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Abstract. We study thermodynamic formalism for the family of robustly transitive
diffeomorphisms introduced by Mañé, establishing existence and uniqueness of
equilibrium states for natural classes of potential functions. In particular, we characterize
the Sinaı̆–Ruelle–Bowen measures for these diffeomorphisms as unique equilibrium states
for a suitable geometric potential. We also obtain large deviations and multifractal results
for the unique equilibrium states produced by the main theorem.

1. Introduction
Let f : M→ M be a diffeomorphism of a compact smooth manifold. Among the invariant
probability measures for the system, thermodynamic formalism identifies distinguished
measures called equilibrium states; these are measures that maximize the quantity
hµ( f )+

∫
ϕ dµ, where ϕ : M→ R is a potential function.

Sinaı̆, Ruelle, and Bowen [9, 37, 40] showed that a mixing Anosov diffeomorphism
has a unique equilibrium state µϕ for every Hölder continuous potential ϕ, and that for the
geometric potential ϕu(x)=− log |det D f |Eu(x)|, this unique equilibrium state is the SRB
measure, which is the physically relevant invariant measure. The extension of this theory to
systems beyond uniform hyperbolicity has generated a great deal of activity [11, 21, 30, 38,
39, 44]. In this paper, we study a class of derived from Anosov (DA) partially hyperbolic
diffeomorphisms using theory developed by the first and third authors in [18]. The results
from [18] show that equilibrium states exist and are unique under the hypotheses that
‘obstructions to the specification property and regularity’ and ‘obstructions to expansivity’
carry less topological pressure than the whole space.

We consider the class of diffeomorphisms introduced by Mañé [26], which are partially
hyperbolic maps fM : Td

→ Td (d ≥ 3) constructed as C0 perturbations of a hyperbolic
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toral automorphism f A with one-dimensional unstable bundle. These maps are robustly
transitive but not Anosov; they admit an invariant splitting TTd

= Eu
⊕ Ec

⊕ E s , where
vectors in Ec are sometimes expanded and sometimes contracted. We give explicit criteria
under which fM , or a C1 perturbation, has a unique equilibrium state for a Hölder
continuous potential ϕ : Td

→ R.
In [17], we gave analogous results for the Bonatti–Viana family of diffeomorphisms,

which admit a dominated splitting but are not partially hyperbolic. Our results here for the
Mañé family are stronger; in particular, the fact that the unstable bundle is one dimensional
and uniformly expanding allows us to work at arbitrarily small scales and obtain large
deviations and multifractal results not present in [17]. Our proofs, which rely on general
pressure estimates for DA diffeomorphisms from [17], are correspondingly simpler. An
additional novelty in this paper is that we apply our results to a larger class of Hölder
potential functions by giving a criterion for uniqueness involving the Hölder semi-norm.
We emphasize that although we choose to focus on the Mañé class since it is a model class
of partially hyperbolic examples in the literature, our approach to existence and uniqueness
applies more generally and does not rely on one dimensionality of the unstable manifold
in an essential way, as is made clear in [17].

We need to control two parameters ρ, r > 0 in Mañé’s construction. We write Fρ,r for
the set of Mañé diffeomorphisms fM such that:
(i) f A has a fixed point q such that fM = f A on Td

\ B(q, ρ); and
(ii) if an orbit spends a proportion at least r of its time outside B(q, ρ), then it contracts

vectors in Ec.
The parameter r has a more intrinsic definition as an upper bound on a quantity involving
the maximum derivative of fM on Ec, and the construction can be carried out so r is
arbitrarily small. Our results apply to C1 perturbations of fM that are partially hyperbolic,
dynamically coherent, and satisfy (ii). We denote this C1-open set by Uρ,r . We describe
the Mañé construction and Uρ,r more precisely in §4.

We now state our main theorem. Here h is the topological entropy of f A, L is a constant
defined in §3.3 depending on f A and the maximum of dC0(g, f A) for g ∈ Uρ,r , and H(r)=
−r log r − (1− r) log(1− r).

THEOREM A. Given g ∈ Uρ,r and ϕ : Td
→ R Hölder continuous, let

9(ρ, r, ϕ)= (1− r) sup
B(q,ρ)

ϕ + r
(

sup
Td
ϕ + h + log L

)
+ H(2r).

If 9(ρ, r, ϕ) < P(ϕ; g), then (Td , g, ϕ) has a unique equilibrium state.

We then apply Theorem A by finding sufficient conditions to verify the inequality
9(ρ, r, ϕ) < P(ϕ; g). In §5.6, we show that for a fixed diffeomorphism in Uρ,r , every
Hölder potential satisfying a bounded range condition has a unique equilibrium state.

In §6, we obtain estimates on9(ρ, r, ϕ) and P(ϕ; g) in terms of the Hölder semi-norm
|ϕ|α of the potential. We apply these estimates to obtain the following theorem, which says
that the set of potentials for which Theorem A applies for g ∈ Uρ,r contains a ball around
the origin in Cα(Td) whose radius goes to∞ as ρ, r→ 0.
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THEOREM B. There is a function T (ρ, r; α) with the property that:
(1) if g ∈ Uρ,r and |ϕ|α < T (ρ, r; α), then (Td , g, ϕ) has a unique equilibrium state;

and
(2) T (ρ, r; α)→∞ as ρ, r→ 0.

As an immediate consequence, we see that for a fixed Hölder potential ϕ, there exist ρ, r
so that there is a unique equilibrium state with respect to any g ∈ Uρ,r .

Theorem B is proved using Theorem 6.1, which is a general lower bound on the entropy
of an equilibrium state with respect to f A in terms of the Hölder norm of the potential that
allows us to estimate P(ϕ; g) from below.

We apply Theorem A to scalar multiples of the geometric potential ϕu(x)= ϕu
g (x)=

−log‖Dg|Eu(x)‖. We obtain the following results.

THEOREM C. Let g ∈ Uρ,r be a C2 diffeomorphism. Suppose that

r(h + log L)+ H(2r) <min
{ supx∈Td ϕu

g (x)

infx∈Td ϕu
g (x)

h,− sup
x∈Td

ϕu
g (x)

}
. (1.1)

Then the following properties hold:
(1) t = 1 is the unique root of the function t 7→ P(tϕu

g );
(2) there exists a = a(g) > 0 such that tϕu has a unique equilibrium state µt for each

t ∈ (−a, 1+ a);
(3) µ1 is the unique SRB measure for g.

The quantity sup ϕu/ inf ϕu is uniformly positive for all Mañé diffeomorphisms, and the
construction can be carried out so sup ϕu

fM
and inf ϕu

fM
are both close to ϕu

f A
=−log λu =

−h, where λu is the unique eigenvalue of A greater than 1, so the right-hand side of (1.1)
is close to log λu . Thus, the inequality (1.1) holds when ρ, r are small. For a sequence of
Mañé diffeomorphisms fk ∈ Fρk ,rk with ρk, rk→ 0, it is easy to ensure that the Hölder
semi-norm of ϕu

fk
is uniformly bounded (for example by ensuring that the restrictions of

each fk to B(q, ρk) are rescalings of each other). In this case, applying Theorem B, we
see that a( fk)→∞ as k→∞ in (2) above.

In §8, we derive consequences of Theorem C for the multifractal analysis of the largest
Lyapunov exponent, and give an upper large deviations principle for the equilibrium states
in our main theorems.

We now discuss related results in the literature for partially hyperbolic systems,
which have largely focused on the measure of maximal entropy (MME). For ergodic
toral automorphisms, the Haar measure was shown to be the unique MME by Berg [4]
using convolutions. Existence of a unique MME for the Mañé examples was obtained
in [12]. For partially hyperbolic diffeomorphisms of the 3-torus homotopic to a hyperbolic
automorphism, uniqueness of the MME was proved by Ures [42].

