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CLASSIFICATION COMPLEXITY OF CHAOTIC SYSTEMS

BENJAMIN VEJNAR

Abstract. In this article, we deal with the classification complexity of continuous
(Devaney) chaotic systems in dimensions 0, 1, and ∞ using the framework of invariant
descriptive set theory. We identify the complexity in dimensions 0 and ∞, while in dimension
1 we get some partial results.

More precisely, we prove the topological conjugacy relation of invertible chaotic systems on
the Hilbert cube (resp. on all compact metric spaces) has the same complexity as (i.e., is Borel
bireducible with) the universal orbit relation induced by a Polish group. As a consequence,
this answers a recent question asked by L. Ding. We also prove that the topological conjugacy
relation of invertible chaotic systems on the Cantor space has the same complexity as the
universal relation induced by the group S∞. This answers a recent question by M. Foreman.
Some non-trivial bounds on the classification complexity of chaotic systems on the interval
and on the circle are also obtained. Namely, the lower bound is the Vitali equivalence relation,
and the upper bound is the equality of countable sets of reals. This especially implies that the
relation is Borel. However, the exact complexity remains unknown.

§1. Introduction. Classification of dynamical systems is one of the central
problems in the field. Perhaps the first nontrivial results of this kind
go back to Poincaré, who classified transitive rotations of the circle by
using the rotation number as a complete invariant [4, Theorem 7.1.9].
Ornstein classified Bernoulli shifts using entropy as a complete invariant
[35]. However, it is rarely the case that a real number may serve as a
natural complete invariant for more involved systems. Invariant descriptive
set theory is a natural tool that allows us to formalize the concept of
classification using more complicated objects as natural invariants [23].

Recently, the study of classification complexity (up to measurable or
continuous conjugacy) on various classes of dynamical systems, from the
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2 BENJAMIN VEJNAR

perspective of invariant descriptive set theory, becomes of great interest (see,
e.g., [7, 16, 21, 22, 30]). We focus on the classification of dynamical systems
up to conjugacy by a homeomorphism. Clemens proved that the conjugacy
of subshifts is as difficult as the universal Borel equivalence relation with
countable classes [12]. Hjorth identified the complexity of interval invertible
systems and observed that the two-dimensional case is more complex [24].
Bruin and the author found that the conjugacy of interval systems is as
difficult as classifying countable graphs up to isomorphism, whereas the
conjugacy of systems based on the Hilbert cube is much more complex [5].

The aim of this article is to focus on chaotic systems. A chaotic system
(in the sense of Devaney) is a classical dynamical system for which orbits of
periodic points form a dense subset of the hyperspace of compact sets. Until
now, no attention was paid to the classification complexity of these systems.
Using some notation from Section 2, the main results of our investigation
dealing with chaotic systems are formulated as follows:

[A] The classification complexity of chaotic invertible systems on the
Cantor space is the same as the universal orbit relation induced by
the permutation group S∞ (Theorem 3.4).

[B] The classification complexity of chaotic systems on the interval or on
the circle is bounded from below by the Vitali equivalence relation
and bounded from above by the universal F�� relation induced by the
group S∞ (Theorems 5.2 and 5.3 and Corollary 5.5).

[C] The classification complexity of chaotic invertible systems on the
Hilbert cube is the same as the universal orbit relation induced by
a Polish group (Theorem 3.2).

Let us note that [A] answers one half of a question by Matthew Foreman
[21, Open Problem 15]), whereas [C] yields Corollary 3.3 which answers a
question of Longyun Ding posed during the Nankai Logic seminar. Since
the result [B] does not give a concrete complexity level, it would be nice to
know the answer to the following question.

Question 1.1. What is the exact complexity of the conjugacy relation of
chaotic systems on the interval, respectively, on the circle?

This question could be possibly answered by one of the complexity levels
mentioned in Theorem [B] or some natural equivalence relations in between
them, e.g., the countable power of the Vitali relation, the universal Borel
relation with countable classes, or its countable power (see [23, p. 351]). But
there are also others.

