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Abstract

Martin-Lof’s identity types provide a generic (albeit opaque) notion of identification or “equality” between
any two elements of the same type, embodied in a canonical reflexive graph structure (=,, refl) on any
type A. The miracle of Voevodsky’s univalence principle is that it ensures, for essentially any naturally
occurring structure in mathematics, that the resultant notion of identification is equivalent to the type
of isomorphisms in the category of such structures. Characterisations of this kind are not automatic and
must be established one-by-one; to this end, several authors have employed reflexive graphs and displayed
reflexive graphs to organise the characterisation of identity types. We contribute reflexive graph lenses, a
new family of intermediate abstractions lying between families of reflexive graphs and displayed reflexive
graphs that simplifies the characterisation of identity types for complex structures. Every reflexive graph
lens gives rise to a (more complicated) displayed reflexive graph, and our experience suggests that many
naturally occurring displayed reflexive graphs arise in this way. Evidence for the utility of reflexive graph
lenses is given by means of several case studies, including the theory of reflexive graphs itself as well as
that of polynomial type operators. Finally, we exhibit an equivalence between the type of reflexive graph
fibrations and the type of univalent reflexive graph lenses.

Keywords: reflexive graphs; setoids; univalence; dependent types; identity systems

1. Introduction

1.1 Martin-Lo6f’s identity types

In the setting of Martin-L6f’s intensional type theory (Nordstrom et al. 1990), every type A comes
equipped with a type constructor x: A, y: A x =4 y: type that classifies identifications between
elements of A, i.e. witnesses that two given elements are “equal”. Rather than being defined sep-
arately for each A, the identity type constructor =, is specified generically for all types by means
of formation, introduction, elimination, and computation rules. The formation and introduction
rule for the identity type

'-A:type T'kFu,v:A 'A:type T'Hu:A
C'Fu=4v:type IFbrefl:u=4u

can be thought of as equipping A with the structure of a reflexive graph! (see Definition 9). The
elimination and computation rules

F'FA:type I',x:A,y:Ap:x=ayFC(x,yp):type
Mx:Abc(x):Clx,x,refl) ThHuv:A Thwiu=sv

T F15(c u, v, w): Clu, v, w)
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2 J. Sterling

I'-A:type
Cox:Ay:Ap:x=ayFClx,y,p):type T',x:AbFc(x):Clx,x,refl) T'Fu:A

'~ ]g(c; u, u, refl) = c(u) : C(u, u, refl)

then ensure that this reflexive graph structure is the smallest possible one that can be formed with
vertices in A. This universal property is most commonly employed in terms of the principle of
identification induction below.

Principle 1 (Identification induction). Given a family of types x,y: A;p:x =4y C(x, y,p) :
type, to define a dependent function x, y: A; p:x =4 y+ f(x, y, p) : C(x, y, p) it suffices to specify
x: AF f(x, x, refl) : C(x, x, refl).

There is an alternative, equivalent, formulation of identification induction due to Paulin-
Mohring (1993) that fixes an element  : A and allows induction on data of theformy: A,p:u=y.
This is called “based identification induction”:

Principle 2 (Based identification induction). Given a fixed element u : A and a family of types
y:A,pru=4y+F B(y,p): type, to define a dependent function y: A,p:u=aykf(y,p): By, p),
it suffices to specify f(u, refl) : B(u, refl).

Independently, van den Berg and Garner (2011) and Lumsdaine (2010) have shown that iden-
tification induction exhibits a weak globular co-groupoid structure on each type A. In the lowest
dimension, this corresponds to the construction of compositors for identifications and associators
for the resulting compositions, etc.

1.2 Characterising identity types using (displayed) reflexive graphs

The role of the identity type is similar to that of equality in set theory: it expresses a single global
notion of identification whose rules apply to all types simultaneously.” On the other hand, because
the rules of identity types have to apply uniformly to all types, these rules do not reflect any of the
specific characteristics of individual types that would, if taken seriously, make it easier to both
exhibit and use identifications.

The goal of reflexive graphs is to provide a methodology within Martin-Lo6f’s type theory by
which the special properties of identifications in different types can be made explicit. An alterna-
tive design would be to use a type theory in which the identity types are not defined uniformly
in each type, and instead each type comes with its own identity type, as in Observational Type
Theory (Altenkirch et al. 2007; Altenkirch and McBride 2006) and Higher Observational Type
Theory (Altenkirch et al. 2024). Each design has trade-offs, but in this paper, we are restricting
attention to what can be done without changing the type theory.

Remark 1. Everything in this section is derived from prior works, such as the HoTT
Book (Univalent Foundations Program 2013), Rijke’s textbook on homotopy type theory (Rijke
2025), and the work of Schipp von Branitz and Buchholtz (2021), although we do impose our own
terminological conventions.

1.2.1 Shallow characterisation of identity types

For example, it is very natural to build up an identification of type (x, ) =a x5 (, v) from a pair of
identifications x =4 y and u =p v. This principle can be formalised by characterising the identity
type of A x B in terms of the identity types of A and B.
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Mathematical Structures in Computer Science 3

Proposition 2 (Shallow characterisation of the binary product). Each of the following functions is
an equivalence:

xy:Asu,v:BlEsplitld, g: :(xu) =axp (1, v) = (x=4y) X (u=pv)
x:A,u: Bl splitid, p refl := (refl, refl)

Proof. We can explicitly construct an inverse to splitld,  as follows:
%y :Asu,v:BlEunsplitld, g: @ (x=ay) x (u=pv) = (x, ) =axB (V)
x:A,u: Vi unsplitld, p (refl, refl) := refl
The coherences of the equivalence are given by identification induction. d

Of course, although the characterisation of identifications in A x B in Proposition 2 is useful,
it does not help us directly to characterise identifications in more complex types. For example,
we may wish to characterise the identity type of (A x B) x C by asserting that the canonical map
((x, u), m) =axByxc (9, v), n) = ((x =4 y) X (u=pv)) x (m=c n) is an equivalence. This can be
established directly in the same way as Proposition 2 or by making use of the lemma, but the latter
saves very little time. We would prefer to have a toolkit for building up “deep” characterisations
of identity types piece-by-piece.

1.2.2 Deep characterisation using reflexive graphs
A “deep” characterisation of the identity type for binary products would take the following form:
If we have characterised the identity type of A and the identity type of B, then we may characterise
the identity type of A X B.

Proposition 2 can be “deepened” along these lines by replacing the types A and B with reflexive
graphs A and B so that we have the following data:

| Al : type |B| : type
XA | Al — Al — type ~g:|B| — |B] — type
XA : [ [epa) * Fax g : [[(x1g) ¥ ¥8 X

These reflexive graph structures follow the pattern of instances of the formation and introduc-
tion rules for the identity type. Tentatively, we shall say that a given reflexive graph G is univalent
when the following function is an equivalence:

. ; o). ~
%y |G+ IdToEdgeg IX=Ig| Y XRgYy
x: |G+ idToEdgeg‘reﬂ = IXgx

We shall often refer to a univalent reflexive graph as a path object for short. With these con-

structions on reflexive graphs in hand, a deep characterisation of the identity type for binary

products can be formulated.
First, we define a new reflexive graph A x B as follows:

| A x B|:=|A| x |B|
(6, u) Raxs (1 v) = (x~ay) x (uxgv)
MXaxs(x, u) := (rXax, Xgu)

Then, the deep characterisation of binary products amounts to saying that path objects (i.e.
univalent reflexive graphs) are closed under binary products.

Proposition 3 (Deep characterisation of the binary product). If A and B are two path objects,
then A x B is a path object.
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4 J. Sterling

The compositional character of Proposition 3 allows us to deduce other useful corollar-
ies immediately by iteration. For example, if A, B,C are all univalent reflexive graphs, then
(A x B) x C is a univalent reflexive graph, efc. On the other hand, the shallow characterisation
(Proposition 2) is immediately recoverable via the following definition of the discrete reflexive
graph on a type A, which is univalent by definition:

|AAl:=A

XRAAY =X=AY
XAAX (= refl

Then, Proposition 2 is precisely the instantiation of Proposition 3 with A := AA and B := AB.
We can also generalise the binary product of reflexive graphs to arbitrary arity: if A is a type and
B(x) is a reflexive graph for each x : A, define ]_[(x: 4) B(x) to be the following reflexive graph:

T Tea) B! = [T B&)|
I A en 800 8= [Ty fx >80 g
XTeea) Bf = Ax. Xg(x) (fx)

Proposition 4 (Deep characterisation of product). Given B(x) a path object for each x : A, the
product [ [(,.») B(x) is univalent assuming dependent function extensionality holds.

1.2.3 Dependent types and displayed reflexive graphs
So far, we have described how to give shallow and deep characterisations of non-dependent types.
Of course, most mathematical structures of any interest (e.g. monoids, groups, rings, efc., or even
reflexive graphs themselves!) are described by dependent types, as the types of the operations
depend on the carrier types.

Given a type A:type and a family of types x: A+ B(x) : type, how can we characterise the
identity type of the sum } (,.4) B(x)? A shallow characterisation in the style of Section 1.2.1 is at
least not out of reach.

Proposition 5 (Shallow characterisation of the indexed sum). Each of the following functions is an
equivalence:

x,¥:A;u:B(x),v:B(y) -

dsplitld, 5 (x, u) =3 a) B®) (y,v) — Z(p:szy) pEu =B(y) V
dsplitld p refl := (refl, refl)

The shallow characterisation in Proposition 5 is more complex than that of Proposition 2
because the second component of the sum } (.. pBu =gy v involves a transport. From a
higher vantage point, the problem being solved by transport here is that we wish to identify u : B(x)
with v: B(y) but these do not have the same type. Transport uses the identification p:x=4 y to
find a common type in which » and v can be compared; but note that the choice of a forward trans-
port pB: B(x) — B(y) is somewhat arbitrary, as we might have also defined a backward transport
P5: B(y) = B(x) and compared u, v in B(x).

In order to generalise Proposition 5 to a deep characterisation of the indexed sum, we must
naturally generalise the concept of reflexive graph to one in which vertices form a dependent type
and edges go between different components linked by an edge in the base. This is precisely the
purpose of the displayed reflexive graphs of Schipp von Branitz and Buchholtz (2021).
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In particular, let A be a reflexive graph as before and let B be a displayed reflexive graph over
A so that we have the following data:

| Al : type |B| : |A| — type
Ra: Al — |A — type ~p [y ) x =y — 1Bl(x) > |BI(y) — type
o i x> o : Moeis) Mg 7~ v

Any displayed reflexive graph such as 8 gives rise to a family of ordinary reflexive graphs $(x)
indexed in vertices x : | Al.

|B(x)| := |8B|(x)

~XAax

URBx) VIEUNG TV

XU = rx%u

A displayed reflexive graph B will be called univalent (or a displayed path object for short)
when each of its components is univalent. Considering only the components for univalence may
seem at first counterintuitive, but this definition is justified by Proposition 6 below. For this, we
first define the total reflexive graph of B with vertices in the sum of |B| over |A| as follows:

|AB| = Z(X;|ﬂ\)|3|(x)

(cu)~ag(,v) = Z(p:xzﬂy) u z{‘; v
rxa.8(x, u) == (rXax, rXgu)

Then, the deep characterisation for indexed sums is exactly the statement that the total reflexive
graph of a displayed path object is a path object.

Proposition 6 (Deep characterisation of the indexed sum). Let B be a displayed path object over
a reflexive graph A. Then, the total reflexive graph A.B is a path object.

1.3 Characterising transport with reflexive graph lenses

Everything we have described so far is more or less standard. Path objects (and equivalent concepts
such as torsorial families) have been used to great effect in a variety of formalised libraries of univa-
lent mathematics, including agda-unimath (Rijke et al. 2023) and the 1Lab (1Lab Development
Team 2022). The purpose of the present paper is to give a deeper analysis of a large class of dis-
played path objects that arise in a particularly simple way, in fact obviating the need to separately
prove many univalence lemmas. We return to the shallow characterisation of the identity types of
dependent sums from Proposition 5:

6w =y B0 V) =X (e sy) PRU=B() V
(x:A) pix=ny

In our deep characterisation (Proposition 6), we generalised x =4 y to the edges x ~# y of
a reflexive graph A, and we generalised pfu =p(y) v to the displayed edges u %Zg v of a displayed
reflexive graph 8 over A. This generalisation abstracts away the use of transport to get the vertices
uand v to lie in the same component of B, at the cost of needing to specify B as a displayed reflexive
graph rather than as a family of reflexive graphs indexed in A.

Our starting point is to consider a different, less abstract, generalisation of Proposition 5 in
which we replace A with a reflexive graph A as before, but we replace B not with a displayed
reflexive graph over A, but instead with a family of reflexive graphs B(x) indexed in vertices x : | A|
that is equipped with a transport or pushforward operation to jump from one component to the
next. To a first approximation, we have assumed the following data:
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6 J. Sterling

|A| : type |B(—)I: [Al — type
At | A — | A - type ~p) [T 1800 — 1B)] — type
X7t [y % i % %g(-) ez Masi) #~s u

pUSh% : n{x,y;\{,zu} n(p;x%ﬂyﬂg(x)' - |B()/)|

With this data in hand, we can define an appropriate displayed reflexive graph disp;B
over A that mirrors the passage from the shallow characterisation (Proposition 5) to the deep
characterisation (Proposition 6):

|disp 3 BI(x) := |B(x)]
PrEAY

— e
Nisphs ¥ = pushgu ~g(y) v

It remains to define the displayed reflexivity datum rx* PUE pushgﬂxu R g(x) U, but we do

disp4
not have anything on hand from which to define this. We are therefore led to assert this reflexivity
datum as part of the data of B:

pushRxjs : [Ty sy PUSh ™ 1 X g u

The above has the appearance of an oplax unitor for the pushforward operation. Using this

oplax unitor, we may finish defining the displayed reflexive graph disp;B:
erisp;Bu := pushRxgu

Altogether, we shall refer to a family of reflexive graphs 8 equipped with pushj and pushRx3 as
an oplax covariant lens of reflexive graphs (see Definition 54) over A — covariant because pushy
implements a forward transport and oplax because of the orientation of the unitor pushRxg. The
terminology of lenses is borrowed from Johnson and Rosebrugh (2013); Chollet et al. (2022), who
use it to refer to an algebraic generalisation of fibrations in which the chosen lifts are not required
to have a universal property but instead satisfy a unit law (strictly, in the case of op. cit.).

