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Abstract

We continue our investigation of the fractal uncertainty principle (FUP) for random fractal sets. In
the prequel Eswarathasan and Han [‘Fractal uncertainty principle for discrete Cantor sets with random
alphabet’, Math. Res. Lett. 30(6) (2023), 1657—1679], we considered the Cantor sets in the discrete setting

with alphabets randomly chosen from a base of digits so the dimension & € (0, 2). We proved that, with

overwhelming probability, the FUP with an exponent > % - %6 — & holds for these discrete Cantor sets

with random alphabets. In this paper, we construct random Cantor sets with dimension ¢ € (0, %) inR via
a different random procedure from the previous one used in Eswarathasan and Han [ ‘Fractal uncertainty
principle for discrete Cantor sets with random alphabet’, Math. Res. Lett. 30(6) (2023), 1657-1679]. We
prove that, with overwhelming probability, the FUP with an exponent > & — %6 — & holds. The proof
follows from establishing a Fourier decay estimate of the corresponding random Cantor measures, which
is in turn based on a concentration of measure phenomenon in an appropriate probability space for the
random Cantor sets.

2020 Mathematics subject classification: primary 42A61; secondary 60F05, 60G57.
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1. Introduction

The uncertainty principle is a fundamental concept asserting that no function can be
simultaneously localized in both position and frequency. This principle carries pro-
found implications throughout mathematics and physics. Recently, Dyatlov and Zahl
[DZ] introduced the fractal uncertainty principle (FUP), which provides a quantitative
limitation on how a function and its Fourier transform may both concentrate near
fractal sets. Since its introduction, the FUP has become a central theme in Fourier
analysis and has deep connections with other fields, including chaotic dynamics,
spectral theory, and scattering theory.
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The FUP has been established in a variety of one-dimensional settings through
several distinct approaches: additive combinatorics [DZ, CT], Fourier decay of fractal
measures [BD1], dynamical techniques [DJ2, BLT], and Beurling—Malliavin theory
[BD2, C2]. Higher-dimensional extensions have also been obtained; see, for instance,
Han and Schlag [HS] and Cohen [C1, C2].

To illustrate one of its central applications, consider an open quantum system.
Resonant states oscillate while allowing energy to escape to infinity. The spectral gap
governs the slowest rate of decay, thereby determining the asymptotic rate of energy
dissipation with significant consequences for the stability of nonlinear wave equations.
Resonant states associated with the slowest decay typically concentrate near trapped
sets, that is, points that remain confined because of the underlying classical dynamics.
Because of the chaotic nature of such systems, these trapped sets exhibit a fractal
structure. The FUP imposes a quantitative restriction on the localization of resonant
states, leading directly to estimates for the spectral gap.

Two principal examples of chaotic systems illustrating this mechanism are as
follows. (1) Open baker’s maps, a canonical example of a discrete chaotic dynamical
system, where the trapped sets are Cantor sets. In this setting, the FUP leads directly
to a spectral gap for the corresponding quantum baker’s maps [DJ1, EH]. (2) The
geodesic flow on convex cocompact hyperbolic surfaces, a prominent example of a
continuous chaotic dynamical system, where the trapped sets correspond to Schottky
limit sets. The FUP established for these Schottky limit sets has contributed directly
to recent breakthroughs on the spectral gap for the Laplacian in this geometry [BDI1,
BD2, DZ]. For a comprehensive overview of the FUP and its applications to open
systems, as well as to eigenfunction estimates in closed systems, we refer the reader to
Dyatlov’s survey article [Dy].

We now state the formal framework of the FUP. Let 0 < & < 1 denote the semiclas-
sical parameter and define the semiclassical Fourier transform

1
V2rh

For h =1, this coincides with the standard Fourier transform ¥ := #;. The FUP
concerns estimates for the operator norm

MxFrlyllzm—r2®) (1-1)

where the A-dependent sets X = X(h) and Y = Y(h) C R have fractal-type geometry
characterized by d-regularity, following Dyatlov [Dy, Definition 2.2].

Fru(€) =

f e ™EMy(xydx  for u e C(R).
R

DEFINITION 1.1 (6-regular sets). Let 0 <6 <1, R>1, and 0 < @min < &max < .
A nonempty closed set X C R is called d-regular with constant R on scales @y, to
amax 1f there exists a locally finite measure vy supported on X such that, for every
interval / centered at a point of X with @, < || < @max,

RI1° < vy(D) < RIIP.

Here, |E| denotes the Lebesgue measure of a measurable set £ C R.
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Since 7, is unitary on L?>(R), we always have (1-1) = O(1). We say that X and
Y satisfy the FUP with exponent 8 > 0 if (1-1) = O(#*) as h — 0. The main goal in
studying the FUP for §-regular sets is to establish the existence of an exponent 8 > 0
and to determine the sharp exponent for which the FUP holds. The sharp exponent,
denoted by B°(X,Y), is the largest 8 such that (1-1) = O(h®) holds for all 0 < h < hy
with some /g > 0. It typically depends on the parameters ¢ and R in Definition 1.1
associated with the sets X and Y.

