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The main uniform convergence results of Hansen (2008, Econometric Theory
24, 726-748) are generalized in two directions: Data are allowed to (a) be het-
erogeneously dependent and (b) depend on a (possibly unbounded) parameter.
These results are useful in semiparametric estimation problems involving time-
inhomogeneous models and/or sampling of continuous-time processes. The use-
fulness of these results is demonstrated by two applications: kernel regression
estimation of a time-varying AR(1) model and the kernel density estimation of a
Markov chain that has not been initialized at its stationary distribution.

1. INTRODUCTION

Uniform convergence rates of kernel estimators have many useful applications, in
particular in semiparametric estimation problems. Recently, Hansen (2008) pro-
vided a set of strong results for the case where data are stationary and strong
mixing. In this note, we extend his results in two directions: First, we allow for
heterogeneous data where the random variables are nonidentically distributed but
still mixing. Second, data can potentially depend on a parameter, and we show
uniform convergence over both the domain of the data variables and the parame-
ter set. The main conclusion of this note is that as long as the mixing coefficients
and suitable moments of data are uniformly bounded as functions of the sample
size and the parameter, the results of Hansen (2008) still go through.

The first extension is useful in situations where data are nonstationary (but
mixing) and the distributions potentially vary with the sample size. Three spe-
cific examples where this situation arises are (a) time-varying models (Dahlhaus,
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Neumann, and von Sachs, 1999; Cai, 2007; Kristensen, 2008), (b) continuous-time
stochastic processes sampled at discrete time points where time between observa-
tions shrinks (Bandi and Phillips, 2003; Kristensen, 2009), and (c) Markov chains
that have not been initialized at their stationary distribution (Kim and Lee, 2004;
Yu, 1993).

The second extension addresses a situation that often appears in semiparamet-
ric problems where kernel estimators depend on the finite-dimensional parameter
of interest, for example, single-index models (Xia and Hérdle, 2006) and models
with generated regressors (Li and Wooldridge, 2002). Another important applica-
tion can be found in the recent literature on nonparametric simulated maximum-
likelihood and generalized method of moments (GMM) estimation (Altissimo and
Mele, 2008; Brownlees, Kristensen, and Shin, 2009; Creel and Kristensen, 2009;
Fermanian and Salanié, 2004; Kristensen and Shin, 2008).

Finally, we note that our results could probably be combined with those of
Kanaya (2008) to obtain uniform results under weaker moment conditions than
stated here.

In the following section, we present the main results. In Section 3, the useful-
ness of these results is demonstrated by two examples. The first is kernel regres-
sion estimation in the locally stationary AR(1) model, and the second is kernel
estimation of the stationary density of a homogeneous Markov chain that has not
been initialized in the stationary distribution. Both of these results appear to be
new. All proofs and lemmas can be found in the Appendix.

2. MAIN RESULT

Let (Y,l,i(y), X,,’i(y)) eRxRY, i = 1,...,n,n=1,2,..., beatriangular array of
random variables that depend on a parameter y € I' C R, We are then interested
in deriving uniform convergence rates of the following sample average:

2 1 Xn,i(y)—x
Yx;9)=—7= ) Vni)H) K| ———— |,

() = g 2 Vo) ( ;
where K : R? — R is some weight function and & > 0 is a bandwidth.

To state the conditions that will be imposed on the data, we first introduce
some additional notation: Let f,, ;(x;y) and f, ;;(x,y;y) denote the densities of
Xn,i and (Xn,i: Xn,j) and define -7:7{,1(3’) = ]:(Yn,i(y )s Xn,i (7 )a cees Yn,j (V )>
X, j(y )), i < j,as asequence of sigma algebras associated with the observed
sequences. Furthermore, for any triangular array W, ;(y) and for some M > 0,
define the following functions of y:

Bo(y) =sup sup f,i(x;7),
i,n xeRd

Bw,1 (7) =sup sup E [|W,; (y)|| Xni(7) = x] fui (x57), ey
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Bwa(y)=sup sup supE[|W, i)W ()| Xni(y) =%, X0 j(7)=1y]
noli—j|l=M x.,y

X fu,ij (6, ¥57), 2

where sup; ,, is short for sup, - sup;;,. We then impose the following condi-
tions on the data.

