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Abstract. We formulate and prove a precise statement of asymptotic shrinking of ‘carrot-
fields’ around the Mandelbrot set M. This phenomenon was suggested in a seminal text
on polynomial-like mappings by Douady and Hubbard [On the dynamics of polynomial-
like mappings. Ann. Sci. Ec. Norm. Supér. t.18 (1985), 287-343]. This is helpful for
understanding how copies of M sit in the bifurcation loci of families of rational maps.

1. Introduction

For a general analytic family of rational maps (f;);cx, the bifurcation locus is the set of
parameters ¢ € X such that the Julia set does not move continuously (in the Hausdorff
topology) over any neighborhood of ¢. For instance, the bifurcation locus of the quadratic
family (Q.(z) =z + €),C is the boundary of the Mandelbrot set M (i.e., M\int(M)),
where M is defined as the set of parameters ¢ € C such that the Julia set J(Q,) is connected
(see Figure 1).

McMullen demonstrated in [McM] the following universality property of M: the
boundaries of small Mandelbrot sets are dense in the bifurcation locus of any non-trivial
holomorphic family of rational maps. A small Mandelbrot set (or a copy of M) is the image
of M by a homeomorphism £ that preserves the dynamics: some restriction of an iterate
of h(c) and Q. are topologically conjugated on their Julia sets. This result of McMullen
motivates the study of how those copies are embedded in the bifurcation locus of a general
family.

In their pioneering paper on polynomial-like mappings [DH2], Douady and Hubbard
exhibited for the first time such an image of M interlocked in the bifurcation locus of
a particular family of rational maps (see Figure 2). In their paper, they developed the
theory of what they called ‘polynomial-like mappings’. This theory allows us to recognize
copies of M in the parameter space of analytic families of rational maps. Moreover,
they suggest that the copies of M come with some additional structure. Namely, in
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FIGURE 2. Based on Figure 16 of ‘carrots for dessert’ in [DH2]; carrots are in orange.

their particular example, they observe in the picture (Figure 16 of the section ‘Carrots
for dessert’ in [DHZ2]) that there are connected components of the complement of the
bifurcation locus which are attached to the tips of the copy, and that their diameters tend to
0 (see Figure 2). Note that those components are hyperbolic components and that it is not
known, even for the quadratic family, that the diameter of hyperbolic components tends to
0. Douady and Hubbard called them ‘carrots’. They also present the notion of carrot fields
in the setting of polynomial-like mappings.

In the present paper, we give a reformulation of the Douady—Hubbard definition of
‘carrots’ and of ‘carrot fields’ around M. We prove in Theorem 2 a general statement
concerning the asymptotic shrinking of ‘carrot fields’ around M.
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FIGURE 3. A Mandelbrot copy in M.

We give in Theorem 5 the simplest possible application, namely to the copies of M
inside M (see Figure 3). We prove that, if My is a copy of M in M, only finitely many
connected components of M\Mj have diameter greater than some € > 0. To prove this,
we interpret any component of M\Mj as a carrot relative to My. We also prove that
Theorem 2 is a necessary condition for the Mandelbrot set to be locally connected (the
famous MLC—Mandelbrot is Locally Connected—conjecture).

Our Theorem 2 provides a tool that can be applied to many holomorphic families. For
instance, a forthcomming paper [PR3] describes application to the case of the parabolic
Mandelbrot set, Mj.

The proof uses two fundamental tools: the generalized Yoccoz—Levin inequality and
the combination of two kinds of puzzle in the parameter plane (the Yoccoz puzzle together
with the puzzle defined by the carrots).

2. Statement and results

2.1. Carrots for Qq:z+> z>. Let z1, z2 be two points of H; = {z € C | Re(z) > 0}
such that the Euclidean closed triangle A supported by 0, z1, z5 is disjoint from A + 2i.
Then the carrot Ay =exp(A) is homeomorphic to A. For any n €N, any p € N*
with 2 A p =1, we can consider the carrot A,on which is the connected component
of Oy "(Ap) containing the point e27P/2" of the unit circle S'. The carrots are all

homeomorphic images of A.

2.2. Carrots for M. Douady and Hubbard gave in [DH1] a dynamical parameterization
of the complement of M, denoted by & :C\M — C\D, which is the conformal
representation tangent to the identity at oo. It has the property that its inverse
¥ =&~ admits a limit y(p/q) on every ray of rational angle p/q (.e., y(p/q) =
lim, _, 1+ W(re%7P/9)) and, moreover, in any Stolz angle based at €27P/4_ Therefore, one
can take the image W (A ,/>n) which is a compact set in C.
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Definition 1. The dyadic carrot field AM around M generated by A is the set consisting of

all the ‘carrots’ All\;l/zn :=W(Ap/n), where p/2" € Q.

A first remark is that All\;l/z,, is homeomorphic to A. With this terminology, the theorem
of shrinking of dyadic carrots of M is the following theorem.

THEOREM 2. For any dyadic carrot field AM of M,

nll)rrgo 51[1)p diam(All\,/I/zn) =0.

2.3.  Corollary for a copy Mg of M. Let Mgy be a copy of M and denote by xm, the
homeomorphism from My to M. The dyadic tips yy(p/2") of My are the images of the
dyadic tips y (p/2") of M by X1\7[;- The dyadic tip y (p/2") of M is the limit y (p/2") of
W, at the point ¢*77/%" in S!.

Definition 3. Denote by Al;/[/"z,, the connected component of M\My containing the tip
yo(p/2") in its closure and disjoint from M.
We call AIZI/"ZH the p/2" carrot of My or the p/2" dyadic decoration of My, and denote

by AMo or the relative carrot field of My, the set of all carrots of M.

THEOREM 4. (Douady—Hubbard, Yoccoz) For any copy My of M in M:

— My
M=MyU U U AL
n20 p/2neQ
The shrinking decorations theorem for strict copies My of M in M can then be stated as
in the following theorem.

THEOREM 5. For any strict copy Mg of M in M,

. . M,
nlingo Sl;p diam(A /2

) =0.

The two Theorems 2 and 5 have very similar proofs, the proof of the first being slightly
more complicated. We shall detail the proof of the first and sketch the difference to the
proof of the second.

Dzmitry Dudko presents a different and independent proof of the shrinking decorations
theorem for strict copies Mg of M in M in [Du]. His statement includes more generally
strict copies of the Multibrot set inside the Multibrot set of the same degree. The proof we
give here would also easily extend to the Multibrot case. In a forthcomming paper [PR4],
we shall treat the more general case of Mandelbrot-like families.

3. Framework

3.1. Independence on A. The degenerate case where the triangle A is defined by
71 = z2 > 0 is in fact the only one we need to consider. Let us call the carrot a stick
when the triangle is degenerate. We shall prove the following theorem.

THEOREM 6. For the dyadic stick field of M generated by A = [0, 1],

. . M _
nll)rgo sup dlam(AP/zn) =0.
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LEMMA 7. Theorem 6 implies Theorem 2.

Proof. We shall prove in fact that the result is independent of the non-trivial triangle
chosen. Let A' and A? be any two possibly degenerate triangles in H U {0}. Then
there exists 8 > 0 such that A'~\ {0} is contained in a hyperbolic §-neighborhood of
A%~ {0} in H, and vice versa. As exp:H, — C~D, Qp:C~D — C~D and
d:C\M — (C\ﬁ are local hyperbolic isometries, the same statement holds with the
same & for each Aﬁ%n, j =1, 2. Thus, by elementary estimates on hyberbolic metrics,
there exists k = k(8) > 1 such that, for any reduced dyadic 6 = p/2",

1 diam(A}M)

< — 0 7 <
k ~ diam(AZM) T
where diam(-) denotes Euclidean diameter.

This follows from the following inequality (see [Po]), where K C Cisa compact set

and By denotes the ball for the hyperbolic metric in @\K :

diam(Bpg (z, d)) < C(d)dist(z, K).

Indeed, if D is the diameter of AéM, then dist(z, K) < D for z € A;M and there exists
7 € AM such that z € By (7, d), so that |z — Z'| < DC(d). Hence, diamAZM < (C(d) +
1) D. Computing the reverse inequality yields the comparison.

To prove Theorem 2, it suffices to consider a particular stick field, say the field for
z1 = z2 = 1, which is Theorem 6. O

The choice of this particular stick or degenerate carrot field allows us to avoid
discussions on the position of the stick (or carrot) with respect to the parameter rays (see
§3.4.1).

3.2.  Argument on the toy example. One of the main arguments in the proof will be that
for any strict copy M’ of M in M, the stick field defined by A?:I/z,, = W(A /) does not
touch M’. This turns out to allow us to surround a potentially large stick All\)/l/z,, by an
annulus, which is disjoint from M’ and whose modulus is bounded uniformly from below.

We can visualize this argument first on the trivial toy example. We replace A that was
defined by the interval [0, 1] simply by the compact set T = exp([1/2, 1]) € C~ID. This
completely trivializes the problem by considerations on the comparison of hyperbolic and
Euclidean distance similar to those above. In this simpler case, Tj has a finite hyperbolic
diameter, diam, in C~ID. Thus, any of its iterated preimages 7),/o» under Qg have the
same finite hyperbolic diameter and so do the images Tl%[z,, =W (T,/on). Hence, the
Euclidean diameter of any T[%IZ,, is bounded uniformly from above by a universal constant
k = k(diam) times the Euclidean distance between T}:}zn and M. Since the latter tends to
zero uniformly as n — oo, we have, in the toy case,

nli)n;o diam(7p/2n) = 0.

Note that a uniform bound on the hyperbolic diameter is equivalent to a uniform bound on
the moduli of the annuli separating M and Tl%[zn.
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With this in mind, let us proceed to the proof of Theorem 2. Then, as mentioned
above, Theorem 5 will follow by using essentially the same proof; we shall point out
the differences.

