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Abstract

In this paper we study one-sided hypothesis testing under random sampling without
replacement, which frequently appears in the cryptographic problem setting, includ-
ing the verification of measurement-based quantum computation. Suppose that n + 1
binary random variables X1, ..., X+ follow a permutation invariant distribution and
n binary random variables Xi, ..., X, are observed. Then, we propose randomized
tests with a randomization parameter for the expectation of the (n + 1)th random vari-
able X, 11 under a given significance level § > 0. Our randomized tests significantly
improve the upper confidence limit over deterministic tests. Our problem setting com-
monly appears in machine learning in addition to cryptographic scenarios by considering
adversarial examples. Such studies are essential for expanding the applicable area of
statistics. Although this paper addresses only binary random variables, a similar signif-
icant improvement by randomized tests can be expected for general non-binary random
variables.
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1. Introduction

Random sampling without replacement is prevalent across various scientific disciplines,
including social sciences, computer sciences, and biology. Its applications span a wide range,
from modeling gene mutations [30] and recommender systems [4] to analyzing social networks
[8] and implementing variational clustering algorithms [43]. In addition, beyond these tradi-
tional applications, random sampling can be employed for learning in cryptographic scenarios
in which adversaries may exist. In cryptographic settings, when an adversarial player generates
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476 Z. LI ET AL

random variables [41], these variables can be arbitrarily correlated. In contrast, as explained
in Section 2, when a standard player generates random variables, they are subjected to the
independent and identically distributed (i.i.d.) condition. Such cryptographic settings encom-
pass numerous applications in quantum information processing that demand high-security
requirements, such as blind-measurement-based quantum computation [22] and quantum key
distribution [23]. Moreover, similar settings are observed in machine learning, referred to as
adversarial examples [7, 9, 15, 20, 28, 33]. In such settings, to estimate the behavior of the
random variables, we need to employ random sampling without replacement. In addition, this
kind of problem setting has been actively studied in the area of quantum information in sev-
eral references (see [46, 47] and references therein), while its essential part can be treated as a
problem of statistics like the problem presented in this paper.

Random sampling without replacement is described by the hypergeometric distribution.
It models the number of samples per group given a limited total number of samples. Since
the selection of a single group element affects the probability of the remaining elements
being drawn, the behavior of the random variable differs from that under the i.i.d. condi-
tion. Hypothesis testing provides a more logically complete structure to decision-making and
therefore to better decisions. However, most existing studies on statistical hypothesis testing
assume the i.i.d. condition, making them unsuitable for the adversarial setting mentioned previ-
ously. Although many papers have studied the behavior of observations under random sampling
without replacement [1, 2, 5, 10-12, 14, 16, 18, 19, 24, 32, 35, 36, 38, 40, 42, 45], only a lim-
ited number of works [3, 39] have addressed the problem under the framework of hypothesis
testing. Therefore, to establish a logical decision-making framework in the above areas, it is
necessary to study hypothesis testing under the hypergeometric distribution. In fact, while this
setting is useful in the cryptographic setting, it can also be applied to other scenarios beyond
the cryptographic setting that involve adversarial examples [7, 9, 15, 20, 28, 33]. In these sce-
narios, the adversarial case can be considered as a certain accidental case, and the i.i.d. case is
considered as a certain non-accidental case.

In this paper we discuss one-sided hypothesis testing for random sampling without replace-
ment. Assume that n+ 1 binary random variables X, ..., X,4 are generated according to
random sampling without replacement. The task of this paper is to verify whether the expec-
tation of the (n + 1)th binary random variable X, is smaller than a threshold ¢ when n
observations X, ..., X, are given. We investigate this problem under the framework of sta-
tistical hypothesis testing, i.e. we study the upper confidence limit for the above expectation
under a given significance level § > 0. In the case of random sampling with replacement, the
optimal test has been well studied. In the optimal test, the decision should be made based on
whether the count K of observed outcome 0 among X1, ..., X, is greater than or less than a
specific threshold k(n, §) [27]. Only when K is equal to this threshold is a randomized deci-
sion necessary. This indicates that the benefit gained from employing a randomized decision is
marginal.

Suppose that we have n + m random variables X1, ..., X;,1,, and n observations, and we
are interested in the expectation of the remaining m variables. If both n and m go to infinity,
we can use the normal approximation, which enables us to handle our problem in a way sim-
ilar to the case with normal distribution. However, when random variables Xi, ..., X4+ are
generated and we have only one remaining variable, we cannot use a normal approximation.
Hypothesis testing in this case has not been sufficiently studied. This case requires us to dis-
cuss the problem in a different way. Such a problem setting occurs very frequently when we
consider a cryptographic setting. In particular, the authors’ companion paper [29] applies the
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results obtained in this paper to the verification of blind quantum computation based on the
relation pointed in [22], although quantum key distribution is related to the case when n and m
increase simultaneously [23]. In fact, the recent paper [29] derived the analysis of the verifica-
tion of blind quantum computation based on the result of this paper. In addition, it is expected
that the above-mentioned problem setting for hypothesis testing appears in adversarial machine
learning [41].

In this paper, to address the problem mentioned above, we introduce a randomized test that
makes a randomized decision using a randomization parameter 0 <A < 1 when the outcome
K is greater than a certain threshold /. That is, our randomized test makes a deterministic
decision when the outcome K is not greater than the threshold /. This randomized test with
parameter 0 < A < 1 significantly improves the performance over the deterministic test. For
example, when the significance level § > 0 is exponentially small in n, the upper confidence
limit for the expectation of X, is always the trivial value 1, i.e. any deterministic test cannot
provide a non-trivial value. However, our randomized test provides a non-trivial value for the
upper confidence limit even with an exponentially small significance level § in n. We study
the asymptotic behavior of the performance of this new randomized test under two regimes,
depending on the behavior of the threshold /. One is the constant regime in which the threshold
I/ remains a constant. The other is the linear regime in which the threshold / increases in propor-
tion to n. Under both regimes, we show that our randomized tests outperform the deterministic
test significantly.

The rest of this paper is organized as follows. Section 2 explains the relation between our
problem setting and the cryptographic setting. Section 3 formulates our problem setting and
introduces our new randomized test based on the randomization parameter 0 <A < 1. Some
preliminary results that demonstrate the randomized test’s advantages are also presented in
Section 3, with detailed proofs deferred to Section 4. Section 5 presents the first main result
(Theorem 1) of this paper, which clarifies the asymptotic behaviors of our randomized test
under the linear regime. Section 6 considers the power, i.e. the probability of detecting a given
upper confidence limit for the i.i.d. case under this regime. Section 7 presents the second main
result (Theorem 2) of this paper, which clarifies the asymptotic behaviors of our randomized
test under the constant regime. Section 8 proposes a new method for computing the upper
confidence limit, with its analytical expression provided in Theorem 3. This result is pivotal
to the proofs of our main results in Sections 5 and 7. Section 9 presents a brief proof of the
theorem stated in Section 5. Section 10 gives the conclusion. Several auxiliary lemmas are
presented in Appendices A and B. Many technical results are also presented in the appendices.

2. Relation with Cryptographic Setting

The research topics in cryptography are not limited to secret message transmission; mes-
sage authentication is also a major focus in this field. Any message authentication process
involves a decision-making step to determine whether a received document should be accepted
or rejected, as we need to consider two scenarios, the honest case and the dishonest case, where
the latter is often referred to as the adversarial case. Beyond message authentication, it is often
required to distinguish the honest case and the dishonest case in the cryptographic setting. For
example, in the verification of quantum computation [29, 31, 46, 47], there are two players,
Alice and Bob, with Bob preparing part of the quantum computing device for Alice to use.
Assume that Alice does not trust Bob, then she must measure the part provided by Bob to
verify whether he has prepared it honestly. This kind of problem setting is formulated in the
following general way.
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In the honest case, the original random variables X1, X, ..., X;,41 satisfy the i.i.d. condi-
tion. In the dishonest case, these variables do not satisfy this condition. In the latter scenario,
it is presumed that the adversary has artificial control over these random variables. As such,
our decision-making process must account for the dishonest case. The cryptographic scenario
imposes the following two requirements on our decision-making approach [31].

The first requirement is soundness, which ensures the quality of the remaining variable Y4 |
(whose formal definition is given in Section 3) under the condition that the test is passed and
the dishonest case is assumed. Since we consider ‘under the condition’, we need to guarantee
that the conditional probability P(Y,4+1 = 1| Pass) is smaller than a certain threshold. This is
because we are interested in the objective probability only when the test is passed. In the case
of a one-sided test, soundness is guaranteed by the upper (or lower) confidence limit of the
parameter of interest under a given significant level. In other words, this part corresponds to
the calculation of the minimum significant level to guarantee a given upper confidence limit,
which is often called the p-value for the upper confidence limit.

The second requirement is completeness, which means that the test is passed with a high
probability in the honest case when the probability P(X; = 1) is sufficiently small. The com-
pleteness is guaranteed by the power. Therefore, we discuss the power of our test only in the
honest case.

3. Problem Setting

3.1. Formulation

We consider n 4 1 binary random variables X1, . . ., X;+1 that take values in {0, 1} and are
subject to a joint distribution Py, ... x,. . By randomly drawing n samples Y1, ..., ¥, without
replacement from Xi, ..., X;,+1, we would like to estimate the marginal distribution of the
remaining binary variable Y, . To characterize this problem, we introduce the set S+ of
permutations on [n+ 1]:= {1, ..., n+ 1}. The joint distribution Py, .y, , of Y1,..., Yu11
is given as

Denote the set of permutation invariant distributions on [n+ 1] by 9,4, then the joint

distribution Py, . y,,, can be considered as an arbitrary element of Q,,1.
Our problem setting is formulated as follows. Suppose n observed variables Yy, ..., Y, are
Y1, ..., Yu, Our task is to estimate the conditional distribution Py, |y, .....¥,)=(y1....,y,)- FOT €ach

observed variable Y;, the observation outcome Y; = 0 is labeled as a ‘success’ and the outcome
Y; = 1is labeled as a ‘“failure’. Since Py, ..y, , S permutation invariant, the above conditional
distribution Py,_,y;,....v, depends only on the random variable K that describes the number of
failures among the n observations Y1, . . ., ¥;,,. Hence, we discuss only the conditional distribu-
tion Py, k. Since Yy is a binary variable taking values in {0, 1}, it suffices to estimate the
conditional probability P(Y,,+1 = 1|K < k) for each realization k.

Now, we discuss this problem in the framework of one-sided hypothesis testing with signifi-
cance level §. The problem setting is formulated as follows. We are interested in the probability
of Y,4+1 =1 under the condition that our test is passed. That is, we focus on the conditional
distribution P(Y,4+1 = 1| Pass ), where ‘Pass’ means the case that our test is passed. The aim
of our test is to guarantee that the conditional probability P(Y,+; = 1| Pass) is not greater
than a threshold € with significance level §. Hence, when its upper bound € is given, the null
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hypothesis Hp and the alternative hypothesis H; are given as

Hy: P(Y,41=1|Pass)>e,
Hi: P(Y,+1=1|Pass) <e.

In this problem setting, it is needed to set the event ‘Pass’ as follows: when the test is passed,
the null hypothesis Hy is rejected. This is because we are required to guarantee the alterna-
tive hypothesis H; under the event ‘Pass’. Due to the above requirement and the correlation
between Y, 1 and Y7, . .., ¥, the forms of our hypotheses depend on our decision.

In other words, the expectation E[Y;41] does not equal P(Y,+1 = 1| Pass). This point is
the difficulty of our problem. Given a test 7, the maximum of the conditional probability
P(Y,+1 = 1] Pass T') with significance level § is given as

€(T,n,8):= max {Q(Yyy1=1|PassT)|Q(PassT) > 5}.

€Ln+1

Since we can guarantee that the conditional probability P(Y;, 1 = 1| Pass T) is not greater than
the maximum, the above maximum is simply called the upper confidence limit at significance
level §. In this case, we can say that § is the p-value of the upper bound €(7, n, §) of the
conditional probability P(Y,,+1 = 1| Pass 7).

The most natural choice for the rejection region of the null hypothesis Hy is the set
{K|K <k}, i.e. the test is passed when K < k. This rejection region is determined by the thresh-
old value k. We denote this deterministic test by 7. Under this choice of the rejection region,
the upper confidence limit is given as

€T, n, 8) = X {1 =1IK=k) | Q(K <k) = 8}.

€Cn+1

That is, we can guarantee that the conditional probability P(Y,,11 = 1|K < k) is not greater than
the upper confidence limit €(7%, n, §) at significance level §. Here the threshold k denotes the
number of allowed failures.

As we show in Section 4.1, the upper confidence limit €(7%, n, §) reads

(k+Dn+1-k)—8n+1) k+1
5 T 1 when § > T
(T, n, 8)= (= B)n +1) " (1)
1 when § < ——.
n+1

Equation (1) shows that when the significance level § is smaller than 1/(n + 1) = ming>¢ ((k +
1)/(n + 1)), we cannot make any non-trivial upper confidence limit for the conditional proba-
bility P(Y,,+1 = 1|K < k) for any integer k=0, 1, . . ., n. Therefore, it is impossible to realize
an exponentially small significance level with respect to n for any non-trivial upper confidence
limit. In other words, when we set the significance level § to be an exponentially small value
with respect to n, the upper confidence limit becomes 1.