Let us now switch to minimal systems. Recently, Kaya proved that the
equality of countable sets =+ relation is Borel reducible to the conjugacy
of minimal Cantor systems [26]. In a fresh paper [31], Li and Peng proved
that the conjugacy equivalence relation of minimal systems (on compact
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CLASSIFICATION COMPLEXITY OF CHAOTIC SYSTEMS 3

metric spaces) cannot be classified by countable structures, i.e., it is not
Borel reducible to ES∞ , which is the universal orbit relation induced by an
action of the group S∞. A group of authors announced that the conjugacy
relation of Cantor minimal systems is not Borel [15]. All of these are only
partial results that tend to find the exact complexity of conjugacy of minimal
homeomorphisms (either on the Cantor space or on all compact metrizable
spaces). However, the exact classification complexity of minimal systems on
compact metric spaces as well as on the Cantor set is still unknown.

By a conjecture of Sabok, the conjugacy relation of minimal invertible
systems is Borel bireducible with the universal orbit equivalence relation
EG∞ [31]. When trying to prove the conjecture of Sabok, we need to be
able to construct various minimal systems. Minimal systems often occur on
homogeneous continua (or compacta). However, such spaces are rare and
their classification up to homeomorphism is unknown [11, Problem 1]. In
fact, only recently it has been proven that homogeneous continua form an
analytic set [28]. The very first construction of a minimal system supported
by a non-homogeneous compact space comes from Floyd [19]. His idea was
recently enhanced by lifting any minimal Cantor space homeomorphism
to a minimal homeomorphism of a cantoroid (i.e., a compact space whose
degenerate connected components are non-isolated points and altogether
form a dense set) whose nondegenerate components are topological copies
of a prescribed space obtained from an injective iterated function system
[14]. However, iterated function systems have finite Hausdorff dimension,
and thus also finite topological dimension and additionally the complexity
of the homeomorphism equivalence relation of such spaces is generally
supposed to be strictly below EG∞ (see [17, 10]). Since we moreover
lack enough injective iterated function systems (see [18] for countably
many examples), we decided to move to other type of cantoroids as base
spaces.

Let us assign to each continuum K a cantoroidXK in which nondegenerate
components are homeomorphic to K and form a dense null sequence.
In Theorem 4.2 it is shown that the assignment K �→ XK is a Borel
reduction and thus the homeomorphism relation of such cantoroids is
Borel bireducible with EG∞ . Moreover, it is known that every cantoroid
admits a minimal map [3], so we could hope that it will be possible to
choose a minimal homeomorphism hK on every cantoroidXK to get a Borel
reduction K �→ (K, hK). However, by Theorem 4.6, the conjugacy relation
on tame cantoroids (excepting the Cantor space) is Borel. This contrasts
with the fact that EG∞ (even ES∞) is a non-Borel relation. Consequently,
tame cantoroids are not suitable base spaces to prove the conjecture by
Sabok.

As being true in the chaotic case, one could hope that the complexity of
conjugacy relation of minimal systems is witnessed by using one concrete
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4 BENJAMIN VEJNAR

space. Since the Hilbert cube has the fixed point property, it does not admit
minimal maps. A natural guess is the infinite-dimensional torus SN.

Question 1.2. What is the complexity of conjugacy relation of minimal
invertible systems based on an infinite-dimensional torus?

When dealing with cantoroids, we prove the following complete result:

[D] The classification complexity of chaotic invertible systems on all
cantoroids is that of EG∞ (Theorem 4.3).

§2. Preliminaries. We denote byN,Z,Q,R the sets {1, 2, ... }, the integers,
rational numbers, and real numbers, respectively.

2.1. Topology and descriptive set theory. All spaces considered in this
article are topological metrizable and separable. A Polish space is a
completely metrizable space. A Borel set in a Polish space is any element
of the sigma algebra generated by open sets. An analytic set is a continuous
image of a Polish space (equiv. an image of a Borel set with respect to a
Borel measurable map).

