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Abstract. In this paper, preconditioned iterative methods for solving two-dimensional
space-fractional diffusion equations are considered. The fractional diffusion equation
is discretized by a second-order finite difference scheme, namely, the Crank-Nicolson
weighted and shifted Griinwald difference (CN-WSGD) scheme proposed in [W. Tian,
H. Zhou and W. Deng, A class of second order difference approximation for solving space
fractional diffusion equations, Math. Comp., 84 (2015) 1703-1727]. For the discretized
linear systems, we first propose preconditioned iterative methods to solve them. Then
we apply the D’Yakonov ADI scheme to split the linear systems and solve the obtained
splitting systems by iterative methods. Two preconditioned iterative methods, the pre-
conditioned generalized minimal residual (preconditioned GMRES) method and the
preconditioned conjugate gradient normal residual (preconditioned CGNR) method,
are proposed to solve relevant linear systems. By fully exploiting the structure of the
coefficient matrix, we design two special kinds of preconditioners, which are easily
constructed and are able to accelerate convergence of iterative solvers. Numerical
results show the efficiency of our preconditioners.
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1 Introduction

In this paper, we consider the following initial boundary value problem of two-dimensional
space-fractional diffusion equation [25,43]:
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ou(x,y,t « &
% :d+(x/y/t)anu(xly/t)+d_ ('x’y’t)xDbu(x,y’t)

ey (x,9,8)c D u(x,y,t) e (x,y,t), Dhulx,y,t)+ f(x,y,t),
(x,y,t) €Qx(0,T], (1.1)
u(x,y,0)=uo(x,y),  (xy)eq),
u(x,y,t)=0, (x,y,t) €0Q2%x[0,T],

where 1 <&, <2, d+(x,y,t),ex(x,y,t) >0, and Q= (a,b) x (c,d). In addition, ,D%, Dy,
CDyﬂ, and yDg are the left-sided and right-sided Riemann-Liouville fractional derivatives

defined by : © o uent)
Doy ) =y e ), Gl
Dfulent) = o [ e
CDgu(x,y,t) = F(Zl—ﬁ) (f—;zfcy(;(j;?in)g)ldﬁ,
Plutot =g | g

Fractional diffusion equations (FDEs) have many applications in various fields, such
as fluid mechanics, finance, biology, turbulent flow, electrochemistry physics, and image
processing [2,8,18,22,28,31,33,35,36]. Since closed-form solutions are only available for
very few FDEs, a variety of numerical methods for FDEs have been developed in the last
decade [12-16,21,24-27,32,37,38,41,44].

In 2004 and 2006, Meerschaert and Tadjeran proposed a shifted Griinwald discretiza-
tion scheme to approximate the FDE with a left-sided fractional derivative and the FDE
with two-sided fractional derivatives, respectively [24,25]. In 2006, Tadjeran, Meerschaert,
and Scheffler proposed a second-order accurate numerical scheme based on the classical
Crank-Nicolson method and the Richardson extrapolation scheme [38]. Their methods
were proved to be unconditionally stable. In 2012, Tian, Zhou, and Deng proposed a
weighted and shifted Griinwald difference (WSGD) scheme to approximate left-sided
and right-sided Riemann-Liouville fractional derivatives, and obtained a class of second-
order accurate CN-WSGD schemes [39].

Although the discretization of second-order partial differential equations leads to
linear systems with sparse coefficient matrices, the matrices corresponding to FDEs are
full. Fortunately, the coefficient matrices of the above mentioned methods possess a
special Toeplitz-like structure: it can be written as a sum of diagonal-multiply-Toeplitz
matrices [39,41]. Thus the storage requirement is significantly reduced from O(N?) to
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O(N), and the complexity of the matrix-vector multiplication is reduced from O(N?) to
O(NlogN) by using fast algorithms based on the fast Fourier transform (FFT) [10,11,17],
where “N” is the number of unknowns at each time step.

Recently, several fast iterative solvers have been developed for solving space-fractional
diffusion equations [4, 19, 20,42, 43]. Wang and Wang proposed the conjugate gradient
normal residual (CGNR) method to solve the discretized systems [42]. Numerical results
show that the CGNR method converges fast when the diffusion coefficients are very small.
However, if the diffusion coefficients are not sufficiently small, the discretized systems
may become very ill-conditioned when the grid size is small, and the CGNR method
converges slowly; see for instance [19,20]. Pang and Sun proposed an efficient multigrid
method to solve the discretized systems [29]. Wang and Basu proposed a fast conjugate
gradient squared (CGS) method for two-dimensional space-fractional diffusion equa-
tions [43]. Wang and Wang proposed an alternating-direction finite difference method
for two-dimensional space-fractional diffusion equations by fully decoupling the linear
systems in x-direction and y-direction [40].