Fortunately, this problem can be resolved by introducing a randomized test. Our randomized
test is not a trivial idea. To see the strength of our method, we first see a usual randomized test
as follows. When we consider a randomized test, usually we make the randomization only on
the threshold. Consider the following test. When K < k — 1, we reject the null hypothesis Hyp.
When K > k + 1, we adopt the null hypothesis Hy. When K = k, we reject the null hypothesis
Hy with probability 1 — A, and adopt Hy with probability A. This test can be considered as a
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prolzabilistic mix}ure of the test Ty and Tj_1 with probabilities 1 — X and A. We denote this test
by Tx(A). Since Ty (0) = Ty, this method is aNgeneralization of the above method. As we show
in Section 4.2, the upper confidence limit €(T(1), n, §) reads

k
E1(n,k, A, 8) whend>(1—-A)+r—:,
n

+1
e, m 8= an k2, 8) when(1— 1) +r——ss>1 -1 o
kit n+l1
1 when (1 — A)—— > 8,
n+1
where
fin k. a8y = K- DM 1B+ @0t DU =8
S(n+Dr(n+1—k)
- . )
byn k4, )i JOF DE= A= NE+ D)+ =2k + Dn 1=k

s(n+ Dk + (1 — A)(n — 2k)

Consequently, with this type of randomized test, when we set the significance level § to
be an exponentially small value with respect to n, the upper confidence limit €(Tx(1), n, 8)
becomes 1. To see this, we examine two cases depending the behavior of A. First, if (1 —
A)(k+1)/(n+1) > & then the above observation holds immediately. Second, if (1 —X)+
Ak/(n4+1)>8> (1 —A)k+1)/(n+ 1) then (1 — 1) is also an exponentially small value with
respect to n, leading to that €(Tx(A), n, 8) = &x(n, k, A, 8) converges to 1. This discussion shows
that a more advanced randomization is needed for further improvement.

The above randomized test makes a randomized decision only when the observation is the
threshold value. In contrast, our method makes this kind of randomized decision for all obser-
vations, and the probability of this randomization depends on our observation. To introduce our
randomized test, which is different from the above randomized test, we consider the follow-

ing artificial noise before our data processing. Instead of Y7, ..., ¥;, we focus on n variables
Ui, ..., U, with the following conditional distribution Py,y;:
Py v, (010)=1, Pp,y,(110)=0, Py, O|1)=4, Pyy,(1)=1-4, 3

where 0 < A < 1 is a randomization parameter. For convenience, we define v:= 1 — A. The
outcome U; =0 is labeled as a ‘success’ and the outcome U; =1 is labeled as a ‘failure’.
Denote the number of failures among Uy, ..., U, by the random variable L, which satisfies
the following conditional distribution Py g:

when [ > k,

0
Prig(llk) = {(1;) )kal(l _ )L)l when [ <k,

which implies that L < K. Then, we define the following test by using the random variable L
instead of K. When L <, we reject the null hypothesis Hy. When L > [+ 1, we adopt the null
hypothesis Hy. We denote this test by 73()), in which the threshold / denotes the number of
allowed failures.

Then, the upper confidence limit €(7(1), n, §) is calculated as

&(Ti(x), n, 8) = max QY1 =1IL=D QL =] =6}

€E&n+1
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When K </, the relation L < K guarantees that the probability P(Y,+; = 1) under the observed
condition is not greater than the upper limit. Otherwise, we make a randomized decision. Note
that €(7}, n, 8) is the special case of €(7;(X), n, §) with A =0. This method guarantees that
the conditional probability P(Y,4+1 = 1|L <) is not greater than €(7;()), n, &) at significance
level §.

The one-sided hypothesis testing introduced above plays a crucial role in the task of veri-
fying quantum states in the adversarial scenario (QSVadv) [46, 47]. In QSVadyv, one aims to
ensure that the quantum state on one system has sufficiently high fidelity with the target state
by performing n measurements on other systems. So far, only the verification protocol with
I =0 has been studied in the literature. The performance with general / > 0 is still not clear.

To see how our new method with A > 0 can achieve exponentially small significance level,
weset/=0.Forze{0,1,...,n+1},let6=4,:= (n+1—2)A* + 2251 /(n + 1), then we
have

Z

&(To(A), n, 8;) = i+ (i—z+ DA

“4)
Equation (4) follows from (57) in Ref. [47], and a simple proof is also given in Section 4.3.
Since 8, has a similar behavior as A%, this equation shows that the above randomized test
can realize a non-trivial statement even with an exponentially small significance level. So
randomized tests can significantly outperform deterministic tests.

By contrast, randomized tests are not necessary to achieve an exponentially small signifi-
cance level for i.i.d. variables. To see this, we define the upper confidence limit for the i.i.d.
case and a test T as

€iid(T,n,8):= max {Q(¥,y1=1|PassT)|Q(PassT) >4},

€iid. n+l

where Q;ia a1 is the set of independent and identical distributions on [n 4 1]. Then, for the
deterministic test Tk, we have

€iid(Tk,n,80)= max {Q(Yp1=1K <k)| QK <k) =35} &)

€&iid. ntl1

We denote by Pg+l the independent and identical distribution on [n 4 1] where the probability
of the event ¥; =1 is 0. Hence, Q;;id.»+1 can be written as {Pg‘|rl }6e0,11, which implies that

€id(Tk, n, 8) = max {0 | P;T(K < k) > 8). (©6)
6€[0,1]

As we show in Sections 5 and 7, €4 (T, n, 8) has a non-trivial value even when the
significance level § is exponentially small with respect to n.

3.2. Frequently used notation

In preparation for further discussions, here we introduce further notation, which will be
frequently used throughout the paper.
Let Z= be the set of integers larger than or equal to j. ForO<p <1landz I, je€ 720 let

I [
be j(p) = C)ﬂ'(l —p¥ 7. Bup)i= ) b(p)=)_ (f)ﬂ(l -p7.
=0 j=0
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Here it is understood that b j(p) =0 whenever j>z+ 1, and =1 even if x=0. When
there is no danger of confusion, we shall use b, ; and B, ; as shorthand for b, ;(v) and B; ;(v),
respectively. Define

AZ,[ = BZ,[ - BZ+1,15 2, l:09 1’ 27 e (8)
For 0 < § <1, define
(18,0 = min{z e Z7|B. <8}, z.(1.8, 1) = 7"(. 8, 1) — L. )

Here z*(l, 8, 1) and z.(/, 8, 1) are well defined because B ;(v) =1, lim;_, o B, (v) =0, and
that B; ;(v) is non-increasing in z for z >/ according to Lemma 7. In this paper we shall
frequently use z* and z, as shorthand for z*(1, §, 1) and z.(l, 8, 1), respectively.

The standard normal density function and its distribution function read

P(x) = e 2 D)= /x o) dt. (10)

1
V2
The function ®~'(x) is defined as the inverse function of ®(x).

For 0 < p, g < 1, the relative entropy between two binary non-negative vectors (p, 1 — p)
and (g, 1 — g) reads

P l—p
D(p||q)::pln5+(l—p)ln1_ . (11)
For y > 0and 0 < x < 1, define mp(y, x) as the unique solution of ¢ to the equation
tD(ZHx> =1, =7 (12)
t X

Note that rp(y, x) is well defined because D(x||x) = 0, D(0]|x) = — In (1 — x), and that D(y /t||x)
is non-decreasing in ¢ for # > y /x thanks to Lemma 12 in Appendix A.2. For 0 <s <1 and
r > 0, define ep(s, r) as the unique solution of € to the equation

r=D(s|le), 0<s<e<]l. (13)

Similarly, for 0 <€ <1 and 0 < r < —In (1 — €), define sp(e, r) as the unique solution of s to
(13). Both €p(s, r) and sp(e, r) are well defined according to Lemma 12 in Appendix A.2.
For x > 0 and k € Z=Y, the Poisson cumulative distribution function reads

k )Cj
Pois(k, x) := e~ 5 (14)
=07
For 0 < 8 < 1 and k € Z=°, define tp(k, 8) as the unique solution of  to the equation
Pois(k,t) =46 for t>0. (15)
Note that rp(k,8) is well defined because Pois(k,0)=1, lim,_, o Pois(k, )=0, and

that Pois(k, ) is monotonically decreasing in ¢ for >0 according to Lemma 13 in
Appendix A.3.
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3.3. Properties of the upper confidence limit

Here we summarize some basic properties of the upper confidence limit. In particular,
Proposition 1 clarifies the monotonicities of €;; 4 (T, n, §), and Lemma 1 provides useful
bounds for €(Ty, n, §), €(T;(1), n, §), and €;; q.(Tk, n, §). The monotonicities of €(T;(1), n, §)
will be clarified later in Proposition 6 after several preparations. Proposition 1 and Lemma 1
are proved in Appendices C and D, respectively.

Proposition 1. Suppose 0<8<1, n,keZ>°, and n>k. Then €.,q (T, n,8) is non-
increasing in 8 for 0 < § <1, non-increasing in n for n >k + 1, and non-decreasing in k for
0<k<n—-1

Lemma 1. Suppose 0 < § < % k,1,neZz° n>k n>1L Intheiid. case, we have

_ _ 1 k
€iid.(Tk, n, 8) > €ia (Tk, n, 5) > (16)

As a generalization, for 0 < A < 1 we have

1 =1 when | > vn,
e(Ty(\), n,8)>¢€ (Tl(k), n, —) ! ; 17

2 > o when | < vn.

Forx=0andk/n <4 < % we have
_ k
€Ty, n, 8) > —. (18)
né

4. Proofs of Simple Key Relations

4.1. Proof of (1)

Let Q; be the permutation invariant distribution of variables Y1, Y2, ..., Y,41 € {0, 1} that
satisfy Z:‘:ll Y; =j. Then any element of Q,, 1 can be written in the form Q[p] := Z;‘;’OI p;i0;,
where p := (pj);:ol. In addition, we have

L—i
oy when k =,
n+1
QjK=hk=1_J whenk=j—1,
n—+1
0 otherwise.
It follows that
k k+1
QPIK <k)=) pi+ Ty (19)
= "
ko k+1
p1(Y, =1,K<k)= i+ — s 20
QP (Ynt1 <k jz;n+1pj+n+lpk+1 (20)
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and

_ _ OplYup1=1L,K<k)|
e(Tk,n,S)—(II;I)%{ OIK <k 'Q[p](KSk)er}
k k+1
pk— + ——(1 —pp)
@ n+1 n+1 +1
_01511172);1{ +—+1(1 pk)>5}

+k+1(1 )
Dk 1 Dk

_ { k+1—pg ’(k+l)+pk(n—k)>8} @1
 0=p=l - )

k+ 1)+ pr(n—k) n+1

To derive (a) above, we use (19), (20), and choose py, ..., px—1 to be zero. When (k+ 1)/(n +
1) > &, the maximum in (21) is realized with p; = 0, i.e. the maximum is 1. When (k + 1)/(n +
1) <4, the maximum is realized with py = ((n+ 1)6 — (k+ 1))/(n — k), i.e. the maximum is
((k+1D(n—k+1)—58(n+1))/[6(n+ 1)(n — k)]. Then, we have (1).

4.2. Proof of (2)
The test 7x()) satisfies that

L k1 < k
OIPN(Pass Ty = (1 =2) | 2 _pj+ —pir [ +4 | Dopit =g
J=0 j=0

k—1 k k—l—l k+1
=J§pj+ (1 — )+ mk) prt = (= Mpir =j§ajpj,

k+1

OIPI(Yup1 =1, PassT(x»—(l—x)Z — Pt Z

k j k+1 k+1
= i+ —0 =2 =) bjp;,
Zn+1p,+n+l( Wit 1 Z iPj
j=0 j=0
where we choose the parameters a; and b; as follows:
k+1 k .
Ak+1 —(1— )? aj .= (1—)\.)+)\.n_‘r—l, aj:=1 fOf]ZO,...,k—l,
k+1 J .
bpyr:i=(1—2x bj:= —— forj=0,... k.
ket = (1 =2)—— a1 b=y fou
Then, we have
bk_l—bk__ 1 - k+Dr—1 _bk—bk+1

— < = . (22)
ak—1 — ag AMn+1—k) ~ m—kb+122k—n) ar—arq
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b
(ak+l’bk+l)
® .(ak,bk)
.(ak—l’bk—l)
(@, _b.,)®
o(a,,b)
0] (ay>by) 1 a
FIGURE 1. Positional relation among the points (ag, bo), (a1, by), ..., (ak, bx), (@k+1, bk+1). Due

to (22), the point (ag, by) is located above the line segment between the points (ax—1, bx—1) and
(ag+1, br+1)- This positional relation shows that the maximum in (23) is achieved by a probabilistic
mixture among the three points (ax—1, bx—1), (ak, br), (Ak+1, bk+1)-

Hence, the positional relation among the points ~(ao, bo), (a1, by), ..., (ak+1, bx+1) are illus-
trated as Figure 1. The upper confidence limit €(Tx(A), n, §) can be written as

. pl(Yni1 = 1, Pass Tj(2 - .
eFe(), 1, 8) = max | QP a1 =1 Pass T,(1)) ‘ OIp)( Pass T(3) = 8
s Olp](Pass Tj(2))
pl(Yyy1 =1, Pass Ti(A - .
= max | QP =1 P T ‘ O Pass T =8}, ©@3)
oier, | QIPI(Pass Ti(0)
where P , is the set of distributions on {0, 1, ..., n,n+ 1} suchthatpo=p; =-- - =pr_2 =
Piv2="+"=pn=pnsr1 =0.

When agy1 > §, the maximum in (23) is realized with py_1 =py =0 and pr+1 =1, and
the maximum is 1. When a; > 8 > ay 1, the maximum is realized with py_1 =0, pxy = ((n +
D=0 =2)k+1D)/(k+ (1 —21)(n—2k) and pry1=1— 0+ 1) — (1 —1)(k+1)/((k+
(1 — A)(n — 2k)), and the maximum is (§(n + 1)(k — (1 — A)(k+ 1)) + (1 — A2k + D(n+ 1 —
k)/(8(n+ 1)(k+ (1 — A)(n — 2k))). When 1 =ag_1 > 8§ > ag, the maximum is realized with
pici =1 =1 =8)(n+1—b/0n+ D), pr=(1 =8+ 1 —k)/[n+ D], and prr1 =0,
i.e. the maximum is (k— DA(m+ 1 —k)+ (n+ 1)(1 —§))/[6(n+ DA(n + 1 — k)]. Thus, we
obtain (2).