3.3.  Proof of Theorem 2.  We prove the following result.

PROPOSITION 8. For the dyadic stick field of M generated by A =][0, 1], let
{A; = Allf/zri }ieN be any sequence of sticks with ri11 > r; and with roots c; tending to
Coo. Then,
diam(A;) —> 0.
11— 00
Remark 9. Theorem 2 is an easy corollary of this proposition by compactness of the
Mandelbrot set. (The details are left to the reader.)

Sketch of the proof of Proposition 8. Note that, necessarily, coo € IM.

(1)  First of all, the Yoccoz—Levin parameter inequality (Theorem 17) implies that if the
limit point ¢, belongs to the main cardioid, then the diameter of the carrots has to
tend to 0. Therefore, we can assume in the following that the limit point ¢, belongs
to some limb L[I;I})q of the main cardioid Hy of M.

(2) Secondly, we apply the Yoccoz parameter puzzle theorem (Theorem 21). There
exists a non-decreasing and non-eventually-constant subsequence n; such that for
i > ip the sticks A; C f,,,. (coo) (the parameter puzzle piece). Hence, either the
diameter tends to O or the limiting parameter ¢, is renormalizable, that is, coo € M’
for some first renormalization copy M’ — i.e. a copy which is not contained in any
other copy of M, than M itself — of M in LII;I;’q, of period k, where g < k.

(3) The key point in the proof of Proposition 8 is that all of the dyadic sticks AIZI/Z,, are

disjoint from M’ because their root points W (p/2") are disjoint from M’.
We show that, given € > 0, either the diameter of A; is less than € or we can
separate A; from M’ by some annulus of definite modulus § =8(¢) > 0. We
shall use here the fact that if A; C V' CV CU, with U a hyperbolic domain
(here U = C~.M’) and mod (V~V’) > § > 0, then the hyperbolic diameter of A;
in U satisfies diamy (A;) < d(8). Therefore, if A; tends to M’, it follows that the
Euclidean diameter has to go to zero.

(4) To construct such annuli and bound their moduli from below, we shall first construct
their dynamical counterpart. In the dynamical planes we construct annuli, which
are univalent preimages of some annulus admitting a holomorphic motion in a large
domain. We then use the observation by Shishikura that holomorphic motions can be
used to transfer bounds for (locally) persistent annuli in dynamical space to bounds
for corresponding annuli in parameter space (see [R]).

(5)  We shall follow slightly different paths according to whether M’ is a primitive copy
or the satellite copy M, with root on the cardioid. We start with the primitive case
and afterwards indicate the changes, which make the proof in the satellite case.

3.4. The setup. As a start, we recall some classical facts from [DH1] (see also [Mi])
that will be used at different points in the paper.
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3.4.1. Rays. The polynomial Q. is conjugated to z> near co. The conjugacy ¢. which
is tangent to the identity at infinity is called the Bottcher coordinate of Q. at oo. It has the
property that, for c ¢ M,

@ (c) = e (c).
We shall use also Green’s functions for M and K. = {z | Q/(z) is bounded}, i.e., the
subharmonic functions gy (c) = log™ |¢.(c)| and

(z) = lim LIO 10
gcz_n%oozn g (2.

Moreover, we shall use the notations EM (k) and E€(h) for the equipotentials for gy and
gc of level h > 0. Similarly, we shall use the notation F Mp), respectively OM(h) and
F€(h) respectively O€(h), for the closed, respectively open, filled equipotentials of level
or height & and

FM(h) = {c| gm(c) <h},  OMn) = FMm)~EM ),
FC(h)={z| g (z) <h}, O°(h) = F (h)~E(h).

The external ray of argument 6 for M or K. is the field line of g or g., which is asymptotic
to the half-line exp(¢ 4 i27 ) at co. By the parameter ray of angle 6 we mean the external
ray for M, which is simply the image R}QVI =W(]1, co[e%™?). The dynamical ray can also
be defined as R = ¢, L1, co[e?™?), when the Julia set is connected, or else this curve
might be broken on the critical point and its iterated preimages.

3.4.2. Combinatorial rotation number. A periodic point of minimal period k£ > 0 has
combinatorial rotation number p/q, p A g = 1, if it is the common landing point of a g-
cycle of external rays Rgo, e, qu_l for Q’C‘ with 0 <6 <60 <--- <6, <0 and for
which,

forall j,0 < j <q:2%0; = O(j+pmodg mod 1.

Note that this is a condition on the pure arguments. We say that these arguments form a
p/q-cycle under the kth iterate of the angle-doubling map. Consequently the g-cycle of
rays Rgo, cey quil is called a p/q-cycle of external rays for ng , independent of whether
or not it co-lands. For k = 1, there is a unique p/g-cycle of rays for every rotation number
p/q. The landing point of a fixed ray under Q’C‘ can be considered as having rotation
number 0/1 for Q. The combinatorial rotation number of a periodic point z¢ is unique,
when it exists, and is the same for all points in the orbit of zg. The snail lemma asserts that
if zo is the common landing point of a p/g-cycle of external rays for Q’C‘ , then zq is a k-
periodic point, which is either repelling or parabolic with multiplier exp(i27p/q), and the
Douady landing theorem asserts that any such point has a combinatorial rotation number
when the Julia set is connected (see also [P] for a more complete discussion).

3.4.3. Copies of M.

Definition 10. We say that f : U’ — U is quadratic-like if f is a proper holomorphic map
of degree 2 between disks U’, U such that U’ C U. The associated filled Julia set is
Ky=nNf""(U). Amap g is said to be /-renormalizable if g' admits a restriction which is
quadratic-like with a connected filled Julia set.
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Definition 11. Two quadratic-like maps f and g are said to be hybrid equivalent if there
is a quasi-conformal conjugacy ¢ between f and g defined on neighborhoods of their
respective filled Julia sets and such that 3¢ = 0 almost everywhere on K (f).

THEOREM 12. Every quadratic-like map f is hybrid equivalent to a polynomial of the
same degree. When K (f) is connected, this polynomial is unique up to affine conjugacy.

Definition 13. A copy M’ CM of the Mandelbrot set M is the image of M by a
homeomorphism 4 which preserves the dynamics in the following sense. For ¢’ = h(c),
there exists a minimal k£ and a renormalization, i.e., a quadratic-like restriction, of the
iterate Q’C‘, to an open disk containing O, such that this restriction is hybrid equivalent to
Q.. The common minimal k above is called the period of the copy.

3.4.4. Wakes of H and their combinatorial rotation number. Any quadratic polynomial
has (counting multiplicity) two fixed points. The dynamical ray R, of argument 0 lands
(except when ¢ € Rg/[) on one of the fixed points denoted B, and referred to as the 8-fixed
point of Q.. The other fixed point is denoted «, and is referred to as the «-fixed point.
We denote by Hj the open disk bounded by the main cardioid in the Mandelbrot set. It
corresponds to the set of parameters ¢ such that «, is attracting. The disk Hy is called
the period 1 or central hyperbolic component of M. The multiplier A, (c) of « defines a
homeomorphism of H onto D that is holomorphic in the interior. Each ¢ = A;l (e%imrla)y

with p A g = 1 is the common landing point of two external parameter rays, RN,[, Jq» Whose
UES

arguments are the nearest neighbors in the unique p/g-cycle under angle doubling. The

p/q-wake of Hy is the region Wf/(’q bounded by these two rays and disjoint from Hy. The
Hy _

part of M in Wf/oq is usually called the p/q-limb: Ly, = L,,=

The p/q wake and limb are characterized dynamically as the set of parameters ¢ for
which the fixed point . has combinatorial rotation number p/q. According to the Douady
landing theorem, any ¢ € M for which both fixed points are repelling belongs to some
p/q-limb L1

In general, a hyperbolic component H of M is a connected component of the interior
of M such that Q. has an attracting periodic point «.. Its period k is common for all
c € H and is denoted the period of H. The multiplier of «/. defines a biholomorphic
map Ay : H — D, which extends as a homeomorphism of the closures according to the
Douady—Hubbard multiplier theorem. The root cgl of H is the parameter A;l(l), which
has a k-periodic cycle of multiplier 1 (possibly of lower prime period k' dividing k). When
H # Hy,i.e., when k > 1, then c{f is the common landing point of two external parameter
rays, say of arguments 6. Let W/ denote the open sector bounded by the pair of co-
landing rays Rj! and containing H. The sector W# is called the founding wake of H.
For c € W, the pair of external rays Rgi co-land on a repelling periodic point (see The-
orem B.1, for example). The corresponding (dynamical plane) sector is denoted by W ¢,
The periodic point . depends holomorphically on ¢ € WH and is attracting precisely when
c € H. For each reduced rational p/q, the p/q-wake Wﬁ q of H is the set of parameters ¢ €
WH\ H for which the repelling k-periodic point /. has rotation number p/q. Then, as for

Hy, there is a pair of parameter rays co-landing at C;I 1= A;Il (¢*7P/9) and bounding W[fl/ .
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Their arguments are the nearest neighbors in the common kg-cycle of arguments. The

p/q-limb of H is the intersection Lp/q =Mn Wﬁq If we define LH1 =M\WH#  then

mM=HuUl]JL!
rlq
The hyperbolic component H of M can be viewed as the principal hyperbolic component
of a copy M’ € WH of M. The copy M’ is characterized as those ¢ € W# for which Q’Lf
has a quadratic-like restriction with connected filled-in Julia set, ¢-fixed point «. and -
fixed point the common landing point of the rays Rgi. The period k of the copy is the
period of H, namely the period of the attracting cycle «’(c) for c € H.

