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SEMIPARAMETRIC ESTIMATION OF
A LOCATION PARAMETER IN THE
BINARY CHOICE MODEL

SONGNIAN CHEN
Hong Kong University of Science and Technology

This paper considers the estimation of a location parameter in the binary choice
model with some weak distributional assumptions imposed on the error term in the
latent regression modélwo estimators are proposed hgbeth of which are two-

step estimatotsn the first stepthe slope parameters are consistently estimated by
existing methodsin the second stephe location parameter is consistently esti-
mated based on a moment conditidhe estimators are shown to be consistent and
asymptotically normalA small Monte Carlo study illustrates the usefulness of the
estimatorsWe also point out that the location and slope parameters can be esti-
mated simultaneously

1. INTRODUCTION

In this paper we consider semiparametric estimation of the binary choice model
defined by

1 |f XBO — Qg — VU > O
0 otherwise

1)

whered s the indicator of the responger participation variable xis a vector of
exogenous variableay € RandB, € RY are unknown parameteiand the error
termuv is assumed to satisfy a monotonic index and symmetry condition

For the binary choice modgdtaditionally the logit and probit estimation meth-
ods are the most popular approaches by restricting the error distribution to para-
metric families For the binary choice modeahisspecification of the parametric
distributionsin generalwill result in inconsistent estimates for likelihood-based
approachedn addition specific functional forms for the error distribution can
not usually be justified by economic theomere we consider estimating the
binary choice model without assuming a parametric distribution.fAs a resulf
our estimators will be robust to the misspecification of the error distributios
well known that some scale normalization is necessary to identify the intercept
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and slope parameters/e adopt a common normalization scheme by setting
Bor=1, wherepBy, is the first component g8y. Abusing notation slightlywe still
use(ag, By) to denote the normalized parametdrisere have been several semi-
parametric estimators proposed fag, 8y) in the literatureAhn, Ichimurg and
Powell(1996, Cosslett1983, Han(1987), Horowitz and Hard|€1996, Ichimura
(1993, Klein and Spady1993, Powell Stock and Stoke(1989, and Sherman
(1993, among othersonsidered estimating the slope paramggemder a single-
index restriction The intercept ternay is not identified under the single-index
restriction because no centering assumption is made about the distribution of
Under an independence and mean restriction Le\d#97) considered estimat-
ing the intercept ternay, whereas Manski1985 and Horowitz(1992 consid-
ered estimating both the slope and intercept terms under a conditional median
restriction

The estimators for the intercept term in Mangk®85 and Horowitz(1992
converge at a rate slower than the usual parametric rate because they are based on
a median restrictiarin estimatingy,, Lewbel(1997) imposed homoskedasticity
and a strong restriction on the support of the linear inx&yx* We will focus on
root-n (nis the sample sizeconsistent estimation of the intercept tesgunder
a symmetry and monotonic index assumption that strengthens both the index and
conditional median restrictiongVe allow certain unknown heteroskedasticity

By obtaining rootn consistent estimators far, our results will complement
the existing semiparametric estimation literaturaus making semiparametric
estimators for the binary choice model fully comparable to their parametric coun-
terparts Model specification tests like the Hausman-type test can then be based
on the slope parameters and the intercept tgiming rise to the possibility that
the resulting tests could be more powerful than similar ones based on the slope
parameters alone

Estimation of location parameters is important in many empirical applications
Estimation of the intercept term in the binary choice model is an important step
in obtaining a consistent estimator for the intercept term in the censored sample
selection mode(seg e.g., Chen 1996 Chen and Legl996), which itself has
important economic implications in assessing the impact on earnings of job train-
ing and union staty@mong other applicationkewbel (1997) noted the impor-
tance of estimation of the location parameter in the binary choice model in
determining the distribution of reservation prices in consumer demand analysis

Auseful prediction ruléfor the response variabtkis (seg e.g., Greeng1993
as follows

d=1 ifxB—a>0,
where(a, B) is some estimate fdixo, Bo). As a resultestimation ofx, is needed
for this purposé Such a prediction rule is also used in constructing some goodness-
of-fit tests for discrete choice moddglamemiyg 1981, Maddalg 1983.
In the next section we shall propose two raotonsistent estimators for the

interceptay. Cosslet{1987) derived the semiparametric efficiency bound for the
parameters in the binary choice model under the assumption that the error term is
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independent of the regressors and possesses a constant .nfetiars out the
efficiency bound for the location parameter is infinihich implies that regular
root-n consistent estimators fary do not exist(Chamberlain 1986. Cosslett

also showed that when the error term also has a symmetric distribution around a
known constantthen the information bound for the location parameter will be-
come finite giving rise to the possibility of rootrestimation of the intercept term

ap; in fact, given an initial roota consistent estimator fdirg, 8g), Chen(1997)
proposed a one-step semiparametric scoring estimator that achieves Cosslett’s
efficiency bound The estimators proposed in this paper can be used as initial
estimators for Chen’s efficient estimatiinally, we also briefly discuss a pro-
cedure for estimating both the slope and intercept terms simultaneously