4.3. Proof of (4)

In preparation for proving (4), we define the new quantity €°(To(A), n,d):=
1 —€(To()), n, §). In the following, we shall show (4) by proving that

CToy . 8y = —TEE DA e (0.1, 1), (24)
z+m—z+ DA
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Let Q; € O, be the permutation invariant distribution of variables Yy, ..., Y,+1 € {0, 1}
that satisfy Z?:ll Y; = z. Then by a simple calculation we have
A" whenz=n-+1,
QL=0)={ CH=D4DTL 5 e | <z <,
1 when z =0,
0 whenz=n-+1,
QUL =0, Y41 =0)={ “ELD2 when | <z <n,
1 when z =0,
and, thus,
0 z=n+1
L=0,Y,,1=0 — — DA
0 n+l1 ): (n+1—2A l<z<ny= n—z4+1) ' (25)
Q(L=0) n+1—-r+z ~°~ z+m—z+ DA
1 z=0

In addition, we have

_ | 2 piOL=0, Yy =0) | 2L
e(To(h), n, )= min + ==—"1 Y piQL=0)>s¢,
el 2 im0 PjQj(L=0) j=0

where p; form a probability distribution on [n + 1].

Note that Q. (L=0), Q,(L=0, Y,,4+1 =0), and Q,(L=0, Y,,+1 =0)/Q,(L=0) all strictly
decrease with z for z€{0, 1,...,n+ 1}. Therefore, when § =4,, the above minimum is
realized with

o 1 whenj=z,
/710 otherwise.

This fact together with (25) confirms (24) and completes the proof of (4).

5. Asymptotic Evaluations in the Linear Regime

We consider two types of asymptotic regimes. In the first type, the number / of allowed
failures is proportional to n, and we take the limit n — oco. That is, we set the number of
allowed failures [ to be [svn], where 0 <s < 1. In the i.i.d. setting, this regime leads to the
central limit theorem. We call it the linear regime, and assume it in this section.

5.1. Preparations

To discuss the linear regime, we prepare the function () as

p(@1(8))
8) = ————,
V=TS
which takes a central role in our analysis on €(T[5,,1(A), 1, §). This quantity can be approxi-

mated as
_ -1
p@=-B(1-eP)
where B=1.135and c = 1.98/ﬁ [26, 44].
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When x > 0, the function n(x) := x®(x)/¢p(x) satisfies the condition drn(x)/dx > 0. Hence,
¥ (8) is strictly decreasing in § > % Since lim(s Ly Y(8) =400 and limg_, |- ¥ (8) =07, we
(3

can define 1,0’1 on R* with the range (%, 1). Then, we define the function

JA=2s(1—s) 4 [ :|
_——® (6 6)——m—m——
NGy OO~ a5na=y

_ _ae-lesy| [LTr s [ A1
=/s(1 —5)® (5)[ : ¥ () 1—)»1—si|’ (26)

where ®(x) and ¢(x) are defined in (10). When s < 1, the value C(A, s, 8) is non-negative for
§ < w_l (A/[(1 — A)(1 — 5)]). Its minimization over A is given as

Ch, s, 8) =

2\/—3(1—s)<1>715(5>¢(<1>*1(6)) when § < 1,

C(s,8):= inf C(Ar,s,8)=
re@b —00 otherwise.

@7)

When 6 < é, due to the relation of the arithmetic—geometric means, the above

minimum value is attained when /(1 —X)/A¥(8)=—+/A/(1 —1)(1/(1—y¥)), ie. A=
(1 — )Y (S)/((1 —s)¥(8) — 1) because the minimum is calculated as

1
An(l(l)n V(1 =)@~ (5)[‘/ wa)—,/ J
2_2\/5(1_S)Q_l(a)\/[_\/l_—klff(ﬁ)- /% _s]

1 I
=—2/s(1 - 5)®~ (5)\/%_\/ — )" (3)¢>(<I> )

When § > % the minimum is realized when A — 1.

5.2. Upper confidence limit

In the linear regime, according to (17) of Lemmal, when 0 < § < % and 0 <s < 1, we have
the following relation:

E(T[swﬂ (A), n, 8) >s.
Hence, our interest is the difference between €(T[5,7(1), 1, §) and s.

Theorem 1. We consider the linear regime.

(@ Wefix0<s<1,0<8<1,and0 < X < 1. When s < and n goes to infinity, we have

1— 25 v\ 1 1
dﬂmw)n®—§ (—ﬁ{i7—+§> +o( ) (28)

where v, ;= [sn] —sn < 1. When s > § and n is sufficiently large, we have

(T (0), n, ) =1, (29)
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When n goes to infinity, we have

1 1
E(Trom (M), 1, 8) =5+ C(A, s, 5)\/; +0 (;> . (30)

The coefficient C(L, s, 8) takes a non-negative value when 8§ < ~' (A /[v(1 — s)]). That
is, it is a positive number in a realistic situation.

(b) Suppose § =e™"" for a certain constant r > 0. We fix 0 <s <1, r>0,and 0 <A < 1.
When n goes to infinity we have

€Trsm0),n, =" =1, (€29

1 r > D(sv||v),

E) s(r)+o(1) 0<r=<D(sv|v), (32)

g(T‘rsl)}’l-l ()")a n, 8 = e*r}’l) = {

where
rtp (vs/r, v) — vs
A —vs+vrtp (vs/r,v)’

E; s(r):=

The comparison between (30) and (28) leads to an advantage of our randomized test.
Equation (30) shows that the upper confidence limit attains s for § > 0 and A > 0 while (28)
shows that it is impossible for § > 0 and A = 0. That is, to achieve the upper confidence limit
s, we need to choose non-zero A.

Equations (29) and (31) are shown by the substitution of sn into k at (1) with the asymptotic
expansion for n. The derivation of (28) is slightly complicated. Let s, = [sn]/n; then 0 <, —
s = vp/n < 1/n. The substitution of sn into k at (1) with the asymptotic expansion for n implies
that

s(1—s,) n n2

Substituting s, =s + v, /n in (33), we obtain (28). Equations (30) and (32) are shown in
Section 9 after several preparations.

Equation (30) shows that the term C(A, s, 8)n~1/2 is an extra value to guarantee the sig-
nificance level §. Hence, a smaller coefficient C(A, s, §) is better. That is, the minimizer

sy l—s,+s2—681 1
?(Tmm(o),n,rs):fjt%—jm( ) (33)

A =9v(©
(I =99%() -1

gives the asymptotically minimum upper confidence limit when s and 6 € (0, %) are fixed. To
see this characterization, we consider the minimum upper confidence limit:

As,s i= argmin C(A, s, §) =
A

€min(s, 7, 6) := min E(Tl'svn] (L), n, 8).
rel[0,1)

Lemma 1 implies that

[vsn]

1
€min(s, n, 8) > >s forall0<d§ < > (34)

vn

Equation (30) yields the following corollary for the minimum upper confidence limit.
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Corollary 1. Wefix 0<s<1,0< 4§ < % and 0 < A < 1. When n goes to infinity, we have

€min(s, n, §) =5+ C(s, 8)\/I+ (0] <l> . 35)
n n

Due to (31), when the significance level § is exponentially small and A = 0, the upper confi-
dence limit takes the trivial value 1. That is, to achieve an exponentially small significance level
8, we need to choose non-zero A, which is an advantage of our randomized test. Indeed, when
the significance level § is exponentially small value e™" and A > 0, (32) shows the upper con-
fidence limit. Hence, when s and r are fixed, the asymptotically minimum upper confidence
limit equals the minimum min, min{1, E; (r)}, because the condition Ej (r) > 1 is equiva-
lent to the condition r > D(sv||v). Since we have D(sv||v) — oo when A — O™, this value is a
non-trivial value.

In fact, when r approaches 0T, rtp(vs.r, v) approaches s, and E; ,(r) approaches s™.
In addition, when r approaches 400, we have E, () > 1. This fact shows that the quantity
€(Trvsm (M), n, 8§ =e™"™) takes values in (s,1].

In contrast, we have the following proposition under the i.i.d. case. Under this case with the
linear regime, we set k to be [sn] with 0 <s < 1. According to Lemma 1, when 0 < § < % we
have

€id. (Trsn1» 1, 8) > 5. (36)
Proposition 2. We consider the linear regime.

(@) WefixO<s<1and0 <5 < 1. When n goes to infinity, we have

€iid(Trsny, n, 8) =5 — @ 1(8)y/s(1 — s)\/g+ 10) (%) . (37)

(b) Suppose 5 =e™"" for a certain constant r > 0. We fix 0 <s < 1 and r > 0. When n goes
to infinity, we have

€id(Trgn.n, 8 =e""")=ep(s, r) 4+ o(1). (38)

Cases (a) and (b) immediately follow from the central limit theorem and large devia-
tion principle, respectively. For the reader’s convenience, Appendix E gives their proofs. A
numerical comparison among (30), (35), and (37) is presented in Figure 2(b).

5.3. Minimum number of required observations n

Next, under the linear regime, we consider the minimum number of observations » required
to guarantee the upper confidence limit € at significance level 8. To this end, for 0 <A < 1,
0<e€,8<1,and 0 <s < 1, we define the following values,

Ny.1(s, €, 8) := min{n > [vsn] + 1 | €(Tsun (A), n, 8) < €}, (39)
Ni(s, €,8):= min N, (s, €, §),
1€[0.1)

Niid.1(s, €, 8) := min{n > [sn] + 1| €.1d.(Trsm, 1, §) < €}.

In the above notation, the subscript I expresses the linear regime. To make a fair comparison of
the required number 7, we need to choose the number of allowed failures / or k depending on
A and s in the above way.
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(a) (b)
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FIGURE 2. (a) Variations of upper confidence limits in the constant regime. Here kg = 100 and § = 0.1.
The symbols ‘x’ represent €; ; 4.(Ty, , 1, 8), ‘*’ represent €(Ty,(0), n, §), whereas other symbols represent
€(TTyrg1(A), n, 8). The five curves from left to right represent the approximate formula in (66), (63), (63),
(63), and (62), respectively (the terms O are ignored). (b) Variations of upper confidence limits
in the linear regime. Here s =0.1 and 6 =0.1. The symbols ‘x’ represent €;;q.(TTsn], 11, 8), and other
symbols represent €(Tsv1(A), 1, 8). The four curves from left to right represent the approximate formula
in (37), (35), (30), and (30), respectively (the terms O~ ") are ignored); €(T75,1(0), n, 8) is not shown
because its value is too large.

For the asymptotic evaluation of the above values, we have the following corollary.

Corollary 2. Suppose 0 <X, § <land0<s<e < 1.

(a) We fixs, A, and 8. When 0 < § < % and € goes to sT, we have

2

Nyi(s. €, 8) = (M) +0( ! ) (40)

€ — S €E—S

(2 +o (1)
Nis,€,8)=|=——) +0 , 41)

€E—S €E—S
[D 18251 —5) 1
Niid, i(s, €,8)= 3 +0 ( ) , (42)
(€ — ) €—s

where C(A, s, §) and C(s, §) are defined in (26) and (27), respectively.
We fix s, 8 with the condition s < § < % We have

i ( S)N .e.8) l—s+s*=8 1 1 “3)
imsup (€ — = JE ) — — | < —.
i 5) oI s(—s) 28| 28
(b) When €, s, and A are fixed and § goes to zero, we have
Nyi(s.€,8)=——1In86"" +o(Ins™ "), (44)
7.s(€)
Niid.(s, €, 8) = s~ +o(lns™"). 45
1‘1.dA,1(s €,9) Dislle) n +o(In ) (45)
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Proof. The condition 0 < § < % guarantees C(A, s, 8) > 0 and €(TT541(2), n, 8) > 5. The
definition in (39) guarantees that N, (s, €, §) is non-increasing in €. Due to (30) and

C(A, s, 8) = 0, the equation € =€(TT5,1(A), n, §) guarantees C(A, s, 8)\/I= e—s+0mn",

n
which implies that n = C(, s, 8)? /(e — $)2 + 0((6 — s)_l). Hence, there exists an integer
ng > 0 and some constant Cp > 0 such that

Co
€ —S

for all n > ny.

2
GO, 87
(e —95)?

On the other hand, due to Lemma 1, there exits an s < €y < 1 such that
€(Trsum(A), n, 8) > ¢€g forall n <ng.

Therefore, for € € (s, €p), we have

C(r, s, 8)? 1
Nx,l(S,6,5)=¥+O< )

(e —s)? €—s

Hence, we obtain (40). In the same way, we can show (41) from (34) and (35), and show (42)
from (36) and (37). In addition, (43) follows from (18) and (28) of Lemma 1 in the same way
because of 1 — s + 5% > % By solving the equation E)_s(r) = € for r, we obtain (44) from (32).
Similarly, by solving ep(s, r) = € for r, we obtain (45) from (38). U

5.4. Maximum number of allowed failures /

In addition, we may consider the following quantities:

Iy(n, €, 8) := max{l= 0| &(Ty(), n, §) < €},

_ (46)
liia.(n, €,8):= max{{>0]€;q.(Ts, n,d) <€},

which denote the maximum numbers of failures / allowed to guarantee the upper confidence
limit € at significance level §.

Proposition 3. Suppose 0 < X, 5, ¢ < 1.