Naturally, we can (and will) introduce a dual notion of lax contravariant lens for characterising
backward transport in a family of reflexive graphs. When 8 is a lax contravariant lens in this

sense (see Definition 55), we can likewise associate a displayed reflexive graph disp ;8 in which a
XXAY

- ~ p
isp 3 vis given by an edge u ~g(y) pullgv.

displayed edge u %Z

Proposition 7 (See Lemma 60). Let B be an oplax covariant (resp. lax contravariant) lens of
path objects over a reflexive graph A. Then the displayed reflexive graph disp;B (resp. disp 4 B) is
univalent.

The pay-off of introducing lenses of reflexive graphs is twofold. First of all, many naturally
occurring displayed reflexive graphs have the shape of disp}}B or disp ;8 already; more impor-
tantly, however, it frequently happens that the components of the given displayed reflexive graph
arise as a pre-existing family of reflexive graphs for which we have already proved univalence.
Therefore, it is advantageous to obtain a displayed path object automatically from a very sim-
ple algebraic structure on a pre-existing family of path objects: a pushforward operator and a lax
unitor.
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1.4 Characterising identification induction with dependent lenses

Naturally, not all useful displayed path objects arise from (oplax covariant, lax contravariant)
lenses. We have found, however, that many of the important counterexamples instead arise from
a common generalisation of oplax covariant and lax contravariant lenses, which shares the advan-
tages thereof over working directly with displayed reflexive graphs. Consider, for example, the case
of magmas in a universe U, which are specified by the following data:

|M| : type
Qm : M| x [M| — [M]

An equivalence of magmas M ~magma,, N is given by an equivalence of types f : [M| = |N| that
preserves the binary operation in the following sense:

M
M| x |[M| — M|

fxf f
IN| x [N] —— [N]|
QN

If we write U for the reflexive graph structure on the universe U given by equivalences of types,
then we would expect that the reflexive graph Magmay; should arise as the total reflexive graph of
the following displayed reflexive graph over U:

IBinOpy|(A):=A x A — A

:A~qB
®4 %JBcinOF;l:, ®8 = [[(ry.0) f(x ®4 ) =5 (fx B fy)

rx‘éinopU(X)A ‘= Ax, y. refl
The displayed reflexive graph above does not arise from an oplax covariant lens, nor from a lax

contravariant lens. The following somewhat artificial displayed reflexive graphs could have been
obtained from such lenses, but they would be difficult to use:

|BinOp{1(A):=Ax A— A

Ax B _ _
®a ]BcanpTi B:= 1_[(x,y:B)f(f 'x ®a f 1)’) =X QpYy

A
rx B|n0p+®A = Ax, y. refl

|BinOpy[(A):=AxA— A
AxqyB _
®a JBtmOpqi ®p = 1_[(x,y:A) xQay =Af l(fx ®Bf)/)

A
rx B|nOp+®A = Ax, y. refl

In order to capture the structure necessary to obtain the displayed reflexive graph BinOp; from
a family of ordinary reflexive graphs, we must c0n51der a different kind of lens. Before generalising,
we first work with this specific case. Let BanpU( f) be a reflexive graph as defined below for each
equivalence f : A ~q B of types:

BiNOp5(f : A ~q B) := [T axa) AB
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Then we define the following operations on BinOp[i]:

lextéinopﬁ : ]_[{A’B:U} ]_[(f:A%ﬂB) BinOpﬁ(rxﬂA) — BinOpﬁ(f)
A~qB
lext’;ino% R4 =A%) AX A f(x®4y)

'} . . =+ . +
reXtginopt * [Tia.8:0) [(f:a~8) BInOPy (rxe/B) — BinOpy;(f)

A~qyB L .
rext’;inopi ®p:=A(xy):AXA fXxQpfy

. . XyA ~ Xy A
extRxBinop[i] o Higpaxasa) lexthop§®A A Bin0opE (rqrA) rexthop§®A

A =
extRxBinop§®A = er'[(f;Axm 28B4

We can now reconstruct the displayed reflexive graph BinOpy; in terms of BinOp%:
BinOpy|(4) = [BinOp7; (xq/A)|

SAxRuB L f ~ f
®4 "“BinOpy ®p = IeXtBinOp§®A ~BinOp{(f) reXtBinOp%}®B

A — A
MXBinop, ®4 = extRxBinopi& ®4

Abstracting from the specific example of binary operations, the critical move above has
been (1) to replace a given family of reflexive graphs x: |A| - B(x) with a more general fam-
ilyx,y: | Al p:x~ayt B (x,y, p) such that B'(x, x, rxqx) = B(x), and then (2) define coercions
lext;;, : B(x) > B'(x,y,p) and rext%, : B(y) > B'(x,y,p) from the “left-hand” and “right-hand”
diagonal components to the “centre”. Naturally, these coercions must be further equipped with at
least a coherence of the form extRxj, u : lextg,ﬂxu A B(x) rextg,ﬂxu in order to generate a reflexivity

datum,; it will happen that in order for the univalence property carry over from 8 to the associated
displayed reflexive graph, we shall also need a coherence of the form rextRxg, u : u Xg(x) rextgf‘xu.
Together, all this data forms what we shall refer to as a unbiased dependent lens of reflexive graphs
over A.

Remark 8. In the same way as oplax covariant (resp. lax contravariant) lenses express the interface
of forward (resp. backward) transport for a family of reflexive graphs, unbiased dependent lenses
express the interface of (forward and backward) based identification induction: the coercions lext
and rext extend data defined on a given reflexivity datum rxzx to data defined on an arbitrary
path based at x : |A.

1.5 Discussion of related work
1.5.1 Path objects in homotopy type theory
A biased version of path objects was introduced already in the HoTT Book (Univalent
Foundations Program 2013, § 5.8) under the name identity system; this concept is developed much
further in the displayed direction by Rijke in his introductory textbook on homotopy type the-
ory (Rijke 2025, § 11.2). In their guise as torsorial families, biased identity systems are employed
pervasively in agda-unimath, an “online encyclopedia of formalized mathematics ... from a uni-
valent point of view” (Rijke et al. 2023). An unbiased version of identity systems is used extensively
in the 1Lab (1Lab Development Team 2022), another library of univalent mathematics formalised
in Cubical Agda (Vezzosi et al. 2019).

Our work is most directly inspired by that of Schipp von Branitz and Buchholtz (2021);
Schipp von Branitz (2020), who have emphasised the importance of displayed path objects as an
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organising principle for univalent mathematics. The various notions of lens that we introduce can
be thought of as organisational devices to simplify carrying out the methods suggested by op. cit.
in practice.

1.5.2 Reflexive graphs and reflexive graph fibrations

Although univalent reflexive graphs are the ones that are important for characterising identity
types, we have found it very useful to develop as much structure as possible in the language of
ordinary reflexive graphs; this is because the reflexive graph structure captures the aspects of an
identity type’s characterisation that we intend to have good definitional/computational behaviour,
whereas the univalent part describes a universal property that we expect to hold (opaquely) only
up to homotopy. Our starting point in studying the theory of reflexive graphs has been the doctoral
dissertation of Rijke (2019), who introduces many important concepts from the univalent point
of view, including the univalence condition (called discreteness by op. cit.) as well as the notion
of (covariant, contravariant) fibration of reflexive graphs. (It should be noted that the concept of
fibred (non-reflexive) graph was introduced already by Boldi and Vigna (2002).)

Schipp von Branitz and Buchholtz (2021); Schipp von Branitz (2020) introduced displayed
reflexive graphs as a more type theoretical presentation of homomorphisms of reflexive graphs;
we have re-based Rijke (2019)’s theory of reflexive graph fibrations in terms of displayed reflexive
graphs in roughly the same way that Ahrens and Lumsdaine (2019) re-examine (Street) fibrations
of categories in terms of displayed categories.

1.5.3 The structure identity principle

Coquand and Danielsson (2013) have famously observed that Voevodsky’s univalence principle
ensures that the identity types of various algebraic structures (e.g. groups, rings, graphs, efc.) can
be characterised so as to coincide precisely with the natural notion of invertible homomorphism:
for example, an identification of groups valued in a univalent universe is precisely a group iso-
morphism. Results of this kind are called structure identity principles; a convenient general form
of the structure identity principle for concrete categories appears in the HoTT Book (Univalent
Foundations Program 2013, § 9.8); a simpler version was introduced by Escard6 (2022) for his
lectures at the Midlands Graduate School in 2019, and included as part of the TypeTopology and
cubical Agda libraries (The Agda Community 2024; Escardé and contributors 2024).

These structure identity principles are the special case of the more general theory of path
objects, restricted to the case of displaying an algebraic structure over the path object given by
types and equivalences. Of course, not all important path objects take this form: for example, it is
necessary to characterise the identity type of the type of sections of a given map, and the base of
this thing is a function space rather than a universe. This is why it is important to develop the the-
ory of path objects in its most general form, and then specialise it to obtain a variety of structure
identity principles.

1.5.4 Delta lenses and applied category theory

Diskin et al. (2011) have introduced delta lenses as an algebraic structure modelling bidirec-
tional transformations between systems (modelled as categories). As many authors have pointed
out (Clarke 2020; Chollet et al. 2022; Johnson and Rosebrugh 2013), delta lenses can be thought
of as an algebraic generalisation of split opfibrations in which lifts are chosen functorially but are
not required to be cocartesian.

Our reflexive graph lenses resemble a version of delta lenses that replaces categories with
reflexive graphs, but there are some important differences. When 8’ := disp;’qB is the displayed
reflexive graph associated to an oplax covariant lens 8B, we do indeed assign to each u : |B'|(x) and
p:x~gy adisplayed vertex push%u :|1B'|(x) and alift p: u %%, push%u given by the reflexivity
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10 J. Sterling

datum on the former in B(y). In contrast to delta lenses, we do not require that pushgﬂxu is equal
to u: we require only an oplax unitor, i.e. an edge pushRxgu : pushgﬂxu ~g(y) U

We also consider contravariant versions of reflexive graph lenses, which turn out to be equally
important in practice. Our alignment of (covariant, contravariant) and (oplax, lax) is not cho-
sen arbitrarily, but is rather forced by the need to transform a lens of whichever variance into a
displayed reflexive graph.

In Section 3.4, we study an important class of reflexive graph lenses in which pushforward
along the reflexivity edge is definitionally equivalent to the identity function. These definitional
lenses correspond most closely to delta lenses and arise frequently when establishing structure
identity principles in the sense of Section 1.5.3.

1.6 The structure of this paper

In Section 2, we shall recall the theory of (displayed) reflexive graphs and path objects in detail (at
the risk of some repetition). In Section 3, we expose the theory of (oplax covariant, lax contravari-
ant, and unbiased dependent) lenses and prove the uniqueness of all these structures on families
of path objects over a path object. In Section 4, we develop a case study that applies the theory
of reflexive graph lenses to characterise the identity types of reflexive graphs, displayed reflexive
graphs, efc. — in short, we construct large reflexive graphs classifying small reflexive graphs, etc.
Finally, in Section 5, we develop the theory of reflexive graph fibrations (building on Rijke (2019))
and conclude with our main result: an equivalence between reflexive graph fibrations and lenses
of path objects.

Conventions. We work in Martin-Lo6f’s intensional dependent type theory with products
[1(x.a) B(x), sums } .4, B(x), identity types x =4 y, a unit type 1, and type N of natural numbers;
products, sums, and the unit type are assumed to have definitional n-laws. We do not globally
assume any universes, nor function extensionality, nor univalence; these constructs are assumed
locally where needed. We use the symbol = to denote definitional equality, and =4 to denote iden-
tity types. We follow the vernacular of univalent foundations, in which propositions and sets are
defined extrinsically in terms of identity types. When we refer to existence, we mean it in the usual
propositionally truncated sense of standard mathematical vernacular rather than in the sense of
the HoTT Book (Univalent Foundations Program 2013).

2. Reflexive Graphs and Path Objects

We recall the theory of reflexive graphs from Rijke (2019), incorporating the viewpoint of
displayed reflexive graphs from Schipp von Branitz and Buchholtz (2021).

Definition 9 (Reflexive graph). A reflexive graph A = (|A|, =4, rxz) is defined to be a type |A| :
type of vertices together with a family of types x: |A|, y : | Al -x~q7y of edges and a reflexivity
datum x : |A| F rxgx : x X g x.

At times, we may refer to homomorphisms of reflexive graphs.
Definition 10. Let A and B be reflexive graphs. A homomorphism f: A — B is given by the
following data:
x: Al fl(x) 8]
%y \ALpix~aytfo,p): 1 fI(x) =g | fI(y)
x| A for(Xa%) = e fix 1X8( f1x)
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Definition 11 (Displayed reflexive graph). Let A be a reflexive graph. A displayed reflexive graph
B = (|8], =%, rxy) over A is given by the following data:

x| Al |B|(x) : type (vertices)
p:x%y{y,u:|B|(x),v:|B|(y)l—u%€Bv:type (edges)

Xax
q

x| Al u | Bl(x) Fxgu i urg™ u (reflexivity)

Definition 12 (Components of a displayed reflexive graph). Let B be a displayed reflexive graph
over A. Then, the component of B at an element x : | A| is the reflexive graph B(x) defined from B
as follows:
1B(x)| := |Bl(x)
~ A XAx
URGR) VIEURG "V

IXB(x) U 1= Xl
Notation 13 (Diagonal family of reflexive graphs). When 8 is a displayed reflexive graph over A,

we will at times write By for the “diagonal” | A|-indexed family of reflexive graphs assigning to each
x: | Al the component Bix(x) := B(x).

2.1 Basic constructions on reflexive graphs
The most basic reflexive graph structure is the discrete one provided by its identity type.

Definition 14 (Discrete reflexive graph). The discrete reflexive graph AA on a type A is given by
its identity type, i.e. we define AA := (A, =4, refl).

On the other extreme, we may consider the codiscrete reflexive graph structure.

Definition 15 (Codiscrete reflexive graph). A type A can be, conversely, equipped with the
codiscrete reflexive graph structure V A that identifies any two elements:

|[VA|:=A
xrRgay =1
MXyAX =%

Definition 16 (Total reflexive graph). If A is a reflexive graph and B is a displayed reflexive graph
over A, then the total reflexive graph A.B can be defined with vertices in 3 .7 |B|(x) and

edges (ap, bo) ~a.8 (a1, b1) in Z(p:ao%ﬂal) by %% by, with reflexivity data given by rxz.g(a, b) ;==
(rxaa, rxgb). Naturally, we have a homomorphism wg: A.B — A of reflexive graphs:
gl (x,y) ==x

g (prqg):=p
g (x,y) =refl

Definition 17 (Binary product of reflexive graphs). If A and B are reflexive graphs, then we
may form the product of reflexive graphs A x B with vertices in |A| x |B|, where the type of
edges (ao, by) ®axs (a1, by) is the cartesian product (ag ~a a1) x (b ~g by) with reflexivity data
defined by rxaxs(x, y) := (rxax, rxgy).