We denote by the funing interval for M’ (or equivalently for H), the interval I (M') =
I(H)=1[6_, 6+], where 64 are the root arguments of H. The component H and the copy
M’ are called satellites of some other hyperbolic component H' if the founding wake W #
is the p/q-wake Wf/q for this other hyperbolic component, and H, M’ is called a primitive
component or copy, if no such other hyperbolic component exists.

rlq

3.4.5. The dyadic wakes of M'. (See Figure 4.) Let M’ be a copy of M in M with
tuning interval I and period k, as above. Let 9+ < 0_ be the points in I such that each
of the subintervals Ip =[6_, 6?+] and I} = [9,, 0+] map diffeomorphically onto / under
o*, where o(6) =20 mod 1. Let I denote the corresponding o¥-invariant Cantor set
and let k =k : IM —> 5 denote the conjugacy of o : IM — M (o the shift on
¥, ={0, 1}N with «(6_) =0 and k(04) =1. Moreover, let T, : ¥» —> T denote the
projection ITa(€) = Y, /2, which seml conjugates the shift to angle doubhng

Then the pair of rays with arguments Gi co-land at the principal tip ¢ n= X " /2))
of M’. The sector W, 2 bounded by these rays and disjoint from M’ is called the principal

wake of M.
More generally, for p odd with binary expansion p =€ ...¢€,, €, #0, the dyadic
number p/2" has two binary expansions (preimages under ITp) O.ef...e,0 and

0.€1 . .. €,-101. According to the Douady tuning algorithm, the two points
9;/2,, =K_l(€1 - enﬁ) and 9;'/% :/c_l(el . en_loT)

are the endpoints of a complementary interval of I ". The corresponding external rays
of M co-land at the relatively dyadic tip ¢’ b = X (\Il(p/Z")) of M'. The p/2"-wake

wM » /2,, is the sector bounded by these rays and disjoint from M’. For any parameter c in the

relatively dyadic carrot AQ’I//Z =MnN Wp on>
on a point, which is preperiodic to the relative 8-fixed point (see also Theorem B.1).
Denote by W/ the sector bounded by the rays of arguments 6+ and not containing M.
Note that for each p/2", the root c’p /o of the corresponding wake is the only point of
intersection between M’ and (the closure of) the wake. Moreover, any two wakes are

disjoint, since rays do not cross.

the corresponding dynamical rays co-land

4. Yoccoz—Levin inequality
In order to prove Proposition 8, we need the following strong version, due to Levin, of
the Yoccoz parameter inequality. For the version of Proposition 8 leading to a proof of
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FIGURE 4. Dyadic wakes of M’ copy of M.

Theorem 5, the simpler Yoccoz (rather than Levin—Yoccoz) parameter space inequality
suffices.

4.1.  Dynamical inequality.

THEOREM 14. (The Yoccoz-Levin dynamical inequality) Let H be any hyperbolic
component of M of period k. Let p/q be any non-zero reduced rational and let Wf/q
denote the relative p/q-wake of H, bounded by parameter rays with arguments 0 < n_ <
ny < 1. Force W;{/ v let .. = A(c) denote the multiplier of the repelling k-periodic point
«. defining the wake, i.e., which is the common landing point of the kq-periodic rays Ry,
Then )\ admits a logarithm A such that

=

‘A—BZM 2klog2cos¢ w ’

q q w(c)
where ¢ € | — /2, w/2[ is the argument of A — Znig and w(c) is w if ceM and
otherwise equals the angle of vision of the interval i2m[n_, n4] from Log ®(c) € {z=
x+iy|0<y<2m}.

Proof. Levin proved the fixed point case k = 1 in [L, Theorem 5.1]; the general case is
similar. For completeness, we give a proof in the Appendix. a

We shall use this theorem when ¢ belongs to M U AM, so we need to estimate the
quantity w(c) for ¢ € AM (for AM see Definition 1). For this, we shall estimate the largest

potential of AM N WIZ 7 This in turn leads us to estimate the lowest denominator 2" of

dyadics p/2" € [n—, n+].
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PROPOSITION 15. Let H be a period-k hyperbolic component of M with tuning interval
I(H)=1[0—_,0+] and let p’/2’", e I(H), 1 <m’ <k be the dyadic with the smallest
denominator. For any irreducible rational p/q, let 0 < n_ <ny <1 be the arguments
of the co-landing parameter rays bounding W[fl/q and let p/2™ € [n—, n4+] be the dyadic
with the smallest denominator. Then

27K <, —n_ and m=m'+k(g-2).

Proof. As 1_ < 4 are periodic of exact period kg, we have ny —n_ >1/(2% — 1) >
27k4_ For the second inequality, let M’ denote the copy of M with H as the central
hyperbolic component. Let0_ <6, € IM " denote the arguments of the parameter rays co-
landing at the root of M’. Let I =[0_, 6,1 D Iy, I, M c IpU I and « : M Y, be
as above and write 7 for the binary projection of X onto T and setk = 7 o k. Then 14 =
K (n+) are the arguments of the parameter rays co-landing at the root of the wake WZ‘L. It
is well known that the intervals o/ ([T_, 7,]), 0 < j < g are interiorly disjoint and injective
images. Moreover, 0 € c@=D([z_, 74]) and thus 1/2 € e ([z_, 7+]). Consequently,
o*@=2) maps [5_, n4] injectively into I. Moreover, I D o*@=2([n_, ny1) D (I~(IpU
I1)). Let p’ /2"’, € I be the dyadic with smallest denominator; then p’/ e ~(Ip U )
and 1 <m’ <k. Thus,m =m' + k(g — 2). O

COROLLARY 16. For any ce€ W:;q NMUAM)  the angle of vision w(c) of
i2m[n—, n4] from Log(®(c)) is bounded from below by

arctan(27m 2'”/*21‘).

Proof. The angle is bounded from below by the angle obtained when ¢ belongs to one of
the two bounding rays of Wﬁ/ q and on the largest potential of AM. This largest potential is
obtained when gy (c) = 1/2™ with p/2™ the angle of the parameter ray entering the wake
with smallest denominator, hence log |®(¢c)| < 1/2™:

arctan(2 (ny. — 1)/ log | (c)|) > arctan(2727Ka /2= +k@a=2))

= arctan(2mw 2"’/*21‘). O

4.2.  Parameter inequality.

THEOREM 17. (The Yoccoz-Levin parameter inequality) For any hyperbolic component
H of M, there exists a constant C = Cy > 0 such that, for any relative p/q-wake W;I/ o

c
diam(W/, n (MU aM)) < =
q

Proof. For h =0, i.e., for the limbs M N Wlfl/ e this is essentially proved by Hubbard
in [Hu]. Note that for primitive hyperbolic components, he erroneously states the
inequality with C/,/q instead of C/q. (The bounds actually give C /q* asymptotically
when p/q tend to O or 1 and he reverts this to C/,/q.) For the extension, we use
the Levin—Yoccoz dynamical inequality above instead of the Yoccoz inequality. By

Corollary 16, the angle w(c) for c € W[f‘;q NnM™MU AM) is bounded from below by
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the angle wy = arctan(272" ~2k). The argument is then identical to the argument in
Hubbard’s paper [Hu], except using the Levin—Yoccoz dynamical inequality with the fixed
value wg. Thus, asymptotically for g large, we can take

Cy = LCI\_(IOCCOZ’
wH
where CZ,OCCOZ is the corresponding asymptotic value for the Yoccoz parameter
inequality. a

COROLLARY 18. We can assume that the sequence Ay of carrots belongs to W;;Oq for
some fixed p/q.

Proof. Let us first apply the Yoccoz-Levin parameter inequality. This gives a constant
C = Cpy, > 0 such that, for all /s,
C

diam(wr73 NMUAM)) < = (1)

The sequence {Ay} of carrots is included in a sequence of wakes Wi and the roots

P/ 9k
belong to the corresponding limbs LZ? Ik If g tends to oo, then the diameter of Ay tends

to 0 by (1). On the other hand, if the sequence { px/qx} contains a bounded subsequence,

then it contains a constant subsequence py, /qx,, = p/q. Hence, the limit point ¢, € L;I;’q.
Ho

For any Q, the limb L;I;’q is strongly separated from any of the limbs L v P /g #Dp'/q
with ¢’ < Q. Hence, either py/qr = p/q for sufficiently large k or for the remaining
elements in the sequence g tend to infinity, and thus diam(Ag) tends to zero for these
k. In both cases, we can suppose px/qx = p/q for some p/q € 10, 1[. O

5. Yoccoz puzzles and holomorphic motions

5.1.  Definition of Yoccoz puzzles. Recall from §3.4.4 that, for an irreducible rational
p/q and c € WZ‘;, the o-fixed point o is the common landing point of the unique
p/gq-cycle of external rays. Let {6, ..., 0;-1} denote the corresponding p/g-cycle of
arguments.

Definition 19. The p/q-‘model’” graphs are
Go={zllzl=e}U ] [Lele®™, G,=0;"G0.

0<j=g-1

For c € L;I/Oq, the p/q-Yoccoz graphs are Y = o' (Go), Vi = b (Gn) = Q. (Vp)-

The puzzle pieces of level n are the closures of the bounded connected components of
C\Yg, where ) is the level-n Yoccoz graph.

Definition 20. The p/q-Yoccoz parameter graphs are Yy = W (Gp) N w o

pjg And V=

W (G N W[fl/‘;. The parameter puzzle pieces of level n are the closures of the bounded
connected components of C\),, where ), is the level-n Yoccoz parameter graph.
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The level-n parameter puzzle piece(s) containing c is the closed subset of C bounded by
the closure of ¥ o ¢.(d PS), where PS denotes the (or possibly any of the) g level-n puzzle
piece(s) in the dynamical plane containing c. (If ¢, ¢’ belong to the same level-n parameter
puzzle piece Py, then ¢C_,1 o ¢ induces a homeomorphism between the Yoccoz graphs for
c and ¢/, at least up to and including level n.)