Preconditioning techniques have been introduced to accelerate the convergence of
iterative methods [19,20]. Lei and Sun proposed a circulant preconditioner in [19], and
proved that the preconditioned CG type methods converge superlinearly when the dif-
fusion coefficients are constant. Lin, Yang, and Jin developed banded preconditioners for
FDEs by exploiting the off-diagonal decay property of the coefficient matrix [20]. The
above-mentioned preconditioned iterative methods require only O(NlogN) operations
at each time step by using the Toeplitz-like structure of the coefficient matrix. To our
knowledge, there have been no preconditioned iterative methods proposed for solving
two-dimensional space-fractional diffusion equations up to now.

In this paper, the CN-WSGD scheme is used to discretize two-dimensional space-
fractional diffusion equations. Two preconditioned iterative methods are proposed to
solve the discretized problem by extending a banded preconditioner proposed in [20].
Firstly, a preconditioner defined by the LU factorization of a block-banded-banded-block
approximation of the coefficient matrix is introduced, and the linear systems are solved
by a preconditioned GMRES method and a preconditioned CGNR method. Then we
consider the D"Yakonov ADI scheme with a banded preconditioner for the case where
the diffusion coefficients have special structures. The cost at each time step requires
O(N?logN) operations only, where “N=N; =N,” is the product of the numbers of spatial
partitions in x-direction and y-direction (see Section 2).

The rest of this paper is organized as follows. In Section 2, we discretize the FDE (1.1)
by the CN-WSGD scheme, and give the matrix form of this finite difference method. Then
we apply the D"Yakonov ADI scheme to split the discretized linear systems, and obtain
the corresponding matrix form of the scheme. In Section 3, the preconditioned GMRES
method and the preconditioned CGNR method are proposed to solve the discretized
linear systems of (1.1). Finally, in Section 4, we present numerical results to show the
efficiency of our methods.
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2 The CN-WSGD scheme

In this section, we use the CN-WSGD scheme to discrete the FDE (1.1). The time interval
[0,T] is partitioned into M subintervals of length 7:=T/M, and the spatial domain Q)
is partitioned uniformly with grid sizes h,:= (b—a)/(Ni1+1) and h, := (d—c)/(N2+1),
where M, Ni, and N, are positive integers. Let x;:=a+ih, fori=0,1,--- ,N;+1, Y :=c+jhy
for j=0,1,---,Np+1, and tm) .=t for m=0,1,--- ,M. Let tm+1/2) .= (t(’”) +t(’”+1))/2 for
m=1,2,---,M—1.

In the following, we consider numerical methods for the solution of the discretized
linear systems, which are obtained by using the second-order accurate CN-WSGD scheme
with shifting parameters (p,q) = (1,0) given by [39]:

1 i
LDf u(x;y;,t ™) = y S 0™ u(xi g1,y ),
X k=0
Ny —i+1

o m 1 w m
Rth”(xi/yj/t( )) = h_“ Z w](( )u(xi+k—1/yj/t( ))/
X k=0

LDgy”(xi/yj/t( )):]’l_‘B Zwls‘g)u(xi/yjkarl/t( ))/
y k=

p 1 No—j+1 8)
RDhyu(xi/yj/t(m)) - h_ﬁ Z wk ”(xi/yj+k—1/t(m))/
y k=0

with ug=uy,1=0. Here the coefficients w,(j) are given by

0% Y 2—v
R S U )

where g,g) = (—1)f (Z) with (Z) being the fractional binomial coefficients. For ¢y =u,§,

the fractional binomial coefficients g]m have the following properties [24,25,29]:

g'=1, g"=—q, gV>g>. >0,

(] n

Y gi=0, Y g"<0, n>1, (2.1)
j=0 j=0

gj(w) _ O(]’*(’)Pfl))‘

Similarly, the coefficients w,(;’) have the following basic properties.

https://doi.org/10.4208/cicp.120314.230115a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.120314.230115a

X.-Q.Jin, E-R. Lin and Z. Zhao / Commun. Comput. Phys., 18 (2015), pp. 469-488 473

Proposition 2.1 ( [39]). The coefficients w,(j) satisfy the following properties for 1<y <2,

() _ Y +r—4)