A..Forall y € I': The triangular array {(Y,,; (), X».i(y)) :i=1,...,n, n>1}
is strongly mixing, and its mixing coefficients,

an,i(y) = sup sup |P(ANB)—P(A)P(B),

—n<j<n Aeyrgﬁm(y),Bef,ﬁH(y)

satisfy a,,;(y) < Ai™" for some 0 < A, < oo (which do not depend on
nand y).

A.2. The random functions y — Y,;(y) and y > X, ;(y) are almost surely
differentiable with derivatives Y, ; (y) and X, ; ().

A.3. For some s > 2, uniformly over n and i,
EHYn,i(V)P} < 00, E[HYn,t(y)HS] < 00, E[’Yn,i(y)‘s||Xn,i(y)HS} < Q.

With d = d +k and for some g > 0, the mixing exponent £ in Assumption A.1
satisfies

PR l+(s—1)(1+ci/q+c?).
s—2

A.4. The functions defined in equations (1) and (2) satisfy
Bo) < Bo(1+17I1"),  Bw,;()<Bw,;(1+Iy17), j=12,

for some constants By, BW,I, Bw,z, A>0withW=Y,W=Yand YX.

A.5. There exist constants g > d and E’W’3 > ( such that

Bw,3(y) = supsup x| B [|Wa,i ()] | Xn,i () = x] fui(x;7)
in X

satisfies By 3(y) < Bw3 (1+1y |*) for W =Y, W =Y and Y X.

Assumption A.1 restricts the data to be strongly mixing and imposes uniform
bounds on the mixing coefficients as functions of n and y. We assume differ-
entiability in Assumption A.2 and then require that certain moments of the data
and their derivatives exist in Assumption A.3. We allow the parameter space I' to
be unbounded and the functions By ; () in Assumption A.4 to be unbounded
but with at most polynomial growth. This is particularly relevant in the case
of simulation-based estimators using kernel methods where y may contain past
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values of the observed process; in this case, one is normally not willing to assume
a compact support; see Brownlees et al. (2009) and Kristensen and Shin (2008).
When T is unbounded we will only be able to give uniform convergence over a
(growing compact) subset of I' that will depend on the polynomial bound A of
the functions By(y ) and Bw ;(y), j = 1,2, 3. Polynomial bounds are imposed to
simplify the uniform convergence results and can be exchanged for other bounds
as discussed later. Finally, Assumption A.5 is a strengthening of the bound im-
posed on By 1(y) in Assumption A.4 and corresponds to the condition imposed
in Hansen (2008, eqn. (21)) but is here required to hold for W = Y and YX in
additionto W =Y.

In the case where data are homogeneous and parameter independent, (¥, ; (y),

Xn,i (7)) = (Yi, Xi), Assumptions A.1-A.4 collapse to Assumptions 1 and 2 of
Hansen (2008). In particular, we have ¥ = X = 1 = 0. However, in contrast to
Hansen (2008), we do not impose stationarity, meaning, for example, that the
density of X; may depend on i, f;(x). More general assumptions regarding the
dependence of the data can be found in the paper by Andrews (1995), who allows
for near-epoch dependence. On the other hand, Andrews (1995) does not allow for
the distribution to depend on sample size and obtains less precise rates compared
to the ones stated here.

Because of heterogeneity, E[W (x; )] does not necessarily have a well-defined
limit as n — oo under Assumptions A.1-A.5. For example, in the case where K
is a standard kernel with [ K (z)dz = 1, in great generality it will hold that

n

E[Y () =n"" Y fui (s y)mai (x:7) +0 (1),

i=1
as n — oo, where m,, ; (x;y) = E[Y,;(y )| X,,i(y) = x]. To ensure that the sum
on the right-hand side has a well-defined limit, further restrictions have to be
imposed. In most applications, f,;(x;y) = f(x;y)+o(1) and m, ;(x;y) =
m(x;y)+ o(l), in which case E[Y (x; )] = f(x;y)m(x;y)+o(1). The exis-
tence of such a limit of E[‘i’(x; y)] is something that should be verified on a
case-by-case basis and, for example, holds under stationarity. However, we will
not impose any such restrictions here, because the main objective of this note is
to bound the variance of ¥ (x;y). For that purpose, Assumptions A.1-A.5 suf-
fice. Similar results can be found in Andrews (1995), where the object of interest
is a sum of densities/regression functions and no restrictions are imposed to en-
sure that this sum converges. In the two examples in Section 3, we verify that
E[‘i’(x; )] has a well-defined limit as n — oo.