5.2. Yoccoz theorem and its application.

THEOREM 21. (Yoccoz) Forany p/q and any c € Lg})q, there are two possibilities: either
Q. is not renormalizable and NP, = {c} for any nest (P,) of parameter puzzle pieces
containing c, or c is at least once renormalizable, say with first renormalization period k,
and there is a first level n such that, for the dynamical puzzle pieces Int(Py) =: U and
Int(Py, ) =:U', the map QK :U' — U is quadratic-like with connected filled-in Julia
set (fattening U and U' if k = q.)

For a proof, see [Hu].
We provide a rough proof of Theorem 4 using the puzzles, the reader will easily supply
the details.

THEOREM. (Douady-Hubbard, Yoccoz) For any copy M’ of M in M,

m=m'ulJ |J al,.
20 p/2meQ

Note that M’ is denoted My in Theorem 4.

Proof. The copy M’ of M belongs to the limb Lllj,o/q/ of the central hyperbolic component
Hy of M, for some p’,q’ € N with (p’,q')=1. Let c € M’ be the center of M’,
ie., Q’C‘.(c) = ¢, where k is the period of M’. Let P,, n € N be the level n (p'/q’)-
Yoccoz puzzle piece containing the critical value ¢ of Q., and let P, denote (p’/q’)-
parameter Yoccoz puzzle piece containing the parameter c. Then, for each n, the map
W o ¢.(z) restricted to d P, J. extends to a homeomorphism of d P, onto 9P, preserving
argument and potential. Also, for each n, the closed puzzle piece P, contains the ends of
the external rays with arguments in I " from potential 27" (and down to the end). Hence,
the same holds for the corresponding parameter rays and P,. It follows that any other
level-n parameter puzzle piece, as well as M\Lg"/q,, is contained in one of the relatively
dyadic wakes W; Jom of M’. The theorem then follows from the Yoccoz parameter puzzle
theorem for renormalizable parameters, which states that

M' = (P O

n>0

COROLLARY 22. Either the diameter of the sequence Ay tends to 0 or c is in a strict
copy M' of Min M (i.e., Q.. is renormalizable).

Proof. For any p/q, the corresponding rotation orbit 0 < 6y < - - - < 6,1 is disjoint from
the set of dyadic arguments. Thus, for any p/q, the graph defining the associated p/q

puzzle for L;I?q is disjoint from AM. Therefore, there exists an increasing sequence ny
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such that, for k > ko, the carrots are in the nest of puzzle pieces: Ay C 5,”, (€xo) (the
parameter puzzle piece containing ¢s).

Hence, by the Yoccoz theorem 21, either the diameter tends to O or the limiting
parameter coo is renormalizable, that is, coo € M’ for some period k first renormalization

copy M’ of M in L[Ij})q, where g < k. O
For the rest of the proof, it is enough now to consider the parameters c, in a k-periodic,
k > q > 1 first renormalization copy M’ C L[Ij})q of ML.

Remark 23. The key point in the proof of Proposition 8 is that all the dyadic carrots All\,/l/zn
are disjoint from M’ because their root points W (p/2") are disjoint from M’. This in turn
is because the tuning interval I (M’) is o*-invariant and does not contain the fixed point
O0=1ofo.

6. Dynamical estimates

By the above, we can assume the limit point c¢oo € M’ C Lf}’q, where M’ is a first
renormalization copy of period k > g. We first consider the case where M’ is a primitive
first renormalization copy and postpone the g-periodic satellite case until later. Let ¢; be
the center of the principal hyperbolic component H' of period k of M’. We first define for
this parameter cy,, a slicing of some neighborhood of the Julia set that allows us to wrap the
carrots A;” o C WH'-¢ in annuli (for the terminology see the founding wake on p. 2032).
We prove a lower bound on the moduli of these annuli. Then we deform this picture by a
holomorphic motion on some open set W# "N oM(1) (which contains M’, except for its
root). This will allow us to transfer the dynamical annuli to parameter annuli around the
carrots All\;l/z,, cwt', keeping a lower bound on the moduli. Finally we treat in a similar

manner those carrots which approach the root ¢y of M’ from the outside of W# " In the
following section, we shall indicate the changes to the above argument that are needed in
order to treat the satellite case. Throughout, we shall make use of the reduction of the
carrots to sticks, in order to avoid considerations of a carrot intersecting other rays than its
dyadic root ray.

6.1. Slicing of some part of the Julia set. (See Figure 5.) Since M’ C Lg})q, one can

define a Yoccoz puzzle as in Definition 19. Then Theorem 21 says that, for c € M’, there

is a first level n such that the puzzle piece P; containing the critical value c defines a

quadratic-like map as Q]c‘ cnt(Py ) — Int(Py).

In this subsection, we let ¢ = ¢} be the center of the principal hyperbolic component H’
of M'. We need some notations to describe an extended puzzle structure for Q.. Clearly,
this structure is common, at least for all c € M’.

° Let n— < n4 denote the (rational) arguments of the co-landing pair of external rays
for O, which are on the boundary of P = P; , and which separate ¢ from 0.
Then, by Douady and Hubbard (see [DH1]), the parameter rays RUMi co-land at some
Misiurewicz point in M.

) Denote by y; the setR%TR,ﬁH N F(1) and let U; denote the connected component
of O°(1)\y; containing c.
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FIGURE 5. The disks US, Uf, and ’E\‘j The set US C 0°(1) is the disk which lies at the left of y(j‘. The set
Uy c o° (27%) is the disk which is bounded at the right and left by i and p°, respectively. The arc §( separates
the two subdisks V(f and 56 of Ué, VOC is at the left and 56 at the right of 86. The subsets E?, V]C and E? of UIC

are at the left of 810/2, between 8?/2 and &y, and at the right of §.

° Let U{ denote the connected component of Q;k (Uy) contained in U and containing
c. It is a disk and f, := Q’j : Uy — Uy is quadratic-like, with a critical point w,
satisfying f.(w.) =c.

Next, let us introduce some notations related to the copy M'. Let 0 <0_ <0, < 1
denote the root arguments of M’, i.e., the arguments of the parameter rays co-landing on
the root ¢, of M’ and bounding its founding wake WH'. Recall that for any ce WH /,
the dynamical rays R(Si co-land on a repelling k-periodic point denoted 8,. Moreover, 6+
bounds the tuning interval / = I (M’) and the restrictions ok l6_, §+], [5_, 0+] —> I are
diffeomorphisms, where 6_ < §+ <0 < O4+.

The angles n— < 06_ < é:r <b_ < 0+ < n4+ will remain fixed throughout §§6 and 7.

. Let §; denote the subarc

8= (R U{BJURG YNF(1)=R; U R N Fe(1).

° Similarly, let 67 2 denote the subarc §{ = Ré U Ré N Fe(1).
— +
. Let V;j be the connected component of U \.d containing c. Let Ej denote the other
connected component. Define recursively disks

Vi=fNVl. B UE; = £ ED,
where B, C E; | C E( and @f, is the twin of E¢ so that the disks /E‘:Z also form a
nested sequence (see also Figure 6). The restriction fo: V" | —> V; is a branched
covering of degree two, whereas the maps f. : &/ 41— Epand fe:
are isomorphisms.
. Let y| denote the extension to potential level 1 of Qc_k(yo“ ) NIE] and let By C E

denote the quadrilateral bounded by yj, y{ and subarcs of E¢(1). Define recursively
the univalently iterated preimages B, | = £NBE N ES.

=e — B¢
un+l [
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FIGURE 6. The decomposition of the disk D€, which is bounded by the equipotential £¢(1) and the arc §{ 2 The
disk E(C) is the subset of Ug to the right of 88. The disk @? (not labeled) is the subset of UY to the left of 3?/2'
The disk € is to the left of ?lc and inside the equipotential E€(3/4) (not labeled).

° For each n > 1, let §,‘; C /E‘:ﬁ denote the ‘twin’ of B, i.e., the connected component
of £71(BS_)NES.

° Let ¥, = Qc_k (vy) N 8@? extend to equipotential level 3/4 and let Q¢ denote the
open disk bounded by 7, and the subarc of E€(3/4) N U§ connecting the endpoints
of y,°.

° Let the disk D¢ C Vy denote the connected component of O¢(1)\4] 2 which
contains the sets @,‘1 as well as Q°.

LEMMA 24. For ¢ = cyp, each of the sets Q¢ and By, n > 1 is relatively compact in D°.
Moreover, there exists m = m(cp) > 0 such that

mod (D°~Q) > m, and foralln>1 mod (D°~BS)>m,

so that
foralln>1 mod (E{~BE) > m.

Proof. Compactness is by construction. The restriction f; : @j —> & is biholomorphic
so that, foralln > 1,

mod (D°\By )

v

~ < . J—
mod (E{\ B, ;) = mod (E¢\B;)

mod (E_;~BS) = mod (5~ BY).

v

Thus, we may define
m(c) = min{mod (D), mod (Dc\g_f), mod (E(C)\B_f)}. a
6.2. Holomorphic motion of graphs. A holomorphic motion of a set X CC

parameterized by D is a map H (X, z) from D x X to C that is holomorphic in A € D
injective in z € C and the identity for Ao = 0.
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Douady and Hubbard proved in [DH1] that the closure R of an external ray R;” admits
a holomorphic motion when  is eventually periodic and when the orbit of R does not meet
either a critical point or a parabolic point.

We shall use the following theorem on M, presumably due to Douady, Hubbard and
Lavaurs. This result is at least folklore, but since we did not find a precise reference in the
literature, we have, for the sake of completeness, provided a proof of it in the Appendix.

THEOREM 25. Let0 < t_ <ty < 1 be rationals for which the parameter rays R}i[ co-land

at some point co € M, and let W}f denote the parameter sector bounded by R}\f U{co} U

R}\f and not containing the main cardioid Hy. Then the following hold.

° t_, ty have the same preperiod | >0 and period k > 0, okt (ty) = ol (t+) and
olti(tL) £ ol (ty), for j <lori <k.