W' =g W=y <0 W=
(1) ()
Y w w;" =0, Zw]. <0, n>2

\ /=0 j=0

Moreover, we have

Let
+,(m)1. —(m)
B = Dy + D,
+r(m) 7!(’”)
By _Cij T oop Cij T p
5y = > LDhy+ 5 RDhy’
where

di " =d (xypt),  dg " =d_ (a0,
e;’rj’(m) =ey (xl-,yj,t(’”)), e;j’(m) =e_ (xi,yj,t(’”)).
The two-dimensional CN-WSGD finite difference method can be formulated as follows:

(1= D g Y ) = (148 ) o f VA, 22)

L] Ui J

where ”1(] )—u(xl-,yj, (m)) andf (m+1/2) = f(xi,y;t pm+1/2)y,
We now introduce the matrlx form of the above equation. First we need to define the

following notations.
1. Let N=Nj; = N,. Define N2-dimensional vectors u(™, d(f), d(,m), e&m), e(,m), and
£m+1/2) a5 follows:

m m T

e e P e
40 = [ ey gy 0 R
= [eai" e el e el ]
e(_m):[el_,i(m),---,e;,;(’lﬂ),el_é(m)/ eNl(;n)/' ell\(lm)""’elzfi(ln\ifz)]T’

+1/2 m+1/2 m+1/2 +1/2 +1/2 m+1/2
fOn1/2) = [ 7 A S AP AR R A s
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2. Define the following N? x N? diagonal matrices:

Dierl) :diag(rd&mﬂ)), D(m+1) :diag(rd(erl))/

Ei’”“) =diag (se&mﬂ)), gl diag (se(,mﬂ)),
where r= ﬁ and s= %
3. Define the Toeplitz matrices A;S’L and AZQ’R by

W W 0 o 0 0 ]

wgv) wgv) w(()v) 0
() ()
YL _ ) wq TR _ (AT
AQ = . , AQ = (AQ )

wgll wgv) w(()v)

I wgg ) wg_l wgﬂ w%w |

4. Define the N2 x N2 matrices A" ") and A;mﬂ) by
{ AL D) (1, A51) + DU (10 455,

11 1 L 11 R
Ay =B (AR @ In) +EMY (AR 9 I, ).

5. Define A1) = A1 AT,

Then the CN-WSGD finite difference method (2.2) can be written in the following
matrix form
(Ina— A DY ) = (T 4 A0y (M) g (m1/2),

where [ denotes the Q x Q identity matrix. Let
A — 1, A1) p(m+1) — (IN2+A(’”))u(’”)+Tf(m+1/2).
The above linear system can be written as

A(m+1)u(m+l) :b(erl). (23)

Let o= (—1+v17)/2~1.562. It can be seen from Proposition 2.1 that if 7y € [y0,2),

(7) (m+1)

then w," >0, and then the coefficient matrix A is a strictly diagonally dominant

M-matrix. In addition, the spectral radius of the matrix (Iy2— A(’”“)) - (In2 +A(’”+1)) is
less than 1. Thus, when the diffusion coefficients are time independent, the CN-WSGD
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scheme is unconditionally stable and the truncation error is O(h2 —I—hﬁ +72); see [39].
Compared with the method given in [38], the CN-WSGD scheme is second-order accurate
without the Richardson extrapolation scheme.

To solve the two-dimensional space-fractional diffusion equations (1.1) numerically,
we can use iterative methods to solve the discretized linear systems (2.2) directly. Actually,
we can also apply the D’Yakonov ADI scheme to split the discretized linear systems (2.2)
first, and then solve the obtained splitting linear systems by iterative methods. The linear
systems splitted by the D’Yakonov ADI scheme are given by [39,40]:

L]

,(mA1)y - (m4+1) __ (m+1)
(1_‘55 )uz(,j _vz(,j ’

{ (1_5§r(m+1))v(m+1) (1+6% (m )) (1_|_55,(m)) —|—Tf (m+1/2) o

where u}" =u(xiy;,10")) and £ = f (xiy t001/2)).

We now introduce the matrix form of the above equation. First we need to define the
following notations.