First, if X and Y are d-regular on scales & to 1 with § € [0, 1], then the FUP (1-1)
holds with exponent

Bvor = max({3 — 6,0). (1-2)

This quantity (1-2) is sometimes referred to as ‘the volume bound’, as it depends only
on the volumes of X and Y, namely |X|,|Y| < Ch'~?; see Bourgain and Dyatlov [BD2,
Lemma 2.9].

Improvements over the volume bound (1-2) have been obtained in various settings;
see, for example [DJ2, JZ]. The sets considered in these works are deterministic and
the improvement in the exponent is generally small (and either implicitly or explicitly
dependent on ¢ and R in Definition 1.1). In particular, the following theorem includes
explicit estimates on such improvements, which are exponentially small when 0 < § <
% [DJ2, Theorem 1] and superexponentially small when % <6 < 1[JZ, Theorem 1.2].

THEOREM 1.2. Let0 < § < 1 and R > 1. Suppose that X, Y are 6-regular with constant
R on scales h to 1. Then, the FUP (1-1) holds with an exponent 8 such that

5 By > (SR)~(40/6(1-0)) if0<s<i,
Y= Nexpl—exp(C(RS™' (1 = 5y )97 jf L <5 <1,

Here, C > 0 is an absolute constant.

REMARK 1.3. The FUP depends on the framework of Fourier transform . In
particular, a nontrivial function u and its Fourier transform #,u cannot both be
compactly supported. However, in the framework of the Walsh—Fourier transform,
such a phenomenon is allowed. In terms of the FUP, there are certain Cantor sets
of dimension % < 6 < 1 for which the FUP (1-1) does not hold with exponents greater
than By, (Which is zero in this case). This is due to Demeter [De].

In an ongoing project, we investigate the FUP (1-1) when the sets X,Y are
constructed via certain random procedures, and in these random settings, we aim
to prove the FUP with more favorable exponents than those in Theorem 1.2 for the
deterministic cases. Eswarathasan and the first-named author [EH] considered the
FUP for the random Cantor sets in the discrete setting. That is, let M,A € N such
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that M > 3 and A = M? with 0 < § < 1. Then, the alphabets of cardinality A from the
digits {0, ..., M — 1} form a probability space

AM,A)={Ac{0,...,.M -1} : Card(A) = A},

which is equipped with the uniform counting measure u;. Here, Card(A) is the
cardinality of A.

In [EH], an alphabet is chosen at random from A(M, A); then the discrete Cantor sets
are constructed using this alphabet (in each iteration step). Let ¢ € (0, 2). We proved
that, with overwhelming probability (that is, except on a subset of A(M,A) with expo-
nentially small measure depending on M, ¢), the Cantor sets with random alphabets
satisfy the FUP with an exponent § > % - %6 — &. It is a significant improvement over
the volume bound (1-2) for this random ensemble.

In this paper, we consider the FUP for random Cantor sets in the continuous setting
of R. We use a different random procedure to that in [EH] for the construction.
See Section 1.1 for the different random ensembles of Cantor sets, as well as the
comparison of approaches and results between the discrete and continuous settings.

Each Cantor set in R can be built via an iteration process. Let A(M,A) be as above.

Inductively define
1
B, = A_fﬂ where A € AM,A),

and for j > 2,
a
QzLJ@+Mfaeﬂ@}
bEqu

where A(D) € A(M,A) with b € B;_; are independent and identically distributed
random variables. In particular, Card(B;) = A/ for all j € N.
Write

Q:UP¢+#]mdc:Dquu (1-3)

bEBj

Hence, C; is a union of A/ closed intervals, each of which has Lebesgue volume of
M. Define also the Borel measure v; whose density function is given by

M
pj(x) = Eﬂcj(x) for x e R.

Finally, the weak limit v of v; as j — oo defines the Cantor measure which is supported
on C.

We next set up the appropriate probability space for the random Cantor set C and
the random Cantor measure v. In the first iteration, the probability space is given by
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A(M, A); in the j th iteration for j > 2, since Card(B;_;) = A’!, the probability space is
given by A(M LAY equipped with the uniform counting measure ;. Write

A% = I_I AM, A)A‘/fl equipped with the probability measure u® := 1_[ i (1-4)
Jj=1 Jj=1

Then, C is a random Cantor set and v is a random Cantor measure in R with respect to
the probability space A*.

It is obvious that each Cantor set C constructed in this way has Hausdorff dimension
_ logA
"~ logM

Moreover, each Cantor set C is 0-regular with constant R = 2 on scales 0 to 1, for which
one can simply choose the Cantor measure v in Definition 1.1; see [Dy, Example 2.6]
for the example of the middle-third Cantor set (that is, M = 3 and A = {0, 2}).