(a) When e, A, § are fixed and n goes to infinity, we have

lo(n, €, 8) = {(sen _ 1= ;E‘;: e’ +0 G)J , a7
When 8 < ! (m) and n goes to infinity, we have
L(n, €,8)=evn— C(, €, 8)v/n+ O(1), (48)
When § < % and n goes to infinity, we have
hia.(n €, 8)=en+ @ S)/e(l — e+ 0(), (49)

where C(A, s, 8) is defined in (26).
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(b) Suppose § =e™"" for a certain constant r > 0. When r is fixed and n goes to infinity, we

have
_ —Aeln A
hin, e, ™™ = VE; [(@m+o(m) forr< =, (50)
: — ve
Lia(n, e,e ™ =spe, n+om) forr<—In(l—e), 51

where sp(e, r) is defined in (13), E;L,r(s) = E, ((r), and 1_5):1,(6) denotes the inverse
function of E)._,.

Proof. First, we prove (47). The condition €(7}, n, §) < € is equivalent to the conditions
12—[(1+68)n+66]l—(n+1)(1 —8—¢€én)>0 (52)

and / <8(n+ 1) — 1. The condition in (52) is equivalent to

1—8—8e+8%2 1 1-6 1
[ <8en— I L o(2) or Iznt—"10(2). &3
1 —de n 1 —de n

However, the second case in (53) is not allowed due to the condition / < §(n + 1) — 1. Hence,
we have only the first case in (53). Since lo(n, €, §) is the maximum integer that satisfies the
first inequality in (53), we have (47).

Next, we prove (48). When / is proportional to n, (30) implies that

1 1
T, n, 3)=v—ln+c(x, v—lna) —+0(—>. (54)

n n

To determine I, (n, €, §), we set the right-hand side of (54) to be ¢, that is,

/ / 1 1
—+C(x,—,8)y—-+0O|-)=e (55)
vn vn n n
This implies that / = vne + x, where x = o(n) is some small quantity. By plugging [ = vne + x
into (55), we get

% 4 COh. € +0(1), §)/n + O(1) = 0.

Hence, we have x=—C(}, €, §)v/n+ o(x/n) and [ =vne — C(A, €, §)v/n+y, where y =
o(y/n). By plugging this relation into (55) again, we can deduce that y = O(1). This confirms
(48). Equation (49) can be derived in a similar way.

Finally, we prove (50). Solving the equation EM(S) =E, ((r)=€¢ for s, we obtain
I/[(1 = Mn]= E)T,lr(e) from (32). Note that E ¢(r) is increasing in s and this equation has a
solution for s >0 when the constraint E, o(r) <€, i.e. r < —XieIn /(1 — ve) holds. Hence,
we obtain (50) under the condition r < —Xle In A/(1 — ve). In the same way, we obtain (51)
from (38). O
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6. Power and Detection Probability under the i.i.d. Distribution

Until now, to cover soundness, we have discussed how to design our test with the ran-
domization parameter A. By (46), if we choose the number of allowed failures [ = [, (n, €, §),
then we can guarantee that the conditional probability P(Y,,11 = 1|L <) is not greater than
the upper confidence limit € at significance level §. However, we have not discussed how
our test efficiently detects the event guaranteeing the above condition. In the following, to
cover completeness, we consider the power, i.e. the detection probability P(L <) of our test
under random sampling without replacement. Since completeness cares only the i.i.d. case, we
assume that the true distribution belongs to the set Qi ;4. ,+1 in this section. We assume that
the number n of observations is sufficiently large for the normal approximation, and that the
true distribution is given as Pz::t I i For € > 6y + t/+/n, a higher power, i.e. a higher detection
probability is preferred.

When € =6y + ¢/+/n and 0 < A < 1, the maximum number of allowed failures is

Iy (n, 6o + 8) =60p(1 — Mn+e(1 — A)/n— C(, 0, )(1 — A)/n+ O(1)

e
Nk
due to (48). To make a fair comparison, we focus on the threshold detecting the desired event
with respect to a random variable asymptotically subject to the standard normal distribution
under the normal approximation.

First, we fix A = 0. Then, the maximum number of allowed failures is

e
o n, 60+ —=, 8 ) =86pn + de/n+ O(1).
Jn
The random variable K™ := (K — (90 +t/ ﬁ) n)/+/nby(1 — 6p) is subject to the standard nor-
mal distribution under the distribution P"*! The threshold for the variable K is given as

Bo+t/ /1’

NZy S e
Since the probability ®(56) goes to zero, the power, i.e. the detection probability converges
to zero. That is, it is almost impossible to guarantee that the conditional probability P(Y, 1 =
1|L <) is not greater than the upper confidence limit € =y + ¢/+/n at significance level §
when A = 0 and the true distribution is Pz;_lt /i regardless of the values of e, ¢, and §. This
can be considered as a serious defect of random sampling without replacement.

However, our randomized test with non-zero A > 0 resolves this problem as follows. In this
case, the random variable L"() := (L — (6 + t/+/n) (1 — Mn)//nbo(1 — )1 — Op(1 — 1))
is subject to the standard normal distribution under the normal approximation when the true
distribution is P! The threshold for the random variable L’ (1) is given as

Oo+t//n’
I (n b0+ . 5) - (90 n Lf) (1=
/(1 — 1)1 — 6p(1 — 1))
B (e — (1 —2) O, 81— ) +0< 1 )
VO =T =0T —2) BT — )T — 61— 1) N
JI=a

1
= Tt ==y €T b0+ O <ﬁ) ,

lo(n,90+\%a3)—<90+ﬁ)”__(1—5)«/90_n+ Se—t 0(%) (56)
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FIGURE 3. (a) Variations of argmax; ¢ (g ) ¥ (A) with e — ¢ for different 6y. Here we choose § =0.1. The
curves are calculated by solving (58) based on Lemma 2. (b) Variations of the power with e — 7. Here
6o = 0.1 and 6 = 0.1. The first curve from the left expresses (59), which corresponds to the i.i.d. case; the
other three curves express (57). The power ®(56) is not shown because its value is too small.

That is, the limiting value of the power is

® J1—A
Bo(1 — Gp(1 — 1))

«e-—z)—-cxx,eo,an) , (57)

which is a strictly positive value. In other words, with the above probability, our randomized
test guarantees that the conditional probability P(Y,,11 = 1|L <) is not greater than the upper
confidence limit € = 6y + ¢/+/n at significance level § when the true distribution is ontrlt S
This can be considered as a significant advantage of our randomized test.

In addition, to achieve the power py, the parameters e, t, §, and A need to satisfy the condition
1—A
A/ Bo(1 —6p(1 = A))

which is equivalent to

1
((e =)= C(r, 80, 8)) = @ (po) + O (ﬁ) :

e—1>CQ, 00, 8)+ %O_ﬁdl_k»¢—%m%+o<l—>.
- JT—A Jn

To achieve the power py, the difference e — ¢ needs to satisfy the above condition.

In the following, we maximize the power (57) by changing A when the parameters
00, e, t, and & are fixed. That is, we maximize (e —t)v/1 —A/+/Go(1 — Gp(1 — 1)) —
C(x, 09, )1 —A//00(1 —60p(1 — 1)) with respect to A. This term is written as
k(L) = (@A + B — )/ + y/T=21)/(1 — (1 — 1))/? with o=,
B=—-d &)Y (S)(1 —6), and y = (e —1)//Bo. Then, the optimal choice of A is char-
acterized by the following lemma (see Appendix F for a proof) whereas the optimal A is
numerically given in Figure 3(a).

Lemma 2. For X € (0, 1), the equation «'(\) =0 is equivalent to the following polynomial
equation with degree 3:

2 (e—1)?

3
7 A7 (58)

(1= &7 O = 6P| [1+ (1 + )@+ (1 = 60y (6)]
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For$ < % (58) has but only one solution in (0, 1). If we denote the solution by Ao then we have

max x(A)=«k(rg).
2€(0,1)

In contrast, when we employ the above test under the i.i.d. assumption, the maximum
number of allowed failures is

liia. (n 6o + 5) =0on + e/ + @1 (8)y/00(1 — bp)v/n+ O(1).

e
ﬁ)
The threshold for the variable K™ is given as
iia (}’l, 00_’_%78)_(90_’_%’;)”_ e—t +<I)_l(8)+0<i>
/8o (T = 6p) V(T = 6o) Vn)

That is, the limiting value of the power is

<1>< ! +<1>—1<a>) (59)

v bo(1 —6o) '

We compare the power in (57) and (59) as follows while their numerical comparison is
given in Figure 3(b). Their magnitude relation follows from the magnitude relation of their
input values. The first and second terms of their input values are evaluated as

R
ol —80) — /(1 — 801 — 1)

(e—1), (60)

(D_l((S)Z_MC()\.,eOy 8) _ \/%(1 —90)q>—1(8)|: \/X |-

A
- - 3) |- 61
VO(1 —0p(1 —=2)) /O —600(1—=2) L 1—06p A v ( )i| 61)

Since @ is monotonic increasing, their combination yields the relation (57) < (59), i.e. the i.i.d.
assumption realizes a larger power. This inequality cannot be saturated because the equality in
(60) holds in the limit A — 0, but the equality in (61) holds in the limit A — 1.

7. Asymptotic Evaluations in the Constant Regime

In this section, we fix the number of allowed failures / to be a certain constant and take the
limit n — oo. In the i.i.d. setting, this regime leads to the law of small numbers, i.e. Poisson
limit theorem. We call it the constant regime. In this section, we assume the constant regime,
i.e. the number of allowed failures / is fixed to be [vky] depending on 1 > A > 0 and an integer
ko > 0 because the average of L is proportional to v.

7.1. Upper confidence limit
For the asymptotic evaluation of €(T;(1), n, §), we define the coefficient

(Bz*,l - S)Z*Bz*,l +(@ - Bz*,l)Z*Bz*—l,I

G(l, 8, 2) = A
e

’
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where z* and z, are shorthand for z*(l, §, A) and z.(l, §, A), respectively, which are defined
in (9). Then, we have the following theorem.

Theorem 2. We consider the constant regime. We fix 0 <A <1 and ko€ ZZ°. Then the
following statements hold.
(@) When 0 <6 <1 is fixed and n goes to infinity, the upper confidence limit has the

following behavior

ko+1—6

3 n ' +omn™h, (62)

€(Ti,(0), n, ) =

€(Trvkg1(A), 1, 8) = G([vko], 8, M 4 o(n™h. (63)

(b) Suppose § =e™"" for a certain constant r > 0. When r is fixed and n goes to infinity, the
upper confidence limit has the following behavior

€(Ty,(0),n, 6 =e"") =1, (64)

5 +o(l) O<r<Ilna™!,

- r
E(Trok1 (M), 1, 8 =) = IW'“*"* (65)

r>Ina"l

Equations (62) and (64) follow from (1) with the limit n — oco. Other equations will be
shown in Appendix N after several preparations.
In contrast, we have the following proposition under the i.i.d. case.

Proposition 4. We consider the constant regime. We fix ko € Z>°.
(a) When 0 <6 < 1 is fixed and n goes to infinity, we have
€iid.(Tigs 1, 8) = tp(ko, $)n™" +o(n™"). (66)

(b) Suppose § =e™"" for a certain constant r > 0. When r is fixed and n goes to infinity, we
have

€iid Ty, n, 6= e ™M =1—-e"4+0(). 67)

Cases (a) and (b) immediately follow from the law of small numbers and the large deviation
principle, respectively. For the reader’s convenience, we give their proofs in Appendix G. A
numerical comparison among (62), (63), and (66) is presented as Figure 2(a).

7.2. Minimum number of required observations n

Next, we consider the minimum number of observations n required to guarantee the upper
confidence limit € at significance level §. For0 <A < 1,0 <e€,8 < 1,andk, [ € 720 we define
the following values:

Ny c(l, €,8):= min{n € ZEHV (T, n, 8) <€),

Niid.c(k, €, 8) := min{n € ZZ1 | €4 (Ty, n, §) <e}.
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In the above notation, the subscript c expresses the constant regime.
For the asymptotic evaluation of N, ¢(/, €, §), we have the following result.

Corollary 3. Suppose 0 < A, €, 8 < 1 and ko € Z=°. Then the following statements hold.

(a) When ko, 6, and X are fixed and € goes to zero, we have

ko+1—96
No.c(ko, €, 8) = OT To(e™h, (68)
Nio([vkol, €, 8) = G([vko], 8, Me ' +o(e™ D), (69)
Niid.clko, €, 8) = tp(ko, 8)e ' 4+ o(e™). (70)

(b) When ko, €, and X are fixed and § goes to zero, we have

ko+1

No.c(ko, €, 8) = = +o(87h, (71)
1 —ve 1 1
Ny c([vkol, €, )= ———Iné~ +o(Ind™ "), (72)
’ relna—l
,] 1
Niid.clko, €,8)= m +o(Iné™ ). (73)

In case (b), choosing non-zero A improves the required number N;,_.(ko, €, §) exponentially.

Proof. Equations (68), (69), and (70) follow from (62), (63), and (66), respectively. When
8~! and n go to infinity, (71) follows from (1).
Equation (72) can be shown from (65) as follows. We consider the following equation for r:

.
lim €(T, )\., ,(S:e_m = — €.
i, €T Tvig1 (A, m ey

The solution is r=Ae InA~!1/(1 — ve). Since § =e™"", we obtain (72). In the same way,

solving the equation 1 — e™" = € for r, we obtain (73) from (67). U
As shown in Appendix H after several preparations, we have the following lemma.
Lemma 3. Suppose 0 < A, €,6 <1 and kg € 729, Then

€N c([vkol, €, 8) 1
m = 5
8,e—0 Ins—! Alna—l

where the order of the two limits € — 0 and 5§ — 0 does not matter.

The function 1/(AInA~") takes the minimum value e when A = 1/e. Hence, the choice
A = 1/e is optimal under the constant regime.
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8. Computation of the Upper Confidence Limit €(7;(), n, 8)

8.1. Region approach

We extend the idea based on the region used in Section 4.2 to the case with the test 7;(A). In
order to determine the upper confidence limit €(7;(A), n, &), we introduce the quantities p;(Q)
and fi(Q) for0<i <1,1€ ZZ% neZZ"*! and Q € Q,41 as

pi(Q):= QL =D, [fi(Q):=0Wn1=0,L=).

