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Abstract. The two-dimensional analogue of the Sharkovski order on periods for maps of
the interval restricts to a partial order on essential pseudo-Anosov conjugacy classes in
the mapping class group of then-times punctured disk. In this paper we give an explicit
description of this restricted partial order in the case whenn = 3.

Suppose thatf : D2 → D2 is an orientation-preserving homeomorphism of the disk and
thatP is a finitef -invariant set. Pseudo-Anosov theory tells us that the correct invariant
for studying the implications ofP on the global dynamics off is the isotopy class of
f relative toP . For example, if the relative isotopy class is pseudo-Anosov, thenf has
positive entropy and infinitely many periodic orbits. More precise information, such as
a lower bound for the entropy off and for the number off -periodic points of a given
period, can be obtained from a train track map ([BH], see also Expose 10 of [FLP]) for
the relative isotopy class.

From the dynamics point of view, the actual location ofP is irrelevant. To
remove this data, we choose standard modelsDn for the n-times punctured disk and
a homeomorphismh : (D2 \ P) → Dn, wheren is the cardinality ofP . Conjugating
f by h yields a homeomorphismf ′ = hf h−1 : Dn → Dn of the model space whose
isotopy class captures all the dynamics of the isotopy class off relative toP , but is
independent of the location ofP . The homeomorphismf ′ is only well defined up to
conjugacy so we are assigning toP not an isotopy class but a conjugacy class of an
isotopy class. Thus, the natural object to associate toP is a conjugacy class in the
mapping class group MCG(Dn). Following Boyland [Boy] we refer to this conjugacy
class as thebraid typeof P .

The crucial isotopy classes are theessentialpseudo-Anosov ones (defined below),
and we restrict our attention to these. Denote conjugacy class by [·]. We say that
f : D2 → D2 exhibits [mc] if there is af -invariant setP whose braid type equals [mc].
The braid type ofP determines a lower bound for thenumberof periodic orbits off .
It is natural to ask if the braid type ofP determines a ‘lower bound’ for thebraid types
exhibited by the periodic orbits off .

https://doi.org/10.1017/S0143385797084940 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797084940


594 M. Handel

We say that [mc1] forces[mc2], written [mc1] > [mc2], if every homeomorphism that
exhibits [mc1] also exhibits [mc2]. In other words, if [mc1] is the braid type ofP and
if [ mc1] > [mc2], then there is at least onef -invariant set with braid type [mc2]. This
defines a partial order that is the natural generalization of the Scharkovski order [Sch]
on periods for maps of the interval. From the definition, it seems that one must check all
conjugacy classes of homeomorphisms exhibiting [mc1] in order to determine if [mc1]
forces [mc2]. However, Asimov and Franks [AF] (with an extension to theC0 case by
Hall [Hal]) showed that ifφ is a pseudo-Anosov representative of [mc1], then [mc1]
forces [mc2] if and only if φ, thought of as a homeomorphism ofD2, exhibits [mc2].

The ‘forcing’ partial ordering on essential pseudo-Anosov conjugacy classes therefore
reduces to determining all the braid types that are exhibited by a given essential pseudo-
Anosov homeomorphismφ : Dn → Dn. For a more detailed discussion of this partial
order see [Boy, §9].

As far as computation goes, there are two major obstacles. The first is thatφ has
infinitely many periodic orbits. In fact, the number of periodic points of periodk grows
exponentially ink. The second is that the information that can bedirectly read off a
train track map is symbolic dynamic in nature, and does not include the braid type of
the periodic orbits ofφ. We can list all the periodic orbits ofφ but we do not know
what their braid types are. Because of these difficulties, not very much is known about
the general nature of this partial order. (See [Boy] for a discussion and bibliography of
known results.)

One way to simplify the problem, and thereby begin to attack it, is to restrict attention
to invariant sets of a fixed cardinalityn. The partial order on braid types then restricts to
a partial order on certain conjugacy classes in MCG(Dn). A great deal is known about
the mapping class group and it is natural to ask if this dynamically defined partial order
on essential pseudo-Anosov conjugacy classes has a purely topological, and hopefully
more computable, description. More specifically, we would like to know if the induced
partial order has a nice description in terms of the known solutions to the conjugacy
problem for MCG(Dn).

In this paper, we answer these questions in the casen = 3 by giving an explicit
description of the partial order. Then = 3 case is special; if there is an explicit
description of the partial order for largern, it will not be nearly as simple as the one
presented here.

A homeomorphismφ is pseudo-Anosov relative to a finite invariant setP if it satisfies
all of the properties of a pseudo-Anosov homeomorphism except that it may have one
prong singularities at some points ofP . A mapping class relative toP is pseudo-Anosov
if it contains a homeomorphism that is pseudo-Anosov relative toP . If every point inP

is a one prong singularity for the foliations ofφ, thenφ is essentialrelative toP and the
mapping class ofφ is an essential pseudo-Anosov class. WhenP has cardinality three,
each relative pseudo-Anosov conjugacy class is essential [FLP, Expose 5]. Thus for the
purposes of this paper, pseudo-Anosov and essential pseudo-Anosov are the same thing.

The first step then is to enumerate the pseudo-Anosov conjugacy classes. LetmcL ∈
MCG(D3) be the element determined by the homeomorphism that interchanges the
puncturesa and b by a counter-clockwise motion as shown below. DefinemcR ∈
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The forcing partial order on the three times punctured disk 595

MCG(D3) similarly using the homeomorphism that interchanges the puncturesb and c

by a clockwise motion as shown in Figure 1. For any wordw = ek · · · e1 in L andR,
definemcw = mcek

· · ·mce1 ∈ MCG(D3). We say thatw is a pseudo-Anosov wordif it
contains at least oneL and oneR.