2. THE ESTIMATORS
Recall the binary choice model
d= 1xBo— ag—v >0} ()

where for simplicity By is taken to be the normalized parameter ve¢tor de-
tailed discussionsee Cosslett1 983 Manski 1985 Ichimura 1993. Let z =
XBo. LetF(t, 8) = E(d|xB8 =1), for any possible value @, andF (t) = F(t, 8).
Here we assume that the error tesrsatisfies a monotonic index and symmetry
condition More specifically the conditional density of, f (v|x), depends orx
only through| g — z|, the magnitude of the linear indeg, — «, and symmetric
around Qi.e, f(v|x) = f(v||ag — z|) andf(—v|x) = f(v|x); in addition we
assume thak (t) is strictly increasing irt for t € R. Therefore we have

(t—ap) (ap—t)
F(t)+F(2a0—t):f f(sllao—tl)ds+f f(s||lag—t|)ds=1 (3)
for anyt. Thus we could solve fax, from equation(3) if F andB,were unknown
However for a random sample of sizeand any possible value @f F(t, 8) can
be estimated by the local linear regresSigeee Fan and Gijbgl4995 that
minimizes

n i _t
;(di —no—m(X,B—t))zK<%> (4)

with respect ton, andnq, whereK is a symmetric density function ard is a
positive bandwidthLet F,(t, 8) be the estimate for the local intercept term in the
local linear regressiotd); F(t) can be estimated b, (t, ), wheref is a con-
sistent estimator fo8,.

Now we consider estimatingo given some first-step estimator f@,. Two
estimators are proposed here based on equédjofrirst, note that if there exist
observations, j such that

Fi+Fj=1,
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whereF; = F(z) andF; = F(z), then by the strict monotonicitywe have
Zi + Zj = 26!0,

hence

ag = il . 5
° 23 1(F +F =1) ®)
i

This equality cannot be implemented directly eveR (f) were known because
there may not exist pairs of observations satisfyfing F; = 1; furthermorez’s

are not observable because they depend on unknown parar@gtdrsis ap-
proach can still be implementedrfis smooth enough and there exists a consis-
tent estimatop for B,. In this casewe have

2 + 2 =~ 2ay,

where, = x; 8 andz, = x; B, if

F(z)+F(z)~1

An infeasible estimator foig can then be defined as

(F(Zi)+F(ZJ-)—1

> (2 +2)k

_ " )w(znvv(zj)
i=j

a =

’

F(z)+F(z)—-1

22 k( - )w(zi)w(zj)
i=j 2

wherek(-) is a univariate kernel function declining to zero as its argument in-
creases in magnitude ahgis a bandwidth sequence converging to zénas the
kernel weightk((F(2) + F(2) — 1)/h,) gives declining weight to pairs with
large values ofF(2) + F(2) — 1|, andw(-) is a trimming function that is chosen
to equal to zero wheR(t) cannot be accurately estimat€dlr first estimatara.,

is defined by replacing (-) with F(-, ) in @,

o = A(BO
YOBWB)
where

_ 1
An(B,a) = mE(XiB + X8 — 2a)

i=j

« k( Fn(Xi B,8) +th(Xj B,B) —1
2

>W(XiB)W(XjB)
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and

Fn i P> +Fn j P -1
B.(B) = m12k< Ll ZARiL L) )Mmmwmﬁl
2 2

We now turn to the second estimatbor a fixedt, «g solves the equation
F() + Fa—t) =1 (6)
Then for eachz;,i = 1,2...n, definea,; as a solution to
Fa(2,B) + Fo2a — 2,8) = 1,

a sample analog to equatio®) whent = 2;, i.e., a,; satisfie§

Fa(2,8) + Fa(dn — 2,8) = 1

Consequentlythe second estimator far is defined as

n

igl&ziw(?i)

1 n
n e

&22

wherew(z) is a trimming factar
Now we consider large sample properties of the estimatdesmake the fol-
lowing assumptions

Assumption 1 The vectorgx;, d;) are independent and identically distributed
acrosd, with finite fourth-order moments for each componenkof

Assumption 2 The conditional density af, f (v| x), depends or only through
|ag — z|, and symmetric around, O.e, f(v|x) = f(v||ap — z|) andf(—v|x) =
f(v|x). In addition F(t) is strictly increasing irt.