° The forward orbits of t+ under o do not enter the interval Jt_, t[.
For any c € W}f, the pair of dynamical rays Rj, co-land at some repelling
(pre)periodic point z(c) with Q[C+k/ (z(c)) = Q[C(z(c)), where k' divides k.

° The set Rf U {z(c)} U RIL+ moves holomorphically with c € W}f and bounds a sector
W containing c and the rays of arguments t € Ji—, 14 [, but not 0.

Recall that 04 are the root arguments of M’ and that ny with 0 <n_ <0_ <64 <
N+ < 1 are the arguments of the co-landing pair of parameter rays such that M’ C Wé\i
and such that, for ¢ = ¢, € M’, the closure of the corresponding co-landing dynamical rays
R;,, intersect the boundary of the Yoccoz puzzle piece P = Py in an arc y;y, where n is
minimal with the property that the restriction Q/C‘ : P4y —> P, is quadratic-like.

Let y; denote the connected component of Q;k (yy) on the boundary of U{ and
separating 0 and c in the disk O¢(27%), and let ¥, C dU{ denote its non-separating twin.
Denote by 7y, n— <n_ <n/. <n4 the arguments of the rays defining y{ and let 7"+,
n_ <n'y <n'_ <n, denote those for the twin. Then n_ <n’ <6_ <0, <7y <
7 <0_<6, < ny <4, o)) =ok@'+) =ns and Uf is the middle connected
component of O°~.(yf U ¥,°).

Definition 26.
° Denote by yé“ and 68’[ the arcs

vor = RM URM n FM(1), 55t = R U RY n FM (1),
° Denote by Ag D A the parameter disks
Ao=WH noM@), A=W noMa.

° Denote by A{)’ D Af the larger parameter disks which are the connected components
of OM(Z)\R% U R%’i and OM(l)\R% U R), respectively, containing Aj.
° We extend the definition of the arc y; and the disk Uy to all ¢ € Aé) , that is, for
such c,
Yo = Ry URg N Fe(1),

and U denotes the connected component of O°(1)\y,; containing c.
) Let U denote the connected component of O¢ (2)\Rj_ U Ry containing Ug.
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PROPOSITION 27. Fix any base point in Ag, such as cp. Then the arc y; and the set
C\0°(1) move holomorphically with ¢ € Ag under the motion given by the Bottcher
coordinate ¢.. In particular, dUg moves holomorphically with ¢ € Ag.

Proof. By definition, yj is the set Ry U Ry N F(1) and Ug denotes the component
of O(1)\yy not containing 0. It follows from Theorem B.1 that the dynamical rays
R}, co-land for every c € Ag and admit a holomorphic motion. Moreover, by stability,

they separate O from c. Finally, C~ oc(l) =y, (@\ﬁ(e)) moves holomorphically with ¢
because the critical point is not in the set. O

COROLLARY 28. The Bottcher coordinate ¢ also defines a holomorphic motion over Ag
of the rays R;, , R;, , R%, , R%,+. In particular, they pairwise co-land and this defines a
A -

holomorphic motion of y{ and y°.

Proof. The forward orbits of the rays R,/ , Rn;’ Ry, Ry,

containing the critical value and thus they also move holomorphically with c € W}X. Since

never enter the sector W,f n

they pairwise co-land for ¢ = ¢, they pairwise co-land for all ¢ € W“i, and finally their
tips up to and including potential 2~ are dense in y{ and ;. |

Notice that Ag is precisely the set of parameters for which c € 175 and in fact c €
oUg if and only if ¢ € 8A5) . Force Ag , let Uy denote the connected component of
Qc_k(Ug) N Uy which intersects the pairs of rays Ry, and Rg,, or, equivalently, let Uy
denote the middle connected component of

O N\R, URy URy UR;").

Define

Ut =Ufno°@2™ ).
Note that, depending on the position of ¢ € AL, this set may be connected or not. We leave
the proof of the following easy lemma to the reader.

LEMMA 29. The restriction

fe:=05:Uf — U§ 2
is quadratic-like with critical value ¢ and critical point w. depending holomorphically on
ce W}?\i'
For c € Ag\AP, Uy is the union of two disks and the restriction of f. to U{ is non-
ramified.
For c e Af) , Uy is a disk whose boundary dU{ moves holomorphically with ¢ € Af) and
the restriction f. : U{ —> Uy is quadratic-like. The filled Julia set K ! is connected if and
onlyifce M'.

LEMMA 30.

E() U QURG_U{BIURE) U QL(RE U {copl} URE )
Jj=0

moves holomorphically with ¢ € Ay.
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Proof. Here we use Theorem B.1. For any ¢ € A, the dynamical rays Rgi co-land at the
repelling k-periodic point 8. and the rays Rg\i co-land at the f,-preimage cof. of 8., all
of which move holomorphically with ¢ € Ag. Moreover, the set

k—1 ) )
U QRS LB URS,) U QURS U{copi} URE )
=0

does not enter the sector W(j'i, which contains the critical value. Hence,

k—1 ) )
E() U QU(RG_U(BIURE) U Qi(RE U {copl} URE )
j=0

moves holomorphically with ¢ € Ag. O

COROLLARY 31. In particular, 88 :=Ryg_URg, NF°(1) and 8?/2 =Rz U Rg+ N
F€(1) move holomorphically with c € Ay.

For ¢ € Ay, the set U7 does admit a holomorphic motion. For ¢ € Ag\ A1, it does not.
However, we have the following lemma.

LEMMA 32. Forc € Ag~Ay, consider V¢, the subdisk of Ug bounded by the arcs &, 6@2

and containing the f. critical point w(c). Then dU{ V¢ moves holomorphically with
c € Ao.

Proof. Indeed, the only place where the boundary of dU{ does not admit a holomorphic
motion is when the parameter ¢ crosses d A1 N Ag. At such parameters, the equipotential
of dU; becomes a figure of eight with crossing contained in V. O

COROLLARY 33. Let Vi be the connected component of U538 containing 5} /2 Then
0V admits a holomorphic motion over Ao. Moreover, for c € A1, the preimage V| =
fc_1 (V(f ) is a disk whose boundary 8V1c admits a holomorphic motion over Aj.

For ¢ € Ao\ Ay, the preimage V{ is the union of two disks.

Finally, for any ¢ € Ao, fe: V{ — Vj is a degree-two (possibly) ramified covering.

Proof. By the lemma, the arcs &, 6{ /, move holomorphically over Ag. Moreover,
V585 C Uy, so this part also moves holomorphically with ¢ over A and its preimage
moves holomorphically with ¢ € Aj. O

Note that for ¢ € Ao\ A1, the preimage V{ is the union of two disks contained in ve.

LEMMA 34. Using the quadratic-like restrictions f. of Q]L‘. for ¢ € Ao, we can extend the
definitions of V{, 8¢, BS, Bj, and ES, for ¢ = cp, to any ¢ € Ao.

Proof. They are simply the pull-back by f. of sets like Uy and Vj that are well defined in
Ao and whose boundary admits a holomorphic motion. O

We recall here the definitions for ¢ € Ag that extend the ones given for c;.
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) Define recursively disks

=/ Vi), B UE = STNED.
where B C E; | C Ej and B ¢ is the twin of E¢ so that the disks E” also form a
nested sequence (see also Flgure 6). The restrictlon fe:v
covering of degree two, whereas the maps f :
are isomorphisms.

° Let y| denote the extension to potential level 1 of Q;k(yo) NJEG and let By C Ej
denote the quadrilateral bounded by y;, y{ and subarcs of E“(1). Deﬁne recurswely
the univalently iterated preimages B, = £N(BS N ES

° For each n > 1, let B” C denote the ‘twin’ of B, i.e., the connected component
of £ (BS_ )N ES

° Extend y,° = Q;k (¥y) NAUY to equipotential level 3/4 and let Q¢ denote the
connected component of 0°(3/4)~\y} disjoint from Uy.

° Let the disk D¢ C Vy denote the connected component of O°(1)~\é] 12 which

C c

1 — Vs /1\s a branched
—~C —~C . =C —c
E, — Epand fe: 8 | — Ej

contains the sets & un as well as Q°.
Then the lemma given below follows.

LEMMA 35. The graph

o0 o
G =0p° U U | JOE,UaBY U JOE; UIBY UAUS
n=1 n=0

moves holomorphically with c € Ay.

Proof. Note that Q7 (G®) does not meet the critical point 0 for any n > 0 for ¢ € Ag:
when the parameter ¢ € Ao, the critical value ¢ does not belong to E(C) Hence, the
Bottcher coordinate is defined and depends holomorphically on ¢, on the dense subset
(0EGUIBH)NK, of (0EGUIBy), so that the latter moves holomorphically with c.
Secondly, f. depends holomorphically on ¢ and its critical value ¢ again still does not
belong to E_(C). Hence, the iterated univalent preimages of (d & U d Bf)) inside E; and @f
also depend holomorphically on c. This takes care of

U(a:C UdBS) U U(a:° UdBS).

n=1 n=0

Finally, 9D¢ moves holomorphically with ¢ because &f P does, and 0Q° moves
holomorphically with ¢ because ¥, does. g

COROLLARY 36. For c € Ay, there exists m = m(c) > 0 such that foralln > 1
mod (D°~\Q) >m, mod(D“BS)>m and mod (ESBS) > m.

Proof. The proof follows from Lemma 24 and the fact that the boundaries of these sets
admit a holomorphic motion. O
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6.3. Dynamical sticks. We define the relatively dyadic wakes Wg=C\Wg_ and
wy = Weﬁi as the open set bounded by the closure of the rays R;ii and disjoint from

Wg . For any ¢ € Ay, the filled-in Julia set K. C K., defined above, coincides with the
points in the filled-in Julia set of K., whose orbits never enter the relatively dyadic wakes
W; and ch/z (see (2)).