Then, instead of €(T;(X), n, 8), we discuss €°(Ty(L), n, 8) := 1 — €(T;(A), n, 8). Define the two-
dimensional region R 5 as

Rins = {(pr(Q). f(Q) €R | Q€ Quy1 ). (74)

This region R, ; is convex because p;(Q) and fj(Q) are both linear in Q, and the set
Qpn+1 is convex. The geometric picture of Ry, 5 is helpful to understanding and calculating
€(Ti(A), n, 8). In particular, €(Ty()), n, §) can be determined for all 0 < § < 1 once the lower
boundary of R; ., is known, because it has the following form

(MM, n, )= min {Q(Yy41=0|L<D|QL=1)=>8}

€&n+1
{fz(Q)

= min
0€Qui1 [ Pi(Q)

p(Q) =4 } (75)

To characterize R, 5, we define the random variable Z := Z;’Ll Y;. Then any Q € Q,, 41
is completely determined by the n + 1 probabilities {Q(Z = 2)}_,, and the joint distribution
Py,,..v, . of Y1,..., Y,y 1is given as

.....

n+1
n+1 -1
Py,,... Y,,+1(V1,-.-,yn+1)=<27=+11y[> Q(Z=Zyi)-
i=1

For integer 0 < z <n + 1, we define

1 0=<z=<l,
h(ln 2= QL<UZ=2=1 (n— 2+ 1B, + 2B (76)
(n—z+ DBy +2B.—1, I+1<z<n+1,
n+1
—z+1
% 0<z<l,
geln 2= QW =0.L<l|Z=9=1 " * 1o a7

I+1<z<n+1,
n+1

where B;; is shorthand for B;;(v) as defined in (7), and B; ;(v) =1 for [ >z The second
equality of (76) and the second equality of (77) are proved in Appendix 1. Then, we have

https://doi.org/10.1017/apr.2025.10029 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10029

Enhanced upper confidence limits via randomized tests

1.0
=0, n=10
0.8
_. 06
<
S04
0.2
0002 04 06 08 10
pi(Q)
1.0
A=0, n=50
0.8
_. 06
<
=04
0.2
%0002 04 06 08 10
pi(Q)

499

1.0
A=1/3,n=10
0.8
.06
<
S04
0.2 .
00" 02 04 06 08 10
pi(Q)
1.0
A=1/3,n=50
0.8 {
.06
< :
S04
0.2t
00002 04 06 08 10
pi(Q)

FIGURE 4. The region R;,  composed of points (p;(Q), fi(Q)) as defined in (74). The region is the
convex hull of the points in (78), which are highlighted as dots. Here we choose / = 3 for all plots.

n+1

n+1

QL<D=) QZ=9QL=<IZ=2)=) 0QZ=2h(l,n 1),

z=0
n+1

z=0

QYny1=0,L<D =) QZ=2Q(¥n11=0,L<1|Z=2)

z=0
n+1

=Y 0Z=2)g..n 1.

z=0

Therefore, any element of the region R;, ; can be written as a convex combination of the
n 4+ 2 points {(h;(l, n, A), g.(I, n, k))};’i&. That is, we obtain the following proposition.

Proposition 5. The two-dimensional region Ry, (see Figure 4) is the convex hull of the
following set of points

{(h(l,n, 2), g1 n, X))}::ol :

(78)

According to this proposition, Ry, is a polygon, as illustrated in Figure 4. Now, the
original complicated problem of determining the region R, has been transformed into the
intuitive task of studying the geometric relation between the n + 2 points given in (78).
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8.2. Case with A > 0

In this subsection we discuss €6(Tj()), n, §) inthe case 0 < A < 1.

As the first step, we clarify that the lower boundary of the region R; . ; defined in (74)
consists of n — [+ 1 line segments, as shown in the following lemmas (see Appendix J for
proofs).

Lemma 4. Suppose 0 < < 1, [, z€ ZZ°, and n € Z='*'. Then h.(I, n, 1) > 0; g.(I,n, 1) >0
forallz<n+1; g.(I,n, 1) <0 forall z>n+ 2. In addition, h,(l, n, A) strictly decreases with
zforl <z<n+1; g, n, X) strictly decreases with z for 0 <z<n+ 1.

Lemma 5. Suppose 0 < i < 1, [,z€ ZZ°, and n € ZZ'*'. Then for I<z<n+ 1, the point
(hz(l, n, A), g:(1, n, )»)) is an extremal point of Ry p. and belongs to the lower boundary of
Rl,n,)»'

Next, we shall determine the exact value of €°(Ty(1), n, 8). By Lemma 4, we have
Bui=hp1(,n,A)<h,(,n A)<lforze{0,...,n+ 1}.ForB,; <3 <1, let Z be the largest
integer z such that h,(I, n, A) > 8. Forz € {l, [+ 1, ..., n}, define

8 —hyp1(l,n, 1)

lv ’8’)\' = )
aom 8 ) = e — o )

(79)

E}u(lv ns 87 Z) = [1 - KZ(Z’ }’l, 87 )")]g2+1(l7 n? )") + KZ(L n’ 61 )")gZ(L n? )") (80)

The following theorem provides the analytical expression of €(T;(1), n, 8).

Theorem 3. Suppose 0 <1 <1,0<8 <1, 1€ Z>° and n € Z=*'. Then we have

e =1, - X 5 <Bu,
87 o,nd,2)>0 6§>B,,.

Proof. According to (75), to determine the value of €°(Tj(1), n, §), we need to find the best
point (pi(Q), fi(Q)) in the region Ry, such that p(Q) > § and £i(Q)/pi(Q) is minimum. Note
that this best point must be on the lower boundary of R; .

First, we consider the case 0 <38 <B,;. According to Proposition 5, the point
(hn+1(l, n, A), gn+1(, n, A)) = (B, 0) is in the region R, 5. Hence, there exists a Q € Q41
such that p;(Q) > § and fi(Q)/p;(Q) = 0. This implies that €°(T;(A), n, §) = 0.

Second, we consider the case B, ; <& < 1. Let (pl(QA),fl(QA)) be the point on the lower
boundary of R, that satisfies p;(Qa) = 6. According to Proposition 5 and Lemmas 4 and
5, if (pl(QB),f[(QB)) is a point on the lower boundary of R;,  that satisfies p;(Qp) > 6,
then we must have fi(Qp)/pi(OB) > fi(Qa)/pi(Q4). Therefore, (pl(QA),f[(QA)) is the best point

(pl(Q),f;(Q)) in the region R, » such that p;(Q) > § and f;(Q)/p;(Q) is minimum. This implies
that

_ fi(Qa) :fl(QA)
pi(Q4) s

Since pi(Q4) = § and Z is the largest integer z such that h(l, n, ) > 8, the point (p;(Qa), fi(Q4))
is on the line segment connecting the following two points,

€(Ti(1), n, 8)

(81)

(hz1on, 1), ga1(on, 1)), (ha(ln, 2), gz(l, n, 1)),
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Using this fact, one can easily verify that f;(Q4) = Ex(l, n, 8, 7). This together with (81)

completes the proof of Theorem 3. (]
In particular, when § = h (I, n, A) forz€{l, I+ 1, ..., n+ 1}, Theorem 3 implies that
gZ(lv ns )")
e(Ti(A),n, §=h(I,n, \)=2""—, 82
€(Ti(x), n (I, n, 1)) () (82)

which is non-increasing in z. This is because h.(/, n, A) decreases monotonically with z by
Lemma 4, and €°(T(A), n, §) is non-decreasing in § for 0 < § < 1 by Proposition 6.

As a counterpart of Proposition 1 in Section 3.3, the following proposition clarifies the
monotonicities of €(T;(X), n, §). See Appendix K for a proof.

Proposition 6. Suppose 0 <1 <1, 0<8<1, 1€ ZZ°, and n € ZZ*. Then, €(Ti()), n, 8) is
non-increasing in 8 for 0 < 8 < 1, non-increasing in n for n € Z=1, and non-decreasing in |
forO<l<n-—1.

In the following, in order to show the remaining unproved results of Theorems 1 and 2, we
prepare two useful statements, which provide several tight bounds for €(T;(1), n, §). Corollary

4 follows from (82), Theorem 3, Lemma 4, and the fact that €°(7;(1), n, §) is non-decreasing
in 8 by Proposition 6. Lemma 6 is proved in Appendix L.

Corollary 4. Suppose 0 < i <1,0<8 <1, 1€ ZZ°, and n € ZZ"*', then we have

8z, n, 1) }

g2*+1(17 n, )") —c
<e(Ti(A), n, 8 < 0,
€ (Ty(A), n, §) < max o o, 2)

hZ*-Fl(L ”l, )") -
where 7* and z, are shorthand for 7*(1, §, L) and z4(l, 8, A) defined in (9), respectively.

Lemma 6. Suppose 0 <A <1,0<8 <1, 1€ ZZ°, and n € ZZ*1. Then

M=zt 1)
€“(T;(A), n, 8) <max {0, , 83
(Ted), m, &) = X{ A(n—z*+1)+z*—l} 83)
AMn —2")
e(Ty(A), n, 8) > . 84
S0, n,8) 2 7T (84)
Ifin addition(Sg%then
rn—7z* I+ 14+ M
ET0)n, ) > r=2) S s e KL T
A — )+ 25 — [+ 1+ /Al An

9. Proof of Theorem 1

We shall first prove (30) and then prove (32).
Proof of (30). Since the case s = 0 follows from (63), we focus on the case 0 < s < 1. In the
following, we let [ = [vsn]. The proof is composed of two steps.

Step 1: The aim of this step is to show that (87) holds when 0 < s < 1.
When 0 < s < 1, in the limit n — +00 we have

sl >~ (8)V/Al
v

+0()=sn— +0(1) <n, (86)

&~ 1(8)v/Avsn
vV
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where the first equality follows from Lemma 17. Hence, the relation B, ; < B+ ; < § holds as

n— +o00, and we have €(Ti(A), n, §) > 0 according to Theorem 3. This fact together with
Corollary 4 implies that

gz s+1([vsnl, n, A)

I (Tvsn], m A) =

for a sufficiently large integer .

8z, ([vsn], n, )
hg ([vsn], n, 1)

<€ (Trsm (1), n, 8) < (87)

Step 2: The aim of this step is to prove (30) in the case 0 < s < 1. As shown in Appendix M,
in the limit n — oo, we have

RHS of 87)=1—1s5—C(4, s, 5)\/g+0(%> . (88)
Using a similar reasoning for deriving (88), we can deduce that

LHSof 87)=1—5—C(}, s, 8)\/g+ o (%) . (89)
Then (87)—(89) together confirm (30). U

Proof of (32). In the following, we let [ = [vsn] and § =e™"". The proof is composed of
two steps.

Step 1: In this step we consider the case with » > D(sv||v). In this case, we have

Iné @ In(e™") r
im > lim = >
n—oo InB,; ~ n—>oo ln[e (1vm_| e—D((usn]/nHv)n:I D(vs||v)

where (a) follows from the reverse Chernoff bound given in Lemma 8. This fact together with
Theorem 3 implies that €°(T;(1), n, § = e~"™) = 0 when n is sufficiently large, which confirms
(32).

Step 2: In this step we consider the case with 0 < r < D(sv||v).

Step 2.1: The aim of this step is to show that
N Vs
& =rip (—, v)n +o(n), (90)
r
where 1p(**, v) is defined in (12).
Equations (A.1) and (A.2) imply that
1
e+/[vsn]

It follows that

—zD(22L 1)

—zD( v —m
€ - =< Bz*, Tvsn] = d=e =< Bz*, Tvsn] =€

vsn Vs
r= lim —D H (llm —)D _—
n—oo n n—o00 p lim;,—, oo (z*/1)

and, thus, lim,,—,  (z+/n) = rtD(vs/ r, v), which confirms (90).
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Step 2.2: The aim of this step is to show (32) by using (90) and Lemma 6.
According to Lemma 6 we have

Me =) <E(T(1), n, 8) 1)
AMn—z)+ 25— 1+ 1+ /Al

< max {O

A —ze+ D4z —1]°

» (1 - 27)
lim LHS of (91) = lim
— — * * 1—[vsn]++/Afvsn]
n—oo nOO)L(l_z’_l)+%+ vsn vsn

n
@ (1 = rip(2, v))
A (1 —rip (%, v)) + rtp (%, v) — Vs
where (a) follows from (90). By a similar reasoning, we can deduce that
lim =
n—oo An—zs+1)4+z4 — 1

Hence, we have lim,_, o, RHS of (91) =1 — E; 4(r). This fact together with (92) and (91)
confirms (32) in the case 0 < r < D(sv||v). O

Then we have

92)

= 1 - EA,S(r)v

1 —E) (r)>0 forall 0 <r<D(sv|v).

10. Conclusion

We have studied one-sided hypothesis testing under random sampling without replacement.
That is, when n + 1 binary random variables X1, . .., X, 41 are subject to a permutation invari-
ant distribution and n binary random variables X1, ..., X,, are observed, we have proposed
randomized tests with a randomization parameter A > 0 for the expectation of the (n + 1)th
random variable X, under a given significance level § > 0. We have shown that our proposed
randomized test significantly improves deterministic test under random sampling without
replacement. For example, as shown in (30) and (28) of Theorem 1, the asymptotic upper
confidence limit in our randomized test is much better than that in the deterministic test in sam-
pling without replacement. This problem setting appears under a certain adversarial setting. We
can expect that our results will be applied to various areas when the data are generated in an
adversarial way. Although our analysis is limited to one-sided hypothesis testing on a binary
random variable, in principle, it can be generalized to the case with general non-binary random
variables. In this way, our results are expected to have wider applications.

Appendix A. Useful Lemmas

We present several useful lemmas with their derivations.

