An enhancement of the method

If X2 —y? = 1 (mod 4) thenx hasto be odd, andif x> — y* = -1
(mod4) thenx hasto beeven. Similarly, if x> — y* = 2 (mod3) thenx has
to be a multiple of 3. Such observationdead us to an enhancemenbf
Fermat'smethodof factorisationbecausein generalwe havethe following
proposition,which canbe deducedrom a well-known resulton difference
sets associated with quadratic residues (see, for example, [2]).
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Proposition For anodd prime p not dividing d, the numberof solutionsin
x (modp) to the congruencex? — y? = d (modp) is (p + 6)/2, where
6] = 1,3;if p = 3 (mod4) then|g| = 1.

18. Thenx? — y* = 18 (mod 19)

Take, for example,p = 19, d =
+2, +4, +5, +9 correspondindo x> = 0,

hasthe nine solutionsfor x = 0,
4,16,6,5y° = 1,5,17,7, 6.

Now, in Fermat's method, for each odd prime p not dividing
N = A2 — B? there are, accordingto the proposition, only about p/2
admissiblevaluesfor A (mod p). Applying the argumentto n odd primes,
the processshouldreducethe numberof squaregestsby a factorof about2".
More specifically,let g be the chosenodd primes,D = []p, anda; bethe
correspondingpossible values for A (mod p). Then, by the Chinese
remaindertheorem (CRT), each vector a = (ay, @, ... , a,) delivers a
solution to the system of simultaneous congruences

A = g (modp), i=1 2 ...,n,
in the formA = r (modD), where0 < r < D. We may then write
A=kD +r, k=012 .., r e R,

where® is a setof possibleremaindersleterminedrom the CRT. Foreach
k, we need only perform the square tesjin= D/2"values ofA? — N.

Roughly speaking the reductionin the numberof squaretestsis paid
for by the repeateduse of the CRT. The enhancemenprovides an
interestingexercisein computerprogrammingbecausejn common with
many interestingproblemsin computationalnumbertheory (such as the
countingof prime numbers)thereis a tradeoff betweenthe time usedand
the amount of memory space being available in the search for the solution.

3. An example
In his Disquisitiones ArithmeticaeSauss chos&l4159265 = 3>.5-7N, where
N = 997331,
to illustrate severalof his factorisationmethods;see§8329-334in [3]. We
now take this N as our first example. The solutionsto A (mod p)
correspondingto N (mod p) are given in the following table—notethe
agreement with the proposition.

p N (modp) A2 (modp) A (modp)
2 3 (mod 4) 0 (mod 4) 0

3 2 0 0

5 1 0,1 0,1

7 6 0,1 0,+1
11 5 3,59 +3, +4, +5
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Thus,we knowthat6 | A, sothatwe needonly considep = 5, 7, 11, with
the correspondingvector a = (a, b,c), where a,b =0, + 1, and
c = +3, +4, +5. The sefk can now be determined from the CRT.

Ignoring p = 11 for the moment,sothata = (a, b), andthereare 9
systems of two simultaneous congruences A = x (modp), where
p,x) = (5 @), (7, b). Togetherwith A = 0 (mod 6), the CRT then
delivers

A=kD+r, D=2357=210, r € % = {0,6,36,84,90,120,126,174,210} .

The square test is now applied to A> — N = (210k + r)? — 997331,
startingwith k = [+/997331/210] = 5. Thus,for eachk > 5, andr e %,
we test the numberuntil the square3863? emergeswith k = 19, r = 0,
delivering

A = 3990, B = 3863, P = 127, Q = 7853
the number of tests being appliedi8 — 4) x 9 + 1 = 127.

If weincludep = 11thenD = 2310, andtherearenow 54 systemsof
3 simultaneouscongruenceshut the number of squaretests should be
reduceddown to about 70 accordingto our prediction. Thus, using the
CRT, we find that

* ={6, 36,84,126,204,216,246,294,300,336,414,426,456,

510, 546, 624, 630, 666, 720, 756, 840, 876, 930, 960, 1050,

1086, 1140, 1170, 1224, 1260, 1350, 1380, 1434, 1470, 1554,

1590, 1644, 1680, 1686, 1764, 1800, 1854, 1884, 1896, 1974,

2010, 2016, 2064, 2094, 2106, 2184, 2226, 2274, 2304};
the squaretest again delivers A = 3990, at k = 1, r = 1680. When
k = Owe needto haver > [+/997331| = 999, sothatthe numberof tests
is30 + 38 = 68.