Next, we impose regularity conditions on the kernel.

A.6.1. The function K satisfies |K (u)| < K < oo and [|K (u)|du < p < oo.
There exists A, L < oo such that either (a) K (1) =0 for |ju|| > L and |K (1) — K
@) < A or (b) K(u) is differentiable with |0K (u)/
ou| < Ay and, for some v > 1, |0K (u)/ou| < Ay |lul|~" for |jul| > L.

A.6.2. For some Ay < 0o, |K (u)| < Ay |lu|| ™" for ||ul| > L.
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Assumptions A.6.1 and A.6.2 are identical to Hansen (2008, Assump. 3) and
Hansen (2008, eqn. (22)), respectively. We are now ready to state the main result.
THEOREM 1. Assume that Assumptions A.1-A.4 and A.6.1 hold and with

_ Bp—1—d—d/g—(1+p)/G—1)
B4+3—-d—1+p)/G—-1)

the bandwidth satisfies log(n)/(nh?) — 0. Then with
cn=0 (log(n)l/znl/zq) . d,=0 (log (n)l/2nl/2q> :

(i) sup sup |¥(x;7)—E[¥(x;9)]l=0p (d,f log(n)/(nhd)>.

Ixli<cn Iy 1<dn

(ii) If additionally Assumptions A.5 and A.6.2 hold, then

sup sup [¥(x;7) —E[¥(x; 7)1l = Op <d,f\/1og<n)/(nhd)).

xeR |y lI<dy

Remark 1.

(a) The results can be extended to uniform almost sure convergence by chang-
ing the restrictions on S, 8, and ¢, as in Hansen (2008, Thms. 3 and 5).

(b) The polynomial bounds imposed on By ;(y), j = 0,1,2,3, can be
removed and the preceding results will still go through with rate

Op (B,, log(n)/(nhd)> where

B,= max  max sup Bw;(y).
W=w.,Y,YX j=0,1.2.3 ||y |<d,

(c) If By ;(y), j =0,1,2,3, are all uniformly bounded, then Theorem 1(ii)
holds uniformly over y € T.

3. TWO EXAMPLES

We here present two applications of Theorem 1 to discrete-time models where
data are not parameter-dependent. For applications of Theorem 1 with parameter
dependence, we refer to Brownlees et al. (2009), Creel and Kristensen (2009),
and Kristensen and Shin (2008), whereas Kristensen (2009) applies the result to
a continuous-time model.

We will in the following discussion implicitly assume that the kernel satisfies
Assumptions A.6.1 and A.6.2 and is of order r > 1: fK(z)zidz =0,i=1,...,
r—1,and [ K(2)|z|" dz < o0.
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The first example where Theorem 1 becomes relevant is in the nonparametric
estimation of time-varying regression models. Suppose that we have observed
Wi, i =0,1,...,n, from the following sequence of time-varying AR(1) models:

i .
Wn,iZa(n>Wn,i—l+3i9 l=19---5na

where the sequence {¢;} is assumed to be i.i.d.(0, %) with E[|&]*] < oo, 5 > 4.
The assumption of independent and identically distributed (i.i.d.) errors is
imposed for simplicity and can be relaxed to allow for dependent and mixing
errors under suitable conditions on the associated mixing coefficients.

The distribution of W, ; obviously depends on both i and n and will in general
be nonstationary. However, Orbe, Ferreira, and Rodriguez-Poo (2005, Lem. A.4)
show that when the autoregressive coefficient function a(s) is uniformly bounded

below one,
dmax = Sup la (S)l <1, 3)
0<s<l

then {W, ;} satisfies the strong mixing condition in Assumption A.1 and sup; ,
E[|Wp,i|'] < oco.
We consider the following kernel estimator of the function a:

¥() ZiaK (l/nh_r) Wi Wi i—1

a(t) =~ = :
= %0 K (L) w2

n,i—1

By defining X, ; =i/n € R (which for each n > 1 corresponds to i.i.d. draws from
a uniform distribution on [0, 1]), we can now apply Theorem 1 to both ¥, (r) and
¥, (7). However, because of boundary problems, the preceding estimator will be
asymptotically biased at each of the two endpoints of the time series, 7 = 0 and
7 = 1; see, for example, Kristensen (2008, 2009). We circumvent this problem by
only showing uniform convergence over the expanding interval 7 € [b, | —b] with
b — 0. Alternatively, one could instead use a local linear estimator or a bound-
ary kernel because these will not suffer from boundary biases (cf., respectively,
Cai, 2007; and Chen, 2000), but we here maintain the preceding estimator for
simplicity.