Consider the h-neighborhoods C(#) of C. Then, C(h) is é-regular with constant
R = 8 on scales 4 to 1; see [BD2, Lemma 2.3]. Therefore, for each Cantor set C, the
FUP (1-1) holds for X = Y = C(h) with an exponent 5 explicitly given in Theorem 1.2.

However, in the case when 0 < § < 2, we prove that, with overwhelming probability
(that is, except on a subset of A* with exponentially small measure), the FUP holds
for the random Cantor sets with much better exponents than those in Theorem 1.2.

0

€ (0, 1).

THEOREM 1.4 (FUP for random Cantor sets). Let 0 < § < % Suppose that M,A € N
such that M > 249 and A = M°. Then, for 0 < g < (6/2), there exists G C A™ with

uZ (A% \ G) < Cre"MIC
such that each Cantor set C from G satisfies that
IewFrlemllzeore < CRYP78M forall0 < h < M5,
Here, C > 0 is an absolute constant and C; = Ci(g) > 0 depends on &.
We also prove an FUP for the random Cantor measures v.

THEOREM 1.5 (FUP for random Cantor measures). Under the same conditions as
Theorem 1.4, the corresponding random Cantor measure v satisfies that

f e Oy (x) dv(x)
R

The proofs of the FUP in Theorems 1.4 and 1.5 are based on the following Fourier
decay estimate of the random Cantor measures.

. < Ch"™ull oy forallu € LY(R) and 0 < h < M™®,

THEOREM 1.6 (Fourier decay of random Cantor measures). Let 0 < 6 < 1. Suppose
that M, A € N such that M > 2“9 and A = M°. Then, for 0 < & < min{(5/2), %}, there
exists G C A™ with

HO(AZ\B) < Cre MO

https://doi.org/10.1017/51446788726101529 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788726101529

156 X. Han and P. Salekani [6]

such that each Cantor measure v from G satisfies that
|F (&) < ClE 12 forall |¢] > M*. (1-5)
Here, C > 0 is an absolute constant and C; = Ci(g) > 0 depends on &.

REMARK 1.7 (Fourier dimension and Salem sets). The Fourier dimension dimg E of
a Borel set E C R is the largest number s such that there is a finite Borel measure v
supported on E that satisfies that Fv(&) = O(1€]7“/?). We always have that dimg E <
dimy E, the Hausdorff dimension of E, because the strongest Fourier decay estimate
for a measure supported on E is O(|&|"@imi£/2)) We say that E is a Salem set if
dimg F' = dimy E. Salem [Sa] constructed the first example of such sets, which is
random in nature and is Cantor-like. See [M, Ch. 12] for more details.

The random Cantor measures in Theorem 1.6 satisfy (almost) the strongest possible
Fourier decay estimates, valid for the full range ¢ € (0, 1). However, these estimates
yield the FUP in Theorems 1.4 and 1.5 only in the more restricted range 6 € (0, 2).
Our construction of random Cantor sets is largely inspired by Shmerkin [Sh, Theorem
2.1], who established (almost) optimal Fourier decay estimates for a broader class of
random Cantor sets. In that setting though, the decay estimate for ¥ v(¢) was proved
only at integer frequencies, which is insufficient for our application, and the constant
C in (1-5) depends on the specific Cantor set.

Finally, we remark that the Fourier decay of random fractal measures is closely
connected to arithmetic progressions and Fourier restriction problems; see [LP] and
[LW] for further background and recent developments.

1.1. Random ensembles in the discrete setting and the continuous setting. Con-
tinue with our notation of A(M,A) with M,A e Nand A = M%, 0 < § < 1. We discuss
the FUP for different ensembles of Cantor sets. The boundary points of the Cantor set
in the continuous setting of R at each iteration j € N naturally define the Cantor set in
the discrete setting of

1 .
Zy = NZ/NZ with N = M.

This connection allows us to compare the approaches and results on the FUP in the
discrete setting and in the continuous setting. (We remark that for direct comparison
between the two settings, the discrete set Zy here differs to that in [DJ1, EH] by a
scaling factor of N.)

Ensemble 1. Let A € A(M,A) be randomly chosen. For j € N, define the discrete
Cantor set of order j as

J
a .
BjZ{ZlvlliazeﬂfOlel,---,J}
=1

for which the probability space is A(M, A).
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: : : | A={0,2}
—_ 2 L2 a0
012 012 012 012

22 e 4 A = {0,2}

FIGURE 1. The initial three iterations and the alphabet used for a Cantor set in Ensemble I. (The intervals
colored red are removed in the iteration process.)

| 0 : ! : 2 LA, = {0,1}

I 0 } ! } 2 } 0 } ! } 2 | Ay ={0,2}
FIGURE 2. The initial three iterations and the alphabets used for a Cantor set in Ensemble II.
| 0 : 1 : 2 {01}
| 0 : 1 : 2 : 0 : 1 : 2 | (0,2),{1,2}
L L L .t {1.2).{1,21.{0,2}. {0, 1}

FIGURE 3. The initial three iterations and the alphabets used for a Cantor set in Ensemble III.