A Cantor space is a compact non-empty zero-dimensional space which
lacks isolated points. It is well known that every Cantor space is
homeomorphic to the Cantor ternary set. The Hilbert cube is the countable
product

∏∞
n=1[0, 1] and is denoted by Q. An absolute retract is a space

homeomorphic to a retract of the Hilbert cube. A dendrite is an absolute
retract with topological dimension one, or equivalently, a locally connected
continuum that does not contain a topological copy of the circle as a
subspace. We denote by K(X ) the space of all nonempty compact subsets
of X equipped with the Vietoris topology. See the books [27, 33] for more
information.

2.2. Dynamics. A dynamical system is a pair (X,T ) where X is a compact
space and T : X → X is a continuous map. It is called invertible if T is
a homeomorphism. Two dynamical systems (X,T ) and (Y,S) are called
(topologically) conjugate if there is a homeomorphism h : X → Y such that
h ◦ T = S ◦ h. An orbit of a point x ∈ X is the set {Tn(x) : n ∈ N ∪ {0}}.
A dynamical system (X,T ) is called (topologically) transitive if for every
pair U,V of nonempty open sets there is n ≥ 0 such that Tn(U ) ∩ V 	= ∅.
The system (X,T ) is called minimal if every point has a dense orbit.

Chaotic systems belong to the central notions of this paper. A dynamical
system (X,T ) is called (Devaney) chaotic if for every finite cover U of X
by non-empty open sets, there is a periodic point x ∈ X whose orbit meets
every element of the cover U . This is easily equivalent to saying that the
closure of the set of all periodic orbits in K(X ) contains X ∈ K(X ). It is
also equivalent to the usual definition of (Devaney) chaotic map in the sense
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CLASSIFICATION COMPLEXITY OF CHAOTIC SYSTEMS 5

that it is a transitive map whose periodic points are dense. Indeed, for the
direct implication, it is clear that the periodic points are dense; also, for any
pair of nonempty open setsU,V there is a periodic point in U whose orbit is
sufficiently close to X and thus intersects V. For the backward implication,
it is enough to see that for a transitive point x ∈ X , its first finitely many
iterations form a sufficiently dense set, and x can be closely approximated
by a periodic point p (so that finitely many iterations of p are close to the
iterations of x) by using the density of periodic points. Then the orbit of p
is sufficiently close to X.

2.3. Invariant descriptive set theory.

Definition 2.1. Let E and F be equivalence relations on sets X and Y,
respectively. A map f : X → Y is called a reduction from E to F if for every
two points x, x′ ∈ X we have xEx′ ifff(x)Ff(x′). If X, Y are Polish spaces
and there is a Borel measurable reduction from E to F, then we say that E
is Borel reducible to F and write E≤BF . We say that E is Borel bireducible
with F if E≤BF and F≤BE.

An equivalence relation that is Borel reducible to the equality of real
numbers is called smooth. The most simple non-smooth relation is the Vitali
equivalence relation

Ev = {(x, y) ∈ R2 : x – y ∈ Q},

which is known to be Borel bireducible with the relation of eventual equality:

E0 = {(x, y) ∈ {0, 1}N : ∃n∀m > n : xm = ym}.

Given a class C of equivalence relations on Polish spaces and an element
E ∈ C, we say that E is universal for C if F≤BE for every F ∈ C. By the
orbit equivalence relation induced by a group action ϕ : G × X → X we
understand the equivalence relation EXG on X given by

xEXG x
′ ⇐⇒ ∃ g ∈ G : ϕ(g, x) = x′.

It is known that for every Polish group G there exists an equivalence
relation EG that is universal for the class of all orbit equivalence relations
induced by Borel actions of G on Polish spaces [23, Theorem 5.1.8]. Some
of the most studied equivalence relations in the field of invariant descriptive
set theory include ES∞ and EG∞ , where S∞ stands for the symmetric group
on N and G∞ stands for a universal Polish group. An equivalence relation
on a Polish space is classifiable by countable structures if and only if it is
Borel reducible to ES∞ [24, Theorem 2.39]. The equivalence relation EG∞

is universal for the class of all orbit equivalence relations induced by Borel
actions of Polish groups on Polish spaces [23, Theorem 5.1.9]. For a brief
introduction to Borel reductions, see [20].
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6 BENJAMIN VEJNAR

Let us conclude that the most important complexity levels which we are
using form a strictly increasing chain, where the two relations on the left-
hand side are Borel sets, whereas the two relations on the right-hand side
are complete analytic sets:

E0 <B E=+ <B ES∞ <B EG∞ .