THEOREM 2. Assume that (i) a : [0, 1] — R is r > 1 times continuously dif-
ferentiable and satisfies equation (3) and (ii) E[|&;|*] < oo for some s > 4. Then
for any sequence b — 0 satisfying h/b — 0:

sup ]|&(t)—a(r)| = 0p (W) + 0p (\/log(n)/(nh)) .

7€[b,1-b

The second example considers the case where we have observed a d-
dimensional, time-homogeneous Markov chain {X;}. We assume that the Markov
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chain is geometrically ergodic such that a stationary marginal density, f(x),
exists. We then wish to estimate f (x). If the observed sequence is not initialized at
f(x), then it is nonstationary. For example, if the chain is initialized at X = x for
some given x € R? then P(X; € A) = Japi(ylx)dy,i=1,2,..., where p; (y|x)
is the i-step transition density,

P = [ (G o Gl @

with p1(y|x) := p(ylx), and p(y|x) being the transition density, P(X;y+1 €
AlX;) = [, p(y|x)dy. However, the distribution will converge toward the sta-
tionary one in the total variation norm, sup 4 |fA pi(ylx)dy— [, f(y) dy| — 0as
i — 0o, with geometric rate (cf. Meyn and Tweedie, 1993). So we expect that

R 1 X —
fm=mgk(hx)

will be pointwise consistent. However, for uniform convergence of f toward f
to hold convergence of p;(y|x) toward f(y) in the total variation norm does not
suffice. To obtain this, we have to strengthen the convergence to be uniform. This
is here done by imposing the so-called strong Doeblin condition:

Js 2 13p € (0, 1) : ps(ylx) = pf (), ©)
which implies that there exists a constant M > 0 such that
|Psi () = f (NI < MA=p)™" [ (), (©)

for all i > 0; see Holden (2000, Thm. 1). The preceding uniform convergence of
the transition densities as i — oo will ensure uniform convergence of f toward f.

THEOREM 3. Assume that (i) the Markov chain {X;} satisfies the strong Doe-
blin condition (5), (ii) y > p(y|x) is r > 1 times differentiable with 8" p( y|x)/0y"
being uniformly continuous for all x, and (iii) || y||? f(y) is bounded for some

q >d. Then
sup | £ ()= £ ()| = 0 () + 0 ( 1og<n>/(nhd)).
xeRd

Results similar to Theorem 3 can be obtained for kernel estimators of, for exam-
ple, the transition density, p(y|x), or conditional moments, E[g(X;)|X;—1 = x].

REFERENCES

Altissimo, F. & A. Mele (2009) Simulated nonparametric estimation of dynamic models. Review of
Economic Studies 76, 413-450.

Andrews, D.W.K. (1995) Nonparametric kernel estimation for semiparametric models. Econometric
Theory 11, 560-596.

https://doi.org/10.1017/50266466609090744 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609090744

1440 DENNIS KRISTENSEN

Bandi, F. & P.C.B. Phillips (2003) Fully nonparametric estimation of scalar diffusion models. Econo-
metrica 71, 241-283.

Brownlees, C.T., D. Kristensen, & Y. Shin (2009) Nonparametric Simulated Maximum Likelihood
Estimation of Dynamic Latent Variable Models. Manuscript, Department of Economics, Columbia
University.

Cai, Z. (2007) Trending time-varying coefficient time series models with serially correlated errors.
Journal of Econometrics 136, 163—188.

Chen, S.X. (2000) Beta kernel smoothers for regression curves. Statistica Sinica 10, 73-91.

Creel, M. & D. Kristensen (2009) Estimation of Dynamic Latent Variable Models Using Simu-
lated Nonparametric Moments. Manuscript, Department of Economics, Universitat Autonoma de
Barcelona.

