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Abstract The two-dimensional analogue of the Sharkovski order on periods for maps of
the interval restricts to a partial order on essential pseudo-Anosov conjugacy classes in
the mapping class group of tlwetimes punctured disk. In this paper we give an explicit
description of this restricted partial order in the case when 3.

Suppose thaf : D?> — D? is an orientation-preserving homeomorphism of the disk and
that P is a finite f-invariant set. Pseudo-Anosov theory tells us that the correct invariant
for studying the implications o on the global dynamics of is the isotopy class of
f relative toP. For example, if the relative isotopy class is pseudo-Anosov, theas
positive entropy and infinitely many periodic orbits. More precise information, such as
a lower bound for the entropy of and for the number of -periodic points of a given
period, can be obtained from a train track mapH], see also Expose 10 oF[LP]) for
the relative isotopy class.

From the dynamics point of view, the actual location Bf is irrelevant. To
remove this data, we choose standard modg]sfor the n-times punctured disk and
a homeomorphisnk : (D?\ P) — D,, wheren is the cardinality ofP. Conjugating
f by h yields a homeomorphisnf’ = hfh~' : D, — D, of the model space whose
isotopy class captures all the dynamics of the isotopy clasg oflative to P, but is
independent of the location ad?. The homeomorphisnyt’ is only well defined up to
conjugacy so we are assigning b not an isotopy class but a conjugacy class of an
isotopy class. Thus, the natural object to associaté® tis a conjugacy class in the
mapping class group MC@®Y,). Following Boyland Boy] we refer to this conjugacy
class as théraid typeof P.

The crucial isotopy classes are thesentialpseudo-Anosov ones (defined below),
and we restrict our attention to these. Denote conjugacy class].byWe say that
f 1 D?> - D? exhibits[mc] if there is a f-invariant setP whose braid type equals:f].
The braid type ofP determines a lower bound for theimberof periodic orbits of f.
It is natural to ask if the braid type a? determines a ‘lower bound’ for thieraid types
exhibited by the periodic orbits of.
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We say thatiic1] forces[mc,], written [mc,] > [mc3], if every homeomorphism that
exhibits fncq] also exhibits fuc,]. In other words, if [ncy] is the braid type ofP and
if [mc1] > [mcz], then there is at least ong-invariant set with braid typenfc,]. This
defines a partial order that is the natural generalization of the Scharkovski &ucigr [
on periods for maps of the interval. From the definition, it seems that one must check all
conjugacy classes of homeomorphisms exhibitimg] in order to determine ifficq]
forces fncy]. However, Asimov and FranksAF] (with an extension to th&® case by
Hall [Hal]) showed that if¢ is a pseudo-Anosov representative ofcf], then [ncq]
forces fnc,] if and only if ¢, thought of as a homeomorphism D, exhibits fnc,].

The *forcing’ partial ordering on essential pseudo-Anosov conjugacy classes therefore
reduces to determining all the braid types that are exhibited by a given essential pseudo-
Anosov homeomorphisng : D, — D,. For a more detailed discussion of this partial
order seeBoy, §9].

As far as computation goes, there are two major obstacles. The first ig thas
infinitely many periodic orbits. In fact, the number of periodic points of pekagtows
exponentially ink. The second is that the information that candiectly read off a
train track map is symbolic dynamic in nature, and does not include the braid type of
the periodic orbits ofp. We can list all the periodic orbits af but we do not know
what their braid types are. Because of these difficulties, not very much is known about
the general nature of this partial order. (S8eY] for a discussion and bibliography of
known results.)

One way to simplify the problem, and thereby begin to attack it, is to restrict attention
to invariant sets of a fixed cardinality The partial order on braid types then restricts to
a partial order on certain conjugacy classes in MDQJ( A great deal is known about
the mapping class group and it is natural to ask if this dynamically defined partial order
on essential pseudo-Anosov conjugacy classes has a purely topological, and hopefully
more computable, description. More specifically, we would like to know if the induced
partial order has a nice description in terms of the known solutions to the conjugacy
problem for MCGQ,,).

In this paper, we answer these questions in the @ase 3 by giving an explicit
description of the partial order. The = 3 case is special; if there is an explicit
description of the partial order for larger it will not be nearly as simple as the one
presented here.

