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Abstract

In this paper we study one-sided hypothesis testing under random sampling without
replacement, which frequently appears in the cryptographic problem setting, includ-
ing the verification of measurement-based quantum computation. Suppose that n + 1
binary random variables X1, . . . , Xn+1 follow a permutation invariant distribution and
n binary random variables X1, . . . , Xn are observed. Then, we propose randomized
tests with a randomization parameter for the expectation of the (n + 1)th random vari-
able Xn+1 under a given significance level δ > 0. Our randomized tests significantly
improve the upper confidence limit over deterministic tests. Our problem setting com-
monly appears in machine learning in addition to cryptographic scenarios by considering
adversarial examples. Such studies are essential for expanding the applicable area of
statistics. Although this paper addresses only binary random variables, a similar signif-
icant improvement by randomized tests can be expected for general non-binary random
variables.
Keywords: Randomized test; random sampling without replacement; adversarial sce-
nario; adversarial example
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1. Introduction

Random sampling without replacement is prevalent across various scientific disciplines,
including social sciences, computer sciences, and biology. Its applications span a wide range,
from modeling gene mutations [30] and recommender systems [4] to analyzing social networks
[8] and implementing variational clustering algorithms [43]. In addition, beyond these tradi-
tional applications, random sampling can be employed for learning in cryptographic scenarios
in which adversaries may exist. In cryptographic settings, when an adversarial player generates
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random variables [41], these variables can be arbitrarily correlated. In contrast, as explained
in Section 2, when a standard player generates random variables, they are subjected to the
independent and identically distributed (i.i.d.) condition. Such cryptographic settings encom-
pass numerous applications in quantum information processing that demand high-security
requirements, such as blind-measurement-based quantum computation [22] and quantum key
distribution [23]. Moreover, similar settings are observed in machine learning, referred to as
adversarial examples [7, 9, 15, 20, 28, 33]. In such settings, to estimate the behavior of the
random variables, we need to employ random sampling without replacement. In addition, this
kind of problem setting has been actively studied in the area of quantum information in sev-
eral references (see [46, 47] and references therein), while its essential part can be treated as a
problem of statistics like the problem presented in this paper.

Random sampling without replacement is described by the hypergeometric distribution.
It models the number of samples per group given a limited total number of samples. Since
the selection of a single group element affects the probability of the remaining elements
being drawn, the behavior of the random variable differs from that under the i.i.d. condi-
tion. Hypothesis testing provides a more logically complete structure to decision-making and
therefore to better decisions. However, most existing studies on statistical hypothesis testing
assume the i.i.d. condition, making them unsuitable for the adversarial setting mentioned previ-
ously. Although many papers have studied the behavior of observations under random sampling
without replacement [1, 2, 5, 10–12, 14, 16, 18, 19, 24, 32, 35, 36, 38, 40, 42, 45], only a lim-
ited number of works [3, 39] have addressed the problem under the framework of hypothesis
testing. Therefore, to establish a logical decision-making framework in the above areas, it is
necessary to study hypothesis testing under the hypergeometric distribution. In fact, while this
setting is useful in the cryptographic setting, it can also be applied to other scenarios beyond
the cryptographic setting that involve adversarial examples [7, 9, 15, 20, 28, 33]. In these sce-
narios, the adversarial case can be considered as a certain accidental case, and the i.i.d. case is
considered as a certain non-accidental case.

In this paper we discuss one-sided hypothesis testing for random sampling without replace-
ment. Assume that n + 1 binary random variables X1, . . . , Xn+1 are generated according to
random sampling without replacement. The task of this paper is to verify whether the expec-
tation of the (n + 1)th binary random variable Xn+1 is smaller than a threshold ε when n
observations X1, . . . , Xn are given. We investigate this problem under the framework of sta-
tistical hypothesis testing, i.e. we study the upper confidence limit for the above expectation
under a given significance level δ > 0. In the case of random sampling with replacement, the
optimal test has been well studied. In the optimal test, the decision should be made based on
whether the count K of observed outcome 0 among X1, . . . , Xn is greater than or less than a
specific threshold k(n, δ) [27]. Only when K is equal to this threshold is a randomized deci-
sion necessary. This indicates that the benefit gained from employing a randomized decision is
marginal.

Suppose that we have n + m random variables X1, . . . , Xn+m and n observations, and we
are interested in the expectation of the remaining m variables. If both n and m go to infinity,
we can use the normal approximation, which enables us to handle our problem in a way sim-
ilar to the case with normal distribution. However, when random variables X1, . . . , Xn+1 are
generated and we have only one remaining variable, we cannot use a normal approximation.
Hypothesis testing in this case has not been sufficiently studied. This case requires us to dis-
cuss the problem in a different way. Such a problem setting occurs very frequently when we
consider a cryptographic setting. In particular, the authors’ companion paper [29] applies the

https://doi.org/10.1017/apr.2025.10029 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2025.10029


Enhanced upper confidence limits via randomized tests 477

results obtained in this paper to the verification of blind quantum computation based on the
relation pointed in [22], although quantum key distribution is related to the case when n and m
increase simultaneously [23]. In fact, the recent paper [29] derived the analysis of the verifica-
tion of blind quantum computation based on the result of this paper. In addition, it is expected
that the above-mentioned problem setting for hypothesis testing appears in adversarial machine
learning [41].

In this paper, to address the problem mentioned above, we introduce a randomized test that
makes a randomized decision using a randomization parameter 0 ≤ λ< 1 when the outcome
K is greater than a certain threshold l. That is, our randomized test makes a deterministic
decision when the outcome K is not greater than the threshold l. This randomized test with
parameter 0<λ< 1 significantly improves the performance over the deterministic test. For
example, when the significance level δ > 0 is exponentially small in n, the upper confidence
limit for the expectation of Xn+1 is always the trivial value 1, i.e. any deterministic test cannot
provide a non-trivial value. However, our randomized test provides a non-trivial value for the
upper confidence limit even with an exponentially small significance level δ in n. We study
the asymptotic behavior of the performance of this new randomized test under two regimes,
depending on the behavior of the threshold l. One is the constant regime in which the threshold
l remains a constant. The other is the linear regime in which the threshold l increases in propor-
tion to n. Under both regimes, we show that our randomized tests outperform the deterministic
test significantly.

The rest of this paper is organized as follows. Section 2 explains the relation between our
problem setting and the cryptographic setting. Section 3 formulates our problem setting and
introduces our new randomized test based on the randomization parameter 0 ≤ λ< 1. Some
preliminary results that demonstrate the randomized test’s advantages are also presented in
Section 3, with detailed proofs deferred to Section 4. Section 5 presents the first main result
(Theorem 1) of this paper, which clarifies the asymptotic behaviors of our randomized test
under the linear regime. Section 6 considers the power, i.e. the probability of detecting a given
upper confidence limit for the i.i.d. case under this regime. Section 7 presents the second main
result (Theorem 2) of this paper, which clarifies the asymptotic behaviors of our randomized
test under the constant regime. Section 8 proposes a new method for computing the upper
confidence limit, with its analytical expression provided in Theorem 3. This result is pivotal
to the proofs of our main results in Sections 5 and 7. Section 9 presents a brief proof of the
theorem stated in Section 5. Section 10 gives the conclusion. Several auxiliary lemmas are
presented in Appendices A and B. Many technical results are also presented in the appendices.

2. Relation with Cryptographic Setting

The research topics in cryptography are not limited to secret message transmission; mes-
sage authentication is also a major focus in this field. Any message authentication process
involves a decision-making step to determine whether a received document should be accepted
or rejected, as we need to consider two scenarios, the honest case and the dishonest case, where
the latter is often referred to as the adversarial case. Beyond message authentication, it is often
required to distinguish the honest case and the dishonest case in the cryptographic setting. For
example, in the verification of quantum computation [29, 31, 46, 47], there are two players,
Alice and Bob, with Bob preparing part of the quantum computing device for Alice to use.
Assume that Alice does not trust Bob, then she must measure the part provided by Bob to
verify whether he has prepared it honestly. This kind of problem setting is formulated in the
following general way.
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In the honest case, the original random variables X1, X2, . . . , Xn+1 satisfy the i.i.d. condi-
tion. In the dishonest case, these variables do not satisfy this condition. In the latter scenario,
it is presumed that the adversary has artificial control over these random variables. As such,
our decision-making process must account for the dishonest case. The cryptographic scenario
imposes the following two requirements on our decision-making approach [31].

The first requirement is soundness, which ensures the quality of the remaining variable Yn+1
(whose formal definition is given in Section 3) under the condition that the test is passed and
the dishonest case is assumed. Since we consider ‘under the condition’, we need to guarantee
that the conditional probability P(Yn+1 = 1| Pass ) is smaller than a certain threshold. This is
because we are interested in the objective probability only when the test is passed. In the case
of a one-sided test, soundness is guaranteed by the upper (or lower) confidence limit of the
parameter of interest under a given significant level. In other words, this part corresponds to
the calculation of the minimum significant level to guarantee a given upper confidence limit,
which is often called the p-value for the upper confidence limit.

The second requirement is completeness, which means that the test is passed with a high
probability in the honest case when the probability P(Xi = 1) is sufficiently small. The com-
pleteness is guaranteed by the power. Therefore, we discuss the power of our test only in the
honest case.

3. Problem Setting

3.1. Formulation

We consider n + 1 binary random variables X1, . . . , Xn+1 that take values in {0, 1} and are
subject to a joint distribution PX1,...,Xn+1 . By randomly drawing n samples Y1, . . . , Yn without
replacement from X1, . . . , Xn+1, we would like to estimate the marginal distribution of the
remaining binary variable Yn+1. To characterize this problem, we introduce the set Sn+1 of
permutations on [n + 1] := {1, . . . , n + 1}. The joint distribution PY1,...,Yn+1 of Y1, . . . , Yn+1
is given as

PY1,...,Yn+1 (y1, . . . , yn+1) =
∑
σ∈Sn+1

1

(n + 1)!PXσ (1),...,Xσ (n+1) (y1, . . . , yn+1).

Denote the set of permutation invariant distributions on [n + 1] by Qn+1, then the joint
distribution PY1,...,Yn+1 can be considered as an arbitrary element of Qn+1.

Our problem setting is formulated as follows. Suppose n observed variables Y1, . . . , Yn are
y1, . . . , yn, our task is to estimate the conditional distribution PYn+1|(Y1,...,Yn)=(y1,...,yn). For each
observed variable Yi, the observation outcome Yi = 0 is labeled as a ‘success’ and the outcome
Yi = 1 is labeled as a ‘failure’. Since PY1,...,Yn+1 is permutation invariant, the above conditional
distribution PYn+1|Y1,...,Yn depends only on the random variable K that describes the number of
failures among the n observations Y1, . . . , Yn. Hence, we discuss only the conditional distribu-
tion PYn+1|K . Since Yn+1 is a binary variable taking values in {0, 1}, it suffices to estimate the
conditional probability P(Yn+1 = 1|K ≤ k) for each realization k.

Now, we discuss this problem in the framework of one-sided hypothesis testing with signifi-
cance level δ. The problem setting is formulated as follows. We are interested in the probability
of Yn+1 = 1 under the condition that our test is passed. That is, we focus on the conditional
distribution P(Yn+1 = 1| Pass ), where ‘Pass’ means the case that our test is passed. The aim
of our test is to guarantee that the conditional probability P(Yn+1 = 1| Pass ) is not greater
than a threshold ε with significance level δ. Hence, when its upper bound ε is given, the null
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hypothesis H0 and the alternative hypothesis H1 are given as

H0 : P(Yn+1 = 1| Pass )> ε,

H1 : P(Yn+1 = 1| Pass ) ≤ ε.

In this problem setting, it is needed to set the event ‘Pass’ as follows: when the test is passed,
the null hypothesis H0 is rejected. This is because we are required to guarantee the alterna-
tive hypothesis H1 under the event ‘Pass’. Due to the above requirement and the correlation
between Yn+1 and Y1, . . . , Yn, the forms of our hypotheses depend on our decision.

In other words, the expectation E[Yn+1] does not equal P(Yn+1 = 1| Pass ). This point is
the difficulty of our problem. Given a test T , the maximum of the conditional probability
P(Yn+1 = 1| Pass T) with significance level δ is given as

ε(T, n, δ) := max
Q∈Qn+1

{Q(Yn+1 = 1| Pass T)|Q( Pass T) ≥ δ}.

Since we can guarantee that the conditional probability P(Yn+1 = 1| Pass T) is not greater than
the maximum, the above maximum is simply called the upper confidence limit at significance
level δ. In this case, we can say that δ is the p-value of the upper bound ε(T, n, δ) of the
conditional probability P(Yn+1 = 1| Pass T).

The most natural choice for the rejection region of the null hypothesis H0 is the set
{K|K ≤ k}, i.e. the test is passed when K ≤ k. This rejection region is determined by the thresh-
old value k. We denote this deterministic test by Tk. Under this choice of the rejection region,
the upper confidence limit is given as

ε(Tk, n, δ) = max
Q∈Qn+1

{Q(Yn+1 = 1|K ≤ k) | Q(K ≤ k) ≥ δ}.

That is, we can guarantee that the conditional probability P(Yn+1 = 1|K ≤ k) is not greater than
the upper confidence limit ε(Tk, n, δ) at significance level δ. Here the threshold k denotes the
number of allowed failures.

As we show in Section 4.1, the upper confidence limit ε(Tk, n, δ) reads

ε(Tk, n, δ) =

⎧⎪⎨
⎪⎩

(k + 1)(n + 1 − k) − δ(n + 1)

δ(n − k)(n + 1)
when δ ≥ k + 1

n + 1
,

1 when δ <
k + 1

n + 1
.

(1)

Equation (1) shows that when the significance level δ is smaller than 1/(n + 1) = mink≥0 ((k +
1)/(n + 1)), we cannot make any non-trivial upper confidence limit for the conditional proba-
bility P(Yn+1 = 1|K ≤ k) for any integer k = 0, 1, . . . , n. Therefore, it is impossible to realize
an exponentially small significance level with respect to n for any non-trivial upper confidence
limit. In other words, when we set the significance level δ to be an exponentially small value
with respect to n, the upper confidence limit becomes 1.

Fortunately, this problem can be resolved by introducing a randomized test. Our randomized
test is not a trivial idea. To see the strength of our method, we first see a usual randomized test
as follows. When we consider a randomized test, usually we make the randomization only on
the threshold. Consider the following test. When K ≤ k − 1, we reject the null hypothesis H0.
When K ≥ k + 1, we adopt the null hypothesis H0. When K = k, we reject the null hypothesis
H0 with probability 1 − λ, and adopt H0 with probability λ. This test can be considered as a
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probabilistic mixture of the test Tk and Tk−1 with probabilities 1 − λ and λ. We denote this test
by T̃k(λ). Since T̃k(0) = Tk, this method is a generalization of the above method. As we show
in Section 4.2, the upper confidence limit ε(T̃k(λ), n, δ) reads

ε(T̃k(λ), n, δ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ξ1(n, k, λ, δ) when δ ≥ (1 − λ) + λ
k

n + 1
,

ξ2(n, k, λ, δ) when (1 − λ) + λ
k

n + 1
> δ ≥ (1 − λ)

k + 1

n + 1
,

1 when (1 − λ)
k + 1

n + 1
> δ,

(2)

where

ξ1(n, k, λ, δ) := (k − 1)λ(n + 1 − k) + (n + 1)(1 − δ)

δ(n + 1)λ(n + 1 − k)
,

ξ2(n, k, λ, δ) := δ(n + 1)(k − (1 − λ)(k + 1)) + (1 − λ)2(k + 1)(n + 1 − k)

δ(n + 1)(k + (1 − λ)(n − 2k))
.

Consequently, with this type of randomized test, when we set the significance level δ to
be an exponentially small value with respect to n, the upper confidence limit ε(T̃k(λ), n, δ)
becomes 1. To see this, we examine two cases depending the behavior of λ. First, if (1 −
λ)(k + 1)/(n + 1)> δ then the above observation holds immediately. Second, if (1 − λ) +
λk/(n + 1)> δ ≥ (1 − λ)(k + 1)/(n + 1) then (1 − λ) is also an exponentially small value with
respect to n, leading to that ε(T̃k(λ), n, δ) = ξ2(n, k, λ, δ) converges to 1. This discussion shows
that a more advanced randomization is needed for further improvement.