The key point in the proof of Proposition 8 is that if a carrot intersects Ag, then it is
entirely contained in Ag and its dynamical counterpart in the dynamical planes of Q. is
either contained in W{ /p Or has a univalent forward image which is. In order to prove
the theorem, we shall wrap the dynamical counterpart of each dyadic carrot inside the
relatively dyadic wake Wy 12 in an annulus in Wy 12 moving holomorphically with ¢ € Ag
and of modulus bounded uniformly from below. We do this in the next subsection.

Let A€ = {A;7 Jom | p odd, m > 0} denote the dynamical field of dyadic sticks. They are
defined as ¢ N p/2m), where we use for ¢ ! the maximal radial extension. (We can then
view the carrots/sticks Al;;/l/zm of M as the set of parameters ¢ for which the critical value ¢
belongs to the corresponding carrot/stick A; Jom of the filled Julia set K.)

LEMMA 37. The graph

(.¢] o0
G°=ap U U | JOE; LB, U J@E; UIBE UAUS
n=1 n=0

does not intersect any of the dynamical dyadic sticks A; o

Proof. All such sticks are at dyadic angles and only A{, extends further than potential
1/2. O

COROLLARY 38. Such a stick is thus wrapped by an annulus of modulus at least m(c) > 0,
contained in D¢ and thus disjoint from K.

Proof. No dynamical plane stick A; /o intersects G¢. Hence, any such dyadic stick in the
relative dyadic wake Wy 1 of the filled Julia set K .. for f.: U — U is contained in one

of the sets Q€ or E,‘l for some n > 1. The proof then follows from Corollary 36. O

7. Transfer to the parameter plane

We shall use an argument to transfer bounds on moduli of dynamical annuli to bounds on
moduli of corresponding parameter annuli. This argument was pioneered by Shishikura
(see also [R]).

We have fixed a base point, namely c, € A1 C Ag, the center of the central
hyperbolic component of M’. Note that on F(2) D Ay, the Bottcher coordinate at co
defines a holomorphic motion of the set C~. F» (1) extending the Bottcher motion of
G°. By Slodkowski’s extension theorem, there exists a global holomorphic motion
H:Ag x C —> C over Ao with base point ¢, and extending the Béttcher motion of the
graph G union C~ F(1); in particular, we obtain holomorphic motions of Ugb D D%,
As usual, for ¢ € Ay, write H.(-) = H(c, -), then each map H,:C — C is a quasi-
conformal homeomorphism with a dilatation bounded uniformly above by log dx (c, cp),
where d (-, -) denotes the hyperbolic distance in Ay.
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As in the dynamical plane, let
s = RM U RM N FM(1), 5{‘3’2 =RMURM N FM(1)

denote the parameter rays of the same angle as &7, 8{ 2 for ¢ € Ag. Define similarly to
D¢ the parameter disk DM " A~M’ as the connected component of 01\’[(1)\8{"/’/2 that
is disjoint from M’. Then DM s relatively compact in Ag. Let x : Ag — O(2) N ng
be the map x (c) = HC’I(c). Then x is locally quasi-regular with dilatation K (c¢) bounded

by log da (c, cp) (see [R], for example). (Douady and Hubbard use the term topologically
holomorphic in [DH2].) By construction, the restriction

x:aDM — gpe

is a homeomorphism given by x(c) = ¥ o ®M(c) = ¥ o ¢.(c) on 3DM'. Hence,
the restriction x DM . D% is a quasi-conformal homeomorphism with dilatation
bounded by K = K1/, = max{logda(c, cp) | c € W}.

Define QM = x Q) c DM and EZW = X—I(E,{”’) cDM n>1. Let Ay = AM,
q = p/2" be any dyadic stick contained in the relatively dyadic 1/2-wake W{% of M'.
Then it is contained in one of the disks 2 or Efl"[ " and is thus wrapped in an annulus with
a modulus bounded from below by K, - m(cp), according to Lemma 24.

Rename D¢ =: Df/z, DM = D{V/’/2 and x =: x1/2.

We have thus proved the following proposition.

PROPOSITION 39. Any dyadic stick A on in the relative 1/2-wake Wl% of M’ is wrapped
in an annulus contained in the disk D{V/I/z and of modulus bounded uniformly from below

by m(cp)/ K12, where K12 =max{logda(c, cp)lc € D{V/I/z}. Moreover, m(cp) is some
constant depending only on the center c,, € M.

Moreover, D{V/’/z is disjoint from M’ and the annuli are g-c images of corresponding
annuli in the dynamical plane of Q, .

We shall prove by induction the similar statements for any other relatively dyadic
wake Wr%/s of M’. The only difference is that the bounds on the dilatation of the g-c

homeomorphisms x,/2s, and hence on the moduli of annuli in the Wr//WZ,S - wake, depend on
r/2%. Worse, the bounds degenerate when r/2° — 0 or 1. As a remedy for this, we shall
apply the Levin—Yoccoz parameter inequality once more. The details follow.

Recall that Vj is the connected component of U \~<36 containing the critical point w,
and V7 = f.7""(V{). We shall also need the extension V{ = Vy\ D¢ of V| and its iterated

preimages \7,f = f;<”*“(x710). Define parameter disks Ag, s > 1 by
As={clce V).

Evidently, A; D Ag4+1. Note that the condition ¢ € \7_5 is equivalent to fS(w.) € ‘71‘ .
Rename G =: G{ and define recursively G{_ | = i GHu G{ fors > 1. Then, as noted
above, G| moves holomorphically in A9 D A and we shall prove as part of the induction
on s >2 that, for ¢ € Ay, the critical value c ¢ G§_1 so G¢ moves holomorphically

over Ag.
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For s = 2 notice that, by the above, ¢ € D 12 if and only if ¢ € Df’/lz Thus, ¢ ¢ G for
any ¢ € Az, so G moves holomorphically with ¢ € A;. For ¢ € A», let DC/22 forr=1,3

denote the connected components of f.~ 1(D1 /2) containing the /22 dyadic decorations

and define Dﬁ%z C A2 as the parameter disks bounded by the corresponding parameter
ray segments and equipotential level.

Rename the previous holomorphic motion H as H; and let H> denote the restriction of
Hj to Ay x (C~ \7]Cb ). Extend H; to a motion including Vlc”\Vf” using the Bottcher
motion and extend H, further to A, X chI(D?;z) by £ ' o Hi(c, fe,(2)), where the
inverse branches are taken so as to map Df'/’zz quasi-conformally onto Df 52 Finally,
use Slodkowski’s extension theorem to extend this holomorphic motion to a holomorphic
motion of C over the disk A; (i.e., extend the motion by a motion of V”’) By the same
argument as above, the map xz : Ay —> V glven by x2(c) = (Ha), 1(c) is a locally

quasi-regular map. Again by construction, y : 9 DY L2 T aD ;’22 are homeomorphisms

/22 —> 3D ;’22 are quasi-conformal. However, on the sets

Df”zz, the holomorphic motion H> is a conjugacy between the holomorphic maps f,, and
f¢- Hence, the dilatation of (H>), at z equals that of (Hj), at f,(z). Thus, similarly to
the first case, the dilatation of x; on D 2 is bounded by K, »s = max{logda,(c, cp) |

so that the restrictions x, : DM

ce DA;I }. Arguing as in the first case correspondmg to s = 1 completes the case s = 2.
The inductive step is completely similar and is left to the reader. We have thus proved the
following proposition.

PROPOSITION 40. Any dyadic stick Apjn in the relative r/2°-wake W/zq of M' is
wrapped in an annulus contained in the disk Dﬁ%3 and of modulus bounded uniformly from

below by m(cp)/ K25, where K, j»s = max{log da (c, cp)|c € Dr/zf} In addition, m(cp) is
some constant depending only on the center c, € M.

Moreover, Df;’éx is disjoint from M’ and the annuli are g-c¢ images of corresponding
annuli in the relative Wf ;’Z-wake in the dynamical plane of Q..

To complete the proof that the diameters of the dyadic sticks Ay c W# / converge to
zero, we shall apply the Levin—Yoccoz parameter inequality once more. Let H' denote the
central hyperbolic component of M’. Then for k sufficiently large, the root ¢y of the dyadic
stick Ay belongs to the p; /g, limb L a of H'. Applying the Yoccoz-Levin parameter

inequality Theorem 17 to H’, we find that the diameter of LY, » / 7 union its attached dyadic
sticks is bounded uniformly above by C/q’ for some constant C = Cg. Arguing as in the
beginning of the first reduction, we can assume that p; /g, = p’/q’ for all large k. The set

WH

g A1 is relatively compact in Ag, so

sup{logdA(c,cb)|ceW/,ﬂAI}_K K <.

p/q

Hence, the dyadic sticks Ay either have diameters which a priori tend to zero or such sticks
are separated from M’ by an annulus in Ao~ M’ of modulus at least m(cp)/K. In the last
case, their diameters are forced to converge to 0 a posteriori because the roots cx € Ay
converge to coo € M.
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This completes the proof that if Ag 3 ¢ — coo € M’, then the diameters of Ay converge
to zero.

Recall that A" = A[' is the parameter subdisk of OM(Z)\R,]N{ U RWM+ containing Ay.
We have taken care of the case Ay C Ag. For the case Ay C Ap~Ag, we necessarily
have c¢; — ¢/, where ¢’ denotes the root of M’. To prove that the diameters of Ay also
converge to zero in this case, let

AP ={ceAp|ceU),

where Uy = f.""(Uy) (it may or may not be connected), for n > 1.
For any c € Ao, the sets dES, n >0 move holomorphically with c. Define A =
ne1s then Aj are quadrilaterals with a-sides, the boundary arcs dA; N Ry and

9dA;, N Ry . Moreover, d A}, even move holomorphically with ¢ € (Ao U A Py, Let

mc. =
C‘An\s’l

AM —(ce AP |ce A}

denote the corresponding parameter quadrilaterals. Then the root ¢’ of M’ belong to A,f ,
for all n. Choose by Slodkowski’s extension theorem a holomorphic motion

HY: Aé) X A(‘)'/ —C
over Ag with base point ¢’ of the quadrilateral Agl extending the Bottcher motion of its
boundary.