Without the enhancementhe requirednumberof squaretestsis about
3000. We notethatA = 0 (mod?2, 3, 5, 7), but this is not contrivedluck.
As we alreadynotedin x?, we alwayshavea ‘free-ride’ for p = 2, anda
furtheronefor p = 3if N = 2 (mod3); also35 | Ais usedonly asoneof
9 possibilitiesin our search. In any case,we chosethe example by
following Gauss!

4. Fermat's factorisation dil = 100895598169

We speculatghat Fermatwas well awareof our enhancemengnd he
would evenhavethe resultsof frequentlyusedcalculationgabulated. Thus,
for eachodd prime p < 20, say,andd z 0 (mod p), Fermatwould have
constructedtables for all the possible values of A (modp) satisfying
A’ — B? = d (modp). On receiving the challengeN = 100895598169
from Mersenne, he could quickly jot down the following:
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p N (modp) A? (modp) A (modp)
2 1 (mod 4) 1 (mod 4) 1
3 1 1 +1
5 4 0,4 0,+2
7 2 4 +2
11 3 1,3,4 +1, 2, +5
13 2 1,312 +1,+3,+5
17 7 8,9, 15, 16 +3, +4, 5, +7
19 9 1,6,7,9,16 | =+1,+3, +4, £5, +8

The productof the primesupto 17 is 510510 > v/N, andwe knowthatA is
odd. Fromthe table,thereare2 x 3 x 2 x 6 x 6 x 8 = 3456 vectors
a = (ay, a, as, au, as, ag) correspondindo 3 < p < 17, sothatthereare
3456 systems of 6 simultaneous congruences to be solved.

Facedwith sucha dauntingtask it is likely that Fermatwould first
considera; = a4 = & = 1, giving A = 1 (mod 858), so that there are
only 3x2x 8 =48 systems of 3 simultaneous congruences
correspondingo a = (1, a, as, 1, 1, a) to solve. For eachof the 48
possible solutions with A > +/N > 317640, he had to check whether
A2 — N is a square. Fermatknew so much aboutsquaresthat he could
easily dismissnumbersof this size, or knew that he had found a solution.
Thus, well ‘within a day’, he would have found that
a = (1,-2 -2, 1, 1, 4), correspondingto A = 505363, delivers the
factors forN in his letter.

Indeed, noting that A = 1 (mod 19) is admissible,whereasA z 1
(mod 17), Fermat might have taken the former, and ignore p = 17
altogether.If hedid thenhe only had6 systemgo dealwith, butthatwill be
more than speculating.

5. The factorisation oF; = 22 + 1
Presumably Fermat was so convinced that ‘his’ number

N =F = 2° + 1 = 4294967297

was prime that he madeno seriouseffort to factoriseit. The numberwas
factorisedby Eulerin 1732,using his discoverythat a prime factor p of F5
hasto satisfyp = 1 (mod 128); apparentlyFermatmight haveknown this
already,but he did not makeuseof it. Indeedthereareseverakimpleways
to discoverthe prime divisor 641 of Fs; we continueto useFermat'smethod
for illustration.
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If P=1 (mod 128)thenQ = PQ = N = 1 (mod 128), so that
2A = P+ Q = 2 (mod 128), and henceA = 1 (mod 64). Allowing
ourselves to writp = 64 we have the table below.

p N (modp) A2 (modp) A (modp)
64 | 1(mod128) | 1 (mod 128) 1

2 0 0

2 1 +1
7 5 0,2 0,+3
11 5 3,5,9 +3, +4, £5

Thefirst two rows of thetableshowsthatA = 129 (mod192). Forp = 3,
5, 7 therearenow 2-3-6 = 36 vectorsa = (a, b, c) to dealwith. Setting
D = 1925711 = 73920, the CRT then delivers the 36 numbers in the set

% = {129, 1281, 4161, ..., 21249, 24129, 25281, ... ,68481,71361,72321}.

With A=kD+r, r e ®, the square test then shows that
A2 — N = 33498882 when A = 3350529 at k = 45, with r = 24129, the 15th
memberof % accordingto size, which correspondgo a = (-1, 0, -5).
The factorisation P = 641, Q = 6700417 is found with fewer than
46 x 36 = 1656 square tests.