A homeomorphisng is pseudo-Anosov relative to a finite invariant geff it satisfies
all of the properties of a pseudo-Anosov homeomorphism except that it may have one
prong singularities at some points Bf A mapping class relative t® is pseudo-Anosov
if it contains a homeomorphism that is pseudo-Anosov relative.tdf every point in P
is a one prong singularity for the foliations ¢f then¢ is essentialrelative toP and the
mapping class op is an essential pseudo-Anosov class. Wikehas cardinality three,
each relative pseudo-Anosov conjugacy class is essehtiéll,[Expose 5]. Thus for the
purposes of this paper, pseudo-Anosov and essential pseudo-Anosov are the same thing.

The first step then is to enumerate the pseudo-Anosov conjugacy classesc Let
MCG(D3) be the element determined by the homeomorphism that interchanges the
puncturesa and b by a counter-clockwise motion as shown below. Definezx €
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MCG(D3) similarly using the homeomorphism that interchanges the punctuessd ¢
by a clockwise motion as shown in Figure 1. For any ward= ¢, ---e1 in L and R,
definemc,, = mc,, - - -mc,, € MCG(D3). We say thatw is a pseudo-Anosov word it
contains at least ong and oneR.

LEmMMA 0.1. (Matsuokal conjugacy class iMCG(D3) is pseudo-Anosov if and only if
it is represented byuc,, for some pseudo-Anosov woud If mc,, is conjugate tonc,,,
thenw; and w; differ by a cyclic permutation.

FIGURE 1.

The forcing partial order on pseudo-Anosov conjugacy classes in Nigd¢ easily
described in terms of pseudo-Anosov wordd.i@nd R. The following theorem extends
some partial results of MatsuokMat].

THEOREM 0.2. [mc,] > [mc,] if and only ifv is obtained fromw by removing letters and
by cyclic permutation.

For example, ifw = LRLLR, then nc,] > [mc,] for the following cyclic values of
v: LRLL, LRLR, RLLR, LRL, LRR andLR.

Theorem 0.2 can be slightly strengthened by working in the relative mapping class
group MCQ Dg3; dD3); this differs from MCGQ3) in that all homeomorphisms and
isotopies are assumed to pointwise §iR;. The center of MCGP3; 9 D3) is an infinite
cyclic group generated by an elementhat is represented by a left Dehn twist abai.

The inclusion map induces a surjective homomorphism MG D,) — MCG(D,)
with infinite cyclic kernel generated bxx.

For each pseudo-Anosov word, let ¢, : D3 — D3 be a pseudo-Anosov
homeomorphism representingc,. Define b, to be the element of MCQGl3; 9 D3)
determined byg,,. The forcing partial order in MCQ#3; d D3) is defined in exactly
the same way as in MC@®&%). In particular, p,] > [b] if and only if ¢, exhibits
[6]. Moreover, the Asimov—Franks theorem implies thiat][ > [b,A*] if and only if
[b,A™] > [b,A*T™]. It therefore suffices to understand which conjugacy classes are
forced by p,].

If v andw are pseudo-Anosov words, then Theorem 0.2 gives necessary and sufficient
conditions for the existence of an integersuch that §,] > [b,A*]. The extra
information that we gain by considering relative mapping classes is an explicit description
of the possible values of.
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Given a pair(w, s), wherew is a word in the letterd. and R ands is an integer,
consider the following moves.

(R1) Cyclically permutew.

(R2) Remove a letter fromw.

(R3) RemoveLL from w and replace by s — 1.

(R4) RemoveRR from w and replace by s + 1.

THEOREM 0.3. If w and v are pseudo-Anosov words, thfin,] > [b,A’] if and only if
(v, s) is obtained from(w, 0) by successive applications (R1)—-(R4).

For example, ifw = LRLLR, then p,] > [b,A*] for the following cyclic values of
(v,s): (LRLL,0), (LRLR,0), (RLLR,0), (LRR,—1), (LRL,0), (LRR,0), (LR,0)
and(LR, —1).

Theorem 0.3 implies Theorem 0.2 so we will work in MA®f d D3) and prove
Theorem 0.3.