Assumption 3 The preliminary estimatqg of 3, is root-n consistent and has
the following asymptotic linear representation

A 1
B=Bo+ . S +0,(n 2

for someys; = ¢ (d;, x;) such thaEy (d;, x;) = 0 andE| (d;, ;)] ? < co.

Assumption 4 The kernel functioiK (-) is a symmetric density with a bounded
support It is twice continuously differentiable

Assumption 5 The kernel functiork(-) has a bounded suppotitis stimes
continuously differentiable/ k(u) du=1 andfu'k(u)du=0forl =1,2,...s.
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Assumption 6

(i) The support of the distribution ofis not contained in any proper linear subspace
of R4

(it) For almost everg = (x,,...,Xq), the distribution ofx, conditional onx has ev-
erywhere positive density with respect to Lebesgue measaieefore Bo; = 1 by
scale normalization

Let p(t, B) denote the density of3 evaluated at. The termA(-) denotes the
inverse ofF (-) andg(-) denotes the density &(z). We choose bounded sSs-
[s1,8] andS, = [s; + &0, S, — o] for a sufficiently small positive,.

Assumption 7

(i) 0=w(t)=Lw(t)=0fort& S andw(t) =1fort € §,= (b1,b2). Foranyz€ S,,
thenze S and - z€E€ S,.
(ii) p(t, Bo) andf (t — ap| x) are uniformly bounded away from zero foe S

Assumption 8

(i) F(t,B)p(t,B) andp(t, B) are uniformly bounded and twice continuously differen-
tiable int andg, and the trimming functiomv(-) is continuously differentiable

(i) A(F),g(F),andw(t) arestimes continuously differentiabland the partial deriv-
atives are continuous and uniformly boundedtfer SandF € [F(s;), F(s,)].

Assumption 9 The bandwidth sequences satisfy

(i) nhs - 0,nh¥h,® — 0, h,%h; — 0, andnhsh3In?n —oo, asn — co.
(i) nhf — 0 andnhfIn?n — co.

Assumptions 1 and 2 describe the model and the. dddée that certain un-
known heteroskedasticity is allowe8everal existing estimators for the slope
parameters foB, (among othersAhn et al, 1996 Han 1987 Horowitz and
Hardle 1996 Ichimura 1993 Klein and Spady1993 Powell et al, 1989 Sher-
man 1993 satisfy Assumption 3Assumptions 4 and 5 describe the kernel func-
tions note that the second-step kernel functikan defining the first estimatak,
is a “higher order” bias reduction kernelhich, together with the rate of conver-
gence condition for the bandwidth parameters in Assumptienures that is
asymptotically unbiasedssumption 6 is used for identifying the slope param-
eters by Mansk{i1985 under a conditional quantile restrictiomhich is certainly
sufficient under our symmetry conditiodhn et al (1996 provided a similar set
of conditions also including the presence of a continuously distributed compo-
nentx, for identifying the slope parameters under a monotone single-index re-
striction; but their conditions do not require the supporketo be the real ling
The identification conditions of Ahn et.al1996 for identifying the slope pa-
rameters also apply here because we impose a stronger restriction in our. setting
Assumption 7 essentially is an identification condition for the intercept;térm
requires a portion of the population with participation probability beldsvahd
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another portion with participation probability aboveb(ecause the equality
F(z) + F(2ap— z) =1 holds forz € S,. Mainly this assumption is made to avoid
the situation that the supports @BndxB, are too small to identify the location
parameterA sufficient condition is that the supports of bot8, and the error
termov are the whole lineAssumption 8 is some boundedness and smoothness
conditions which can be justified by more primitive conditions on the distribu-
tions of the variables in the modébr some discussions on similar conditigns
see Lee1994 Sherman1994. Assumption 9 describes the rate of convergence
for the chosen bandwidthsotice that the kernel bandwidth goes to zero more
slowly thanh;.

THEOREM 1 If Assumptiond—9hold, thenga; is consistent and asympteti
cally normal

VI(éy — ap) - N(0,3y),

Dyy = B¢, Digy = EEqiif{ = Dgye, B= 2E9(1 — F)w(z)w(2ag — Zj), and

Ql = Al + A2 with
A, = _E<3F(Xi Bo, Bo) N E<8F(XBO"BO) 7= ey Zi>>
X gd—-F)N(A-F)wW(z)wQRag— z),

B’ B’
A, = Eg(1— F)W(z)W(2ap — ) (X + E(X|2= 200 — 7)),

and
&1 = —2(d — F)XN (1 - F)w(z)w(2ao — z)9(1— F).
Proof See the Appendix

THEOREM 2 If Assumptiond—4, 6—8 and9(ii) hold, thena; is consistent
and asymptotically normal

V(& ~ ag) = N(0,3,),
where
22 = W*Z[ngf + Qz D21//§ + Dzé:l/jﬂlz + Qz Dl/,l/jﬂrz]

with

0, = 1 <3F(Xi Bos Bo) " oF (2ap — Xi Bmﬁo))w(zi)