6. The factors foFg = 2 + 1

It hasto be saidthat the methodbecomesxtremelytediouswhenN is
no longer small, and perhapshopelesslyso when N > 10%, say. We
illustrate the difficulties involved by considering the sixth Fermat number

N=F=2"+1=2%11= 18446744073709551617,

which wasfactorisedby F. Landryin 1880, ‘after severalmonthsof work’
at the age of 82. Meanwhile Euler's discoveryhad beengeneralisecby
E. Lucasto p = 1 (mod2"*?) for prime divisorsof F,. We canthenuse
A = 1 (mod 128), togetherwith the entriesin the following table;we also
note that/N = 2% = 4 x 10°

p [N (modp) A2 (modp) A (modp)
128 1 1 Lucas: 1
2 0 0
5 2 1 +1
7 3 0,4 0,+2
11 6 0,4,9 0,+2,+3
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13 4 0,1,3,4 0,+1, £2, +4

17 2 0,1,2,4,15 0,1, 6, £2, +7
19 18 0,4,5,6,16 0,42, +9, 5, +4
23 7 0,2,8,9, 13,16 |0,+5, £10, £3, +6, +4

29 25 10,1,5,9, 16, 20, 24, 25

Excludingp = 29 for the moment, we set
D = Dy = 128-:357:11:13:17:19:23 = 14277943680,

anda = (ay, a, as, au, as, a, a;) correspondingo 5 < p < 23. Wethen
require

R = | = 23579211 = 187110

storesfor the possibleremainders. Anyway, with A = kD + r, success
comesat k = 2356 andr = 1375482369, the 18110 thmemberof Ry;,
delivering the factors

P = 274177 and Q = 67280421310721,
corresponding to

A = 33640210792449 B = 33640210518272.

The solutionvectoris a = (-1, 2, -3, 1, -7, -2, 6), and the numberof
square tests is abo2856 x 187110 = 5 x 108,

The numberof squareestscanbereducedoy includingp = 29, sothat
Dy = 414060366720put then|%yy| = 2806650 may be ratherlargefor a
small machine. We can, of course, partition %9 into 15 subsets®’
accordingto the valuesof A (mod 29) in the table. In otherwords,we can
run the ‘%®,3 program’15 timescorrespondingo eachof the possiblevalues
A (mod 29), with a speedup factorof 1/29 for eachrun. Succesgomeson
the run with A = 4 (mod 29), delivering A = kDy + r, atk = 81 and
r =10132108812%he 45832thmemberof the subsetr,y’. If we orderthe
possiblevaluesfor A (mod 29) by size,taking +4 for the sixth run, thenthe
time takenis lessthana quarterof that for the successfubearchusing D,3
andg{23.

7. Some relevant remarks on the method

What we call our enhancemenis well known to the expertson
factorisation. Anotherstandardrick is to replaceN by aN, wherea hasa
known factorisation andthe methodbecomesffectiveif Ais closeto v/aN.
Indeed, in the 1920s, M. Kraitchik gave a thorough reappraisalof the
method,dispensedvith the squaretest,and introducedradicalideaswhich
form the basisof modernfactoring algorithms. More information can be
found in the interesting article [4].

https://doi.org/10.1017/mag.2014.12 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2014.12

FERMAT'S METHOD OF FACTORISATION 103

For the factorisationof N < 10%, say, Pollard'sp-methodis probably
best. Much has beenwritten about this probabilistic methodin various
recenttexts (see,for example,[5]) so that we needonly report here that
N = 997331, 100895598169F;, F5 can be factorisedin ‘no time’ by the
method. More specifically,with our randomlychosenseeda = 73 for the
quadraticx> + a and the randomly chosenstarting point s = 7671, the
factorsfor N aredeliveredin fractionsof a secondon a smallmachinewith
only 13,42, 14, and 339 iterations,respectively. The numberof iterations
is, on average, proportional to the square root of the least prime divisor of

The substancef the presentarticle comesfrom my effort in trying to
understandthe mathematicsused in the factorisation of the Mersenne
numbeMg; = 25 — 1. Thefactorisatiorwasfoundby F. N. Cole[6], and
the accompanying tale is given in [7].
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