LEMMA 0.1. (Matsuoka)A conjugacy class inMCG(D3) is pseudo-Anosov if and only if
it is represented bymcw for some pseudo-Anosov wordw. If mcw1 is conjugate tomcw2,
thenw1 andw2 differ by a cyclic permutation.

FIGURE 1.

The forcing partial order on pseudo-Anosov conjugacy classes in MCG(D3) is easily
described in terms of pseudo-Anosov words inL andR. The following theorem extends
some partial results of Matsuoka [Mat ].

THEOREM 0.2. [mcw] > [mcv] if and only ifv is obtained fromw by removing letters and
by cyclic permutation.

For example, ifw = LRLLR, then [mcw] > [mcv] for the following cyclic values of
v : LRLL, LRLR, RLLR, LRL, LRR andLR.

Theorem 0.2 can be slightly strengthened by working in the relative mapping class
group MCG(D3; ∂D3); this differs from MCG(D3) in that all homeomorphisms and
isotopies are assumed to pointwise fix∂D3. The center of MCG(D3; ∂D3) is an infinite
cyclic group generated by an element1 that is represented by a left Dehn twist about∂D2.
The inclusion map induces a surjective homomorphism MCG(Dn, ∂Dn) → MCG(Dn)
with infinite cyclic kernel generated by1.

For each pseudo-Anosov wordw, let φw : D3 → D3 be a pseudo-Anosov
homeomorphism representingmcw. Define bw to be the element of MCG(D3; ∂D3)
determined byφw. The forcing partial order in MCG(D3; ∂D3) is defined in exactly
the same way as in MCG(D3). In particular, [bw] > [b] if and only if φw exhibits
[b]. Moreover, the Asimov–Franks theorem implies that [bw] > [bv1

s ] if and only if
[bw1m] > [bv1

s+m]. It therefore suffices to understand which conjugacy classes are
forced by [bw].

If v andw are pseudo-Anosov words, then Theorem 0.2 gives necessary and sufficient
conditions for the existence of an integers such that [bw] > [bv1

s ]. The extra
information that we gain by considering relative mapping classes is an explicit description
of the possible values ofs.
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Given a pair(w, s), wherew is a word in the lettersL and R and s is an integer,
consider the following moves.

(R1) Cyclically permutew.
(R2) Remove a letter fromw.
(R3) RemoveLL from w and replaces by s − 1.
(R4) RemoveRR from w and replaces by s + 1.

THEOREM 0.3. If w and v are pseudo-Anosov words, then[bw] > [bv1
s ] if and only if

(v, s) is obtained from(w, 0) by successive applications of(R1)–(R4).

For example, ifw = LRLLR, then [bw] > [bv1
s ] for the following cyclic values of

(v, s): (LRLL, 0), (LRLR, 0), (RLLR, 0), (LRR, −1), (LRL, 0), (LRR, 0), (LR, 0)

and(LR, −1).
Theorem 0.3 implies Theorem 0.2 so we will work in MCG(D3; ∂D3) and prove

Theorem 0.3.
§1 contains some definitions, preliminary results and the proof of Lemma 0.1. The

proofs of our main results are contained in§§3 and 5. In§2 we give a method for
computing exhibited braid types and in§4 we use symbolic dynamics to produce invariant
sets with prescribed dynamics.

1. Preliminaries
The regionF shown in Figure 2 is divided into three ‘disks’,Bα, Bβ andBγ , and two
‘rectangles’,SA andSB , that are decomposed into arcs calledfibers. The center of the
disks area, b andc respectively.

FIGURE 2.

Choose homeomorphismsfL andfR of D2 with imagesfL(F ) andfR(F ) as shown
in Figure 3. We assume thatfL andfR:
(1) map a fiber into either a disk or a fiber;
(2) expand length and contract width in the rectangles;
(3) uniformly contractBα ∪ Bβ ∪ Bγ to {a} ∪ {b} ∪ {c};
(4) have no periodic points in the complement ofF ∪ ∂D3.
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FIGURE 3.

Given any wordw = ek · · · e1 in the lettersL andR, definefw : D3 → D3 to be the
compositionfw = fek

· · · fe1.
The set{a, b, c} is fw-invariant. LetD3 be the diskD2 punctured at the three points

a, b andc. The mapping class group, MCG(D3), of D3 is the group of isotopy classes
of orientation-preserving homeomorphisms ofD3. The relative mapping class group
MCG(D3; ∂D3) is defined similarly with the added assumption that all homeomorphisms
and isotopies pointwise fix∂D2. The restriction offw to D3 (also calledfw) defines an
elementmcw ∈ MCG(D3) and an elementbw ∈ MCG(D3; ∂D3).

If {x, y, z} ∈ int(D2) is an fw-invariant set, then theinduced braid or orbit type
bt (fw, {x, y, z}) is defined to be the conjugacy class in MCG(D3; ∂D3) represented
by hf h−1 : D3 → D3, whereh : (D \ {x, y, z}) → D3 is an orientation-preserving
homeomorphism.

LEMMA 1.1. If w contains at least oneL and oneR, thenmcw is pseudo-Anosov. The
maximal invariant set

Cf (w) = {x ∈ SA ∪ SB : f i
w(x) ∈ SA ∪ SB for ∞ < i < ∞}

is a Cantor set and the periodic orbits offw that are contained inCf (w) exhibit exactly
the same braid types as any pseudo-Anosov homeomorphism representingmcw.