Ensemble II. For j € N, let Ay € A(M,A) for [ = 1,...,j be independent and identi-
cally distributed random variables. Define the discrete Cantor set of order j as

J

a .

B={) S aedtori=1...j}
=1

for which the probability space is I—[Jl:1 AM,A).

Ensemble I1I. Let B; = (1/M)A with A € A(M,A). Forj > 2, let A(b) € A(M,A) for
b € Bj_; be independent and identically distributed random variables, and define the
discrete Cantor set of order j as

B =] {b+A%:aeﬂ(b)}

bEBj;l

for which the probability space is I—[J,;:] AM, A,

In each of these ensembles, the Cantor sets C in R are defined by (1-3). Figures
1-3 demonstrate (the initial iterations of) examples of the Cantor sets with M = 3 and
A=2.

REMARK 1.8 (The FUP for Cantor sets in the discrete setting of Zy). Let Fy be the
discrete Fourier transform that is unitary on *(Zy). For each j € N, the discrete Cantor
set B; € Zy. The FUP for Cantor sets in the discrete setting is concerned with the
estimate of the form

L5, Fn1gllpzy)—pay = ONP) asj— oo, (1-6)

where N™! = M~ — 0 plays the role of the semiclassical parameter.
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For the deterministic Cantor sets in Ensemble I, Dyatlov and Jin [DJ 1] introduced an
FUP theory and proved the FUP (1-6) with exponent 8 = (M, A) > By, for all M, A.
They also extensively studied the sharp exponent S,(M, A) in the FUP for different
M, A. On one hand, they found examples of M, A for which the FUP holds with the
exponent 1 — ¢/2, which is the best possible one. On the other hand, they also found
examples of M, A for which the sharp exponent 5,(M, A) = Bvol + oy(1); see [H] and
[K] for more recent constructions of Cantor sets for such examples.

For the random Cantor sets in Ensemble I, Eswarathasan and Han [EH] introduced
a probabilistic approach to the FUP and proved that for 0 < ¢ < %, Bs(M, A) > % -
%6 — & with overwhelming probability. The proof is similar to that used in this paper;
that is, it is based on establishing a Fourier decay estimate of the corresponding
discrete Cantor measure ¥; = Zbij 0p. However, the proof is simplified because of
the submultiplicativity property in the discrete setting: if j = j; + j», then

g N1 llezy—e@y < s, Fy s, la@y —eey) s, Py, s, 2@y, ey, ),

where N = NN, with N = M/' and N, = MP2. Hence, the estimate of the FUP at the
initial iteration j = 1 implies one for all iterations j € N. Indeed, the Fourier transform
of the discrete Cantor measure at the first iteration,

Fvi(m) where fi; = Z op = Zéa/M,

beB; acA

has decay for m € Zy; \ {0} for randomly chosen A € A(M, A), which is sufficient to
imply the FUP in the discrete setting.

For the deterministic Cantor sets in Ensembles II and III, one can prove an FUP
with exponents in Theorem 1.2, following an approach of Dyatlov and Jin [DJ2] to
reduce the FUP for the discrete Fourier transform ¥y to one for 7, with respect to the
discrete measures ¥;. Moreover, Dyatlov and Jin [DJ1] still supply examples of Cantor
sets for which the FUP holds with the best possible exponent (by simply choosing the
same alphabet at each iteration).

However, much less is known for the random Cantor sets in Ensembles II and 111
than Ensemble I. In particular, the submultiplicativity property is not necessarily true,
since different alphabets can be used in different iterations. Thus, one has to consider
higher iterations when proving the FUP via the probabilistic approach. This is open.

REMARK 1.9 (The FUP for Cantor sets in the continuous setting of R). All Cantor
sets C in each ensemble above are d-regular with an absolute constant R on scales 0
to 1 in Definition 1.1. Their A-neighborhoods C(h) are d-regular on scales i to 1. As a
consequence, the s-neighborhoods C(#) satisfy the FUP in Theorem 1.2.

Our main results in Theorems 1.4 and 1.5 are concerned with the random Cantor
sets in Ensemble 111, stating that if 0 < 6 < %, then the sharp constant g, > % - %6 -&
in the FUP with overwhelming probability.

However, for the random Cantor sets in Ensembles I and II, much less is known. In
particular, the Cantor measures in these ensembles do not necessarily have Fourier
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decay; that is, the Fourier dimension of some Cantor sets can be zero; see again
[M, Ch. 12]. The probabilistic approach to the FUP in these ensembles is open.