We can generalise Definition 17 to arbitrary families.
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12 J. Sterling

Definition 18 (Product of reflexive graphs). Let A be a type and let B(x) be a reflexive graph for
each x : A. The product [ ] ,.4) B(x) of the family of B reflexive graphs is defined like so:
“_[(x:A) B(x)’ = l_[(x:A) |B(x)|
f %H(x:A) B(x) 8= l_[(XIA) fx %B(X) &
Xy fB(x)f 1= Ax. Xg(x) (f)

Definition 19 (Coproduct of reflexive graphs). Let A be a type and let B(x) be a reflexive graph for
each x : A. The coproduct | [,.4) B(x) of the family B of reflexive graphs is defined like so:

|]_[(x:A) B(X)| = Z(x:A) |B(x)|
B(—
(a0a bO) %U(x:A) B(x) (al, bl) = Z(P5llo=Au1) plk ( )‘bO %B(al) bl

rX]_[(x:A) B(x)(a’ b) = (reﬂ’ rXB(a) b)

Later on in Example 73, we will see how to refactor the construction of the coproduct of
reflexive graphs in terms of a lens over the discrete reflexive graph AA.

Definition 20 (Tensor and cotensor of reflexive graphs). Let A be a type and let B be a reflex-
ive graph; then, the tensor and cotensor of B by A are defined, respectively, using coproducts and
products as below:

A-B:= ]_[(x:A) B (tensor)
ANB:=[],n B (cotensor)

Definition 21 (Constant displayed reflexive graph). Let A and B be reflexive graphs. The constant
displayed reflexive graph over A induced by B is the displayed reflexive graph specified A*B below:

|A*B|(x) := | B|
u%;*gv:zu%ggv
X glh 1= IXgU
Thus, evidently, we have (A*B)(x) = B for all x : | Al.

Observation 22 (Binary product as a total reflexive graph). For any two reflexive graphs A and
B, we have A.(A*B) = A x B.

Definition 23 (Subgraph comprehension). Let A be a reflexive graph, and let P(x) be a proposition
for each vertex x : A. We define the comprehension of P to be the following reflexive graph:

[(x: A PEOY = e PO
(x, P) R x:A|P(x)} (y> Q) =XxRay
X{x:A|P(x)) (X, P) 1= XX
Construction 24 (Restriction of iterated displayed reflexive graphs). Let A be a reflexive graph
object, and let B be a displayed reflexive graph over (A, and let C be a displayed reflexive graph over

A.B. Then for any x : |A|, we may define a displayed reflexive graph Cg() over the component
B(x) with vertices given as follows:

u:|B|(x) E ICi8ex) (1) := |Cl(x, u)
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Displayed edges and reflexivity data are defined in terms of those of C like so:

u, v |Bl(x); prugu) v;c: |Cl(x, u),d: |C|(x,v)
I—c~C|B d:Ec%gXﬂX’P)d
u:|Bl(x), c:|Cl(x, u)

u _o(rxax, u)
|_er|3 CI=TIXp

Computation 25 (Components of the restriction). Let A be a reflexive graph, and let B be a
displayed reflexive graph over A, and let C be a displayed reflexive graph over A.B. Given x : |B|
and u : |B|(x), the component (Cg(x)) (1) of the restriction of C to B(x) at u is definitionally equal
to the component C((x, u)) of C at (x, u) : |[A.B.

2.2 Duality involution for reflexive graphs
Definition 26 (Opposite reflexive graph). We define the opposite of a reflexive graph A as follows:
|A%P| = |A|
XRqop Yy =EYRAX
XAPX (= I'XAX

Observation 27. The opposite reflexive graph operation is definitionally involutive: we have
(A°P)°P = A definitionally.

Definition 28 (Total opposite of a displayed reflexive graph). Let A be a reflexive graph, and let
B be a displayed reflexive graph over A. We define the total opposite B°P of B to be the following
displayed reflexive graph over A°P,

1B%|(x) := |B|(x)

va‘;sﬁ V. EV%% u
prE,vpu rXgl,

so that we have (A.B)°P = AP BP.

Note that Definition 28 does not define the actual “opposite” of a displayed reflexive graph B,
which would naturally have the same base as $B; opposites of arbitrary displayed reflexive graphs
do not make sense (for the same reason that Bénabou’s definition of opposites applies only to
displayed categories that are additionally fibrations).

Observation 27 extends to the following duality involution on displayed reflexive graphs vs
Definition 28.

Observation 29 (Duality involution for displayed reflexive graphs). The operation sending a
displayed reflexive graph to its total opposite is definitionally involutive, i.e. we have (B%P)%P = 8.

2.3 Path objects and the univalence condition

Definition 30 (Fans of a vertex). Let A be a reflexive graph. The fan of a vertex x : | A| is defined
to be the type {x}}'{ = Z(y: A) X~ay of vertices equipped with an edge from x; dually, the co-fan
of a vertex x : | A| is defined to be the type {x} 5 := Z(y:A) y~aq x of vertices equipped with an edge
toward x.
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14 J. Sterling

Lemma 31. Let A be a reflexive graph, then every fan of A is a proposition if and only if every
co-fan of A is a proposition.

Proof. First, we assume that every fan is contractible:

x| Als ug, uy : {x} 7+ uo =)y 11
by reassociating
% Y0, y1 ¢ [Al; po : yo Ra x, p1: y1 Fa x = (o, po) =5 (y1,p1)
{yo};( is contractible by assumption
Yo y1 = AL p1 iyt Rayo b (o, iXayo) =gy1- (71, p1)
{yl}j[ is contractible by assumption
y1 AR On ayn) =) (7 Xayn)
by reflexivity

Conversely, assume that every co-fan is contractible.

x| Al ug, ug : {x};r( Fug =
by reassociating
%30, y1: [ AL po 1 X XA yo, prix Xa ik (vo, po) =+ 01, p1)
{70} 4 is contractible by assumption
Yo, y1 1 1AL p1 2 yo Ry = (o, Xayo) =1+ (V15 p1)
{y1} 4 is contractible by assumption
yi AR G Xayn) =,y O Xayn)
by reflexivity O

Construction 32 (From identifications to edges). The reflexivity datum of a reflexive graph A
induces a function from identifications to edges as follows:

%y ALp:x=ja yt pl7 x~ay
by identification induction
x| Al refl| 57 x~qx
by reflexivity
x: Al refl| 5 = rxax

When it causes no ambiguity, we will write |p|# for ij;,y .

Lemma 33 (From edges to identifications via propositional fans). Suppose that each fan {x};I ofa
reflexive graph A is a proposition. Then, each L—ny’{y has a quasi-inverse II—]]x&;(y: XRAY— X=\7
y and is therefore an equivalence.

Proof. Let @, be the proof that a given fan {x}}'{ is a proposition. Rather than defining II—]]x&;{y :
X~ qy— x =7 y directly, we construct a slightly more general function that anticipates the
contractibility of {x};.

%y | ALpx~ay; ¢ (omax) =y 05p) - [ps¢ly cx=|Aly
by identification induction
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Mathematical Structures in Computer Science 15

x| Al F [rxax; reﬂ]]xy’(y (X =7 X
by reflexivity
x| Al F [rxax; reﬂ]]xyj{y :=refl

Then, we define [— ]] by instantiation.

%y | ALpx~ayt [ply = p; Px (x, rxax) 0 )1y

Next we prove that [[—]]Xgi[y is a section of L—ngé[y

|ﬂ| p: x'\'ﬂyl_ L[[P]] _]y[ =x~ay P
b)/ definition

= L[IP, D, (x, rXax) ()/, P)]]y{ ﬂ —x~_7(yp
by generalising over @ (x, rxax) (¥, p)

|ﬂ| px=ay, d) (X, I’Xj{x) _{x}+ ()/, P) = L[[P’ ¢]] J;(y —x~y{yP

by identification induction

x 1 |AlF [ [rxax; refl] J;x =xrqx TXAX
by definition of [ —; ]]:
x: Al Lrefl |57 = a0 XAX
by definition of | — )%
XA IXAX =xrgx XAX
by reflexivity

Finally, we prove that [[—]]xy’[y is a retraction of L—J;’v

yi|Alp:x=a y+ [p)5 IA =x=uyP
by identification induction
x| AlE [[l_reﬂjx’x]] A Tx=jax refl

y definition
x 1 [AlF [rxax; O (x, xax) (6, Xax) [ =x=,x refl
because {x}t( is a set
x| Al [rxax; refl] 5 ==, x refl
by definition
x: Al refl =, x refl
by reflexivity O

Lemma 34. For a reflexive graph A, each function L—ny’[y is an equivalence if and only if each fan
{z};rI is a proposition.

Proof. We have seen one direction already in Lemma 33. Conversely, suppose that each com-
ponent of L—J;}' is an equivalence; then clearly each {z}}'I = Z(y:‘ A)ZXAy is a retract of
Z(y:l A X =1y = {xha, which is contractible by the contractibility of singletons. Therefore,
each fan is contractible and hence a proposition. O

Definition 35 (Univalent reflexive graph). A reflexive graph A is called univalent when any of the
following equivalent conditions hold:
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16 J. Sterling

(1) Each fan {x}}‘l is a proposition.

(2) Each co-fan {x} 4 is a proposition.

(3) Each fan {x}; is contractible with centre (x, rX #x).

(4) Each co-fan {x} 4 is contractible with centre (x, rx#x).

(5) Each of the functions idToEdge, ,:x=\ny - X~z y defined in Construction 32 is an
equivalence.

We shall refer to a univalent reflexive graph as a path object.
Proof. The equivalence of the stated conditions follows from Lemmas 31 and 34. O

Definition 36 (Univalent displayed reflexive graph). Let A be a reflexive graph. A displayed reflex-
ive graph B over A is called univalent when for each x : | A|, the component (Definition 12) B(x) is
univalent in the sense of Definition 35. We shall refer to a univalent displayed reflexive graph as a
displayed path object, regardless of whether the base A is univalent.

2.4 Path algebra in a path object

Edges in an arbitrary reflexive graph cannot be concatenated or inverted; when the reflexive graph
is univalent, i.e. a path object, the type of edges becomes (by Lemma 34) equivalent to the first level
of the canonical co-groupoid structure on the type of vertices, and as such brooks fully coherent
concatenation and inversion operations. We will need these operations only rarely — and indeed,
the central thesis of the theory of path objects in univalent foundations is that it is often possible
to avoid painful path algebra by very careful choices of path object structure.

Construction 37 (Path algebra toolkit). Given any path object A, we may construct the following
terms facilitating path algebra in A.

PiXRAYq YyNAazZEpraqixTaz
pixmaybpiiy~ax

pix~ay
Frunit, : pr arxay =x~ay P
Flunity : rxax: ap =x~qy P
Frsym,:p -ﬂp;ll =xaqx IXAX
lsym, : ' * Ap =ymay XAy

PIURAV, QI VRAW, T WRAX
Fassocpgr : (P aq) * AT =urax P #(q - ar)

Of course, there is no end to the possible combinators, so we have presented just a few
representative examples that we will make use of.

Lemma 38 (Pre-concatenation equivalence). For a path object A and an edge p : x =7 y, we have
a family of equivalences induced by pre-concatenation with p as below,

2| AlF(pra—)yRaz—>x~qz

with chosen inverse (p;{1 AT ) IXRAZ— YR A2

Proof. Simple path algebra using assoc, lunit, Isym, and rsym from Construction 37. O
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2.5 Univalent families and reflexive graph images
Definition 39 (Reflexive graph image). The reflexive graph image of a type A under a family of
types x : A= B(x) : type is defined to be the following reflexive graph A/B:
|A/Bl :=A
x~/py = Equiv(B(x), B(y))
rxa/px :=idnEquivg,,

Definition 40 (Univalent family of types). Let A be a type, and let B be a family of types indexed
in A. The pair (A, B) is said to be univalent when any of the following equivalent conditions hold:

(1) Foreach x : A, the type Z(y:A) Equiv(B(x), B(y)) is a proposition.

(2) Foreach x: A, the type Z(y:A) Equiv(B(x), B(y)) is a contractible.

(3) For each x,y: A the canonical map x =4 y — Equiv(B(x), B(y)) sending refl to the identity
equivalence is an equivalence.

(4) The reflexive graph image A/B is univalent.

Proof. For (1,2), inhabited types are propositions if and only if they are contractible. The
remainder is the “fundamental theorem of identity types” (Rijke 2025). O

One often refers to a univalent family of types (U, E) as a universe to emphasise that it may be
closed under various type constructors, efc.

Definition 41 (Propositional reflexive graph image). Let B(x) be a proposition for each x : A. The
propositional reflexive graph image of A under B is defined to be the following reflexive graph
A/_IB.'
|A/_1B| :=A
x~4/ 8y = (B(x) = B(y)) x (B(y) - B(x))
rXa/_,px = (Au. u, Au. u)

Observation 42. Let B be a family of propositions indexed in A. The pair (A, B) is univalent if
and only if the propositional reflexive graph image A/_;B is univalent.

Definition 43 (Univalent family of path objects). A univalent family of path objects is defined to

be a pair (U, &) where U is a type and A : U\ E(A) is a family of path objects in U such that the
reflexive graph image U/|E| is univalent.

2.6 Basic closure properties of path objects
Lemma 44 (Opposite path object). A reflexive graph A is univalent if and only if its opposite A°P

is univalent.

Proof. This is an immediate consequence of Lemma 31. g

Lemma 45 (Total path object). If A is a path object and B is a displayed path object over A, then
A.B is a path object.

Proof. Univalence is established as follows.

