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Abstract

In flight safety monitoring, risk prediction demands high accuracy for rare but critical events such as engine failures
and weather-related hazards. However, the limited sample size of such extreme cases within a single dataset poses
a significant challenge to achieving precise predictions. Aggregating data across sources is a potential solution,
but datasets are often not independently and identically distributed. Transfer learning can improve target perfor-
mance by leveraging related sources, yet classical methods struggle with heavy-tailed data due to the lack of robust
loss functions. This paper proposes a transfer learning algorithm based on composite quantile regression (CQR).
It identifies and transfers information from similar sources and constructs pseudo response variables to linearise
the CQR loss, enabling robust computation under heavy-tailed noise. Extensive simulation studies demonstrate the
superior performance of the proposed method. The practical utility of the algorithm is further illustrated through
its application to quick access recorder (QAR) flight data for hard landing risk prediction. This work aims to iden-
tify and quantify key controllable factors influencing landing safety through a data-driven approach. Our research
provides quantitative analytical tools for multiple core safety aspects, including flight operation standardisation, air-
craft condition monitoring, operational environment assessment and support resource allocation, thereby enabling
more precise and proactive risk mitigation strategies.
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1.0 Introduction

With the continuous growth of civil aviation passenger traffic, aviation management has become a global
concern. A core component of modern aviation management is flight safety monitoring, which relies on
analysing large-scale data recorded by the quick access recorder (QAR). This process not only involves
real-time recording and anomaly identification of flight status, but also is an important basis for avia-
tion safety management, accident prevention and policy optimisation. QAR data records aircraft attitude
parameters and engine-related data at different stages, which provides effective data support for evalu-
ating pilot operation level, improving aircraft performance and optimising flight technology. Currently,
researchers are committed to analysing and predicting flight risks by building data-driven models to
reduce the occurrence of aviation accidents. QAR data has its own unique analysis challenges. The data
are high-dimensional, with complex and non-normally distributed relationships among variables. It is
more critical that there are significant differences in data distribution across aircraft types and airlines.
These differences lead to the problem that when constructing traditional prediction models based on
the single source data, new aircraft types and some routes encounter a smaller sample size, and the
generalisation ability and prediction accuracy do not meet the demand.

In order to study the relationship between landing distance and flight parameters, Wang et al. [1]
established logistic regression and linear regression models, respectively. The traditional mean regres-
sion can only capture the central trend of the distribution, while the flight safety problem often involves
the extreme situations, which generally exist at the tail of the conditional distribution of the response
variable. Therefore, Chen et al. [2] employed quantile regression to identify the key factors affecting
the maximum vertical acceleration during the landing phase and used the dimension reduction method
to verify the results. Finally, the form of the action of key factors on hard landing was systematically
expounded. More recently, Zhao J et al. [3] proposed the use of generative adversarial networks to fill
missing values in QAR data and achieved a significant improvement in data quality by introducing a
self-attention mechanism. However, the problem of insufficient sample size of new aircraft models has
not been solved. We consider transfer learning to transfer from existing tasks, so as to achieve better
performance on limited datasets [4, 5].

A central issue in transfer learning is how to effectively transfer the information from the sources to
the target. Using only target data will ignore the information from the sources that may be useful. If all
sources are used, it may ignore the potential heterogeneity between the sources and the target, resulting
in ‘negative transfer’. The heterogeneity between domains is mainly manifested as the following three
aspects. (1) Data distribution differences: the distribution of covariate f(x;) may be different, which is
called covariate shift in some related literature. (2) Model differences: there may also be differences in
the regression coefficients of the conditional distribution f(y; | x;). (3) Error distribution differences: the
error distribution of different models may also be significantly different.

The current transfer learning framework mainly solves the first two heterogeneous problems [6]. Li
et al. [7] considered the complex situation of multiple sources, proposed a two-step transfer learning
algorithm under the high-dimensional linear model, and further discussed how to detect the informative
set when the informative set is unknown. Tian and Feng [8] extended the two-step transfer learning
algorithm to generalised linear model and proposed a more simple informative set detection method,
which made multi-source transfer learning more efficient and convenient. Chen et al. [2] studied the
high-dimensional linear regression model with heavy-tailed noise and established a new relationship
between quantile regression and linear regression by transforming the response variables. Jin et al. [9]
developed a transfer learning method for high-dimensional quantile regression, which achieves smaller
errors based on sample size, signal-to-noise ratio, etc.

In the practical application of QAR data, we may not be able to determine a specific quantile point.
Through residual analysis, we can find that the data does not obey the normal distribution and has het-
eroscedasticity, and the variables are scattered near the adjacent quantile points. This situation will be
unstable due to the quantile point disturbance. Quantile regression shows its superiority in dealing with
data heterogeneity and heavy-tailed error [10—13]. Zou and Yuan [14] proposed the composite quantile
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regression (CQR) model, which considers multiple quantile points and captures the distribution infor-
mation of different quantile points of the data. The theoretical results show that this not only improves
the performance of the model, but also enhances the adaptability to complex data distribution. In view of
the above challenges, we propose a transfer learning based on the composite quantile regression model,
which uses the source data to assist the target modeling and synthesises multiple quantile information,
so as to make the estimation more robust.

Compared with the existing work under QAR data [15, 16], the composite quantile regression model
based on transfer learning proposed in this paper has several advantages. (1) A transfer learning frame-
work for hard landing prediction of QAR data is constructed. The composite quantile loss is transformed
into a linear form by Newton-Raphson iteration, so that the transfer learning can realise the composite
quantile regression with non-differentiable loss. (2) This paper considers the information of multiple
quantile points at the same time, and the model is more robust when the quantile points are unknown.
(3) When some routes encounter a small amount of data, other source information can be introduced.
The application on the QAR dataset shows that the algorithm significantly improves the performance of
the model.

The rest of this article is organised as follows. In Section 2, the construction of the composite quantile
regression model in transfer learning is introduced. In Section 3, the pseudo response is first constructed
based on the Newton-Raphson iteration, and the transfer learning algorithm based on the composite
quantile regression model is described. When the informative set is unknown, a cross-validation algo-
rithm is proposed to detect the informative set. Section 4 presents the theoretical results of the proposed
method. Section 5 provides numerical simulation results to verify the performance of the proposed algo-
rithm. Section 6 shows the application of the algorithm in the aircraft hard landing problem. Finally,
Section 7 summarises the full text and discusses the possible direction of the future work. The proofs of
theorem and numerical analysis discussions are listed in the Appendix.

2.0 Transfer learning settings of composite quantile regression
2.1 Composite quantile regression model

This paper mainly studies the problem of data insufficiency and quantile perturbation in QAR data.
Consider a dataset consisting of n independent observations {y;, x;};_,, where the response variable y;

and the covariate vector x; = (x;;, . . ., x,v,,)T are collected independently from the random variables y and
x=(x,...,x,)". Consider the following quantile regression model
yi:xiTﬂ+8i’P(€iSO|xi):T3i:1325"'sn7 (1)

where B is the true regression coefficient at the quantile level 7, and € is a random error with a density
function f(-). The covariate x is independent of noise €. The quantile loss of the fixed quantile point is
defined as p,(u) = u[t - Iy50) — (1 — 7) - L4<q)], Where I(-) is an indicator function. Given the observed
data (x;, y;)._,, the quantile regression estimator is obtained by solving

~

ﬂQRzaIg minlz,o,(y,-—xfﬂ). 2)
pere M T
In practical applications, a specific quantile level may not be predetermined, and the estimation may
suffer from instability due to perturbations in the quantile level. Therefore, composite quantile regres-
sion, as an extension of quantile regression, can consider the information of multiple quantile points at
the same time. Suppose that there are S quantiles satisfying 0 <1, <71, <.-- <13 <1, the parameter
estimation of composite quantile regression is the solution of the following optimisation problem

~ COR o1 S
B =argmin S Z Z P, (yi —x,-Tﬂ)~ )

P
BeR! s=1 =1
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Figure 1. Transfer learning graphical abstract.