The techniques for the results in the previous paragraph are not well suited to the
study of equilibrium states for ϕ 6= 0, which remains largely unexplored. When the
first version of the present work appeared [arXiv:1505.06371v1], the only available
references for this subject were existence results for a certain class of partially hyperbolic
horseshoes [25], with uniqueness results only for potentials constant on the center-stable
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direction [2]. An improved picture has emerged since then. Spatzier and Visscher studied
uniqueness of equilibrium states for frame flows [41]. Rios and Siqueira [36] obtained
uniqueness for Hölder potentials with small variation for certain partially hyperbolic
horseshoes, and Ramos and Siqueira studied statistical properties of these equilibrium
states [35]. Crisostomo and Tahzibi [20] studied uniqueness of equilibrium states for
partially hyperbolic DA systems on T3, including the Mañé family, using techniques very
different from ours, under the extra assumption that the potential is constant on ‘collapse
intervals’ of the semi-conjugacy.

The theory of SRB measures is much more developed. The fact that there is a unique
SRB measure for the Mañé diffeomorphisms follows from [5]. The statistical properties
of SRB measures is an active area of research [1, 15, 30]. In [14], interesting results were
obtained on the continuity of the entropy of the SRB measure.

The characterization of the SRB measure as an equilibrium state for DA systems
obtained along an arc of C∞ diffeomorphisms was established by Carvalho [13], with
partial results in the Cr case. However, the characterization of the SRB measure as a unique
equilibrium state is to the best of our knowledge novel for the Mañé class. Immediate
consequences of this characterization include the upper large deviations principle and
multifractal analysis results of §8.

We now outline the paper. In §2, we give background material from [18] on
thermodynamic formalism. In §3, we recall pressure estimates on C0 perturbations of
Anosov systems. In §4, we give details of the Mañé construction. In §5, we prove
Theorem A. In §6, we prove Theorem B. In §7, we prove Theorem C. In §8, we give
results on large deviations and multifractal analysis. In the preliminary sections (§§2–3),
we follow the presentation of [17], referring the reader to that paper for the proofs of some
necessary background material.

2. Background and preliminary results
2.1. Pressure. Let f : X→ X be a continuous map on a compact metric space.
We identify X × N with the space of finite orbit segments by identifying (x, n) with
(x, f (x), . . . , f n−1(x)).

Given a continuous potential function ϕ : X→ R, write Snϕ(x)= S f
n ϕ(x)=∑n−1

k=0 ϕ( f k x). For each η > 0, write

Var(ϕ, η)= sup{|ϕ(x)− ϕ(y)| : x, y ∈ X, d(x, y) < η}.

Since we consider Hölder potentials, we will often use the bound

Var(ϕ, η)≤ |ϕ|αηα where |ϕ|α := sup
x 6=y

|ϕ(x)− ϕ(y)|
d(x, y)α

.

The nth Bowen metric associated to f is defined by

dn(x, y)=max{d( f k x, f k y) : 0≤ k < n}.

Given x ∈ X , ε > 0, and n ∈ N, the Bowen ball of order n with center x and radius ε is
Bn(x, ε)= {y ∈ X : dn(x, y) < ε}. A set E ⊂ X is (n, ε)-separated if dn(x, y)≥ ε for all
x, y ∈ E .
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Given D ⊂ X × N, we interpret D as a collection of orbit segments. Write Dn = {x ∈
X : (x, n) ∈D} for the set of initial points of orbits of length n in D. Then we consider the
partition sum

3
sep
n (D, ϕ, ε; f )= sup

{∑
x∈E

eSnϕ(x) : E ⊂Dn is (n, ε)-separated
}
.

The pressure of ϕ on D at scale ε is

P(D, ϕ, ε; f )= lim
n→∞

1
n

log3sep
n (D, ϕ, ε)

and the pressure of ϕ on D is

P(D, ϕ; f )= lim
ε→0

P(D, ϕ, ε).

Given Z ⊂ X , let P(Z , ϕ, ε; f ) := P(Z × N, ϕ, ε; f ); observe that P(Z , ϕ; f )
denotes the usual upper capacity pressure [28]. We often write P(ϕ; f ) in place of
P(X, ϕ; f ) for the pressure of the whole space.

When ϕ = 0, our definition gives the entropy of D:

h(D, ε; f )= h(D, ε) := P(D, 0, ε) and h(D)= lim
ε→0

h(D, ε). (2.1)

Write M( f ) for the set of f -invariant Borel probability measures and Me( f )
for the set of ergodic measures in M( f ). The variational principle for pressure [43,
Theorem 9.10] states that

P(ϕ; f )= sup
µ∈M( f )

{
hµ( f )+

∫
ϕ dµ

}
= sup
µ∈Me( f )

{
hµ( f )+

∫
ϕ dµ

}
.

A measure achieving the supremum is an equilibrium state.

2.2. Obstructions to expansivity, specification, and regularity. Bowen showed in [8]
that if (X, f ) has expansivity and specification, and ϕ has a certain regularity property,
then there is a unique equilibrium state. We recall definitions and results from [18], which
show that non-uniform versions of Bowen’s hypotheses suffice to prove uniqueness.

Given a homeomorphism f : X→ X , the bi-infinite Bowen ball around x ∈ X of size
ε > 0 is the set

0ε(x) := {y ∈ X : d( f k x, f k y) < ε for all n ∈ Z}.

If there exists ε > 0 for which 0ε(x)= {x} for all x ∈ X , we say that (X, f ) is expansive.
When f is not expansive, it is useful to consider the tail entropy of f at scale ε > 0 [6, 27]:

h∗f (ε)= sup
x∈X

lim
δ→0

lim sup
n→∞

1
n

log3span
n (0ε(x), δ; f ), (2.2)

where, for a set Y ⊂ X , 3span
n (Y, δ; f )= inf{#E : Y ⊂

⋃
x∈E Bn(x, δ)}.

Definition 2.1. For f : X→ X , the set of non-expansive points at scale ε is NE(ε) :=
{x ∈ X : 0ε(x) 6= {x}}. An f -invariant measure µ is almost expansive at scale ε if
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µ(NE(ε))= 0. Given a potential ϕ, the pressure of obstructions to expansivity at scale
ε is

P⊥exp(ϕ, ε)= sup
µ∈Me( f )

{
hµ( f )+

∫
ϕ dµ : µ(NE(ε)) > 0

}
= sup
µ∈Me( f )

{
hµ( f )+

∫
ϕ dµ : µ(NE(ε))= 1

}
.

This is monotonic in ε, so we can define a scale-free quantity by

P⊥exp(ϕ)= lim
ε→0

P⊥exp(ϕ, ε).

Definition 2.2. A collection of orbit segments G ⊂ X × N has specification at scale ε if
there exists τ ∈ N such that for every {(x j , n j ) : 1≤ j ≤ k} ⊂ G, there is a point x in

k⋂
j=1

f −(m j−1+τ)Bn j (x j , ε),

where m0 =−τ and m j = (
∑ j

i=1 ni )+ ( j − 1)τ for each j ≥ 1.

The above definition says that there is some point x whose trajectory shadows each of
the (xi , ni ) in turn, taking a transition time of exactly τ iterates between each one. The
numbers m j for j ≥ 1 are the times taken for x to shadow (x1, n1) up to (x j , n j ).

Definition 2.3. Given G ⊂ X × N, a potential ϕ has the Bowen property on G at scale ε if

V (G, ϕ, ε) := sup{|Snϕ(x)− Snϕ(y)| : (x, n) ∈ G, y ∈ Bn(x, ε)}<∞.

We say that ϕ has the Bowen property on G if there exists ε > 0 so that ϕ has the Bowen
property on G at scale ε.

We refer to an upper bound for V (G, ϕ, ε) as a distortion constant. Note that if G has
the Bowen property at scale ε, then it has it for all smaller scales.

2.3. General results on uniqueness of equilibrium states. Our main tool for existence
and uniqueness of equilibrium states is [18, Theorem 5.5].

Definition 2.4. A decomposition for (X, f ) consists of three collections P, G, S ⊂ X ×
(N ∪ {0}) and three functions p, g, s : X × N→ N ∪ {0} such that for every (x, n) ∈
X × N, the values p = p(x, n), g = g(x, n), and s = s(x, n) satisfy n = p + g + s, and

(x, p) ∈ P, ( f p(x), g) ∈ G, ( f p+g(x), s) ∈ S. (2.3)

Given a decomposition (P, G, S) and M ∈ N, we write GM for the set of orbit segments
(x, n) for which p ≤ M and s ≤ M .
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Note that the symbol (x, 0) denotes the empty set, and the functions p, g, s are
permitted to take the value zero.