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 12 Nov 2026 at 18:56:40, subject to the Cambridge Core terms of use
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/50960129526100565


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0960129526100565
https://www.cambridge.org/core
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u: | ABl;so, 81 : {u}j;(_B Fso =ty 1
by reassociating and unfolding hypotheses
%, %0, X1 2 [ Al y 1 |B()], yo : 1B(x0)1, y1 + 1B(x)ls
Do 1 XA X0, P11 X A X1 4o 3}/%%)}/0,111 3}/%%1)’1
= ((x0, y0)> (P> 40)) =((x ), ,, (X1, 1), (P15 1)

as A is a path object and thus {x}j}( is contractible

x:|Aly 1B, yo 1 |1B(x0)l, y1 : 1B(x1)],
qo * Y FB(x) Y0, 41+ Y FB(x) N1
F ((x> yO)’ (er{.x, ‘ZO)) :{(x’y)};rl.B ((x>}/1)> (er{x, QI))

as B(x) is a path object and thus {y}zg(x

X1 | ALy 1B (), (A, X)) =y, (6 ), (Xax, Xgwy)
by reflexivity O

) is contractible

Observation 46 (Constant displayed path object). Let A be a reflexive graph and let 8 be a path
object. Then the constant displayed reflexive graph A* B over A is univalent.

Proof. This follows immediately, considering that we have (A*B)(x) =B for each x:|A| by
definition. 0

Corollary 47 (Binary product of path objects). If A and B are path objects, then so is A x B.
Proof. By Observation 22 and Observation 46. O

Definition 48 (Function extensionality). Dependent function extensionality is precisely the prop-
erty that for each type A and family B(x) of path objects indexed in x : A, the product [ ] ,.4) B(x) is
a path object. Likewise, non-dependent function extensionality states that for each type A and path
object B, the cotensor A th B is a path object.

Lemma 49 (Coproduct of path objects). For any type A and family B(x) of path objects indexed in
x: A, the coproduct | [(,.,) B(x) is a path object.

Proof. We establish the univalence condition as follows.

2D ey | BOO 0, 51 {u}ﬂ(x-A) B S s1

0 :{u}ﬂ(x:A) Bx)
by reassociating and unfolding hypotheses

X, X0, X1 :BA;y: 1B(x)|s yo : 1B(x0)], y1 2 1B(x1)l, po : X =4 X0, p1 : X =4 X1,
00 (po)} (_)I}/ R B(xo) Y0, 41 - (P1)«|B( =)y s(x) 11

= (G030 Qo do) =y, (G100 (1 00)

by based identification induction on (xo, po)
% x1 1Ay B yo 2 [B(x)], y1: [B(x1)], prix =4 X1,
q0 1Y X8(x) Y0, 41 (P1)«B( =)y Xs(x) y1

F ((XJ’O), (reﬂ) ‘JO)) :{(x’y)}ﬂ(x;,q) B0 ((x1>}/1)> (Pb QI))

by based identification induction on (x1, p1)
x: Ay |B(X)] o 1B y1: 1BX)] qo Yy Xs(x) Y0, 911 Y FB(x) N1
= (6 o), (refl, 40)) =) . ((e, y1); (refl, q1))

X)
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as B(x) is a path object and thus {y};m is contractible
x:A; 1 |B(x)| F ((x, p), (refl, rxgy)) =... (%, ), (refl, Xp(x)y))
by reflexivity O

Corollary 50 (Tensor of path objects). The tensor A - B of a path object B by a type A is a path
object.

Corollary 51 (Discrete path object). The discrete reflexive graph AA on any type A is univalent.
Proof. This is precisely the contractibility of singletons. O

Lemma 52 (Codiscrete path object). The codiscrete reflexive graph VA on a type A is univalent if
and only if A is a proposition.

Proof. Suppose that A is a proposition. Then univalence is established like so:

CA. . + —
x:A;s0,51 : {x}g 4 S0 =(a)t, 51
by reassociating and unfolding hypotheses
X, x0, X1 1 A (%0, %) =g+ (x1, %)
as A is a proposition
x:AF (x,%) =, (x, %)
by reflexivity O

Conversely, assume that VA is univalent. For any two x, y: A, we evidently have x:x~y, y
and thus [*ﬂ’éﬁ :x =4 y by Lemma 33.

Lemma 53 (Path subobject comprehension). If A is a path object and P(x) is a proposition for
each vertex x : |A|, then the comprehension {x : A | P(x)} is a path object.

Proof. Univalence is established as follows:
. . . + —
U 3 ey P30 51y pgy F 50 =t e !
by reassociating and unfolding hypotheses
%, X0, %1 ¢ | AL y : P(x), yo - P(x0), y1 2 P(x1), po : X Xzt X0, 1 2 X XA X1
l_ ((xO) yO)) (pO) *)) Z{(x’y)}?;c:ﬂW(x)) ((Xla)’l), (pl) *))

as A is a path object and so {x}} is contractible

x| ALy, yo, y1: PX) (%, y0), (ixax, %)) = ((x, y1), (KX, )

as P(x) is a proposition

x| ALy Plx) = ((x ), (xax, %)) = ((x, y), (rxazx, %))

by reflexivity O

3. Lenses of Reflexive Graphs and Path Objects

In this section, we are concerned with various kinds of families of ordinary reflexive graphs, and
how they give rise to certain naturally occurring displayed reflexive graphs.

3.1 Lenses of reflexive graphs
We introduce two dual kinds of lens of reflexive graphs.
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20 J. Sterling

Lemma 44 Lemma 45 CoRrROLLARY 47
A univalent A univalent B univalent over A A univalent B univalent
A°P univalent A.B univalent A x B univalent
DEFINITION 48 LeEMMA 49 CoroLLARY 50
dep. funext. x : A+ B(x) univalent x: A+ B(x) univalent B univalent
[1(x:a) B(x) univalent [ (x:a) B(x) univalent A - B univalent
DErINITION 48 LeMMmA 52
funext. B univalent CoroLLary 51 A proposition
A (h B univalent AA univalent v A univalent
Lemma 53 OBSERVATION 46
A univalent x :|A| + B(x) proposition B univalent
{x:A| B(x)} univalent A* B univalent over A

Figure 1. Summary of univalence lemmas for (displayed) reflexive graphs.

LeEmma 60 Lemma 61
x 1 |A| + B(x) univalent x 1 |A| F B(x) univalent
disp’; A univalent over A disp ;A univalent over A
LeEmma 65

Vi AlLpixrayE ivalent . )
bl ly_” f x~ay+B(p) univalen Figure 2. Summary of univalence lemmas for reflex-
disp7; A univalent over A ive graph lenses.

Definition 54 (Oplax covariant lens). Let A be a reflexive graph. An oplax covariant lens of reflex-
ive graphs over A is defined to be a family of reflexive graphs B(x) indexed in x : | A| equipped with
the following data:
%y Al p:x~ay ut|Bx)| - pushfu: |B(y)]
x: | Al u: |B(x)| - pushRxgu : pushyy ™ u ~ g u
Definition 55 (Lax contravariant lens). Let A be a reflexive graph. A lax contravariant lens of

reflexive graphs over A is defined to be a family of reflexive graphs B(x) indexed in x : | A| equipped
with the following data:

Xy [ALp:x~ay, u: 1By Fpullhu: |B(x)|

x: | Al u |Bx)| - pullRxgu : u gy pully™ u

In the context of Definition 54 or Definition 55, we will refer to B as a lens of path objects or a
univalent lens when each B(x) is univalent.

Definition 56 (Display of oplax covariant lenses). Let B be an oplax covariant lens over a reflexive
graph A. The (covariant) display of B over A is defined to be the following displayed reflexive graph
disp}'{B over A:

x: | Al |disph B|(x) := |B(x)]|

pixray,u:|BX),v: |BO)| Fu %Zisp;{B vi=pushhu~g,) v
x| Al u: | Bx)| F rx’éisp}lgu := pushRxgu
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Definition 57 (Display of lax contravariant lenses). Let B be a lax contravariant lens over a reflex-
ive graph A. The (contravariant) display of B over A is defined to be the following displayed
reflexive graph disp 2B over A:
x: Al F |disp £ B(x) := |B(x)]
prx=ay,u:|Bx)|,v:|By)| - u %Ic)lisp;{B VIEURgy) pull%v

x: A w1 Bx)| Forx®

— X
disp B = pullRxgu

Computation 58 (Components of the display of oplax covariant lenses). Let 8 be an oplax covari-
ant lens over a reflexive graph A. For any x: |A|, the component (dlsp B)(x) is precisely the
following:

|(dispB)(x)| = |B(x)]
UR(disphB)x) V= pushy; ™ u ~g( v
X gisp, B) () 4 = pushRxgu
We likewise have the following description of fans:

{u)

(dispB)(x)

= {pushrxﬁxu}g(x)

Computation 59 (Components of the display of lax contravariant lenses). Let B be a lax con-
travariant lens over a reflexive graph A. For any x : |Al, the component (disp ;B)(x) is unfolds as
follows:

|(disp 2 B)(x)| = |B(x)]
~ _ ~ rx

U (dispz8)(x) ¥ = U TBx) PU“BNV
MX(disp8)(0 4 = pullRxgu

We have the following description of co-fans:
_ XAxX —
4} dispz gy = 1PUlls ™ Ul
Lemma 60 (Display of oplax covariant lenses of path objects). Let B be an oplax covariant lens
over a reflexive graph A. If each B(x) is univalent, then the display disp}'{B is univalent.

Proof. We must check that each component (dlsp B)(x) is univalent. It suffices to check that for

each u : |B(x)|, the fan {u} is a proposition. By Computation 58, we have { ny

(dispB)(x) (disp5B)(v) —

a7yt B(x)» Which is a proposition by our assumption that B(x) is univalent. O

{pushg

Lemma 61 (Display of lax contravariant lenses of path objects). Let B be a lax contravariant lens
over a reflexive graph A. If each B(x) is univalent, then the display disp ;B is univalent.

Proof. Analogous to Lemma 60. O

3.2 Unbiased dependent lenses

In this section, we describe a slightly strange technical device that generalises both oplax covariant
and lax contravariant lenses that we name the unbiased dependent lens. The reason for introducing
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22 J. Sterling

these is to characterise the identity types of structures involving mixed variance (including, for
example, the type of reflexive graphs!).

Definition 62 (Unbiased dependent lens). Let A be a reflexive graph. A unbiased dependent lens
over A is defined to be a family of reflexive graphs B(p) indexed in edges p : x ~ 7 y equipped with
the following data:

%y |ALpix=ay, u: |B(rxax)| - lext‘%u: |B(p)|
Xy | Aprx=ay,u: |B(rxay)| - rext%u: |B(p)|

x| Al u | Blrxax)| - extRxgu : lexty™ u Ag( ) rexty ™ u

x| Al u | B(rxax)| F rextRXgu : u X g ) rextgﬂxu

Definition 63 (Display of unbiased dependent lenses). Let B be a unbiased dependent lens over a
reflexive graph A. The display of B over A is defined to be the following displayed reflexive graph
dispj;{ over A:

x: | A - |disp5BI(x) = |B(rxax))|

prx=ayu:|Bx)|,v:|By)|tu %disp;pﬂ V= lext{;u X B(p) rext{;u

x:|Al,u: |Bx)| - M gispt*pt 1= extRxgu

Remark 64. Only extRxzu was needed to define the display of unbiased dependent lenses,
whereas the lax unitor u Xg(ry 4x) rextgﬂxu played no role. The reason for including the latter is
that it is required in order for univalence of each B(p) to imply univalence for the display disp;.
Naturally, univalence would also follow if we instead included an oplax unitor lexthu R B(rxax) U
What we must not do is include both Iext%u R B(rxax) Y and U X g(rx 4x) rextgﬂxu, as we intend
the type of fiberwise univalent unbiased dependent lens structures on a family of path objects
over a path object to be a proposition. This situation is somewhat similar to that of half-adjoint
equivalences in homotopy type theory being coherent only by virtue of omitting one of the snake
identities, which can be obtained from the other. Of course, our current situation in the world of
reflexive graphs is a bit different as we cannot obtain the lax unitor from the oplax unitor and vice
versa: as these unitors play no computational role, however, we will let it slide.

Lemma 65 (Display of unbiased dependent lenses of path objects). Let B be a unbiased dependent
lens over a reflexive graph A. If each B(x) is univalent, then so is the display disp;.

The following Construction 66 shows that unbiased dependent lenses generalise both oplax
covariant and lax contravariant lenses up to definitional equality.

Construction 66 (From biased to unbiased lenses). Let A be a path object.

(1) Any oplax covariant lens B over A induces a unbiased dependent lens [B]f over A such

that disp ;8 = disp%; [B]F definitionally:

pix~ayk [Bli(p) :=B()
A . P — p
pix~ay u:|Bx)| leXt[B]fu := pushgu

prx=ayu: Byl rext’ LJU=U
(B
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. . X — X
x:|Al,u:|Bx)| extRx[Bﬁu := pushRxgu
x| Al u | B(x)| F rextRXY 4 4 1= rXg(x)u
(B
(2) Any lax contravariant lens 8 over A induces a unbiased dependent lens [B] over A such
that disp ;B = disp}:[ (B])F definitionally:
pix=ayk [B]j_t(p) = B(x)
prx=ay,u:|Bx)| lexth]iu =u

prx=ay,u:|By)|F rext‘[)B]

x| Al u: |Bx)| F extRxfBEu := pullRxzu

LU= pull%u
x| Al u: |Bx)| - rextRx’[‘BEu := pullRxzu

Computation. We compute the displays as follows.
|disp[B151(x) = [[B]5|(mxax) = |B(x)| = |dispBI(x)
|dispE (811 (x) = [[B1E|(rxax) = |B(x)| = |disp ;8] (x)

u %Zisp;[s]f v= lextl[)g]iu N8 (p) rextl[’Bﬁv = push{;u Ngy) U=Uu %Zisp;za v

u %Zispf;([ﬂ]f y= lext}[)BEu ~I81% () rextI[JB]iEv = URg(y) Pull%v =u %Ic;isp;(B
rx’éisp;[gﬁu = extRx’[‘Bﬁu = push‘;u = rx’éisp;Bu

rXZisp;[B]f” = extRx’[‘B]fu = pull%u = rx’éisp;‘Bu O

3.3 Duality involution for reflexive graph lenses

We have seen in Definition 26 and Observation 27, the duality involution for reflexive graphs
that flips the direction of edges. This involution hosts a (definitional) equivalence between the
types of oplax covariant and lax contravariant lenses, respectively. By virtue of this equivalence,
from a result about all oplax covariant lenses one obtains automatically a dual result about all lax
contravariant lenses.