A.1l. Binomial probability

To show several important statements, here we prepare several useful lemmas to charac-
terize B; ;(p) and A, ;, which are defined in (7) and (8), respectively. If there is no danger
of confusion, we shall use B;; as shorthand for B;;(v), where v:=1—A and A is the
randomization parameter introduced in (3).

Lemma 7 (Lemma 3.2 of [48]) Suppose 0 <1<z and 0 <p < 1. Then B (p) is strictly
increasing in I, strictly decreasing in z, and non-increasing in p.
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The Chernoff bound states that
B, <e PUEIM  forall I < vz, (A.1)

where D(p||q) is the relative entropy defined in (11). The following lemma provides a reverse
Chernoff bound for B, ;.

Lemma 8. (Proposition 5.4 of [48].) Suppose L,z are positive integers and satisfy | <z — 1,
then

1
B> e_«/?esz(l/sz)' (A.2)

The following lemma is a simple corollary of the Berry—Esseen theorem [6]

Lemma 9. Suppose 0 < A < 1 and integers z>1> 1. Then

(l — UZ) 0.5(1 —2vA) 0.5
Bz,l - =< =< ,
VVAZ Vv VAZ v VAl

where ®(x) is the standard normal distribution function defined in (10).

Lemma 10. Suppose 0 < A < 1 and integers 0 <1 < z. Then B; ;/B,+1,1 is non-decreasing in z,
and satisfies
z—1+1 < B,
(z+ DA 7 Bzy1

<l (A.3)
=5 .

In addition, if | < vz then

Bai _ z—1+ 1+l
B ™ (@+ DA
Proof of Lemma 10. If [ =0 then B; ;/B,;1,;=1/X is nondecreasing in z. If / > 1 then the
monotonicity of B, ;/B.+1,; with z follows from Lemma 3.4 of [48].

In addition, (A.3) follows from Lemma 3.4 of [48], and (A.4) follows from Proposition 4.10
of [48]. O

(A4)

Lemma 11. Suppose 0 <A < 1andz> 1+ 1; then A; /A, is non-increasing in z and non-
decreasing in l.

Proof of Lemma 11. The equality
Bey1,i=(0—=MBg -1 + 1B,
implies that
A= —=2)B1 — B i-1) =0 —2)bz (A.5)

_Jo [>z+1,
Cla=-mnha -t i<z

When z > [+ 1, (A.5) implies that

AN _ (i)A A
A ) e

’

so A;;/A;_1,1s non-increasing in z and non-decreasing in /. t
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A.2. Relative entropy

To show that tp(y, x), €p(s, r), and sp(e, r) are well defined in Section 3.2, we prepare the
following lemma.
Lemma 12. The relative entropy D(pllq) defined in (11) is non-decreasing in q and non-
increasing inp when 0 <p <qg<1.

Proof of Lemma 12. When 0 <p < g <1 we have

ple) _ a=p _, 0@l9) _ p | 1-q

dg  ql—q) ~ ap q 1—p

SO’

which confirm the lemma. O

A.3. Poisson distribution

To show that tp(k, §) is well defined in (15), we prepare the following lemma.

Lemma 13. Suppose k € ZZ°. Then Pois(k, x) defined in (14) is monotonically decreasing in x
forx=>0.

Proof of Lemma 13. For x > 0 we have

. k i k
9 Pois(k, x) X Xt
A R o
0x e— || 4 i!
i=0 i=1
k i -1 k
_ —Xx X —Xx X _ —x*
=—e -+ —=—-e  — <0,
i! i! k!
1= 1=
which confirms the lemma. O

Appendix B. Properties of z* and B;, ;/B»

Given 0 < § <1, z*(l, 8, 1) is the smallest integer z that satisfies B, ; < §, as defined in (9). If
there is no danger of confusion, we shall use z* as shorthand for z*(l, 8, 1), and use z, = z* — 1.
This appendix provides some properties of z* and B, ;/B. ;, which are useful for proving
several important statements.

B.1. Lower bound for z*

Lemma 14. (Corollary 1 in [25].) Suppose z € ZZ° and 0 < p < 1, then B, 1) > %
Lemma 15. (Theorem 4.1 in [34].) Suppose | € ZZ° and z € Z="*", then B (1/z) # 5.
Corollary 5. Suppose | € Z=' and z € Z7', then B, (1/z) > }.

Proof. First, in the case z =1, we have B, ;(l/z7) =B, ,(1)=1> % Second, in the case z >
I+ 1, the corollary immediately follows from Lemmas 14 and 15. (]

Corollary 6. Suppose 0 <A <1and0<§ < % Then 7* > 1/v.
Proof. When [ =0, the lemma clearly holds.
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Next, we shall consider / € ZZ!. In this case we have I/v] >1and

@ l ®
Biipv),i(v) = Blyv),i vl > 5, (B.1)

where (a) follows from Lemma 7 and the inequality v <I/[l/v], and (b) follows from
Corollary 5. Therefore,

% . >] (a) . >/ 1 (b)

Z* =min{z € Z='|B;;(v) <8} > min {z € Z='|B; (v) < 3 > /vl +1=1)v,
which confirms the lemma. Here (a) follows from the assumption & < %, and (b) follows
from (B.1). U

B.2. Limits of z*

Lemma 16. Suppose [ € 720 0<i<1,and0 <8 <1, then
z* 1

lim = .
5—»0 Ind§ InAi

Proof of Lemma 16. By the large deviation principle, we have

1
lim —In(B,;)=—DO|1 —A)=InA.
Z

77— 0
Since we have 7* — oo when § — 0, the above relation implies that

Iné In (B 1) _

. . . In(Byx))
lim — =1lim ————~ = lim ———~= =1InA,
§—>0 ¥ -0  z* *—>oo  Z¥
which confirms the lemma. O

Lemma 17. Suppose [ € ZZ°, 0 < 1 < 1, and 0 < 8 < 1. Then in the limit | — 400 we have

+ O(D),

I CIRONY
v

where z* is the smallest integer z such that B, ; < 8, and ®(x) is defined in (10).

Proof of Lemma 17. By Lemma 9 we have

q)(l—vz) 0.5 <B <(D(l—vz)+ 0.5 (B.2)
YAz vAl ol = VVAzZ Vorl ’
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When [ — oo, we have § — 0.5/+/vAl > 0, and

¥ =min{z € ZZ!|B,; < 8}

B l—vz 0.5
< ze Rt <D< + =8}—‘
{ vz Vol
i [—vz 0.5
=|{zeR* =q>—1<5— )H
{ Vviz VAl

2

== %®_1<5—5];i”>+\/é+:—v|:q)]<8—\;)].)iu>:|2)
- (_\/gcb‘l(aHO(%ﬁ)+,/é+0(1)>2

R SR ONY
V

+0(1), (B.3)

where the inequality follows from the upper bound in (B.2).

o, 05
In addition, when [ — oo, we have § + T <1, and

7 =min{z € ZZ'|B.; < 8}

>1zeR"

q)(l—vz)_ 0.5 :6}

Joz) T

l—vz:¢1(5+ 0.5 )}

Vviz VAl

(e (e ) e (- 22T )
4y VoAl v 4y oAl

2
_ [ A 1 i
( 4 ® <~/7> v (1)>

[— & 1(8)V/Al
v

={zeR*

2

+0(1), B4

where the inequality follows from the lower bound in (B.2). Equations (B.3) and (B.4) together
confirm the lemma. O

B.3. Limit of B, ;/B+

Lemma 18. Suppose 1 € Z7°, 0 < A < 1 and 0 < 8 < 1. Then in the limit | — 400 we have

Bit _y @@
Bz*,l SW

Biori _ 9@ G
B, S+/Al

+o3™h, (B.5)

+ou™h, (B.6)
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B P(D1(S))v >
= ol ). B.7
By S/l +00) ®B.7)

Proof of Lemma 18. To consider the normal approximation, we define

[— 7% [ — zyv
x| = , Xy = —.
VZ*Av NI

By Lemma 17, in the limit [ - 400 we have z* =1/v + O(+v/]) and, thus,

=z _I—vll/v+ 0] _ oW1
VER i+ oWl a0

X = =0(1).

In addition, we have

=z 1 v 7 (1=
X2 — X1 = Ny — X1 = f[+ T <W> —x1(B.9) (B.8)

1 §+<\/E_1)x1
WH o))

0] 1 v -1 v -1
[+ (ﬂ)] =+0U"h=—=+0u" (B.3)

where (a) holds because z, =1/v + O(/1) and 1/z« = O(1/]) (see Lemma 17), and (b) holds
because x; = O(1).
According to Lemma 9 we have

BZ*J:@(Z_ZTZZ) +0(%) =c1>(x1)+0(\%). (B.9)

In addition, considering the Edgeworth series [21, (2.1)], we have

B, 1  ®(x) 1, Plx1) + Plxz)(x2 — x1) .
Bs;  ®(xp) o0 = d(x1) o)
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where x3 € (min (x1, x2), max (x, x2)). By (B.8), we have x — x| = v/\/)»_l +0( Yandx3 =
x1 + O(1/+/1). Hence,

B, P(x1) + p(x3)(x2 —x1)

—1
B ) oo
¢ (x1+01) (25 +0u™)
=1 ou!
+ o +ou™)
[ 6+ 0] (25 +0a™h)
Vi —1
=1 o
+ o0) +01™)
P (x1)v —1
—14+ U 4 oah, B.10
+¢(x1)m+ ) (B.10)

Since B+ ; < 8 < B,_;, (B.10) implies that B, ; = § + O (
implies that

1
J) This fact together with (B.9)

1 1
:(S —_— = _18 =
swmivof L), neeorof2)

Then by plugging the above two equations into (B.10) we get (B.5).
Equations (B.6) and (B.7) follow from (B.5) and the relations B ;=6 + O (%) and

B.u=8+0(%). O

Appendix C. Proof of Proposition 1
According to (6) we have
€.id.(Tk, n, §) =max{0 <€ < 1By i(e) = 5},
where B, r(¢€) is defined in (7).
Monotonicity in 6: The monotonicity of €;; q.(Tk, n, §) with § follows immediately from (75).

Monotonicity in n: We have

€iid.(Tk, n, §) = max{0 <€ < 1By i(€) > &}
>max{0 <€ <1|Bpt1k(€) > 8} =¢€iia(Tk, n+1,9),
where the inequality holds because B, x(€) > Bj41 x(€) (according to Lemma 7). Therefore,
€i.i.d.(Ty, n, 8) is non-increasing in n forn > k + 1.

Monotonicity in k: We have

€ii1.d.(T, n, 8) =max{0 < e <1 B, (€)= 5}
<max{0 <€ <1|Byi+1(€) >} =€iid.(Ths1, 1, 8),

where the inequality holds because B, x(€) < B, i+1(€) (according to Lemma 7). Therefore,
€i.i.d.(Tk, n, 8) is nondecreasing in k for0 <k <n — 1.

https://doi.org/10.1017/apr.2025.10029 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10029

510 Z. LI ET AL

Appendix D. Proof of Lemma 1
Proof of (16). First, we show (16) by showing the relation

1 k
max {0565 1 |Bn,k(e)z§} > — (D.1)
n

because (6) guarantees the equation max{0 <e <1 |B, x(€) > §} =€i.a.(Tk, n, §) and the rela-
tion max{0 <€ < 1 |B, x(€) > 8} > max{0 < e <1 |B, x(¢) > 1} holds for 0 <§ < 1. For this
aim, we shall consider two cases depending on the value of k.

(1) k=0. In this case we have
1 no 1
max O§e§1|Bn,k(e)z§ =max{10<e<1|(1—¢€) 25 >0,

which confirms (D.1).

(2) ke ZZ'. In this case we have By i (k/n) > % according to Corollary 5. Since B, x(€) is

continuous in €, there exists a positive number €y > k/n such that B, x(eg) > % Hence,
we find that

k
maX{OSGS 1By i(€) > %} > €0 > -,
n

which implies (D.1).
In conclusion, (D.1) holds for all k € Z=°. O

Proof of (17). We show (17) by using (16). When 0 < § < % we have

€(Ty(A), n, 8) > € <Tl()»), n, 1) (i_) max {Q Y1 =1LZD|IOQL =D > l} (D.2)
2 0€Qiid.ntl 2

®) 1
=max 10 <e <1|B, (ve) > 5[

Here (a) holds because the optimization constraints on the right-hand side are stronger than
those in €, ([, n, %); (b) follows from the fact that Q; ;4. n+1 = {Pg‘H Yoero,1]-

In the following, we consider two cases depending on the relation between vn and I. First,
when vn <[, we have

(a) ® 1
Bn,l(v) > Bn,l(l/n) > Ea
where (a) follows from //n > v and Lemma 7; and (b) follows from Lemma 14. This equation

together with (D.2) implies that €, (I, n, %) =1, which confirms (17).
Second, when vn > [, we have
1 1w I
RHSof (D.2)=—-max {0<e <v B, () > - > —,
v 2 vn

which confirms (17) again. Here (a) follows from (16), i.e. (D.1). U
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Proof of (18). When k/n <8 <(k+ 1)/(n+ 1), (1) implies (18). When (k+ 1)/(n+ 1) <
§ < %, we have

k+1 1—k)—8(m+1) _ (k+Dn+1-k—s(n+1
2(TLO0). . 8)=( + D+ )—d(n+ )2( X ) — 5( )
Sn—k)(n+1) Sdm—k)(n+1)
k(n—k)+imn+1)
= > —,
S(n—k)(n+1) én
which confirms (18) again. Here the last inequality holds because the following conditions are
equivalent,

Kn—k)+350+1) &
Si—Kn+ 1) on

nk(n — k) + g(n—i- D> k(n—kn+1)
& g(n—{— 1) > k(n— k), (D.3)
and that (D.3) holds for (k + 1)/(n+ 1) < 3. O

Appendix E. Proof of Proposition 2

Recall that Qjjd.ns1 = {P""Jocfo.17, where P21 is the i.i.d. distribution on [n + 1] with
, [ [0,1] 14
Pr (Y; = 1) = 6. The central limit theorem states that

n+1 Vo[ Vo2
Am P (KS”(9+¢5)) ¢(4/—Var[Yi]) cb(«/_e(l—e))

for any real number z, where Var[Y;] is the variance of Y;. As a consequence, we have

n (5 =) v  _
Jim Py (K < o) = Jim, & Je+5) (1--3) (=)

Hence, the condition lim,_ P"“ (K <[sn]) <é is equivalent to the condition 7 <
f

— &~ 1(8)4/s(1 = ). The above relation shows case (a) for €iid.(Trsn1, 1, 6).
In addition, we have

—1
lim — In P”+1(K < [sn]) =D(s||7).

n— 00
Solving the equation D(s||t) =r for t, we have t = €p(s, r). The above relation shows case
(b) for €q.([sn], n, ).