The above randomized test makes a randomized decision only when the observation is the
threshold value. In contrast, our method makes this kind of randomized decision for all obser-
vations, and the probability of this randomization depends on our observation. To introduce our
randomized test, which is different from the above randomized test, we consider the follow-
ing artificial noise before our data processing. Instead of Y1, . . . , Yn, we focus on n variables
U1, . . . ,Un with the following conditional distribution PUi|Yi :

PUi|Yi(0|0) = 1, PUi|Yi(1|0) = 0, PUi|Yi(0|1) = λ, PUi|Yi(1|1) = 1 − λ, (3)

where 0 ≤ λ< 1 is a randomization parameter. For convenience, we define ν := 1 − λ. The
outcome Ui = 0 is labeled as a ‘success’ and the outcome Ui = 1 is labeled as a ‘failure’.
Denote the number of failures among U1, . . . ,Un by the random variable L, which satisfies
the following conditional distribution PL|K :

PL|K(l|k) =
{

0 when l> k,(
k
l

)
λk−l(1 − λ)l when l ≤ k,

which implies that L ≤ K. Then, we define the following test by using the random variable L
instead of K. When L ≤ l, we reject the null hypothesis H0. When L ≥ l + 1, we adopt the null
hypothesis H0. We denote this test by Tl(λ), in which the threshold l denotes the number of
allowed failures.

Then, the upper confidence limit ε(Tl(λ), n, δ) is calculated as

ε(Tl(λ), n, δ) = max
Q∈Qn+1

{Q(Yn+1 = 1|L ≤ l) | Q(L ≤ l) ≥ δ}.
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When K ≤ l, the relation L ≤ K guarantees that the probability P(Yn+1 = 1) under the observed
condition is not greater than the upper limit. Otherwise, we make a randomized decision. Note
that ε(Tl, n, δ) is the special case of ε(Tl(λ), n, δ) with λ= 0. This method guarantees that
the conditional probability P(Yn+1 = 1|L ≤ l) is not greater than ε(Tl(λ), n, δ) at significance
level δ.

The one-sided hypothesis testing introduced above plays a crucial role in the task of veri-
fying quantum states in the adversarial scenario (QSVadv) [46, 47]. In QSVadv, one aims to
ensure that the quantum state on one system has sufficiently high fidelity with the target state
by performing n measurements on other systems. So far, only the verification protocol with
l = 0 has been studied in the literature. The performance with general l> 0 is still not clear.

To see how our new method with λ> 0 can achieve exponentially small significance level,
we set l = 0. For z ∈ {0, 1, . . . , n + 1}, let δ = δz := ((n + 1 − z)λz + zλz−1)/(n + 1), then we
have

ε(T0(λ), n, δz) = z

z + (n − z + 1)λ
. (4)

Equation (4) follows from (57) in Ref. [47], and a simple proof is also given in Section 4.3.
Since δz has a similar behavior as λz, this equation shows that the above randomized test
can realize a non-trivial statement even with an exponentially small significance level. So
randomized tests can significantly outperform deterministic tests.

By contrast, randomized tests are not necessary to achieve an exponentially small signifi-
cance level for i.i.d. variables. To see this, we define the upper confidence limit for the i.i.d.
case and a test T as

εi.i.d.(T, n, δ) := max
Q∈Qi.i.d.,n+1

{Q(Yn+1 = 1| Pass T) | Q( Pass T) ≥ δ},

where Qi.i.d.,n+1 is the set of independent and identical distributions on [n + 1]. Then, for the
deterministic test Tk, we have

εi.i.d.(Tk, n, δ) = max
Q∈Qi.i.d.,n+1

{Q(Yn+1 = 1|K ≤ k) | Q(K ≤ k) ≥ δ}. (5)

We denote by Pn+1
θ the independent and identical distribution on [n + 1] where the probability

of the event Yi = 1 is θ . Hence, Qi.i.d.,n+1 can be written as {Pn+1
θ }θ∈[0,1], which implies that

εi.i.d.(Tk, n, δ) = max
θ∈[0,1]

{θ | Pn+1
θ (K ≤ k) ≥ δ}. (6)

As we show in Sections 5 and 7, εi.i.d.(Tk, n, δ) has a non-trivial value even when the
significance level δ is exponentially small with respect to n.

3.2. Frequently used notation

In preparation for further discussions, here we introduce further notation, which will be
frequently used throughout the paper.

Let Z≥j be the set of integers larger than or equal to j. For 0 ≤ p ≤ 1 and z, l, j ∈Z
≥0, let

bz,j(p) :=
(

z

j

)
pj(1 − p)z−j, Bz,l(p) :=

l∑
j=0

bz,j(p) =
l∑

j=0

(
z

j

)
pj(1 − p)z−j. (7)
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Here it is understood that bz,j(p) = 0 whenever j ≥ z + 1, and x0 = 1 even if x = 0. When
there is no danger of confusion, we shall use bz,l and Bz,l as shorthand for bz,l(ν) and Bz,l(ν),
respectively. Define

	z,l := Bz,l − Bz+1,l, z, l = 0, 1, 2, . . . . (8)

For 0< δ ≤ 1, define

z∗(l, δ, λ) := min{z ∈Z
≥l|Bz,l ≤ δ}, z∗(l, δ, λ) := z∗(l, δ, λ) − 1. (9)

Here z∗(l, δ, λ) and z∗(l, δ, λ) are well defined because Bl,l(ν) = 1, limz→∞ Bz,l(ν) = 0, and
that Bz,l(ν) is non-increasing in z for z ≥ l according to Lemma 7. In this paper we shall
frequently use z∗ and z∗ as shorthand for z∗(l, δ, λ) and z∗(l, δ, λ), respectively.

The standard normal density function and its distribution function read

φ(x) := 1√
2π

e−x2/2, �(x) :=
∫ x

−∞
φ(t) dt. (10)

The function �−1(x) is defined as the inverse function of �(x).
For 0< p, q< 1, the relative entropy between two binary non-negative vectors (p, 1 − p)

and (q, 1 − q) reads

D(p‖q) := p ln
p

q
+ (1 − p) ln

1 − p

1 − q
. (11)

For γ ≥ 0 and 0< x< 1, define tD(γ, x) as the unique solution of t to the equation

tD
(γ

t

∥∥∥x
)

= 1, t ≥ γ

x
. (12)

Note that tD(γ, x) is well defined because D(x‖x) = 0, D(0‖x) = − ln (1 − x), and that D(γ /t‖x)
is non-decreasing in t for t ≥ γ /x thanks to Lemma 12 in Appendix A.2. For 0 ≤ s< 1 and
r> 0, define εD(s, r) as the unique solution of ε to the equation

r = D(s‖ε), 0 ≤ s ≤ ε < 1. (13)

Similarly, for 0< ε < 1 and 0< r ≤ − ln (1 − ε), define sD(ε, r) as the unique solution of s to
(13). Both εD(s, r) and sD(ε, r) are well defined according to Lemma 12 in Appendix A.2.

For x ≥ 0 and k ∈Z
≥0, the Poisson cumulative distribution function reads

Pois(k, x) := e−x
k∑

j=0

xj

j! . (14)

For 0< δ < 1 and k ∈Z
≥0, define tP(k, δ) as the unique solution of t to the equation

Pois(k, t) = δ for t ≥ 0. (15)

Note that tP(k, δ) is well defined because Pois(k, 0) = 1, limt→∞ Pois(k, t) = 0, and
that Pois(k, t) is monotonically decreasing in t for t ≥ 0 according to Lemma 13 in
Appendix A.3.
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3.3. Properties of the upper confidence limit

Here we summarize some basic properties of the upper confidence limit. In particular,
Proposition 1 clarifies the monotonicities of εi.i.d.(Tk, n, δ), and Lemma 1 provides useful
bounds for ε(Tk, n, δ), ε(Tl(λ), n, δ), and εi.i.d.(Tk, n, δ). The monotonicities of ε(Tl(λ), n, δ)
will be clarified later in Proposition 6 after several preparations. Proposition 1 and Lemma 1
are proved in Appendices C and D, respectively.

Proposition 1. Suppose 0< δ ≤ 1, n, k ∈Z
≥0, and n> k. Then εi.i.d.(Tk, n, δ) is non-

increasing in δ for 0< δ ≤ 1, non-increasing in n for n ≥ k + 1, and non-decreasing in k for
0 ≤ k ≤ n − 1.

Lemma 1. Suppose 0< δ ≤ 1
2 , k, l, n ∈Z

≥0, n> k, n> l. In the i.i.d. case, we have

εi.i.d.(Tk, n, δ) ≥ εi.i.d.

(
Tk, n,

1

2

)
>

k

n
. (16)

As a generalization, for 0 ≤ λ< 1 we have

ε(Tl(λ), n, δ) ≥ ε
(

Tl(λ), n,
1

2

){= 1 when l ≥ νn,

> l
νn when l< νn.

(17)

For λ= 0 and k/n< δ ≤ 1
2 , we have

ε(Tk, n, δ)>
k

nδ
. (18)

4. Proofs of Simple Key Relations

4.1. Proof of (1)

Let Qj be the permutation invariant distribution of variables Y1, Y2, . . . , Yn+1 ∈ {0, 1} that
satisfy

∑n+1
i=1 Yi = j. Then any element of Qn+1 can be written in the form Q[
p] := ∑n+1

j=0 pjQj,

where 
p := (pj)
n+1
j=0 . In addition, we have

Qj(K = k) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n + 1 − j

n + 1
when k = j,

j

n + 1
when k = j − 1,

0 otherwise.

It follows that

Q[
p](K ≤ k) =
k∑

j=0

pj + k + 1

n + 1
pk+1 (19)

Q[
p](Yn+1 = 1,K ≤ k) =
k∑

j=0

j

n + 1
pj + k + 1

n + 1
pk+1, (20)
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and

ε(Tk, n, δ) = max
(pj)

n+1
j=0

{
Q[
p](Yn+1 = 1,K ≤ k)

Q[
p](K ≤ k)

∣∣∣∣Q[
p](K ≤ k) ≥ δ
}

(a)= max
0≤pk≤1

{pk
k

n + 1
+ k + 1

n + 1
(1 − pk)

pk + k + 1

n + 1
(1 − pk)

∣∣∣∣ pk + k + 1

n + 1
(1 − pk) ≥ δ

}

= max
0≤pk≤1

{
k + 1 − pk

(k + 1) + pk(n − k)

∣∣∣∣ (k + 1) + pk(n − k)

n + 1
≥ δ
}

. (21)

To derive (a) above, we use (19), (20), and choose p1, . . . , pk−1 to be zero. When (k + 1)/(n +
1)> δ, the maximum in (21) is realized with pk = 0, i.e. the maximum is 1. When (k + 1)/(n +
1) ≤ δ, the maximum is realized with pk = ((n + 1)δ − (k + 1))/(n − k), i.e. the maximum is
((k + 1)(n − k + 1) − δ(n + 1))/[δ(n + 1)(n − k)]. Then, we have (1).

4.2. Proof of (2)

The test T̃k(λ) satisfies that

Q[
p]( Pass T̃j(λ)) = (1 − λ)

⎛
⎝ k∑

j=0

pj + k + 1

n + 1
pk+1

⎞
⎠+ λ

⎛
⎝k−1∑

j=0

pj + k

n + 1
pk

⎞
⎠

=
k−1∑
j=0

pj +
(

1 − λ+ k

n + 1
λ

)
pk + k + 1

n + 1
(1 − λ)pk+1 =

k+1∑
j=0

ajpj,

Q[
p](Yn+1 = 1, Pass T̃j(λ)) = (1 − λ)
k+1∑
j=0

j

n + 1
pj + λ

k∑
j=0

j

n + 1
pj

=
k∑

j=0

j

n + 1
pj + k + 1

n + 1
(1 − λ)pk+1 =

k+1∑
j=0

bjpj,

where we choose the parameters aj and bj as follows:

ak+1 := (1 − λ)
k + 1

n + 1
, ak := (1 − λ) + λ

k

n + 1
, aj := 1 for j = 0, . . . , k − 1,

bk+1 := (1 − λ)
k + 1

n + 1
, bj := j

n + 1
for j = 0, . . . , k.

Then, we have

bk−1 − bk

ak−1 − ak
= − 1

λ(n + 1 − k)
≤ (k + 1)λ− 1

(n − k) + λ(2k − n)
= bk − bk+1

ak − ak+1
. (22)
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a

b

1

1 1( , )k ka b+ +

1 1( , )k ka b− −

2 2k ka b− −

1 1

( , )

( , )a b

0 0( , )a b

( , )k ka b

O

FIGURE 1. Positional relation among the points (a0, b0), (a1, b1), . . . , (ak, bk), (ak+1, bk+1). Due
to (22), the point (ak, bk) is located above the line segment between the points (ak−1, bk−1) and
(ak+1, bk+1). This positional relation shows that the maximum in (23) is achieved by a probabilistic
mixture among the three points (ak−1, bk−1), (ak, bk), (ak+1, bk+1).

Hence, the positional relation among the points (a0, b0), (a1, b1), . . . , (ak+1, bk+1) are illus-
trated as Figure 1. The upper confidence limit ε(T̃k(λ), n, δ) can be written as

ε(T̃k(λ), n, δ) = max
(pj)

n+1
j=0

{
Q[
p](Yn+1 = 1, Pass T̃j(λ))

Q[
p]( Pass T̃j(λ))

∣∣∣∣Q[
p]( Pass T̃j(λ)) ≥ δ
}

= max
(pj)

n+1
j=0 ∈Pk,n

{
Q[
p](Yn+1 = 1, Pass T̃j(λ))

Q[
p]( Pass T̃j(λ))

∣∣∣∣Q[
p]( Pass T̃j(λ)) ≥ δ
}
, (23)

where Pk,n is the set of distributions on {0, 1, . . . , n, n + 1} such that p0 = p1 = · · · = pk−2 =
pk+2 = · · · = pn = pn+1 = 0.

When ak+1 > δ, the maximum in (23) is realized with pk−1 = pk = 0 and pk+1 = 1, and
the maximum is 1. When ak > δ ≥ ak+1, the maximum is realized with pk−1 = 0, pk = (δ(n +
1) − (1 − λ)(k + 1))/(k + (1 − λ)(n − 2k)) and pk+1 = 1 − (δ(n + 1) − (1 − λ)(k + 1))/((k +
(1 − λ)(n − 2k)), and the maximum is (δ(n + 1)(k − (1 − λ)(k + 1)) + (1 − λ)2(k + 1)(n + 1 −
k))/(δ(n + 1)(k + (1 − λ)(n − 2k))). When 1 = ak−1 ≥ δ ≥ ak, the maximum is realized with
pk−1 = 1 − (1 − δ)(n + 1 − k)/(λ(n + 1)), pk = (1 − δ)(n + 1 − k)/[λ(n + 1)], and pk+1 = 0,
i.e. the maximum is ((k − 1)λ(n + 1 − k) + (n + 1)(1 − δ))/[δ(n + 1)λ(n + 1 − k)]. Thus, we
obtain (2).

4.3. Proof of (4)

In preparation for proving (4), we define the new quantity εc(T0(λ), n, δ) :=
1 − ε(T0(λ), n, δ). In the following, we shall show (4) by proving that

εc(T0(λ), n, δz) = (n − z + 1)λ

z + (n − z + 1)λ
for all z ∈ {0, 1, . . . , n + 1}. (24)
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Let Qz ∈Qn+1 be the permutation invariant distribution of variables Y1, . . . , Yn+1 ∈ {0, 1}
that satisfy

∑n+1
i=1 Yi = z. Then by a simple calculation we have

Qz(L = 0) =

⎧⎪⎪⎨
⎪⎪⎩
λn when z = n + 1,

(n+1−z)λz+zλz−1

n+1 = δz when 1 ≤ z ≤ n,

1 when z = 0,

Qz(L = 0, Yn+1 = 0) =

⎧⎪⎨
⎪⎩

0 when z = n + 1,
(n+1−z)λz

n+1 when 1 ≤ z ≤ n,

1 when z = 0,

and, thus,

Qz(L = 0, Yn+1 = 0)

Qz(L = 0)
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 z = n + 1

(n + 1 − z)λ

(n + 1 − z)λ+ z
1 ≤ z ≤ n

1 z = 0

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= (n − z + 1)λ

z + (n − z + 1)λ
. (25)

In addition, we have

ε(T0(λ), n, δ) = min
{pj}n+1

j=0

⎧⎨
⎩
∑n+1

j=0 pjQj(L = 0, Yn+1 = 0)∑n+1
j=0 pjQj(L = 0)

∣∣∣∣∣
n+1∑
j=0

pjQj(L = 0) ≥ δ
⎫⎬
⎭ ,

where pj form a probability distribution on [n + 1].
Note that Qz(L = 0), Qz(L = 0, Yn+1 = 0), and Qz(L = 0, Yn+1 = 0)/Qz(L = 0) all strictly

decrease with z for z ∈ {0, 1, . . . , n + 1}. Therefore, when δ = δz, the above minimum is
realized with

pj =
{

1 when j = z,
0 otherwise.