Proof of Lemma 1.1.Let G ⊂ F be the graph shown in Figure 4.G has three peripheral

FIGURE 4.
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loops α, β and γ and two non-peripheral edgesA and B. The edgesA and B cross
all the way throughSA andSB and intersect the fibers transversely. The orientation on
the peripheral loops is clockwise and the orientation onA and B is chosen so thatβ
contains the terminal vertex of both edges. We useĒ to refer to an edgeE of G with
its orientation reversed.

There is a deformation retractionr : D3 → G that sends a fiber inSA or SB to its
unique intersection withG. Definegw = r ◦ fw : G → G. The restriction ofgw to the
edgesA and B need not be an immersion but we may assume thatgw maps vertices
to vertices. Definêgw : G → G to be the map that is homotopic togw : G → G rel
vertices and that is an immersion when restricted to each edge ofG.

For example,̂gL is given byA 7→ Ā, B 7→ Bβ̄Ā, α 7→ β, β 7→ α, γ 7→ γ ; and ĝR is
given byA 7→ AβB̄, B 7→ B̄, α 7→ α, β 7→ γ, γ 7→ β. Note thatĝw = ĝek

· · · ĝe1.
An easy induction argument shows that the edges inĝw(A) andĝw(B) are alternately

peripheral and non-peripheral, with the first and last being non-peripheral. This implies,
in the language of [BH], that ĝw : G → G is a train track map. Thetransition matrixfor
ĝw is the two dimensional matrix whoseij th-entry is the number of times thatĝw maps
the j th non-peripheral edge across theith non-peripheral edge in either direction. (We
will follow the convention thatA is the first non-peripheral edge andB is the second

non-peripheral edge.) For example, the transition matrices forĝL and ĝR are
(

1
0

1
1

)
and

(
1
1

0
1

)
respectively. The transition matrix for̂gw = ĝek

· · · ĝe1 is the product of the

transition matrices for thêgei
’s. Sincew contains at least oneL and oneR, each entry

of the transition matrix for̂gw is positive. The first part of the lemma now follows from
the construction in [BH] of a pseudo-Anosov homeomorphismφw isotopic tofw. (A
positive transition matrix for a train track map is not, in general, sufficient to guarantee
that an isotopy class contains a pseudo-Anosov map; see [BH, Proposition 3.3.2]. In the
present case, the extra ‘link condition’ is satisfied becauseĝw(A) and ĝw(B) cross both
A andB.)

It is an easy exercise in symbolic dynamics to check that there is a period preserving,
one-to-one correspondence between the periodic orbits offw that are contained inCf (w)

and the periodic orbits ofφw. The only periodic orbits offw that lie in the complement
of SA ∪ SB are the punctures{a, b, c} and points in∂D2. The second part of the lemma
now follows directly from [AF] and [Hal]. �

Following Lemma 1.1, we say thatw is a pseudo-Anosov wordif it contains at least
oneL and oneR.

The inclusion map induces a surjective homomorphism MCG(D3, ∂D3) → MCG(D3)
with infinite cyclic kernel generated by an element1 that is represented by a left Dehn
twist about∂D2. Note that1 is in the center of MCG(D3; ∂D3). The following lemma
gives presentations of the mapping class groups that will be used in evaluating induced
braid types.

LEMMA 1.2.
(a) MCG(D3) ∼= Z3∗Z2; mcL = st andmcR = s2t wheres generatesZ3 andt generates

Z2.
(b) MCG(D3; ∂D3) ∼= {S, T |S3 = T 2}; bL = ST −1; bR = S2T −1 and1 = T 2.
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Proof of Lemma 1.2.MCG(D3; ∂D3) is naturally identified [Bir ] with the braid groupB3,
which has the standard presentation{σ1, σ2 : σ1σ2σ1 = σ2σ1σ2}, wherebL is identified
with σ−1

1 , bR is identified withσ2 and1 = (σ1σ2σ1)
2 = (σ2σ1σ2)

2.
Let S andT be the elements of MCG(D3; ∂D3) that correspond toσ2σ1 andσ1σ2σ1

respectively. ThenbL = ST −1, bR = S2T −1, 1 = T 2 and {T S−1, S2T −1 : T = S3T −1}
is a presentation for MCG(D3; ∂D3). Part (b) now follows from the fact thatS and T

can be expressed in terms ofT S−1 andS2T −1.
Part (a) follows from the fact that MCG(D3) is the quotient of MCG(D3; ∂D3) by the

cyclic subgroup generated by1 = T 2. �
We can now describe the pseudo-Anosov conjugacy classes.

LEMMA 1.3. (Matsuoka)
(a) Each pseudo-Anosov conjugacy class inMCG(D3) is represented bymcw for some

pseudo-Anosov wordw. If mcw1 is conjugate tomcw2, thenw1 and w2 differ by a
cyclic permutation.

(b) If bw11
s1 is conjugate tobw21

s2, thens1 = s2 and w1 differs fromw2 by a cyclic
permutation.

Proof of Lemma 1.3.Suppose thatm is a pseudo-Anosov element of MCG(D3). Apply
Lemma 1.2 to decomposem into an alternating concatenation ofsi , (i = 1, 2), andt .
Sincem is pseudo-Anosov buts and t are not, there must be at least onesi and one
t in this decomposition. After a conjugacy, we may assume that the leading term iss

or s2 and that the last term ist . Replacingst with mcL and s2t with mcR proves that
m = mcw for some, necessarily pseudo-Anosov, wordw.