§3. Chaotic invertible systems. The following proposition by Burgess is
a special kind of a selection theorem and it will serve as a useful tool
to complete the Borel coding argument in Theorem 3.2. Let us note that
similar application of the Burgess selection theorem is realized also in [5,
Proposition 4.9] with the aim to prove that the conjugacy relation of all
Hilbert cube homeomorphisms is Borel bireducible with EG∞ .

Proposition 3.1 [6] and [23, Corollary 5.4.12]. Let G be a Polish group
acting in a Borel way on a Polish space. If the induced orbit equivalence relation
EXG is smooth, then it has a Borel selector.

Theorem 3.2. The conjugacy equivalence relation of invertible chaotic
systems on the Hilbert cube is Borel bireducible with EG∞ .

Proof. Denote by E the conjugacy relation of invertible chaotic systems
on the Hilbert cube. By [29], the homeomorphism relation H of absolute
retracts is Borel bireducible withEG∞ . We may suppose that the relation H is
defined only on nondegenerate spaces (i.e., spaces with at least two points).
Moreover E ≤B EG∞ by [31, Theorem 7.1]. Thus it is enough to prove that
H ≤B E. Let f(K) = (KZ, �) be the shift of a countable infinite power of
K, where K is a non-degenerate absolute retract. It is known that a countable
infinite power of a non-degenerate absolute retract is homeomorphic to the
Hilbert cube [32, Corollary 8.1.2] and that the shift map is transitive and has
a dense set of periodic points. Thus, (KZ, �) is a chaotic dynamical system
on a Hilbert cube.

We argue that f is a reduction of H to E. Thus, fix two absolute retracts
K,L ⊆ Q. We want to prove that K is homeomorphic to L if and only
if (KZ, �) and (LZ, �) are conjugate. The direct implication is triviality.
On the other hand, suppose that (KZ, �K) and (LZ, �L) are conjugate
by a homeomorphism ϕ : KZ → LZ, i.e., ϕ ◦ �K = �L ◦ ϕ. It follows that
ϕ(Fix(�K )) = Fix(�L). Moreover Fix(�K) consists of constant sequences
in KZ and thus is homeomorphic to K. Similarly Fix(�L) is homeomorphic
to L. Consequently K is homeomorphic to L. Together, K is homeomorphic
to L if and only if f(K) is isomorphic to f(L).

The proof is not yet completely done, since we got a reduction to chaotic
homeomorphisms on different Hilbert cubes. However, this can be fixed
as follows. Consider the Polish group G := H(Q) of all Hilbert cube
homeomorphisms acting on the Polish space X := I(Q,QZ) of all injective
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maps by composition. Under this action, two maps from I(Q,QZ) are orbit
equivalent iff they have the same images. Moreover, the equivalence relation
EXG is closed inX × X which makes the relationEXG smooth [23, Proposition
5.4.7]. Thus, by applying Proposition 3.1, we get a Borel map assigning to
every copy KZ ⊆ QZ of the Hilbert cube a homeomorphism iK : Q → KZ.
Defining g(K) := i–1

K ◦ f(K) ◦ iK we get that g is the desired Borel reduction
of H to E. Consequently, E ∼B EG∞ . �

Corollary 3.3. The conjugacy relation of transitive systems on compact
spaces is Borel bireducible with EG∞ .

Proof. Let E be the equivalence relation from the statement. By
Theorem 3.2 we get EG∞ ≤B E and by [31, Theorem 7.1] we get that
E ≤B EG∞ . Thus E is Borel bireducible with EG∞ . �

Theorem 3.4. The conjugacy relation of chaotic systems on the Cantor
space is Borel bireducible with ES∞ .

Proof. The idea of the proof is very similar to the proof of Theorem
3.2. Let us denote by E the conjugacy relation of chaotic Cantor space
homeomorphisms. First, by [8] it is known that conjugacy of selfmaps of
the Cantor space is Borel bireducible with ES∞ . Hence E ≤B ES∞ . It is also
known that homeomorphism equivalence relation H of closed subsets of
the Cantor space is Borel bireducible with ES∞ [8]. We may easily suppose
that H is defined only for spaces containing at least two points. Hence it is
enough to show thatH ≤B E.