This fact together with (25) confirms (24) and completes the proof of (4).

5. Asymptotic Evaluations in the Linear Regime

We consider two types of asymptotic regimes. In the first type, the number l of allowed
failures is proportional to n, and we take the limit n → ∞. That is, we set the number of
allowed failures l to be �sνn�, where 0 ≤ s< 1. In the i.i.d. setting, this regime leads to the
central limit theorem. We call it the linear regime, and assume it in this section.

5.1. Preparations

To discuss the linear regime, we prepare the function ψ(δ) as

ψ(δ) := φ(�−1(δ))

δ�−1(δ)
,

which takes a central role in our analysis on ε(T�sνn�(λ), n, δ). This quantity can be approxi-
mated as

ψ(δ) ∼= −B
(

1 − ec�−1(δ)
)−1

,

where B = 1.135 and c = 1.98/
√

2 [26, 44].
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When x ≥ 0, the function η(x) := x�(x)/φ(x) satisfies the condition dη(x)/dx> 0. Hence,
ψ(δ) is strictly decreasing in δ > 1

2 . Since lim
δ→( 1

2 )+ ψ(δ) = +∞ and limδ→1− ψ(δ) = 0+, we

can define ψ−1 on R
+ with the range ( 1

2 , 1). Then, we define the function

C(λ, s, δ) :=
√

(1 − λ)s(1 − s)√
λ

�−1(δ)

[
ψ(δ) − λ

(1 − λ)(1 − s)

]

= √
s(1 − s)�−1(δ)

[√
1 − λ

λ
ψ(δ) −

√
λ

1 − λ

1

1 − s

]
, (26)

where �(x) and φ(x) are defined in (10). When s ≤ 1, the value C(λ, s, δ) is non-negative for
δ ≤ψ−1 (λ/[(1 − λ)(1 − s)]). Its minimization over λ is given as

C(s, δ) := inf
λ∈(0,1)

C(λ, s, δ) =
⎧⎨
⎩2
√

−s(1−s)�−1(δ)φ(�−1(δ))
δ

when δ ≤ 1
2 ,

−∞ otherwise.
(27)

When δ ≤ 1
2 , due to the relation of the arithmetic–geometric means, the above

minimum value is attained when
√

(1 − λ)/λψ(δ) = −√
λ/(1 − λ)(1/(1 − s)), i.e. λ=

(1 − s)ψ(δ)/((1 − s)ψ(δ) − 1) because the minimum is calculated as

min
λ∈(0,1)

√
s(1 − s)�−1(δ)

[√
1 − λ

λ
ψ(δ) −

√
λ

1 − λ

1

1 − s

]

= −2
√

s(1 − s)�−1(δ)

√[
−
√

1 − λ

λ
ψ(δ) ·

√
λ

1 − λ

1

1 − s

]

= −2
√

s(1 − s)�−1(δ)
√−ψ(δ) = 2

√
−s(1 − s)�−1(δ)φ(�−1(δ))

δ
.

When δ > 1
2 , the minimum is realized when λ→ 1.

5.2. Upper confidence limit

In the linear regime, according to (17) of Lemma1, when 0< δ ≤ 1
2 and 0 ≤ s< 1, we have

the following relation:
ε(T�sνn�(λ), n, δ)> s.

Hence, our interest is the difference between ε(T�sνn�(λ), n, δ) and s.

Theorem 1. We consider the linear regime.

(a) We fix 0 ≤ s< 1, 0< δ < 1, and 0<λ< 1. When s ≤ δ and n goes to infinity, we have

ε(T�sn�(0), n, δ) = s

δ
+
(

1 − s + s2 − δ

δ(1 − s)
+ υn

δ

)
1

n
+ O

(
1

n2

)
, (28)

where υn := �sn� − sn ≤ 1. When s> δ and n is sufficiently large, we have

ε(T�sn�(0), n, δ) = 1. (29)
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When n goes to infinity, we have

ε(T�sνn�(λ), n, δ) = s + C(λ, s, δ)

√
1

n
+ O

(
1

n

)
. (30)

The coefficient C(λ, s, δ) takes a non-negative value when δ ≤ψ−1 (λ/[ν(1 − s)]). That
is, it is a positive number in a realistic situation.

(b) Suppose δ= e−rn for a certain constant r> 0. We fix 0 ≤ s< 1, r> 0, and 0<λ< 1.
When n goes to infinity we have

ε(T�sn�(0), n, δ = e−rn) = 1, (31)

ε(T�sνn�(λ), n, δ = e−rn) =
{

1 r>D(sν‖ν),
Eλ,s(r) + o(1) 0< r ≤ D(sν‖ν),

(32)

where

Eλ,s(r) := rtD (νs/r, ν)− νs

λ− νs + νrtD (νs/r, ν)
.

The comparison between (30) and (28) leads to an advantage of our randomized test.
Equation (30) shows that the upper confidence limit attains s for δ > 0 and λ> 0 while (28)
shows that it is impossible for δ > 0 and λ= 0. That is, to achieve the upper confidence limit
s, we need to choose non-zero λ.

Equations (29) and (31) are shown by the substitution of sn into k at (1) with the asymptotic
expansion for n. The derivation of (28) is slightly complicated. Let sn = �sn�/n; then 0 ≤ sn −
s = υn/n ≤ 1/n. The substitution of sn into k at (1) with the asymptotic expansion for n implies
that

ε(T�sn�(0), n, δ) = sn

δ
+ 1 − sn + s2

n − δ

δ(1 − sn)

1

n
+ O

(
1

n2

)
, (33)

Substituting sn = s + υn/n in (33), we obtain (28). Equations (30) and (32) are shown in
Section 9 after several preparations.

Equation (30) shows that the term C(λ, s, δ)n−1/2 is an extra value to guarantee the sig-
nificance level δ. Hence, a smaller coefficient C(λ, s, δ) is better. That is, the minimizer

λs,δ := argmin
λ

C(λ, s, δ) = (1 − s)ψ(δ)

(1 − s)ψ(δ) − 1

gives the asymptotically minimum upper confidence limit when s and δ ∈ (0, 1
2 ) are fixed. To

see this characterization, we consider the minimum upper confidence limit:

εmin(s, n, δ) := min
λ∈[0,1)

ε(T�sνn�(λ), n, δ).

Lemma 1 implies that

εmin(s, n, δ) ≥ �νsn�
νn

≥ s for all 0< δ ≤ 1

2
. (34)

Equation (30) yields the following corollary for the minimum upper confidence limit.
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Corollary 1. We fix 0 ≤ s< 1, 0< δ < 1
2 , and 0<λ< 1. When n goes to infinity, we have

εmin(s, n, δ) = s + C(s, δ)

√
1

n
+ O

(
1

n

)
. (35)

Due to (31), when the significance level δ is exponentially small and λ= 0, the upper confi-
dence limit takes the trivial value 1. That is, to achieve an exponentially small significance level
δ, we need to choose non-zero λ, which is an advantage of our randomized test. Indeed, when
the significance level δ is exponentially small value e−nr and λ> 0, (32) shows the upper con-
fidence limit. Hence, when s and r are fixed, the asymptotically minimum upper confidence
limit equals the minimum minλ min{1, Eλ,s(r)}, because the condition Eλ,s(r) ≥ 1 is equiva-
lent to the condition r ≥ D(sν‖ν). Since we have D(sν‖ν) → ∞ when λ→ 0+, this value is a
non-trivial value.

In fact, when r approaches 0+, rtD(νs.r, ν) approaches s+, and Eλ,s(r) approaches s+.
In addition, when r approaches +∞, we have Eλ,s(r) ≥ 1. This fact shows that the quantity
ε(T�νsn�(λ), n, δ = e−rn) takes values in (s,1].

In contrast, we have the following proposition under the i.i.d. case. Under this case with the
linear regime, we set k to be �sn� with 0 ≤ s< 1. According to Lemma 1, when 0< δ ≤ 1

2 we
have

εi.i.d.(T�sn�, n, δ)> s. (36)

Proposition 2. We consider the linear regime.

(a) We fix 0 ≤ s< 1 and 0< δ < 1. When n goes to infinity, we have

εi.i.d.(T�sn�, n, δ) = s −�−1(δ)
√

s(1 − s)

√
1

n
+ O

(
1

n

)
. (37)

(b) Suppose δ = e−rn for a certain constant r> 0. We fix 0 ≤ s< 1 and r> 0. When n goes
to infinity, we have

εi.i.d.(T�sn�, n, δ= e−rn) = εD(s, r) + o(1). (38)

Cases (a) and (b) immediately follow from the central limit theorem and large devia-
tion principle, respectively. For the reader’s convenience, Appendix E gives their proofs. A
numerical comparison among (30), (35), and (37) is presented in Figure 2(b).

5.3. Minimum number of required observations n

Next, under the linear regime, we consider the minimum number of observations n required
to guarantee the upper confidence limit ε at significance level δ. To this end, for 0 ≤ λ< 1,
0< ε, δ < 1, and 0 ≤ s< 1, we define the following values,

Nλ,l(s, ε, δ) := min{n ≥ �νsn� + 1 | ε(T�sνn�(λ), n, δ) ≤ ε}, (39)

Nl(s, ε, δ) := min
λ∈[0,1)

Nλ,l(s, ε, δ),

Ni.i.d.,l(s, ε, δ) := min{n ≥ �sn� + 1 | εi.i.d.(T�sn�, n, δ) ≤ ε}.
In the above notation, the subscript l expresses the linear regime. To make a fair comparison of
the required number n, we need to choose the number of allowed failures l or k depending on
λ and s in the above way.
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(a) (b)

FIGURE 2. (a) Variations of upper confidence limits in the constant regime. Here k0 = 100 and δ = 0.1.
The symbols ‘×’ represent εi.i.d.(Tk0 , n, δ), ‘∗’ represent ε(Tk0 (0), n, δ), whereas other symbols represent
ε(T�νk0�(λ), n, δ). The five curves from left to right represent the approximate formula in (66), (63), (63),
(63), and (62), respectively (the terms O(n−1) are ignored). (b) Variations of upper confidence limits
in the linear regime. Here s = 0.1 and δ = 0.1. The symbols ‘×’ represent εi.i.d.(T�sn�, n, δ), and other
symbols represent ε(T�sνn�(λ), n, δ). The four curves from left to right represent the approximate formula
in (37), (35), (30), and (30), respectively (the terms O(n−1) are ignored); ε(T�sn�(0), n, δ) is not shown
because its value is too large.

For the asymptotic evaluation of the above values, we have the following corollary.

Corollary 2. Suppose 0<λ, δ < 1 and 0 ≤ s< ε < 1.

(a) We fix s, λ, and δ. When 0< δ ≤ 1
2 and ε goes to s+, we have

Nλ,l(s, ε, δ) =
(

C(λ, s, δ)

ε − s

)2

+ O

(
1

ε − s

)
, (40)

Nl(s, ε, δ) =
(

C(s, δ)

ε − s

)2

+ O

(
1

ε − s

)
, (41)

Ni.i.d.,l(s, ε, δ) = [�−1(δ)]2s(1 − s)

(ε − s)2
+ O

(
1

ε − s

)
, (42)

where C(λ, s, δ) and C(s, δ) are defined in (26) and (27), respectively.
We fix s, δ with the condition s< δ ≤ 1

2 . We have

lim sup
ε→( s

δ
)+

∣∣∣∣(ε − s

δ

)
N0,l(s, ε, δ) − 1 − s + s2 − δ

δ(1 − s)
− 1

2δ

∣∣∣∣< 1

2δ
. (43)

(b) When ε, s, and λ are fixed and δ goes to zero, we have

Nλ,l(s, ε, δ) = 1

E−1
λ,s(ε)

ln δ−1 + o( ln δ−1), (44)

Ni.i.d.,l(s, ε, δ) = 1

D(s‖ε)
ln δ−1 + o( ln δ−1). (45)
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Proof. The condition 0< δ ≤ 1
2 guarantees C(λ, s, δ) ≥ 0 and ε(T�sνn�(λ), n, δ)> s. The

definition in (39) guarantees that Nλ,l(s, ε, δ) is non-increasing in ε. Due to (30) and

C(λ, s, δ) ≥ 0, the equation ε = ε(T�sνn�(λ), n, δ) guarantees C(λ, s, δ)
√

1
n = ε − s + O(n−1),

which implies that n = C(λ, s, δ)2/(ε − s)2 + O
(
(ε − s)−1

)
. Hence, there exists an integer

n0 > 0 and some constant C0 > 0 such that∣∣∣∣n − C(λ, s, δ)2

(ε − s)2

∣∣∣∣≤ C0

ε − s
for all n ≥ n0.

On the other hand, due to Lemma 1, there exits an s< ε0 < 1 such that

ε(T�sνn�(λ), n, δ) ≥ ε0 for all n ≤ n0.

Therefore, for ε ∈ (s, ε0), we have

Nλ,l(s, ε, δ) = C(λ, s, δ)2

(ε − s)2
+ O

(
1

ε − s

)
.

Hence, we obtain (40). In the same way, we can show (41) from (34) and (35), and show (42)
from (36) and (37). In addition, (43) follows from (18) and (28) of Lemma 1 in the same way
because of 1 − s + s2 ≥ 1

2 . By solving the equation Eλ,s(r) = ε for r, we obtain (44) from (32).
Similarly, by solving εD(s, r) = ε for r, we obtain (45) from (38). �

5.4. Maximum number of allowed failures l

In addition, we may consider the following quantities:

lλ(n, ε, δ) := max{l ≥ 0 | ε(Tl(λ), n, δ) ≤ ε},
li.i.d.(n, ε, δ) := max{l ≥ 0 | εi.i.d.(Tl, n, δ) ≤ ε}, (46)

which denote the maximum numbers of failures l allowed to guarantee the upper confidence
limit ε at significance level δ.

Proposition 3. Suppose 0<λ, δ, ε < 1.

(a) When ε, λ, δ are fixed and n goes to infinity, we have

l0(n, ε, δ) =
⌊
δεn − 1 − δ − δε + δ2ε2

1 − δε
+ O

(
1

n

)⌋
, (47)

When δ ≤ψ−1
(

λ
(1−λ)(1−s)

)
and n goes to infinity, we have

lλ(n, ε, δ) = ενn − C(λ, ε, δ)ν
√

n + O(1), (48)

When δ ≤ 1
2 and n goes to infinity, we have

li.i.d.(n, ε, δ) = εn +�−1(δ)
√
ε(1 − ε)n + O(1), (49)

where C(λ, s, δ) is defined in (26).
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(b) Suppose δ= e−rn for a certain constant r> 0. When r is fixed and n goes to infinity, we
have

lλ(n, ε, e−rn) = νĒ−1
λ,r(ε)n + o(n) for r ≤ −λε ln λ

1 − νε
, (50)

li.i.d.(n, ε, e−rn) = sD(ε, r)n + o(n) for r ≤ − ln (1 − ε), (51)

where sD(ε, r) is defined in (13), Ēλ,r(s) := Eλ,s(r), and Ē−1
λ,r(ε) denotes the inverse

function of Ēλ,r.

Proof. First, we prove (47). The condition ε(Tl, n, δ) ≤ ε is equivalent to the conditions

l2 − [(1 + εδ)n + εδ]l − (n + 1)(1 − δ − εδn) ≥ 0 (52)

and l ≤ δ(n + 1) − 1. The condition in (52) is equivalent to

l ≤ δεn − 1 − δ − δε + δ2ε2

1 − δε
+ O

(
1

n

)
or l ≥ n + 1 − δ

1 − δε
+ O

(
1

n

)
. (53)

However, the second case in (53) is not allowed due to the condition l ≤ δ(n + 1) − 1. Hence,
we have only the first case in (53). Since l0(n, ε, δ) is the maximum integer that satisfies the
first inequality in (53), we have (47).

Next, we prove (48). When l is proportional to n, (30) implies that

ε(Tl(λ), n, δ) = l

νn
+ C

(
λ,

l

νn
, δ

)√
1

n
+ O

(
1

n

)
. (54)

To determine lλ(n, ε, δ), we set the right-hand side of (54) to be ε, that is,

l

νn
+ C

(
λ,

l

νn
, δ

)√
1

n
+ O

(
1

n

)
= ε. (55)

This implies that l = νnε + x, where x = o(n) is some small quantity. By plugging l = νnε + x
into (55), we get

x

ν
+ C(λ, ε + o(1), δ)

√
n + O(1) = 0.