If mcw1 is conjugate tomcw2, then Lemma 1.2 implies that the words ins and t

determined fromw1 and w2 by replacingL with st and R with s2t are conjugate.
Theorem 2.8 of [LS, p. 187] then implies thatw1 andw2 differ by a cyclic permutation.
This proves (a).

To prove (b) note that the condition onw1 and w2 follows from part (a) so that it
suffices to show thatb is never conjugate tob1s for s 6= 0. This follows from the fact
that 1s = T 2s does not abelianize to the trivial element. �

COROLLARY 1.4. Suppose thatw and v are pseudo-Anosov words. Then[bw] > [bv1
s ]

if and only if [bv1
s ] = bt (fw, {x, y, z}) for somefw-invariant set{x, y, z} ∈ SA ∪ SB .

Proof of Corollary 1.4.This follows immediately from Lemma 1.1 and the Asimov–
Franks theorem ([AF] and [Hal]). �
Remark.Lemma 1.3 was originally proved by Matsuoka [Mat ]. There is also a proof
that uses train track maps and Stallings’ folding operation [Sta]. (The connection is that
ĝL and ĝR are the two possible full folds ofG that begin by identifying non-peripheral
segments.) This folding approach generalizes to provide a solution to the conjugacy
problem for alln.

2. Factoring an induced braid
In this section, we compute induced braid types forfL andfR and show how these can
be used to compute induced braid types for anyfw. We use the graphG and the maps
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gw defined in the proof of Lemma 1.1.
Throughout this and the following sections, we make use of a linear ordering on points

in A ∪ B that is induced by identifying the oriented edge pathAB̄ in the graphG with
the unit interval. Thus, for example,x̂ < ŷ wheneverx̂ ∈ A and ŷ ∈ B.

If x ∈ SA ∪ SB ⊂ F , denote its projectionr(x) ∈ A ∪ B ⊂ G by x̂.
Suppose that{x, y, z} ⊂ int(SA ∪ SB) and thatx̂, ŷ, and ẑ are distinct points. Choose

an isotopyφt : D2 → D2 satisfying:
• φ0 = identity;
• φ1({x, y, z}) = {a, b, c};
• φt |(D3 \ F) = identity for all 0≤ t ≤ 1;
• φ̂t (x), φ̂t (y) and φ̂t (z) are distinct for all 0≤ t ≤ 1.

Less formally, defineφt by sliding the element of{x, y, z} nearesta to a, the element
of {x, y, z} nearestc to c and the remaining element tob; do this in a way that preserves
the ordering on{x̂, ŷ, ẑ} (see Figure 5).

FIGURE 5.

Defineh{x,y,z} = φ1 : (D2 \ {x, y, z}) → D3.
If {x, y, z}, fw({x, y, z}) ⊂ int(SA ∪ SB), thenhfw({x,y,z})fwh−1

{x,y,z} : D3 → D3 defines
an element of MCG(D3; ∂D3) that we denoteb(w; {x, y, z}).

The following lemma reduces the computation of induced braid types for anyfw to
consideration of induced braid types forfL and fR. Recall thatw = ek · · · e1, where
eachei is L or R, and letwi = ei · · · e1.

LEMMA 2.1. If {x, y, z} ⊂ SA ∪ SB is fw-invariant, thenbt (fw, {x, y, z}) is represented
by b(w; {x, y, z}). Moreover, if we denotefwi

({x, y, z}) by {xi, yi, zi}, then

b(w; {x, y, z}) = b(ek; {xk−1, yk−1, zk−1}) · b(ek−1; {xk−2, yk−2, zk−2}) · · · b(e1; {x, y, z}).
Proof of Lemma 2.1.Since {x, y, z} is fw-invariant, h{x,y,z} = hfw({x,y,z}) and
b(w; {x, y, z}) = h{x,y,z}fwh−1

{x,y,z} representsbt (fw, {x, y, z}). For the second part, note
that

h{xk,yk,zk}fwh−1
{x,y,z}

= (h{xk,yk,zk}fek
h−1

{xk−1,yk−1,zk−1}) · (h{xk−1,yk−1,zk−1}fek−2h
−1
{xk−2,yk−2,zk−2})

· · · (h{x1,y1,z1}fe1h
−1
{x,y,z})

= b(ek; {xk−1, yk−1, zk−1}) · b(ek−1; {xk−2, yk−2, zk−2}) · · · b(e1; {x, y, z}).
�
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We now turn our attention to computingb(ei, {xj , yj , zj }).
Each fiber inSA contains thefL-image of a fiber fromSA and a fiber fromSB . If

x ∈ SA satisfiesfL(x) ∈ SA, then definejL(x̂) to be the unique point inB satisfying
gL(jL(x̂)) = gL(x̂). It is convenient to draw the edgeA shorter than the edgeB so that
x̂ andjL(x̂) lie on the same horizontal line. (See Figure 6.)

FIGURE 6.

LEMMA 2.2. Suppose that{x, y, z}, fL{x, y, z} ⊂ int SA ∪ SB and thatx̂ < ŷ < ẑ.
(1) If x̂, ŷ ∈ A and ẑ < jL(ŷ), thengL(ẑ) < gL(ŷ) < gL(x̂) in A andb(L; {x, y, z}) =

T −1.

FIGURE 7.

(2) If x̂ ∈ A, ẑ ∈ B with ẑ < jL(x̂) and eitherŷ ∈ A with jL(ŷ) < ẑ or ŷ ∈ B, then
gL(ŷ) < gL(ẑ) < gL(x̂) in A andb(L; {x, y, z}) = S−1.