2.2 Multi-source transfer learning setting

This paper extends the CQR framework to a transfer learning setting with multiple sources. It is assumed
that the target dataset of the study is expressed as (X©, y©@) € R"*? x R™, where n, is the sample size of
the target dataset. There are K source datasets, where the kth source data is represented as (X ® y®) e
R"™>*P x R™, where n, is the sample size of the kth source dataset. The parameters of the composite
quantile regression model established on the kth dataset are denoted as ﬁ(k), k=0,1,...,K.

As shown in Fig. 1, the core principle of transfer learning is that if the kth source model has a certain
degree of similarity to the target model, the information of the kth source dataset can be appropri-
ately transferred and utilised. The sparsity of the difference between 8 and 8% is defined as the
criterion for measuring the difference of the model, i.e. [|8”], = [|B” — B ||,. If the similarity sat-
isfies ||6*||, <d, it is considered that the kth source is a transferable source, where d is a non-negative
value to be specified. The informative set is a set of transferable source ordinal numbers, defined
as A= {1 <k<K 8", < d}. It is necessary to adjust the similarity according to different needs.
Excessive selection of d value may lead to negative transfer, that is the source information will damage
the generalisation performance of the target model. If the value of d is too small, some potential source
information may be lost. Therefore, it is necessary to select the appropriate similarity by regularisation
path analysis or cross-validation.

3.0 Parameter estimation based on transfer learning

This section will introduce the main content of the algorithm. Firstly, the relationship between composite
quantile regression and linear regression is established in the context of transfer learning, and then it is
integrated into the two-step transfer learning process. Since the informative set of the target task is often
unknown in practical applications, this section presents an informative set detection algorithm based on
sample splitting.

3.1 Construct pseudo responses
Consider the following composite regression optimisation problem

B* =argminE(G(B; X, Y)), )

BeRP
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where the composite quantile loss is G(8;X,Y) = Zfﬂ 0., (y —x"B). The Newton-Raphson iterative
algorithm is based on the local quadratic approximation principle of the target function, and the roots
of the equation are solved iteratively. The iterative formula of the estimation equation is as follows

B, zﬂo_H(ﬁo)_lE[g(ﬂ();X, Y)l, )

where B, is the initial value, g(B; X, Y) is the subgradient of the loss function G(8; X, Y) and H(B): =
HEELD s the overall Hessian matrix. The corresponding subgradient is given by g(8;X,Y)=
ZleX[I(Y —X"B <0) — 7,], and the Hessian matrix is H(8) = Zf:lE(XXTf(XT(ﬂ — B%))),where f(-)
is the density function of the noise €. When the initial estimator 8, is close enough to the true parameter
B*, H(B,) is close to H(B*) = SEf(0), where ¥ = E(XX") is the overall covariance matrix. Substituting

H(B") into (5) yields

B,=B,—H(B)'Elg(By: X, V). (6)
The first-order Taylor expansion of E(g(8,; X, Y)) at point B* is
E(3(By: X, Y))=H(B")By— B") + O(I1By — BI15)- ™

Substituting this approximation into (6) yields

1B, = Bll=11By — H(B") 'E(g(By: X.Y)) — Bl
=0(IlB, — B"113)- ®)

That is to say, given a consistent initial estimator 8, we can improve it by the (6) iterative method.
The initial estimator 8, can be obtained using the standard Lasso procedure. For specific accuracy-
level requirements of the initial estimator, refer to Chen et al. [2]. In order to solve the problem of
how to transform composite quantile regression into linear regression optimisation, Equation (6) is first
rewritten as

1
B =x" ():/30 -5/ (OEGB: X, Y)>>

=3 (E [X {XT/JO — ?I(O)é [1(Y-X"B=<0)— r]”) ©)

Motivated by the form of 9, we define a new response variable ¥ as

. 1 5
V=X"B,~ o/ O YUY -X"B=0)~ ], (10)
s=1

Then Equation (9) can be written in the form of linear regression estimation, and the parameter

estimation becomes the solution of the following optimisation problem 8, = arg min E(Y — X" 8)2.
BeRP

3.2 Oracle transfer learning
The design of Algorithm 1 in this paper follows, on a theoretical level, the analytical framework proposed
by Chen et al. [2]. This framework demonstrates that for high-dimensional sparse models, if the initial
estimator achieves a certain convergence rate and recovers the true support set with high probability, then
a one-step Newton-type approximate update can attain nearly optimal estimation efficiency. Building on
this theoretical guarantee, this section first introduces an oracle transfer learning method in Algorithm 1,
assuming that the informative set has been given, that is, we know that it is most advantageous to transfer
information from certain specific sources.

The first step performs composite quantile regression on different sources in a distributed manner,
rather than concentrating the data together. This process can be achieved in parallel, so that the calcula-
tion time is mainly determined by the maximum local sample size max;cau 7 in all sources. Therefore,
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Algorithm 1. Oracle Trans-Lasso CQR
Input: (X, y}, (X7, y“)
Output: ﬁ;

Step 1: For each k € AU {0}, compute

~ (k)

B —argmm i =107 =2 B < 0)} (61 — " B) + Aol Bl

Step 2: For each k € AU {0}, the kernel density estimator of the error density
at zero point is

.0 LN S
— L
SO = eh® Z,-=1Kh G s

where K, is the kernel function and 4%® is the bandwidth.

. ~(k ~(k
The pseudo response variables are constructed as §* = (y(l“, . ,yf,’?) ,where

A

5 = x®7 % _ g{jdk)(())} LSS IOP =2 <0) =] i=1,....n
Step 3: Compute g = arg mm s Ykeno |19 A ”2 + 2181
Step 4: Let /3 = ,B + 6 where

5" = = arg min 5 || A X(°>(ﬂ + O)II* + A2l18111-

SeRP

compared with the traditional method, the estimation method proposed in Algorithm 1 not only enhances
estimation accuracy but also achieves significant gains in computational efficiency. In the second step,
the composite quantile regression problem is transformed into a more tractable Lasso problem by using
the pseudo response. The third step is known as fusion learning, where the target and source data are
combined to obtain a rough estimation. Finally, a debiasing step is conducted. The target dataset is

AA
subjected to /; penalty composite quantile regression again, and the bias § of the coefficient vector
~AA
estimation is learned by offsetting § .

3.3 Informative set detection

In practical applications, we do not know whether the source can be transferred, which makes the prob-
lem more difficult. This section introduces an informative set detection algorithm based on the sample
splitting. To reliably identify transferable sources, we propose an informative set detection algorithm
based on cross-validated composite quantile loss. The core idea is that whether a source is ‘transferable’
depends on the similarity of its conditional distribution to that of the target. By comparing the relative
magnitude of the cross-validated loss of each source against a baseline (pure target model) loss, we can
make a statistical judgement on its transferability. The advantage of this approach is that it does not rely
on specific distributional conditions, is robust to outliers and is therefore well-suited for aviation data
scenarios characterised by heterogeneity and heavy-tailed errors. The proposed algorithm is inspired by
Tian and Feng [8].

Following this idea, we constructed pseudo response via Steps 1-2 of Algorithm 1. Similar to the
idea of cross-validation, first, the target data is divided into g subsets. One subset is selected as the test
set each time, and the remaining subsets are used as the training set. Secondly, under this subset, the
training set data is used to fit the composite quantile regression with /; penalty, and the loss on the test
set is calculated. Each source dataset and training set are combined to estimate, and then the test set and
coefficient estimation are added to the loss GBO). Similarly, the average cross-validation loss Gf)k) of each
source is calculated. This process is repeated over all g folds, and the average cross-validation losses
Gf)o) and Gf)k) are obtained. Finally, the informative set is obtained by comparing Gf)o) and Gf)k) of each k.
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Algorithm 2. Informative set detection
Input: {X, y©}, {X*,y®}¥, threshold value ¢, g,
penalty parameter {{ A A KR
Output: informative set A;
Step 1: Construct pseudo response }(k), i=1,...,m,k=1,...,K.
Step 2: {X, Y®}is randomly divided into g equal sets {X*!, y©l1}7_

Step 3: Foreacha=1,...,q,
~ O)la]
B <« fitthe penalised composite quantile regression with penalty parameter A on

{X(O) O)[d] }(1 \(X(O) (0) ])
A (lal
B < run the transferring step in Algorithm 1 with A on

X0yl \ (X1 yOlely g (X®, y®) and penalty parameter A%l
fork=1,...,K

Al (0]
Calculate the loss function G§'(8 ) on (X1, y®laly,

A ~al, 5 ®lal A a1, 5 Old]
Step 4: G¥ Y7 GB ) /q, G — Y7 G <ﬂ )/4.