Hence, we have x = −C(λ, ε, δ)ν
√

n + o(
√

n) and l = νnε − C(λ, ε, δ)ν
√

n + y, where y =
o(

√
n). By plugging this relation into (55) again, we can deduce that y = O(1). This confirms

(48). Equation (49) can be derived in a similar way.
Finally, we prove (50). Solving the equation Ēλ,r(s) = Eλ,s(r) = ε for s, we obtain

l/[(1 − λ)n] = Ē−1
λ,r(ε) from (32). Note that Eλ,s(r) is increasing in s and this equation has a

solution for s ≥ 0 when the constraint Eλ,0(r) ≤ ε, i.e. r ≤ −λε ln λ/(1 − νε) holds. Hence,
we obtain (50) under the condition r ≤ −λε ln λ/(1 − νε). In the same way, we obtain (51)
from (38). �
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6. Power and Detection Probability under the i.i.d. Distribution

Until now, to cover soundness, we have discussed how to design our test with the ran-
domization parameter λ. By (46), if we choose the number of allowed failures l = lλ(n, ε, δ),
then we can guarantee that the conditional probability P(Yn+1 = 1|L ≤ l) is not greater than
the upper confidence limit ε at significance level δ. However, we have not discussed how
our test efficiently detects the event guaranteeing the above condition. In the following, to
cover completeness, we consider the power, i.e. the detection probability P(L ≤ l) of our test
under random sampling without replacement. Since completeness cares only the i.i.d. case, we
assume that the true distribution belongs to the set Qi.i.d.,n+1 in this section. We assume that
the number n of observations is sufficiently large for the normal approximation, and that the
true distribution is given as Pn+1

θ0+t/
√

n
. For ε > θ0 + t/

√
n, a higher power, i.e. a higher detection

probability is preferred.
When ε = θ0 + e/

√
n and 0<λ< 1, the maximum number of allowed failures is

lλ

(
n, θ0 + e√

n
, δ

)
= θ0(1 − λ)n + e(1 − λ)

√
n − C(λ, θ0, δ)(1 − λ)

√
n + O(1)

due to (48). To make a fair comparison, we focus on the threshold detecting the desired event
with respect to a random variable asymptotically subject to the standard normal distribution
under the normal approximation.

First, we fix λ= 0. Then, the maximum number of allowed failures is

l0

(
n, θ0 + e√

n
, δ

)
= δθ0n + δe

√
n + O(1).

The random variable K(n) := (K − (θ0 + t/
√

n
)

n)/
√

nθ0(1 − θ0) is subject to the standard nor-

mal distribution under the distribution Pn+1
θ0+t/

√
n
. The threshold for the variable K(n) is given as

l0
(

n, θ0 + e√
n
, δ
)

−
(
θ0 + t√

n

)
n

√
nθ0(1 − θ0)

= − (1 − δ)
√
θ0n√

1 − θ0
+ δe − t√

θ0(1 − θ0)
+ O

(
1√
n

)
. (56)

Since the probability �(56) goes to zero, the power, i.e. the detection probability converges
to zero. That is, it is almost impossible to guarantee that the conditional probability P(Yn+1 =
1|L ≤ l) is not greater than the upper confidence limit ε = θ0 + e/

√
n at significance level δ

when λ= 0 and the true distribution is Pn+1
θ0+t/

√
n
, regardless of the values of e, t, and δ. This

can be considered as a serious defect of random sampling without replacement.
However, our randomized test with non-zero λ> 0 resolves this problem as follows. In this

case, the random variable L(n)(λ) := (L − (θ0 + t/
√

n
)

(1 − λ)n)/
√

nθ0(1 − λ)(1 − θ0(1 − λ))
is subject to the standard normal distribution under the normal approximation when the true
distribution is Pn+1

θ0+t/
√

n
. The threshold for the random variable L(n)(λ) is given as

lλ
(

n, θ0 + e√
n
, δ
)

−
(
θ0 + t√

n

)
(1 − λ)n

√
nθ0(1 − λ)(1 − θ0(1 − λ))

= (e − t)(1 − λ)√
θ0(1 − λ)(1 − θ0(1 − λ))

− C(λ, θ0, δ)(1 − λ)√
θ0(1 − λ)(1 − θ0(1 − λ))

+ O

(
1√
n

)

=
√

1 − λ√
θ0(1 − θ0(1 − λ))

((e − t) − C(λ, θ0, δ)) + O

(
1√
n

)
.
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(a) (b)

FIGURE 3. (a) Variations of argmaxλ∈(0,1) κ(λ) with e − t for different θ0. Here we choose δ = 0.1. The
curves are calculated by solving (58) based on Lemma 2. (b) Variations of the power with e − t. Here
θ0 = 0.1 and δ = 0.1. The first curve from the left expresses (59), which corresponds to the i.i.d. case; the
other three curves express (57). The power �(56) is not shown because its value is too small.

That is, the limiting value of the power is

�

( √
1 − λ√

θ0(1 − θ0(1 − λ))

(
(e − t) − C(λ, θ0, δ)

))
, (57)

which is a strictly positive value. In other words, with the above probability, our randomized
test guarantees that the conditional probability P(Yn+1 = 1|L ≤ l) is not greater than the upper
confidence limit ε = θ0 + e/

√
n at significance level δ when the true distribution is Pn+1

θ0+t/
√

n
.

This can be considered as a significant advantage of our randomized test.
In addition, to achieve the power p0, the parameters e, t, δ, and λ need to satisfy the condition

√
1 − λ√

θ0(1 − θ0(1 − λ))

(
(e − t) − C(λ, θ0, δ)

)≥�−1(p0) + O

(
1√
n

)
,

which is equivalent to

e − t ≥ C(λ, θ0, δ) +
√
θ0(1 − θ0(1 − λ))√

1 − λ
�−1(p0) + O

(
1√
n

)
.

To achieve the power p0, the difference e − t needs to satisfy the above condition.
In the following, we maximize the power (57) by changing λ when the parameters

θ0, e, t, and δ are fixed. That is, we maximize (e − t)
√

1 − λ/
√
θ0(1 − θ0(1 − λ)) −

C(λ, θ0, δ)
√

1 − λ/
√
θ0(1 − θ0(1 − λ)) with respect to λ. This term is written as

κ(λ) := (α
√
λ+ β(1 − λ)/

√
λ+ γ

√
1 − λ)/(1 − θ0(1 − λ))1/2 with α =�−1(δ),

β = −�−1(δ)ψ(δ)(1 − θ0), and γ = (e − t)/
√
θ0. Then, the optimal choice of λ is char-

acterized by the following lemma (see Appendix F for a proof) whereas the optimal λ is
numerically given in Figure 3(a).

Lemma 2. For λ ∈ (0, 1), the equation κ ′(λ) = 0 is equivalent to the following polynomial
equation with degree 3:

(1 − λ)[�−1(δ)(1 − θ0)]2
[

[1 + (1 + θ0)ψ(δ)] λ+ (1 − θ0)ψ(δ)
]2 = (e − t)2

θ
λ3. (58)
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For δ < 1
2 , (58) has but only one solution in (0, 1). If we denote the solution by λ0 then we have

max
λ∈(0,1)

κ(λ) = κ(λ0).

In contrast, when we employ the above test under the i.i.d. assumption, the maximum
number of allowed failures is

li.i.d.

(
n, θ0 + e√

n
, δ

)
= θ0n + e

√
n +�−1(δ)

√
θ0(1 − θ0)

√
n + O(1).

The threshold for the variable K(n) is given as

li.i.d.

(
n, θ0 + e√

n
, δ
)

−
(
θ0 + t√

n

)
n

√
nθ0(1 − θ0)

= e − t√
θ0(1 − θ0)

+�−1(δ) + O

(
1√
n

)
.

That is, the limiting value of the power is

�

(
e − t√
θ0(1 − θ0)

+�−1(δ)

)
. (59)

We compare the power in (57) and (59) as follows while their numerical comparison is
given in Figure 3(b). Their magnitude relation follows from the magnitude relation of their
input values. The first and second terms of their input values are evaluated as

e − t√
θ0(1 − θ0)

≥
√

1 − λ√
θ0(1 − θ0(1 − λ))

(e − t), (60)

�−1(δ) ≥ −
√

1 − λC(λ, θ0, δ)√
θ0(1 − θ0(1 − λ))

=
√
θ0(1 − θ0)�−1(δ)√
θ0(1 − θ0(1 − λ))

[ √
λ

1 − θ0
− 1 − λ√

λ
ψ(δ)

]
. (61)

Since� is monotonic increasing, their combination yields the relation (57) ≤ (59), i.e. the i.i.d.
assumption realizes a larger power. This inequality cannot be saturated because the equality in
(60) holds in the limit λ→ 0, but the equality in (61) holds in the limit λ→ 1.

7. Asymptotic Evaluations in the Constant Regime

In this section, we fix the number of allowed failures l to be a certain constant and take the
limit n → ∞. In the i.i.d. setting, this regime leads to the law of small numbers, i.e. Poisson
limit theorem. We call it the constant regime. In this section, we assume the constant regime,
i.e. the number of allowed failures l is fixed to be �νk0� depending on 1>λ≥ 0 and an integer
k0 ≥ 0 because the average of L is proportional to ν.

7.1. Upper confidence limit

For the asymptotic evaluation of ε(Tl(λ), n, δ), we define the coefficient

G(l, δ, λ) := (Bz∗,l − δ)z∗Bz∗,l + (δ − Bz∗,l)z∗Bz∗−1,l

δ	z∗,l
,
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where z∗ and z∗ are shorthand for z∗(l, δ, λ) and z∗(l, δ, λ), respectively, which are defined
in (9). Then, we have the following theorem.

Theorem 2. We consider the constant regime. We fix 0<λ< 1 and k0 ∈Z
≥0. Then the

following statements hold.

(a) When 0< δ < 1 is fixed and n goes to infinity, the upper confidence limit has the
following behavior

ε(Tk0 (0), n, δ) = k0 + 1 − δ

δ
n−1 + o(n−1), (62)

ε(T�νk0�(λ), n, δ) = G(�νk0�, δ, λ)n−1 + o(n−1). (63)

(b) Suppose δ= e−rn for a certain constant r> 0. When r is fixed and n goes to infinity, the
upper confidence limit has the following behavior

ε(Tk0 (0), n, δ = e−rn) = 1, (64)

ε(T�νk0�(λ), n, δ = e−rn) =
{

r
r+λ( ln λ−1−r)

+ o(1) 0< r ≤ ln λ−1,

1 r> ln λ−1.
(65)

Equations (62) and (64) follow from (1) with the limit n → ∞. Other equations will be
shown in Appendix N after several preparations.

In contrast, we have the following proposition under the i.i.d. case.

Proposition 4. We consider the constant regime. We fix k0 ∈Z
≥0.

(a) When 0< δ < 1 is fixed and n goes to infinity, we have

εi.i.d.(Tk0 , n, δ) = tP(k0, δ)n
−1 + o(n−1). (66)

(b) Suppose δ= e−rn for a certain constant r> 0. When r is fixed and n goes to infinity, we
have

εi.i.d.(Tk0, n, δ = e−rn) = 1 − e−r + o(1). (67)

Cases (a) and (b) immediately follow from the law of small numbers and the large deviation
principle, respectively. For the reader’s convenience, we give their proofs in Appendix G. A
numerical comparison among (62), (63), and (66) is presented as Figure 2(a).

7.2. Minimum number of required observations n

Next, we consider the minimum number of observations n required to guarantee the upper
confidence limit ε at significance level δ. For 0 ≤ λ< 1, 0< ε, δ < 1, and k, l ∈Z

≥0, we define
the following values:

Nλ,c(l, ε, δ) := min{n ∈Z
≥l+1 | ε(Tl(λ), n, δ) ≤ ε},

Ni.i.d.,c(k, ε, δ) := min{n ∈Z
≥k+1 | εi.i.d.(Tk, n, δ) ≤ ε}.
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In the above notation, the subscript c expresses the constant regime.
For the asymptotic evaluation of Nλ,c(l, ε, δ), we have the following result.

Corollary 3. Suppose 0<λ, ε, δ < 1 and k0 ∈Z
≥0. Then the following statements hold.

(a) When k0, δ, and λ are fixed and ε goes to zero, we have

N0,c(k0, ε, δ) = k0 + 1 − δ

δε
+ o(ε−1), (68)

Nλ,c(�νk0�, ε, δ) = G(�νk0�, δ, λ)ε−1 + o(ε−1), (69)

Ni.i.d.,c(k0, ε, δ) = tP(k0, δ)ε
−1 + o(ε−1). (70)

(b) When k0, ε, and λ are fixed and δ goes to zero, we have

N0,c(k0, ε, δ) = k0 + 1

δε
+ o(δ−1), (71)

Nλ,c(�νk0�, ε, δ) = 1 − νε

λε ln λ−1
ln δ−1 + o( ln δ−1), (72)

Ni.i.d.,c(k0, ε, δ) = ln δ−1

ln (1 − ε)−1
+ o( ln δ−1). (73)

In case (b), choosing non-zero λ improves the required number Nλ,c(k0, ε, δ) exponentially.

Proof. Equations (68), (69), and (70) follow from (62), (63), and (66), respectively. When
δ−1 and n go to infinity, (71) follows from (1).

Equation (72) can be shown from (65) as follows. We consider the following equation for r:

lim
n→∞ ε(T�νk0�(λ), n, δ = e−rn) = r

r + λ( ln λ−1 − r)
= ε.

The solution is r = λε ln λ−1/(1 − νε). Since δ= e−nr, we obtain (72). In the same way,
solving the equation 1 − e−r = ε for r, we obtain (73) from (67). �

As shown in Appendix H after several preparations, we have the following lemma.

Lemma 3. Suppose 0<λ, ε, δ < 1 and k0 ∈Z
≥0. Then

lim
δ,ε→0

εNλ,c(�νk0�, ε, δ)
ln δ−1

= 1

λ ln λ−1
,

where the order of the two limits ε→ 0 and δ→ 0 does not matter.

The function 1/(λ ln λ−1) takes the minimum value e when λ= 1/e. Hence, the choice
λ= 1/e is optimal under the constant regime.
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8. Computation of the Upper Confidence Limit ε(Tl(λ), n, δ)

8.1. Region approach

We extend the idea based on the region used in Section 4.2 to the case with the test Tl(λ). In
order to determine the upper confidence limit ε(Tl(λ), n, δ), we introduce the quantities pl(Q)
and fl(Q) for 0 ≤ λ< 1, l ∈Z

≥0, n ∈Z
≥l+1, and Q ∈Qn+1 as

pl(Q) := Q(L ≤ l), fl(Q) := Q(Yn+1 = 0, L ≤ l).

Then, instead of ε(Tl(λ), n, δ), we discuss εc(Tl(λ), n, δ) := 1 − ε(Tl(λ), n, δ). Define the two-
dimensional region Rl,n,λ as

Rl,n,λ := {(
pl(Q), fl(Q)

) ∈R
2+
∣∣Q ∈Qn+1

}
. (74)

This region Rl,n,λ is convex because pl(Q) and fl(Q) are both linear in Q, and the set
Qn+1 is convex. The geometric picture of Rl,n,λ is helpful to understanding and calculating
ε(Tl(λ), n, δ). In particular, εc(Tl(λ), n, δ) can be determined for all 0< δ ≤ 1 once the lower
boundary of Rl,n,λ is known, because it has the following form

εc(Tl(λ), n, δ) = min
Q∈Qn+1

{Q(Yn+1 = 0 | L ≤ l) | Q(L ≤ l) ≥ δ}

= min
Q∈Qn+1

{
fl(Q)

pl(Q)

∣∣∣∣ pl(Q) ≥ δ
}

. (75)

To characterize Rl,n,λ, we define the random variable Z := ∑n+1
i=1 Yi. Then any Q ∈Qn+1

is completely determined by the n + 1 probabilities {Q(Z = z)}n
z=0, and the joint distribution

PY1,...,Yn+1 of Y1, . . . , Yn+1 is given as

PY1,...,Yn+1 (y1, . . . , yn+1) =
(

n+1∑n+1
i=1 yi

)−1
Q

(
Z =

n+1∑
i=1

yi

)
.