Dahlhaus, R., M.H. Neumann, & R. von Sachs (1999) Nonlinear wavelet estimation of time-varying
autoregressive processes. Bernoulli 5, 873-906.

Fermanian, J.-D. & B. Salanié (2004) A nonparametric simulated maximum likelihood estimation
method. Econometric Theory 20, 701-734.

Hansen, B.E. (2008) Uniform convergence rates for kernel estimation with dependent data. Econo-
metric Theory 24, 726-748.

Holden, L. (2000) Convergence of markov chains in the relative supremum norm. Journal of Applied
Probability 37, 1074-1083.

Kanaya, S. (2008) Uniform Convergence of Kernel-Based Nonparametric Estimators for Continuous
and Discrete Time Processes: A Damping Approach. Manuscript, University of Oxford.

Kim, T.Y. & S. Lee (2004) Kernel density estimator for strong mixing processes. Journal of Statistical
Planning and Inference 133, 273-284.

Kristensen, D. (2008) Semi-Nonparametric Estimation and Testing of Time-Varying Regressions.
Manuscript, Department of Economics, Columbia University.

Kristensen, D. (2009) Nonparametric filtering of the realized spot volatility: A kernel-based approach.
Econometric Theory 25, forthcoming.

Kristensen, D. & Y. Shin (2008) Estimation of Dynamic Models with Nonparametric Simulated Max-
imum Likelihood. Manuscript, Department of Economics, Columbia University.

Li, Q. & J.M. Wooldridge (2002) Semiparametric estimation of partially linear models for dependent
data with generated regressors. Econometric Theory 18, 625-645.

Liebscher, E. (1996) Strong convergence of sums of a-mixing random variables with applications to
density estimation. Stochastic Processes and Their Applications 65, 69-80.

Meyn, S.P. & R.L. Tweedie (1993) Markov Chains and Stochastic Stability. Springer-Verlag.

Orbe, S., E. Ferreira, & J. Rodriguez-Poo (2005) Nonparametric estimation of time varying parameters
under shape restrictions. Journal of Econometrics 126, 53-77.

Xia, Y. & W. Hirdle (2006) Semi-parametric estimation of partially linear single-index models. Jour-
nal of Multivariate Analysis 97, 1162—1184.

Yu, B. (1993) Density estimation in the L°° norm for dependent data with applications to the Gibbs
sampler. Annals of Statistics 21, 711-735.

APPENDIX: Proofs and Lemmas

We first state two lemmas that will be used to prove Theorem 1. The first lemma is an
extension of Hansen (2008, Thm. 1).

LEMMA A.1. Under Assumptions A.1-A.4 and Assumption A.6.1, Var(W (x; 7)) <
O(y)/(nh) as n — oo where O(y) = © B(%()/)Bl2 vy +B2y(y)+ 1} < 00 for some

constant @ < OQ.
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Proof. We have
P (x:y)—E¥ (x;9)] = #Z'}:l Zpni (x,7),
where
Zaati) = K (=) y o)k [k (P 00 @
Thus,

2
nh?Var(¥ (x; 7)) = nhE {(nhld Yo Zni (¥ y)) ]

1 N )
= and b {(Ztﬁl Zn,i (x;y)) ]
1 & &2
= und N > E[Zyi (59) Zy,j (x39)]]- a2
=1 j=1

By following the arguments of Hansen (2008), we establish that
AR, li—jl<M
|E[Zp,i (x37) Zn,j (x57)]| < (,uZBy’z(y)—{—[tz(y )) 4. M<li—jl<h™®,
AR ()i = jIm G2/ h2ls - hd < i —

where 2(y) = K5~ uBy(y) By, 1(y). Plugging these bounds into the right-hand side of
equation (A.2) establishes the result. |

Next, we state a triangular version of Liebscher (1996, Thm. 2.1).