A [k#0:GP <1 +€)G).

Compared with the model aggregation method of Li et al. [6], which requires repeatedly executing
an Oracle transfer learning algorithm over a set of candidate estimates, our Algorithm 2 offers a simpler
and more efficient alternative. Notably, our Algorithm 2 does not require input bandwidth, which signif-
icantly reduces the computational burden. This efficiency gain is particularly beneficial when the target
sample size n, is small. For instance, the bootstrap method [17] can be used to enrich sample, which can
solve the statistical problem of small sample size. Assuming that we have an original sample dataset X
(sample size is n), we can put back random sampling N data, so that we can obtain a new dataset with
a sample size of N. When the dataset class imbalance can also use the ROSE oversampling method for
enrichment.

4.0 Theoretical results

In this section we provide the theoretical results for our transfer learning method. We assume the
following regularity conditions.

Assumption 1. In the k-th source, ﬂﬁk) is assumed to be sparse with s, nonzero components, and
= O(nd) for some 0 < b < 1/3. Besides, 1B®]l is bounded.

Assumption 2. For the k-th source, we assume the rows of X* are sub-Gaussian and its covariance
matrix ©* is bounded away from 0 and oo.

Given the potential for distributional shifts in features, where the £* matrices may differ, the
following quantity is defined to measure the maximum discrepancy between £ and % for k € A:

-1

Cz =1+ maxmax e/ (£“ — ) ( Z a Z(k)) ,
1<j<p keA 4

ke AU{O 1

where e; denotes the unit vector with its jth component equal to 1, and the weight o, = n/(n4 + ny).
Under Assumption 2, Cy is bounded by a constant that does not depend on p or on any of the ;.

Assumption 3. Assume

max {so logp/ <k$£%)) N +no>, Czd(logp/n0)1/2} =o(1).

Besides, we assume K = O (ny) and |A| is bounded.
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Assumption 4. Let S, = {0 <i <p: B £ 0}. Suppose that ¥ =E (X®X") satisfies
|28 B8, <1-r,

for some 0 < r < 1. Also assume that c(j' < Amin (D) < X (B < ¢ for some constant c, > 0.

Assumption 5. The error density function f(-) is bounded and Lipschitz continuous. Moreover, we
assume f(0) > ¢ > 0 for some constant c.

Assumption 6. Assume the kernel function K, (-) is integrable, and f szh(x)dx = 1. At the same time,
K,(x) =0 if |x| > 1, and K,,(-) is differentiable and bounded.

Assumption 7. For each source k=0,1,...,K, let ﬂ(rk) denote the true coefficient at quantile level t.
There exists a constant L > 0 such that for any t,t' € {1, ..., 5},
(k) (k)
1BY — B, <Lt —7'l.

Moreover, the average parameter B(k) = éZLlﬂ(ﬁ) satisfies ||,B(k) I, = O(1).
Assumption 8. Foreach k=0, ..., K and each quantile level T, (s =1, . .., S), the error density f*(-)
satisfies fO(F~1(t,)) > ¢ > 0 and is Lipschitz continuous in a neighbourhood of F~'(z,).

. e . o . P, 50 1 ax(n,
Assumption 9. The initial estimator B, satisfies | B, — B*|l, = Op ( [ArematD) )

0

Assumption 1 specifies the sparsity level s;. The requirement s, = O(n}) ensures that the proposed
algorithm attains a near-oracle convergence rate within a finite number of iterations. Assumption 2
imposes regularity assumptions on the distribution of X and the covariance matrix X. Assumption 3
pertains to the convergence rate and support recovery properties required of the initial estimator.
Assumption 4 corresponds to the classical irrepresentable condition, frequently employed in high-
dimensional statistics to guarantee support recovery [4]. Assumption 5 ensures that the error density
function is sufficiently smooth near zero, a standard requirement for establishing the consistency and
asymptotic normality of quantile regression estimators. Assumption 6 outlines standard assumptions on
the kernel function K,,(-), which approximates the Dirac delta (the derivative of the indicator function).
The specific form of the kernel is given by

0 if x| > 1;
Kh(x):{—%f—i—%x“—%xz—l—% if |x| < 1. an
The composite quantile regression model can be expressed as a finite linear combination of quantile
regression models, and its theoretical properties (such as consistency and asymptotic normality) remain
valid under appropriate regularity conditions. Condition 7 and Condition 8 collectively ensure the reg-
ularity of parameters as they vary across quantile levels in composite quantile regression, as well as the
well-behaved nature of error densities at the target quantile points, providing the necessary mathemat-
ical foundation for bias control and the asymptotic behaviour of estimators in theoretical derivations.
Condition 9 specifies requirements on the convergence rate and support recovery capability of the initial
estimator. We remark that in the pseudo response construction, the initial estimator EO is constructed by
solving a high-dimensional composite quantile regression problem using only the target data.
Subsequently, this paper refers to Chen’s method [2], which establishes a connection between quantile
regression and ordinary linear regression. Under these assumptions, Theorem 1 gives the error rates for
the estimation and prediction with the oracle Trans-Lasso CQR estimator in Section 3.2.

Theorem 1 Suppose Conditions 1-8 hold. We take A, < \/ log (p vV maxkem(o,nk) / (na + ny) and Ay <

Ay < /log(p V ng)/ng, then with
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So log(pv max nk>

keAU{0}

& (no, Ng, MaX Ny, So, P
ke AV{0}

na + ny
solog(p v n [log(p vV n
i o log(p 0) ACyd g(p 0) /\(Czd)z,
no Ny
we have
1 ~cQR =0\ |2 [|aCcR =2
P (— HX(O)(ﬁ *®_ B ) Y, Hﬂ - B <§g (no,nﬂ, max nk,so,p)
ny keAU{0}
1—cC G, mi e min n) Gl
> 1—Ciexp(—C, min n;) — min n, —exp(—Cs log p),
- ! p( 2 ke AU(0} k) 3 < ke AU(0} k) p( > gp)
.. . = (0)
for some positive constants C,,. . ., Cs, where s, = Mile a5, Mean parameter -~ = éZle ﬁf).

Relative to the target-only estimator whose squared ¢, error rate for B is sy log(p V ngy)/ny [11], the
oracle transfer learning estimator attains a faster convergence rate when Cxd < /s, log(p V no)/n, and
ng > ny. The first inequality essentially requires a small heterogeneity d when Cs remains bounded,
which is naturally satisfied under favourable covariance structures of informative source domains.

In the least favourable scenario where no informative source is available, the oracle estimator reduces
to the target-only estimator and achieves the same convergence rate s, log(p V ng)/n,. Theorem 1 further
indicates that smaller heterogeneity between informative sources and the target, as quantified by Cy,
leads to improved estimation accuracy.

The informative set detection method proposed in Algorithm 2 is primarily based on a cross-
validation strategy, the theoretical reliability of which has been substantiated by authoritative existing
research. Specifically, Tian and Feng [8] systematically demonstrate that, under certain assumptions,
the set of sources selected through cross-validation loss is theoretically consistent. They further prove
the convergence rate advantages of transfer learning based on this selected set. Therefore, the theoret-
ical justification for informative set detection in this work mainly relies on the theoretical framework
established in that literature, which serves as the validity foundation for the source detection step in our
methodology. For detailed proofs, refer to Ref. [8].