1. Define the N;-dimensional vectors u.("?), v.(';?), a™ d&m) f(mH/z) forj=1,---,Ny,

(m) g(m) g (m) el(,ni), ff{mﬂm) fori=1,---,N; as

and the N,-dimensional vectors u o, v e,
follows:
(o = [uly) ] al =l )
v = ol ol v =lo o)
dly =" aU) = [y ")
e = ey ™l e = ey "o
k fl(/7.71+1/2) _ [ﬂ(/T+1/2)/'_'/ﬂ(,;1\1[:-1/2)] T, m+1/2) [f1m+1/2 ) fNT;H/z ]

2. Define the following N; x N; diagonal matrices D(mﬂ) (mﬂ) forj=1,---,Np, and

the N> x N, diagonal matrices Ef,;rl), and Ef,’fr ) for i=1,-- -,N1:

m+1 m+1 m+1
DS_,].Jr )= =diag(r dg_ )), D ]+ )= dlag(rd( - ))
EZ-(’"JZH) =diag(s (’iﬂ)), EZ-(’"iH) diag (se(mﬂ)).

— T — T
where r = 2 and s= th.
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3. Define the N; x N7 matrices Agj;ﬂ) for j=1,---,N,, and the N, x N, matrices A(mH)
fori=1,---,Ni by

{ AS;H) D(j”]“)A“ N1+D(m+1)Aa Np

(m+1) _ p(m+1) 4B N2 | p(m+1) 4B N
AR =D AP LB AR,

4. Define the N; x N, matrix G(™) as follow

T

1
as follow

where g(m) = (IN2+A1(/y)) (") for i=1,--,Ny. Then denote the N, x Nj matrix H(")

o [hgmxhyﬂ» )
where h](.m) =(In +A§C’,7-))G(m)(:,j) forj=1,---,Ny.
The D"Yakonov ADI scheme(2.4) can be written in the following matrix form

m+1 m+1
{(INlAJ(C,j v <
-

(Iv,— Ay ) u " =

m) (m+1/2)

+f j=1,-,Na,

mtl) i1, Ny

Let
(m+1) _ +1) pm+1) g (m) | _c(m+1/2)
Axn;' )—IN1—A(’”. , b](m _hjm +Tf.,7]ﬂ , J=L Ny,
A =1y, = ALY, B ==, Ny

=Ly 4
Thus the above linear systems can be written as
{ A%H)V,(TH):E](WH), j=1,"',Nz,

(m+1 +1) _ (m+1 .
_1':; )uz(’m _blm )/ Z_1/"'/]\]1'

(2.5)

It has been proved in [39] that if a, f€(1,2) and all diffusion coefficients are constants, then
the D"Yakonov ADI scheme is unconditionally stable and convergent, and the truncation
error is O (I +-hy+12).

In the following, we discuss a special case where the diffusion coefficients are not
constant: assume that a, € [0,2) and the diffusion coefficients d+ and e; depend only
on x and y, respectively. That is,

di(ryt)=di(x),  d_(xyb)=d (x),
eyt =esly), e (xyb=c_(y).
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Let N . R
o, , -
Ax:D-}ANl_'_D—A}x\]l/ ]_1/2/"'/N21
~ L R ,
Ay=E,ARP+E_ARY,  i=12- Ny
The diagonal matrices D and E . are defined by
D+ :diag(i’[cﬁ(ﬁq),' e /d+(xN1)])/ D_ :dlag(r[di (X1),‘ o /dﬁ (le)])’

E =diag(s[e" (y1),---,e" (yn,)]), E_=diag(s[e” (y1),-,e” (yn,)]),

where r= 57 and s = ﬁ Then the D"Yakonov ADI scheme (2.4) can be rewritten as
* y

(INZ ® (In, — gx))v(mﬂ) :E(erl),
((INz - ;{y) ®IN1)u(m+1) :v(erl),

where N R R
B = (I A, @ (I Ay)ul) 274172,

Let

~

Ax:IN2®(IN1_A\X)/ Ay:(INz_Ay)®IN1'
The above linear systems can be written as

Ay Zpm1)

(2.6)

(m+1) _ o (m+1)

Ayu =l .

3 Preconditioned iterative methods

In this section, we propose the preconditioned GMRES method and the preconditioned
CGNR method to solve the discretized linear systems (2.3) and (2.6). Notice that the
Toeplitz matrices A”I‘\;IL, A”I‘\;F, Aﬁ,’f, and Aﬁ,f have a special diagonal decay property:
the (7,j)th entry of each of the above-mentioned matrices is of order O(|i—j|~7), where
¥ =ua,pB; refer to (2.1). Thus, we consider constructing preconditioners based on banded
approximation of the coefficient matrix. As diagonal compensation is a useful technique
in designing preconditioners [1,20], we also consider using such technique.
First we consider banded preconditioners for the discretized systems (2.3). Let

wgw) w(()w)

wgv) w(()“r)