For integer 0 ≤ z ≤ n + 1, we define

hz(l, n, λ) := Q(L ≤ l | Z = z) =

⎧⎪⎨
⎪⎩

1 0 ≤ z ≤ l,

(n − z + 1)Bz,l + zBz−1,l

n + 1
l + 1 ≤ z ≤ n + 1,

(76)

gz(l, n, λ) := Q(Yn+1 = 0, L ≤ l | Z = z) =

⎧⎪⎨
⎪⎩

n − z + 1

n + 1
0 ≤ z ≤ l,

(n − z + 1)Bz,l

n + 1
l + 1 ≤ z ≤ n + 1,

(77)

where Bz,l is shorthand for Bz,l(ν) as defined in (7), and Bz,l(ν) = 1 for l ≥ z. The second
equality of (76) and the second equality of (77) are proved in Appendix 1. Then, we have
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FIGURE 4. The region Rl,n,λ composed of points (pl(Q), fl(Q)) as defined in (74). The region is the
convex hull of the points in (78), which are highlighted as dots. Here we choose l = 3 for all plots.

Q(L ≤ l) =
n+1∑
z=0

Q(Z = z)Q(L ≤ l | Z = z) =
n+1∑
z=0

Q(Z = z)hz(l, n, λ),

Q(Yn+1 = 0, L ≤ l) =
n+1∑
z=0

Q(Z = z)Q(Yn+1 = 0, L ≤ l | Z = z)

=
n+1∑
z=0

Q(Z = z)gz(l, n, λ).

Therefore, any element of the region Rl,n,λ can be written as a convex combination of the
n + 2 points {(hz(l, n, λ), gz(l, n, λ))}n+1

z=0 . That is, we obtain the following proposition.

Proposition 5. The two-dimensional region Rl,n,λ (see Figure 4) is the convex hull of the
following set of points

{(
hz(l, n, λ), gz(l, n, λ)

)}n+1
z=0 . (78)

According to this proposition, Rl,n,λ is a polygon, as illustrated in Figure 4. Now, the
original complicated problem of determining the region Rl,n,λ has been transformed into the
intuitive task of studying the geometric relation between the n + 2 points given in (78).
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8.2. Case with λ > 0

In this subsection we discuss εc(Tl(λ), n, δ) in the case 0<λ< 1.
As the first step, we clarify that the lower boundary of the region Rl,n,λ defined in (74)

consists of n − l + 1 line segments, as shown in the following lemmas (see Appendix J for
proofs).

Lemma 4. Suppose 0<λ< 1, l, z ∈Z
≥0, and n ∈Z

≥l+1. Then hz(l, n, λ)> 0; gz(l, n, λ) ≥ 0
for all z ≤ n + 1; gz(l, n, λ)< 0 for all z ≥ n + 2. In addition, hz(l, n, λ) strictly decreases with
z for l ≤ z ≤ n + 1; gz(l, n, λ) strictly decreases with z for 0 ≤ z ≤ n + 1.

Lemma 5. Suppose 0<λ< 1, l, z ∈Z
≥0, and n ∈Z

≥l+1. Then for l ≤ z ≤ n + 1, the point(
hz(l, n, λ), gz(l, n, λ)

)
is an extremal point of Rl,n,λ and belongs to the lower boundary of

Rl,n,λ.

Next, we shall determine the exact value of εc(Tl(λ), n, δ). By Lemma 4, we have
Bn,l = hn+1(l, n, λ) ≤ hz(l, n, λ) ≤ 1 for z ∈ {0, . . . , n + 1}. For Bn,l < δ ≤ 1, let ẑ be the largest
integer z such that hz(l, n, λ) ≥ δ. For z ∈ {l, l + 1, . . . , n}, define

κz(l, n, δ, λ) := δ − hz+1(l, n, λ)

hz(l, n, λ) − hz+1(l, n, λ)
, (79)

ζ̃λ(l, n, δ, z) := [1 − κz(l, n, δ, λ)]gz+1(l, n, λ) + κz(l, n, δ, λ)gz(l, n, λ). (80)

The following theorem provides the analytical expression of εc(Tl(λ), n, δ).

Theorem 3. Suppose 0<λ< 1, 0< δ ≤ 1, l ∈Z
≥0, and n ∈Z

≥l+1. Then we have

εc(Tl(λ), n, δ) =
{

0 δ ≤ Bn,l,

δ−1 ζ̃λ(l, n, δ, ẑ)> 0 δ > Bn,l.

Proof. According to (75), to determine the value of εc(Tl(λ), n, δ), we need to find the best
point

(
pl(Q), fl(Q)

)
in the region Rl,n,λ such that pl(Q) ≥ δ and fl(Q)/pl(Q) is minimum. Note

that this best point must be on the lower boundary of Rl,n,λ.
First, we consider the case 0< δ ≤ Bn,l. According to Proposition 5, the point(

hn+1(l, n, λ), gn+1(l, n, λ)
)= (Bn,l, 0) is in the region Rl,n,λ. Hence, there exists a Q ∈Qn+1

such that pl(Q) ≥ δ and fl(Q)/pl(Q) = 0. This implies that εc(Tl(λ), n, δ) = 0.
Second, we consider the case Bn,l < δ ≤ 1. Let

(
pl(QA), fl(QA)

)
be the point on the lower

boundary of Rl,n,λ that satisfies pl(QA) = δ. According to Proposition 5 and Lemmas 4 and
5, if

(
pl(QB), fl(QB)

)
is a point on the lower boundary of Rl,n,λ that satisfies pl(QB)> δ,

then we must have fl(QB)/pl(QB)> fl(QA)/pl(QA). Therefore,
(
pl(QA), fl(QA)

)
is the best point(

pl(Q), fl(Q)
)

in the region Rl,n,λ such that pl(Q) ≥ δ and fl(Q)/pl(Q) is minimum. This implies
that

εc(Tl(λ), n, δ) = fl(QA)

pl(QA)
= fl(QA)

δ
. (81)

Since pl(QA) = δ and ẑ is the largest integer z such that hz(l, n, λ) ≥ δ, the point
(
pl(QA), fl(QA)

)
is on the line segment connecting the following two points,(

hẑ+1(l, n, λ), gẑ+1(l, n, λ)
)
,
(
hẑ(l, n, λ), gẑ(l, n, λ)

)
.
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Using this fact, one can easily verify that fl(QA) = ζ̃λ(l, n, δ, ẑ). This together with (81)
completes the proof of Theorem 3. �

In particular, when δ= hz(l, n, λ) for z ∈ {l, l + 1, . . . , n + 1}, Theorem 3 implies that

εc(Tl(λ), n, δ = hz(l, n, λ)) = gz(l, n, λ)

hz(l, n, λ)
, (82)

which is non-increasing in z. This is because hz(l, n, λ) decreases monotonically with z by
Lemma 4, and εc(Tl(λ), n, δ) is non-decreasing in δ for 0< δ ≤ 1 by Proposition 6.

As a counterpart of Proposition 1 in Section 3.3, the following proposition clarifies the
monotonicities of ε(Tl(λ), n, δ). See Appendix K for a proof.

Proposition 6. Suppose 0 ≤ λ< 1, 0< δ ≤ 1, l ∈Z
≥0, and n ∈Z

≥l+1. Then, ε(Tl(λ), n, δ) is
non-increasing in δ for 0< δ ≤ 1, non-increasing in n for n ∈Z

≥l+1, and non-decreasing in l
for 0 ≤ l ≤ n − 1.

In the following, in order to show the remaining unproved results of Theorems 1 and 2, we
prepare two useful statements, which provide several tight bounds for εc(Tl(λ), n, δ). Corollary
4 follows from (82), Theorem 3, Lemma 4, and the fact that εc(Tl(λ), n, δ) is non-decreasing
in δ by Proposition 6. Lemma 6 is proved in Appendix L.

Corollary 4. Suppose 0<λ< 1, 0< δ < 1, l ∈Z
≥0, and n ∈Z

≥l+1, then we have

gz∗+1(l, n, λ)

hz∗+1(l, n, λ)
≤ εc(Tl(λ), n, δ) ≤ max

{
0,

gz∗ (l, n, λ)

hz∗ (l, n, λ)

}
,

where z∗ and z∗ are shorthand for z∗(l, δ, λ) and z∗(l, δ, λ) defined in (9), respectively.

Lemma 6. Suppose 0<λ< 1, 0< δ < 1, l ∈Z
≥0, and n ∈Z

≥l+1. Then

εc(Tl(λ), n, δ) ≤ max

{
0,

λ(n − z∗ + 1)

λ(n − z∗ + 1) + z∗ − l

}
, (83)

εc(Tl(λ), n, δ) ≥ λ(n − z∗)

λ(n − z∗) + z∗ + 1
. (84)

If in addition δ ≤ 1
2 then

εc(Tl(λ), n, δ) ≥ λ(n − z∗)

λ(n − z∗) + z∗ − l + 1 + √
λl

≥ 1 − z∗ − l + 1 + √
λl

λn
. (85)

9. Proof of Theorem 1

We shall first prove (30) and then prove (32).
Proof of (30). Since the case s = 0 follows from (63), we focus on the case 0< s< 1. In the

following, we let l = �νsn�. The proof is composed of two steps.

Step 1: The aim of this step is to show that (87) holds when 0< s< 1.
When 0< s< 1, in the limit n → +∞ we have

z∗ = l −�−1(δ)
√
λl

ν
+ O(1) = sn − �−1(δ)

√
λνsn

ν
+ O(1)< n, (86)
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where the first equality follows from Lemma 17. Hence, the relation Bn,l < Bz∗,l ≤ δ holds as
n → +∞, and we have εc(Tl(λ), n, δ)> 0 according to Theorem 3. This fact together with
Corollary 4 implies that

gz∗+1(�νsn�, n, λ)

hz∗+1(�νsn�, n, λ)
≤ εc(T�νsn�(λ), n, δ) ≤ gz∗ (�νsn�, n, λ)

hz∗ (�νsn�, n, λ)
(87)

for a sufficiently large integer n.

Step 2: The aim of this step is to prove (30) in the case 0< s< 1. As shown in Appendix M,
in the limit n → ∞, we have

RHS of (87) = 1 − s − C(λ, s, δ)

√
1

n
+ O

(
1

n

)
. (88)

Using a similar reasoning for deriving (88), we can deduce that

LHS of (87) = 1 − s − C(λ, s, δ)

√
1

n
+ O

(
1

n

)
. (89)

Then (87)–(89) together confirm (30). �

Proof of (32). In the following, we let l = �νsn� and δ = e−rn. The proof is composed of
two steps.

Step 1: In this step we consider the case with r>D(sν‖ν). In this case, we have

lim
n→∞

ln δ

ln Bn,l

(a)≥ lim
n→∞

ln (e−rn)

ln
[

1
e
√�νsn�e−D(�νsn�/n‖ν)n

] = r

D(νs‖ν)
> 1,

where (a) follows from the reverse Chernoff bound given in Lemma 8. This fact together with
Theorem 3 implies that εc(Tl(λ), n, δ = e−rn) = 0 when n is sufficiently large, which confirms
(32).

Step 2: In this step we consider the case with 0< r ≤ D(sν‖ν).

Step 2.1: The aim of this step is to show that

z∗ = rtD
(νs

r
, ν
)

n + o(n), (90)

where tD( νs
r , ν) is defined in (12).

Equations (A.1) and (A.2) imply that

1

e
√�νsn�e−z∗D( �νsn�

z∗ ‖ν) ≤ Bz∗,�νsn� ≤ δ = e−rn ≤ Bz∗,�νsn� ≤ e−z∗D( �νsn�
z∗ ‖ν).

It follows that

r = lim
n→∞

z∗
n

D

(
νsn

z∗
∥∥∥ν)=

(
lim

n→∞
z∗
n

)
D

(
νs

limn→∞ (z∗/n)

∥∥∥∥ν
)
,

and, thus, limn→∞ (z∗/n) = rtD(νs/r, ν), which confirms (90).
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Step 2.2: The aim of this step is to show (32) by using (90) and Lemma 6.
According to Lemma 6 we have

λ(n − z∗)

λ(n − z∗) + z∗ − l + 1 + √
λl

≤ εc(Tl(λ), n, δ) (91)

≤ max

{
0,

λ(n − z∗ + 1)

λ(n − z∗ + 1) + z∗ − l

}
.

Then we have

lim
n→∞ LHS of (91) = lim

n→∞
λ
(

1 − z∗
n

)
λ
(
1 − z∗

n

)+ z∗
n + 1−�νsn�+√

λ�νsn�
n

(92)

(a)= λ(1 − rtD( νs
r , ν))

λ
(
1 − rtD

(
νs
r , ν

))+ rtD
(
νs
r , ν

)− νs
= 1 − Eλ,s(r),

where (a) follows from (90). By a similar reasoning, we can deduce that

lim
n→∞

λ(n − z∗ + 1)

λ(n − z∗ + 1) + z∗ − l
= 1 − Eλ,s(r) ≥ 0 for all 0< r ≤ D(sν‖ν).

Hence, we have limn→∞ RHS of (91) = 1 − Eλ,s(r). This fact together with (92) and (91)
confirms (32) in the case 0< r ≤ D(sν‖ν). �

10. Conclusion

We have studied one-sided hypothesis testing under random sampling without replacement.
That is, when n + 1 binary random variables X1, . . . , Xn+1 are subject to a permutation invari-
ant distribution and n binary random variables X1, . . . , Xn are observed, we have proposed
randomized tests with a randomization parameter λ> 0 for the expectation of the (n + 1)th
random variable Xn+1 under a given significance level δ > 0. We have shown that our proposed
randomized test significantly improves deterministic test under random sampling without
replacement. For example, as shown in (30) and (28) of Theorem 1, the asymptotic upper
confidence limit in our randomized test is much better than that in the deterministic test in sam-
pling without replacement. This problem setting appears under a certain adversarial setting. We
can expect that our results will be applied to various areas when the data are generated in an
adversarial way. Although our analysis is limited to one-sided hypothesis testing on a binary
random variable, in principle, it can be generalized to the case with general non-binary random
variables. In this way, our results are expected to have wider applications.

Appendix A. Useful Lemmas

We present several useful lemmas with their derivations.

A.1. Binomial probability

To show several important statements, here we prepare several useful lemmas to charac-
terize Bz,l(p) and 	z,l, which are defined in (7) and (8), respectively. If there is no danger
of confusion, we shall use Bz,l as shorthand for Bz,l(ν), where ν := 1 − λ and λ is the
randomization parameter introduced in (3).

Lemma 7 (Lemma 3.2 of [48]) Suppose 0 ≤ l ≤ z and 0< p< 1. Then Bz,l(p) is strictly
increasing in l, strictly decreasing in z, and non-increasing in p.
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The Chernoff bound states that

Bz,l ≤ e−zD(l/z‖ν) for all l ≤ νz, (A.1)

where D(p‖q) is the relative entropy defined in (11). The following lemma provides a reverse
Chernoff bound for Bz,l.

Lemma 8. (Proposition 5.4 of [48].) Suppose l,z are positive integers and satisfy l ≤ z − 1,
then

Bz,l ≥ 1

e
√

l
e−zD(l/z‖ν). (A.2)

The following lemma is a simple corollary of the Berry–Esseen theorem [6]

Lemma 9. Suppose 0<λ< 1 and integers z ≥ l ≥ 1. Then∣∣∣∣Bz,l −�

(
l − νz√
νλz

)∣∣∣∣≤ 0.5(1 − 2νλ)√
νλz

≤ 0.5√
νλl

,

where �(x) is the standard normal distribution function defined in (10).

Lemma 10. Suppose 0<λ< 1 and integers 0 ≤ l ≤ z. Then Bz,l/Bz+1,l is non-decreasing in z,
and satisfies

z − l + 1

(z + 1)λ
≤ Bz,l

Bz+1,l
≤ 1

λ
. (A.3)

In addition, if l ≤ νz then

Bz,l

Bz+1,l
≤ z − l + 1 + √

λl

(z + 1)λ
. (A.4)

Proof of Lemma 10. If l = 0 then Bz,l/Bz+1,l = 1/λ is nondecreasing in z. If l ≥ 1 then the
monotonicity of Bz,l/Bz+1,l with z follows from Lemma 3.4 of [48].

In addition, (A.3) follows from Lemma 3.4 of [48], and (A.4) follows from Proposition 4.10
of [48]. �
Lemma 11. Suppose 0<λ< 1 and z ≥ l + 1; then	z,l/	z−1,l is non-increasing in z and non-
decreasing in l.

Proof of Lemma 11. The equality

Bz+1,l = (1 − λ)Bz,l−1 + λBz,l,

implies that

	z,l = (1 − λ)(Bz,l − Bz,l−1) = (1 − λ)bz,l (A.5)

=
{

0 l ≥ z + 1,

(1 − λ)
(z

l

)
(1 − λ)lλz−l l ≤ z.