FIGURE 8.

(3) If x̂ ∈ A, ẑ ∈ B with ẑ > jL(x̂) and ŷ < jL(x̂), thengL(ŷ) < gL(x̂) < gL(ẑ) and
b(L; {x, y, z}) = bL.

FIGURE 9.
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(4) If ŷ, ẑ ∈ B and eitherx̂ ∈ B or x̂ ∈ A with ŷ > jL(x̂), thengL(x̂) < gL(ŷ) < gL(ẑ)

andb(L; {x, y, z}) = b∅ is the identity element.

FIGURE 10.

Proof of Lemma 2.2.Suppose that̂x, ŷ ∈ A and ẑ < jL(ŷ). Let ẑ′ = ẑ if ẑ ∈ A and
ẑ′ = j−1

L (ẑ) if ẑ ∈ B. Then x̂ < ŷ < ẑ′ in A so gL(ẑ) < gL(ŷ) < gL(x̂) in A.
Let σa, σb and σc be arcs connecting∂D3 to a, b and c respectively as shown in

Figure 11. Letτx, τy andτz be arcs connecting∂D3 to x, y andz respectively as shown.
Thenh−1

{x,y,z}(σa) (respectivelyh−1
{x,y,z}(σb), h

−1
{xyz}(σc)) is isotopic rel({x, y, z} ∪ ∂D3) to

τx (respectivelyτy, τz). The arcshfL({x,y,z})fL(τx), hfL({x,y,z})fL(τy) andhfL({x,y,z})fL(τz)

are, respectively, isotopic rel({a, b, c}∪ ∂D3) to the arcsµa, µb andµc as shown. Thus
the actions ofhfL({x,y,z})fLh−1

{x,y,z} and ofT −1 on σa, σb andσc agree up to isotopy. This

implies thathfL({x,y,z})fLh−1
{x,y,z} andT −1 determine the same element of MCG(D3; ∂D3)

and completes the proof of part (1).
The remaining three cases are very similar to case (1) and we leave the details to the

reader. �

FIGURE 11.

We now give the analogous result forfR. If x ∈ SB satisfiesfL(x) ∈ SB , then define
jR(x̂) to be the unique point inA satisfyinggR(jR(x̂)) = gR(x̂).
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LEMMA 2.3. Suppose that{x, y, z}, fR{x, y, z} ⊂ int SA ∪ SB and thatx̂ < ŷ < ẑ.
(1) If x̂, ŷ ∈ A and eitherẑ ∈ A or ẑ ∈ B with jR(ẑ) > ŷ, thengR(x̂) < gR(ŷ) < gR(ẑ)

andb(R; {x, y, z}) = b∅ is the identity element.

FIGURE 12.

(2) If x̂ ∈ A, ẑ ∈ B with x̂ < jR(ẑ) and eitherŷ ∈ B or ŷ ∈ A with jR(ẑ) < ŷ, then
gR(x̂) < gR(ẑ) < gR(ŷ) andb(R; {x, y, z}) = bR.

FIGURE 13.

(3) If x̂ ∈ A, ẑ ∈ B with jR(ẑ) < x̂ and eitherŷ ∈ A or ŷ ∈ B with jR(ŷ) > x̂, then
gR(ẑ) < gR(x̂) < gR(ŷ) in B andb(R; {x, y, z}) = S.

FIGURE 14.

(4) If ŷ, ẑ ∈ B and x̂ > jR(ŷ), thengR(ẑ) < gR(ŷ) < gR(x̂) in B andb(R; {x, y, z}) =
T .

FIGURE 15.

Proof of Lemma 2.3.The proof is completely analogous to that of Lemma 2.2 and is left
to the reader. �

Remark 2.4.It follows from Lemmas 2.2 and 2.3 thatb(ei; {x, y, z}) is determined by
ei , the relative order of{x̂, ŷ, ẑ} and the relative order of{gei

(x̂), gei
(ŷ), gei

(ẑ)}.
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3. Only if part of Theorem 0.3
In this section we prove half of our main theorem.

PROPOSITION3.1. If w and v are pseudo-Anosov words such that[bw] > [bv1
s ], then

(v, s) is obtained from(w, 0) by successively applying(R1)–(R4).

As a first step toward proving Proposition 3.1, we look more closely at Lemmas 2.1–
2.3.

LEMMA 3.2. If w = ek · · · e1 is a pseudo-Anosov word and{x, y, z} ⊂ SA ∪ SB is an
fw-invariant set, thenb(w; {x, y, z}) = dk · · · d1 where:
(1) if ei = L thendi = S−1, T −1, L or φ;
(2) if ei = R thendi = S, T , R or φ;
(3) if ei = L, if di = S−1 or T −1 and if l is the smallest parameter larger thani for

whichel = R, thendj = T −1 for i < j < l anddl = ∅;
(4) if ei = R, if di = S or T and if l is the smallest parameter larger thani for which

el = L, thendj = T for i < j < l anddl = ∅.

Proof of Lemma 3.2.Lemma 2.2 implies that ifb(L; {x, y, z}) = S−1 or T −1 then
gL{x̂, ŷ, ẑ} ⊂ A. Lemmas 2.2 and 2.3 then imply thatb(L; fL({x, y, z})) = T −1 and
that b(R; fL({x, y, z})) = b∅ is the identity element.

A similar argument shows that ifb(R; {x, y, z}) = S or T , thenb(R; fR({x, y, z})) =
T andb(L; fR({x, y, z})) = b∅ is the identity element.