7L _ ' . . YR _ (a1 INT
AL= w}({w) S . A= (AL
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Let Cg) be the diagonal matrices defined by

0

wl(cl)l

Q (7)
Zj:k—klew

40xQ

The matrices Ai’jﬁn and Aﬂﬂ) are defined by

A =D (I © (AR +C) ) DU (I, @ (AR5 ACE,)),

A;ZH):ETH)((A%ZLWLCIEIZ)@IM)+E(_m+1)<(Aﬁf’§k+C1%2)®IN1>~

Then the matrix A("*1) can be split into two parts

A(mt1) A}({m-&-l) L Blm+)

k 7
where (1) _ 40n41) | 4(n1) gl (m+1)
m—+ m—+ m—+ m—+ m—+
A=A AR, BT = A,
The matrix A,Emﬂ) is a sparse banded matrix containing 4k—3 nonzero diagonals of

A1) only, while the bandwidth of I —A,({mﬂ) is 2Nj (k—1)+1. Since w,(j) =0 (k=0r+1)
for y=u, B, it follows that

[0 = A — (= A" Do 1B Ve ()
[Tz = Ao [ Ty2 = AUV o '
where ¢ =min{a,B}. The relative distance between I —A,((mﬂ) and I — A"+ is very

small if k is sufficiently large. Thus the sparse banded matrix INz—A,EMH) is a good

approximation of the coefficient matrix A"+

m+1)

. Therefore, we can consider constructing
preconditioners for A

matrix In2 — A,Emﬂ).

by using the incomplete LU factorization of the sparse banded

3.1 Preconditioned GMRES method

Since the banded matrix Iy» —A ,Emﬂ) has 4k—3 nonzero diagonals only, it is a very sparse
matrix. However, the bandwidth of I — A,((mﬂ) is 2Nj (k—1)+1. Itis very expensive to
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calculate its inverse or LU factorization since the sparsity of the matrix is destroyed. To

overcome this difficulty, we calculate incomplete LU factorization with no fill-in (ILU(0))

of the banded matrix In2 —A,Emﬂ). Let L and U be the factors of its incomplete ILU(0)

factorization, then both of them have 2k—1 nonzero diagonals only. Thus, PIEmH) =LUis
also a sparse matrix. Since the matrix Pk(mﬂ) can be a good approximation of Iy —A,({mﬂ),
it can also be a good approximation of the coefficient matrix AU Thus, instead of

solving the linear system (2.3), we can solve the following preconditioned linear system

(Plgm"‘l))*lé(erl)u(m—&-l) — (Plgm‘i'l))*lb(m-i-l)_ (3.1)

For the sake of completeness, we state the preconditioned method GMRES(p) with
residual checking at each iteration for the preconditioned linear system (3.1); see [20].
Here we use the following notations: the symbols r; and r, denote the current residual of
the original linear system and that of the preconditioned linear system, respectively. Let
IterMax stand for the maximal number of iteration, and € > 0 denote the given relative
accuracy of the residual. The GMRES method is restarted after p iterations.

Preconditioned GMRES(p) Algorithm

At each time step +"*+1), we choose a ug as an initial guess for u("*1)
Set j1:=0, and compute the ILU(0) factorization of Iy —A,({mﬂ): pmt = LU
Compute r:=b("+1) — AU+ y(m+1) and assign r,:=r
While < IterMax and ||x;||»/||b* V]|, > e do
u=u+l
Compute rp:=U"'L'r, :=|r, ||, vi:=1,/P
Assign j:=0and V;:=wv;
While j<p and ||r¢||2/||b"* V||, > € do
ji=j+1
Compute w:=U""L"TA" Dy,
Fori=1,---,jdo
hi :viT*w
wi=w—h; v,
Enddo
Compute hjy1j=|wl|2 and vj 1 :=w/hj, 1
ASSigl’l Vj+1 = [V]',V]'_H] and H] = [h7,5]1§7§j+1,1§5§j
Compute y;:=argmin, | fe; — H;y||2
Compute the residual r;:=r— LUV}, 1H;y;
Enddo
r=r;
ul ) =g () 4 vy
Enddo
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In the preconditioned GMRES method, the main computational works at each iteration
are as follows:

1. Compute w:u_lL_lé(mH)vj;
2. Compute ry=r— LUV} 1H}y;.

Since A" has a special Toeplitz-like structure, the matrix-vector multiplication
A"y can be calculated very efficiently [10,17]. Notice that

A(mH)V =v— Dimﬂ) (IN2 ®A0L"Nl)v— D(,mﬂ) (IN2 ®A?{’N1)v

—E" TV (AP o1y )v—E" T (AR e Iy v,

and
I, @ AN = (I, AYM)T, APN gy — (APN o).