THEOREM 2.5. [18, Theorem 5.5] Let X be a compact metric space and f : X→ X
a homeomorphism. Let ϕ : X→ R be a continuous potential function. Suppose that
P⊥exp(ϕ) < P(ϕ) and that (X, f ) admits a decomposition (P, G, S) with the following
properties:
(1) G has specification at any scale;
(2) ϕ has the Bowen property on G;
(3) P(P ∪ S, ϕ) < P(ϕ).
Then there is a unique equilibrium state for ϕ.

3. Perturbations of Anosov diffeomorphisms
We collect some background material about weak forms of hyperbolicity and perturbations
of Anosov diffeomorphisms.

3.1. Partial hyperbolicity. Let M be a compact manifold. Recall that a diffeomorphism
f : M→ M is partially hyperbolic if there are a D f -invariant splitting T M = E s

⊕ Ec
⊕

Eu and constants N ∈ N, λ > 1 such that for every x ∈ M and every unit vector vσ ∈ Eσ

for σ ∈ {s, c, u}, we have:
(i) λ‖D f N

x v
s
‖< ‖D f N

x v
c
‖< λ−1

‖D f N
x v

u
‖; and

(ii) ‖D f N
x v

s
‖< λ−1 < λ < ‖D f N

x v
u
‖.

A partially hyperbolic diffeomorphism f admits stable and unstable foliations W s and
W u , which are f -invariant and tangent to E s and Eu , respectively [29, Theorem 4.8].
There may or may not be foliations tangent to Ec, E s

⊕ Ec, or Ec
⊕ Eu . When these

exist we denote these by W c, W cs , and W cu and refer to these as the center, center-stable,
and center-unstable foliations, respectively. For x ∈ M , we let W σ (x) be the leaf of the
foliation σ ∈ {s, u, c, cs, cu} containing x when this is defined.

For a foliation W , we write dW for the leaf metric, and write Wη(x) for the dW -ball
of radius η in W (x). Suppose that W 1, W 2 are foliations of M with the property that
T M = T W 1

⊕ T W 2. We say that W 1, W 2 have a local product structure at scale η > 0
with constant κ ≥ 1 if for every x, y ∈ M with ε := d(x, y) < η, the leaves W 1

κε(x) and
W 2
κε(y) intersect in a single point.

3.2. Anosov shadowing lemma. The Anosov shadowing lemma is proved in e.g. [32,
Theorem 1.2.3].

LEMMA 3.1. (Anosov shadowing lemma) Let f be a transitive Anosov diffeomorphism.
There is C = C( f ) so that if 2η > 0 is an expansivity constant for f , then every η/C-
pseudo-orbit for f can be η-shadowed by an orbit for f .

The following result is proved in [17, Lemma 3.2] using the natural semi-conjugacy which
exists for maps in a C0 neighborhood of f as a consequence of the Anosov shadowing
lemma.
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LEMMA 3.2. Let f be a transitive Anosov diffeomorphism, C = C( f ) the constant from
the shadowing lemma, and 3η > 0 an expansivity constant for f . If g ∈ Diff(M) is such
that dC0( f, g) < η/C, then:
(i) P(ϕ; g)≥ P(ϕ; f )− Var(ϕ, η);
(ii) 3

sep
n (ϕ, 3η; g)≤3sep

n (ϕ, η; f )en Var(ϕ,η).

In particular, (ii) gives P(ϕ, 3η; g)≤ P(ϕ; f )+ Var(ϕ, η).

3.3. Pressure estimates. The Mañé examples are C0 perturbations of Anosov maps,
where the perturbation is made inside a neighborhood of a fixed point q . We estimate the
pressure of orbit segments spending nearly all their time near q .

Let f be a transitive Anosov diffeomorphism of a compact manifold M , with
topological entropy h = htop( f ) and expansivity constant 3η. Let C be the constant from
the shadowing lemma. For any η > 0 smaller than the expansivity constant for f , let
L = L( f, η) be a constant so that for every n,

3
sep
n (0, η; f )≤ Lenh . (3.1)

This is possible by [8, Lemma 3]. Let g : M→ M be a diffeomorphism with dC0( f, g) <
η/C . Given a fixed point q of f and a scale ρ ∈ (0, 3η), let χq be the indicator function of
M \ B(q, ρ), and consider the following collection of orbit segments for g:

C = C(g, q, r)= {(x, n) ∈ M × N : Sg
nχq(x) < rn}.

The following estimates are proved in [17, Theorem 3.3].

THEOREM 3.3. Under the assumptions above, we have the inequality

h(C, 6η; g)≤ r(h + log L)+ H(2r), (3.2)

where H(t)=−t log t − (1− t) log(1− t). Moreover, given ϕ : M→ R continuous and
δ > 0, we have

P(C, ϕ, δ; g)≤ (1− r) sup
B(q,ρ)

ϕ + r sup
M
ϕ + h(C, δ; g) (3.3)

and thus it follows that

P(C, ϕ; g)≤ h∗g(6η)+ (1− r) sup
B(q,ρ)

ϕ + r
(

sup
M
ϕ + h + log L

)
+ H(2r).

3.4. Obstructions to expansivity. Let g be as in the previous section and suppose that
the following property [E] holds:
[E] there exist ε > 0, r > 0, and a fixed point q such that for x ∈ M , if there exists a

sequence nk→∞ with (1/nk)S
g
nkχq(x)≥ r , then 0ε(x)= {x}.

Then C = C(r) from above has the following property, which is proved in [17,
Theorem 3.4].

THEOREM 3.4. Under the above assumptions, we have the pressure estimate P⊥exp(ϕ, ε)≤

P(C(q, r), ϕ).
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Let χ = χq and C = C(q, r; g). Consider the set

A+ =
{

x : there exists K (x) so
1
n

Sg
nχ(x) < r for all n > K (x)

}
.

The next lemma, which we need in §7, is proved as [17, Lemma 3.5] as an intermediate
step in the proof of Theorem 3.4.

LEMMA 3.5. Let µ ∈Me(g). If µ(A+) > 0, then hµ(g)+
∫
ϕ dµ≤ P(C, ϕ).

3.5. Cone estimates and local product structure. Let F1, F2
⊂ Rd be subspaces such

that F1
∩ F2

= {0}. Let ](F1, F2) :=min{](v, w) : v ∈ F1, w ∈ F2
} and define

κ̄(F1, F2) := (sin ](F1, F2))−1
≥ 1. (3.4)

Given β ∈ (0, 1) and F1, F2
⊂ Rd , the β-cone of F1 and F2 is

Cβ(F1, F2)= {v + w : v ∈ F1, w ∈ F2, ‖w‖< β‖v‖}.

The following two useful lemmas are proved in [17, §8].

LEMMA 3.6. Let W 1, W 2 be any foliations of F1
⊕ F2 with C1 leaves such that

Tx W 1(x)⊂ Cβ(F1, F2) and Tx W 2(x)⊂ Cβ(F2, F1), and let κ̄ = κ̄(F1, F2). Then, for
every x, y ∈ F1

⊕ F2, the intersection W 1(x) ∩W 2(y) consists of a single point z.
Moreover,

max{dW 1(x, z), dW 2(y, z)} ≤
1+ β
1− β

κ̄ d(x, y).

LEMMA 3.7. Under the assumptions of Lemma 3.6, suppose that x, y are points belonging
to the same local leaf of W ∈ {W 1, W 2

}. Then

d(x, y)≤ dW (x, y)≤ (1+ β)2 d(x, y).

4. Construction of Mañé’s examples
We review the class of robustly transitive diffeomorphisms originally considered by
Mañé [26]. Fix d ≥ 3 and let f A be the hyperbolic automorphism of Td determined by
a matrix A ∈ SL(d, Z) with all eigenvalues real, positive, simple, and irrational and only
one eigenvalue outside the unit circle. Let λu be the unique eigenvalue greater than 1 and
λs < 1 be the largest of the other eigenvalues. Let h = htop( f A) be the topological entropy.