Definition 67 (Total opposite of alens). Let A be a reflexive graph, and let B be an oplax covariant
lens of reflexive graphs over AA. We define the total opposite of B to be the following lax contravariant
lens B°P over A°P:

B% (x) := B(x)°P

pull};ﬁ,u = pushPBu
pulle’éﬁ,u := pushRxgu

Conversely, if B is a lax contravariant lens, we define its total opposite to be the following lax
contravariant lens B°P over A°P:

BOP(x) := B(x)°P

push;ﬁu = pull%u

pushRX%ﬁ,u := pullRxzu
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24 J. Sterling

The purpose of total opposites is to exhibit a duality involution identifying oplax covariant and
lax contravariant lenses.

Observation 68 (Duality involution for lenses). By virtue of Definition 67, we see that an oplax
covariant lens over A is precisely the same thing as a lax contravariant lens over A°P; and, con-
versely, that a lax contravariant lens over A is precisely the same thing as an oplax covariant lens
over A°P.

Lemma 69 (Display of total opposites). Let B be an oplax covariant lens of reflexive graphs
over a reflexive graph A. Then, we have a definitional equivalence disp 4op (B%) = (disp}'[B){’b

of displayed reflexive graphs.

Proof. We compute explicitly.

|disp 00 (B°P) (%) |(dispB)°P|(x)

by Definition 57 by Definition 28
= |8 ()| = |disp ;81 (x)
by Definition 67 by Definition 56
= [B(x)°P| =|B(x)|

by Definition 26
= [B(x)]

Np:x%ﬂopy

=u %3(y)op push%v
by Definition 26
push%v Rg(y) U

Ndisp;iop (8%P)
by Definition 57

— A o~ 4

=u N‘BOP(}’) pUHBGbV -y Qﬁp;y%ﬂx v

by Definition 67 — 7 disph8
DX gopy by Definition 56

~(dispt,8)58 ¥

— oush’y
by Definition 28 = pushigy ~sg()) u

rx* ~ U rx* —U
disp 0p (B°P) (dispH;B)%P

by Definition 57

by Definition 28

— — ryX
= pul!Rx;aﬁu = rxdisp;Bu

by Definition 67 by Definition 56

= pushRxju = pushRxju O

Corollary 70. Let B be a lax contravariant lens of reflexive graphs over a reflexive graph A. Then,
we have a definitional equivalence disp}'[op (B°P) = (disp ,B)°P of displayed reflexive graphs.

Proof. By Lemma 69 via duality (Observation 68). O

Although many other definitions can be obtained directly by duality, we will continue to specify
various concepts and results for both oplax covariant and lax contravariant lenses in order to
facilitate easy reference.

3.4 Definitional lenses of reflexive graphs

An (oplax covariant, lax contravariant) lens equips a family with a pushforward or pullback oper-
ator together with a witness of a unit law holding up to a directed edge. That the unit law holds
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only up to an edge is the meaning of the “oplax/lax” terminology. An important class of lenses are
the ones in which the unit law holds up to definitional equality, so that the oplax or lax witness
or the unit law can be given by the reflexivity datum of the component reflexive graph. We study
these definitional lenses in the present section, with an eye to developing the theory of polynomials
and partial products of lenses in Section 3.4.4.

Definition 71 (Definitional lens). A definitional covariant lens is an oplax covariant lens B over
A in which the following equations hold definitionally:

x: | Al u: |Bx)| - pushg ™ u=u
x| Al u:|B(x)| - pushRxgu = rxgu

By the same token, a definitional contravariant lens is a lax contravariant lens in which the
following equations hold definitionally:

x: Al u: |BG)| - pully u=u
x: | Al u st |B(x)| F pullRxgu = rxgu

Remark 72. We note that Definition 71 must be understood “metatheoretically” or “judgmen-
tally”, because definitional equality cannot be stated as a type in Martin-Lo6f type theory. One
way to formalise this would be by means of a conservative extension such as two-level type the-
ory (Annenkov et al. 2017); we remain agnostic and treat Definition 71 as a definitional extension
of the judgements of Martin-Lof type theory rather than as a type.

Example 73 (Definitional lenses over discrete reflexive graphs). Let B(x) be a family of reflexive
graphs indexed in x: A. Then we may turn 8 canonically into an oplax covariant lens or a lax
contravariant lens over the discrete reflexive graph AA as follows using transport:

Xy Asprix=ay,u:|BX)| push%u = pau
Ny Apix=ay,u: By pull%u :Epglu

The total reflexive graph of the display of 8 qua covariant lens is then definitionally equal to
the coproduct [ ](,.,) B(x) from Definition 19.

Computation 74 (Display of definitional lenses). The display of definitional lenses is, naturally,
more simple than that of ordinary lenses. If 8 is a definitional covariant lens over A, its display
computes as follows:

|dispBI(x) = |B(x)|

PR P
N ysptp Y = pushygu ~g() v

X —
erisp}}B“ = IXg(x)U
Likewise, if B is a definitional contravariant lens, its display computes as follows:

|disp 2 B|(x) = |B(x)|

PR P
U fpog ¥ = 1B pullgy
X j—
X gispr st = X001
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3.4.1 Example: definitional lenses from univalent families
Example 75 (Definitional lenses of from univalent families). Any univalent family of path objects
has a canonical definitional lens structure. In particular, given a univalent family of path objects
(U, &), we can equip & with the structure of a covariant and a contravariant lens over the reflexive
graph image U/&:
Aoy AL Usf : Ag~yss Arsa: |E(Ao)| F pushia := fa
Ag, A1 Usf i Ag~yjg A a: |E(A;
A:Usa:|EA
A:Usa:|EA)|F pullega = IXga)a

)
)= pulléf;a =f"la

)| - pushRx2a := rxg(a)a

)

Example 76 (Definitional lenses from universes). Any univalent family of types (U, E), e.g. a
universe, determines a univalent family of path objects (U, AE). In this case, U/|AE| = U/Eis pre-
cisely the canonical path object structure on U determined by equivalences between components

of E, and we may consider the corresponding definitional lens structures on AE by specialising
Example 75.

Example 77 (Definitional lenses from subuniverses). Let (U, &) be a univalent family, and let
P(A) be a proposition for every A: U, We can restrict & to a family of path objects Ep over
{A:U/|E| | P(A)} setting Ep(A, h) :=E(A). Then Ep can be equipped with the structure of a
definitional covariant and contravariant lens over U/|&| in the following way:

A,B:[{A:U/|E| | P(A};f : A~y)g B, x: |E(mA)| = pushépx =fx

A,B:[{A:U/IE| | P(A)}); f : A~y B, x : |E(m B)| = pullépx :Ef_lx
A:[{A:U/|E|| P(A)}], x: |E(m A)| - pusthgpx = IXg(m A)X
A:[{A:U/|E|| P(A)}], x: |E|(m 1 A) - pulle‘ng = IXg(rA)X

3.4.2 Example: definitional lenses for finite ordinals
For each n: N, let #(n) be the following path object with vertices in the standard finite set with n
elements:

F(n):={i: AN|i<n}

The reflexive graph image of N under ¥ is not univalent because N is a set and thus each
m =N n is a proposition, whereas there is a proper set of equivalences from F(m) to F(m) for
m > 2. Therefore, we cannot apply Example 75 nor Example 77 to obtain a good definitional lens
structure on 7. Nonetheless, we can impose with some ingenuity a more restricted path object
structure on N over which it is not difficult to exhibit ¥ as a definitional lens.

Example 78. We may classify the augmented simplices by the following reflexive graph structure
A, with vertices in the natural numbers and edges given by monotone equivalences between finite
ordinals:

|Aql:=N

MR p, 1= Y pequiv(Fim) 7)) SMonotone f
XA N = (1|7r(”)‘, idnMono)
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We shall deduce that Example 78 yields a path object, using the fact that the category of aug-
mented simplices is gaunt in the sense that there is at most one monotone isomorphism between
any two finite ordinals.

Lemma 79 (A path object classifying augmented simplices). The reflexive graph A, of augmented
simplices is univalent.

Proof. Fixing m: N, we must check that the fan {m}Zu is a proposition. Unfolding definitions,

we have {m}Zu = D () 2_(f:Equiv(Fm)l,[Fom ) ISMonotone f. As there can be at most one mono-

tone equivalence between |F(m)| and some |F(n)|, it remains only to observe that |¥(n)| being
equinumerous with |7(m)| implies m = n. O

Example 80 (Definitional lens structure of finite ordinals). We may exhibit definitional covariant
and contravariant lens structures on ¥ over A, like so:
CN <\ . (Ff=). . _
m,n:N; (f,f ).mNAun,z.l?'(m)H—push(F ii=fi
mn:N; (f,f3):im~p, ni:|Fln)| - pullg’fs)i =fl
m:N;i:|F(m)| - pushRXZi := X
m: N; i |F(m)| = pullRXEi := rXgm)i

3.4.3 Definitional replacement of lenses

We have seen that in some examples of definitional lenses, the reflexive graph structure on the
base required some ingenuity. In this section, we describe a general method to reparameterise any
lens as a definitional lens over a different base.

Construction 81 (Flattening of lenses). Let 8 be an oplax covariant or lax contravariant lens of
reflexive graphs over a reflexive graph A. We may equip |A| with a new reflexive graph structure
ﬂirB or A\ g, respectively, called the flattening of B onto A.

ATl = | A

~ — V2
XXt V1= Dpixmay) 20018091~ 180)) | Lwise) PUSHgt ~s0) p'u

I’Xﬂjﬂx = (rXax, 1|8« pusth’fB)

A4l =14
XX, Y= Dpmay) 20018001~ 180D 11z Pt >80 pullzu
rxﬂIBx := (XX, 184, pullRxg)
Lemma 82 (Flattening of lenses of path objects onto path objects). Let B be an oplax covariant

or lax contravariant lens of path objects over a path object A. Assuming function extensionality, the
flattening of B onto A is univalent.

Proof. We consider only the covariant case, as the contravariant one is similar. Fixing x : |A|,
we must check that the fan {x};+ is a proposition. First, we compute the fan up to definitional
18
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equality:
+ _ ~
{x}:ﬂirg = Z(y:&’l) x T ALy Y

_ P /
= () 2 (prxry) 2= (0180 80))) | L Bo)) PUShgtt Xsy) p'u
_ P

= 2 () 2prxrey) 2= (1B 1803)) PUSH'g X8 1ms(y) P’

_ P+

=2 () 2oy (PUShgl iz ha)

As each B(y) is univalent, we deduce from function extensionality that the cotensor |B(x)| th
B(y) is univalent. Therefore, each fan {pUSh%}r%(erhB(y) is contractible and so we have the
following equivalences:

+
s, = Lap L) {pushiz} 50

=) XAy
= {x};

As A is assumed to be univalent, {x};;[ is a proposition and thus so is {x};IB. O

Construction 83 (The definitional replacement of a lens). Let 8 be an oplax covariant lens of
reflexive graphs over a reflexive graph A. The covariant definitional replacement of B is defined
to be the following definitional covariant lens drep;B over the flattening ﬂjB with B as its
underlying family of reflexive graphs.

(drepHB)(x) := B(x)

®.p")

)
drepj;,Bu =pu

push
On the other hand, if B is a lax contravariant lens of reflexive graphs over a reflexive graph

A, we define the contravariant definitional replacement of B to be the following definitional
contravariant lens drep 28 over the flattening A :

(drep 2 B)(x) := B(x)

IPP)

—
puldrep gU=pu

3.4.4 Polynomials and partial products of reflexive graphs

Any family of types x:AF B(x):type induces a polynomial type operator P4(C,B):=
YA By G the universal property of PA(C, B) is that of a partial product (Dyckhoff and
Tholen 1987). In this section, we generalise the construction of polynomials to lenses of reflex-
ive graphs; the definitions of the polynomial reflexive graphs will then mirror the description of
covariant and contravariant partial products in a 2-category (Johnstone 1993, 2002). We then
show how to specialise the construction of polynomials to obtain suitable path object structures
on the partial map classifier of a given dominance as in synthetic domain theory (Rosolini 1986).

In this section, we assume function extensionality.

Construction 84. Let 5 be a definitional covariant lens of reflexive graphs over a reflexive graph
A, and let C be an arbitrar X reflexive graph. Then, we may define a definitional contravariant
lens of reflexive graphs pp4(C, B) over A by setting each (ppﬂ(C B))(x) := |B(x)| MC. The
definitional contravariant lens structure of pp ﬂ(C B) over A is defined from the definitional
covariant lens structure of 8 by precomposition like so:
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%5y | ALprx=ay;c|B(y)|— |C|

14 — p
[ pullpp}((ag)c :=co pushy

Construction 85. Let B be a definitional contravariant lens of reflexive graphs over a reflex-
ive graph A, and let C be an arbitrary reflexive graph. Then, we may define a definitional
covariant family of path objects pp 4(C, B) over A by setting each (pp 4(C, B))(x) := |B(x)| M C.
The definitional covariant lens structure of pp 4(C, B) over A is defined from the definitional
contravariant lens struture of 8 by precomposition:

%y |Alpxay;c|B(x)| —|C|
p

[ pushpp;((c’g)

— P
c:=copully

Definition 86 (Partial products of definitional lenses). Let B be a definitional covariant lens of
reflexive graphs over a reflexive graph A. Then the covariant partial product of a reflexive graph C
with B over A is defined to be the following total reflexive graph:

P a(C, B) := Adisp 4(pp;(C. B))

When B is a definitional contravariant lens, we define the contravariant partial product of C
with B over A as follows:

P A(C, B) :=AdispH(pp4(C. B))

Computation 87 (Covariant partial product). The covariant partial product of a reflexive graph
C with a definitional covariant lens of reflexive graphs B over a reflexive graphs A computes as
follows:

1PH(C, B) =P (ICl, 1B)
(x) C) %P;(C)B) ()/) d) = Z(p:x%ﬂ},) l_[(u:B(x)) cau=xc d(push%u)

rXP}'I(C,B) (x, ¢) = (rxax, Au. rxe(cu))

Computation 88 (Contravariant partial product). The contravariant partial product of a reflex-
ive graph C with a definitional contravariant lens of reflexive graphs 8 over a reflexive graph A
unravels up to definitional equivlance as follows:

1P 4(C, B)| =P A /(IC], |B])
(%, ¢) %p;{(c,z;) (. d)= Z(p:x%g{y) H(u:B(y)) C(pu“%u) ~c du

Mp- (c,8) (% €) = (MXax, Au. rXc(cu)

Example 89 (Partial map classifiers). A dominance in the sense of Rosolini (1986) is a univa-
lent universe (X, T) closed under the terminal type and internal sums such that for each ¢ : X,
the component T(¢) is a proposition. In this case, we may equip each T(¢) with the codis-
crete path object structure V(T(¢)) so that (X, VT) is a univalent family of path objects and VT
has definitional covariant and contravariant lens structure over the propositional reflexive graph
image ¥ /_1T.