The main costs of computing A" Vv are (Iy,® AY™M)v, (Iy,@ A%N)v, (Ag’Nz(X)INI)v,
and (APN@ Iy, )v. The multiplications (Iy,©@A%M)vand (In,®A%™)v can be calculated
simultaneously by computing (IN2 ®A”L"N1) (v++/—1¥), where V= (vy,on_1,---,01) T [29].
Similarly, we can also calculate (Ag’N2 ®1Iy,)v and (Ag’M@I N, ) v simultaneously. By us-
ing the FFT, the matrix-vector multiplication A" *v needs O(N2logN) operations only.
In addition, since both L and U are sparse triangular matrices with 2k—1 nonzero diag-
onals only, the computations of Lx, Ux, L~'x, and U~ !x require O(N?k) operations only.
Therefore, computing w= U_lL_lé(mH)vj requires O(N?logN) operations. As for com-
putation of 1, it can be obtained in O(N?(j+k)) operations since Viy1 and H; are matrices
of sizes N? x (j+1) and (j+1) x ;.

3.2 Preconditioned CGNR method

Another efficient method to solve the linear system (2.3) is to solve its normal equa-
tion by the preconditioned conjugate gradient method, i.e., by the preconditioned CNGR
method. The normal equation of (2.3) is

(A(mﬂ))TA(mH)u(mH) — (Alm+D) Tp(m+1), (3.2)

If the diffusion coefficients d (x,y,t) and ey (x,y,t) are not sufficiently small, then the
m+1))TA(m+1)

matrix (A( may be ill-conditioned if the grid sizes are small. In addition,
the eigenvalues of this matrix are not clustered around any special point. Thus, the
CGNR method converges very slowly. In order to accelerate the convergence, an efficient
preconditioner is needed. In this paper, we choose (P,E"Hl)) TPk(mH) as the preconditioner
for the normal equation (3.2).
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The main points of the preconditioned CGNR method are as follows.

(i) The main works at each iteration are the matrix-vector multiplication (A (’”H)) T Almt1)y

and the solution of the preconditioned system (P,Emﬂ)) TPk(mH)w =z

(ii) Similar to the preconditioned GMRES method, we can calculate the matrix-vector
multiplication (A(’”H))TA(’”“)V efficiently by using the special Toeplitz-like structure

of the coefficient matrices.
3.3 Preconditioners for ADI method

We consider banded preconditioners for the discretized linear systems (2.5) and (2.6).
Actually, the preconditioned iterative methods proposed in [20] can be applied to the
D’Yakonov ADI scheme (2.5) straightforwardly. For the discretized linear systems (2.6),
the preconditioners for the coefficient matrices A, and A, are given by

P=lneWy,  P=Wely,

where . <
o, i,
Wi=1In,—D+ (ANl,k'i"Cﬁh) —D_ (ANl,k—i_C?\h)’

/L ,R
ka = INZ - E+ (Alifz,k + CI'B\IQ) - Ei (AI“ilz,k—‘r CI'B\IQ) .
Thus, we can solve the following preconditioned linear systems
(PF) A D= (pp) TR,
(FE) g = (),

by using GMRES method instead of solving the linear systems (2.6). The normal equations
of the linear systems (2.6) are given by

(A,) TAxv(m“) —(4A,) Tpm+1)
(Ay)TAyu(m+l) — (Ay) Tv(m-‘rl)'

For the above linear systems, we choose (P{ )TP,f and (PY) TP,g as preconditioners, and
apply the preconditioned CGNR method to solve these normalized linear systems.
Remark. Let the LU factorizations of Wy and W; be given by

Then the LU factorizations of P} and P,f are given by
Pf=(Iy,®Lf) (I, ®Uf),  P{=(L{®Iy,) (Ul ®1y,).