The Mañé class of examples are C0 perturbations of f A, which we will denote by fM .
We describe the construction below. We are careful about issues of scale to guarantee that
we have local product structure at a scale which is ‘compatible’ with the C0 size of the
perturbation.

Fix an expansivity constant 3η for fM . We require that η is small enough so that
calculations at scales which are a suitable multiple of η are local: a necessary upper bound
on η can be computed explicitly, depending on basic properties of the map fM . Let q be
a fixed point for f A and fix 0< ρ < 3η. We carry out a perturbation in a ρ-neighborhood
of q .

Let Fu, Fc, F s
⊂ Rd be the eigenspaces corresponding to (respectively) λu , λs , and all

eigenvalues smaller than λs , and let Fcs
= Fc

⊕ F s . Let κ = 2κ̄(F s, Fu), where κ̄ is as
in (3.4).
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FIGURE 1. Mañé’s construction.

Let Fu,c,s be the foliations of Td by leaves parallel to Fu,c,s . These leaves are dense
in Td since all eigenvalues are irrational. Let β ∈ (0, ρ) be sufficiently small and consider
the cones

Cs
β = Cβ(F s, Fcu), Cc

β = Cβ(Fc, F s
⊕ Fu),

Cu
β = Cβ(Fu, Fcs), Ccs

β = Cβ(Fcs, Fu).

Outside B(q, ρ), set fM to be equal to f A. Inside B(q, ρ), the fixed point q undergoes a
pitchfork bifurcation in the direction of Fc; see [26] for details. The perturbation is carried
out so that:
• Fc is still an invariant foliation for fM , and we write Ec

= TFc;
• the cones Cu

β and Cs
β are invariant and uniformly expanding under D fM and D f −1

M ,
respectively; in particular, they contain D fM -invariant distributions E s and Eu that
integrate to fM -invariant foliations W s and W u ;

• Ecs
:= Ec

⊕ E s integrates to a foliation W cs . This holds because E s
⊂ Cs

β guarantees
that Ecs

⊂ Ccs
β .

Thus, fM is partially hyperbolic with TTd
= E s

⊕ Ec
⊕ Eu and Ecs integrates to a

foliation.
The index of q changes during the perturbation, and we may also assume that for

any point in Td
\ B(q, ρ/2), the contraction in the direction Ec is λs . Inside B(q, ρ/2),

the perturbed map experiences some weak expansion in the direction Ec, and two new
fixed points are created on W c(q); see Figure 1. Let λ= λc( fM ) > 1 be the greatest
expansion which occurs in the center direction. We can carry out the construction so that
λ is arbitrarily close to 1.

Since f contracts Ecs by a factor of at least λs outside B(q, ρ/2), and expands it by at
most λ inside the ball, we can estimate ‖D f n

M |Ecs (x)‖ by counting how many of the iterates
x, f (x), . . . , f n−1(x) lie outside B(q, ρ/2). If at least rn of these iterates lie outside the
ball, then

‖D f n
M |Ecs (x)‖ ≤ λ

rn
s λ

(1−r)n . (4.1)

Thus, we are interested in a value of r > 0 that gives λr
sλ

1−r < 1. Consider the quantity

γ = γ ( fM )=
ln λ

ln λ− ln λs
> 0.
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Then γ → 0 as λ→ 1 and, for r > γ , a simple calculation gives

θr := λ
r
sλ

1−r < 1. (4.2)

Given ρ, r > 0, we write Fρ,r for the set of Mañé diffeomorphisms constructed as
described here for which γ ( fM ) < r . Thus, for f ∈ Fρ,r , we have θr ( fM ) < 1.

There is a constant K so that we can carry out the construction to satisfy dC0( fM , f A) <

Kρ, f A(B(q, ρ))⊂ B(q, Kρ), and fM (B(q, ρ))⊂ B(q, Kρ). In particular, by choosing
ρ small, we can ensure that dC0( fM , f A) < η/C , where C = C( f A) is the constant from
the shadowing lemma.

We now consider diffeomorphisms g in a C1 neighborhood of fM . For sufficiently small
C1 perturbations g of fM , the following remain true:
• dC0(g, f A) < η/C , where C = C( f A) is the constant from Lemma 3.1;
• g is partially hyperbolic with TTd

= E s
g ⊕ Ec

g ⊕ Eu
g , where Eσg ⊂ Cσ

β for each σ ∈
{s, c, u, cs};

• the distributions Ec
g and Ecs

g integrate to foliations W c
g and W cs

g ;
• each of the leaves W cs

g (x) and W u
g (x) is dense for every x ∈ Td .

For the C1 perturbations, partial hyperbolicity with Eσg ⊂ Cσ
β and integrability are

provided by [22, Theorem 6.1]; density of the leaves was shown in [34]. Given g as above,
let

λc(g)= sup{‖Dg|Ec(x)‖ : x ∈ B(q, ρ/2)},

λs(g)= sup{‖Dg|Ec(x)‖ : x ∈ Td
\ B(q, ρ/2)},

γ (g)=
ln λc(g)

ln λc(g)− ln λs(g)
.

Let Uρ,r be the set of C1 diffeomorphisms g : Td
→ Td satisfying the conditions in the list

above with γ (g) < r . A simple calculation gives

θr (g) := λc(g)1−rλs(g)r < 1. (4.3)

5. Proof of Theorem A
We let g ∈ Uρ,r , and consider the collection G of orbit segments (x, n) for which
(x, i) spends at least γ i iterates outside B(q, ρ) for all i ≤ n. We will show that these
orbit segments experience uniform contraction in the Ecs direction. Using local product
structure, this will allow us to prove specification and the Bowen property for such orbit
segments. The hypothesis 9(ρ, r, ϕ) < P(ϕ; g), together with Theorems 3.3 and 3.4,
allows us to bound the pressure of obstructions to expansivity and specification away from
P(ϕ; g).

5.1. Local product structure. We require local product structure for g at scale 6η
repeatedly through this section. This holds because the splitting for g is contained in thin
cone fields and so the local leaves are near the local leaves for f A when β and η are small.

LEMMA 5.1. The diffeomorphism g has local product structure for W cs
g , W u

g at scale 6η
with constant κ = 2κ̄(F s, Fu).
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Proof. Let W̃ cs and W̃ u be the lifts of W cs and W u to Rd . Given x, y ∈ Td with ε :=
d(x, y) < 6η, let x̃, ỹ ∈ Rd be lifts of x, y with ε = d(x̃, ỹ) < 6η. By Lemma 3.6, the
intersection W̃ cs(x) ∩ W̃ u(y) has a unique point z̃, which projects to z ∈ Td . Moreover,
the leaf distances between x̃, z̃ and ỹ, z̃ are at most ((1+ β)/(1− β))κ̄(F s, Fu)ε. Since
β is small, this is less than 2κ̄(F s, Fu)ε, so z ∈ W̃ cs

κε(x) ∩ W̃ u
κε(y).

By choosing η not too large, we can ensure that 6ηκ is not too large relative to the
diameter of Td , so that the projection of W̃ cs

6ηκ(x) ∩ W̃ u
6ηκ(y) coincides with W cs

6ηκ(x) ∩
W u

6ηκ(y). Thus, z is the only point in this intersection. �

5.2. Specification. A main ingredient for establishing specification for mixing locally
maximal hyperbolic sets f :3→3 is that given δ > 0, there exists N ∈ N such that for
x, y ∈3 and n ≥ N , we have f n(W u

δ (x)) ∩W s
δ (y) 6= ∅. We mimic this idea replacing the

stable manifold with the center-stable manifolds. All leaves of W u are dense in Td by the
definition of Uρ,r . The following lemma gives uniform density.

LEMMA 5.2. For every δ > 0, there is R > 0 such that for every x, y ∈ Td , we have
W u

R(x) ∩W cs
δ (y) 6= ∅.