Moreover, for the deterministic case in all the above-mentioned ensembles, no
examples of Cantor sets are known to satisfy the FUP with the best possible exponent
1 — 6/2 in the continuous setting of R to the authors” knowledge.

1.2. Organization of the paper. In Section 2, we prepare the probabilistic tools
from concentration of measure theory for our proof of the main theorems. In Section 3,
we prove the Fourier decay of the random Cantor measures. In Section 4, we use the
Fourier decay to establish the FUP for the random Cantor measures and random Cantor
sets.

2. Probabilistic estimates

Recall that M,A € N with M >3 and A = M° with 0 <6 < 1, and that A(M, A)
(equipped with the uniform counting probability measure y,) is the probability space
of alphabets of cardinality A from the digits {0, ..., M — 1}.

In this section, we establish the probabilistic estimates, which are used to prove the
Fourier decay estimate of random Cantor measures; see Section 3. This involves the
estimate of

|
Card(S) ; F),

where S is a discrete probability space, and s € S are independent and identically
distributed random variables. In particular, the following function (2-1) appears
naturally in such an estimate.

Suppose that B is a finite set and A(b) € A(M,A) for b € B are independent and
identically distributed random variables. For N € N and € R \ {0}, define

1 iNnb
P E b)), 2-1
Card) 2 D) @1
in which
1 1 M-1
F I § —ina _ 7i17a. 2.0
0 Aue:ﬂe Ma: ‘ @2

Hence, (2-1) is a random variable with respect to the probability space A(M, A)Card®
equipped with the uniform counting measure u. The main estimate in this section is
the following theorem.

THEOREM 2.1. Let N € N and n € R\ {0}. Then,

#

Card(B)At?
&) forallt> 0.

Z eiNan”(ﬂ(b))‘ > t) < 2exP( -

1
Card(B) e 64 4+ §At
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We estimate F,(A) for A € A(M,A) and first observe that
|[Fp(A) <2 forall Ae AM,A). (2-3)

We next show that the random variable F,(A) for A € A(M,A) is concentrated near
its expectation at an exponential rate, and therefore satisfies a much better estimate
than the above trivial bound with overwhelming probability. It is a consequence
of the concentration of measure theory in the metric space A(M,A) established by
Eswarathasan and Han [EH, Section 2].
Set the metric in A(M, A) by
d(ﬂbﬂz) = Card(ﬂlAﬂg)
= Card(A; \ Ay) + Card(A; \ A;)  for A, Ay € AM,A). (2-4)

Here, A, AA,; denotes the symmetric difference. For a function F : A(M,A) — C, its
Lipschitz norm is defined by
_ |F(A) — F(AL)
IFllLip = max — o a

AL FoeAM A #A  d(Ay, Ay)

Under this setup, we have the following theorem [EH, Theorem 2.1].
THEOREM 2.2 (Concentration of measure in the space of alphabets). Let F :
AM,A) — Candt > 0. Then,

2
(A € AM,A) : [F(A) - E[F]| > 1)) < 2"“"1’( ) W)
Lip

in which E[F] is the expectation of F with respect to u;.

To apply Theorem 2.2 to F), in (2-2), we compute that

1
ElF,)] = —————— F,(A
LFs] Card(A(M, A)) ﬂeAZ(;} " oA
-1 M-1
M o e 1 |
_ - —ina _ —ina
() 2 GEe-wze)
AcAM,A) acA a=0
(5 3 e tSe
_ e~ima _ eina
A\A a=0 AcAM A),A>a M a=0
—~1 M-1 M-1
_ l M M-1 Z emina _ i e-ina
Ala) \a-1 M
a=0 a=0
M-1 M-1
— l eina _ l Z eina
M a=0 a=0
=0
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Here, we use the fact that for any fixed digita = 0, ..., M — 1, the number of alphabets
Ain A(M, A) that contain a is (}Xj .
To estimate the Lipschitz norm of F;, in (2-2), let A, A, € A(M, A). Then,

l Z e—ina _ Z e—ina

|F(A) — Fp(A)| = 2
acA, acA,

1

< — - Card(A | AA)

2 |

1

~d(Ay, A),

2 |

in view of the metric (2-4). Hence, ||Fl|ri, < (1/A). By Theorem 2.2, we therefore have
the following proposition.

PROPOSITION 2.3. Letn € R\ {0} and t > 0. Then,

A 2
(A € AM,A) 2 [Fy(A) > 1}) < 2exp ( _ 1_;)

An immediate consequence is an estimate on the variance Var[F)] of F;,.