LEMMA A.2. Let Z,, ; be a zero-mean triangular array such that |Z,, ;| < by with
strong mixing coefficients o, (i). Then for any ¢ > 0 and m < n withm < &/(4by),

(3

z Zn,i

n
+4—an(m),
i=1 m

2
> ¢ | <4dexp ¢
6402 ,yn/m+8/3ebym

where a,%m _E[ "1 Zn, ]

In Hansen (2008, p. 739), Lemma A.2 is stated for the case of a stationary sequence Z;,
but the original result holds for triangular mixing arrays without imposing stationarity.
Proof of Theorem 1. Define

log (1) —1/(s—1
e w=a T A=) e ROl < cun 7 | < du

We follow the same steps as in Hansen (2008, proof of Thm. 2). Write

Xp,i -
LP(x y)_nhd ; (%)Yn,i@)ﬂ{‘)’n,i()’”STn}

nhd ZK( nl(V) x>Yn,i(V)H{‘Yn,i(V)‘>Tn}

i=1

ap =

=¥ () + P2 (x59),
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where the second term satisfies
5 (o -1 § s _
B[00 <er OV % [ 1K@IswpE (Y] [Xni () =5 = hu]
/R Ay
X fu,i (x —hu;y)du

<o 070 [ 1K @ldu

x{ sup SUpE [| Y, i ()| 1X0,i(0) =2] fu.i (z;y)}

1<i<n A,

< ury 7Y sup By,1(7)

17 [I<dn
=0 (and,f)
such that by Markov’s inequality, SUPy |y |<d, |‘i’2(x; y )| =0p (and,f). We can therefore
restrict our attention to ¥ 1(x), and we will in what follows call this ¥ (x; y) with ¥y, ; ()
bounded.

We split up the set Ay into N < cgd,ljh_d_kan_d_k balls of the form

Anj={0y):||x=xj]| <han, ||y =l < han}.

Define K *(z) as in Hansen (2008, proof of Thm. 2) and K **(z) := |K (z)|. Then

TniK (W) —Yni (7)) K (X”’(Vhf)_xf> ‘
J — Xn,i (i) —
Vi () K (W) ~Yoi (7)) K (W)‘
Xni (7j) = Xn,i (7j)—
Tni )X <(Z/)x> —Yui (7)) K <(Z/)x>‘

=81+ 5+3S53,

<

—+

+

where

o, ) —
st < s O )= s )l e (2226

=il ) s ) 157 (X(fl)_) ’
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X
SZ<HYnl(V) Y. i Vj !K**< n’l )

Hxk Xn,l
<Hy_VJHHYnz }’J !K ,
/ an i) —
S3SH}17”’Y’“(},]|K ( ,(Vh) x,>'
Defining
! - 5 Xn,i -
Wi ()= (nh?) X i )X (7)) K (%)
i - Xn,i -
37~ o) z<+)

= (o) s ) (R

we therefore obtain by the same arguments as in Hansen (2008, proof of Thm. 2)

1443

sup ¥ (e, 7) =% (o5 75) | = | (5 27) = B (5271 +[ 9] (27) BT (353)]
n,j

|5 (7)) —EL93 (x:7))]]

87 (22 ) ~ B0 (x:7)]

+2an (L9 (x3 7)1+ 1P (3 7) 14+ ELE™ (x39))1)

The last term is of order O(and,’}) because, by using the same arguments as in the proof
of Lemma A.1, E[lP;(x;y)] < /00y )/(nh®) and E[¥**(x; )] < /©**(y)/(nh?),
where ®}-“ (y)=0 (d,%i) and @**(y)=0 (d,%z). We now show that the first term converges

with the claimed rate; the three other terms involving W, W3, and W** are treated in
the same way because W = YX and Y satisfy the same conditions as W = Y. With

Zy,i(x;y) defined in Lemma A.1,

n 2
|Zni (x,7)| <bu:=Crn, E <Zzn,i(x,y)) <0y

i=1

such that, with m = a,; 71 Lemma A2 yields
» ( n M2log (n)d2*

Zy.i(x; —
2, Zni@7) 640(y) + 6K Md;;

i=1

> Mand,;lnhd> <4dexp

< 4n_M(64+6K) +4Anal+ﬂ H—ﬂ
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where the second inequality follows by choosing M > ©(y)/ dny' where

B3 (7)By () +1

sup ] —dZ/l
Iy lI<d, “n 1y 1<dn n

BiBy Iy 1% +1

<O sup

‘ —o(), n- oo
Iy 1l <dy da*

In total,
P <sup\i’(x;y)—E[\if(x;y)” > 3Man) —0(T)+0 (D),
A

where

Ty = ddkp=@+0 4 (d+k), —M (64-+6K) Ty = cdakp=(@+k) P Ay

We can now follow the same arguments as in Hansen (2008, proof of Thm. 2) to obtain
that both of these are o(1), because we have specified ¢, and d,, to have the same order
and @ has been chosen accordingly.