5.0 Simulation studies

To validate the performance of the proposed algorithm in terms of transfer learning and heavy-tailed
error handling, we conducted a numerical simulation study. The /; penalty composite quantile regres-
sion (L CQR) is fitted on the target data to confirm the potential loss of unused source data. Compared
to the Naive Trans-Lasso composite quantile regression (Naive TL CQR) using all source data without
discrimination, the algorithm proposed in this paper is Oracle TL CQR and TL CQR using only trans-
ferable source data. In addition, the difference between the composite quantile regression estimation and
the quantile regression estimation (TL QR) is also compared.

‘When the number of informative set is known to be m, the informative set estimation in the Pseudo
TL CQR is

A={k#0:GY <GP m)), (12)

where Gg‘)(m) represents the mth order statistic among all the empirical loss Gf)k ' calculated by Step 3 in
the informative set detection.

There exists a small value ¢, € (0, ¢.] given in Algorithm 2, where c, is a constant. It is used to control
the strictness of the selection. We can estimate ¢, by
(Boo _ ﬁ(O))T)A:w)(B(k) _ Bw))
©) ’ (13)

0

C.= inf =
kefl,...,K} G
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Table 1. Summary of hyperparameter settings

Hyperparameter Notation Values/range
Similarity d {2, 10, 20}
Informative set size | Al {0,4,8, 12, 16, 20}
Composite quantile level T c=1(0.7,0.8,0.9)
Bandwidth h chosen via 10-fold cross-validation
Fusion penalty parameter Ay chosen via 10-fold cross-validation
Debiasing penalty parameter As Ay /% Liet al. [6]
Kernel function K,(-) Equation (11)
where B (k), k=0, ..., K are the initial single-source estimators from Step 1 in Algorithm 1, and f(O) is

an empirical estimator of X£” with the target data, e.g. the sample covariance matrix of X'”. According
to the simulation results, it can be found that when &, = 0.01, the efficiency of the algorithm is optimal.
In order to simplify the calculation, the numerical simulation part ¢, is set as 0.01. Detailed results can
be found in the Appendix B.

5.1 Homogeneous design

Assuming that the informative set is known, we select the homogeneous and light-tailed data to simulate
the process of data generation. Referring to the design of Ref. [9], for the target and all sources, the
covariates are generated by the Gaussian distribution N,(0, X), where X = [O.S‘i’j']pxp. Consider the
following composite quantile regression model, from which the target and source datasets are generated
independently by

YO = XOTBY 4 g k= 0,1,... K. (14)

We take p = 150,71, =150 and n, =n, =- - - =nx = 150 with K =20. In the composite quantile
regression model, the sparsity is set to s, = 20. The true parameter vector B8 can be expressed as
BY =,,0, )", where I, is the s)-dimensional unit vector and 0,_,, is the (p — s,)-dimensional zero
vector. For the error, £ ~N(®7Y0.2), BT X B /20), where &~ is the quantile function of normal
distribution N (0, 8" 2 8% /20).

For the kth source dataset, ﬂj@ is the jth element of 8. Let /3!(.’” = ﬂ_/(.o) + r;l(j € Hy), where H, is a set
of p/2 randomly selected from {1, . . ., p}. For the random variable, we set

iid. | Laplace(0,2d/p)  ifk € A;
J Laplace(0,140/p) ifk ¢ A.

Consider the similarity d € {2, 10, 20} and the informative set | A| € {0, 4, 8, 12, 16, 20}. When the
similarity d increases, the variance of r; also increases, which means that the degree of random fluc-
tuation increases. The quantile level is set to T = ¢(0.7, 0.8, 0.9). In the process of minimising the loss
function, appropriate penalty parameters and smoothing kernels must be selected. The kernel function
is set as (11). To choose the bandwidth /, we employ 10-fold cross-validation (CV) by minimising the
composite quantile loss based on pseudo-responses. Similarly, in the fusion step, A, is tuned via 10-fold
CV. The use of CV is motivated by its ability to provide a data-driven, out-of-sample assessment of
model performance, thereby enhancing generalisation and avoiding overfitting — a crucial advantage in
high-dimensional settings with complex data structures such as aviation QAR records. For the parame-

15)

ter A,, we adopt the theoretically derived scaling A, = X, % from Li et al. [6]. This relation ensures

that the regularisation strength adapts to the sample-size ratio between sources and target, preserving
the theoretical convergence guarantees while avoiding an additional computational burden. A summary
table of hyperparameters is presented in Table 1.
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Figure 2. Under the condition of different similarity d with a homogeneous design for normal error,
average composite quantile loss between the number of transferable sources.
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Figure 3. Under the condition of different similarity d with a homogeneous design for normal error,
average MSE between the number of transferable sources.

We choose two measurement criteria to measure the statistical performance of each estimate, the

~(0)
mean square error (MSE) of the target coefficient vector 8, i.e. |8 — B>

ne ~O nos .
composite quantile loss (CQL), i.e. n,LS S 08 —x"TB ), where (3", x{"), is an independently

, and the out-of-sample
generated testing data of size n, = 150 from the target model. A total of 100 independent repeated simu-
lation experiments were carried out, and the mean and standard deviation of the composite quantile loss
were trimmed by 10% to reduce the influence of extreme values in the heavy-tailed error setting. The
MSE values were not processed. Finally, the mean values of all experimental results were taken. In the
case of p = 150 and n = 20, Figs. 2-3 show the CQL and MSE values, respectively.

The simulation result in Fig. 2 demonstrates that the transfer learning method shows better estimation
performance than L. CQR, indicating that transfer learning method plays an active role in improving
model performance. When |A| is the same, d becomes the standard to measure the similarity between
the source datasets and the target dataset. The greater the value of d, the lower the similarity between
the two datasets, and the worse the effect of transfer learning. Compared with Naive TL CQR using all
sources, Oracle TL CQR estimation using only informative sets can reduce the negative transfer effects
caused by other sources, and the results in Fig. 3 also support this conclusion.

5.2 Heterogeneous design

This section mainly evaluates the parameter estimation performance of each method under heteroge-
neous data. For the target, covariates are generated by multivariate normal distribution N,(0, I). For the

. b iid. . .
sources, the kth covariate of the source comes from xf- )L N, (0, X;), where the covariance matrix has
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Figure 4. Under the condition of different similarity d with heterogeneous design, the average composite
quantile loss between the number of transferable sources.

a Toeplitz structure, that is,

(o)} o (op) T Op—2 Op_
[ef} Oy [ef} Op_2
[ep) 0 Op

Z =
Op_2 0y [ef}
Op—1 Op—2 e (o] Oy

with its first row given as

(Uo,. ..,Gp,l):(l, 1/(k+ l), e l/(k+ 1)’0p72k)-

2k—1

For the error distribution, we consider the light-tailed and heavy-tailed cases to study whether the
transfer learning under composite quantile regression can solve the heavy-tailed problem. Other settings
are the same as in Section 5.1.

o Case 1: € ~N(®'(0.2), Y2 8% /20), where ®' is the quantile function of normal distri-
bution N(0, BT x 8% /20).

o Case2: e ~1(2).

Figure 4 shows the trend of the loss of different estimation methods with the informative set |A|
when d is fixed. Under the normal setting, the loss value of each estimation method is less different,
and the loss value under the complex setting of heavy-tailed error is larger. The difference of each
estimation method is more obvious, and the performance of the proposed algorithm is the best. The
loss of composite quantile regression transfer learning is lower than that of quantile regression transfer
learning, which proves that considering multiple quantile points can improve the performance of the
model.

In the case of d =2 and d = 10, as the informative set increases, the effective data increases, and the
estimation performance gradually increases. When |A| is small, the loss of Naive TL CQR estimation
is worse than that of L CQR estimation. At this time, the amount of information is less and there is
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Figure 5. Under the condition of different similarity d with heterogeneous design, the average MSE
between the number of transferable sources.

a negative transfer. With the increase of |A|, the effective information of the sources increases, and
the loss of the Naive TL CQR method is greater than that of the L CQR method. The performance of
the Pseudo TL CQR is better than that of the Naive TL CQR estimation due to a priori knowledge of the
size of |A|. The estimation accuracy of TL CQR method is close to that of Oracle method, which proves
the effectiveness of informative set detection algorithm. In the case of d = 20, the similarity between
the source datasets and the target dataset is increased, and the informative set detection is more difficult.
The TL CQR estimation shows strong robustness, and its loss value is lower than that of Naive TL CQR,
indicating that it can effectively use the informative set for positive transfer and avoid being misled by
false information.