When z ≥ l + 1, (A.5) implies that

	z,l

	z−1,l
=
(z

l

)
λ(z−1

l

) = zλ

z − l
,

so 	z,l/	z−1,l is non-increasing in z and non-decreasing in l. �
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A.2. Relative entropy

To show that tD(γ, x), εD(s, r), and sD(ε, r) are well defined in Section 3.2, we prepare the
following lemma.

Lemma 12. The relative entropy D(p‖q) defined in (11) is non-decreasing in q and non-
increasing in p when 0 ≤ p ≤ q ≤ 1.

Proof of Lemma 12. When 0 ≤ p ≤ q ≤ 1 we have

∂D(p‖q)

∂q
= q − p

q(1 − q)
≥ 0,

∂D(p‖q)

∂p
= ln

p

q
+ ln

1 − q

1 − p
≤ 0,

which confirm the lemma. �

A.3. Poisson distribution

To show that tP(k, δ) is well defined in (15), we prepare the following lemma.

Lemma 13. Suppose k ∈Z
≥0. Then Pois(k, x) defined in (14) is monotonically decreasing in x

for x ≥ 0.

Proof of Lemma 13. For x> 0 we have

∂ Pois(k, x)

∂x
= −e−x

k∑
i=0

xi

i! + e−x
k∑

i=1

i
xi−1

i!

= −e−x
k∑

i=0

xi

i! + e−x
k−1∑
i=0

xi

i! = −e−x xk

k! < 0,

which confirms the lemma. �

Appendix B. Properties of z∗ and Bz∗,l/Bz∗,l

Given 0< δ ≤ 1, z∗(l, δ, λ) is the smallest integer z that satisfies Bz,l ≤ δ, as defined in (9). If
there is no danger of confusion, we shall use z∗ as shorthand for z∗(l, δ, λ), and use z∗ = z∗ − 1.
This appendix provides some properties of z∗ and Bz∗,l/Bz∗,l, which are useful for proving
several important statements.

B.1. Lower bound for z∗

Lemma 14. (Corollary 1 in [25].) Suppose z ∈Z
≥0 and 0 ≤ p ≤ 1, then Bz,�zp�(p) ≥ 1

2 .

Lemma 15. (Theorem 4.1 in [34].) Suppose l ∈Z
≥0 and z ∈Z

≥l+1, then Bz,l(l/z) �= 1
2 .

Corollary 5. Suppose l ∈Z
≥1 and z ∈Z

≥l, then Bz,l(l/z)> 1
2 .

Proof. First, in the case z = l, we have Bz,l(l/z) = Bz,z(1) = 1 ≥ 1
2 . Second, in the case z ≥

l + 1, the corollary immediately follows from Lemmas 14 and 15. �
Corollary 6. Suppose 0<λ< 1 and 0< δ ≤ 1

2 . Then z∗ ≥ l/ν.

Proof. When l = 0, the lemma clearly holds.
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Next, we shall consider l ∈Z
≥1. In this case we have �l/ν� ≥ l and

B�l/ν�,l(ν)
(a)≥ B�l/ν�,l

(
l

�l/ν�
)

(b)
> 1

2 , (B.1)

where (a) follows from Lemma 7 and the inequality ν ≤ l/�l/ν�, and (b) follows from
Corollary 5. Therefore,

z∗ = min{z ∈Z
≥l|Bz,l(ν) ≤ δ} (a)≥ min

{
z ∈Z

≥l|Bz,l(ν) ≤ 1

2

}
(b)≥ �l/ν� + 1 ≥ l/ν,

which confirms the lemma. Here (a) follows from the assumption δ ≤ 1
2 , and (b) follows

from (B.1). �

B.2. Limits of z∗

Lemma 16. Suppose l ∈Z
≥0, 0<λ< 1, and 0< δ < 1, then

lim
δ→0

z∗

ln δ
= 1

ln λ
.

Proof of Lemma 16. By the large deviation principle, we have

lim
z→∞

1

z
ln (Bz,l) = −D(0‖1 − λ) = ln λ.

Since we have z∗ → ∞ when δ→ 0, the above relation implies that

lim
δ→0

ln δ

z∗ = lim
δ→0

ln (Bz∗,l)

z∗ = lim
z∗→∞

ln (Bz∗,l)

z∗ = ln λ,

which confirms the lemma. �
Lemma 17. Suppose l ∈Z

≥0, 0<λ< 1, and 0< δ < 1. Then in the limit l → +∞ we have

z∗ = l −�−1(δ)
√
λl

ν
+ O(1),

where z∗ is the smallest integer z such that Bz,l ≤ δ, and �(x) is defined in (10).

Proof of Lemma 17. By Lemma 9 we have

�

(
l − νz√
νλz

)
− 0.5√

νλl
≤ Bz,l ≤�

(
l − νz√
νλz

)
+ 0.5√

νλl
. (B.2)
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When l → ∞, we have δ − 0.5/
√
νλl> 0, and

z∗ = min{z ∈Z
≥l|Bz,l ≤ δ}

≤
⌈{

z ∈R
+
∣∣∣∣�
(

l − νz√
νλz

)
+ 0.5√

νλl
= δ

}⌉

=
⌈{

z ∈R
+
∣∣∣∣ l − νz√

νλz
=�−1

(
δ− 0.5√

νλl

)}⌉

=
⎡
⎢⎢⎢⎢
⎛
⎝−
√
λ

4ν
�−1

(
δ− 0.5√

νλl

)
+
√

l

ν
+ λ

4ν

[
�−1

(
δ − 0.5√

νλl

)]2
⎞
⎠

2
⎤
⎥⎥⎥⎥

=
⎡
⎢⎢⎢
(

−
√
λ

4ν
�−1(δ) + O

( 1√
l

)
+
√

l

ν
+ O(1)

)2
⎤
⎥⎥⎥

= l −�−1(δ)
√
λl

ν
+ O(1), (B.3)

where the inequality follows from the upper bound in (B.2).
In addition, when l → ∞, we have δ+ 0.5√

νλl
< 1, and

z∗ = min{z ∈Z
≥l|Bz,l ≤ δ}

≥
{

z ∈R
+
∣∣∣∣�
(

l − νz√
νλz

)
− 0.5√

νλl
= δ

}

=
{

z ∈R
+
∣∣∣∣ l − νz√

νλz
=�−1

(
δ + 0.5√

νλl

)}

=
⎛
⎝−
√
λ

4ν
�−1

(
δ+ 0.5√

νλl

)
+
√

l

ν
+ λ

4ν

[
�−1

(
δ + 0.5√

νλl

)]2
⎞
⎠

2

=
(

−
√
λ

4ν
�−1(δ) + O

( 1√
l

)
+
√

l

ν
+ O(1)

)2

= l −�−1(δ)
√
λl

ν
+ O(1), (B.4)

where the inequality follows from the lower bound in (B.2). Equations (B.3) and (B.4) together
confirm the lemma. �

B.3. Limit of Bz∗,l/Bz∗,l

Lemma 18. Suppose l ∈Z
≥0, 0<λ< 1 and 0< δ < 1. Then in the limit l → +∞ we have

Bz∗,l
Bz∗,l

= 1 + φ(�−1(δ))ν

δ
√
λl

+ O(l−1), (B.5)

Bz∗−1,l

Bz∗,l
= 1 + φ(�−1(δ))ν

δ
√
λl

+ O(l−1), (B.6)
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Bz∗,l
Bz∗+1,l

= 1 + φ(�−1(δ))ν

δ
√
λl

+ O(l−1). (B.7)

Proof of Lemma 18. To consider the normal approximation, we define

x1 := l − z∗ν√
z∗λν

, x2 := l − z∗ν√
z∗λν

.

By Lemma 17, in the limit l → +∞ we have z∗ = l/ν + O(
√

l) and, thus,

x1 = l − z∗ν√
z∗λν

= l − ν[l/ν + O(
√

l)]√
λν[l/ν + O(

√
l)]

= O(
√

l)√
λl + O(

√
l)

= O(1).

In addition, we have

x2 − x1 = l − z∗ν√
z∗λν

− x1 = 1√
z∗

√
ν

λ
+

√
z∗

√
z∗

(
l − z∗ν√

z∗λν

)
− x1(B.9) (B.8)

= 1√
z∗

√
ν

λ
+
(√

1 + 1

z∗
− 1

)
x1

(a)= 1√
l
ν

+ O
(√

l
)
√
ν

λ
+
(√

1 + O

(
1

l

)
− 1

)
x1

(b)=
[

1 + O
( 1√

l

)] ν√
λl

+ O(l−1) = ν√
λl

+ O(l−1), (B.8)

where (a) holds because z∗ = l/ν + O(
√

l) and 1/z∗ = O(1/l) (see Lemma 17), and (b) holds
because x1 = O(1).

According to Lemma 9 we have

Bz∗,l =�

(
l − z∗ν√

z∗λν

)
+ O

( 1√
l

)
=�(x1) + O

( 1√
l

)
. (B.9)

In addition, considering the Edgeworth series [21, (2.1)], we have

Bz∗,l
Bz∗,l

= �(x2)

�(x1)
+ O(l−1) = �(x1) + φ(x3)(x2 − x1)

�(x1)
+ O(l−1)
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where x3 ∈ ( min (x1, x2),max (x1, x2)). By (B.8), we have x2 − x1 = ν/
√
λl + O(l−1) and x3 =

x1 + O(1/
√

l). Hence,

Bz∗,l
Bz∗,l

= �(x1) + φ(x3)(x2 − x1)

�(x1)
+ O(l−1)

= 1 +
φ
(

x1 + O( 1√
l
)
) (

ν√
λl

+ O(l−1)
)

�(x1)
+ O(l−1)

= 1 +
[
φ (x1)+ O( 1√

l
)
] (

ν√
λl

+ O(l−1)
)

�(x1)
+ O(l−1)

= 1 + φ(x1)ν

�(x1)
√
λl

+ O(l−1), (B.10)

Since Bz∗,l ≤ δ < Bz∗,l, (B.10) implies that Bz∗,l = δ + O
(

1√
l

)
. This fact together with (B.9)

implies that

�(x1) = δ+ O

(
1√

l

)
, x1 =�−1(δ) + O

(
1√

l

)
.

Then by plugging the above two equations into (B.10) we get (B.5).

Equations (B.6) and (B.7) follow from (B.5) and the relations Bz∗,l = δ + O
(

1√
l

)
and

Bz∗,l = δ+ O
(

1√
l

)
. �

Appendix C. Proof of Proposition 1

According to (6) we have

εi.i.d.(Tk, n, δ) = max{0 ≤ ε ≤ 1 |Bn,k(ε) ≥ δ},

where Bn,k(ε) is defined in (7).
Monotonicity in δ: The monotonicity of εi.i.d.(Tk, n, δ) with δ follows immediately from (75).
Monotonicity in n: We have

εi.i.d.(Tk, n, δ) = max{0 ≤ ε ≤ 1 |Bn,k(ε) ≥ δ}
≥ max{0 ≤ ε ≤ 1 |Bn+1,k(ε) ≥ δ} = εi.i.d.(Tk, n + 1, δ),

where the inequality holds because Bn,k(ε) ≥ Bn+1,k(ε) (according to Lemma 7). Therefore,
εi.i.d.(Tk, n, δ) is non-increasing in n for n ≥ k + 1.
Monotonicity in k: We have

εi.i.d.(Tk, n, δ) = max{0 ≤ ε ≤ 1 |Bn,k(ε) ≥ δ}
≤ max{0 ≤ ε ≤ 1 |Bn,k+1(ε) ≥ δ} = εi.i.d.(Tk+1, n, δ),

where the inequality holds because Bn,k(ε) ≤ Bn,k+1(ε) (according to Lemma 7). Therefore,
εi.i.d.(Tk, n, δ) is nondecreasing in k for 0 ≤ k ≤ n − 1.
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Appendix D. Proof of Lemma 1

Proof of (16). First, we show (16) by showing the relation

max

{
0 ≤ ε ≤ 1 |Bn,k(ε) ≥ 1

2

}
>

k

n
(D.1)

because (6) guarantees the equation max{0 ≤ ε ≤ 1 |Bn,k(ε) ≥ δ} = εi.i.d.(Tk, n, δ) and the rela-
tion max{0 ≤ ε ≤ 1 |Bn,k(ε) ≥ δ} ≥ max{0 ≤ ε ≤ 1 |Bn,k(ε) ≥ 1

2 } holds for 0< δ ≤ 1
2 . For this

aim, we shall consider two cases depending on the value of k.

(1) k = 0. In this case we have

max

{
0 ≤ ε ≤ 1 |Bn,k(ε) ≥ 1

2

}
= max

{
0 ≤ ε ≤ 1 |(1 − ε)n ≥ 1

2

}
> 0,

which confirms (D.1).

(2) k ∈Z
≥1. In this case we have Bn,k(k/n)> 1

2 according to Corollary 5. Since Bn,k(ε) is
continuous in ε, there exists a positive number ε0 > k/n such that Bn,k(ε0) ≥ 1

2 . Hence,
we find that

max
{

0 ≤ ε ≤ 1 |Bn,k(ε) ≥ 1
2

}
≥ ε0 >

k

n
,

which implies (D.1).

In conclusion, (D.1) holds for all k ∈Z
≥0. �

Proof of (17). We show (17) by using (16). When 0< δ ≤ 1
2 we have

ε̄(Tl(λ), n, δ) ≥ ε̄
(

Tl(λ), n,
1

2

)
(a)≥ max

Q∈Qi.i.d.,n+1

{
Q (Yn+1 = 1|L ≤ l) | Q(L ≤ l) ≥ 1

2

}
(D.2)

(b)= max

{
0 ≤ ε ≤ 1 |Bn,l(νε) ≥ 1

2

}
.

Here (a) holds because the optimization constraints on the right-hand side are stronger than
those in ε̄λ(l, n, 1

2 ); (b) follows from the fact that Qi.i.d.,n+1 = {Pn+1
θ }θ∈[0,1].

In the following, we consider two cases depending on the relation between νn and l. First,
when νn ≤ l, we have

Bn,l(ν)
(a)≥ Bn,l(l/n)

(b)≥ 1

2
,

where (a) follows from l/n ≥ ν and Lemma 7; and (b) follows from Lemma 14. This equation
together with (D.2) implies that ε̄λ(l, n, 1

2 ) = 1, which confirms (17).
Second, when νn> l, we have

RHS of (D.2) = 1

ν
max

{
0 ≤ ε ≤ ν |Bn,l(ε) ≥ 1

2

}
(a)
>

l

νn
,

which confirms (17) again. Here (a) follows from (16), i.e. (D.1). �
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Proof of (18). When k/n< δ < (k + 1)/(n + 1), (1) implies (18). When (k + 1)/(n + 1) ≤
δ ≤ 1

2 , we have

ε(Tk(0), n, δ) = (k + 1)(n + 1 − k) − δ(n + 1)

δ(n − k)(n + 1)
≥ (k + 1)(n + 1 − k) − 1

2 (n + 1)

δ(n − k)(n + 1)

= k(n − k) + 1
2 (n + 1)

δ(n − k)(n + 1)
>

k

δn
,

which confirms (18) again. Here the last inequality holds because the following conditions are
equivalent,

k(n − k) + 1
2 (n + 1)

δ(n − k)(n + 1)
>

k

δn
⇔ nk(n − k) + n

2
(n + 1)> k(n − k)(n + 1)

⇔ n

2
(n + 1)> k(n − k), (D.3)

and that (D.3) holds for (k + 1)/(n + 1) ≤ 1
2 . �

Appendix E. Proof of Proposition 2

Recall that Qi.i.d.,n+1 = {Pn+1
θ }θ∈[0,1], where Pn+1

θ is the i.i.d. distribution on [n + 1] with
Pr (Yi = 1) = θ . The central limit theorem states that

lim
n→∞ Pn+1

θ

(
K ≤ n

(
θ + z√

n

))
=�

(
z√

Var[Yi]

)
=�

(
z√

θ (1 − θ )

)

for any real number z, where Var[Yi] is the variance of Yi. As a consequence, we have

lim
n→∞ Pn+1

s+ τ√
n
(K ≤ �sn�) = lim

n→∞�

⎛
⎜⎜⎝

( �sn�
n − s − τ√

n

)√
n√(

s + τ√
n

) (
1 − s − τ√

n

)
⎞
⎟⎟⎠=�

(
− τ√

s(1 − s)

)
.