The partial map classifier of a given type A in the dominance (X, T) is the polynomial type
Py(AT)=) (45 n(p:T(¢)) A. A suitable lifting of the partial map classifiers to path objects A
can be obtained by means of covariant or contravariant partial products:

AL =Py, ((AVT)  A=Py, (A VT)
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We compute the above reflexive graph structures as follows:
(AL = AL =P (A, T)
(@) Xt (V> 0) = 2 g9y xw—o) [wrigy a4 ~a blpu)
(@) X (02 0) =3 pgr:to— vy x(w—a) () 3(qu) a bu

Mg+ (p,a)= M. (¢, a) = (Au. u, Au. u), Au. rxg(au))

Example 90 (Lists). A simple example of a polynomial type operator is that of lists: letting F(n)
be the standard finite type Z(,-:N) i < n, we may define List(A) := Pn(A4, F). This representation of
lists lifts to path objects by means of partial products via our account in Section 3.4.2 of the path
object A, classifying finite ordinals and the definitional lens # of elements of a given finite ordinal.
In particular, for any path object A, we consider the following covariant and contravariant partial
products:

List"(A) ;=P (A,F)  List™(A) :=P, (AF)
These reflexive graphs compute as follows:
|List™ (A)| = |List™ (A)| = List(A) = Y. [pey A
(m, @) Rjser ) (1 0) = X2 (1, p=)mmep,m) [ ipomy @i~ ()
(m, @) X i) (1. 0) = 31, p=ymmn, ) [iipony a(f1) 2 bi
rxList+(ﬂ)(m, a)= rxList—(ﬂ)(m, a)= ((idnEquivF(m), idnMono), Ai. rx#(ai))
Buchholtz (2023) has shown how to use the classifying space of the symmetric group on two

elements to define several variations on unordered pairs in univalent foundations. In what follows,
we assume the existence of propositional truncations ||—||.

Example 91 (Homotopy unordered pairs (Buchholtz 2023)). Let (U, E) be a univalent universe
containing the two-element type 2; following Buchholtz (2023), we may define the “classify-
ing type” BX; to the type of U-small types merely equivalent to 2 as follows, i.e. we define
BY, = Z(X:U) |[Equiv(E(X), 2)||. We define a decoding family K : BX; I E»(K) : type by setting
E»(X, h) := E(X). Then, op. cit. defines the type of homotopy unordered pairs in a type A to be the
following polynomial type:

hUP(A) :=Ppsx, (A, E2) = 3 kpxy) [ im0y A
A suitable path object structure on BY; is obtained by path object comprehension:
B%, :={X:U/E| |Equiv(E(X), 2)}

Then, E; lifts discretely to a definitional covariant and contravariant lens & of path objects over
BY, by Example 77, setting E,(K) := A(Ez(K)). A suitable path object structure on homotopy
unordered pairs is then obtained by either covariant or contravariant partial products:

hUPT(A) := 70;;22 (A, &) hUP™(A) := Py (A, &)
These reflexive graph structures compute as follows:
|hUPT (A)| = [hUP~ (A)| = hUP(|A|)
((L, hp), @) ~pypt ) (K> hi)> 0) = 3 r-equiviewy ey 1leay) 9 ~a b(fi)
((L, ), @) Xpyp-(ay (K> hi)s ) = 3 requiviewy, ey 1 iea) a(f) ~a bi
rthP+(ﬂ)((K, h),a) = rthP—(ﬂ)((K, h), a) = (idnEquivgg, Ai. rXa(ai))
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3.5 Coherence in the theory of path object lenses

Lemma 92. Assuming dependent function extensionality, it is a proposition that a given reflexive
graph is univalent.

Proof. Let A be a reflexive graph; a witness that A is univalent is an element of the following
product:

[T ) iSProp {x} 5

As being a proposition is a proposition, this is a product of propositions. Dependent function
extensionality implies the closure of propositions under products. O

Lemma 93. Let A be a reflexive graph, and let B be a displayed reflexive graph over A. Assuming
dependent function extensionality, it is a proposition that B is univalent.

Proof. Univalence of 8 amounts to the following product:
H(leﬂl) isUnivalent (B(x))

By dependent function extensionality, it suffices to check that each isUnivalent (B(x)) is a
proposition; but this is Lemma 92. O

Lemma 94. Let A be a path object and let B be a family of path objects over A. Assuming dependent
function extensionality, the type of oplax covariant lens structures on B over A is a proposition.

Proof. We first write out in detail the type of oplax covariant lens structrures on 5:
2 (@M ymy Mgy B = 180D iz Taysean @ % () u X u
By the distributivity of products over sums, the above is equivalent to the following:
i) 2@y T 80— 18000 Haiseop P x (%) u g u

By dependent function extensionality, it suffices to assume that for each x : |A| the following
type is a proposition:

2@y Mo 1B = 180 Ty @ % (Mxax) v~y u
Re-associating, the above is equivalent to:

2Ty B 18000 T @ 06 P~

By our assumption that A is univalent, we know that {x} ; is contractible with centre (x, rx#x).
Therefore, the above is equivalent to the following simplified type:
218001~ 800) [ Laiseon 4~ 800 4

The above is definitionally equal to the co-fan of the identity function in |B(x)| h B(x) as we
can see below:
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2 (@180~ 18N | L 1seo) P 480 U
=D (0:18(0)|— 18w P FIBWINBw) (Au. u)
= {Au. u}z_g(x)

This co-fan is indeed a proposition, as we have assumed that each B(x) is univalent. O

Lemma 95. Let A be a path object and let B be a family of path objects over A. Assuming dependent
function extensionality, the type of lax contravariant lens structures on B over A is a proposition.

Proof. Analogous to Lemma 94. O

Lemma 96. Let A be a path object, and let B(p) be a path object for each edge p: x~ 7y in A.
Assuming dependent function extensionality, the type of unbiased dependent lens structures on B
over A is a proposition.

Proof. The type of unbiased dependent lens structures on B over A can be written as follows:

Z(d):]_[(x’y:m‘) ]_[(p:x%ﬂy)\i‘?(x,x,rxﬂxﬂﬁ|B|(x,y,p))

2T Ty T s B0 = 815

( H(x:l:ﬂl) n(u:lB(x,x,er[x)\) P x x (Xax) u R Brxmax) Y XX (rxsax) u)
X ( n(x:\&’ll) (u:] B(x,x,rx7x)|) U R B(x,x,rx4X) W oxx (ng,qx) M)

Considering the distributivity of products over sums, it suffices by dependent function
extensionality to prove that for each x : |A|, the following type is a proposition:

2@ Ty oy 1B [B1(57,0))

(\Ill_[(y‘;}”) H(P;X*Nvﬂy) |B()’,}’,rx.ﬂ}’)|ﬁ \ﬂ(%}hp))
( H(u:|8(x,x,rxﬂx)\) ® x x (rxax) u X B(x,x,X 7%) W x x (rxax) u)
x ( l_[(u:IB(x,x,er[x)\) U R B(x,x,rx7%) W x x (rxax) u)

We re-associate to expose various fans in A:

Z(QJ:]_[(( )IB(x,x,rxﬂx)\—>|B|(x,y,p))

)Xy
2T gy 1 B XA | 5157

(T B P X x (XAX) U Fg(xman ¥ x x (Xax) u)
x ( n(u:|8(x,x,rxﬁx)\) URGxxmax) Y XX (Xax) u)

As A is univalent, the fan {x}; contracts onto (x, rx#x) as reflected below:

Z(¢:|B(x,x,rxﬂx)\—>|B(x,x,rxﬂx)\)
(W:|B(x,x,rx7x) | — | B(x,x,rX 72x)|)

( H(u:|B(x,x,rx;|x)\) D UG xmar) ¥ u)

x( (B xrxax)]) Y R B(xxmxax) Y u)
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The above is definitionally equivalent to the following:

Z((D: |B(x,5,r X 7x) | — | B(x,x,rX 7))

(W:|B(x,x,rx7x) | — | B(x,x,rX 7))
X ((I) %|B(x,x,rxﬂx)|mB(x,x,er:(x) v
X ((Au. u) R B, x,rx2x) M B(x,x,rX 7X) v)

We can re-associate the above as follows:

Z(tbs |B(x,x, X 7x) | — | Blx,x,rx 7))

i) +
(W) 0ttt g oy ) B o))
P R B(x,x,rx7x) [N B(x,x,rX A7 X) v

As B(x, x, rxza) is assumed to be univalent, so is its cotensor by |B(x, x, rx#x)|; thus, the fan of
Au. u in the cotensor contracts to (Au. u, Au. IXg(xx,rxz)1):

Z(‘b:‘B(X,X,er{X)l—)‘B(X,X,rXﬂX)l)
P 2 B(x,x, % 7x) | MB0x, X 7.X) AU U

The above is just the co-fan {Au. U} 80w ) VB erx ) which is a proposition because
B(x, x, rX#x) is assumed univalent. O

4. Case Study: Path Objects Classifying Reflexive Graphs

In this section, we assume dependent function extensionality. Let (U, E) be a univalent family in
the sense of Definition 40 so that the reflexive graph image U/E is univalent. Given A : U, we will
write A : type in place of E(A) when it causes no confusion.

4.1 Classifying reflexive graphs

Construction 97 (A univalent lens for graph structures). A U-small graph structure on A : U is
given by a vertex of the path structure GphOny;(A) := A th A th U/E. We shall equip GphOn; as a
oplax covariant lens of path objects over U/E as follows:

Ag, Ay U;f: Equiv(Ao,Al),E:Al —- A > Uk

PUShZ on, E 1 Ao — Ao — U

pushéphOnUE xy:=E(fx) (fy)

A:UE:A->A—- Uk
idnEquiv
pushRXGyhon, E - pushGphgnU"E AGphony(4) E

A
pUShRXGphOnUE = IXgphony(4)E

Computation 98 (A path object classifying graphs). Thus, we obtain a path object classifying
U-small graphs by taking the total path object of the display of the oplax covariant lens GphOny;
over U/E, defining Gphy; := (U/E).disp(_]/EGphOn y- Unraveling definitions, we see that its
underlying reflexive graph structure is precisely the natural one that would arise from invertible
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graph homomorphisms:
IGphyl=>(4pyA—>A—>U
Go ~aphy G1 = 2_(:equivGoli ) [eeyigo) EQUIVIX ¥, 3. fr g, fy)
MXGph, G = (idnEquiv|g, Ax, y. idnEquivxwgy)
Given f:Go ~eph, G1, we will write |f]:Equiv(|Gol, |G,]) for the first component and
= n(x»}’i|§0|) Equiv(x ~g, 5, | flx~g, | fly) for the second component.

In order to classify reflexive graphs, we naturally wish to define a further lens over Gphy; whose
components classify reflexivity data on a given graph. Unfortunately, due to the mixed variance of
reflexivity data in the underlying graph, it seems we can find neither a suitable lax contravariant
nor oplax covariant lens for reflexivity data. It happens, however, that the desirable displayed path
object over Gphy; arises via Lemma 65 from a particularly simple unbiased dependent lens that we
now define straightaway.

Construction 99 (A univalent unbiased dependent lens for reflexivity data). A reflexivity datum
over an equivalence of U-small graphs f : A=~gph , B is given by an assignment of self-edges in
the image of f; these are the vertices of the following family of path objects:

A, B:|Gphy s f : A=xgph, B

RxOny(f) :=[1(yay AU flx =g | flx)

When instantiated to the reflexivity datum in Gphy; on a specific graph A, we recover the usual

notion of reflexivity data up to definitional equality:
RxOny (rXgph, A) = H(leﬂl) Alx~ g x)
We now equip RxOny with the structure of a unbiased dependent lens over Gphy;:

A, B:|Gphy s f : A=gph, Birxa : IRXOny (rXgph, A)| F

lextyyon, X : [RXONU(f)]

lext]RCXohUrx;{ =Ax AL xx (rXax)

A, B:|Gphyl; f: AXGph, Birxg 1 [RXONy (rXgph, B)| =

rextJR(XoﬂUrm :[RxOny(f)|

rextJR(XoﬂUpr = x| Al rxg(] flx)
The laws of the dependent lens hold definitionally, so we are done!

Computation 100 (A path object classifying reflexive graphs). A path object classifying U-small
reflexive graphs is obtained from the display of the unbiased dependent lens RxOny over Gphy,
by setting RxGphy; := Gph U.dispéphU. It is not difficult to see that the underlying reflexive graph

of RxGphy; is precisely the desired one:
IRXGPhy| = 3 (g:16ph, [Tixign ¥ 6 *
Ao rephy At = D o(r:gmgpny A [eiaoh S~ %% (KioX) =g, 71 X (1 f1%)

MXRxGphy A = (MXgph, A, Ax : | Al refl)
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Given f : Ay Arecph,, A1, we will write f: A ~gph, A for the first component and ™
]_[(leﬂol)f“ X x (X7, %) =|f v~ [f1x XA (| f]x) for the second component.

4.2 Classifying displayed reflexive graphs over a fixed base
In this section, let A be a fixed reflexive graph.

Construction 101 (A lens for displayed graph structures over a fixed family of displayed vertices).
We shall define a lax contravariant lens over |A| h U/E classifying displayed graph structures on
a fixed family of types representing displayed vertices.

B: |A| — Uk DGphOn{i(B) := [T, a0 (X ¥ y) h Bx h By h U/E

We equip the family of path objects above with the structure of a definitional contravariant lens
over |A| M U/E as follows:

Bo, By : |A| — Us f : Bo ~aymuye Bis E : IDGphON{ (By)| +

f . A
pullDGphOn{I{E. |[DGphONY; (By)|
pullJD[GphOn{]{E =Ax, ¥, p, U, v. Exy p (fxu) (fyv)

Computation 102 (A path object for displayed graph structures over (A). From the dis-
play of DGphOn“Z‘ over |A|MU/E, we obtain a suitable path object DGphZ‘ = (Al h
U/E).disp, 4/1,yy,£DG phOn? classifying displayed graph structures over A.