Figure 5 illustrates the trend of MSE of different estimation methods with the informative set |A|
when d is fixed. Compared with L CQR and other methods, it can be found that transfer learning can
significantly reduce the error. Under the setting of heavy-tailed error and large similarity, our proposed
algorithm still maintains robustness. In general, the performance of all methods under the normal error
condition is better than that under the #, error condition, and the effect of each method is more significant
under the smaller d value. As long as the d value is not too large, different transfer learning methods
usually perform better in the case of a large number of sources. Compared with the loss value, the MSE
value is less different, and the results also support the conclusion of Fig. 4.

6.0 Real data application

According to the accident statistics report published by Airbus, although the landing phase accounts for
only 1% of the flight duration, the proportion of aircraft damage accidents at this stage exceeds 50% [18].
Based on the real-time data obtained by the QAR, the machine learning method can realise the quan-
titative risk assessment and accident prevention during the landing phase. For example, Wu et al. [19]
studied the relationship between landing distance and aircraft performance parameters based on the lin-
ear regression model, and Atasoy and Cetek [20] proposed a high-accuracy flight fuel model based on
QAR data.

We use the QAR dataset derived from the supplementary materials of Jin et al. [9] to evaluate the
performance of the proposed algorithm. The dataset contains three types of aircraft, namely Airbus
A320 (A320), Airbus A380 (A380) and Boeing 737 (B737). There are a total of 102 variable values,
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Figure 6. Composite quantile loss on A380 as the target with all different fusion combinations.

which record the values of each aircraft performance parameter and their descriptive statistics at different
stages. The number of flight records for A380 is 1,218, which is much smaller than that of B737 and
A320, which exceed 680,000. This imbalance in sample sizes presents a natural scenario for applying
transfer learning to augment the limited A380 data with information from the larger sources (B737
and A320). The maximum vertical acceleration (MVA) increases rapidly when the aircraft undergoes
a severe dive or a large deceleration, and the aircraft bears a large vertical acceleration load. Based on
this, this paper selects MVA as the response variable [21, 22] quantitatively analysed the relationship
between the various performance parameters in the QAR data and the MVA to understand the aircraft
load status.

Safety risks often reside in the tail of the distribution, hence the t values are set relatively high. In the
case of T =¢(0.85,0.9,0.95), A380 is used as the target, and A320 and B737 are used as the sources.
The target data is randomly divided into 80% training set and 20% test set, and then transfer learning
with informative set detection is performed. Transfer learning methods under different informative sets
were compared, and the mean and standard deviation of out-of-sample composite quantile loss were
calculated respectively.

Figure 6 shows the results of using different sources with A380 as the target. L. CQR only uses A380
data without considering other source information. Naive TL. CQR uses all sources without informa-
tive set detection. The TL CQR algorithm proposed in this paper only retains the A320 source as the
informative source after informative set detection.

The results show that using only the A320 data more similar to the target data can make the transfer
learning model more accurate and avoid the noise introduced by the B737 data. The data distribution of
B737 may be quite different from that of A380. The mixing of B737 data into the training process leads
to poor matching between the source and the target of the transfer learning algorithm, which reduces
the performance of the model. These findings validate the effectiveness of the informative set detection
algorithm in filtering out non-transferable sources. The underlying engineering context further explains
these results. Both the A320 and A380 are Airbus’s large civilian aircraft, using the same aircraft control
system, similar architecture and parts, so the A320’s flight data is more likely to help analyse the A380
data. In contrast, the B737 is Boeing’s medium-sized airliner, which is different from the A380 in terms
of shape, control system, fuel setting and so on. Comparing Naive TL CQR and TL CQR, it can be found
that even if B737 has a large amount of data, the modeling of A380 by the source still shows a negative
transfer.

Building on the optimal TL CQR model with A320 as the informative source, we proceed to
analyse the factors influencing A380 hard landing risk. The features are divided into several classifi-
cations, namely speed, fuel, distance, time, acceleration (non-vertical), weight, attitude, wind speed and
temperature. The detailed type of each variable is shown in the ‘type’ column of the Tables A3 and A4.

In order to quantify the impact of different types on the model results, this paper first sums the absolute
values of the estimated coefficients of the variables contained in various types of features, and then
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Table 2. Features contribution from A380
TL CQR with T = ¢(0.85,0.9,0.95)

Type Coefficient ~ Proportion
Speed 0.090 0.372
Acceleration 0.069 0.284
Attitude 0.038 0.155
Time 0.018 0.074
Distance 0.009 0.036
Fuel 0.008 0.033
Wind 0.007 0.027
Temperature 0.003 0.012
Weight 0.002 0.008

Coefficient Value Comparison by Type
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Figure 7. Plot for features contribution from A380 TL COR with T = ¢(0.85, 0.9, 0.95).

converts them into relative data with a sum of 1 by normalisation. Finally, the relative contribution value
of the type is visualised in Fig. 7 and Table 2. The results show that the controllable factors such as speed,
acceleration and attitude have a greater impact on the hard landing risk, while the external conditions
such as time, distance, fuel and wind speed have less impact. In summary, the focus of reducing the risk
of hard landing is on the optimisation and management of ‘controllable factors’. Reflected in real life,
it is necessary to further improve the refined management mechanism of the aircraft control system,
improve aircraft performance at the technical level, and strengthen the training of pilots. Reduce the
adverse effects of controllable factors from two aspects of human operation and equipment control, thus
effectively reducing the risk of the landing phase.

7.0 Summary

In the field of flight safety monitoring, traditional machine learning methods rely on the condition of
error distribution, which has limitations when applied to QAR data. Aiming at this application diffi-
culty, we develop a transfer learning framework based on composite quantile regression. By constructing
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pseudo response variables, the algorithm transforms the non-smooth composite quantile loss into a lin-
ear loss form. A large number of numerical simulations show that the algorithm significantly improves
the robustness and applicability of the model. In addition, for the case where the informative set in the
actual data is unknown, an informative set detection algorithm based on cross-validation is proposed,
which can effectively detect the source that can be used for migration. In the QAR data, we establish a
composite quantile regression model for the landing risk of the A380 aircraft, and other types of aircraft
data can provide additional useful information.

Follow-up research can be extended to other aspects. For example, Li et al. [23] considered the prob-
lem of data privacy, and an extension direction is to study the privacy protection problem in combination
with distributed computing, so as to apply to the multi-source situation. The research focus of the exam-
ple part is QAR data. In the future, it can also be extended to medical, financial and other fields with
heterogeneity and heavy-tailed problems to verify the domain applicability of the algorithm.
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Appendix A. Proofs of theorem

The theoretical proof of the convergence rate for CQR is a natural extension of that for the QR case.
Consequently, the proof of Theorem 1 follows a structure analogous to that of Theorem 1 in Jin et al. [9].
The principal technical difficulty lies in dealing with the quantile loss, which we address by introduc-
ing a pseudo-response variable following the approach of Chen et al. [2]. To maintain a self-contained
presentation, we include here the necessary background results from the literature, adapted to our frame-
work. For notational simplicity, we keep the same symbol for constants that appear in convergence rates
or probabilistic bounds; for instance, ¢, consistently denotes a generic positive constant in expressions
such as 1 —exp{—ciny}. To facilitate the proof, we first establish the convergence rate of the quan-
tile regression estimator under the setting of a single quantile level, and then extend the result to the
composite quantile regression estimator with multiple quantile points.