§1 contains some definitions, preliminary results and the proof of Lemma 0.1. The
proofs of our main results are contained §§8 and 5. In§2 we give a method for
computing exhibited braid types and§j# we use symbolic dynamics to produce invariant
sets with prescribed dynamics.

1. Preliminaries

The regionF shown in Figure 2 is divided into three ‘disksB,, Bg and B,,, and two
‘rectangles’,S, and Sg, that are decomposed into arcs calfdzers The center of the
disks area, b andc respectively.

FIGURE 2.

Choose homeomorphismg and f; of D? with imagesf; (F) and fz(F) as shown
in Figure 3. We assume thg}, and f:
(1) map a fiber into either a disk or a fiber;
(2) expand length and contract width in the rectangles;
(3) uniformly contractB, U Bg U B,, to {a} U {b} U {c},
(4) have no periodic points in the complementfof) 0 Ds.
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FIGURE 3.

Given any wordw = ¢; - - - e3 in the lettersL and R, define f,, : D3 — D3 to be the
compositionf,, = fo, -+ fe,-

The set{a, b, ¢} is f,-invariant. LetD3 be the diskD? punctured at the three points
a, b andc. The mapping class group, MG@B3), of D3 is the group of isotopy classes
of orientation-preserving homeomorphisms B§. The relative mapping class group
MCG(Djs; 3 D3) is defined similarly with the added assumption that all homeomorphisms
and isotopies pointwise fi# D?. The restriction off,, to D3 (also calledf,,) defines an
elementmnc, € MCG(D3) and an element,, € MCG(Dj3; d D3).

If {x,y,z} € int(D?) is an f,-invariant set, then thénduced braid or orbit type
bt(fw, {x,y,z}) is defined to be the conjugacy class in MQ&(dD3) represented
by hfh= : D3 — D3, whereh : (D \ {x,y,z}) — Dz is an orientation-preserving
homeomorphism.

LEMMA 1.1. If w contains at least oné and oner, thenmc, is pseudo-Anosov. The
maximal invariant set

Cr(w)={x € SyUSp: fi(x) e SsUSpforoo<i< oo}

is a Cantor set and the periodic orbits g¢f, that are contained irC;(w) exhibit exactly
the same braid types as any pseudo-Anosov homeomorphism represeaniing

Proof of Lemma 1.1Let G C F be the graph shown in Figure & has three peripheral

FIGURE 4.
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loops @, B and y and two non-peripheral edges and B. The edgesA and B cross

all the way throughS, and Sz and intersect the fibers transversely. The orientation on
the peripheral loops is clockwise and the orientationAdmand B is chosen so thas
contains the terminal vertex of both edges. We Esto refer to an edge of G with

its orientation reversed.

There is a deformation retraction: Dz — G that sends a fiber i, or Sp to its
unique intersection witlG. Defineg, =r o f,, : G — G. The restriction ofg, to the
edgesA and B need not be an immersion but we may assume ghamaps vertices
to vertices. Defing, : G — G to be the map that is homotopic i, : G — G rel
vertices and that is an immersion when restricted to each edge of

For exampleg; is given byA - A, B+ BBA,a+ B,B+— a,y — y; and gy is
given by A +> ABB, B+ B,a+> a, B+ y,y > B. Note thatg, = g, - - - &.,-

An easy induction argument shows that the edge, i) and g, (B) are alternately
peripheral and non-peripheral, with the first and last being non-peripheral. This implies,
in the language ofgH], thatg,, : G — G is a train track map. Theansition matrixfor
2w is the two dimensional matrix whosgth-entry is the number of times that, maps
the jth non-peripheral edge across ttite non-peripheral edge in either direction. (We
will follow the convention thatA is the first non-peripheral edge adlis the second

non-peripheral edge.) For example, the transition matricesgfoand gz are (éi)

and (if) respectively. The transition matrix f@,, = &., - - - &., IS the product of the

transition matrices for thg,,’s. Sincew contains at least ong and oner, each entry
of the transition matrix fog,, is positive. The first part of the lemma now follows from
the construction inBH] of a pseudo-Anosov homeomorphisgy, isotopic to f,. (A
positive transition matrix for a train track map is not, in general, sufficient to guarantee
that an isotopy class contains a pseudo-Anosov map;BeeRroposition 3.3.2]. In the
present case, the extra ‘link condition’ is satisfied becaygel) and g,,(B) cross both
A andB.)