COROLLARY 2.4. Letn € R\ {0}. Then,
Var[F,] < 32
ar —_—.
TTA
PROOF. Since E[F,] = 0, compute that
Var[F,] = E[|F, ]

= 2fmt-u1({ﬂ € AM,A) : |[Fy(A)| > 1)) dt
0

0 2
<4 f te~Ar10) gy
0

32
= -
We now prove Theorem 2.1 and need the following version of Bernstein inequality
from Bennett [B].

THEOREM 2.5 (Bernstein inequality). Let Xi,..., X, be independent and identically
distributed random variables with expectation zero. Suppose that for some C > 0,
IXj| < Cforallj=1,...,n. Then, fort >0,

l n
Pll- ) x;
- 2%
j=1
PROOF OF THEOREM 2.1. We apply the Bernstein inequality with n = Card(B) and
X(b) = eNVF(AD)

nt?

2 Y7, Var[X;] + %Ct)'

ZI)SZeXp(—
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for which X(b) < 2 from (2-3) for all » € B. Moreover,
32
E[X(h)] =0 and Var[X(b)] < o

Hence,

A

inb
Card(B) g}; e Fy(Ab))| = t)

Card(B)r? Card(B)Ar?
p(— 64—4):2ex (_ —4)'
T+ 35t 64 + 3A?

<2ex

3. Fourier decay of random Cantor measures

We derive the Fourier transform of the Cantor measure v supported on the Cantor
set C; see (1-3). Let £ € R\ {0}. Then,

lX

lim

1
\/ﬂj—)oo

Here, the density function p; of the measure v; assigns a measure of (M/|AV) to each of
the A/ intervals that defines C;. Hence,

b(1/ M)
GE «/ﬂ f i dy
beB;

oD+ /MINE _ ibg

MJ
V2rAI ;‘ —i&

l(e"f/Mj -1 (1 i
VI (Eze fI)'

bEBj

FHE) = lim F,(€) = i) dx.

Since Card(B;) = A/,

‘ (e—lf/M’ _ 1) 1 it l(e—lf/M/ _ 1) . M]
Ol < |~ (E;B,e ) < i c.mm{l,g},

in which C > 0 is an absolute constant; that is, it is independent of M, A, &, j. Here, we
use the fact that

—in _ -1
- _ O(1) asp—0 and i O(nl™) as Ipl = oo.
n n

This estimate of #v; is not strong enough to derive a Fourier decay of v. To do so, we
next compare the Fourier transforms of C; for consecutive j values, which requires a
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different way of computing ¥ v; as above. Let j > 2. Then,

1 M-l b
Fvi1(é) = — . f e~ dx
J mbEZB];l AL,

1 Mj—l M-1 fb+(zt+l/M/) i
- - —ixg g
= E — E e ™dx
V2n AT -

beB,., b+(a/ M)

Mi—1 M) i@ L/ ME _ pilh+a/MI))E

=@bz JIZ —i£

GB] 1
i M-1
= (e -1 €M) ( 1 Z e—ifh,ize‘ifa/Mf)
‘/_ 2méIMi AT beB,., M=

Similarly,

Fvi(é)

b(1/M))
. f e ™ dx
b

b+(a+1/M))
Z f e dx
b(a/ M)

ue:ﬂ(b)
M oD@ IMINE _ =ilb+(a/MI)E

-
mM
N

- -

;

J —
bEBj 1 A acA(b) lf

e -1 M 1) ( 1 —igp 1 —ifa/Mf')
D (LS ek 3 )

beB; acA(b)
Denoting i = ¢/M/, we have that

7:Vj(f) = Fvjimi1()

—i&/ M/ M-1
D [ 3 cofl 5 o 45w
2rE/MI LA beB;, acAb) M =
M-1
i(e” - 1) [ —ianb( 1 —ina 1 —ina
= - 1 e —_ e - — e )]
“ A 628;1 A ae;;b) M a=0
i(e™ — 1) o
REEYS g
hEBf_l
= G).

https://doi.org/10.1017/51446788726101529 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788726101529

164 X. Han and P. Salekani [14]

We use Theorem 2.1 to estimate G(n). First, compute that

,o_me - i(e”"7 -br1 ~iMinb

in_ | Minb, i
l(e\/_—) [A/ 1 Z e ™M (—iMIBF,(A(D)) + anFn(ﬂ(b)))]‘
bEB,-_1

Sincea € {0,1,...,M — 1},

beB;

M-1

1 . 1 .
AN = |7 Y (iae™) = = 3" (iae ™)

acA(b) a=0

<2M.

Since |F,,(A)| < 2 by (2-3) and B;—_; C [0, 1] with Card(B;_;) = A’"!, we have that

ne™" — i(e™M — DI

Z e—iM/nth(ﬂ(b))'

IG' ()| <
2P At )
e -1 | 1 P
(Wn . szBl e M”b(—lM]bFn(ﬂ(b))+8”Fn(ﬂ(b)))
€B;_y

< C-min{L, [g”"} + Cmin{1, |5|"'} - (M + M)
< C-min{l,[g""} - M
in which C > 0 is an absolute constant. Here, we use the fact that

_”] s _”] _ ]
e 1(2e ) =0(1) asnp—0 and
n

ne~m — (e — 1) _
e = 0(n[™") as |yl — co.