_EZf(aO_Zi|Xi) B’ B’
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and

& = (di — F)[w(z)p(z) + W(ap — z)p(2ag — Z)]

~ 2f(ao— z|%)P(2)

for Doy = E&5i €51, Dyy = B ¢h{, and Doy, = B4 = D3y, W= Ew(z).
Proof See the Appendix

Consistent estimators for the asymptotic covariance matrices are needed to
conduct large sample inferenc&onsidey for example estimating>,. A con-
sistent estimator af ; can be easily obtained if we can find consistent estimators
of Ay, Ay, B, Dygg, Dygy, andD,,,. Estimation ofA,, A,, e}ndB is strgightforwa[d
following the proof of Theorem, e can show tha (B, a), Anx(B), andB,(B)
are consistent foA,, A,, andB, respectivelywhere

_ B IFa (X B,B)  dFn(X; B, B)
Anl(B,a) = n(n—l)z(xi’3+xjﬁ 2a)< 3,8 + 6'8 )
x hiz K < s +th(Xj L 1>W(XiB)W(XjB)
2 2
and
1
Anz(B) = nn=1 E(Xi + %)
><%«(F“‘&B)+:““&B)_1>mmﬁwwmﬂy
2 2

Consistent estimation of the matrid®s;,, D14, andD,,, requires suitable esti-
mates of the componentg,;} and{y;} in the asymptptically linear representa-
tion in (A.3). Specifically it is useful to assume thdg,,;} and{i,;} exist such
that

1 .
n 2 € — &1l = 0,(1) (7)

and

1 R
n E |1 — hanil? = 0p(1).

One example ofi/in } is suggested in Powell et &l1989. An analogous sequence
of {&4,i} can be constructed as

A R 1

¢ = 204 = Fol2.8) (=

Fo(2,8) + Fa(2,8) — 1
h,

X D (4 +2 —2&)k’< )w(ii)W(i,-)-
j=i

https://doi.org/10.1017/50266466699151041 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699151041

SEMIPARAMETRIC ESTIMATION OF A LOCATION PARAMETER 87

By following the proof of Theorem it is straightforward to show thdf) is
satisfied With the sequences ¢€,,,;} and{ii} given the remaining components
of 24, namely Dy, Dygy, andD,,,, can be consistently estimated as in Powell
(1989. Define

with analogous definition 0D,,;, Dy, and D,,,, which can be shown to be
consistent foD1,, Dygy, andD,,,, respectively
Now we consider estimatiny,. First, we can show that

1 [ F, (z.,ﬁ)] (aFn(xiB,m +aFn(2&—xiB,B)>

= __E B’ B’ w(z)

andW, = 1/n3(_, w(2) are consistent fof2, andW. Next, define

. dFn(z;,
Eoni = _[ (Z ’8)

1
o Pa(2 )} (d = Fo(2,8))

X [W(Z)pn(Z) + W(2a — 2)pa(2a — 2)]

with p,(2) a consistent estimate for the densityzaffor example by a kernel
nonparametric estimat®y following the approach in estimatinys, it is not
difficult to construct a similar consistent estimator .

For the two estimators proposed previouglyhas a closed form given a first-
step estimatof, a combination of which with the noniterative procedures for
estimating3, by Ahn et al (1996, Horowitz and Hardl€1996), and Powell et al
(1989 will be very attractive computationally because it avoids nonlinear opti-
mization or solving nonlinear equatiankhe second estimataf,, is computa-
tionally more intensivginvolving a one-dimensional grid searddowever a,
involves only one nonparametric approximation compared with two approxima-
tions in constructingy,; thusa, will be useful in cases wher, is found to be
sensitive to the choice of the second bandwidth

Our estimators are based on equati®nwhich suggests that the performance
of our estimators will be adversely affected whe(z € S)) is small namely
when most individuals have participation probabilities ab@réelow 0.5. The
estimator proposed by Lewbel requires that the support of the errorutédren
contained in that of; therefore his estimator is likely to have large bias when the
participation probability is bounded away from zero or one

3. A MONTE CARLO STUDY

In this section we present a small Monte Carlo study to illustrate the usefulness of
the proposed estimatdrhe data are generated according to the following model

d=1{x+ag+v>0}
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with e = 1. Notice that for simplicitywe are treating the case thgis assumed
to be known Four different designs are constructed by varying the distributions
of the error termv and the regressoc

Here we consider the finite-sample performance of our estimatgenda,,
along with Lewbel’s estimatdi1997), &,. The results from 300 replications from
each design are presented with sample sizes of 100 and-80@ach estimator
under consideratigrwe report the mean valugnean, the standard deviation
(SD), and the root mean square erf@MSE). We adopt the quadratic kernel in
estimating the functiofr