The second part follows along the same lines as Hansen (2008, proof of Thm. 3) by
extending his arguments in the same manner as we have extended those of Hansen (2008,
proof of Thm. 2). u

Proof of Theorem 2. We first verify that Assumptions A.1-A.5 hold. By Orbe et al.
(2005, Lem. A.4), {W,, ;} is strongly mixing with geometrically decreasing mixing coeffi-
cients. Thus, Assumption A.1 holds with ¥, ; = W, ;W, ;| and Y, ; = Wr%,i—l’
respectively, and X,, ; ~ i.i.d. U[0, 1] with f = +o00. Assumption A.2 is satisfied with
A =0 and any s > 2 as long as E[lei |2S] < 00. The densities f;, ; (x) =1{0 < x < 1} and
Sn,ij e, y)=I{0<x <1, 0<y<I} and

E (Wi Wit || X =x] =la ) [E[W2,_, ],
E[(Wn,iWni=1) (W, jWa j—1) |Xni =%, X, j =]

=lax)||la(y)|E [an,i—lwn,j—l} ,

which are both bounded such that Assumptions A.4 and A.5 hold. From Theorem 1, we then
obtain sup, o, 17| Pk (r) — E[¥k (2)]| = Op (log(n)/(nh)), k = 1,2. Next, by Dahlhaus
(1999), A, = E[W,ii] = A(i/n) +o(n™Y), where A(i/n) :=02/(1 —a%(i/n)). We
therefore obtain, using the same arguments as in, for example, Cai (2007), that uniformly
over the interval 7 € [b, | —b],

B (0] = 3 K (i/”h_’)a(i/n) [AG/m+o(n)] =vr@)+0 (1),

i=1

B (0]= Y K (i/”h_’) [A/m+o(n)] =20+ 0 (1),
i=1
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where W1 (7) = a(r)A(zr) and Wi (7) = A(r). By the mean-value theorem,

o=@ 80

R N R T

|2 ()= ¥2(0)]

where ¥y (1) € [P (1), ¥, (7)]. Because 7 — ‘P5(7) is continuous and positive, ¥ mip :=
inf o, 1) W2(r) > 0, and infrepp 1—p) W2 (1) = Y2 (1)] = Op(1), ¥a(r) = W2 min/2
almost surely as n — oo. Similarly, |V (r)| < Sup¢(o, 1] |‘P1 (r)|/2 almost surely. This
proves the result. n

Proof of Theorem 3. We check that Assumptions A.1-A.5 hold with Y}, ; = 1 under
the conditions imposed on the Markov chain: The Doeblin condition implies strong geo-
metric mixing (cf. Holden, 2000), and the uniform continuity of 6" p (y|x) /dy" implies
the same property of 6" p; (y|x)/6y" by the recursion formula (4). Finally, ||y||? f () be-
ing bounded at all y implies that ||y||7 ps; (y|x) is bounded uniformly over i > 1 and x,
where s is defined in equation (5):

IV psti (%) < U917 | psi (vh0) = F (D] + 1919 f ()

< {M(l—p)l_i+1} IyIl? £ (y),

where the second inequality follows by equation (6). We can here disregard the first s tran-
sition densities because these will not have an impact asymptotically as n — co. Theorem 1
now supplies us with the desired bound for the variance component.

Next, by standard arguments,

Ewun— /K@mu+mm&— S pixly)+ 0 ()
l—l l_l

uniformly over x and for any given initial value y. Because of the Doeblin condition, there
exist constants M < oo and p < 1 such that uniformly over x,

S\r—i

Z pi (xly)—f )] <= Z Ipi (x|y) = f )|+ sup f(z)

izl zeRd

1” S psyi (x1y) = f (%)
Z‘ + }

ni= f )
M n—s .
<= Z |pi (xy) — f(X)|+ o, F@x— 3 (1=p)"
"i=1 i=l1
=0(1/n),
where the second inequality again follows by equation (6). ]
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