Lemma 3.2 is now an immediate corollary of Lemmas 2.1–2.3. �

Proof of Proposition 3.1.By Corollary 1.4, Lemma 2.1 and Lemma 3.2, we may assume
that bv1

s = dk · · · d1, where thedi satisfy (1)–(4) of Lemma 3.2.
We first show that, after a cyclic permutation if necessary,w can be divided into

blocks w = β1 · · ·βr , where the replacement wordsci corresponding toβi are of the
form L1t, R1t or 1t . (If βi = ej · · · el , thenci = dj · · · dl .) Moreover, ifβi contains
more than one letter, thenβi contains at least oneL and oneR.

Begin with the following cyclic block decomposition ofw. If ei = L anddi = S−1

or T −1, if ei−1 anddi−1 do not satisfy these properties, and ifl is the smallest parameter
larger thani for which el = R, thenei · · · el is a single block. Similarly, ifei = R and
di = S or T , if ei−1 and di−1 do not satisfy these properties, and ifl is the smallest
parameter larger thani for which el = L, thenei · · · el is a single block. The blocks so
constructed are disjoint. Treat eachei not in one of these blocks as a block. This gives
a cyclic block decompositionw = β1 . . . βr , where the replacement wordsci are of the
form S−1T −k, T −k, ST k, T k, L, R or ∅. In particular, the replacement wordsci are of
the form

SjT −k1t for 0 ≤ j ≤ 2, 0 ≤ k ≤ 1, and somet . (∗)

If ci = Sj1t , thencici+1 is of the form (∗). If ci = T k1t , thenci−1ci is of the form
(∗). We may therefore amalgamate blocks until the replacement words are of the desired
form ST −11t, S2T −11t or 1t .

We will now show that eachci can be obtained fromβi by applying the moves
(R2)–(R4). Define a homomorphism9 : MCG(D3; ∂D3) → Z/6 by 9(S) = 1

3 and

https://doi.org/10.1017/S0143385797084940 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797084940


The forcing partial order on the three times punctured disk 605

9(T ) = 1
2. Since9(S3) = 9(T 2), 9 is well defined. Note that9(S−1), 9(T −1) and

9(L) are negative, while9(S), 9(T ) and 9(R) are positive. Using the rules (1)–(4)
of Lemma 3.2,L is replaced by an element with9 value between− 1

2 and 0 andR is
replaced by an element with9 value between 0 and12.

The proof concludes with a case by case check. Suppose at first thatci = 1s . If
s = 0, then we can obtainci from βi by erasing all the letters. Ifs > 0 (respectively
s < 0), then, since9(ci) = s, βi must contain at least 2s R’s (respectivelyL’s). In
this case, erase all but 2s R’s (respectivelyL’s) and then replace them pairwise by1

(respectively1−1).
Suppose next thatci = L1s . If s = 0, then9(ci) < 0 and soβi must contain at least

oneL. We obtainci from βi by erasing all but oneL. If s < 0, then9(ci) < s implies
that βi contains at least (2s + 1) L’s; we can erase all other letters and then replaces

LL’s with 1−1. If s > 0, then9(ci) = s − 1
6 and soβi must contain at least 2s R’s.

Sinceβi cannot be a single letter,bi also contains at least oneL. Erase all other letters
and replaces RR’s with 1.

Finally, suppose thatci = R1s . If s = 0, then9(ci) > 0 and soβi must contain at
least oneR; erase all other letters. Ifs > 0, then9(ci) > s implies thatβi contains at
least (2s + 1) R’s; erase all other letters and then replaces RR’s with 1. If s < 0, then
9(ci) = s + 1

6 and soβi must contain at least 2s L’s. Sinceβi cannot be a single letter,
βi also contains at least oneR. Erase all other letters and replaces LL’s with 1−1. �

4. Symbolic dynamics
In this section we recall the connection betweenfw-invariant sets inSA ∪ SB and
closed paths in the transition graph0 associated togw : G → G. Our main result is
Corollary 4.2 which we use in§5 to producefw-invariant sets{x, y, z} with prescribed
b(w, {x, y, z}).

We assume thatw = ek · · · e1 is a pseudo-Anosov word and letwi = ei · · · e1.
Beginning with Gk = G, inductively define subdivisionsGi−1 of Gi by declaring

the vertex set forGi−1 to be the fullgei
pre-image of the vertex set forGi . An edge

of Gi−1 is inductively declared to be peripheral (respectively non-peripheral) if itsgei
-

image inGi is peripheral (respectively non-peripheral). Non-peripheral edges inGi−1

are inductively oriented and labelledA or B according to theirgei
-image inGi . (To

simplify pictures, the label and orientation are combined, so that an edge labelledA with
reverse orientation is shown as̄A.) Peripheral edges are unlabelled and alternate with
non-peripheral edges. (See Figure 16.)

FIGURE 16.
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Define the transition graph0 for gw : G → G to be the graph with two vertices,
labelledA and B, and an edgeE for each non-peripheral edgeε ⊂ G0. If ε, when
considered as a subinterval ofG, is contained inA (respectivelyB), then the initial
vertex ofE is A (respectivelyB). If ε is labelledA (respectivelyB), then the terminal
vertex ofE is A (respectivelyB). Figure 17 shows0 whenw = RL.

FIGURE 17.