Lemma 1 (Theorem 1 in Jin et al. [9]). Suppose Conditions 1-6 hold true. We take A, =<
\/log(p V maxXeeavo )/ (Na + no) and Ay < X, < y/log(p Vv ng)/no, then with

So log (p Vv maxkeﬂuw)nk)
&1 | no, ng, max m, So,p | =
ke AU{0}

ng + ny
s lo vn Io \a7
I o log (p 0)/\C>;d g (p O)A(C);d)z,
ny ny
we have
1 -~ 2 s 2
P <—||X“’>(ﬂ =B VI|B-BY| <& <no,nﬂ, max nk,sO,p>>
Ny keAU{0}
—Cys7
>1-— — i ) — i - —Cs 1
> C,exp ( G, kergbl(]o; nk) G (kgjlibl{l()) nk> exp (—Cs log p),
for some positive constants C,,. . ., Cs, where §, = Milye a0} S-

Lemma 2 (Proposition 11 in Chen et al. [2]). Denote pop- Z?LX(’”TX(")/W fork=0,...,K. Recall
3" is the surrogate response. Under Conditions 1, 2, 4, 5 and 6, for any k=0, . . ., K, we have

< log (p Vv n;) +sklog(ank)'

Ny Ny

I or <®
_X(k) i(k) -3 ﬂ(k)
Ny

oo

28k

with probability at least 1 — c;n, *** — ciexp(— cyny) for positive constants c, to c,.

Remark 1. The necessity of Condition 1 can be seen from the following argument. Applying the proof
technique of Proposition 11 in Chen et al. [2] gives

lo SiZ, logn
00 Ny ny

where z, = /s, log ;. /n; is the convergence rate of the initial estimator of 8,. Consequently, to attain the
rate required in Lemma 1 we must have sz, = O(1), i.e. /s; log n;/n, = O(1). This forces s, = O (ni)

1 _ 7 -
—~ X®'F0 _ g0 g®
k
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with b € (0, 1/3), which is precisely what Condition 1 states.

- 1 i y(k) (k)TA(k)
k) _ i
PO =—5 §_71th — ) (16)

Namely, with 3‘\"‘)(0) defined in 16, Condition 4 contributes to obtain

! 1
790) — f90)] = 0, (/21087 [sclognc)
nh® e

© T (k) CH B

q (k) _ Sk T Sk

B, iV (B) = — D K (—W )
i=1

in which x(k) ﬂ Vi replaced by xfks)k B, It S, € S, holds true with high probability (for which we would

Specifically, denote

need thi irrepresentable condition), then we have]/‘\"”(O) = Bn, h(’”(k)(/}(k)) with high probability and can
bound [F9(0) — F9(0)] by

PO —f2O| = sup (B" Y (B) 1)

Hﬂék ﬂ(SAk)

where z, = /s, log n,/n is the convergence rate of the initial estimator of 8, provided by Sun etal. [11].

As demonstrated in Chen et al. [2], for every coordinate i belonging to the support set S;, we
partition the interval [B — z,, B% +z,] into n* small sub-intervals of length 2z,/n. In this way,
we construct a collection of points {8, 1 <j<g,} in R” whose cardinality satisfies g, <n"*, and
such that for any B inside the ball ||B;, ﬂ(k) | <z, there exists an index j (1 <j <gq,) with ||, —

Bis |l <255 1B, — ﬂ(k)” <z,. Consequently, we can relate sup, Bs, ﬂ&f”fh'BZk}:(M(ﬂ) —f®0)] to

SUP, e Bflk,i(k, (B,) —f®(0)|, and the latter can be bounded using exponential inequalities. This finally
yields the required bound on the error of estimating the density functions.

Lemma 3 (Theorem 1 in Raskuttl et al. [24]). Denote = e 00 otkE E'ﬂ Zkem(o}akﬂk) and
()= max %, where o =
Jj=l...p

< 1
TN > —u" T - 81p* (7
wXuz s Xu p* ( )ﬂ+0|| I

for any u € R? with probability at least 1 — exp( — c¢,(ng + ny)) and
= 1 log p
WOy > EuTZ(O)u —81p* (=) o lluell?
Jor any u € R? with probability at least 1 — exp(— ¢ ny) for positive constant c,.

Lemma 4 (Bernstein’s inequality (Theorem 1.10 of Boucheron et al. [25])). A random variable X is
said to follow a sub-exponential distribution with parameter ) (written X ~ subE (1)) if E [X] =0, and
its moment generating function satisfies

1 1
E [¢*] <exp (Eszkz), Ys| < T

IfX,, ..., X, are independent random variables with EX; = u; and X; — p; ~ subE (A), then for any

t > 0 we have
n £t
>t] <exp|—= min .
2 PN
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We now outline the proof of Lemma 1, with the detailed derivations to follow. Let ﬁﬂ denote the
probabilistic limit of ﬁﬂ in Step 3 of the oracle QR algorithm [9]. It solves the moment equation

2| T o 6o xe) | <o a
ke AU{0}

where 5% =x®" 8% — {f®(0)} {16 —x®"B® < 0) — 7). Thus, B~ has the explicit form as B =
B + 87, where §” = (7)Y, a0 E®8Y. It implies B is a pooled version of B and B for all

k € A such that B = (T 'Y, 0V BY.
Define
_nl
-2

Z X(kﬂ@(k) _x® ﬂﬂ)

keAUL0}
A

<4}
) 2

e (1) Denote u” = ﬁﬂ — ,85‘. On the event of B,, we have

1
B1:
Na 4Ny

1 T
B, = {H_H X0 (5 — x8©)
0

We will show the following statements:

-~

@ @V [@ < soh? + 1 Csd,
[@], < o + Cxd
with probability at least 1 — exp(— ¢,(n4 + ny)).
e (2) Denote V"' = 3" — 67 On the event of B,, we have

" 2TV [P S soh? + 2 Cxd,
P EF < 0, Ced,
77| < 22Cxd A (Csd)?

with probability at least 1 — 3 exp(— c¢;np).

We then show that P (B, N B,) — 1 as p — oo and kmin n; — 00, which is the minimum sample size

cA(0)
across the informative sources and the target. Finally, the proof of Lemma 1 is proved by appealing to

Lemma 3 together with the observation that

|88 = (8" —B8")— (" — ") < 1@"|l + %"l

We now proceed to prove statement (1). The following oracle inequality is identical to (A.1) in the
supplementary material of Li et al. [7]. Expanding the loss function in Step 3 of the oracle QR algorithm
in Jin et al. [9] via Taylor expansion gives

.

1 _raa
ﬂzuﬂ

—Uu
2
Ay[T

A a _a X(k)T 0 _ x®
<ul8 w4 o E X8
<n 87, - 2|87, + 5 a7,

3 R -~
<l +a 82 I—MHﬂ?;

3 3
< Shlagl,+5x 1850, - k||u30
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(1) If [@g |l = 1B sc 1> with a positive constant c,, we can further have

~agz logp g 2<1A$TA51,\7[

5 - 22 o < L s
<3ufag), - A @5,
<3ufag),

A
0 usn

where the first line holds true with probability at least 1 — exp(— ¢,(n4 + ny)) due to Lemma 3
and Condition 4. It further leads to

&) < 5022, (18)

[@"]], < son (19)
by utilising s, log p/(n4 + ny) = o(1) derived from Condition 3.
(2) If @ ||, < [|B5e 1. we have

1

A N | e Lt |
It follows that
51, = el8sll,
and
[@, = @, + g1, = 71851, = 785, = 7Cxa. (20)
This implies |[#”|| < 7Csd by the ¢,-¢, inequality. By Lemma 3, we have
a7 - 2L @] A £
na+ ny
=30 |85 k g,
53)‘1”/3?1" 1
<31, Cxd

with probability at least 1 — exp(— ¢,(nx + no)). Noticing that Csd+/log p/(ns + ny) = o(1) as derived
from Condition 3, we get
e lo
[ < =22
na + ny
so 1o )
< YRI8P gz | 55 Crd,
Ng + o

|@*|? + 3% Csd

and then we have
[@"|* < 2 Crd. @1

Statement (1) then follows by combining the results from Equations (18), (19), (20) and (21) together
with Lemma 3.