Appendix F. Proof of Lemma 2
First, the derivative of k(1) reads
(1 —60)a — (1 +60))Br""2 = (1 = 0)Br 2 —y(1 =112
2(1 = 6p(1 — 1))3/2
O1E)(1 = 60) (1 -+ (1 + 6w )12 + (1 = 6y (8 >/2) — S5 (1 =)~/
2(1 — 6p(1 — 1))3/2

K'(W) =

I
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which confirms the equivalence between «’(A) = 0 and (58). We note that (58) is equivalent to
the cubic equation fi(A) + f2(1) = 0, where the functions f](x) and f>(x) are defined as follows,

o (e —1)? 3
hO= e —ar”

L) = =D+ +00)PE)x + (1 — 00)y(8)]° .

—(1—60)¥(9)

TFTF00) 9 ) and x; = 1, where xg is a

The cubic equation f>(x) =0 has two real roots xg =
double root.
The remaining proof is composed of three steps. The results of steps 1-3 will together

confirm the fact that (58) has but only one solution in (0, 1).

Step 1: The aim of this step is to show that the equation fi(x) 4+ f>(x) =0 has at least one
solution in (0, 1).
We have

£1(0) +£0) = — [(1 — B)¢r(8)1* <0,
(e —1)? (E.1)

A+ A= 8@ 60 0.

Since fi(x) 4+ f>(x) is continuous in x, the above inequalities imply that the equation fj(x) +
J2(x) =0 has at least one solution in (0, 1).

Step 2: The aim of this step is to show the double root xg < 0.
First note that the numerator satisfies —(1 — 6g)¥(§) > 0 for § < % Second, the denomina-
tor satisfies

PO e, 0 ©

(@) _ —
L+A+0Y@) <1+ y@) =1+ qrm Sl - g =

’

which confirms that xg < 0. Here (@) holds because 1/ (8) < 0 when § < %; in (b) we change the

variable by letting y = —®~!(8); and (c¢) holds because ®( — y) < ¢(y)/y for y > 0, witch was
first proved by Gordon [17].

Step 3: The aim of this step is to show that the equation fi(x) + f2(x) =0 has at most one
solution in (0, co). Since the double root xg < 0, there are only two cases for the monotonicity
of f2(x) in (0, c0):

Case A: f>(x) increases monotonically with x for x € (0, 00). In this case, fj(x) +f>(x)
is non-decreasing in x for x € (0, 0o). Hence, the equation f(x) + f>(x) = 0 has at most one
solution in (0, 00).

Case B: In (0, 00), f>(x) first decreases monotonically and then increases monotonically.
In this case, in the interval (0, co), the cubic function fi(x) + f2(x) also first monotonically
decreases and then monotonically increases. This fact together with the first inequality in (F.1)
implies that the equation fj(x) + f>(x) = 0 has at most one solution in (0, o).
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Remember that Qi g n+1 = {Pg“}ge[o,l]. The law of small numbers [37] guarantees that

lim P2 (K < ko) = Pois(ko, 7).

n— oo n

Hence, the condition Pois(kg, 7) = lim,,_, o P'T’jrnl (K <kp) <4 is equivalent to the condition

T <tp(ko, 8). The above relation shows Case (a) for €;;q.(Tk,, 1, 6).
The large deviation principle [13] guarantees that

. —1 n+1
lim — InP;" (K <ko)=DO|lt)=—In(l —1).

n—oo n

Solving the equation — In (1 — ) =r for 7, we have T =1 —e™". The above relation shows

case (b) for €;;.4.(Tk,, 1, 8).
Appendix H. Proof of Lemma 3
Proof of Lemma 3. First, by (72) we have

. . ENA‘C('—VkO-LeyS) ]
lim lim . = .
e—>056—0 Iné—! Alna—l

In the following, we shall prove that

... €Ny (Jvkol, €, 8) 1
lim lim : = ,
5—0 €—0 Ins—! Alna—l

which together with (H.1) confirms the lemma.
For convenience, we use [ = [vkg]. By Lemma 19 below, when § < % we have

A=6)@e=D  €e=1) _eNic(le8) =141+ VAl
Alns—! Iné~! — Ins-! - Alns—!

bl

(H.1)

(H.2)

(H.3)

where the upper bound follows from (H.5), and the lower bound follows from (H.4). Then

Lemma 16 implies that

*_]—1 1
lim lim LHS of (H.3) = lim - ,
50 e—0 50 Alné—! Aln a1
z*—l+1+«/kl_ 1

lim lim RHS of (H.3) = lim = ,
50 e—=0 §—0 Alns—1 Aln -l
which confirm (H.2) and complete the proof.

Lemma 19. Suppose 0 < 1, €, 8 < 1 and [ € ZZ°. Then

1 B. _ 1 —1
NA,c(l,6,3)Z<——1>M—FZ*—IZ(——l) Z*A Tz — L.
€

BZ*’Z €

If in addition § < % then

Ny ol €, 8) < -—1
rells €,9) [ A € Ae
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Proof of Lemma 19. The proof is composed of two steps.

Step 1: Proof of (H.4). When 0 < § < 1 we have
N c(l, €,8)=min{n > 1+ 1|€(Ty(1), n, 8) = 1 — €}

max 0’ M Z 1 — €
hZ*(ls n, )")

Z*Bzfll 1 Z*_l 1
e el N (L 1> S _1,
[BZ*J (6 >+z* W_ (1)

which confirms (H.4). Here the first inequality follows from Corollary 4 in the main text, and
the second equality follows from Lemma 10.

> min {n

Step 2: Proof of (H.5). When 0 < § < l we have
Ny.c(l, €, 8) =min{n> 1+ 1|€(Ty(A), n, §) > 1 — €}

* *
g v1(l 2 Zl_e}:(@ + DBz <1_1)+Zﬂ
hyy1(l,n, L) By €
TR N RIS B S TS vy
A € re ’

which confirms (H.5). Here the first inequality follows from Corollary 4 in the main text and
the second inequality follows from Lemma 10 and the fact that z* > /v when 0 < § < 5 (see
Corollary 6). U

§min{nzl+1

Appendix I. Proofs of (76) and (77)
Forze{0,1,...,n+ 1}, we have

n—z+1
K=2Yp1=0Z=2)= ———,
OK=zY+1=01Z=2) o
Z
K=z—-1,Y=1Z=2=——.
OK=z nt1=11Z=72) o

In the following, we shall show (76) and (77), respectively.

Step 1: Proof of (76). For 0 <v <z — 1, we have

OL=VZ=2)=0K =2, Yoi| ZO'Z:Z)@“ — A

-1
+0K=z—1,Yp = 1|Z=z)(Z )(1 —A)ATTIY
1%

n—z+1 b4
=— ) _—
1 Z’V(V)—i_n—}—l

where b;_1,(v) is defined in (7). Hence, for 0 </ <z — 1, we have

bz—l,v(‘))’

1
Q(le|2=z>=ZQ<L—v|Z—z> e szv<v)+—2bz ()
v=0
n—z+1

Z
=— B —B,_1.
n+1 Z’l+n+1 =11
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In addition, when [ > z, it is obvious that P(L < [|Z = z) = 1. This completes the proof of (76).

Step 2: Proof of (77). For 0 <v <z — 1, we have

OL=v, Y1 =01Z=2)= QK =2, Yny1 ZO'ZZZ)®(1 — A

n—z+1
= ﬁbz,v(v)'
Hence, when 0 <[/ <z —1, we have

1
QL=< Y1 =0Z=2)=) O(L=v, Y1 =01Z=2)

v=0
I

n—z+1 n—z+1
= b =— B,
n+ 1 Z Zv(V) nt 1 z,l

v=0
In addition, when [ > z, we have

n—z+1
Q(Lfla Yn+] :0|Z:Z):Q(K=Z, Yn+] :0|Z:Z): —n+l

This completes the proof of (77).

Appendix J. Proofs of Lemmas 4 and 5

Proof of Lemma 4. According to Lemma 7, B ; decreases monotonically in z for z > [.
Forze{l+1,...,n}, we have

hni1(l,n, ) =Bp 1 < By < hy(l,n,\) <B;—11 < Bri=h(l n,A),
where the second and third inequality hold because

Z
hz(L n, )\) :Bz,l + — (Bz—l,l - BZ,I)~
n+1

Hence, h,(/, n, A) decreases monotonically in z for /| <z <n+ 1.
The monotonicity of g,(l, n, ») with z follows from the facts that (n —z+ 1)/(n+ 1)
decreases monotonically in z for 0 <z <n+ 1, and that B, ; decreases monotonically in z for

I<z<n+1.
By (77), g.(I, n, A\) >0 for z<n+ 1, and g;(I/, n, A) <0 for z > n + 2. In addition, By (76)
we have
z
hy(l, n, }) :Bz,l + _(Bz—l,l - Bz,l) >0,
n+1
which completes the proof. O

Proof of Lemma 5. Due to Lemma 4, in order to prove Lemma 3, it suffices to show that
[Az+1(, 1, X)) — h (I, n, M)]/[gz4+1(, n, A) — g;(I, n, A)] is strictly increasing in z for [ <z <n.
We have

(n+ Dlh1(,n, ) = h(l,n, V)] = (n—2)Byy1,1 + 2z —n)By; — 2B, 1 1,
(n+Dlger1,n, ) —g(l, n, )] = —2)By1,1— (n—z+ DB,
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which imply that
hepi(n, ) —h(Lin,2) — 2(B—1,1—B) — By
ge1(l,n, 2) — g:(l, n, 1) (n—2)(Bz,1 — Bo11,0) + Bz
D= Bz ( By )
(n— Z)Az,l + Bz,l (n— Z)Az,l + Bz,l ZAzfl,l .
Note that
Arr_ Bir
B B

. I . . B,
is non-decreasing in z according to Lemma 10, so the function (1 - <,,ll z

ing in z. In addition, A,_1 ;/A.; is nondecreasing in z according to Lemma 11, so the function
ZA;—1,1/[(n — 2)Az 1 + B ] is strictly increasing in z, because

(n—2)Az 1+ B _ <E _ l) Az + B,
A1 Z A1z

) is strictly increas-

is strictly decreasing in z. Therefore, [h,1(l, n, A) — h (I, n, M)]/[g+1(l, n, &) — g.(I, n, 1)] is
strictly increasing in z for / < z < n, which completes the proof. O

Appendix K. Proof of Proposition 6
We show Proposition 6 by proving the following lemma.

Lemma 20. Suppose 0 <i <1,0<8 <1,1€ZZ°, and n € ZZ'*. Then €(Ty(1), n, 8) is non-
decreasing in 8 for 0 < 8 < 1, non-decreasing in n for n € Z=1, and non-increasing in 1 for
0<l<n-1.

Monotonicity in §: The monotonicity of €°(T;(A), n, §) with § follows immediately from its
definition in (75).
Monotonicity in n: To prove the monotonicity of €(T;()), n, §) with n, we consider two cases
depending on the value of A. First, when A =0, the monotonicity follows from (1). Second,
when A > 0, we show the monotonicity by showing that the lower boundary of R, , is not
higher than that of R,41 for n > [+ 1. This fact can be shown as follows.

Since g.(I, n, 1) and h,(/, n, A) are defined in (77) and (76), respectively, we have the
relations

g(Ln, M) <g.(l,n+1,%), h(nA)>=h(l,n+1,1)

forz=0,1,...,n+ 1. Let 7, (x) be the function that corresponds to the lower boundary of
Ru.1. For x <h,y1(l, n, A), we define 7, ;(x) to be 0. We denote by «[A;, A2] the line that
passes through the two points A; and A;, and by A,(l, n) the point (h,(l, n, 1), g;(I, n, A)).
Since Lemma 4 guarantees that /,(I, n, 1) is monotonically decreasing in z, for x < h,(l, n, A),
there exists an integer 7 > z+ 1 such that x € [hy (I, n, A), hy_1(l, n, 1)]. Then, we have

Tn,1(0) = k[AZ(L, ), Az (I, m)](x). (K.T)
Since Lemma 4 guarantees that g,(/, n, A) is monotonically decreasing in z, we have

g(lin+1,2) =g, n, 1) =gy n, 1) (K.2)
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(a) (b)
1.0 1.0

fi(@)
fi(Q@)

0 02 04 06 08 10 0 02 04 06 08 10
n(Q) i (Q)

FIGURE K.1 (a) The lower boundary of Ry, 5 is not higher than that of R; 4.1, for n > [+ 1. The lower
(upper) solid lines and circular (triangular) symbols represent the lower boundary and extremal points
of Ri=1,n=51=1/¢ (Ri=1,n=6,1=1/¢), T€Spectively. (b) The lower boundary of ;11 p,» is not higher than
that of Ry .3 for n >[4 2. The upper (lower) solid lines and circular (triangular) symbols represent the
lower boundary and extremal points of Rj=1 n=51=1/e (Ri=2,n=5=1/¢), respectively.