K(u) = 0.9375 (Ju| < 1)(1— u?)?

as in Lewbel(1997). The same kernélis used as the second-step kerkel)
in constructinga,. The bandwidth selection fa, follows the rule suggested
in Lewbel (1997,8 which yieldsh, = 0.630 forn = 100 andh, = 0.406 for
n = 300 Like Lewbel we also report the results with one-half and doufle
for . It is difficult to choose bandwidths with rigorous theoretical justifica-
tions The bandwidth for estimating is chosen by the generalized cross-
validation Also, the estimatora, is not very sensitive to the choice of the
bandwidti h,; we report the results with, = 0.1, 0.05, and Q025 The sam-
ple is discarded and redrawn if mm,(2,3) > 0.5 or maxF,(2,8) < 0.5
because the discarded sample is not informative for the intercept term under
our symmetry conditionFor the trimming functionw(-), its smoothness
is not important in practiceLet F,., = max{0.025 min;F,(2,3)}, F™ =
min{0.975 max Fn(2;, 8)}, andF,, = min{0.5 — F,., F™ — 0.5}; then we set
w(-) = 1if Fo(2,8) € (0.5 — Fn,0.5 + Fn,), and 0 otherwisgnamely we
select the observations falling in the largest interval symmetric arotnaichin
(0.0250.975) in terms ofF,(2;, 8).1°

Table 1 reports the simulation results for the case in which kathdv are
drawn fromN(0,1) independent of each othémomoskedastic design.lin this
case all estimators perform welly, has the smallest RMSEvhereas our esti-
mators &, anda,, have smaller biaseAs expectedperformances improve when
the sample size increases from 100 to .380te that in this desigronly about
15% of the observations have participation probability belddwéhereas that of
the remaining 85% of the observations excee8sThe performance of our es-
timators is adversely affected by this unbalanced design

In Table 2 we report the results whens drawn fromN(—21,1) andv from
N(0,1) with x andv independent of each oth@tomoskedastic design)llin this
design about 50% of the observations have participation probability beléw O
and the remaining half have participation probability abose Gonsequently
the relative performance of our estimators improves significantly

In Table 3 we consider a design with a heteroskedastic;gheerror termv =
v1-(J1 + x|%2 + 0.25) wherev, andx are drawn from independehk(0,1) (het-
eroskedastic designNote that the homoskedasticity required fgris violated
whereas the symmetry and monotonic index assumption for our estimators are
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TaBLE 1. Homoskedastic design |

n Estimators Mean SD RMSE

100 a1,h, =0.100 Q973 Q230 Q231
a4,h, = 0.050 Q972 Q251 Q252
a4, h, =0.025 Q967 Q268 Q269
QA 0.959 Q223 Q226
a;,h =0.315 Q911 Q169 Q191
a;,h =0.630 Q937 Q175 Q186
a;,h =1.260 Q958 Q176 Q180

300 a@4,h, = 0.100 Q986 Q132 Q132
a1h, = 0.050 Q991 Q134 Q134
aq1,h, =0.025 Q992 Q135 Q135
Qo 0.972 Q135 Q138
a;,h =0.203 Q956 Q118 Q126
a;,h = 0.406 Q969 Q123 Q127
a;,h =0.812 Q974 Q119 Q122

still satisfied Consequentlya, have large biases when our estimators still per-
form satisfactorily

The results with a different homoskedastic design are reported in Tébeb-
skedastic design I}t in this casexis drawn fromN(0,1) conditional on x| < 1.6,

TABLE 2. Homoskedastic design Il

n Estimators Mean SD RMSE

100 a@4,h, =0.100 Q996 Q144 Q143
a4, h, = 0.050 Q997 Q145 Q145
a@1,h, = 0.025 Q997 Q145 Q145
Qo 0.997 Q143 Q143
a,h =0.315 Q975 Q165 Q166
a;,h = 0.630 Q999 Q169 Q169
a;,h =1.260 1065 Q177 Q188

300 a@1,h, =0.100 1001 Q079 Q079
a1,h, = 0.050 1001 Q080 Q080
a4, h, =0.025 1001 Q080 Q080
Qs 1.002 Q080 Q079
a;,h =0.203 Q996 Q098 Q098
a,h = 0.406 1008 Q098 Q098
a;,h =0.812 1034 Q098 Q103
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TaBLE 3. Heteroskedastic design

n Estimators Mean SD RMSE

100 a1,h, =0.100 Q956 Q0285 Q0288
a4,h, = 0.050 Q957 Q297 Q300
a4, h, =0.025 Q949 Q316 Q319
QA 0.936 Q281 Q288
a;,h =0.315 Q799 Q203 Q0286
a;,h =0.630 Q824 Q221 0283
a;,h = 1.260 Q841 Q222 Q273