Hence, the condition limn→∞ Pn+1
s+ τ√

n
(K ≤ �sn�) ≤ δ is equivalent to the condition τ ≤

−�−1(δ)
√

s(1 − s). The above relation shows case (a) for εi.i.d.(T�sn�, n, δ).
In addition, we have

lim
n→∞

−1

n
ln Pn+1

τ (K ≤ �sn�) = D(s‖τ ).

Solving the equation D(s‖τ ) = r for τ , we have τ = εD(s, r). The above relation shows case
(b) for εi.i.d.(�sn�, n, δ).

Appendix F. Proof of Lemma 2

First, the derivative of κ(λ) reads

κ ′(λ) = ((1 − θ0)α− (1 + θ0))βλ−1/2 − (1 − θ0)βλ−3/2 − γ (1 − λ)−1/2

2(1 − θ0(1 − λ))3/2

=
�−1(δ)(1 − θ0)

(
(1 + (1 + θ0)ψ(δ))λ−1/2 + (1 − θ0)ψ(δ)λ−3/2

)
− e−t√

θ0
(1 − λ)−1/2

2(1 − θ0(1 − λ))3/2
,
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which confirms the equivalence between κ ′(λ) = 0 and (58). We note that (58) is equivalent to
the cubic equation f1(λ) + f2(λ) = 0, where the functions f1(x) and f2(x) are defined as follows,

f1(x) := (e − t)2

θ (�−1(δ)(1 − θ0))2
x3,

f2(x) := (x − 1) [(1 + (1 + θ0)ψ(δ))x + (1 − θ0)ψ(δ)]2 .

The cubic equation f2(x) = 0 has two real roots x0 = −(1−θ0)ψ(δ)
1+(1+θ0)ψ(δ) and x1 = 1, where x0 is a

double root.
The remaining proof is composed of three steps. The results of steps 1–3 will together

confirm the fact that (58) has but only one solution in (0, 1).

Step 1: The aim of this step is to show that the equation f1(x) + f2(x) = 0 has at least one
solution in (0, 1).

We have

f1(0) + f2(0) = − [(1 − θ0)ψ(δ)]2 < 0,

f1(1) + f2(1) = (e − t)2

θ (�−1(δ)(1 − θ0))2
> 0.

(F.1)

Since f1(x) + f2(x) is continuous in x, the above inequalities imply that the equation f1(x) +
f2(x) = 0 has at least one solution in (0, 1).

Step 2: The aim of this step is to show the double root x0 < 0.
First note that the numerator satisfies −(1 − θ0)ψ(δ)> 0 for δ < 1

2 . Second, the denomina-
tor satisfies

1 + (1 + θ0)ψ(δ)
(a)
< 1 +ψ(δ) = 1 + φ(�−1(δ))

δ�−1(δ)
(b)= 1 − φ(y)

y�( − y)

(c)≤ 0,

which confirms that x0 < 0. Here (a) holds because ψ(δ)< 0 when δ < 1
2 ; in (b) we change the

variable by letting y = −�−1(δ); and (c) holds because �( − y) ≤ φ(y)/y for y> 0, witch was
first proved by Gordon [17].

Step 3: The aim of this step is to show that the equation f1(x) + f2(x) = 0 has at most one
solution in (0,∞). Since the double root x0 < 0, there are only two cases for the monotonicity
of f2(x) in (0,∞):

Case A: f2(x) increases monotonically with x for x ∈ (0,∞). In this case, f1(x) + f2(x)
is non-decreasing in x for x ∈ (0,∞). Hence, the equation f1(x) + f2(x) = 0 has at most one
solution in (0,∞).

Case B: In (0,∞), f2(x) first decreases monotonically and then increases monotonically.
In this case, in the interval (0,∞), the cubic function f1(x) + f2(x) also first monotonically
decreases and then monotonically increases. This fact together with the first inequality in (F.1)
implies that the equation f1(x) + f2(x) = 0 has at most one solution in (0,∞).
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Appendix G. Proof of Proposition 4

Remember that Qi.i.d.,n+1 = {Pn+1
θ }θ∈[0,1]. The law of small numbers [37] guarantees that

lim
n→∞ Pn+1

τ
n

(K ≤ k0) = Pois(k0, τ ).

Hence, the condition Pois(k0, τ ) = limn→∞ Pn+1
τ/n (K ≤ k0) ≤ δ is equivalent to the condition

τ ≤ tP(k0, δ). The above relation shows Case (a) for εi.i.d.(Tk0 , n, δ).
The large deviation principle [13] guarantees that

lim
n→∞

−1

n
ln Pn+1

τ (K ≤ k0) = D(0‖τ ) = − ln (1 − τ ).

Solving the equation − ln (1 − τ ) = r for τ , we have τ = 1 − e−r. The above relation shows
case (b) for εi.i.d.(Tk0 , n, δ).

Appendix H. Proof of Lemma 3

Proof of Lemma 3. First, by (72) we have

lim
ε→0

lim
δ→0

εNλ,c (�νk0�, ε, δ)
ln δ−1

= 1

λ ln λ−1
. (H.1)

In the following, we shall prove that

lim
δ→0

lim
ε→0

εNλ,c (�νk0�, ε, δ)
ln δ−1

= 1

λ ln λ−1
, (H.2)

which together with (H.1) confirms the lemma.
For convenience, we use l = �νk0�. By Lemma 19 below, when δ ≤ 1

2 we have

(1 − ε)(z∗ − l)

λ ln δ−1
+ ε(z∗ − 1)

ln δ−1
≤ εNλ,c(l, ε, δ)

ln δ−1
≤ z∗ − l + 1 + √

λl

λ ln δ−1
, (H.3)

where the upper bound follows from (H.5), and the lower bound follows from (H.4). Then
Lemma 16 implies that

lim
δ→0

lim
ε→0

LHS of (H.3) = lim
δ→0

z∗ − l − 1

λ ln δ−1
= 1

λ ln λ−1
,

lim
δ→0

lim
ε→0

RHS of (H.3) = lim
δ→0

z∗ − l + 1 + √
λl

λ ln δ−1
= 1

λ ln λ−1
,

which confirm (H.2) and complete the proof. �
Lemma 19. Suppose 0<λ, ε, δ < 1 and l ∈Z

≥0. Then

Nλ,c(l, ε, δ) ≥
(

1

ε
− 1

)
z∗Bz∗−1,l

Bz∗,l
+ z∗ − 1 ≥

(
1

ε
− 1

)
z∗ − l

λ
+ z∗ − 1. (H.4)

If in addition δ ≤ 1
2 then

Nλ,c(l, ε, δ) ≤
⌈

z∗ − l + 1 + √
λl

λ

(
1

ε
− 1

)
+ z∗

⌉
<

z∗ − l + 1 + √
λl

λε
. (H.5)
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Proof of Lemma 19. The proof is composed of two steps.

Step 1: Proof of (H.4). When 0< δ < 1 we have

Nλ,c(l, ε, δ) = min{n ≥ l + 1 | εc(Tl(λ), n, δ) ≥ 1 − ε}
≥ min

{
n

∣∣∣∣max

{
0,

gz∗ (l, n, λ)

hz∗ (l, n, λ)

}
≥ 1 − ε

}

=
⌈

z∗Bz∗−1,l

Bz∗,l

(
1

ε
− 1

)
+ z∗ − 1

⌉
≥ z∗ − l

λ

(
1

ε
− 1

)
+ z∗ − 1,

which confirms (H.4). Here the first inequality follows from Corollary 4 in the main text, and
the second equality follows from Lemma 10.

Step 2: Proof of (H.5). When 0< δ ≤ 1
2 we have

Nλ,c(l, ε, δ) = min{n ≥ l + 1 | εc(Tl(λ), n, δ) ≥ 1 − ε}
≤ min

{
n ≥ l + 1

∣∣∣∣ gz∗+1(l, n, λ)

hz∗+1(l, n, λ)
≥ 1 − ε

}
=
⌈

(z∗ + 1)Bz∗,l
Bz∗+1,l

(
1

ε
− 1

)
+ z∗

⌉

≤
⌈

z∗ − l + 1 + √
λl

λ

(
1

ε
− 1

)
+ z∗

⌉
<

z∗ − l + 1 + √
λl

λε
,

which confirms (H.5). Here the first inequality follows from Corollary 4 in the main text, and
the second inequality follows from Lemma 10 and the fact that z∗ ≥ l/ν when 0< δ ≤ 1

2 (see
Corollary 6). �

Appendix I. Proofs of (76) and (77)

For z ∈ {0, 1, . . . , n + 1}, we have

Q(K = z, Yn+1 = 0|Z = z) = n − z + 1

n + 1
,

Q(K = z − 1, Yn+1 = 1|Z = z) = z

n + 1
.

In the following, we shall show (76) and (77), respectively.

Step 1: Proof of (76). For 0 ≤ v ≤ z − 1, we have

Q(L = v|Z = z) = Q(K = z, Yn+1 = 0|Z = z)

(
z

v

)
(1 − λ)vλz−v

+ Q(K = z − 1, Yn+1 = 1|Z = z)

(
z − 1

v

)
(1 − λ)vλz−1−v

= n − z + 1

n + 1
bz,v(ν) + z

n + 1
bz−1,v(ν),

where bz−1,v(ν) is defined in (7). Hence, for 0 ≤ l ≤ z − 1, we have

Q(L ≤ l|Z = z) =
l∑

v=0

Q(L = v|Z = z) = n − z + 1

n + 1

l∑
v=0

bz,v(ν) + z

n + 1

l∑
v=0

bz−1,v(ν)

= n − z + 1

n + 1
Bz,l + z

n + 1
Bz−1,l.
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In addition, when l ≥ z, it is obvious that P(L ≤ l|Z = z) = 1. This completes the proof of (76).

Step 2: Proof of (77). For 0 ≤ v ≤ z − 1, we have

Q(L = v, Yn+1 = 0|Z = z) = Q(K = z, Yn+1 = 0|Z = z)

(
z

v

)
(1 − λ)vλz−v

= n − z + 1

n + 1
bz,v(ν).

Hence, when 0 ≤ l ≤ z − 1, we have

Q(L ≤ l, Yn+1 = 0|Z = z) =
l∑

v=0

Q(L = v, Yn+1 = 0|Z = z)

= n − z + 1

n + 1

l∑
v=0

bz,v(ν) = n − z + 1

n + 1
Bz,l.

In addition, when l ≥ z, we have

Q(L ≤ l, Yn+1 = 0|Z = z) = Q(K = z, Yn+1 = 0|Z = z) = n − z + 1

n + 1
.

This completes the proof of (77).

Appendix J. Proofs of Lemmas 4 and 5

Proof of Lemma 4. According to Lemma 7, Bz,l decreases monotonically in z for z ≥ l.
For z ∈ {l + 1, . . . , n}, we have

hn+1(l, n, λ) = Bn,l ≤ Bz,l < hz(l, n, λ)< Bz−1,l ≤ Bl,l = hl(l, n, λ),

where the second and third inequality hold because

hz(l, n, λ) = Bz,l + z

n + 1
(Bz−1,l − Bz,l).

Hence, hz(l, n, λ) decreases monotonically in z for l ≤ z ≤ n + 1.
The monotonicity of gz(l, n, λ) with z follows from the facts that (n − z + 1)/(n + 1)

decreases monotonically in z for 0 ≤ z ≤ n + 1, and that Bz,l decreases monotonically in z for
l ≤ z ≤ n + 1.

By (77), gz(l, n, λ) ≥ 0 for z ≤ n + 1, and gz(l, n, λ)< 0 for z ≥ n + 2. In addition, By (76)
we have

hz(l, n, λ) = Bz,l + z

n + 1
(Bz−1,l − Bz,l)> 0,

which completes the proof. �

Proof of Lemma 5. Due to Lemma 4, in order to prove Lemma 5, it suffices to show that
[hz+1(l, n, λ) − hz(l, n, λ)]/[gz+1(l, n, λ) − gz(l, n, λ)] is strictly increasing in z for l ≤ z ≤ n.
We have

(n + 1)[hz+1(l, n, λ) − hz(l, n, λ)] = (n − z)Bz+1,l + (2z − n)Bz,l − zBz−1,l,

(n + 1)[gz+1(l, n, λ) − gz(l, n, λ)] = (n − z)Bz+1,l − (n − z + 1)Bz,l,
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which imply that

hz+1(l, n, λ) − hz(l, n, λ)

gz+1(l, n, λ) − gz(l, n, λ)
− 1 = z(Bz−1,l − Bz,l) − Bz,l

(n − z)(Bz,l − Bz+1,l) + Bz,l

= z	z−1,l − Bz,l

(n − z)	z,l + Bz,l
= z	z−1,l

(n − z)	z,l + Bz,l

(
1 − Bz,l

z	z−1,l

)
.

Note that
	z−1,l

Bz,l
= Bz−1,l

Bz,l
− 1

is non-decreasing in z according to Lemma 10, so the function
(

1 − Bz,l
z	z−1,l

)
is strictly increas-

ing in z. In addition,	z−1,l/	z,l is nondecreasing in z according to Lemma 11, so the function
z	z−1,l/[(n − z)	z,l + Bz,l] is strictly increasing in z, because

(n − z)	z,l + Bz,l

z	z−1,l
=
(

n

z
− 1

)
	z,l

	z−1,l
+ Bz,l

z	z−1,l

is strictly decreasing in z. Therefore, [hz+1(l, n, λ) − hz(l, n, λ)]/[gz+1(l, n, λ) − gz(l, n, λ)] is
strictly increasing in z for l ≤ z ≤ n, which completes the proof. �

Appendix K. Proof of Proposition 6

We show Proposition 6 by proving the following lemma.

Lemma 20. Suppose 0 ≤ λ< 1, 0< δ ≤ 1, l ∈Z
≥0, and n ∈Z

≥l+1. Then εc(Tl(λ), n, δ) is non-
decreasing in δ for 0< δ ≤ 1, non-decreasing in n for n ∈Z

≥l+1, and non-increasing in l for
0 ≤ l ≤ n − 1.

Monotonicity in δ: The monotonicity of εc(Tl(λ), n, δ) with δ follows immediately from its
definition in (75).
Monotonicity in n: To prove the monotonicity of εc(Tl(λ), n, δ) with n, we consider two cases
depending on the value of λ. First, when λ= 0, the monotonicity follows from (1). Second,
when λ> 0, we show the monotonicity by showing that the lower boundary of Rn,l,λ is not
higher than that of Rn+1,l,λ for n ≥ l + 1. This fact can be shown as follows.

Since gz(l, n, λ) and hz(l, n, λ) are defined in (77) and (76), respectively, we have the
relations

gz(l, n, λ) ≤ gz(l, n + 1, λ), hz(l, n, λ) ≥ hz(l, n + 1, λ)

for z = 0, 1, . . . , n + 1. Let τn,l(x) be the function that corresponds to the lower boundary of
Rn,l,λ. For x ≤ hn+1(l, n, λ), we define τn,l(x) to be 0. We denote by κ[A1, A2] the line that
passes through the two points A1 and A2, and by Az(l, n) the point (hz(l, n, λ), gz(l, n, λ)).
Since Lemma 4 guarantees that hz(l, n, λ) is monotonically decreasing in z, for x ≤ hz(l, n, λ),
there exists an integer z′ ≥ z + 1 such that x ∈ [hz′ (l, n, λ), hz′−1(l, n, λ)]. Then, we have

τn,l(x) ≤ κ[Az(l, n), Az′ (l, n)](x). (K.1)

Since Lemma 4 guarantees that gz(l, n, λ) is monotonically decreasing in z, we have

gz(l, n + 1, λ) ≥ gz(l, n, λ) ≥ gz′ (l, n, λ). (K.2)
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(a) (b)

FIGURE K.1 (a) The lower boundary of Rl,n,λ is not higher than that of Rl,n+1,λ for n ≥ l + 1. The lower
(upper) solid lines and circular (triangular) symbols represent the lower boundary and extremal points
of Rl=1,n=5,λ=1/e (Rl=1,n=6,λ=1/e), respectively. (b) The lower boundary of Rl+1,n,λ is not higher than
that of Rl,n,λ for n ≥ l + 2. The upper (lower) solid lines and circular (triangular) symbols represent the
lower boundary and extremal points of Rl=1,n=5,λ=1/e (Rl=2,n=5,λ=1/e), respectively.

Combining (K.1) and (K.2), we have

τn,l(hz(l, n + 1, λ)) ≤ gz(l, n + 1, λ).