It is an easy exercise in symbolic dynamics to check that there is a period preserving,
one-to-one correspondence between the periodic orbifs tifiat are contained g’y (w)
and the periodic orbits ap,,. The only periodic orbits off,, that lie in the complement
of S, U Sy are the puncturefz, b, ¢} and points ind D2. The second part of the lemma
now follows directly from AF] and [Hal]. O

Following Lemma 1.1, we say thait is a pseudo-Anosov wori it contains at least
one L and oneR.

The inclusion map induces a surjective homomorphism MQ4¢ D3) — MCG(D3)
with infinite cyclic kernel generated by an elemexthat is represented by a left Dehn
twist aboutd D2. Note thatA is in the center of MCG3; 3 D3). The following lemma
gives presentations of the mapping class groups that will be used in evaluating induced
braid types.

LEMMA 1.2.

(@) MCQ(D3) = Zs*Zy; mcy = st andmcg = s°t wheres generatesZ; andr generates
Z>.

(b) MCG(Ds; dD3) = (S, T|S2=T2?}; by = ST, bg = S?T-tand A = T2
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Proof of Lemma 1.2MCG(Ds; d D3) is naturally identified Bir ] with the braid groupBs,
which has the standard presentation, o, : 010201 = 020102}, whereb, is identified
with o2, by is identified witho, and A = (010201)% = (020102)2.

Let S and T be the elements of MC@J3; 0 D3) that correspond te,o; and o020
respectively. Theb;, = ST, bgp = S?T~1, A=T? and{TS™ 1, S?T1: T = §°T1}
is a presentation for MCQJz; 0 D3). Part (b) now follows from the fact tha&& and T
can be expressed in terms B6~! and §?7 1.

Part (a) follows from the fact that MC@%) is the quotient of MCGR3; d D3) by the
cyclic subgroup generated hy = T2. O

We can now describe the pseudo-Anosov conjugacy classes.

LEMMA 1.3. (Matsuoka)

(a) Each pseudo-Anosov conjugacy classM@G(Ds) is represented byic, for some
pseudo-Anosov word. If mc,, is conjugate tanc,,, thenw, and w, differ by a
cyclic permutation.

(b) If b,,A™ is conjugate tab,,,A*2, thens; = s, and w, differs fromw, by a cyclic
permutation.

Proof of Lemma 1.3Suppose that: is a pseudo-Anosov element of MC3{). Apply
Lemma 1.2 to decompose into an alternating concatenation of (i = 1, 2), andt.
Sincem is pseudo-Anosov but and¢ are not, there must be at least arieand one
¢t in this decomposition. After a conjugacy, we may assume that the leading term is
or s2 and that the last term is Replacingst with mc; ands?t with mck proves that
m = mc,, for some, necessarily pseudo-Anosov, ward

If mc,, is conjugate tomc,,, then Lemma 1.2 implies that the words snand ¢
determined fromw; and w, by replacingL with st and R with s?t are conjugate.
Theorem 2.8 of [S, p. 187] then implies thaw; andw, differ by a cyclic permutation.
This proves (a).

To prove (b) note that the condition am and w, follows from part (a) so that it
suffices to show thak is never conjugate tbA* for s # 0. This follows from the fact
that A* = T? does not abelianize to the trivial element. O

COROLLARY 1.4. Suppose thatv and v are pseudo-Anosov words. Thigr,] > [b,A’]
if and only if[b,A%] = bt (fy, {x, y, z}) for somef,-invariant set{x, y, z} € S4 U Sp.

Proof of Corollary 1.4.This follows immediately from Lemma 1.1 and the Asimov—
Franks theorem fF] and [Hal]). O

Remark.Lemma 1.3 was originally proved by Matsuokisldt]. There is also a proof

that uses train track maps and Stallings’ folding operati®ta)[ (The connection is that

g1 andgg are the two possible full folds of; that begin by identifying non-peripheral
segments.) This folding approach generalizes to provide a solution to the conjugacy
problem for alln.

2. Factoring an induced braid
In this section, we compute induced braid types fprand fr and show how these can
be used to compute induced braid types for &gy We use the graplé and the maps
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g defined in the proof of Lemma 1.1.