For ¢ € AL, the restriction f : AS —> A is biholomorphic. Hence, we may lift the
motion HY to a holomorphic motion

AP '
H": A, x A, — C.
As with the annuli above, define quasi-conformal homeomorphisms
On: AQ’I — A

by pn(c) = (H[f)fl(c). Then, as above, the distortion of these homeomorphisms is

bounded by the distortion of the g-c homeomorphisms HB (), ce Af:’[ ". The distortion
is thus bounded by
K =sup{logd,p(c. ¢)|ceAMy,

which is uniformly bounded, because AY ‘c Af CcC Ag . Thus, all the quadrilaterals AY '
have moduli bounded uniformly from below by mod (Agl) /K. Moreover, the a-sides of
these quadrilaterals are all contained in the two rays Ré‘f "and RgZ{ / co-landing at ¢’. By the
Grotzsch inequality for quadrilaterals, the Euclidean diameters of A " tend to zero and the
closures converge to ¢’. By construction, no dyadic stick intersects the boundary of any of
the A,’y " Thus, in this case also, the diameter of Ay converges to O when k — oo. This
completes the proof in the case when co, belongs to a primitive first renormalization copy.

8. The satellite case
In the complementary satellite case, M" = M/, with the central hyperbolic component
H,,, attached at the internal argument exp(i2mp/q) from the central hyperbolic
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FIGURE 7. The disks Ug, Uf, B{ and E.

component Hy of M. As above, let _ < 6 be the arguments of the parameter rays co-
landing at the root and bounding the wake WZOq. Recall that ¢, € M)/, is the limiting
parameter of the roots of dyadic sticks and that these dyadic sticks are eventually contained
in Wi

rlq

We apply the Yoccoz—Levin parameter inequality Theorem 17 as we have done twice
above. This reduces the problem to the case where coo belongs to a relative p’/q’-
limb LH,” / ", of Hp, for some p’/q’ #0/1 and the dyadic sticks Ay are subsets of the

corresponding wake W ,;’/ ¢ for large k. Denote by t_ < 74 the arguments of the parameter

rays bounding W ,7‘5 and define A = Ag = W;{%‘Z N FM2). Let IM = [Mp/a denote the
Cantor set of arguments of parameter rays accumulating M’, as given by the Douady tuning
algorithm. Then 7+ € I'M " and each has a unique preimage Ty = o~ 9(74) N IM " different
from itself. For ¢ € A, let U denote the disk containing the fixed point a“ of Q. and
bounded by the segments (R’ ) URS, i )) N F¢(1) for 0 < i < g union the connecting
subarcs of £¢(1). Denote by ¢ the open subarc of U5 N E“(1) intersecting the rays Rgi

and let y; = 0Uy~(“. As in the primitive case, write 85 = (R, U Rg+) N Fe(1) forc € A.

Then the Whole setup is similar to the primitive case. We can thus define Q°,
Ef, By, B 410 By +1 for n > 0 and G, all of which move holomorphically with ¢ € A.
There are, however, two differences: the first is that the center of H,,, does not belong
to A. The arguments we used in the primitive case are insensitive to a change of base
point ¢ to another point in the interior of M’. We shall thus take as the base point ¢; € A,

the center of the central hyperbolic component H » %" C WH%” The second difference is
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that the Yoccoz-Levin parameter inequality is applied to the sublimbs of the hyperbolic
component H{f{% 9. We leave the details to the reader.
This completes the satellite case and thus completes the proof of Proposition 8.

9. Proof of Theorem 5

The proof of Theorem 5 is completely analogous to the proof above of Theorem 2. Let
M) be any period k renormalization copy of M inside alimb L/, CM, (p, g) = 1. In the
arguments above, replace the carrot field A = AM of M by the relative carrot field AMo

of My (for definitions, see Definition 3). As any decoration Axgn is contained in the

relatively dyadic wake er\//lz"n bounded by the /2" pair of co-landing relatively dyadic rays
of My, and as external rays do not cross, the above arguments apply with the rays replaced
by the corresponding rays relative to M.

We shall give in more detail the case when My is a first renormalization copy and
indicate the induction step to higher renormalizations. Write M’ :=Mj to simplify
notation and let I denote the corresponding o*-invariant Cantor set as defined in §3.4.5.
The map Iy okpyr 1 1 M' __, T is2:1 above any of the dyadic arguments r/2", where
it is injective above any other argument, because «yy’ : 1 M 53 isa homeomorphism.
For any dyadic r/2", the two rays of arguments in K;I} (IT5 Yr /2™")) co-land at the dyadic
tip yo(r/2") and thus define a sector W/ Jon disjoint from M’. We call the set of rays

with arguments ¢’ € IM ’ additionally marked by ¢ =I5 o k7 (¢'), the relative rays of
M’ because R?’,I plays the same role relative to M’ as does the ray R?/I relative to M. The
only exception is that for dyadics r/2", it is the whole sector W/ /o which relative to M’

plays the role that for M is played by the ray R}}zn.

The relatively dyadic carrot Af’/[;n is the closure of M N Wr’ Jon> 1.e., this intersection
union its root yo(r/2"). We need to apply the relative Yoccoz puzzle theorem and Yoccoz
inequality. The 1 : 1 preimage under IT, ok of the unique p’/q’-cycle (p’, ¢') =1 for
o is the relative p’/q’-cycle for 02" in I™'. For ¢ in the p’/q’-limb L’p,/q, = anl} (Lpg)s
we may refine the p/g-Yoccoz puzzle (coming from M’ C L ,,,) with the relative p’/q’-
puzzle (see also [Hu]). This leads to the Yoccoz puzzle theorem for M’. In the general
case where M’ is a level m > 1 renormalization copy, we would be refining not just
the p/q-Yoccoz puzzle but the iterated refinements by the relative Yoccoz puzzles of
renormalization levels m’ < m. Note, however, that L; g = Lg,//q, NM’, where H =
x;[} (Hp) is the central hyperbolic component of M’ and L[Ij,//q, was defined in §3.4.4 and
is used in the relative Yoccoz inequality for H'.

Use the Yoccoz parameter inequality and the iterated Yoccoz parameter puzzle theorem
relative to M’ to prove that diam(A’y) — 0 for any sequence of decorations (A'y); with
roots ¢x converging to a relatively non-renormalizable parameter c¢oo € M’. Secondly,
consider the case coo € M”, where M” C M’ is a first — relative to M’ — renormalization
copy of M, belonging to some p’/q’-limb of the central hyperbolic component H' of M.
Use again the p’/q’ Yoccoz puzzle relative to M’ to define the parameter disk A containing
M" similarly as we defined A for M’ above, and define also A” and y, analogously,
i.e., with the aid of the p’/q’-puzzle piece P and rays relative to M’ given by Theorem 21
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for M’. Similarly, let 8, be defined in terms of the pairs of co-landing rays which are dyadic
relative to M”. From here, the proof proceeds analogously.

A. Appendix. Levin’s escape locus PLY-inequality
In this appendix, we supply for completeness proofs of the two theorems we refer to, but
for which we have not been able to find either adequate or complete proofs in the literature.

THEOREM A.l1. (The Levin—Yoccoz dynamical inequality) Let H be any hyperbolic
component of M of period k. Let p/q be any non-zero reduced rational and let Wlfl/ q
denote the relative p/q-wake of H, bounded by parameter rays with arguments
O<n_<ny <1 Foranyce W[f;q, let ). denote the multiplier of the repelling k-periodic
common landing point o’ of the kq-periodic rays R} . Then o’ has combinatorial rotation
number p/q and ) has a logarithm A such that

2klog2cosf m

A — p/q2mi| < ,
q w(c)

where 0 € | — /2, m/2[ is the argument of A — p/q2mi and w(c) is the angle of vision
of the interval i2w[n—, n4] from Log ¢.(c) e{z=x+iy |0 <y <2m}.

Proof. Levin proved the fixed point case k =1 in [L, Theorem 5.1]; the general case is
similar. For completeness, we sketch a proof here. Let us first recall the proof of the Yoccoz
inequality (or the Pommerenke—Levin—Yoccoz inequality); full details can be found in [P].
Let T denote the quotient torus 7 = D*/Q’C‘, where D* ={z|0<|z—¢a'| <r}andr >0
is chosen so small that Q’C‘ is univalent on D = D* U {a’} and D CC Q]C‘(D). Let
I1: D* —> T denote the natural projection. The two rays R;, belong to the same orbit and
define combinatorial rotation number p/q for o’. Let y = IT1(D* N R, )= I(p*N R;+).
Then y is a Jordan curve and thus the pair (7', y) has a conformal modulus which satisfies
a Grotzsch inequality.

Let wy =exp(i2wn+). Then Qg(w_) =wy and Q]f-q(wi) =w+. Similarly to T
above, let T denote the quotient torus T = D* / Q’C‘ , where D* is a small punctured disk
centered at, say, w_ and let I: D* —> T denote the natural projection. Then ﬁ(ﬁ* nsh
are two disjoint Jordan curves in T, with complements two disjoint, symmetric and straight
annuli A; and A,. Moreover, y = ﬁ(ﬁ* N R;_) is the Jordan equator of A, and

mod (A;) + mod (A,) = 2mod (A,) = mod (f, ).