Therefore, the lower boundary of Rn,l,λ is not higher than that of Rn+1,l,λ for n ≥ l + 1. (see
Figure K.1(a) for an illustration),
Monotonicity in l:
Step 1: To prove the monotonicity of εc(Tl(λ), n, δ) with l, we still consider two cases depend-
ing on the value of λ. First, when λ= 0, the monotonicity follows from (1). Second, when
λ> 0, we show the monotonicity by showing that the lower boundary of Rn,l+1,λ is not higher
than that of Rn,l,λ for 0 ≤ l ≤ n − 2. This fact can be shown as follows.

As shown later, we have the following relations:

gz1 (l, n, λ) ≤ gz1 (l + 1, n, λ), hz1 (l, n, λ) ≤ hz1 (l + 1, n, λ), (K.3)

hz+1(l + 1, n, λ) ≥ hz(l, n, λ), (K.4)

gz+1(l, n, λ) − gz(l, n, λ)

hz+1(l, n, λ) − hz(l, n, λ)
≥ gz+1(l, n, λ) − gz+1(l + 1, n, λ)

hz+1(l, n, λ) − hz+1(l + 1, n, λ)
(K.5)

for z1 = 0, 1, . . . , n + 1, and z = l, l + 1, . . . , n.

Step 2: In the following, using (K.3)–(K.5), we show the following inequality by induction,

τn,l+1(hz(l, n, λ)) ≤ gz(l, n, λ). (K.6)

First, we show (K.6) with z = n + 1. Since (K.4) guarantees that hn+1(l, n, λ) ≤ hn+1(l +
1, n, λ), we have

τn,l+1(hn+1(l, n, λ)) = 0
(a)= gn+1(l, n, λ),
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where (a) follows from the definition of gz(l, n, λ). Hence, (K.6) holds when z = n + 1.
Next, we show (K.6) with z = z0 by assuming that (K.6) holds when z = z0 + 1. Equations

(K.3)–(K.5) guarantee that

κ[Az0+1(l, n), Az0+1(l + 1, n)](hz0 (l, n, λ)) ≤ gz0 (l, n, λ), (K.7)

hz0 (l, n, λ) ∈ [hz0+1(l, n, λ), hz0+1(l + 1, n, λ)]. (K.8)

Hence, we have

τn,l+1(hz0 (l, n, λ))
(a)≤ κ[(hz0+1(l, n, λ), τn,l+1(hz0+1(l, n, λ))), Az0+1(l + 1, n)](hz0 (l, n, λ))
(b)≤ κ[Az0+1(l, n), Az0+1(l + 1, n)](hz0 (l, n, λ)), (K.9)

where (a) follows from (K.8), and (b) follows from the assumption that (K.6) holds when
z = z0 + 1. The combination of (K.9) and (K.7) implies (K.6) with z = z0.

Hence, we obtain (K.6) for z = 1, . . . , n + 1, i.e. the lower boundary of Rn,l+1,λ is not
higher than that of Rn,l,λ for 0 ≤ l ≤ n − 2. (see Figure K.1(b) for an illustration).

Step 3: In the following, we shall prove (K.3), (K.4), and (K.5) in three steps, respectively.

Step 3.1: Proof of (K.3). Equation (K.3) follows from (76), (77), and Lemma 7.

Step 3.2: Proof of (K.4). For z = l, we have hz+1(l + 1, n, λ) = hz(l, n, λ) = 1 according to
(76). For z = l + 1, . . . , n, we have

(n + 1)[hz+1(l + 1, n, λ) − hz(l, n, λ)] = [(n − z)Bz+1,l+1 + (z + 1)Bz,l+1]

− [(n − z + 1)Bz,l + zBz−1,l]

= (n − z)(Bz+1,l+1 − Bz,l) + z(Bz,l+1 − Bz−1,l)

+ (Bz,l+1 − Bz,l)
(a)= (n − z)[(1 − λ)Bz,l + λBz,l+1 − Bz,l]

+ z[(1 − λ)Bz−1,l + λBz−1,l+1 − Bz−1,l]

+ (Bz,l+1 − Bz,l)

= (n − z)λ(Bz,l+1 − Bz,l) + zλ(Bz−1,l+1 − Bz−1,l)

+ (Bz,l+1 − Bz,l)
(b)≥ 0.

Here (a) follows from the basic relation Bz+1,l = (1 − λ)Bz,l−1 + λBz,l, and (b) follows from
Lemma 7.

Step 3.3: Proof of (K.5). To prove (K.5), we shall consider three cases depending on the
value of z. First, for z = l, we have hz+1(l + 1, n, λ) = hz(l, n, λ) = 1 and gz+1(l + 1, n, λ) ≤
gz(l, n, λ), so (K.5) holds. Second, for z = n, the left-hand side of (K.5) is positive, and the
right-hand side of (K.5) equals zero, so (K.5) holds.
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Lastly, we consider the case z ∈ {l + 1, . . . , n − 1}. To prove (K.5) in this case, it suffices to
show

hz+1(l, n, λ) − hz(l, n, λ)

gz+1(l, n, λ) − gz(l, n, λ)
− 1 ≤ hz+1(l, n, λ) − hz+1(l + 1, n, λ)

gz+1(l, n, λ) − gz+1(l + 1, n, λ)
− 1 (K.10)

for z = l, l + 1, . . . , n. Note that

LHS of (K.10) = z(Bz−1,l − Bz,l) − Bz,l

(n − z)(Bz,l − Bz+1,l) + Bz,l
≤ z(Bz−1,l − Bz,l)

(n − z)(Bz,l − Bz+1,l)

= z	z−1,l

(n − z)	z,l
= z − l

(n − z)λ
, (K.11)

where the last equality holds because

	z−1,l

	z,l
=
(z−1

l

)
(z

l

)
λ

= z − l

zλ
.

In addition,

RHS of (K.10) = (z + 1)(Bz,l+1 − Bz,l)

(n − z)(Bz+1,l+1 − Bz+1,l)
= (z + 1)bz,l+1

(n − z)bz+1,l+1

= z + 1

n − z
· z − l

λ(z + 1)
= z − l

(n − z)λ
. (K.12)

Then (K.11) and (K.12) together confirm (K.10), and complete the proof of (K.5).

Appendix L. Proof of Lemma 6

Proof of Lemma 6. When 0< δ ≤ Bn,l, we have z∗ ≥ n and εc(Tl(λ), n, δ) = 0. So (83)–(85)
hold obviously. In the following, we consider the case Bn,l < δ < 1.

Step 1: Proof of (83). When Bn,l < δ < 1, we have

εc(Tl(λ), n, δ) ≤ gz∗ (l, n, λ)

hz∗ (l, n, λ)
= 1

1 + z∗
n−z∗+1 · Bz∗−1,l

Bz∗,l

≤ 1

1 + z∗
n−z∗+1 · z∗−l

λz∗
= λ(n − z∗ + 1)

λ(n − z∗ + 1) + z∗ − l
,

where the first inequality follows from Corollary 4 and the fact that εc(Tl(λ), n, δ)> 0 when
Bn,l < δ < 1, and the last inequality follows from Lemma 10.

Step 2: Proof of (84). When Bn,l < δ < 1, we have

εc(Tl(λ), n, δ) ≥ gz∗+1(l, n, λ)

hz∗+1(l, n, λ)
= 1

1 + z∗+1
n−z∗ · Bz∗,l

Bz∗+1,l

≥ 1

1 + z∗+1
n−z∗ · 1

λ

= λ(n − z∗)

λ(n − z∗) + z∗ + 1
,

where the first inequality follows from Corollary 4; and the last inequality follows from
Lemma 10.
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Step 3: Proof of (85). When Bn,l < δ ≤ 1
2 , we have l/ν ≤ z∗ ≤ n according to Corollary 6, and

εc(Tl(λ), n, δ)
(a)≥ gz∗+1(l, n, λ)

hz∗+1(l, n, λ)
= 1

1 + z∗+1
n−z∗ · Bz∗,l

Bz∗+1,l

(b)≥ 1

1 + z∗+1
n−z∗ · z∗−l+1+√

λl
(z∗+1)λ

= λ(n − z∗)

λ(n − z∗) + z∗ − l + 1 + √
λl

= 1 − z∗ − l + 1 + √
λl

λn + (νz∗ − l + 1 + √
λl)

(c)≥ 1 − z∗ − l + 1 + √
λl

λn
,

where (a) follows from Corollary 4; (b) follows from Lemma 10 and the inequality z∗ ≥ l/ν;
and (c) holds because (νz∗ − l + 1 + √

λl) ≥ 0. �

Appendix M. Proof of (88)

In the limit n → ∞, we have

z∗
n − z∗ + 1

(a)= νsn −�−1(δ)
√
λνsn + O(1)

νn − νsn +�−1(δ)
√
λνsn + O(1)

=
νs −�−1(δ)

√
λνs 1√

n
+ O

(
1
n

)
ν − νs +�−1(δ)

√
λνs 1√

n
+ O

(
1
n

)

=
[
νs − �−1(δ)

√
λνs√

n
+ O

(
1

n

)][
1

ν − νs
− �−1(δ)

√
λνs

(ν − νs)2
√

n
+ O

(
1

n

)]

= s

1 − s
− �−1(δ)

√
λs

(1 − s)2
√
νn

+ O

(
1

n

)
, (M.1)

where (a) follows from (86). Then, we have

RHS of (87) =
(

1 + z∗Bz∗−1,�νsn�
(n − z∗ + 1)Bz∗,�νsn�

)−1

(a)=
(

1 +
[

s

1 − s
− �−1(δ)

√
λs

(1 − s)2
√
νn

+ O

(
1

n

)][
1 + φ(�−1(δ))ν

δ
√
λνsn

+ O

(
1

n

)])−1

=
(

1

1 − s
+ s

1 − s

φ(�−1(δ))ν

δ
√
λνsn

− �−1(δ)
√
λs

(1 − s)2
√
νn

+ O(n−1)

)−1

= (1 − s)

(
1 − sφ(�−1(δ))ν

δ
√
λνsn

+ �−1(δ)
√
λs

(1 − s)
√
νn

+ O(n−1)

)

= 1 − s + �−1(δ)
√
λs√

νn
− s(1 − s)φ(�−1(δ))ν

δ
√
λνsn

+ O(n−1)

= 1 − s − C(λ, s, δ)

√
1

n
+ O

(
1

n

)
,

which confirms (88). Here (a) follows from (B.6) in Lemma 18 and (M.1).
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Appendix N. Proof of Theorem 2

We shall first prove (63) and then prove (65).
Proof of (63). In the following, we let l = �νk0�. The proof is composed of two steps.

Step 1: The aim of this step is to prove (63) in the case Bz∗,l < δ.
In this case, we have

lim
n→∞ nε(Tl(λ), n, δ) = lim

n→∞ n[1 − εc(Tl(λ), n, δ)]
(a)= G(l, δ, λ), (N.1)

where (a) is shown in Section O by using Theorem 3. Then (N.1) confirms (63).

Step 2: The aim of this step is to prove (63) in the case Bz∗,l = δ.
In this case, when n → ∞, we have Bn,k < δ and ẑ = z∗. Then by a similar reasoning that

leads to (N.1) we can deduce that

lim
n→∞ nε(Tl(λ), n, δ) = (Bz∗,l − δ)z∗Bz∗,l

δ(Bz∗,l − Bz∗,l)
= G(l, δ, λ),

which confirms (63) again. �

Proof of (65). In the following, we let l = �νk0�, δ = e−rn. The proof is composed of two
steps.

Step 1: The aim of this step is to prove (65) in the case r> ln λ−1.
When δ= e−rn with r> ln λ−1, we have

lim
n→∞

ln δ

ln Bn,l

(a)≥ lim
n→∞

ln (e−rn)

ln
[

1
e
√

l
e−D(l/n‖ν)n

]
= lim

n→∞
r

D(l/n‖ν) + ln (e
√

l)
n

(b)= r

ln λ−1
> 1, (N.2)

where (a) follows from the reverse Chernoff bound given in Lemma 8, and (b) holds because
D(0‖ν) = ln λ−1. (N.2) implies that Bn,l > δ when n → ∞. This fact together with Theorem 3
implies that εc(Tl(λ), n, δ = e−rn) = 0 as n → ∞, which confirms (65).

Step 2: The aim of this step is to prove (65) in the case 0< r ≤ ln λ−1.
When δ= e−rn with 0< r ≤ ln λ−1, we have

λ(n − z∗)

λ(n − z∗) + z∗ − l + 1 + √
λl

≤ εc(Tl(λ), n, δ)

≤ max

{
0,

λ(n − z∗ + 1)

λ(n − z∗ + 1) + z∗ − l

}
(N.3)

according to Lemma 6. In the following we shall show (65) by proving that

lim
n→∞ LHS of (N.3) = lim

n→∞ RHS of (N.3) = λ ln λ+ λr

λ ln λ− νr
. (N.4)
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Note that

lim
n→∞ LHS of = lim

δ→0

λ
(

n
ln δ − z∗

ln δ

)
λ
( n

ln δ − z∗
ln δ

)+ z∗
ln δ + 1−l+√

λl
ln δ

= λ
(− 1

r − 1
ln λ

)
λ
(− 1

r − 1
ln λ

)+ 1
ln λ

= λ ln λ+ λr

λ ln λ− νr
,

where the second equality follows from Lemma 16 and the relation δ = e−rn. Using a similar
reasoning, we can deduce that

lim
n→∞

λ(n − z∗ + 1)

λ(n − z∗ + 1) + z∗ − l
= λ ln λ+ λr

λ ln λ− νr
,

which is positive when 0< r< ln λ−1, and is equal to 0 when r = ln λ−1. These observations
confirm (N.4) and complete the proof of (65). �

Appendix O. Proof of (N.1)

In the case Bz∗,l < δ, when n goes to infinity, we have Bn,l < δ and

hz(l, n, λ) → Bz,l (O.1)

for any finite z ∈Z
≥l+1. Thus, in this limit we have ẑ = z∗, where ẑ denotes the largest integer

z such that hz(l, n, λ) ≥ δ. This fact together with Theorem 3 implies that

εc(Tl(λ), n, δ)
(a)= ζ̃λ(l, n, δ, z∗)

δ

(b)= 1

δ

[
(1 − κz∗ (l, n, δ, λ))gz∗(l, n, λ) + κz∗ (l, n, δ, λ)gz∗ (l, n, λ)

]
(c)= 1

δ

([
δ − hz∗ (l, n, λ)

]
gz∗ (l, n, λ)

hz∗ (l, n, λ) − hz∗ (l, n, λ)
+
[
hz∗ (l, n, λ) − δ

]
gz∗ (l, n, λ)

hz∗ (l, n, λ) − hz∗ (l, n, λ)

)

(d)= (n + 1)[δ− hz∗ (l, n, λ)]
[
hz∗ (l, n, λ) − z∗Bz∗−1,l

n+1

]
δ(n + 1)[hz∗ (l, n, λ) − hz∗ (l, n, λ)]

+ (n + 1)[hz∗ (l, n, λ) − δ]
[
hz∗ (l, n, λ) − z∗Bz∗,l

n+1

]
δ(n + 1)[hz∗ (l, n, λ) − hz∗ (l, n, λ)]

= 1 − δz∗Bz∗−1,l − δz∗Bz∗,l + z∗Bz∗,lhz∗ (l, n, λ) − z∗Bz∗−1,lhz∗ (l, n, λ)

δ(n + 1)[hz∗ (l, n, λ) − hz∗ (l, n, λ)]
.

Here (a) follows from Theorem 3, (b) follows from (80), (c) follows from (79), and (d) holds
because

gz∗ (l, n, λ) = hz∗ (l, n, λ) − z∗Bz∗−1,l

n + 1
, gz∗ (l, n, λ) = hz∗ (l, n, λ) − z∗Bz∗,l

n + 1
.
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It follows that

lim
n→∞ nε(Tl(λ), n, δ) = lim

n→∞ n[1 − εc(Tl(λ), n, δ)]

= lim
n→∞

δz∗Bz∗−1,l − δz∗Bz∗,l + z∗Bz∗,lhz∗ (l, n, λ) − z∗Bz∗−1,lhz∗ (l, n, λ)

δ[hz∗ (l, n, λ) − hz∗ (l, n, λ)]

(a)= lim
n→∞

δz∗Bz∗−1,l − δz∗Bz∗,l + z∗Bz∗,lBz∗,l − z∗Bz∗−1,lBz∗,l
δ(Bz∗,l − Bz∗,l)

= (δ − Bz∗,l)z∗Bz∗−1,l + (Bz∗,l − δ)z∗Bz∗,l
δ(Bz∗,l − Bz∗,l)

= G(l, δ, λ),

where (a) follows from (O.1).
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