IDGPh{| = 3511 v) oy (¢~ y) th Bxth By h U/E
Bo Xpgphn Br=

2 ([ oy EquivBol B )

Heyian Hpmman Haigom Hoison

Equiv(u %‘Zgo v, fxu %‘%1 fxv)
rxDGphﬁB = (Ax. idnEquile‘x, AX, Y, P> U, V. idnEquivu%%v)

Construction 103 (A univalent unbiased dependent lens for displayed reflexivity data). Next, we
exhibit a unbiased dependent lens classifying displayed reflexivity data on a given displayed graph
over A. In particular, we specify a family of path objects DRxOny: over the edges of DGphf} in the
following way:

Bo, By : IDGphT|; £ : By Rpepht B1 -
DRxOnf}(f) = l_[(x:\.?ll) l_[(y:|80|x) A(| flxy %glﬂx [ flxy)

Along the diagonal we recover the desired notion of displayed reflexivity data:

A — ~
DRXO”U(rXDGphf}B) = n(x:Lﬂ\) 1_[()/:|Z3|x) Aly Ngﬂx ¥)
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The dependent lens structure is given in such a way that the laws hold definitionally:

By, By : |IDGphT|; £ : By Rpepht B3 X, ! |DRxOnf]‘(rxDGph§BO)| =

lexthxon? rXg, : |DRxOn{d]‘(f)|

lethRxonf,' Xy = AX, y. f xx (1K) y y (Xgyxy)

Bo, B1 1 [DGPh{|; f : Bo Xpgona B1s X, : IDRXONT (MpgppaBi)|

f . A
reXtDRxonf,' rxg, : [IDRXON{; (f)]

f — x
rextDRXon? IXg, 1= AX, Y. MXg, (I flxy)

Computation 104. From the display of DRxOny! over DGph?, we obtain a path object classifying
displayed reflexive graphs over ‘A, defining DRxGphOver;(A) as follows:

— A JienE A
DRxGphOver;(A) := DGphU.dlspDGph{,;DGphOnU

Unraveling definitions, we see that the underlying reflexive graph DRxGphOver;(A) is pre-
cisely the desirable one classifying displayed reflexive graphs over A:

_UIX
|[DRxGphOvery;(A)| = Z(g:DGph?}) l_[(x;\yu) H(u:Bx) u ’Vsﬂx u
Bo ApRrxGphovery (A) B1 =

2if80pegpas) i Tearsan

7 xx(niy) yy (g u) = oo rxg, (| flxu)

rXpRyGphovery () B = ((Ax. idnEquiv|g,, Ax, y, p, u, v. idnEquivW%v), Ax, u. refl)

4.3 Classifying displayed reflexive graphs with variable base

Construction 105 (A lax contravariant lens for U-small displayed reflexive graphs over a given
reflexive graph). We can extend DRxGphOver; with the structure of a definitional contravariant
lens over RXGphy;. We first describe how to restrict a displayed reflexive graph B along a reflexive
graph equivalence f : Ao ~Rryeph,, A1; on vertices and edges, one simply uses the restriction of the
corresponding components of 8 along f:

Aoy, A : |RXGphU|;f A %RXGphU AL, B |DRprhOverU(ﬂ1)| =

puIIJD[RprhOVGrUB: IDRxGphOver(Ap)|
|pu“£RprhOverUB|x = |B|(fx)
~pray o S P
"ol g =48
PUlbreGphover;,

To define the restricted reflexivity datum, we must transport along the witness that f preserves
reflexivity data.
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~ r
- TRNTEE xx(xax)
pl"“DRprhOverUB
uRGu ,  fx
. ui= (a0, 5 (rx’:Bu)
pu“DRprhOverUB
The lens is definitional because 8= pull-¥®'v”" & definitionall
= PUllpryGphover,, Y-

Computation 106 (A path object classifying U-small displayed reflexive graphs over a vari-
able base). By computing the display of DRxGphOver; over RxGphy;, we obtain a path object
classifying reflexive graphs A equipped with a displayed reflexive graph 8B over A.

DRxGphy, := RprhU.dispR_X(iphUDRprhOverU
We compute as follows.

(Ao, Bo) ~prxcph,, (A1, Br) =

Z(f:ﬂO%RprhUﬂl)
2181 Tyt EGUV(Bo 111 £0))
>
@ TTesysagh i g Tt Tloss ) Eauivisiy, vy )

_ X\ WYBY
Meetoton Mooy ™% =uminn, 70 (g, )

IXpRxGphy, (A, B) = (XrxGph, A IXpRxGphovery (A)B)

4.4 Classifying families and lenses of reflexive graphs

Construction 107 (A definitional covariant lens for vertices). We can define a definitional covari-
ant lens Vtxy over the path object RxGph; whose component over a U-small reflexive graph A is
A itself. Setting Vixy (A) := A, we define the definitional lens structure as follows:

Ao, Ay : [RXGphy s f : Ao Xrxaph,, Arsx : [ Al
F pUSthxe =|flx

Computation 108 (A path object classifying U-small families of U-small reflexive graphs). Using
our theory of partial products of lenses (Section 3.4.4), we can define a path object that classifies
pairs (A, B) where A is a U-small reflexive graph and 8 is a family of U-small reflexive graphs
indexed in the vertices of A.

RxGphFam, := P

RprhU(RXGphU’VtXU)

We have the following computation:

IRxGphFamy| = 3 . ruaphy ) [ Lx:j) IRXGPNy |
(Ao, Bo) ~rxGphram,, (A1, B1) =

Z(fiﬂozrexcphuﬂl) 1_[(XIIf‘oI) Box Mrxgphy B1(1f1x)
rXRprhFamU(j" B) = (erprhUﬂ’ AX. rXR)(GphUiZ;’(X))

It would be desirable to find a good path object classifying lens structures on a given family
of reflexive graphs. Unfortunately, there are some limitations on our ability to do this: although
the pushforward/pullback data are easy to classify, it is unclear how to define a notion of path
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between oplax/lax unitors over a homotopy between pushforward/pullback data. Therefore, the
best we can do is impose the discrete reflexive graph structure on the first component of a lens,
combining it with a family of path object structures classifying unitors by coproduct (Definition 19
and Lemma 49); on the other hand, we can still exhibit a useful displayed reflexive graph structure
classifying lenses with variable base by means of a unbiased dependent lens as we shall see in
Construction 109 below.

Construction 109 (A definitional unbiased dependent lens classifying oplax covariant lens struc-
ture). Let A be a fixed reflexive graph. We define a componentwise discrete definitional unbiased
dependent lens LensStr}'[ over |A| h RXGphy; as follows:

f : Bo %W{WRXGPhU B+ LensStr;l(f) =
]—[(‘P:l'[(x,ymu [ipxm )1 Boxl=1B1y1)
l_[(le.?[\) n(u:IBoxl) D x x (rxax) u~g x| fxlu

Naturally, LensStr}r{(erxgphUB) is precisely the type of oplax covariant lens structures on
family of U-small reflexive graphs 8 over A.

f:Bo | amrxGphy, B1; (D, d): LensStr (rgxeph,, Bo)
nl(lext{ensst@{(fb, D)) 1= Ax, y, p, . | fy|(Pxypur)
nz(lextf (@, D)) := Ax, u. (%)™ (@ x x (rxax) u) u (Dxu)

+
LensStry

f:Bo Xz trucphy, B1; (P, D) : LensStr (rXrecphy, B1)
f VY -— )
m(rextLensStr;{(CD, D)) :=Ax, y,p, u: |Box|. Dxyp (| fx|u)
nz(rext{ensstr;(d), D)) :=Ax, u. © x (| fx|u)

The unit laws of this unbiased dependent lens hold definitionally.

Computation 110 (A path object classifying oplax covariant lenses with fixed base). Finally, we
may define a path object classifying oplax covariant lenses over a fixed reflexive graph A.

Lens} := (JAI M RprhU).displj;”meGphULensStr}’{

5. Fibred Reflexive Graphs

A lens is kind of like a fibration in which the lifts have no universal property, as noted by Chollet
etal. (2022). In this section, we make the analogy between lenses and fibrations of reflexive graphs
precise by characterising fibrations precisely as lenses of path objects in Corollary 129. We begin
by translating the notion of fibred reflexive graphs from Rijke (2019) into the language of displayed
reflexive graphs.

Definition 111. A covariant fibration over a reflexive graph A is defined to be a displayed reflex-
ive graph B over A such that for every edge p:x~zy and displayed vertex u:|B|(x), the sum

P -
2_(n1BI(y)) U X v is contractible.

We will write p2u: |B|(y) and p?u 7] %‘% pBu for the first and second components component
of the centre of contraction, respectively.
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Definition 112. A contravariant fibration over a reflexive graph A is defined to be a displayed
reflexive graph B over A such that for every edge p : x =5 y and displayed vertex v : |B|(y), the sum

/P . .
D8Iy V g Vv is contractible.

We shall write pgv : |B]|(x) and p;rgv pgv %‘?B v for the first and second components of the centre
of contraction, respectively.

5.1 Duality involution for fibred reflexive graphs

In this section, we show that covariant and contravariant fibrations are interchangeable via the
duality involution for displayed reflexive graphs (Section 2.2).

Lemma 113 (Total opposite of a fibration). Let B be a covariant (resp. contravariant) fibration of

reflexive graphs over a reflexive graph A. Then the total opposite displayed reflexive graph B°P is a
contravariant (resp. covariant) fibration over A°P.

Lemma 113 allows us to translate results about all covariant fibrations into results about all
contravariant fibrations.

5.2 Fibred reflexive graphs and univalence

Fibred reflexive graphs are always univalent, as we see in Lemma 114. Therefore, it is natural to
refer to a fibration of reflexive graphs as a fibration of path objects.

Lemma 114 (Fibrations of reflexive graphs are univalent). Any (covariant, contravariant) fibra-
tion of reflexive graphs over a reflexive graph A is univalent, i.e. a displayed path object.

Proof. Suppose without loss of generality (by Lemma 113) that 8 is a covariant fibration. Fixing
x:|A|and u : |B|(x), it suffices to show that the fan {u};( x) is a proposition. We have the following
definitional computation of the fan:

{M}E(x)
by Definition 30

=D (wBl(x) U B W
by Definition 12

_TXax
=D B U8 W

The latter is contractible by our assumption that 8 is a covariant fibration. Suppose, on the
other hand, that 8 is a contravariant fibration. To show that 8 is univalent, it suffices to show that
each of the co-fans {u} 4, is a proposition, which we compute below:

{u}g_;(x)
by Definition 30

=D (w1810 W VB(x) U
by Definition 12

_ ~Xax
=2 (i) W g U
The latter is contractible because 8 is a contravariant assumption. O

A converse to Lemma 114 cannot hold, as we see in Example 115.
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Example 115. Not every univalent displayed reflexive graph is a fibration. In particular, consider
the following displayed reflexive graph over the codiscrete reflexive graph v2:

i:21GI3):=i=1
i,j:2;p:i=2l,q:izzll—p%*gq:zl
i12,pri=y 1 rXgp =%

We can see that for each i : 2, the component G(i) is the codiscrete reflexive graph V(i =3 1),
which is univalent by Lemma 52 as 2 is a set. Therefore G is univalent, and we will see that it can
be neither a covariant nor a contravariant fibration.

Suppose that G were a covariant fibration. We have an edge * : 1 ~y; 0 and thus a pushforward
map (* )s: 1 =2 1 — 0 =5 1. On the other hand, if G were a contravariant fibration, we would use
pullback along * : 0 &y 1 to obtain a contradiction.

Example 115 also shows that not every univalent displayed reflexive graph can be obtained
from a lens structure on its components.

5.3 Fibred reflexive graphs from lenses of path objects
We will now show that when a lens is valued in path objects, its display is a fibration.

Definition 116 (Universal pushforwards/pullbacks). An oplax covariant lens B over a reflexive
graph A is said to have universal pullforwards when for every edge p : x =z y and vertex u : |B(x)|,

the fan {push%u}g(y) is a proposition.
Conversely, a lax contravariant lens B over a reflexive graph A is said to have univer-

sal pullbacks when for every edge p:x =gy and vertex v:|B(y)|, the co-fan {pull%u}é(x) is a
proposition.

Lemma 117 (Covariant fibrations from universal pushforwards). Let 8 be an oplax covari-
ant lens over a reflexive graph A that has universal pushforwards. Then the covariant display

disp;rlB can be made into a covariant fibration of reflexive graphs in which p.u= push};gu and
pru= rX3(y)(push‘%u).

Proof. We note that for any edge p : x &4 y and vertex u : | B(x)|, we have the following sequence
of definitional equivalences:

~P /
Z(uwdisp;zsn u “disphB u
by Definition 56
_ P
=2 _(w:8(y))) PUsShgt X)) '
by Definition 30
_ p o+
= {pushBu}B(y)

Thus, we may choose a centre of contraction for the latter freely so long as it is a proposition
(which we have by assumption). O

Lemma 118 (Contravariant fibrations from universal pullbacks). Let 8 be a lax contravariant
lens over a reflexive graph A that has universal pullbacks. Then the contravariant display disp ;8
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can be made into a contravariant fibration of reflexive graphs in which p*u = pull%u and ptu=
g (pullfu).

Proof. Analogous to Lemma 117. O

Corollary 119. An (oplax covariant, lax contravariant) lens B has universal (pushforwards,
pullbacks) if and only if each component B(x) is univalent.

Proof. Let 8 be an oplax covariant lens over a reflexive graph A.

(1) Suppose that B has universal pushforwards. We want to show that each fan {u};f(x) isa
proposition; using our assumption of universal pushforwards, we can show that {u}g( i
a retract of {pushgﬂxu}g( x> Which is a proposition because 8 has universal pushforwards.
(2) Suppose conversely that each component $(x) is univalent; then all fans in the components

of B are propositions, including {push‘;u}g(y) forsomep:x~gyandu:|B(y)|

The case for when B is a lax contravariant lens is established by duality via Lemma 114 and
Lemma 118. O

5.4 The underlying lens of a covariant fibration of reflexive graphs

The pushforward operation p2 of a covariant fibration gives rise to an oplax covariant lens
structure on the components of 8B, which we construct and study in this section.

(1) We first exhibit a “straightening/unstraightening” equivalence between displayed edges
u Ly and vertical edges push%u A g(y) v in Construction 120, Construction 121, and
Lemma 122.

(2) We use the straightening equivalence to exhibit the underlying lens of a displayed reflexive
graph in Construction 123.

(3) Finally, Theorem 128 exhibits an equivalence of displayed reflexive graphs between any
displayed reflexive graph 8 and the display of its underlying lens.

5.5 Straightening of displayed edges

Construction 120 (Straightening of edges). Let 8 be a covariant fibration of reflexive graphs over
a reflexive graph A. We can define a “straightening” function that converts displayed edges in 8
to vertical edges using the pushforward operation of the fibration.