LEMMA 4.1. Suppose thatεx, εy and εz are distinct edges ofG0 and that π is a
permutation of{x, y, z} such that the label onεα agrees with the edge ofG that contains
επ(α) for α = x, y, z. (In other words, the terminal vertex ofEα equals the initial vertex
of Eπ(α)). Then:
(1) there is anfw-invariant set{x, y, z} ∈ SA ∪ SB such thatα̂ ∈ εα and such that

fw(α) = π(α);
(2) if x0, y0, z0 is another triple of points such that̂α0 ∈ εα and such that the

relative ordering ongw(x̂0), gw(ŷ0) andgw(ẑ0) agrees with the relative ordering on
gw(x̂), gw(ŷ) and gw(ẑ), then the relative ordering ongwi

(x̂0), gwi
(ŷ0) and gwi

(ẑ0)

agrees with the relative ordering ongwi
(x̂), gwi

(ŷ) andgwi
(ẑ) for all 0 ≤ i ≤ k.

Proof of Lemma 4.1.Part (1) is the usual fact that closed loops in the transition graph
for a Markov partition correspond to periodic orbits of the map.

For part (2), note that ifµx andµy are distinct edges in someGi , then the relative
ordering on(p̂x, p̂y) is independent of the choice of̂px ∈ µx and p̂y ∈ µy . Note
also that if (p̂x, p̂y) and (q̂x, q̂y) are pairs of points in an edgeµ of someGi and
that if the relative ordering on(p̂x, p̂y) differs from the relative ordering on(q̂x, q̂y),
then the relative ordering on(gei+1(p̂x), gei+1(p̂y)) differs from the relative ordering on
(gei+1(q̂x), gei+1(q̂y)).

Let l ≥ 0 be the largest parameter value for whichgwl
(εx) 6= gwl

(εy). By our first
observation, the relative orderings on (gwi

(x̂), gwi
(ŷ)) and on (gwi

(x̂0), gwi
(ŷ0)) agree for

0 ≤ i ≤ l. Suppose thatl < k. Since the relative orderings on (gwk
(x̂), gwk

(ŷ)) and on
(gwk

(x̂0), gwk
(ŷ0)) agree, our second observation, appliedk − l −1 times, implies that the

relative orderings on (gwi
(x̂), gwi

(ŷ)) and on (gwi
(x̂0), gwi

(ŷ0)) agree forl + 1 ≤ i ≤ k.
Applying this argument to the other pairsεx, εz andεy, εz completes the proof. �

COROLLARY 4.2. Suppose thatεx, εy andεz are distinct edges ofG0, that x̂0 ∈ εx, ŷ0 ∈ εy

andẑ0 ∈ εz, and that{x̂0, ŷ0, ẑ0}∩A has the same cardinality as{gw(x̂0), gw(ŷ0), gw(ẑ0)}∩
A. Then there is anfw-invariant set{x, y, z} ∈ SA ∪ SB such thatb(w; {x, y, z}) =
b(e1, {x, y, z}) · b(e2, fw1{x0, y0, z0}) · b(e3, fw2{x0, y0, z0}) · · · b(ek, fwk−1{x0, y0, z0}).
Proof of Corollary 4.2.We assume without loss thatεx < εy < εz. Let π be the
permutation of{x̂, ŷ, ẑ} determined by the relative ordering of{gw(x̂), gw(ŷ), gw(ẑ)}. In
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other words, ifgw(x̂) is first (respectively second, third) in the relative ordering, then
π(x) = x (respectivelyy, z); π(y) andπ(z) are defined by the same rule. For example,
if gw(ẑ) < gw(x̂) < gw(ŷ), thenπ(x) = y, π(y) = z andπ(z) = x.

To check the hypothesis of Lemma 4.1, identifyx̂, ŷ andẑ with 1, 2 and 3 respectively.
Then eπ(α) ⊂ A if and only if π(α) ≤ Card({x̂0, ŷ0, ẑ0} ∩ A) and the label oneα is A

if and only if π(α) ≤ Card({gw(x̂0), gw(ŷ0), gw(ẑ0)} ∩ A). Since these cardinalities are
equal, the hypothesis of Lemma 4.1 are satisfied.

Let {x, y, z} be the fw-invariant set produced by Lemma 4.1. The fact that
b(w; {x, y, z}) is as described follows from Lemma 2.1, Remark 2.4 and part (2) of
Lemma 4.1. �

5. If part of Theorem 0.3
In this section we prove the second half of our main theorem.

PROPOSITION5.1. If v and w are pseudo-Anosov words and if(v, s) is obtained from
(w, 0) by successively applying(R1)–(R4), then[bw] ≥ [bv1

s ].

The main tool in proving Proposition 5.1 is Corollary 4.2. We will also need the
following pair of lemmas.

LEMMA 5.2. Suppose that̂x2 < ŷ2 < ẑ2 with x̂2, ŷ2 ∈ A and ẑ2 ∈ B. Let ŷ1 be thegL

pre-image ofŷ2 in A, let ẑ1 ∈ B be the uniquegL pre-image of̂z2 and let x̂1 be either of
the twogL pre-images of̂x2. Thenb(L; {x1, y1, z1}) = bL.

FIGURE 18.

Proof of Lemma 5.2.By hypothesis,ŷ1 ∈ A, ẑ1 ∈ B and ŷ1 < x̂1 < jL(ŷ1) < ẑ1.
Lemma 5.2 therefore follows from Lemma 2.2(3). �

There is an analogous result forfR.

LEMMA 5.3. Suppose that̂x2 < ŷ2 < ẑ2 with x̂2 ∈ A and ŷ2, ẑ2 ∈ B. Let x̂1 ∈ A be the
uniquegR pre-image ofx̂2, let ŷ1 be thegR pre-image ofŷ2 in B and let ẑ1 be either of
the twogR pre-images of̂z2. Thenb(R; {x1, y1, z1}) = bR. (See Figure 19.)