Let f(K) = (KZ, �K) be the shift dynamical system. Clearly KZ is a
zero-dimensional compact space without isolated points and thus it is
homeomorphic to the Cantor space. The shift map is clearly transitive
and has a dense set of periodic points. As in the proof of Theorem 3.2
we can argue that f is a reduction and our coding argument could be
transferred to a Borel reduction of H to the conjugacy relation E of chaotic
homeomorphisms on a fixed Cantor space. Consequently, E ∼B ES∞ . �

§4. Minimal and chaotic invertible systems on cantoroids.

Definition 4.1. A cantoroid is a nonempty compact space without
isolated points such that the union of all degenerate components is dense.
A cantoroid is called tame if all nondegenerate components form a null
sequence, i.e., the diameters tend to zero.

Theorem 4.2. The homeomorphism relation of tame cantoroids is Borel
bireducible with EG∞ .

Proof. The homeomorphism relation of all compacta, respectively, all
continua, is Borel bireducible with EG∞ [39, 9]. Thus it is enough to find
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8 BENJAMIN VEJNAR

a Borel reduction of the homeomorphism relation on continua to the
homeomorphism relation on tame cantoroids. Let K be a nondegenerate
continuum. By an inverse limit we construct a tame cantoroid whose
all nondegenerate components are homeomorphic to K. Let X1 be a
compactification of N with remainder K. Suppose that we have already
constructedX1, ... , Xn, n ≥ 1. LetXn+1 be a space obtained fromXn in such
a way, that all isolated points of Xn are replaced by a small clopen copy
of X1. Note that there are countably many isolated points in Xn, so all of
these are replaced by a null sequence of copies of X1. A map fn naturally
shrinks all the inserted copies of X1 in Xn+1 to the corresponding isolated
points in Xn. Let XK be the inverse limit of (Xn,fn)n∈N. Note that there
are essentially two kinds of points (xn)n∈N in XK : those, for which xn is
contained eventually in some copy of K and those, for which xn is always
an isolated point in Xn. The first kind of points forms a countable set of
copies of K and the second kind of points forms a dense set of degenerate
components.

Let us verify that the mapK �→ XK is a reduction of the homeomorphism
equivalence relation into itself. Suppose first that K is homeomorphic to
K ′. Then X1 is homeomorphic to X ′

1 by some homeomorphism h1 [38] and
we can define inductively a sequence of homeomorphisms hn : Xn → X ′

n

for which hn ◦ fn = f′
n ◦ hn+1. Consequently, the inverse limits XK and

XK ′ are homeomorphic by the map arising as the inverse limits of
homeomorphisms hn. On the other hand, if XK is homeomorphic to XK ′

then their nondegenerate components are mutually homeomomorhic which
yields K homeomorphic to K ′.

Let us roughly argue that the assignment K �→ XK can be coded
in a Borel way. By the Arsenin–Kunugui Uniformization Theorem [27,
Theorem 35.46], we can select a countable dense sequence of Borel maps
bn : K(Q) → Q such that {bn(K) : n ≥ k} is a dense subset of K, for every
k ∈ N. Using this, the compactification X1 can be realized as a subset

X̃1 = {(x, 0) : x ∈ K} ∪ {(bn(K), 2–n) : n ∈ N}

of Q × [0, 1]. Then we replace each isolated point (bn(K), 2–n) of X̃1 by
a small copy of K rescaled by the factor 2–n and moved to a subset
K̃n ⊆ Q × {2–n}. Consequently, using the sequence bn(K), we approximate
each K̃n × {0} by a sequence in Q × [0, 1] × (0, 1] to get X̃2 ⊆ Q × [0, 1]2

as a realization of X2. We can continue inductively by realizing Xn as a
subset X̃n of Q × [0, 1]n and finally the inverse limit (Xn,fn) corresponds
to the closure of the set