If ¢ € M, so that K, is connected, the Bottcher coordinate at co induces an isomorphism
between A, and I1(S), where S is the connected component of D* N B€(oc0) containing
the end of R;_. Hence, the Grotzsch inequality for (7', y) implies that

mod (A,) <mod (T, y). (A1)

Writing out the values of these two numbers explicitly yields the Yoccoz dynamical
inequality: the torus T is isomorphic to C*/Az via the linearizer for ng at o, or,
equivalently, to C/(ZA + Zi2w) via the log-linearizer. Let I1, : C — T denote the
universal covering corresponding to the last isomorphism. Then the Jordan curve
y =II(D*N Rf;,) lifts under IT, to an arc I', which is invariant under the translation
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z+ z+ L, where L =gA — pi2n for some appropriate logarithm A of A. A simple
computation shows that

27 cos 6
mod (T, y) = ————,
qlL|

where 6 is the angle between the vector L and the positive real axis. A similar computation
shows that

~ 2

2mod (A,) =mod (T, ) = .
kg log 2

Hence, (A.1) is equivalent to

2k log 2 cos 6

1A = Dig) < RSN (A2)
q q

which is the Yoccoz inequality.

If c¢M, let 0<6 <1 denote the argument of c, i.e., c € Rg. Then the Bottcher
coordinate ¢, at infinity does not extend to a biholomorphic map between B¢(co) and
C~.D, but it almost does: it extends to a biholomorphic map of C~F¢(h) onto C~D(e"),
where h = g.(c)/2. Let . denote the inverse of this extension; then . extends
continuously to C(0, e’*), but this extension is not injective because 0 = .(exp(h +
27i0/2)) = Ye(exp(h + i2w(0 + 1)/2)). Let C = g.(c) + i276, Ng = [¢/%*?, ¢.(c)] and
N, = Q3" (No). Define NY =U,>oN, and N} =U,>oN;. Then Qo(N}) = N{ and .
is easily seen to extend by iterated lifting to a univalent map from Cy := C~(D U Nel)
into B€(00). The map Qg lifts under exp(z) to the map z — 2z on C, that is, exp is
a simultaneous linearizer for all the repelling periodic points of Qg. The corresponding
lifted sets ﬁg = log(Ngj), j =0, 1, are invariant under translation by 27 and 21%} = 2]\73.
Thus, if w = exp(i277) € S' is periodic and if 0 < 7 < 1 does not belong to the orbit of
0, then Cy contains a definite sector around the horizontal ﬁf ={t+i2nt |t > 0}, which
projects to R? under exp: let 7; < 7 < 7 be the arguments closest to 8 of points in the
orbit of w. Then the sectors §1 between ﬁ,, ={t+i2n7 |t > 0} and the oblique line
through i2m 7; in the direction v; = C — i27w 17, and §r between ﬁ,r ={t+i2n7 |t >0}
and the oblique line through {2777, in the direction v, = C — i2mw 7., are contained in Cy:
if not, some line segment L with exp(L) € N,, for some n > 1 intersects, say, EZ But then
2" L intersects the sector 2"§1 with top point 2"7;, and is also congruent modulo i27 to
Lo =[i270, C] with exp(Lg) = Np. Since 2"1; is an argument for a point in the orbit of
w, this contradicts that 7; is the closest such argument for points in the orbit of w.

Consequently, the sector S around ET bounded by the two lines through i27t and of
directions v; and v, is contained in Cy.

In the case athand, ¢ € qu implies that n < 6 < n4 and, for n = n_, we have n_ = n,
nt+ =n,. Let oy and w, denote the angle of inclination of the vectors C — i277; and
C — i2nt,, respectively. Then the opening angle w of S equals w, — w; and the sector S
projects to a straight subannulus Ag of A, with

0 (,()
mod (A,)) = —mod (A,).
T
Arguing as for the proof of the Yoccoz inequality, we obtain

mod (A?) = ;mod (A,) <mod (T, »).
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Properly rewritten as with (A.2) above, this is the Levin—Yoccoz inequality, except for
the interpretation of w. This interpretation is, however, an elementary exercise in planar
geometry and is left to the reader. By continuity, the inequality even holds on dW

rlq’
where either w; or w,, but not both, is zero. O

B. Appendix. The Lavaurs theorem revisited

THEOREM B.1. Let 0 <t_ <ty <1 be rationals for which the parameter rays R}\f
co-land at some point co € M, and let W, denote the parameter sector bounded by
R}\f U{co} U R}\f and not containing the main cardioid Hy. Then the following hold.

° t_, ty have the same preperiod | > 0 and period k > 0: okt (ty) = Ul(ti) and
oIty £ ol (ty) for j <lori <k.

) The forward orbits of ty under o do not enter the interval t_, t[.

. For any c € Wy, the pair of dynamical rays Rf,  co-land at some repelling
(pre)periodic point z(c) with QIC'H" (z(c)) = Qlc(z(c)), where k' divides k.

° The set R U {z(c)}U Rer moves holomorphically with c € W, and bounds a sector
Wy, containing ¢ and the rays of arguments t € Ji—, 14, but not 0.

Proof. This theorem is often attributed to Pierre Lavaurs, Douady and Hubbard. We supply
a proof here for completeness. Douady and Hubbard showed that any irreducible rational
t =r/s can be written uniquely as r/s = m/2!(2F — 1), where [ > 0 is the preperiod and
k >0 is the (eventual) period. They proved that if J. is connected, then the ray R;
lands on a point z(c) with Qlc(z(c)) parabolic or repelling with exact period k', k = gk’
and combinatorial rotation number p/q for some p. If [ > 0, then Qlc_l(z(c)) is strictly
preperiodic, and if / =0 and k > 1, then z(c) admits at least two external arguments. If
z(c) admits more than one external argument, say 7, ¢’, then these have the same preperiod
[ and exact period k. If ¢ > 1, then z(c) admits precisely g external arguments, all of which
are preperiodic to points in the same orbit.

They proved, moreover, in [DH1] that the parameter ray R}VI lands on a parameter
co € M. More precisely, if [ > 0 then z(cg) = cg and ¢y admits the same external arguments
in the parameter plane and in the dynamical plane of Q. If I =0, then z(cy) is parabolic
with multiplier exp(i2wp/q), the critical value ¢g is in the immediate basin of z(c¢) and
the ray R; is adjacent to co, i.e., is not separated from co by any other ray landing on
z(cp). If, in addition, k > 1, so that z(cg) admits at least two external arguments, then the
parameter co admits precisely two external arguments 0 < f_ < ¢, < 1 (one of which is ¢
by hypothesis). Moreover, the rays R,Ci0 co-land on z(cp) and separate the critical value ¢,
together with the rays of arguments ¢’ €]¢_, ¢4 [, from the critical point 0.

Let 0 <f_ <ty <1, co and Wy, be as in the statement of the theorem. By the above,
the first bullet holds and thus we need only show the last three bullets. As above, we shall
treat separately the preperiodic case [ > 0 and the periodic case [ = (0. Suppose first that
[ > 0 and let ® denote the set of external arguments of co = z(cp). The set

R =|JR§

0e®
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»M

moves holomorphically with ¢ in C\R™, where

k+1—1

U U Ra/(e)

0e® j=1

This is because the Bottcher coordinate ¢, depends holomorphically on ¢ and thus R¢
moves holomorphically with ¢ as long as ¢ does not belong to the strict forward orbit of
R¢. Let 0 < 6_ < 64 < 1 denote, respectively, the smallest and the largest element of ©.
Then W;4+ C Wy, and, for the last two bullets, it suffices to prove that Wy, N NRM =g,
Moreover, this in turn follows once we have proved the following stronger form of the

second bullet:
k=1
(U U of(e))m[e_,9+]=@. (B.1)

0eO j=1
To this end, let us consider the Hubbard tree T° for Q.. In this strictly preperiodic case,
T°° is the minimal connected subset of K, = J,. containing the orbit
k+l1

0°0) = |_J 04,0).
j=0

As the orbit O“(0) is forward invariant, so is 7. Moreover, any extremal point of 7
belongs to O (0) by minimality. As QY is a local homeomorphism on a neighborhood of
the critical value c¢o = Q,(0) for all j, the point cg is necessarily an extremal point of 7
because otherwise 7 would have at most one extremal point, the critical point 0. This
implies (B.1) and completes the preperiodic case [ > 0. Notice that in the preperiodic case
the connected component Wclz[ of C~RM containing Wpy, is in fact a neighborhood of the
closure of Wy, . Hence, bullets 3 and 4 remain valid for ¢ € WLI,XI.

The periodic case [ = 0 is similar and yet slightly different. The common landing point
co of the two parameter rays R}\f is the root of a hyperbolic component H # Hy. Let us
rename co as ¢ and use co to denote the center of H. As above, the dynamical rays Ry,

»M

move holomorphically on C\R™, where

M
U R URY

To prove the theorem, it suffices to prove that R;° and R;° . co-land at a repelling periodic
k’-period point z(cg) with combinatorial rotation number p/g and that

k—1
(U ol (t_)u Gj(t+)) N, ty [= 9. (B.2)
j=0
Haissinsky proved, using trans quasi-conformal surgery, that there exists a homeo-
morphism & : C — C coinciding with ¢! o ¢, on the basins of infinity and conjugating
dynamics, except on a topological disk in the immediate basin A (0) for the super-attracting
k-periodic point 0 for Q.,. We can even choose & so that E(0) =0 and E(cp) =c;. Let
X : A(co) —> D denote the Bottcher coordinate on A(co) = Q¢ (A(0)), ie., x o Q’go =
(x)%. Then
ETN(R U{z(eD} U R = R U {z(co)} U R}?

(A
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where
z2(co) = BN (z(c1)) = lim x (w)
w1

is a repelling, k’-periodic point on the boundary of A(cg) with combinatorial rotation
number p/q, at which the rays R;? land. Moreover, R;’ are adjacent to co because Ry!
are adjacent to ¢, and the sector W,cf =g"! (W,Ci‘) contains co and the rays of arguments
t' € Jt_, 1. [, but does not contain 0. To complete the proof we argue, as above, that cg is an
extremal point in the Hubbard tree T, for Q. It follows that T,; N A(co) = X_l ([0, 1]).
Hence (B.2), and thus the theorem follows. a
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