Throughout this and the following sections, we make use of a linear ordering on points
in AU B that is induced by identifying the oriented edge patR in the graphG with
the unit interval. Thus, for examplé, < y wheneverx € A andy € B.

If x € S4USp C F, denote its projection(x) € AUB C G by x.

Suppose thatx, y, z} C int(S4 U Sp) and thatx, y, andz are distinct points. Choose
an isotopyg, : D?> — D? satisfying:

e ¢ = identity;

o pi({x,y,z}) ={a, b, c};

e ¢|(D3\ F) = identity forall 0< ¢ < 1;

° ¢/,(;) m and¢/t(z\) are distinct for all O< ¢ < 1.

Less formally, define, by sliding the element ofx, y, z} nearest to a, the element
of {x, y, z} nearest to ¢ and the remaining element tg do this in a way that preserves

the ordering or{x, y, z} (see Figure 5).

FIGURE 5.

Definehy y.) = ¢1: (D?\ {x,y,z}) > Ds.

If {x,y,z}, ful{x,y,z}) Cint(SsU Sp), thenhﬁ“({x,y,z})fwh{i\_z] : D3 — D3 defines
an element of MCQDs; 3 D3) that we denoteé(w; {x, y, z}).

The following lemma reduces the computation of induced braid types forfarnyp
consideration of induced braid types fgf and fz. Recall thatw = ¢ ---e;, Where
eache; is L or R, and letw; = ¢; - - - e;.

LEMMA 2.1.If {x, y,z} C §4 U Sp is f,-invariant, thenbz( f,,, {x, y, z}) is represented
by b(w; {x, y, z}). Moreover, if we denotg,, ({x, y, z}) by {x;, yi, z;}, then

b(w; {x, y, z}) = b(ex; {xk—1, Y—1, 2k-1}) - b(ex—1; {xx—2, Yx—2, zx—2}) - - - b(e1; {x, y, z}).

Proof of Lemma 2.1.Since {x,y,z} is fy-invariant, iy, = hpxyp and
b(w; {x,y,z}) = h{x,y,z}fwh{f‘,’z} represent$r( f,,, {x, v, z}). For the second part, note
that ‘

-1
h{xk,yk,Zk}fwh{X,}‘,Z}
_1 —1
= (I’l{xAJ’k»Zk}fekh{xk—l.yk—l,Zk—l}) : (h{xk—ly)’k—lsz/ﬁl}~fe/‘*2h{xk—2*yk—2’zk_2})

-1
. (h{xl.yl,zﬂfelh{x,y,ﬂ)
= blex; {xi—1, ye-1, zk-1}) - blex—1; {xk—2, yk—2, 2x—2}) - - - bex; {x, y, z}).
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We now turn our attention to computirige;, {x;, y;, z;}).

Each fiber inS, contains thef;-image of a fiber fromS, and a fiber fromS. If
x € S, satisfiesf; (x) € S4, then definej, (X) to be the unique point irB satisfying
gr(jr (X)) = gL (x). Itis convenient to draw the edge shorter than the edg@ so that
X and j, (x) lie on the same horizontal line. (See Figure 6.)

e S J\ = A
‘j :

L

FIGURE 6.

LEMMA 2.2. Suppose thafx, y, z}, fo{x, y,z} CintS, U Sp and thatx < y < Z.
(1) Ifx,yeAandz < jL(3), thengr(2) < gL(P) < g (X) in A andb(L; {x, y,z}) =

T
A A% g,
o $.(§)
—_ — sl_c’e‘J

FIGURE 7.

(2 fxe A ze Bwithz < j, (%) and eithery € A with j;, () < Z or § € B, then
gL(y) < grL(@) < gL(®)in Aandb(L: {x,y,z}) =S~ L

,:/ A C S(A) (-
A X
X _ 2 ) —_ ‘jL(i)L
3,

FIGURE 8.

(3) fxe A zeBwithz > j(x)andy < j (%), theng;(¥) < gr(x) < g7(2) and
b(L7 {.x, y, Z}) :bL'

n 3.6) .
A —_ 25N\ s @
2 L Y

FIGURE 9.
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(4) Ify,ze Bandeithert € Borx € Awithy > j; (x), theng, (%) < g.(3) < g.(2)
andb(L; {x, y, z}) = by is the identity element.