We now turn to statement (2). Conditional on the event B,, the following oracle inequality holds,
which is identical to the one appearing in the proofs of Theorems 1 and 4 in Li et al. [7]. Expanding the
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A, . .
loss of § via Taylor expansion gives

-~

1m0~
T ST

) i R
<aala", = 8], + X - X@mﬂ_aaﬂ
0
!
=Mwﬂm—xmﬁm+-——xww@_xwﬂw_xw@ﬂ_w_ﬁ@”'
noy
=X ||87‘||1 — )»2”3%”1 + - X(O)T{( ©) X(O)ﬂ(())) —X(O)ﬁﬂ}'
0

-~

<087, — 1B, + 257, 427 5w 4 S

A A
Hence, by noticing [7*]|; = |8 — 87|, > 8 I — 18”|l,, we have

FUE <2la, - Z[F 42 E

(1) #7277 < 1,167, then

0= V" <38, - Z[F7,
< 30,87, 22)
<31,Cxd,
which further leads to |[#]|; < 6/|6™||, <6Csd and
[P = 7], = 6Csd. (23)
Meanwhile, from Lemma 3, we have
17 - £ [ £ 7 E
= 3M 1871,
<3M1,Csd,

with probability at least 1 — exp(— ¢ny), and then
[P < 2aCzd 24)

by noticing Csd(log(p V ny)/ny)"/? = o(1) as derived from Condition 3.
Q) 1t V%" > 1,187, we have

0< 41[‘7”2@”‘ < gt - 2 5 P

It follows that

”1;71“ SgaﬂTg(O)iiﬂ
=34

2"

Sy (25)

So)\.% + )\.1 Czd
Ao

A
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with probability at least 1 — 2 exp(— cny), where the second line holds true with probability at least
1 — exp(— ¢ ny) due to Theorem 1.6 of Zhou [26], and the third line holds true with probability at least

1 — exp(— ¢|(ng + ny)) due to (18) and (21). By Lemma 3 and Theorem 1.6 of Zhou [26], once again,
we have

. 10gp e 1m0
[ - = | s T

< 3&” DT
~7A 12
S &7
5 So)\.% + )\,1 Czd
with probability at least 1 — 3 exp(— ¢,ny). Thus, from (25) that shows ||vﬂ||2 log p/ny < |V, =
o(1), we have
@V 2O 7 < 5022 4 4 Cxd. (26)
Statement (2) is established by combining results from (22), (23), (24), (25) and (26).
We now prove that P(B;NB,)> 1 — cl(kmir}o)nk)*fzm —c3 exp(— c4kmir(10)nk) — exp(— c¢s log p) for
€AY €AY

some positive constants ¢; to ¢5. We utilise the inequality P(B; N B,) > P(B,) + P (B,) — 1 and then
bound P(B,) and P (B,) separately. For P (B,), we have P (B,) > 1 — ¢;n,*" — c; exp(— c4n9) by
Lemma 2. For P(B,), we bound it by the following decomposition:

Z X(kﬂ( (k) X“’ﬁ )

Ma 1o | Zasio) o
1 T k =
_ ()T (k) 0 g F® gt A pA
i S T astt ek 5
A 0 reauoy keAUL0} keAU{0 o
I wra~ $® <® N
— Z o ( X(k) 0 _ ﬂ(k) Z ak(E _Z(k))a(k)_(z _Eﬂ)aﬂ
keAU(0) T keAU(O) o
1 o~ <® <®
< Z o (—X(’O O _ 50w n Z o (EY — m©)s®
keAU{0) T o keAU{0) o

+ H (E" - £7)s7 H

def

= Dl +D2 +D3

For D,, based on Lemma 2, we have

l x®" 5,<k> s® ﬂ(k)

ny

(277

< ( log(p\/nk)+sk10g(ank)>

S
o  Natng

< v log (pVvny) n silog (p v my)

na+ny na +ng

5 w/nklog(p\/nk)

na+ny

< log (p v ny)
~ Ng + Ny

for any k € AU {0} with probability at least 1 — ¢,n, *™* — c; exp(— c4n;), where the third line holds
true due to s, = O(n?) with 0 < b < 1/3 from Condition 1. Hence, considering that |A| is bounded,

Ny ny

https://doi.org/10.1017/aer.2026.10166 Published online by Cambridge University Press


https://doi.org/10.1017/aer.2026.10166

2102 Huang et al.

we have

D, < max \/log (pVn) < \/log (pVng) @7

kEﬂU{O} na + ny Na —+ ny

with probability at least 1 — clkmm )nk B — ey exp(— ¢y mu(l n). For D, and Ds, similar with proofs
e AU{0!

of Theorems 1 and 4 of Li et al. [7], with a positive constant cs5, we have

(| 5 etz =)

ke AU{0}
<P ( ! (X("’T x® _ E[X(k)T X("’]) §OIl > t)
N =+ Mo keAU{0) .
<p-P [ max X XY —E[XYX9])60 | =1
i=r g+ ng ke;‘?m ( [ ])

J

. (na+ny) 1 (na+ny)t
<pmaxexp | —c, min T e -
= 2 max 8% TP max V¥ 0w
keAU{0) ke A0}

= max exp | —c, min (atm) ()
=P preno P ! 280 xO§0” JswTswsb | )

(k) (k) S(k)

where the fourth line holds true by combining Lemma 4 and the fact that x;; is sub-exponential.

Hence, applying similar procedure on D; with D,, by taking # > max \/ §0"E®8® 1og p/(nu + ny) and

ke AU{0
noticing that log p = o(n4 + n,), we have

P (max (D,, D3) 2, max} \/S(k)T X®8% log p/(na + no)) <exp (—c4 logp). (28)

Combining (27), (28), we have

P(B,)>1—c¢ min n, > —c;exp | —c, min n;, | —exp (—cslo s
(B) = i, 3 €Xp 4 o T p (—cslogp)

which further leads to the desired conclusion that P(B, N B,) — 1 as p — oo and knﬂ}ir(lo)nk — 00. The
eAU

proof of Lemma 1 is completed.

Consequently, we extend the convergence results established for quantile regression to the composite
quantile regression setting. The key insight is that CQR can be viewed as a weighted average of multiple
QR estimators, allowing us to leverage the existing QR theory.

Define the CQR estimator as ECQR = éZ;l,ﬁ\n, where ’Eu is the QR estimator at quantile level t,.
The estimation error decomposes as:

1B B |I<—Z|Iﬂ,\ BYI + - leﬁi‘j’ Bl 29)

F1 F2

(1) Bounding Term F1 (estimation error).

For each t,, under Conditions 1-6 and 8, Lemma 1 implies that with probability at least 1 — 4,

o 0
I1B., — BV S & (no, Nz, Max ny, s, p>, (30)
ke AU{0}
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where 8§, = Cexp(— C, mingeau%) + C3(Minge s ) 7 + exp(— Cs log p). By the union bound
and the fact that S is finite (typically small in practice), we obtain that with probability at least 1 — S§;,

F1<§ (no,nﬂ, max nk,so,p>. 3D
keAU(0})

(2) Bounding Term F2 (approximation bias).

Under Condition 7, we have

1 N
F2<- Lit,— 7| <L-max|t,— T|, 32
_Sg | | < | | 32)

1<s<S§

where T = éZL, 7,. For equally spaced quantiles, this term is O(1/S). Since S is fixed and &,;(-) > 1/S
under the sample size conditions in Condition 3, Term F2 is dominated by the estimation error and can
be absorbed into the < notation.

Substituting (31) and (32) into (29), we obtain
—(0)

s

< Ny, Mg, MaAxX 7y, s .
Nél ( 05 ﬁ?keﬂu(o) k> S0, P

The prediction error bound follows similarly by noting the linearity of the prediction operator. The
final probability bound follows from the union bound over S quantile levels. Since S is finite and typically
small, the factor S in front of §, can be absorbed into the constants C|, . .., Cs.

Remark 2. The proof strategy employed here — decomposing the CQR error into estimation error and
approximation bias — is general and can be adapted to other loss functions that are linear combinations
of convex losses. While the convergence rate remains the same as in the QR case, CQR often exhibits
better finite-sample performance due to its robustness to heavy-tailed errors and its ability to capture
broader features of the conditional distribution.