⋃
n∈N X̃n ⊆ Q ×Q, where we identify [0, 1]n with

[0, 1]n × {0}N ⊆ Q. �

Theorem 4.3. The conjugacy relation of chaotic systems on cantoroids is
Borel bireducible with EG∞ .
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CLASSIFICATION COMPLEXITY OF CHAOTIC SYSTEMS 9

Proof. We use the same trick as in Section 3, with some subtle differences
(which includes the absence of Burgess theorem). Given a continuum K,
consider the corresponding tame cantoroid XK given by the proof of
Theorem 4.2. Consider the shift system (X Z

K, �K). Note that the system
is chaotic and the base space X Z

K is a cantoroid since it is a countable
product of cantoroids (see [3]). Moreover the map K �→ (X Z

K, �K) is a
natural Borel reduction. Since the homeomorphism relation of continua
is Borel bireducible with EG∞ it follows that EG∞ is Borel reducible to the
conjugacy relation of chaotic invertible systems on cantoroids.

On the other hand, by [36], the conjugacy relation of (chaotic) systems
on cantoroids is Borel reducible to EG∞ . �

Definition 4.4 (See [31]). For a compact space X we define an equivalence
relationEtt(X ) onXN for which a sequence (an)n∈N is equivalent to (a ′n)n∈N
if and only if a subsequence (ank )k∈N is convergent iff so is (a ′nk )k∈N for every
n1 < n2 < ... .

Definition 4.5. For an equivalence relation E on X the equivalence
relation E+ is defined on XN in such a way that (an)n∈N and (a ′n)n∈N are
E+-equivalent iff

∀n ∈ N ∃m ∈ N : (an, a ′m) ∈ E and
∀m ∈ N ∃n ∈ N : (an, a ′m) ∈ E.

Theorem 4.6. The conjugacy relation of minimal invertible systems on tame
cantoroids, which are not homeomorphic to the Cantor space, is Borel reducible
to Ett(Q)+.

Proof. Let C be the collection of all tame cantoroids in Q with infinitely
many non-degenerate components (note that if a cantoroid, which is not
homeomorphic to the Cantor space, admits a minimal homeomorphism,
then it has infinitely many nondegenerate components). First, we aim to
find Borel maps which assign to every C ∈ C a sequence (Kn)n∈N of all
components. Consider the set

S := {(C,K) : C ∈ C, K is a nondegenerate component of C}.
The set S is Borel and it has countable infinite vertical sections. Hence
by the Lusin–Novikov Uniformization Theorem [27, Theorem 18.10] there
is a sequence of Borel maps bn : C → K(Q) such that {K : (C,K) ∈ S} =
{bn(C ) : n ∈ N}. Let us fix a Borel selector s : K(Q) → Q [27, Theorem
12.13]. Let

f : {(C, h) : C ∈ C, h : C → C is a minimal homeomorphism} → (QN)N,

f(C, h) =
((
hk(s(bn(C ))))

)
k∈N

: n ∈ N

)
.

Clearly f is Borel. Let us argue that f is a reduction.
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Suppose first that (C, h) is conjugate to (C ′, h ′) by ϕ : C → C ′. Then
ϕ(K) is a nondegenerate component of C ′ and thus ϕ(K) = bm(C ′) for
some m ∈ N. Since

ϕ(hk(s(K))) = h ′k(ϕ(s(K))) ∈ h ′k(ϕ(K)),

h ′k(s(ϕ(K)))) ∈ h ′k(ϕ(K)),

it follows that the distance of ϕ(hk(s(K))) and h ′k(s(ϕ(K))) converges
to 0 as k → ∞. It follows that both the sequences have convergent
subsequences indexed by the same sequences of indices. Since moreover
ϕ is a homeomorphism it follows that hk(s(K))k∈N and h ′k(s(ϕ(K)))k∈N
areEtt-equivalent. Since we can go through the same argumentation starting
with a component of C ′, it follows that f(C, h) and f(C ′, h ′) are Ett(Q)+-
equivalent.