Proof of Lemma 5.3.By hypothesis,x̂1 ∈ A, ŷ1 ∈ B and x̂1 < ĵR(y1) < ẑ1 < ŷ1.
Lemma 5.3 therefore follows from Lemma 2.3(2). �

Proof of Proposition 5.1.By induction, it suffices, to assume that(v, s) is obtained from
(w, m) by applying one moveM from (R1)–(R4).
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FIGURE 19.

If M = (R1), thens = 0 and [bv] = [bw].
Suppose thatM = (R2) and thatL is the letter that is removed. If theL that we

wish to remove is contained in a consecutive string ofL’s, there is no loss in removing
the firstL in that string. Thus, after cyclically permuting if necessary, we may assume
that ek = L, ek−1 = R and thatv = ek−1 · · · e1.

Choose pointsxk−1, yk−1, zk−1 so that x̂k−1, ŷk−1, ẑk−1 ∈ Gk−1 are as shown in
Figure 20. The key features are thatx̂k−1 ∈ A; ŷk−1 ∈ B with jL(x̂k−1) < ŷk−1

and with gL(ŷk−1) ∈ A; and ẑk−1 ∈ B with gL(ẑk−1) ∈ B. Lemma 2.2(4) implies that
b(L; {xk−1, yk−1, zk−1}) = b∅. Note that{gL(x̂k−1), gL(ŷk−1), gL(ẑk−1)}∩A contains two
points.

FIGURE 20.

We now inductively apply Lemmas 5.2 and 5.3 to choosefei
pre-imagesxi−1, yi−1 and

zi−1 of xi, yi andzi respectively such thatb(ei; {xi−1, yi−1, zi−1}) = bei
for 1 ≤ i ≤ k−1.

Sincev is a pseudo-Anosov word,k > 2. If ek−2 = L, choosezk−2 so thatẑk−2 ∈ A; if
ek−2 = R, choosezk−2 so thatẑk−2 ∈ B. If k = 3, or if k > 3 andek−3 = L, choose
pre-images so that{x̂k−3, ŷk−3, ẑk−3} ∩ A contains two points; ifk > 3 andek−3 = R,
choose pre-images so that{x̂k−3, ŷk−3, ẑk−3} ∩ B contains two points. Continue this
process to inductively define{xi, yi, zi} ⊂ Gi as above with the additional feature that
{x̂0, ŷ0, ẑ0}∩A contains two points. Corollary 4.2 implies the existence of afw-invariant
set{x, y, z} ⊂ SA ∪ SB such thatb(w, {x, y, z}) = bek−1 · bek−2 · · · be1 = bv. Corollary 1.4
and Lemma 2.1 imply that [bw] > [bv].

The case thatM = (R2) and thatR is the letter being removed is completely
symmetric and the details are left to the reader.

Suppose now thatM = (R3). After cyclically permuting if necessary, we may
assume thatek = R, ek−1 = L, ek−2 = L and thatv = R · ek−3 · · · e1.

Choose pointsxk, yk, zk so that x̂k < ŷk < ẑk ∈ Gk with x̂k, ŷk ∈ A and
ẑk ∈ B. As in the previous case,xi−1, yi−1 and zi−1 are fei

pre-images of

https://doi.org/10.1017/S0143385797084940 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797084940


The forcing partial order on the three times punctured disk 609

xi, yi and zi respectively. Choosexk−1, yk−1 and zk−1 so that x̂k−1, ŷk−1, ẑk−1 ∈
A; by Lemma 2.3(1), x̂k−1 < ŷk−1 < ẑk−1 and b(R; {x̂k−1, ŷk−1, ẑk−1}) = b∅.
Choosexk−2, yk−2 and zk−2 so that x̂k−2, ŷk−2, ẑk−2 ∈ A; by Lemma 2.2(1),ẑk−2 <

ŷk−2 < x̂k−2 and b(L, {x̂k−2, ŷk−2, ẑk−2}) = T −1. Choosexk−3, yk−3 and zk−3 so
that x̂k−3 ∈ A and ŷk−3 ∈ B; then x̂k−3 < ẑk−3 < ŷk−3 < jL(x̂k−3) and, by
Lemma 2.2(2),b(L, {x̂k−3, ŷk−3, ẑk−3}) = S−1. Combining these three stages, we have
b(RLL, {xk−3, yk−3, zk−3}) = S−1T −1 = S2T −11−1 = R1−1. (See Figure 21.)

FIGURE 21.

We have not yet specified the exact location ofzk−3. Sincev is a pseudo-Anosov
word, k > 3. If ek−3 = L, chooseẑk−3 ∈ A; if ek−3 = R, chooseẑk−3 ∈ B. The proof
now concludes exactly as in the previous case. Use Lemmas 5.2 and 5.3 to definexi, yi

and zi so thatb(ei; {xi, yi, zi}) = bei
for 1 ≤ i ≤ k − 3 and so that{x̂0, ŷ0, ẑ0} ∩ A

contains two points. Then apply Corollary 4.2 to produce anfw-invariant set with
b(w, {x, y, z}) = Rek−3ek−4 · · · e11

−1 = bv1
−1. Corollary 1.4 and Lemma 2.1 imply

that [bw] > [bv1
−1].

The case thatM = (R4) is completely symmetric to the case thatM = (R3); the
details are left to the reader. �
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