Proof. Fix δ > 0 and let α = δ/κ , where κ is the constant from the local product structure.
Fix R0 > 0 such that each unstable leaf is α-dense in the manifold. Thus, for every x ∈
Td , there is z ∈W u

R0
(x) such that d(y, z) < α, so, by local product structure, W u

δ (z) ∩
W cs
δ (y) 6= ∅. Thus, W u

R0+δ
(x)⊃W u

δ (z) and so, writing R = R0 + δ, we have W u
R(x) ∩

W cs
δ (y) 6= ∅. �

Because g is uniformly expanding along W u , we see that for every δ > 0, there is
N ∈ N such that for every x ∈ Td and n ≥ N , we have gn(W u

δ (x))⊃W u
R(g

n x). Thus, by
Lemma 5.2, we have

gn(W u
δ (x)) ∩W cs

δ (y) 6= ∅ for every x, y ∈ Td . (5.1)

Let χ be the indicator function of Td
\ B(q, ρ), so that (1/ i)Siχ(x) is the proportion

of time that an orbit segment (x, i) spends outside B(q, ρ).

LEMMA 5.3. Suppose that (x, n) ∈ Td
× N is such that (1/ i)Siχ(x)≥ r for all 0≤ i ≤ n,

and θr ∈ (0, 1) is the constant defined in (4.3). Then:
(a) for any y ∈ Bn(x, ρ/2), we have ‖Dgi

|Ecs (y)‖< (θr )
i for all 0≤ i ≤ n;

(b) for any y, z ∈W cs
ρ/2(x), we have dW ( f i y, f i z)≤ θ i

r dW (y, z) for all 0≤ i ≤ n;
(c) for 0< δ < ρ/2, we have W cs

δ (x)⊂ Bn(x, 2δ).

Proof. Given 0≤ i ≤ n, the inequality (1/ i)Siχ(x) > r implies that the orbit segment
(x, i) spends at least ir iterates outside B(q, ρ). It follows that (y, i) spends at least ir
iterates outside B(q, ρ/2). By the definition of λc(g) and λs(g), it follows that

‖Dgi
|Ecs (y)‖ ≤ λ

i−ir
c λir

s = (θr )
i ,

proving the first claim. It is an easy exercise to prove (b) using the uniform contraction
estimate provided by (a), and (c) follows immediately from (b) and Lemma 3.7 (using that
β is small, so (1+ β)2 < 2). �
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Now we define the decomposition. We consider the following collections of orbit
segments:

G = {(x, n) ∈ Td
× N : Siχ(x)≥ ir ∀ 0≤ i ≤ n},

P = {(x, n) ∈ Td
× N : Snχ(x) < nr}.

(5.2)

The collection G is chosen so that the center-stable manifolds are uniformly contracted
along orbit segments from G. These collections, together with the trivial collection
{(x, 0) : x ∈ X} for S, define a decomposition of any point (x, n) ∈ X × N as follows:
let p be the largest integer in {0, . . . , n} such that (1/p)Spχ(x) < r and thus (x, p) ∈ P .
We must have (g p(x), n − p) ∈ G since, if (1/k)Skχ(g px) < r for some 0≤ k ≤ n − p,
then (1/(p + k))Sp+kχ(x)= (1/(p + k))(Spχ(x)+ Skχ(g p(x))) < r , contradicting the
maximality of p.

LEMMA 5.4. The collection G has specification at any scale δ > 0.

Proof. For an arbitrary fixed δ > 0, we prove specification at scale 3δ. The key property
that allows us to transition from one orbit to another is (5.1). This property, together with
uniform expansion on W u , allows us to choose τ = τ(δ) ∈ N such that

gτ (W u
δ (x)) ∩W cs

δ (y) 6= ∅ for all x, y ∈ Td ,

d(g−τ y, g−τ z) < 1
2 d(y, z) for all x ∈ Td and y, z ∈W u

δ (x).

Given any (x1, n1), . . . , (xk, nk) ∈ G, we construct y j such that (y j , m j ) shadows
(x1, n1), . . . , (x j , n j ), where m1 = n1, m2 = n1 + τ + n2, . . . , mk = (

∑k
i=1 ni )+ kτ .

We also set m0 =−τ .
Let y1 = x1 and choose y2, . . . , yk recursively so that

gm1 y1 ∈W u
δ (g

m1 y1) and gm1+τ y2 ∈W cs
δ (x2),

gm2 y3 ∈W u
δ (g

m1 y2) and gm1+τ y3 ∈W cs
δ (x3),

...
...

...

gmk−1 yk ∈W u
δ (g

mk−1 yk−1) and gmk−1+τ yk ∈W cs
δ (xk).

Since gm j y j+1 is in the unstable manifold of gm j y j , and distance is contracted by 1
2 every

time the orbit passes backwards through a ‘transition’, we obtain that

dn j (g
m j−1+τ y j , gm j−1+τ y j+1) < δ,

dn j−1(g
m j−2+τ y j , gm j−2+τ y j+1) < δ/2,

...
...

dn1(y j , y j+1) < δ/2 j .

That is, dn j−i (g
m j−i−1+τ y j , gm j−i−1+τ y j+1) < δ/2i for each i ∈ {1, . . . , j}. Since

gm j+τ (y j+1) ∈ Bn j+1(x j+1, δ) by Lemma 5.3, it follows that

dn j (g
m j−1+τ yk, x j ) < 2δ +

∞∑
j=1

2− jδ = 3δ.

Thus, yk ∈
⋂k

j=1 g−(m j−1+τ)Bn j (x j , 3δ) and so G has specification at scale 3δ. �
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5.3. The Bowen property. Let θu ∈ (0, 1) be such that ‖Dg|−1
Eu(x)‖ ≤ θu for all x ∈ Td .

Let κ be the constant associated with the local product structure of Ecs
g ⊕ Eu

g . Let ε =
ρ/(2κ).

LEMMA 5.5. Given (x, n) ∈ G and y ∈ Bn(x, ε), we have

d(gk x, gk y)≤ κε(θk
r + θ

n−k
u ) (5.3)

for every 0≤ k ≤ n.

Proof. Using the local product structure, there exists z ∈W cs
κε(x) ∩W u

κε(y). Since g−1 is
uniformly contracting on W u , we get

d(gk z, gk y)≤ θn−k
u d(gnz, gn y)≤ θn−k

u κε

and Lemma 5.3 gives d(gk x, gk z)≤ θk
r d(x, z)≤ θk

r κε. The triangle inequality gives
(5.3). �

LEMMA 5.6. Any Hölder continuous ϕ has the Bowen property on G at scale ε.

Proof. Since ϕ is Hölder, there exist K > 0 and α ∈ (0, 1) such that |ϕ(x)− ϕ(y)| ≤
K d(x, y)α for all x, y ∈ Td . For (x, n) ∈ G and y ∈ Bn(x, ε), Lemma 5.5 gives

|Snϕ(x)− Snϕ(y)| ≤ K
n−1∑
k=0

d(gk x, gk y)α ≤ K (κε)α
n−1∑
k=0

(θn−k
u + θk

r )
α.

The summand admits the upper bound

(θn−k
u + θk

r )
α
≤ (2θn−k

u )α + (2θk
r )
α

and we conclude that

|Snϕ(x)− Snϕ(y)| ≤ K (2κε)α
∞∑
j=0

(θ
jα

u + θ
jα

r ) <∞. �

5.4. Expansivity. The diffeomorphism g is partially hyperbolic with one-dimensional
center bundle. Thus, it is well known that the non-expansive set for a point x must be
contained in a compact subset of a (one-dimensional) center leaf, and so g is entropy
expansive [19, Proposition 6]. We give a quick sketch proof for completeness.

LEMMA 5.7. For all x ∈ Td and ε ≤ 6η, 0ε(x) is contained in a compact subset of W c
g (x)

with diameter a uniform multiple of ε.