Thus, unlike the preconditioners P,fmﬂ) for A (’”H), the LU factorizations of both P} and
P can be calculated very efficiently.

https://doi.org/10.4208/cicp.120314.230115a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.120314.230115a

482 X.-Q. Jin, E-R. Lin and Z. Zhao / Commun. Comput. Phys., 18 (2015), pp. 469-488

4 Numerical results

In this section, we present some numerical examples to illustrate the performance of
preconditioned iterative methods versus iterative methods without preconditioners. For
the CN-WSGD scheme (2.3), we choose the initial guess as

u®), m=0,
ug=
f(m+l) =2y (m) _ym=1) 5~

Since @("*1) is a good approximation of u(”+1) [41], we set it as an initial guess. The
stopping criterion is
Izl

— <107,
b+

where 1; is the residual vector after jth iteration. In our numerical experiments, we set
the parameter k=4.
For the D"Yakonov ADI method (2.6), we choose the initial guesses as

Ayu(o), m=0,
Vo—
gt = A (Zu(’”) u(’”_l)), m>0,
and
ul®), m=0,
ug=

f(m+l) =2y (m) _ym=1) 5~

The stopping criterions are

I%;1l2 _7 I%;ll2 _y
P T
where 1; and T; are the residual vectors after jth iteration. For the D"Yakonov ADI method
(2.6), we set the parameter k=8.

In the following tables, we use “N;” and “N,” to denote the numbers of spatial
partitions in x-direction and y-direction respectively, and use “M” to denote the number
of temporal partition. The maximal error between the true solution and the numerical
solution at the last time step is denoted by “Error”. In order to illustrate the efficiency of
our preconditioners, we also present the performance of the GMRES(20) method and the
CGNR method for comparison. All numerical tests are run by using MATLAB R2010a on
a Dell computer Intel(R) Core(TM)i7-2600 Duo of 3.40 GHz CPU and 16GB RAM.
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Example 4.1. Consider Eq. (1.1) with a =1.8, B=1.9. The left-sided and right-sided dif-
fusion coefficients are given by

di(x,y,t)=4(1+H)x¥1+y), d-(xyt)=41+t)(1—-x)'¥(1+y),
er(xyt) =41+ (1+x)y"7,  e_(xy,t) =4(1+1)(1+x)(1-y)"°.

The spatial domain is Q= (0,1) x (0,1) and the time interval is [0,7] =[0,1]. The initial
condition is ug(x,y) = x*y>(1—x)3(1—y)>. The source term is given by

Foa) = (P00 1400 210 0
S (54 (1-0)) = £ (- (1-5)°) )P (1-)* (1 +)
+4(1+0) (5 P+ (1—y)P) - 5 A+ (1-p))
3T (6

S 07+ (1-0)°) 8 (5 (199 ) (120 (1) .

=

The solution to the fractional diffusion equation is

u(x,y,t)=e '3 (1—x)°y*(1—y)>.

Numerical results for Example 4.1 are shown in Tables 1-4. Tables 1-2 show numer-
ical results for solving the CN-WSGD scheme (2.3), including the average numbers of
iterations required by GMRES(20), PGMRES(20), CGNR, and PCGNR methods, the ac-
curacy of numerical solutions, and the CPU times required by different methods. Tables
3-4 present numerical results for solving the D"Yakonov ADI scheme (2.5).

From Tables 1-4, we see that the GMRES(20) and the CGNR methods require much
more iterations than the PGMRES(20) and the PCGNR methods, especially the CGNR
method. The numbers of iterations required by the PGMRES(20) and the PCGNR methods
increase slowly (compared to the iterative methods without preconditioners) as N; and
N, increase. For the GMRES and GMRES(20) methods, the CN-WSGD scheme is more
efficient than the D"Yakonov ADI scheme in terms of CPU times.

Table 1: The average numbers of iterations by different methods for Example 4.1: Eq. (2.3).

Ni=N,=M GMRES PGMRES CGNR PCGNR Error
24 48.750 11.000 181.625 18.688  1.1386x10~°
2° 81.594 12.406 599.875  26.969  3.0206x 1077
26 157.750 14.250 1658.094 37.266  7.6918 x1078
27 273914 17.055  3984.930 47.633 1.9381x 1078
28 416.625 20477  7160.086  56.469  4.8489x10~°
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Table 2: The CPU times of different methods for Example 4.1: Eq. (2.3).

Ni=N,=M  GMRES PGMRES CGNR PCGNR
24 0.219s 0.093 s 1.092s 0.156 s
2° 1.357 s 0.405 s 11.965 s 0.843 s
26 14.181s 2449 s 204.891 s 7316
27 165.407s  19.562s  3366.755s  66.768 s
28 2480.888s 206.950s 62435.475s 786.132s

Table 3: The average numbers of iterations by different methods for Example 4.1: Eq. (2.5).