3 (x3 L

FIGURE 10.

Proof of Lemma 2.2Suppose that,y € A andz < j.(y). Letz =z if Z € A and
7 =j @) if2eB. Thent <3 <2'in Asogr(?3) < g.(H) < gL(X) in A.

Let 0,,0, and o, be arcs connecting D; to a, b and ¢ respectively as shown in
Figure 11 Letr,, r, andr, be arcs connectingDs to x, y andz respectively as shown.
Thenh .2} (0a) (respectlvelyh o2} (OB)s h{jj,z}(ac)) is isotopic rel({x, y, z} U dD3) to
Tx (respectlvelyry, Tz) The arCShfL( X,y,Z})fL(TX)v hfL({x,y,z})fL(Ty) andhfL({x,y,z})fL(Tz)
are, respectively, isotopic r(e{a b, ¢} U d D3) to the arcsu,, 1, andu,. as shown. Thus
the actions ofry, (xy.op LA, x \ .y and ofT~1 ona,, o, ando, agree up to isotopy. This
implies thathy, (x,y,op fLhy, ) .y and T-! determine the same element of MQG( 9 Ds)
and completes the proof of part (1).

The remaining three cases are very similar to case (1) and we leave the details to the

reader. O

1’ h-?L fx, v, 19

FIGURE 11.

We now give the analogous result fgg. If x € Sp satisfiesf; (x) € Sg, then define
Jjr(X) to be the unique point il satisfyinggz (jr(x)) = gr(%).
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LEMMA 2.3. Suppose thatr, y, z}, frix, y,z} CintS4 U S and thatt < § < Z.

() Ifx,y € A andeitherz € A or Z € B with jr(2) > 3, thenggr(X) < gr(¥) < gr(2)
andb(R; {x, y, z}) = by is the identity element.

q
/43
§ — ———%
% 3 (z)

FIGURE 12.

(2) If £ € A,z € Bwitht < jr(Z) and eithery € B or § € A with jz(2) < §, then
gr(X) < gr(2) < gr(y) andb(R; {x, y, z}) = br.

AN 5
5 - 32(2'\
% 32@) c&z(\l)

FIGURE 13.

(3) If X € A,z € B with jz(Z) < X and eithery € A or § € B with jz(3) > £, then
gr(2) < gr(¥) < gr(y) in B andb(R; {x,y,z}) = S.

‘3
ﬂ “,
3§

FIGURE 14.

S
Wy ~<>

(4) If y,z2 € Bandx > jgr(y), thengg(2) < gr(y) < gr(x) in B andb(R; {x, y,z}) =
T.

?‘('i\
) ? — q a,¢
(
3&7(&\)

FIGURE 15.

Proof of Lemma 2.3The proof is completely analogous to that of Lemma 2.2 and is left
to the reader. O

Remark 2.41t follows from Lemmas 2.2 and 2.3 thate;; {x, y, z}) is determined by
e;, the relative order ofx, y, z} and the relative order dfg,, (X), g, (3), g.. (2)}.
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3. Only if part of Theorem 0.3
In this section we prove half of our main theorem.

ProPOSITION3.1. If w and v are pseudo-Anosov words such thag] > [b,A*], then
(v, s) is obtained from(w, 0) by successively applyinR1)—(R4).

As a first step toward proving Proposition 3.1, we look more closely at Lemmas 2.1—
2.3.

LEMMA 3.2.If w = ¢ ---e1 is a pseudo-Anosov word arfd, y,z} C S4 U Sp is an

fw-invariant set, therb(w; {x, y, z}) = di - - - d1 where:

(1) ife; =L thend; =S 1, T71 L or ¢;

(2) ife; =Rthend; =S, T, R or ¢;

() ife; =L,ifd; =Stor T~ and ifl is the smallest parameter larger thanfor
whiche; = R, thend; = Tl fori < j </ andd, = ¢;

(4) ife; =R, ifd; =S or T and ifl is the smallest parameter larger tharfor which
e =L,thend; =T fori < j </landd, = 0.