Sketch proof. Recall that the foliations W cs
g and W u

g have a local product structure at scale
ε, and that there is also a local product structure within each leaf of W cs

g associated to the
foliations W c

g and W s
g . In particular, for every y ∈ 0ε(x), there are z1 ∈W cs

g (x) ∩W u
g (y)

and z2 ∈W c
g (x) ∩W s

g (z1), where all the leaf distances are controlled by a uniform
multiple of ε. Under forward iterates, z1 remains close to x , and so if z1 6= y then uniform
forward expansion along leaves of W u

g implies that for some n ≥ 0, d(gn(z1), gn(y)) is
large enough that d(gn(x), gn(y)) > ε. Thus, we must have z1 = y. A similar argument
using backward iterates shows that z2 = z1. Thus, y is in the local W c

g leaf of x . This
shows that 0ε(x) is contained in a compact subset of W c

g (x), with diameter a uniform
multiple of ε. �
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We use this to show that there is no tail entropy at scale 6η, and that Condition [E]
from §3.4 is satisfied.

LEMMA 5.8. The diffeomorphism g satisfies h∗g(6η)= 0.

Proof. Given x ∈ X , Lemma 5.7 shows that 06η(x) is contained in a compact interval
in the center leaf that is bounded in length. Therefore, h(06η(x))= 0 for all x ∈ Td and
h∗g(6η)= 0. �

LEMMA 5.9. The diffeomorphism g satisfies Condition [E] from §3.4.

Proof. For sufficiently small ε > 0, Lemma 5.7 shows that every x ∈ Td has
0ε(x)⊂W cs

ρ/2(x). It follows from Pliss’ lemma [33] that if mk→∞ is such that

(1/mk)S
g−1

mk χ(x)≥ r for every k, then for every r ′ ∈ (γ, r) there exists m′k→∞ such

that for every k and every 0≤ j ≤ m′k , we have (1/j)Sg−1

j χ(g−m′k+ j x)≥ r ′. Thus, g−m′k x
has the property that

1
m

Sg
mχ(g−m′k x)≥ r ′ for all 0≤ m ≤ m′k,

so we can apply Lemma 5.3 and conclude that

0ε(x)⊂ gm′k (W cs
ρ/2(g

−m′k x))⊂ B(x, θ
m′k
r ′ ρ/2).

Since m′k→∞ and θr ′ < 1, this implies that 0ε(x)= {x}. �

5.5. Proof of Theorem A. We now complete the proof that if g ∈ Uρ,r and ϕ : Td
→ R

satisfy the hypotheses of Theorem A, then the conditions of Theorem 2.5 are satisfied
and hence there is a unique equilibrium state for (Td , g, ϕ). We define the decomposition
(P, G, S) as in (5.2). In Lemma 5.4, we showed that G has specification at all scales.
In Lemma 5.6, we showed that ϕ has the Bowen property on G at scale ε = ρ/2κ . In
Theorem 3.3, we showed that P(P, ϕ; g) admits the upper bound

h∗g(6η)+ (1− r) sup
B(q,ρ)

ϕ + r
(

sup
Td
ϕ + h + log L

)
+ H(2r).

By Lemma 5.8, h∗g(6η)= 0 and so the hypothesis 9(ρ, r, ϕ) < P(ϕ; g) gives P(P, ϕ) <
P(ϕ; g). By Theorem 3.4 and Lemma 5.9, P⊥exp(ϕ)≤ P(P, ϕ). Thus, we see that under
the hypotheses of Theorem A, all the hypotheses of Theorem 2.5 are satisfied for the
decomposition (P, G, S).

5.6. Hölder potentials with bounded range. We prove the following corollary of
Theorem A.

COROLLARY 5.10. Given g ∈ Uρ,r , suppose that for L = L( f A, η) and h = htop( f A), we
have

r(log L + h)+ H(2r) < h. (5.4)

Let η′ = C( f A)dC0( f A, g) and V (ϕ)= Var(ϕ, η′). Then, writing D(r)= h − r(log L +
h)− H(2r) > 0, every Hölder continuous potential ϕ with the bounded range hypothesis
sup ϕ − inf ϕ + V (ϕ) < D(r) has a unique equilibrium state. In particular, (5.4) is a
criterion for g to have a unique measure of maximal entropy.
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Proof. If sup ϕ − inf ϕ + V (ϕ) < D(r), then

9(ρ, r, ϕ)≤ (1− r) sup
B(q,ρ)

ϕ + r
(

sup
Td
ϕ + h + log L

)
+ H(2r)+ V (ϕ)

= (1− r) sup
B(q,ρ)

ϕ + r
(

sup
Td
ϕ
)
+ h + V (ϕ)− D(r)

≤ sup
Td
ϕ + h + V (ϕ)− D(r)

< inf
Td
ϕ + h − V (ϕ)≤ P(ϕ; f A)− V (ϕ)≤ P(ϕ; g).

The last inequality follows from Lemma 3.2(i). Thus, Theorem A applies. �

6. Lower bounds on entropy and proof of Theorem B
It is well known that the unique equilibrium state for a Hölder potential ϕ on a uniformly
hyperbolic system has positive entropy. We prove an explicit lower bound on the entropy
in terms of |ϕ|α , the Hölder semi-norm of ϕ, for equilibrium states for maps with the
specification property.

THEOREM 6.1. Let X be a compact metric space and f : X→ X a homeomorphism.
Fix ε < 1

6 diam(X) and suppose that f has specification at scale ε with transition time
τ . Let ϕ : X→ R be a potential satisfying the Bowen property at scale ε with distortion
constant V . Let

1=
log(1+ e−(V+(2τ+1)(sup ϕ−inf ϕ))

2(τ + 1)
.

Then we have

P(ϕ)≥ P(ϕ, ε)≥
(

sup
µ

∫
ϕ dµ

)
+1. (6.1)

In particular, every equilibrium state µ for ϕ has hµ( f )≥1> 0.

Proof. Fix x ∈ X and n ∈ N. Fix α ∈ (0, 1
2 ], let mn = dαn/2(τ + 1)e, and let

In = {(k1, k2, . . . , kmn ) | 0< k1 < k2 < · · ·< kmn < n and ki ∈ 2(τ + 1)N ∀ i}.

The idea is that for each Ek ∈ In , we will use the specification property to construct a point
π(Ek) ∈ X whose orbit is away from the orbit of x for a bounded amount of time around
each time ki , and ε-shadows the orbit of x at all other times; thus, the set of points {π(Ek) :
Ek ∈ In} will be (n, ε)-separated on the one hand, and on the other hand each point π(Ek)
will have its nth Birkhoff sum close to that of x .

First note that standard estimates for factorials give log
(n
`

)
≥ H(`/n)n + o(n), and that

mn/bn/2(τ + 1)c ≥ α, so

log #In ≥ log
(⌊ n

2(τ+1)

⌋
mn

)
≥

H(α)
2(τ + 1)

n − o(n). (6.2)

Given k ∈ {0, . . . , n − 1}, let yk ∈ X be any point with d( f k x, yk) > 3ε. Now, for every
Ek ∈ In , the specification property guarantees the existence of a point π(Ek) ∈ X with the
property that

π(Ek) ∈ Bk1−τ (x, ε),

f k1(π(Ek)) ∈ B(yk1 , ε),

f k1+τ+1(π(Ek)) ∈ Bk2−k1−2τ−1( f k1+τ+1x),
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and so on. Writing k0 = 0, we see that for any 0≤ i < mn , we have

f ki+τ+1(π(Ek)) ∈ Bki+1−ki−2τ−1( f ki+τ+1x),

f ki+1(π(Ek)) ∈ B(yki+1 , ε)
(6.3)

and we ask that f kmn+τ+1(π(Ek)) ∈ Bn−kmn ( f kmn+1+τ x).
Write ji = ki+1 − ki − 2τ − 1 for i ∈ {0, . . . , mn − 1} and jmn = n − kmn ; then the

Bowen property gives

|S jiϕ( f ki+τ+1x)− S jiϕ( f ki+τ+1(π(Ek))| ≤ V

for any 0≤ i ≤ mn . We control the ‘excursions’ away from x by observing that for any
z, z′ ∈ X , |S2τ+1ϕ(z)− S2τ+1ϕ(z′)| ≤ (2τ + 1)(sup ϕ − inf ϕ), and there are mn such
excursions. We conclude that

|Snϕ(π(Ek))− Snϕ(x)| ≤ (mn + 1)V + mn(2τ + 1)(sup ϕ − inf ϕ). (6.4)

Consider the set π(In)⊂ X . Given any Ek 6= Ek′ ∈ In , let i be minimal such that ki 6=

k′i ; then put j = k′i and observe that f j (π(Ek)) ∈ B(y j , ε) and f j (π(Ek′)) ∈ B( f j (x), ε).
Since d(y j , f j x) > 3ε, this guarantees that π(Ek′) /∈ Bn(π(Ek), ε) and so π(In) is (n, ε)-
separated. Together with (6.4), this gives

3
sep
n (φ, ε)≥

∑
Ek∈π(In)

eSnϕ(π(Ek))

≥ (#In) exp(Snϕ(x)− (mn + 1)V − mn(2τ + 1)(sup ϕ − inf ϕ)).