For the opposite suppose that f(C, h) and f(C ′, h ′) are Ett(Q)+-
equivalent. Then there is (at least one) nondegenerate component
K = bn(C ) of C. By the definition ofEtt(Q)+ it follows that there exists some
m ∈ N for which the sequences h ′k(s(bm(C ′)))k∈N and hk(s(bn(C )))k∈N are
Ett-equivalent. Consequently, it is straightforward (and formally follows by
[31, Lemma 4.2]) that (C, h) and (C ′, h ′) are conjugate. �

§5. Chaotic one-dimensional systems. Transitive invertible systems on the
circle are classified by the rotation number [25, Theorem 11.2.7] and thus
the conjugacy relation is smooth. On the interval, there are no transitive
invertible systems available. Thus instead of invertible systems we consider
noninvertible systems on the interval and on the circle in this section. It is
well known that transitive interval systems are chaotic, i.e., have a dense set
of periodic points (see, e.g., [37, Proposition 7.2]).

Let I = [0, 1]. For any closed set F ⊆ I we denote as Acc(F ) the set
of points x ∈ F for which there is ε > 0 such that (x – ε, x) ∩ F = ∅ or
(x, x + ε) ∩ F = ∅. Let T be the collection of all transitive continuous self
maps of I and E be the conjugacy relation on members of T. Assign to every
f ∈ T the set

Pf =
⋃
n∈N

Acc(Fix(fn)).

The setPf does not contain all the periodic points necessarily, but it is dense
(as well as the set of all periodic points). To see this it is enough to realize
that Fix(fn) has empty interior (if Fix(fn) has nonempty interior, f will
be periodic on some interval which violates transitivity of f ). Consequently
Acc(Fix(fn)) is dense in Fix(fn).

Let

F (f) = {(fn(xi)?fm(xj))i,j=1,...,k,m,n∈N : x1, ... , xk ∈ Pf},
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where the symbol ? is a binary operation which attains naturally the
values {<,=, >}. Thus F (f) is a countable subset of the Polish space
X =

⋃
k∈N{<,=, >}k×k×N×N, where {<,=, >} is a discrete space with three

points.

Proposition 5.1. Two maps f, g ∈ T are conjugate by a sense preserving
homeomorphism if and only if F (f) = F (g), i.e., the map F is a reduction of
the conjugacy relation on T to the equality relation of countable subsets of X.

Proof. Clearly, any increasing homeomorphism h of [0, 1], which
conjugates f, g ∈ T has to map Fix(fn) onto Fix(gn) and thus also
Acc(Fix(fn)) onto Acc(Fix(gn)). Thus h maps Pf onto Pg and preserves
the relations <,=, >. Thus F (f) = F (g).

On the other hand, if F (f) = F (g) for somef, g ∈ T, then we may find a
bijection b : Pf → Pg which preserves the order. Since both Pf and Pg are
dense, there is an increasing homeomorphism h : I → I extending b.

Since b conjugatesf|Pf and g|Pg it follows by continuity that h conjugates
f and g. �

It remains to argue that there is a natural way to encode the range of F so
that we get a Borel reduction. This is done in the following proof. We use
the notation N<� for the set of all finite sequences of natural numbers.

Theorem 5.2. The sense-preserving conjugacy relation of transitive systems
on the interval is Borel reducible to the universal Π0

3-relation induced by S∞,
also known as the equality of countable sets, i.e., the E=+ relation.

Proof. Consider the set

M = {(f, x) ∈ T× I : x ∈ Pf}.
This is a Borel set with countable infinite vertical sections. Hence, by

Lusin–Novikov uniformization theorem [27, Theorem 18.10], there exist
Borel maps cn : T → [0, 1] such that the union of graphs of cn equals to the
set M. Define a map G : T → XN

<�
as follows:

G(f) = ((fn(xi )?fm(xj))i,j=1,...,k,m,n∈N : x1 = cl1 (f), ... , xk = clk (f))(l1,...,lk)∈N<� .

Clearly G is a Borel map. Note that the difference between G and F is that
the range of G is formed by countable indexed families whereas the range of
F is formed by countable sets. Also F (f) = F (g) if and only if G(f) =+

G(g). Consequently, by Proposition 5.1 we get that G is a Borel reduction
into E=+. �

Theorem 5.3. Conjugacy relation of transitive circle maps is Borel reducible
to E=+ .