Next, we move on to estimating the following term in G(7):

1 A 1 — o 10
- Z e—zM ann(ﬂ(b)) = e—tM I]b(_ Z emima _ M Z e—n]a)’
a=0

j-1 J-1
A beB;_ A A acA(b)

beB;
which has a period of 2x. Thus, it suffices to consider this term only in the case when

n € (0,2n]. Let
0<L<A?!,

Set K as the smallest integer such that

27r \2rL

[:= ? A//2M/ .
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Then,

<K<

{ \2rAI2 M J
L

Divide (0, 2n] into subintervals of equal length /. Denote the boundary points of these
subintervals (except 0) by

oy
{ 3 J 1

me =kl inwhichk=12,... K.

We are now ready to apply Theorem 2.1 to 7;. Here, the probability space A(M ,A)Aji1
for C; is equipped with the probability measure y;. Take 7 = LA~U/?_ Then, there is

Q. ¢ AM,A)*" (depending on 1;) with

J-1. =(/2)y2 2
A A(LA ) )SZexp(—%)

A4\ Q) < 2exp( -
64 + ZA(LA0/)

such that for all C; in €,

] —iM/ —(
= M”k"Fm(?((b))‘ < LA™,
bEBj;l
Write
K
G = ﬂ . (3-1)
k=1
Then, for some absolute constant C > 0,
K
j-1 -1
uAMLAY N\ G < 3 AM, A\ Qi)
k=1
L2
<2K ( - —)
exp 3
AP L?
A o[ )

and for all C; in Gj,

1

yr=l <LAY? forallk=1,....K.

D e M, (Ab))

bEBj, 1

Hence, under the same conditions,

i(e‘i"k -1 1 —iMinb . -1 -2
Gl = |—F———| " | == e F, (ﬂ(b))‘ < C-minf{l, |7} - LA™,
Vory | 1A beZlel k

https://doi.org/10.1017/51446788726101529 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788726101529

166 X. Han and P. Salekani [16]

To pass the estimate for 7, k = 1,..., K, to that for all € (0, 2x], we use the mean
value theorem of G(n). That is, for each y € (0, 27, there is i, such that gy = — [ <

n < ng. Thus,
|G(x) = G(pl < sup |G ()] -1
Ze(nme)
- \2nL
- mi W

< C-min{l,|n~"}- M YV

< C-min{l, g™} - LA/,
Finally,

G| < 1G(p) = Gl + Gl < € - min(L, g~} - LA,
Recall that 7 = £/M/. We have established the following proposition.

PROPOSITION ~ 3.1. Let j>2 and 0<L <A, Then, there is
Gj ¢ AM, A" with

i1 APMI L?
uj(A(M,A)A \G)<C- I -exp( - E)

such that for all C; in G; (that is, {A(b) : b € Bj_1} are from G;),

M .
F V(&) = Fvj1(®)] < C - min {1, E} LA forall € € R\ {0}, (3-2)
Here, C > 0 is an absolute constant.
Let
0<e< %
For j > 3, set
L=1L;=M"".

Since (je/2) < (j/2 1) for all j > 3, we apply Proposition 3.1. Then, there is G; €
AM, A" with

= APMI L’
uAM, A\ G < C- L-ad—é)

7

such that for all C; in G, (3-2) holds.
Set G, = AM, A), G, = AM,A)*, and G;j forj > 3 be given in (3-1). Let

G= ﬁ GjC A~ = ﬁA(M,A)A"".
j=1 j=1
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Recall that A = M? with 0 < 6 < 1. Hence,

HUATNG) < ) pAMLAY T\ Gy)
j=1

C =
MS
<G exp( - ?)

Here, C > 0 is an absolute constant and C; = Ci(g) > 0 depends on &.
Now, suppose that C is in Gj that is, C; are in G; for all j € N; see (1-4). Then,

IF O] < [Fva(E)] + Z IFvi(&) = Fvi-1 (&)l

SC~min{ } ZC mm{ } LAY,

Divide the summation into the cases when j < J and j > J, in which

|l

Assume further that

0<e< ‘{6 1}
g <min{—, = .
- 2°3

Then,

J-1 ] '
=ZC-min{ } LA™ (’/2)+ZC mm{ } LJ»A*(’/Z)
= €1 1€l
J- 1
< CZ M(ze/2> A~/ CZ MUED A=G12)
J= j=J
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J-1 )
< Clg! Z MU-6=2/2) 4 ¢ Z M6-24l2
Jj=3 j=J
M(l—(5—8/2))l M—(é—a)l/Q
< s+ C
M1-6-8)/2 _ | 1 — M-©6-2)/2
<C M—(6=8)J/2 c M—(6-8)/2
SR VI B BV
< L . |§|—5—£/2
T l-Ms
< C|§|—(5—a/2

for some absolute constant C > 0, provided that M~©/* < 1. This can be guaranteed
by

M > 26419,
In this case, if |¢] > M*, then

IF VN < [Fva ()l + Z [Fvi(&) = Fvim1(©)l

Jj=3
< MRl + Cler o
< ClE2 + Cle e
< Clé;l—((s—s/Z)’

because 0 < 6 < 1.