300 a@4,h, = 0.100 Q983 Q168 Q168
a1, = 0.050 Q990 Q171 Q171
a1,h, =0.025 Q992 Q171 Q171
Qo 0.964 Q180 Q183
a;,h =0.203 Q858 Q143 Q201
a;,h = 0.406 Q878 Q154 Q196
a;,h =0.812 Q882 Q153 Q193

with v drawn fromN(0,1) independent ok. Because the consistency &f re-
quires that the linear index have heavier tails than that of the error tenioh
does not hold heré.ewbel’s procedure incurs substantial bigseigh small vari-
ances though!' Our estimators still perform well in this case

TABLE 4. Homoskedastic design Ill

n Estimators Mean SD RMSE

100 a@4,h, =0.100 Q932 Q222 Q231
a4, h, = 0.050 Q929 Q248 Q258
a@1,h, = 0.025 Q917 Q273 Q285
Qo 0.927 Q228 Q239
a,h =0.315 Q792 Q122 Q241
a;,h = 0.630 Q820 Q126 Q220
a;,h =1.260 Q866 Q136 Q191

300 a@1,h, =0.100 1006 Q175 Q175
a1,h, = 0.050 1010 Q177 Q177
a4, h, =0.025 1011 Q177 Q177
Qs 1.001 Q185 Q185
a;,h =0.203 Q828 Q074 Q187
a,h = 0.406 Q842 Q076 Q176
a;,h =0.812 Q863 Q079 Q158
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4. EXTENSION AND CONCLUSION

In this paper we considered semiparametric estimation of a location parameter in
the binary choice model under a symmetry and monotonic index restridtiamn
estimators are proposed hebmth of which are consistent and asymptotically
normal A small Monte Carlo study illustrates the usefulness of the estimators
Both of the estimators are two-step estimators based on equ8jiagiven a
first-step consistent estimatgr for B,; in fact equation(3) also suggests that
(ag, Bo) can be jointly estimated.et xBy = X; — X298, i.€., the coefficient ofx;
has been normalized to arfeor observationsi, j ) if

F(Zi) + F(Zj) =1
then
Xqj + le = 26!0 + (X2i + ij)ao.

Following the idea behind the first estimatéy, we can propose the following
estimator fordy = (g, 84)':

0 = S S,
where

_ e e (Fa() + FR() — 1Y
She = n(n—1)i2:j(Xi ) (% +Xi)k< h, )W (X)wW*(x;)
and

_ L Fa(x) + Falx) =1\
S = nn=1 E(Xi + %) (Xq + le)k< ™ )W (X)W* (),
whereF,(-) denotes a nonparametric estimate fdr), x* = —1x;), for i =

12,...,n,andw(-) is an exogenous trimming functio®ne undesirable feature
associated with this estimator is that high dimensional nonparametric estimation
is involved in constructind(-). Note thatd reduces tai; whenp, is known
Analysis ofé will be similar to that ofa, and is not considered here

NOTES

1. Actually, Lewbel proposed a procedure estimating the interagpthengg is known whereas
he conjectured that his results carry over to the situation whgneust be estimated

2. Note thatx3 — a > 0 is equivalent td=(x8 — & + ag) > 0.5 whereF(+) is the participation
probability function to be defined latekn alternative prediction rule without estimating is to set
d = 1if F(x8) > 0.5 whereF(-) is a nonparametric estimator f&r(-); however with a rootn
consistent estimatat, F(xﬁ — & + ap) converges faster thﬁ](x[?) for a givenx. Furthermorethe
prediction rule based on estimated linear indices is easier to implement

3. In fact, Manski's estimatofManski 1985 is devised by maximizing the number of correct
predictions based on this prediction rule

4. Whenv is independent of, thenF (t) is the accumulative distribution function af + v.
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5. Nonparametric estimation based on kernel fitting or series approximation also works here
Howeverin our contextin finite samples local linear fitting is likely to better capture the mononicity
of the regression function than the local constant fitting based on ordinary kernel estimation when
positive kernels are used

6. It will be shown later thatiy; s are well defined in large samples

7. Afourth-order kerneK,(v) = 11 exp(—v%2) — 0.1 exp(—v%/22)/y/11 is also experimented
with; the estimates based on the higher order kernel have similar RMSE’s but are slightly more
sensitive to the choice of the bandwidth

8. Which is based on Powell and Stok@©96.

9. Note that probability functions range from 0 tothus rescaling is not needed

10. Asmoothed version of this trimming scheme can be easily incorporated in the definition of our
two estimatorsonly at the expense of more complicated notations