Proof. We distinguish two kinds of transitive circle maps. Those with
periodic points and those without any periodic point.
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Any transitive circle map without periodic points is a homeomorphism
by [2, Corollary 2] and thus it is topologically conjugate to an irrational
rotation. Here the rotation number (see, e.g., [4, Chapter 7.1]) is witnessing
that this part is being smooth.

Thus it is enough to consider only transitive circle maps with at least one
periodic point. For such maps it is known that the set of all periodic points
is dense [13, Corollary 3.4]. Using a similar procedure as in the interval case
above, it can be proved that the conjugacy of transitive circle maps with a
dense set of periodic points is Borel reducible to E=+. Indeed, we assign to
every such system f the countable dense set Pf =

⋃
Acc(Fix(fn)) and a

code F (f) that remembers the cyclic order of iterations of triples of points
inPf . Borel measurability is handled in a similar way as in Theorem 5.2. �

By [34], there are uncountably many pairwise nonconjugate transitive
maps on R. More precisely, the following is proved there.

Theorem 5.4. For every a ∈ (N \ {1})Z let fa : R → R be a map for which

fa(x) =

{
n – an, if x = n ∈ Z is odd,
n + an, if x = n ∈ Z is even

and fa to be linear in every interval [n, n + 1], n ∈ Z. Then each map fa is
transitive and fa is conjugate to fb if and only if

a = �k(b) for some k ∈ Z, (5.1)

where � : NZ → NZ is the shift map.

Corollary 5.5. The relationE0 is Borel reducible to the conjugacy relation
of chaotic systems [0, 1].

Proof. Consider the maps fa given by Theorem 5.4, but only for indices
a from the set Z = ({2, 3})Z. Let ga : (0, 1) → (0, 1) be a conjugate of fa .
Clearly, since a is a bounded sequence, the map fa has limit +∞ at +∞
and – ∞ at – ∞. Consequently we may extend each ga to a continuous
map ḡa : [0, 1] → [0, 1] so that ḡa(0) = 0 and ḡa(1) = 1. Note that each ḡa
remains transitive and that ḡa is conjugate to ḡb if and only iffa is conjugate
to fb .

On the set Z we consider the equivalence relation given by a ∼ b if there
exists k ∈ Z for which a = �k(b) (see Equation (5.1)). The map ϕ : a �→ ḡa
is a reduction by Theorem 5.4. Since transitivity on the interval forces a
dense set of periodic points, each of ḡa is chaotic. As a consequence of [23,
Exercise 6.1.7], we get that E0 ≤B E which completes the proof. �

Remark 5.6. We can obtain a similar result as in the previous corollary
also for circle maps. It would be enough to consider the one-point
compactification of (0, 1) instead of the two-point compactification.
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Remark 5.7. There are no transitive homeomorphisms on non-degenerate
dendrites. Suppose for contradiction that there is a dendrite X with a
transitive homeomorphisms h. Find a fixed point x ∈ X of h. Clearly
X \ {x} might have only finitely many components, since otherwise
transitivity of h would be violated. So let n ∈ N be the number of
components. Then h permutes these components cyclically and thus hn

maps each of this component into and also onto itself in a transitive way.
Pick one of the components and let C be its closure. Also let f := hn|C .
Then x is an end point of C. Let A ⊆ C be any arc whose one end point is
x. Then B := f(A) ∩A is again a nondegenerate arc with end point x and
either f(B) ⊆ B or f(B) ⊇ B . We may suppose that B is proper subset of
C. The set S := {z ∈ C : [z, x] ∩ (x, y) 	= ∅} is a component of C \ {x, y}
and thus it is open. It follows that eitherf(S) ⊆ S orf(S) ⊇ S. In any case
we get a contradiction with transitivity of f.

On the other hand, every dendrite admits a chaotic map since even every
locally connected continuum admits such a map by an unpublished result
of Karasová and Vejnar (see [1] for a similar result on locally connected
continua in Rn.) We propose that the conjugacy relation of chaotic systems
on dendrites is Borel reducible to ES∞ .
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