Appendix B. Sensitivity analysis for ¢,

During the informative set detection process in transfer learning, the parameter ¢, controls the estima-
tion accuracy of the informative set. In this section, we investigate its influence on model performance
by selecting different values of ¢,. If € is set too large, it may introduce noise; if it is too small, the infor-
mation may be insufficient. Therefore, we design several €, values in the simulation and compare the
model performance under different settings, such as changes in loss values and running time. By plotting
the relationship curves between €, and various metrics, we aim to identify the optimal trade-off point.
Here, we assume the relationship between the estimated composite quantile loss under a homogeneous
design and €,. We consider the following cases and plot the curves of €, versus model performance (e.g.
prediction error) to observe inflection points or stable intervals:

1. Relatively small ¢, values, e.g. 0.001, 0.005. These make the detection process stricter. Only
sources very close to the target model are allowed into the informative set, which may result in
a smaller but more accurate informative set and reduce the risk of negative transfer.

2. The commonly used baseline value of 0.01 in the literature.

3. Relatively large €, values, e.g. 0.05, 0.1. These make the criterion more lenient. More
source models may be included, increasing the information, but irrelevant models may also be
introduced, potentially degrading performance.

In practical applications, the choice of €, can be tailored to the scenario. For instance, in high-
reliability settings (e.g. medical applications), smaller ¢, values are preferred, whereas in scenarios
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Figure A8. Average MSE and composite quantile loss versus the threshold €, (homogeneous design,
normal errors).
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Figure A9. Average running time versus the threshold €, (homogeneous design, normal errors).

requiring high generalisation (e.g. recommendation systems), larger ¢, values can be tested. The
comparison of model evaluation metrics for different €, values is shown in Figures A8—A9.

Figures A8 and A9 display the MSE, composite quantile loss and running time under different values
of €. Due to the large variation in the horizontal coordinate, a logarithmic transformation is applied to
the running time axis to better visualise the results across different €, values. From the figures, it can be
observed that the choice of ¢, has little impact on model performance, with the main difference being in
running time. The plots show that the running time is minimised at €, = 0.01. Therefore, in TL-CQR,
to simplify the computation, we set the parameter in Step 5 of Algorithm 2 to €, = 0.01.
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Appendix C. Features dictionary of flight QAR analysis

Table A3. Features dictionary of flight QAR analysis

Code Define Type
3000 Max airspeed during flaps extended Speed
3001 Max airspeed during landing gear extended Speed
3002 Max airspeed during speed brakes extended Speed
3005 Average airspeed during climb Speed
3007 Average airspeed during cruise Speed
3009 Average airspeed during descent Speed
3013 Average airspeed during engine stop Speed
3023 Average airspeed during preflight Speed
3027 Average airspeed during taxi in Speed
3029 Average airspeed during taxi out Speed
3035 Max groundspeed during turn Speed
3036 Max groundspeed during pre lift off Speed
3037 Max groundspeed during straight line Speed
3057 Time during lift off to landing gear selected up Time
3058 Time during landing gear selected down to touchdown Time
3070 Time during climb Time
3071 Time during cruise Time
3072 Time during descent Time
3089 Time during touchdown to start of all engine reverser deployed Time
3090 Time during final 200 kn CAS to touchdown Time
3093 Max vertical acceleration during flight Acceleration
3094 Max vertical acceleration during landing Response
3096 Max vertical acceleration during take off Acceleration
3104 Max vertical acceleration during pre take off Acceleration
3105 Max vertical acceleration during post landing Acceleration
3112 Average wind direction during first 20 ft AFE to first 100 ft AFE Wind
3113 Average angle-of-attack during cruise Attitude
3119 Difference in fuel consumed engine 1 during lift off to first cruise Fuel
3123 Difference in fuel consumed engine 1 during climb Fuel
3124 Difference in fuel consumed engine 1 during cruise Fuel
3125 Difference in fuel consumed engine 1 during descent Fuel
3192 Average fuel flow engine 1 during climb Fuel
3193 Average fuel flow engine 1 during cruise Fuel
3194 Average fuel flow engine 1 during descent Fuel
3195 Average fuel flow engine 1 during engine start Fuel
3201 Average fuel flow engine 1 during preflight Fuel
3203 Average fuel flow engine 1 during taxi in Fuel
3204 Average fuel flow engine 1 during taxi out Fuel
3253 Total ground distance during climb Distance
3254 Total ground distance during cruise Distance
3255 Total ground distance during descent Distance
3256 Total ground distance during engine start Distance
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Table A3. Continued.

Code Define Type
3265 Total ground distance during taxi out Distance
3268 Max absolute longitudinal acceleration during landing Acceleration
3271 Average Mach during climb Speed
3273 Average Mach during Cruise Speed
3275 Average Mach during descent Speed
3279 Average Mach during engine stop Speed
3293 Average Mach during taxi in Speed
3295 Average Mach during taxi out Speed
3344 Max absolute bank angle during final 50 ft AFE to touchdown Attitude
3361 Max airspeed — take off safety speed during slats only extended Speed
3362 Max airspeed — take off safety speed during flap setting 1 Speed
3363 Max airspeed — take off safety speed during flap setting 2 Speed
3364 Max airspeed — take off safety speed during flap setting 3 Speed
3365 Max airspeed — take off safety speed during flap setting 4 Speed
3366 Max airspeed — take off safety speed during flap setting 5 Speed
3367 Max airspeed — take off safety speed during flap setting 6 Speed
3368 Max airspeed — take off safety speed during flap setting 7 Speed
3384 Max wind speed during first 20 ft AFE to first 100ft AFE Wind
3385 Max absolute lateral acceleration during landing Acceleration
3387 Min maximum operating speed — airspeed during flight Speed
3418 Max airspeed — landing reference speed during slats only extended Speed
3419 Max airspeed — landing reference speed during flap setting 1 Speed
3420 Max airspeed — landing reference speed during flap setting 2 Speed
3421 Max airspeed — landing reference speed during flap setting 3 Speed
3422 Max airspeed — landing reference speed during flap setting 4 Speed
3423 Max airspeed — landing reference speed during flap setting 5 Speed
3424 Max airspeed — landing reference speed during flap setting 6 Speed
3425 Max airspeed — landing reference speed during flap setting 7 Speed
3426 Max airspeed — landing reference speed during flap setting 8 Speed
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Table A4. Feature dictionary for flight QAR data analysis of scalar measurements

Feature dictionary

Code Define Type
1000 Airspeed at final wing change configuration before touchdown Speed
1001 Airspeed at first wing change configuration after lift off Speed
1002 Airspeed at first wing clean configuration after lift off Speed
1005 Airspeed at landing gear selected down Speed
1006 Airspeed at landing gear selected up Speed
1018 Altitude at landing gear selected down Attitude
1019 Altitude at landing gear selected up Attitude
1026 Altitude at final 200 kn cas Attitude
1034 Gross weight at start of flight Weight
1050 Gross weight at start of taxi out Weight
1056 Groundspeed at start of off runway Speed
1057 Landing reference speed at threshold Speed
1058 Landing reference speed at touchdown Speed
1062 Landing reference speed at final 50 ft AFE Attitude
1065 Pitch at lift off Attitude
1070 Pitch rate at lift off Attitude
1075 Rotation speed at rotation Speed
1076 Take off decision speed, V1 at lift off Speed
1077 Take off safety speed, V2 at lift off Speed
1080 Temperature at lift off Temperature
1081 Temperature at touchdown Temperature
1087 Time at start of climb Time
1088 Time at start of cruise Time
1096 Time at start of preflight Time
1103 Vertical speed at touchdown Speed
1109 Wind direction at lift off Wind
1110 Wind direction at touchdown Wind
1113 Bank angle at touchdown Attitude
1114 Stabiliser angle at rotation Attitude
1115 Wind speed at touchdown Wind

Cite this article: Huang L., Wang L. and Lai P. (2026). Transfer learning in hard landing risk prediction. The Aeronautical
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