Ni=N,=M GMRES PGMRES CGNR PCGNR Error
24 19.904 3.385 16.000 6.850 1.0456 x 10~°
2° 77.073 4.024 37.119 8.146  2.9276x10~7
26 149.846 4.650 108.289 8.961 7.5861x10~8
27 275.846 5.611 318.806 8.918 1.9195x 1078
28 465.764 6.608 1001.709  8.678  4.7942x 1077

Table 4: The CPU times of different methods for Example 4.1: Eq. (2.5).

Ni=N,=M GMRES PGMRES CGNR PCGNR
24 1.9190 s 0.0296 s 1.4040 s 0.0730 s
25 19.7970 s 1.4820 s 12.9480 s 3.8220's
26 159.3390 s 8.9230 s 154.1910s 19.7810's
27 1268.1420s  68.9360s  1993.7620s  110.8850s
28 10536.1130s  834.1170s 31884.4220s 1122.0430s

Example 4.2. Consider Eq. (1.1) with a =1.8, B=1.9. The left-sided and right-sided dif-
fusion coefficients are given by

dy(x,y,t)=6x'8, d_(x,y,t)=6(1—x)'8,
e+ (xy,t) =6y, e (xyt)=6(1-y)".

The spatial domain is Q= (0,1) x (0,1) and the time interval is [0,7] =[0,1]. The initial
condition is ug(x,y) = x*y>(1—x)3(1—y)3. The source term is given by

flxyt)=—e" [(x3(1—x)3y3(1—y)3) +6(% (P+(1-2)%) — g (¥ + (1—-2))
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Table 5: The average numbers of iterations by different methods for Example 4.2: Eq. (2.3).

Ni=N,=M GMRES PGMRES CGNR PCGNR Error
24 36.000 11.000 72.688 18.875  1.1465x107°
2° 63.694 12.250 240469 25344 2.9185x 1077
26 113.234 13.813 751.734  33.688  7.4451x 1078
27 173.008 15.531 2035.477 41430 1.8769x1078
28 231.719 17.465 3665.578  44.465  4.7132x107°

Table 6: The CPU times of different methods for Example 4.2: Eq. (2.3).

N;=N,=M GMRES PGMRES CGNR PCGNR
24 0.203 s 0.094 s 0.515s 0.172's
25 1.123 s 0.374s 5.351s 0.858 s
26 10.437 s 2.403s 93.413's 6.724 s
27 109.590s  19.219s  1588.021s  58.891s
28 1387.772s 192.848s 31837.512s 708.398 s

Table 7: The average numbers of iterations by different methods for Example 4.2: Eq. (2.6).

Ni=N,=M GMRES PGMRES CGNR PCGNR Error
24 16.000 7.000 29.562 7.000  3.0886x10~°
2° 32.000 8.063 65.219 8.094  7.8083x10~7
26 182.125 9.031 176.375 9.094 1.9642 x 1077
27 311.805 11.023 509.500 11.063  4.9238x1078
28 476.441 19.008 1496.227  11.020  1.2286x 1078

The solution to the fractional diffusion equation is
u(x,y,t)=e '3 (1-x)%P2 (1—y)°.

Numerical results for Example 4.2 are shown in Tables 5-8. Tables 5-6 show numer-
ical results for solving the CN-WSGD scheme (2.3), including the average numbers of
iterations required by GMRES(20), PGMRES(20), CGNR, and PCGNR methods, the ac-
curacy of numerical solutions, and the CPU times required by different methods. Tables
7-8 present numerical results for solving the D’Yakonov ADI scheme (2.6).

From Tables 5-8, we see again that the GMRES(20) and the CGNR methods require
much more iterations than the PGMRES(20) and the PCGNR methods. The numbers of
iterations required by the PGMRES(20) and the PCGNR methods increase slowly as Ny
and N increase. For the CGNR and PCGNR method, the D"Yakonov ADI scheme is more
efficient than the CN-WSGD scheme in terms of CPU times and number of iterations. In
the other hand, numerical solutions obtained by using the CN-WSGD scheme are slightly
better than those obtained by using the ADI scheme.
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Table 8: The CPU times of different methods for Example 4.2: Eq. (2.6).

N;=N,=M GMRES PGMRES CGNR PCGNR

24 0.094 s 0.062 s 0.156 s 0.0780 s

25 0.514s 0.265 s 0.999 s 0.3119 s

26 11.404 s 1.654 s 12.730s  1.9970s

27 137.015s  13.026s  218.011s  14.929s

28 1872.572s 161.772s 6380.770s 132.351s
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