Proof of Lemma 3.2Lemma 2.2 implies that ib(L; {x,y,z}) = S~* or T~! then
gr{x, 9,2} ¢ A. Lemmas 2.2 and 2.3 then imply thi¢L; f, ({x, y,z})) = T-! and
thatb(R; fL({x, v, z})) = by is the identity element.

A similar argument shows that #(R; {x, y, z}) = S or T, thenb(R; fr({x, y,z})) =
T andb(L; fr({x, y, z})) = by is the identity element.

Lemma 3.2 is now an immediate corollary of Lemmas 2.1-2.3. O

Proof of Proposition 3.1By Corollary 1.4, Lemma 2.1 and Lemma 3.2, we may assume
thatb,A* = d; - - - d1, where thed; satisfy (1)—(4) of Lemma 3.2.

We first show that, after a cyclic permutation if necessasycan be divided into
blocks w = B;--- B, where the replacement words corresponding tg3; are of the
form LA, RA" or A", (If B; = ¢;---¢;, thenc; = d; ---d;.) Moreover, if ; contains
more than one letter, thef} contains at least onk and oneR.

Begin with the following cyclic block decomposition aof. If ¢; = L andd; = S~
or T71, if ¢;_1 andd;_, do not satisfy these properties, and i the smallest parameter
larger thani for which ¢, = R, thene; ---¢; is a single block. Similarly, i; = R and
di =S orT,if ¢,_; andd;_; do not satisfy these properties, and ifs the smallest
parameter larger thanfor which ¢, = L, thene; - - - ¢; is a single block. The blocks so
constructed are disjoint. Treat eaghnot in one of these blocks as a block. This gives
a cyclic block decompositiom = 8; ... 8,, where the replacement words are of the
form ST, 7% ST* T* L, R or #. In particular, the replacement words are of
the form

SIT*A" for0<j <2 0<k<1, and some. (%)

If c; = S/A!, thenc;ciyg is of the form ). If ¢; = T¥A!, thenc;_1c; is of the form
(x). We may therefore amalgamate blocks until the replacement words are of the desired
form ST-1A", S?T1A" or A",

We will now show that each; can be obtained frong; by applying the moves
(R2)<(R4). Define a homomorphisn¥ : MCG(D3; dD3) — Z/6 by W(S) = é and
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W(T) = 3. SinceW(s®%) = W (T?), ¥ is well defined. Note thaw(S~%), w(7~1) and
V(L) are negative, whilel(S), ¥ (T) and W (R) are positive. Using the rules (1)—(4)
of Lemma 3.2,L is replaced by an element with value between—é and 0 andR is
replaced by an element witlr value between 0 an@.

The proof concludes with a case by case check. Suppose at first; thatA®. |If
s = 0, then we can obtain; from g; by erasing all the letters. If > 0 (respectively
s < 0), then, sincel(¢;) = s, B; must contain at leasts2R’s (respectivelyL’s). In
this case, erase all but 2R’s (respectivelyL’s) and then replace them pairwise by
(respectivelyA—1).

Suppose next that = LA*. If s =0, thenW(¢;) < 0 and so8; must contain at least
one L. We obtainc; from g; by erasing all but ond.. If s < 0, thenW¥(¢;) < s implies
that 8; contains at least §2+ 1) L’s; we can erase all other letters and then replace
LL's with A= If s > 0, thenW(¢;) = s — é and soB; must contain at leasts2R’s.
Sincep; cannot be a single letteb; also contains at least orle Erase all other letters
and replace RR’s with A.

Finally, suppose that; = RA*. If s = 0, thenW(¢;) > 0 and soB; must contain at
least oneR; erase all other letters. i > 0, thenW¥(c¢;) > s implies thatg; contains at
least (2 + 1) R’s; erase all other letters and then replacRR’s with A. If s < 0, then
V() =s+ é and soB; must contain at leasts2L’s. Sinceg; cannot be a single letter,
B; also contains at least ore. Erase all other letters and replacd. L’s with A=1. O

4. Symbolic dynamics
In this section we recall the connection betwegpinvariant sets inS, U S and
closed paths in the transition graphassociated t@,, : G — G. Our main result is
Corollary 4.2 which we use i§5 to producef, -invariant setgx, y, z} with prescribed
b(w, {x, vy, 2z}).