Using (6.2) to bound #In from below, we can take logarithms, divide by n, and send
n→∞ to get

P(ϕ, ε)≥
(

lim sup
n→∞

1
n

Snϕ(x)
)
+

1
2(τ + 1)

(H(α)− α(V + (2τ + 1)(sup ϕ − inf ϕ))).

Given any ergodic µ, we can take a generic point x for µ and conclude that the lim sup in
the above expression is equal to

∫
ϕ dµ. Thus, to bound the difference P(ϕ, ε)−

∫
ϕ dµ,

we want to choose the value of α that maximizes H(α)− αQ, where Q = V + (2τ +
1)(sup ϕ − inf ϕ).

A straightforward differentiation and routine calculation shows that (d/dα)(H(α)−
αQ)= 0 occurs when α = (1+ eQ)−1, at which point we have H(α)− αQ = log(1+
e−Q), proving Theorem 6.1. �

COROLLARY 6.2. Given a topologically mixing Anosov diffeomorphism f on a compact
manifold M, there are Q, δ > 0 such that for every Hölder potential ϕ, we have

P(ϕ; f )≥ δ log(1+ e−Q|ϕ|α )+ sup
µ

∫
ϕ dµ.

Proof. Every Hölder potential on an Anosov system has the Bowen property with
distortion constant given by Q1|ϕ|α; moreover, sup ϕ − inf ϕ ≤ |ϕ|α(diamM)α . Mixing
Anosov diffeomorphisms have the specification property; let τ be the transition time for a
scale at which f has specification, and let δ = 1/2(τ + 1). Then Theorem 6.1 gives

P(ϕ; f )≥ δ log(1+ eQ1|ϕ|α+(2τ+1)|ϕ|α(diamM)α ).

Putting Q = Q1 + (2τ + 1)(diamM)α gives the result. �
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Proof of Theorem B. We see from (i) of Lemma 3.2 that there is a constant K (independent
of ρ, r ) such that for every g ∈ Uρ,r ,

P(ϕ; g)≥ P(ϕ; f A)− K αρα|ϕ|α.

Since q is a fixed point of f A, Corollary 6.2 gives

P(ϕ; g)≥ ϕ(q)+ δ log(1+ e−Q|ϕ|α )− K αρα|ϕ|α

for every g ∈ Uρ,r . On the other hand, we have

9(ρ, r, ϕ)≤ ϕ(q)+ |ϕ|αρα + r(sup ϕ − ϕ(q)+ h + log L)+ H(2r)

≤ ϕ(q)+ |ϕ|α(ρα + r(diamM)α)+ r(h + log L)+ H(2r).

Thus, the following is a sufficient condition to give 9(ρ, r, ϕ) < P(ϕ; g):

(ρα(1+ K α)+ r(diamM)α)|ϕ|α + r(h + log L)+ H(2r) < δ log(1+ e−Q|ϕ|α ).

Let S1(ρ, r)= ρα(1+ K α)+ r(diamM)α and S2(r)= r(h + log L)+ H(2r), so the
above condition can be rewritten as

S1(ρ, r)|ϕ|α + S2(r) < δ log(1+ e−Q|ϕ|α ). (6.5)

Given ρ, r > 0 and α ∈ (0, 1], define T (ρ, r; α) by

T (ρ, r; α)= sup{T ∈ R : S1(ρ, r)T + S2(r) < δ log(1+ e−QT )}. (6.6)

Then, for every ϕ with |ϕ|α < T (ρ, r; α), condition (6.5) holds, which gives9(ρ, r, ϕ) <
P(ϕ; g). This is enough to deduce the first part of Theorem B from Theorem A. For the
second part of Theorem B, observe that for every t > 0, we can choose ρ, r > 0 sufficiently
small that S1(ρ, r)t + S2(r) < δ log(1+ e−Qt ), which means that t < T (ρ, r; α) for all
sufficiently small ρ, r . In other words, T (ρ, r; α)→∞ as ρ, r→ 0, which completes the
proof. �

7. Proof of Theorem C
Given a C2 diffeomorphism g on a d-dimensional manifold and µ ∈Me(g), let λ1 ≤

· · · ≤ λd be the Lyapunov exponents of µ and let λ+(µ) be the sum of the positive
Lyapunov exponents. Following the definition in [3, Ch. 13], an SRB measure for a C2

diffeomorphism is an ergodic invariant measure µ that is hyperbolic (non-zero Lyapunov
exponents) and has absolutely continuous conditional measures on unstable manifolds.
The Margulis–Ruelle inequality [3, Theorem 10.2.1] gives hµ(g)≤ λ+(µ), and it was
shown by Ledrappier and Young [24] that equality holds if and only if µ has absolutely
continuous conditionals on unstable manifolds. In particular, for any ergodic invariant
measure µ, we have

hµ(g)− λ+(µ)≤ 0, (7.1)

with equality if and only if µ is absolutely continuous on unstable manifolds. Thus, an
ergodic measure µ is an SRB measure if and only if it is hyperbolic and equality holds
in (7.1).

Let g ∈ Uρ,r be a C2 diffeomorphism. Since there is a continuous splitting TTd
= Eu

⊕

Ecs , the geometric potential ϕu(x)=−log‖Dg|Eu(x)‖ is continuous. Furthermore, ϕu is
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Hölder continuous because the map g is C2 and the distribution Eu is Hölder. The Hölder
continuity of Eu follows from the standard argument for Anosov diffeomorphisms. See for
instance [10, §6.1]; the argument there extends unproblematically to the case of absolute
partial hyperbolicity, which covers our setting.

We build up our proof of Theorem C. Since sup ϕu < 0, the function t 7→ P(tϕu) is a
convex strictly decreasing function, so it has a unique root. We must show that this root
occurs at t = 1, that we have uniqueness of the equilibrium state for all t in a neighborhood
of [0, 1], and that the equilibrium state for ϕu , which we denote µ1, is the unique SRB
measure. We assume the hypothesis of Theorem C, so that

r(h + log L)+ H(2r) <
( supx∈Td ϕu

g (x)

infx∈Td ϕu
g (x)

)
h, (7.2)

and also that
r(h + log L)+ H(2r) <−sup ϕu

g . (7.3)

We recall the following result, which was proved as [17, Lemma 7.1].

LEMMA 7.1. Let M be a compact Riemannian manifold and let W be a C0 foliation of
M with C1 leaves. Suppose that there exists δ > 0 such that supx∈M mW (x)(Wδ(x)) <∞,
where mW (x) denotes volume on the leaf W (x) with the induced metric. Let f : M→ M
be a diffeomorphism and let ψ(x)=−log|det D f (x)|Tx W (x)|. Then P( f, ψ)≥ 0.

The hypothesis of this lemma is met for a foliation which lies in a cone around a linear
foliation, see [17, §7.2] for details, so Lemma 7.1 applies to the unstable foliation W u of
the Mañé family. We conclude that P(ϕu

; g)≥ 0.
To get a unique equilibrium state for tϕu , it suffices to show that

9(t) :=9(ρ, r, tϕu)= (1− r) sup
B(q,ρ)

tϕu
+ r

(
sup
Td

tϕu
+ h + log L

)
+ H(2r)

satisfies 9(t) < P(tϕu) for all t ∈ [0, 1] and then apply Theorem A. Note that since the
equality is strict, it will then continue to hold for all t in a neighborhood of [0, 1].