Combining (K.1) and (K.2), we have
Tith(L,n+1,0) <g.(L,n+1,1).

Therefore, the lower boundary of R, is not higher than that of R, for n >[4 1. (see
Figure K.1(a) for an illustration),
Monotonicity in /:
Step 1: To prove the monotonicity of €(T;(1), n, §) with I, we still consider two cases depend-
ing on the value of A. First, when A =0, the monotonicity follows from (1). Second, when
A > 0, we show the monotonicity by showing that the lower boundary of R, ;41,5 is not higher
than that of R, ;5 for 0 <1 <n — 2. This fact can be shown as follows.

As shown later, we have the following relations:

821(15 na )") E gZI (l + 17 ny )")7 th(L n7 )\') E th (l + 17 n’ )\')7 (K'3)

hev1(l+ 1, n, 2) = he(1, n, 1), (K.4)

gZ“rl(l’ n, )\,) - gZ(l’ n, )\,) > gZ+1(l’ n, )‘-) - gZ+1(l+ 17 n, )")
hz-‘r](la n, )\') - hZ(lv n, )\') - hZ"l‘](la n, )\') - hz+1(1+ 17 n, )")

forz;=0,1,...,n+1,andz=11+1, ..., n.

(K.5)

Step 2: In the following, using (K.3)—(K.5), we show the following inequality by induction,
Tn,H—l(hZ(ls n, )")) S gZ(l’ n, )") (K6)

First, we show (K.6) with z=n+ 1. Since (K.4) guarantees that h,41(l, n, A) < h,11(l+
1, n, 1), we have

Tntst i1 (4, 1) =02 g1 (1, n, 1),
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where (a) follows from the definition of g.(/, n, A). Hence, (K.6) holds when z=n+ 1.
Next, we show (K.6) with z = zp by assuming that (K.6) holds when z = z9 + 1. Equations
(K.3)—(K.5) guarantee that

k[Azyr1(L, n), Ayy 1L+ 1, n)](hyy (1, n, X)) < g5, 1, 1), X.7)

hZO(L n, )‘*) € [h20+1(lv n, )")7 hZo+1(l+ 11 n, )")] (KS)
Hence, we have

t)’l,[-‘rl(hlo(ls n, )"))

(@)

S K[(hZO-‘rl(lv n, )\)7 tn,l+l(h20+l(lf n, )")))7 AZ()+1(I + 1a n)](hZ()(la n, )\'))

(b)

S K[AZ()-‘,-l(lv n)v AZO+1(Z + 17 n)](h’Z()(l’ }’l, )"))7 (K9)

where (a) follows from (K.8), and (b) follows from the assumption that (K.6) holds when
z=17z0 + 1. The combination of (K.9) and (K.7) implies (K.6) with z = zp.

Hence, we obtain (K.6) for z=1,...,n+1, i.e. the lower boundary of R, ;41 is not
higher than that of R, ;, for 0 </ <n — 2. (see Figure K.1(b) for an illustration).

Step 3: In the following, we shall prove (K.3), (K.4), and (K.5) in three steps, respectively.
Step 3.1: Proof of (K.3). Equation (K.3) follows from (76), (77), and Lemma 7.

Step 3.2: Proof of (K.4). For z=1, we have h,1(I+ 1, n, A) =h,(l, n, A) =1 according to
(76). Forz=1+1, ..., n, we have

(n+ Dlhzp1(I+ 1, n, &) — he(L, n, V)] = [(n — 2)Br1,141 + (2 + DB 4]
—[(n—z+ 1B+ 2B;—1,]
=0 —2)(Bzt1,+1 — By)) + 2Bz 141 — Bz—1,0)
+ (Bz,l+1 - Bz,l)

(a)
L (n—2)[(1 — \)Bs 4+ AB 141 — Bl

+z[(1 = A)B,—1 1+ AB,—1 141 — B;—1.1]
+ (Bz,l—H - Bz,l)
=(n—2)ABz+1 — Bz1) + zA(B;—1,1+1 — Bz—1,1)

()
+ (Bz,l-H - Bz,l) = 0.

Here (a) follows from the basic relation B;y1 ;= (1 — A)B;;—1 + AB;, and (b) follows from
Lemma 7.

Step 3.3: Proof of (K.5). To prove (K.5), we shall consider three cases depending on the
value of z. First, for z=1, we have h, I+ 1,n, ) =h,(,n,A)=1and g1+ 1,n, 1) <
g:(l, n, 1), so (K.5) holds. Second, for z =n, the left-hand side of (K.5) is positive, and the
right-hand side of (K.5) equals zero, so (K.5) holds.
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Lastly, we consider the case z € {{+ 1, ..., n — 1}. To prove (K.5) in this case, it suffices to
show

hZJr](la n, )") - hz(la n, )\') _ < hz+1(l9 n, )") - hz+](l + 17 n, )\') _
gZ"rl(lv n, )\') - gZ(lv n, )\') - gZ-‘rl(lv n, )") - gZ+l(l + 17 n, )\')
forz=1[,14+1, ..., n Note that

1 (K.10)

Z(Bz—l,l - Bz,l) - Bz,l < Z(Bz—l,l - Bz,l)
(n—2) Bz — Be1,) + Bz — (n—2)(Bgi — B41,0)
D1 ozl

LHS of (K.10) =

— = , (K.11)
n—2A;1 (m—2A
where the last equality holds because
-1
Acir _ ) _ -l
Az,l (7))\ ZA '
In addition,
1)(B —B "+ 1)b
RHS of (K.10) = @+ DBt =B (@4 Dby
(n—2Bet1,1+1 — Be1,) (n—2)brq1,141
1 —1 —1
o+ z z (K.12)

Th—z Az+1D) (—on
Then (K.11) and (K.12) together confirm (K.10), and complete the proof of (K.5).

Appendix L. Proof of Lemma 6

Proof of Lemma 6. When 0 < § < B, ;, we have z* > n and €°(T;(1), n, §) = 0. So (83)—(85)
hold obviously. In the following, we consider the case B, ; <§ < 1.

Step 1: Proof of (83). When B, ; < § < 1, we have

g (Ln,2) 1

= * Byy—1,
hey (o 3) 1 g e B
| AMn—zc+1)

* *_Z - —_ —_ ’
1 + n—g*-i-l . Z)\.T* )\.(ﬂ Zx + 1) + Zx [

e(Ti(1), n, 8) <

IA

where the first inequality follows from Corollary 4 and the fact that €(T;(A), n, §) > 0 when
B, <6 < 1, and the last inequality follows from Lemma 10.

Step 2: Proof of (84). When B,,; < § < 1, we have

gZ*“rl(lv ns )\‘) _ 1

hop1(Ln,d) el By
4 +]( s Ity ) 1 + e Bz*_H{[

- 1 _ An—7%)
T4+ LT ) 1

n—z A

E(Ti(A), n, 8) =

where the first inequality follows from Corollary 4; and the last inequality follows from
Lemma 10.
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Step 3: Proof of (85). When B, ; < § < l, we have [/v < 7* < n according to Corollary 6, and

( 1) Ln, A 1 (@) 1
E(Ti(A), n, 8) > iz HEZ ~ )3 i1 Bos = 1 =il
n, z LD, fle o S
Z*+1 I+5== Bory I +0==
B Mn—z2*) .y =1+ 1+l
AMn—z) 47— 1+ 1+ /Al an+ (vz* — [+ 1+ /4D

©  Z—I+1+al

>l-—

- An
where (a) follows from Corollary 4; (b) follows from Lemma 10 and the inequality z* > [/v;
and (c) holds because (vz* — [+ 1 + /A1) > 0. O

Appendix M. Proof of (88)
In the limit n — oo, we have
@ vsn— @' @)Vavsn+ 0(1)
n—zet1  vn—vsnt & 1(8)v/Avsn + O(1)
vs — &~ O)Wavs L= + 0 (l)

v — s+ d1(8)W/Avs }+0 %
_ CD_I((S)«/)\vs 1)V avs ‘o
- Jn v —vs (v - vs)zf < )

M.1)

s O L8/ As
T1-s (1—s)2¢rn+0(ﬁ)’

where (a) follows from (86). Then, we have

B, _ ) -1
RHS of (87) = <1 + ZxDz,—1,[vsn] )
(n—z+ I)Bz* [vsn]

@ s ()W hs ( ) [ (@ (8)v <1>]
<1+[1_S (1—s)2m+0 } 1+—5\/W +o(-

—1 —1 -1
( L s 9@ 0w @ (8)«/A_s+0(nl)>

—1

l1—s 1-s sJ/avsn (—s2Jon
sp(@~ @)y | @' G)Vs .
=(1-— 1— O
( s)< sosn T U= O
—l(a)f s(1 —5)p(@~1(8)v

=1—s+ +0mn™h
S/ Avsn

=1—-5s—-C(Q,s, 8)\/7%-0( )

which confirms (88). Here (a) follows from (B.6) in Lemma 18 and (M.1).
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Appendix N. Proof of Theorem 2

We shall first prove (63) and then prove (65).
Proof of (63). In the following, we let [ = [vkg]. The proof is composed of two steps.

Step 1: The aim of this step is to prove (63) in the case B+ ; < 8.
In this case, we have

(@)

lim n&(Ty(4), n, 8)= lim n[l =€ (1), n, )] < G(L, 8, 1), (N.1)

where (a) is shown in Section O by using Theorem 3. Then (N.1) confirms (63).

Step 2: The aim of this step is to prove (63) in the case B+ ; = 4.
In this case, when n — oo, we have B, ; < § and z=z*. Then by a similar reasoning that
leads to (N.1) we can deduce that

(B, 1 —8)7* By,

=G(l, 8, M),
6(Bz*,l - Bz*,l)

lim ne(Ty(A), n, 8) =
n—0o0

which confirms (63) again. (]

Proof of (65). In the following, we let / = [vkg], § =e~"™. The proof is composed of two
steps.

Step 1: The aim of this step is to prove (65) in the case r > In A~
When § = e~ with r > In ™1, we have

. Iné (@ _. In (e™™)

lim > lim

n—oo InB,; ~ n—>o00 lnliLefD(l/nllv)n:I
eVl

r (b) r

= lim > 1, (N.2)

~ ne/D  Ini-l
DU n|v) + ==

where (a) follows from the reverse Chernoff bound given in Lemma 8, and (b) holds because
DO|lv)=Inr~1. (N.2) implies that B, ; > § when n — oo. This fact together with Theorem 3
implies that €¢(T;(1), n, § =e~"™) =0 as n — oo, which confirms (65).

Step 2: The aim of this step is to prove (65) in the case 0 < r <In A~
When § = e~ with 0 < r <InA~!, we have

An—7%) ¢
<e(Ti(r), n, §)
AMn—z)+ 25— 1+ 1+

An — 1
< max {0, =zt D) } (N.3)
An—ze+ 1)+ 20 —1
according to Lemma 6. In the following we shall show (65) by proving that
. . AlnA + Ar
lim LHS of (N.3)= lim RHSof (N.3) = ———. (N.4)
n—00 n—00 Alnk —vr

https://doi.org/10.1017/apr.2025.10029 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10029

522 Z. LI ET AL

Note that

lim LHS of = lim

50 1=+l

e O — B5) + 55 + T
M= t-mz) Alnatar
= 1 1 = —
M=—7—m3)+rr Alnd—vr

where the second equality follows from Lemma 16 and the relation § =e™"". Using a similar
reasoning, we can deduce that

lim Mn—ze+ 1) Alnk—i—kr
im
oo Mn—ze+ D42 —1 Alni—vr’

which is positive when 0 < r <InA~!, and is equal to O when » =In A~!. These observations
confirm (N.4) and complete the proof of (65). O

Appendix O. Proof of (N.1)

In the case B, ; < §, when n goes to infinity, we have B, ; < 6 and
hy(l,n,A) = By (O.1)

for any finite z € Z=*1, Thus, in this limit we have Z = z, where 2 denotes the largest integer
z such that i (I, n, A) > §. This fact together with Theorem 3 implies that

® ! 5 [ = ke 8. 3)gee (1 20 + i (0, 6, Mgz, (Lm0

© l [6 — hee(l, n, M)] g2, (L 0, 1) N [he. (L, n, 2) — 8] g+ (L. n, )
8\ (n A)—hy(,n, X he, (L, n, 1) — hye(l, n, 1)

@ (14 DI8 — (U n, N[z, (1 n, 3y — 20asLl]
8(n+ Dlhy, (L n, A) — hys (I, n, A)]
(n+ DU, (4, n 3) = 81 n, 2) — St
8(n+ Dlhy, (I n, ) — hs (L, n, A)]
SZ*BZ*—LI — SZ*BZ*J + Z*Bz*,lhz*(l, n,A) — Z*Bz*—l,lhz*(la n, A)
8(n—+ Dlhy, (L, n, A) — hes (L, n, M)] ‘

=1—
Here (a) follows from Theorem 3, (b) follows from (80), (¢) follows from (79), and (d) holds
because

Z*BZ*J
n+1"

Z*Bz*fl,l

gz*(ly n, X)th*(l, n, A')_ I’l+l

) gz* (19 n, )") = hz* (15 n, )") -
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It follows that

lim ne(Ty(A), n, 8§) = lim n[1 —€(Ty(1), n, 8)]
n—00 n—00
8Z*Bz*71,l - Sz*Bz*,l + Z*Bz*,lhz* (n,x)— Z*Bz*fl,lhz* (I, n, A)

= lim
n—00 S[hZ*(lv n7 )") - hZ*(lv na )")]

@ lim 824By,—1,1 — 07"By, 1 + 7By, 1By, 1 — 2By, —1,1Bex 1
n—00 S(Bz*,l - Bz*,l)

_ (6 — Bz*,l)Z*Bz*fl,l + (Bz*,l - S)Z*Bz*,l

=G(, 4, M),
S(Bz*,l - Bz*,l)

where (a) follows from (O.1).
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