11 The small variances associated with Lewbel’s estimator here are not unexpected because the
estimated density function afenters as the denominator in his approach whereas in this delsagm
larger densities in its support than in the previous desitiuge that wherx has a finite support
smaller than that of, Lewbel’s estimator essentially corresponds to a different parameter than the
intercept term
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APPENDIX

The following two lemmas present some results for rates of convergence and asymptotic
linear representations for local linear estimafésese results are useful to prove the main
theorems

LEMMA 1. Under Assumption$—4, 6—-8 and9(ii), for t € S and g belonging to a
neighborhood of3y, we hae

sup Fa(t,8) — F(t,8)| = Op(hZ + (nhy)"¥2Inn),
LB

OFA(t, aF(t,
sup ;BB) - ;BB) = Op(hy + (nh)*2Inn),
aFn(t, aF (t,
sup ;t 2 gtﬁ) = Op(hy + (nh?)"¥2Inn),
Fa(XB.B)  IF(x8.B)| .
smﬁjp P - P = Oy(hy + (nh?)~Y2Inn),
and

supll — Fy(t, B) — Fo(2ao — t, B)| = Op(h? + (nhy) Y2 1Inn).
t

Proof. We need to consider the bias and variance terms for the local linear estimates
We can deduce the rates of convergence for the variance terms following the approach in
Newey(Lemma B1, 1994). The rates of convergence for the bias terms can be derived as
in Fan and Gijbel$1995 Sect 3.7). The last equality also relies on the raotonsistency
of 8 and the symmetry and monotonic index assumption n
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Similarly, we can prove the following lemma

LEMMA 2. Under Assumptiong, 4, 7, 8, and 9(ii),

ot o) F0 = o 3 o @ = Rk (5 )+ 0t om )

uniformly inte S

Proof of Theorem 1. From the definition of¥,, we have

mAn(B:aO)

VN(&; — ap) = B (ﬁ')

We will show thatB,(3) converges tdB in probability andyfiA.(3) is asymptotically
normal First from Assumptions 1-9 and Lemma 1 and from Lemniad Powell et al
(1989 we can show that
B (4) — 2 1 " FF+F-1

n(B) = nn—1) z h, h, w(z)w(z)

+ h520p<51[,1p| Fa(t, B) — F(t,ﬁ)\) +0p(h22)(B — Bo)

! < F+F— 1)
=2ImE — k| ———— |w(z)w(z) + 0,(1)
= 2Eg(1 - F)wW(A(F))W(A(1 = F)) + 0,(2)
=B+ 0,(). (A1)
Next, we write vAAL(B) as
mAn(E) = AnO + (An1(3>a0) + AnZ(B) + AnB(B’aO))m(BA - BO):

where

Ano 2 (Z, + Z] 2a0)

\/ﬁ(ﬂ*l), =j

% i k< Fn(z,B0) + Fn(z,B0) —1
h,

= )w(z»w(z,»,

__ 1 1 (Fa(xiB,B) +Fa(x8.8) —1
Ans(B,a) = n(n_l)z(xiﬁ‘i‘XjB—Za) h k( h, >

X (W' (x B)W(X; B)Xi + W(X; B)W' (X B)X),
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whereg lies on the line segment g%, andB andw'(-) is the derivative ofv(-). Similar to
(A.1), we can show thab (B, a0) = A1 + 0p(1), Anz(B) = Az + 0,(1), andAns( B, o) =
0p(1). Finally, we considei,

Ano = Anor T Anoz + 0,(1),
where

P RSP S R bt
n0L = Hn— 1) i:j(zi Z; @) h, h, w(z)w(z)

and
I gy Lo (AL
no2 = —\/T](n _ 1) iEZj(Zi + Zj - ao) h22 ( h2 )W(Zi)W(Zj)
X (Fa(zi, Bo) + Fa(z,B0) — Fi — F)) + nmh;sop(sgn Fa(t) — F(t)\Z)
_ 2
- m(n o 1)(“ _ 2) i:12:| qij| + Op(l)
with

<Fi+Fj—1> <z|—zi>
(Zi + Zj - 2&0)(d| - F|)k’ K W(Zi)W(Zj)

1
% = hzh,p(z) h, hy

by Lemmas 1 and.Z\gain by aU-statistic projectioriPowell et al, 1989 Lemma 31) we
obtain thatA,o; = 0p(1), and

Ao = 2 iE D+ o) = — i +0y(1 A2
no2 = & (g [1) + 0,(D) = m|:1§1i 0p(1) (A.2)
becausé(qy |i) = E(qy |j) = Eqy = 0. Therefore

« 1.0
VN(day — ag) = Bl|:(A1 + Ax)VN(B — Bo) + m > fli] + 0p(1)
=1

1 n
= 871 — i +Q i + 0 l . A3
e IZZl(fl 11i) + 0p(1) (A.3)
Theorem 1 follows easily u

Proof of Theorem 2. From Lemma 1with probability close to onghere existd, for
n > N, such that

SEUSE’|[Fn(Z»BA) + Fo(2ao — 2+ &0, 8)] — [F(2) = F(2ap — 2+ 0)]| < &0fo/2
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holds wherefy = minesf (t — ap|x). From the symmetry assumptiowe have
rzgigo[F(z) +FQRay—z+¢g) —1] = Eréig[F(Zao —2z+gy) — FQRag— 2)] > g5 fo,
thus

g;ig[Fn(z,B) + Fo(2ag — 2+ g0, 8) — 1] > g0 fo/2.