The Mañé construction is carried out to leave Eu as unaffected as possible, so we
expect that sup ϕu

fM
and inf ϕu

fM
are close to ϕu

f A
≡−log λu . Thus, we expect that the

sup ϕu
g/ inf ϕu

g term in (7.2) can be taken close to 1. Since making this precise would
require a lengthy analysis of the details of the construction with only a small benefit to our
estimates, we choose to not pursue this argument. For t ≥ 0, we have

9(t)≤ t (sup ϕu)+ r(h + log L)+ H(2r). (7.4)

At t = 1, it is immediate from (7.3) that

9(1) < 0≤ P(ϕu), (7.5)

so ϕu has a unique equilibrium state. The case t ∈ [0, 1) requires some more analysis. The
straight line l1(t) described by (7.4) which bounds 9(t) above has its root at

t∗ =−
r(h + log L)+ H(2r)

sup ϕu

and, by (7.3), t∗ < 1. Thus, for t ∈ (t∗, 1], 9(t) < 0≤ P(ϕu)≤ P(tϕu).
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For t ∈ [0, t∗], the variational principle shows that P(tϕu)≥ h + t (inf ϕu). Thus, we
have bounded P(tϕu) from below by a straight line l2(t). In (7.4), we bounded9(t) above
by a straight line l1(t). By (7.2), l2(0) > l1(0). The root of l2 is −h/(inf ϕu), and the root
of l1 is t∗. Thus, by (7.2), t∗ <−h/(inf ϕu) and so l2(t∗) > l1(t∗). In particular, for t ∈
[0, t∗], P(tϕu)≥ l2(t) > l1(t)≥9(t). We conclude that 9(t) < P(tϕu) for all t ∈ [0, 1]
and thus there is a unique equilibrium state by Theorem A.

It remains to show that P(ϕu
; g)= 0 and that the unique equilibrium state is in fact

the unique SRB measure. Let µ be ergodic and let λ1 ≤ λ2 ≤ · · · ≤ λd be the Lyapunov
exponents of µ. Recall that Ecs

⊕ Eu is Dg-invariant, so for every µ-regular x the
Oseledets decomposition is a sub-splitting of Ecs

⊕ Eu and thus
∫
ϕu dµ=−λd(µ).

Thus, ∫
ϕu dµ≥−λ+(µ) (7.6)

and, if λd−1(µ) < 0 it follows that
∫
ϕu dµ=−λ+(µ). Let M∗ ⊂Me(g) be the set of

ergodic µ such that µ is hyperbolic and λd−1(µ) < 0.

LEMMA 7.2. If µ ∈Me(g) \M∗, then

hµ(g)− λ+(µ)≤ hµ(g)+
∫
ϕu dµ≤9(1).

Proof. If µ ∈Me(g) \M∗, then either µ is not hyperbolic or λd−1(µ) > 0. Then there
exists a set Z ⊂ M with µ(Z)= 1 so that for each z ∈ Z , there exists v ∈ Ecs

z with
limn→∞ (1/n) log ‖Dgn

z (v)‖ ≥ 0.
We claim that z ∈ Z belongs to the set

A+ =
{

x : there exists K (x) so
1
n

Sg
nχ(x) < r for all n > K (x)

}
.

To see this, suppose that z /∈ A+. Then there exists nk→∞ with (1/nk)S
g
nkχ(z)≥ r . By

Lemma 5.3, this gives

‖Dgn
z (v)‖ ≤ ‖Dgnk |Ecs (z)‖< (θr )

nk

and thus limnk→∞ (1/nk) log ‖Dgnk
z (v)‖ ≤ log θr < 0, which is a contradiction. Thus,

µ(A+)= 1. It follows that

hµ(g)− λ+(µ)≤ hµ(g)+
∫
ϕu dµ≤ P(C, ϕu)≤9(1),

where the first inequality uses (7.6), the second uses Lemma 3.5, and the third uses
Theorem 3.3. �

It follows from Lemma 7.2, (7.5), and the variational principle that

P(ϕu
; g)= sup

{
hµ(g)+

∫
ϕu dµ : µ ∈M∗

}
. (7.7)

Now, for every µ ∈M∗, we have
∫
ϕu dµ=−λ+(µ) and thus

hµ(g)+
∫
ϕu dµ= hµ(g)− λ+(µ)≤ 0 (7.8)

by (7.1). Together with (7.7), this gives P(ϕu
; g)≤ 0 and we conclude that P(ϕu

; g)= 0.
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It only remains to show that the unique equilibrium state µ1 is in fact an SRB
measure for g, and there are no other SRB measures. Since µ1 ∈M∗, it is hyperbolic
and, since P(ϕu

; g)= 0, (7.8) gives hµ1(g)− λ
+(µ1)= 0, so µ1 is an SRB measure.

To see that there are no other SRB measures, we observe that if ν 6= µ1 is ergodic,
then hν(g)− λ+(ν)≤ hν(g)+

∫
ϕu dν < P(ϕu

; g)= 0 by the uniqueness of µ1 as an
equilibrium measure. This completes the proof of Theorem C.

8. Large deviations and multifractal analysis
8.1. Large deviations. The upper level-2 large deviations principle is a statement which
implies the following estimate on the rate of decay of the measure of points whose Birkhoff
sums experience a ‘large deviation’ from the expected value:

lim
n→∞

1
n

log µ
{

x :
∣∣∣∣1n Snψ(x)−

∫
ψ dµ

∣∣∣∣> ε}≤−q(ε), (8.1)

where ε > 0, ψ : Td
→ R is any continuous function, and q(ε) ∈ [0,∞] is a rate function,

whose precise value can be formulated in terms of the free energies of a class of measures
depending on ε and ψ . That our equilibrium measures satisfy the upper level-2 large
deviations principle follows from [18, Theorem 5.5]. That result says that an equilibrium
state provided by Theorem 2.5 has the upper level-2 large deviations principle, and is a
consequence of a general large deviations result of Pfister and Sullivan [31] and a weak
upper Gibbs property which is satisfied by our equilibrium states. The question of lower
large deviations bounds for Mañé diffeomorphisms remains open.

8.2. Multifractal analysis. Let g be a C2 diffeomorphism satisfying the hypotheses of
Theorem C. For each t ∈ [0, 1], let µt be the unique equilibrium state for tϕu given by
Theorem C. Then µ0 is the unique MME and µ1 is the unique SRB measure. It follows
from Lemma 5.8 that the entropy map µ 7→ hg(µ) is upper semi-continuous and hence,
by [23, Remark 4.3.4], uniqueness of the equilibrium state implies that the function t 7→
P(tϕu) is differentiable on (−ε, 1+ ε), with derivative χ+(µt ), where we write χ+(µt )=∫
ϕu dµt for the largest Lyapunov exponent of µt . This has immediate consequences for

multifractal analysis. Given χ ∈ R, let

Kχ =
{

x ∈ Td
∣∣∣∣ lim

n→∞

1
n

log ‖Dgn
|Eu(x)‖ = χ

}
=

{
x ∈ Td

∣∣∣∣ lim
n→∞

1
n

Snϕ
u(x)=−χ

}
be the set of points whose largest Lyapunov exponent exists and is equal to χ . The
following is a direct consequence of Theorem C and [16, Corollary 2.9].

THEOREM 8.1. Let g and µt be as in Theorem C. Let χ0 = χ
+(µ0) and χ1 = χ

+(µ1).
Then, for every χ ∈ [χ1, χ0], we have

htop(Kχ , g)= inf{P(tϕ)+ tχ | t ∈ R}
= sup{hµ(g) | µ ∈M f (X), χ+(µ)= χ}

= sup{hµ(g) | µ ∈Me
f (Kχ )},
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where htop(Kχ , g) is topological entropy defined as a dimension characteristic in the sense
of Bowen [7]. The infimum in the first line is achieved for some t ∈ [0, 1] and for this t we
have htop(Kχ , g)= hµt (g).
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