First, we define a more general function incorporating a witness of contraction.

%y |Alpx~ayut|Bl(x);v:1BI(y)q: urlyv;
H: (pfu,pfu) :Z(W:IB\()/)) uw (v q)

= strGen% qH:pBu XB(y) V
by indentification induction on H
Xy |Apxrayt- strGen% (p‘?u) refl : pZu XB(y) p2u
by reflexivity data
%y | AL p:x~a y b strGenly (pPu) refl := Xy (pPu)
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Then, we define the straightening function by instantiation with one of the witnesses of
contraction of Z(W:| Bi(y) 4 %Z; w, which we leave nameless.

yiIALpx~ayu:|B|(x); v 1By g u~g v

strig g pYu~ gy v
str%q:z strGen%q(...)

Construction 121 (Unstraightening of edges). Let 3 be a covariant fibration of reflexive graphs

over a reflexive graph A. We can “unstraighten” vertical edges of the form pZu Agy) v to

displayed edges u ’«‘:% v as follows:

y: I pix oy, u 1BI), v: B, 43 pu s v
H (pBu, g (pBu)) Z(W‘Bl(y))p*uwggy)w( v,q)

[ unstrGenB qH:u ~% v

by indentification induction on H

%y |Asprxray u:|B|(x)
= unstrGengg (rxé(pfu)) refl: u %‘(’B pj(fu
- unstrGenl, (7 (p2u)) refl := pPu

Then, we define the unstraightening function by instantiation with an anonymous witness that
can be obtained from the fact that 3 _,,., BI() pBu Ag(y) W is a proposition.

Xy | Aprx=ay,u:|Bl(x),v: |B|(y);q:pfu ~p(y) v
unstr%q:u%%v
unstr%q:z unstrGen%q(...)

Lemma 122 (Straightening is an equivalence). Let B be a covariant fibration of reflexive graphs
over a reflexive graph ‘A. Each straightening function str% 7] %‘% v— pBu A g(y) v is an equivalence,

with the inverse tracked by unstr% pBu Rpy) V—> U %% V.

Proof. We first check that straightening is a retraction of unstraightening. It suffices to prove the
following slightly generalised lemma.

y Al p'x%ﬂy, HBI(x), v BI(»), q: pPu gy v,
H (piu, pr(p* W) = T X i) P “~By)W(V’ 9,
( U, Py Bu) = = (v,unstrGeanH)

- strGenfy (unstrGeny, q H) I sy

1B1() ”N w

by idcntiﬁcation induction on H
AL pixay.u HBI(x), v: BI(y),

(p* U, Py, Bu) = =Y ision wLw (p* u, unstrGenQ9 (pr(p* u)) refl)
= strGenB (unstrGenB (pr(p* u)) refl) I = pBurgiyv pr(p* u)

by unfolding the definition ofunstrGenZ,
y:IAL pix~ay.u HBI(x), v IBI(}’)
(‘D*u pTu)_Z ‘Bly))%sw(p*u p7)
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[ strGenB (PT u)l= PBurgyy pr(p* u)
because B is a covariant fibration, .15/ ) U Nf), wis a set
y:|ALp:x~ay u:|B|(x),v:|B|(y)
I— strGen% (p?u) refl = pBurpyv rx},;(pfu)
by unfolding the definition ofstrGeni,
’ Y (12
F rx(pBu) =By X (p2u)
by reflexivity

Conversely, we check that straightening is a section of unstraightening by means of the
following generalised lemma.

yilAp:x=ay,u:|Bl(x),v:|B|(y)q: ”%1;3 Vs
(B B\
H: (pyu, pyu) T X (Bl W (v q),

I: (pBu, i (pBu)) = iy (, strGenB qH)

~ Zowision P
I unstrGen?, (strGenly, g H) I =l

by identification induction on H
y: Al P'x’\'ﬂ)’) 118Bl(x)

I (p* u, X (pBu)) = v (pZu, strGenl, (pPu) refl)

T sl PR w
[ unstrGenB (strGenB (pT u) refl) I :u&%ﬂvT u

by unfolding the definition ofstrGenZ,
y: AL pix™ayu 1 18](x)

I (p* u, i (pBu)) = (PP, I (pDu))

T sy PR g
I unstrGenly (< (p2u)) I =ty PP

because B is a covariant fibration, Z“"’i\b'\(} pBu= fﬂ/ w is a set
y: [ ALp:ix~ay u:|B|(x)
[ unstrGen% (rx}é(pfu)) refl =, vp,r
by unfoldinq the dcﬁnition ofunstrGenB
by nﬂevzvzty O

5.6 The underlying lens of a covariant fibration
We are now equipped to construct the underlying lens of a given covariant fibration.

Construction 123 (The underlying lens of a covariant fibration). A covariant fibration of reflexive
graphs B over a reflexive graph A induces a (canonical, as we shall see) oplax covariant lens
structure on the diagonal family By via straightening.

%y [Ap:x~ay u:|B|(x) x| Al ut|Bl(x)
pushp u |B|(y) pushRxjz 1 (rxax)Pu ~g(x) u
pushB u:=pu pushRxp u:= strp ™ (ncSu)

Theorem 124 below shows that if we take the display of the underlying lens of a covariant
fibration, we obtain the original displayed reflexive graph.
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Theorem 124 (Roundstrip for fibrations of reflexive graphs). Let (U, E) be a univalent universe,
and let B be a U-small covariant fibration of reflexive graphs over a reflexive graph A. Then the
display disp;{Brx of the underlying lens of B may be identified with B by means of an equivalence

of displayed reflexive graphs B ~prycphover, (A) disp}qBrX.

Proof. We shall use the characterisation of identifications of displayed reflexive graphs that we
established in Section 4.2. In particular, we shall construct an equivalence of displayed reflexive
graphs ¢ : B XprxGphover; (A) disp;Brx. We can use the identity equivalence on vertices and the
straightening—unstraightening equivalence on edges:

11 - [T EQUIVIBI(x), [Brx(x)1)
|plx:=i nEquwIBl(x)
~ . . wp wp
¢~ Meyany Hipomay Hersion Hoisigy Eauive~g v, u ~ displ Boc v)
by introduction
%y Al p:x~ay u:|B|(x),v:IB|(y)

~ . iy ~F ~F
F ¢~ xypuv: Equiv(u ~g v, u disp By v

)
by computation

¢~ xypuv : Equiv(u Ay v, pBu gy v)
by straightening

F ¢ xypuv = Strgg
The displayed reflexivity data are preserved up to definitional equality, as we have:

x. ~ X — X
¢ : H(Xlﬂl) n(ulBl(x)) ¢ XX (I’Xﬂ) uu (rX:Bxu) _M%rx‘ﬂx u eriSp;Brxu

disp;{Brx
by introduction
x:|Al,u:|B|(x)
rx . AR X — X
o™ xu: ¢~ xx (rxy) uu (rxgxu) = A erisp;Brxu

disp}{Brx
by computation
Fo™xu: str%(rxi‘gu)
by reflexivity
F ¢™xu = refl 0

— . D (X
_(rx;qx)fu%g(x) u StrB ( rXBu)

5.7 Characterisation of fibred reflexive graphs

Let B be an oplax covariant lens of U-small path objects over a reflexive graph A. By Lemma 117,
the display disp;B is a covariant fibration. By Construction 123, we obtain an oplax covariant

lens (disp;B)rx that we may compare with 8. We first recall from Computation 58 the underlying
reflexive graph of each component (disp}'{B) rx (%):

|(disp 5 B)(x)| = |B(x)]
~ __ rx ~
U disphB)(x) V= pushy ™ u ~g() v
X dispB)rc() 4 = PUSHRX

Computation 125. We compute the lens structure of (disp}'[B)rx as follows, recalling
Construction 123 and Lemma 117.
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dlspﬁ N P
pu h(dlspﬂg)rX =Py = pushgu
_ Xax er]x
pusth(dlspﬂB)mu = strdisp;g(rxdlsp u) = str (pusthBu)

Construction 126. We have an equivalence 1g: 8~ 7 hRrxGph, (disp;{B)rx of underlying
families of reflexive graphs over A, which we define below making use of Corollary 119,
Construction 37, and Lemma 38.

N8 : B~ A hreGph,, (diSPHB)i
[ngx| := rxy | B(x)]
(n8x)~ := Au, v. (pushRxu* gx) —)
(ngx)™ := Au. rUNitpushroc u

t’l‘B
LensStrE,

from B onto the equivalence ng.B~| AlhRXGphy (disp}'{B)rx of families of reflexive graphs.

Likewise, write rextzf3

Computation 127. Write lex B: LensStr}'I(ng;) for the extension of the lens structure

St (disp;B) X LenSStrg( ng) for the corresponding extension of the lens
A

structure of (disp;B)rx onto ng. We have the definitional computations of the lens structures:

h? = h?
push’ .5 u=Ppushiu

Lensstr}rl

pusthi‘extng 4= pusth%(pushgf‘xu) * B(x)PUShRxgU
Lensstr}rl

p _ p

push’ g . u=pushyu
rextLensStr;{ (disp 2 B)rx
X _ XAX X
pushRx® g b u=str T ](pushRxgu)
rextLensStr; (dispzB)rx disp 8

Proof. We outline the explicit computations below, unfolding Construction 109,
Construction 123, and Computation 125.

P

X
pUShlext”B . u pusthl W5 u
LensStrﬂ LensStr
by Construction 109 by Construction 109
~ X,
= |ngy|(pusht,u) = |ngx|™ (pushy™ u) u (pushRxgu)
yI(PUShg
by Construction 123 by Construction 126(3 ;
= pushbu = pushRxg(pushg™" 1) = g(x)pushRxgu
P —
puShre t st +(d|spﬂ8)rx push(dlsp*'B) (lanm)
by Comlruyc‘,tzon 109 by Construction 123
ushRx*

= push(dlspﬁﬂ)rx p rext’ ;(dlspﬂﬂ)rx
by Com[;utatlon 125 by Construction 109
= pushgu = pusth(dISp+B) (Ingx|u)

by Construction 123

= PUShRX 0 ), 4

by Computation 125

= str;XﬂﬁB(pusth’éu) O
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Theorem 128 (Roundtrip for oplax covariant lenses of path objects). The equivalence ng:

B~ | hRxGphy, (disp,B)ix of families of reflexive graphs extends to an equivalence B%LenS;{

(disp}lB)rx of oplax covariant lenses over A.

ns

Proof. We must construct a displayed equivalence 8~ (disp;’lB)rx of lens

di Sp\ﬂlmeGphU LensStrH,
structures over 1g. This consists of an (ordinary) equivalence of lenses as below:
g8 ~ 8 ent
leXtLensStrJr B “Lensstrk (ng) I’extLensStr}} (dISPﬂB) rx
Unfolding the definition of Lens?, s from Construction 109 and using Computation 127, we
see that the pushforward datum for each lens depicted above is definitionally equal to that of 5.
Therefore, it suffices to construct an equivalence between oplax unitors as below:

x| Al u: | B(x)|
FpushRx® ., _u=_ pushRx® ,.
lextLenSstr}_(B rex tL St+(d'5pﬂ5)”
by Computation 127
I—pusth’g‘;(pushg *u) * gyypushRxju = str ](PusthBu)

by Construction 120

I pushRx(pushi; ™ u) * g(x)pushRxgu = strGean"x

(pusthBu) (...)

Up to definitional equality, the goal above is a substitution instance of the following more
general goal which we establish below.

y: Al p'x%y{)i, u:|Bx)|,v: 18, q: push%u A B(y) Vs
dispt 8 disp 8
H:(pe ™ py 7 ) = (D

F pushRx(pushbu) - gg = st rGen spisd H

push;ﬂx(push UWRB(y)V

by Lemma 117 and Computation 125

%y |ALp:x~ay u:|B&),v: 1B, q: pushpu ~gy) v,
H: (Pushgg”» pr(y)(push‘;u)) 234800 (v.q)

J P _ %
F pushRxg(pushgu) = g = strGendisp;{Bq H

rx
push,; ™ (pushiyu)~g(,)v

by identification induction on H

Xy |ALprxay, u:|B(x)|

y L PN
= pUSthB(pUShBu) BrXB()’)(pUShBu) _pushgﬂx(push%u)zg(y)push%u

p p
strGendiSp;{B(pr(y)(pushBu)) refl
by Lemma 117

yi|ALp:x~ay, u:|B(x)

Y PN, PN _
F pushRxg(pushgu) * grxg(,) (pushigu) = push? (pushf ) pushlyi

dspﬂ

strGendlsp+B(p u) refl

by Construction 120 and Lemma 117
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%y | ALprxay, u:|B(x)|

I pushRx;(pushb,u) - grxgy) (pushiu) pushRx}(pushfu)

=pushgﬂx(push%u)~g(y)push%u

by runit ) Jrom Construction 37 O

pusthfl‘;(pushg\,z,z

Corollary 129 (Characterisation of fibred reflexive graphs). Let A be a reflexive graph, and
let (U,E) be a univalent universe. Assuming function extensionality, the following two types are
equivalent:

(1) The type of oplax covariant (resp. lax contravariant) lenses of U-small path objects over A.
(2) The type of covariant (resp. contravariant) fibrations of U-small reflexive graphs over A.

Proof. An oplax covariant lens of path objects B over A is sent to covariant fibration disp ;8
as described in Lemma 117. Conversely, a covariant fibration 8 over A is sent to its underlying
lens of path objects By as specified in Construction 123. That these transformations are mutually
inverse follows from Theorem 124 and Theorem 128, as both Lens}'{ and DRxGphOver;(A) are
univalent in the presence of function extensionality.

The equivalence between lax contravariant lenses and contravariant fibrations is established
from the above by duality (Section 2.2 and Section 5.1). O
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Notes

1 In the context of category theory, one uses the term “graph” to refer to what combinatorists would normally refer to as
multigraphs or pseudo-graphs. A graph in the traditional sense would be a graph (in the present generalised sense) in which
the type of vertices is a set and the type of edges between two fixed vertices is a proposition; we might refer to such objects as
“locally propositional set-graphs”.

2 Naturally, intensional type theory can speak about more than sets — but the spirit of having a single global notion of identity
is the same in both type theory and set theory.

3 See Definition 35; in fact, our provisional definition of the univalence condition for a reflexive graph is not the most practical
one for everyday use, but it is one of several equivalent conditions that we shall expose later.
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