Similarly, we can show that

Max( (2, B) + Fr(2a0 — 2~ 80, ) ~ 1] < ~eofo/2

Thereforewith probability close to ondor 2; € S, there existsy,; such that &, — 2, €
S

Fo(dy — 21, 8) = 1— Fo(2;, B), (A.4)
and
sup azi — ag| < go/4.
i
Notice that from equatiofA.4), we have
. oFn L .
FnRao—2,B) + 2 ot (2ay — 2,B) (@2 — ag) = 1= Fn(2, B),
wherea,; lies betweenv,; andag, thus
R oF, N A A
[do —ap] = | =2 s az —2,B)| [Fn(Z,B) + Fa2a0— 2,B) —1].
From Lemma 1we have
supldz — aol = Op(SUpL—Fo(t,f) ~ Fo(2a0 — L B)1)
1
= Op((nhy)™Y2Inn + h3).

We now derive the asymptotic distribution fég. From the definition ofy,, we obtain

l n
ﬁ ZL(&Zi — ag)W(Z)

VN(&, — ag) =
E w(2)

i=1

Sl
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First we look at the numeratdfrom Lemma 1we obtain

1 n
% i:Zl(CAfzi — ag)W(Z)

n -1
2[ — (2ay - 2 i,ﬁ)] [Fa(2,B) + Fa(2ao — 2, 8) — 1]w(2)

|:1

12 JoF Lt o N
_n 2 [_ZE (26(0_ 2I7B):| [Fn(zwﬂ) + Fn(2a0 - 2i’IB) - 1]W(2|)

=1

aFs(t,B)  OF(t,B)
at ot

+

+ SUH&Zi - a0|}
i

m{ sup

tES|B—Bol<e0

X Suﬂl_ Fn(t, BA) - Fn(zao - thA)|W(t) + Op(]-)
tes

-1

oF . . ;
|:2 E (2(10 — 2,,B):| [Fn(znﬁ) + Fn(zaO - 2i3B) - 1]W(2I)

I
\d

i=1

+ vAQ,[(hy + (nh)"*2Inn)(h? + (nhy) "2 Inn)]

12 R N
5 3 g Pl B) + Fo(2ao— 2,8) — 1Iw(z) + 0y(1)

=Cp + (Con + C3n)m(B = Bo) + Op(l)a

where
Cn="1 Izzl Hau—z1%) (Fn(zi, Bo) + Fn(2a0 — 7, Bo) — 1]w(z),
12 1 dFa(Xi Bo,Bo)  IFn(2a0 — Xi Bo, Bo)
Con = _ﬁi_12f<ao—z.x)< B B )W(Zi)
_ 1 OF (X Bo,Bo)  IF(2ag — X Bo, Bo)
a _E2f(ao—2i|xi)< B’ i B’ )W(Zi)Jrop(l)
=0, + 0,(1),
and
B 1.0 (X .30)
ﬁ ; m [1_ Fn(zi,BO) - Fn(zao zl?BO)] P(l)

We write Cy, asCy,, = Cqi1n + Cion, Where
n

1
Z a2y Frl2) — Filw(z)
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and
Cion = — Z aa—z1%) [Fn(2ao — 7)) — F(2aq — z)]W(2Z).

|:l

Similar to Lemma 2we can show that

Cian = LS ! d-F L(azz 1
= 0D & 2eezbop@ @, < s )W(Z‘)”P”
10 1
= Fgm( i — F)w(z) +0,(D)
and
Cuan = - m(nf ng(ao zi|xi)p(2aofzi)h(j7Fj)K
Zj+Zi—2a
X <T>W(Zi) +0,(1)
G &1 2f (a0 — 7| X)p(z) (0 = F)p(2ao = z)W(2a0 = z) + 0p(1).
Hence

n

1
1in = ﬁ E &+ Op(l)-

Also we can show that

1 n
- > w(2) = Ew(z) + 0,().
i=1

Consequently
12 A

V(& — ag) = W_l[F > Eai + V(B — ﬁo)} (A.5)
ni=

Theorem 2 follows easily u
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