REMARK 3.2 (Fourier decay estimates of v;). Note that for each j > 3,

j
IF Vil < [F o)l + Z IF Vi) = F Vi1 (E)l.
k=3

The Fourier decay estimate of the Cantor measure v in Theorem 1.6 also applies to the
Cantor measure v; at each iteration j € N.
Recall that the density function p; of the Cantor measure v; is given by

M
pi(x) = E]lcj(x) for x € R.
It then follows that
Al
Flc(é) = Mij(f) for all £ € R.

Hence, with the same conditions as Theorem 1.6,

Al
|F 1,6 < ngr“*/z) for all j € N and |¢| > M*. (3-3)
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4. From Fourier decay to the FUP

In this section, we prove the FUP in Theorems 1.4 and 1.5, following the approach
to the FUP by the Fourier decay suggested by Dyatlov [Dy, Section V]. See also
Bourgain and Dyatlov [BD1, Section 4], where they used the (generalized) Fourier
decay estimate of the Patterson—Sullivan measures to establish an FUP for the related
fractal sets (that is, the limit sets of Schottky groups).

We first prove the FUP in Theorem 1.5 for the random Cantor measures v:

4)—
TN 2ry— 2y < ChO/H-2,
where

Tu(é) = f e ®EMy(x) dv(x)  for u € LA(R).
R

Here, the Cantor set C is chosen from G ¢ A in Theorem 1.6 so that the correspond-
ing Cantor measure v satisfies the Fourier decay estimate:

IFvE) < Cle"®=5/2 for all |¢] > M*.
Note that
||T”L2(R)—>L2(R) ”T*T||L3(R)_>L§(R)7

where T*T is an integral operator with kernel

K = [ M v = Var (L),
R

The Fourier decay estimate of v in Theorem 1.6 implies that if [ — &/h| > M*, then

(77 & ) ’n—f
h h

Here, C > 0 is an absolute constant. Conversely, if | — &/h| < M*, then the trivial

estimate holds:

—(6-¢/2)

K& = V2r- = CHO-#)y — go-o1

<C.

K, (&)l = Var - ‘ffv(” —£)

By Schur’s test,

IT* Tl 2y 12w

£eR

< \/SHPflK & mldv(n) - SUPflK (& mldv(&)

~ sup fR 1K, (€. 7)) dv(n).

éeR
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Since v is supported on [0, 1], divide the integral to those on dyadic intervals of the
form

27 <Ip-é <27 withj=1,...,J,
where J is the largest integer such that 2/ > M*h. Then,

4 4
[ Losm) | log0'
log2 log 2

For each I ¢ R, v(I) < C|I|°. Hence,

Lm@ww@
J
<[ weeniom Y, [ ke
In—€l<M*h o1 Jrisin-g<2
J

< Clvltn 1y =& < MR + ) KOO (27 <y - 8] < 27
=1

J

j=1

< Ch(6_8/2)| log h
< Ch(6/2)—25’

provided that 1 < M8 (so (M*h)? < h/? < p0-2/2)),
From the Fourier decay of the Cantor measure v; in (3-3), we similarly obtain the

FUP
fe(ix-g/h)u(x) de(X) < Ch(6/4)78”u”L§_(R)' 4-1)
R La,- ) !
Set
1
L]
logM

Then, h ~ M~/ and since A = M?, the density function of v, is given by

MJ o—1
prx) = —7 1, () ~ 1™ g, (o).

To prove Theorem 1.4, observe that

MeamFrlemlle-rw) < e, Frlellre)-rw)-
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To estimate the right-hand side, assume that u is supported in C;. To apply (4-1), we

deduce
f MWy dvy )| =k f e Mu(x) dx
R L,®) c L5 ®)
~ p326-D f e‘(ix‘f/h)u(x) dx
c L*(C))
3/2(6—-1
~ 120D N2, Frull ey
and

1/2(6-1
||”||L§J(R) ~ h' )””HLZ(R)-
Hence, (4-1) implies
h3/2(6—1)+(1/2)”]1CJ7_~hu”L2(R) < Ch(5/4)—€ X h(l/Z)(6_1)||u||L2(R)-
That is,

1/2)-(3/4)5—
e, Faullp2my < CA 1D=GI3=2| 1y|| 2 gy,
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