We assume thab = ¢; - - - e1 is a pseudo-Anosov word and let = ¢; - - - e1.

Beginning with G, = G, inductively define subdivisions&;_1 of G; by declaring
the vertex set foiG;_; to be the fullg,, pre-image of the vertex set fa¥;. An edge
of G;_1 is inductively declared to be peripheral (respectively non-peripheral) {.jts
image inG; is peripheral (respectively non-peripheral). Non-peripheral edges,; in
are inductively oriented and labelledl or B according to theirg,,-image inG;. (To
simplify pictures, the label and orientation are combined, so that an edge laBeiét
reverse orientation is shown as) Peripheral edges are unlabelled and alternate with
non-peripheral edges. (See Figure 16.)

C"&-t W G‘?L

FIGURE 16.
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Define the transition graph for g, : G — G to be the graph with two vertices,
labelled A and B, and an edgeE for each non-peripheral edge C Go. If €, when
considered as a subinterval 6f, is contained inA (respectivelyB), then the initial
vertex of E is A (respectivelyB). If ¢ is labelledA (respectivelyB), then the terminal
vertex of E is A (respectivelyB). Figure 17 shows§™ whenw = RL.

Q\,ﬁ\g@

A\"%'-/

FIGURE 17.

LEMMA 4.1. Suppose thak,, e, and €, are distinct edges ofGo and thatz is a

permutation ofx, y, z} such that the label or, agrees with the edge @f that contains

€z TOr @ = x, y, z. (In other words, the terminal vertex @&, equals the initial vertex
of E;()). Then:

(1) there is anf,-invariant set{x, y, z} € S4 U Sp such thata € ¢, and such that
Juw(@) = 7 (e);

(2) if xo, yo,zo is another triple of points such thaty € ¢, and such that the
relative ordering ong,, (Xo), g» (o) and g,,(Zo) agrees with the relative ordering on
guw (%), guw(y) and g, (2), then the relative ordering 0., (Xo0), gu, (Jo) and g, (Zo)
agrees with the relative ordering af,. (x), g, () and g, () forall 0 <i < k.

Proof of Lemma 4.1Part (1) is the usual fact that closed loops in the transition graph
for a Markov partition correspond to periodic orbits of the map.

For part (2), note that ift, andu, are distinct edges in som&;, then the relative
ordering on(p,, py) is independent of the choice @i, € u, and p, € u,. Note
also that if (p,, py) and (4., g,) are pairs of points in an edge of someG; and
that if the relative ordering ofip,, p,) differs from the relative ordering oryg., g,),
then the relative ordering ofg.,.,(px), g....(P,)) differs from the relative ordering on
(8eis (Gx), 8ei1 (‘2\))

Let ! > O be the largest parameter value for whigh(e,) # gu,(€,). By our first
observation, the relative orderings an,((x), gu, (3)) and on g, (Xo0), gu, (Jo)) agree for
0 <i <. Suppose that < k. Since the relative orderings og.( (x), gu, (¥)) and on
(guwy (X0), guy, (J0)) agree, our second observation, apphed! — 1 times, implies that the
relative orderings ong,, (), g, (¥)) and on g, (Xo0), g, (Jo)) agree forl + 1 <i <k.

Applying this argument to the other pais, €, ande,, €, completes the proof. [

COROLLARY 4.2. Suppose that,, €, ande, are distinct edges afo, thatXo € €., o € €,
andzp € ¢,, and that{xo, Yo, Zo}NA has the same cardinality dg,, (x0), gw (o), gw (Z0)}N
A. Then there is anf,-invariant set{x, y, z} € S, U Sg such thatb(w; {x, y,z}) =
b(es, {x,y,z}) - b(ez, fu,{x0, Yo, z0}) - b(es, fu,{x0, Yo, 20}) - - - blex, fu,_1{X0, Yo, Z0})-

Proof of Corollary 4.2.We assume without loss that < ¢, < ¢,. Let = be the
permutation of(x, y, z} determined by the relative ordering &f,, (%), g, (3), gu(2)}. In
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other words, ifg, () is first (respectively second, third) in the relative ordering, then
7 (x) = x (respectivelyy, z); 7(y) andn(z) are defined by the same rule. For example,
if g, (2) < gu(®) < gu (), thenm(x) =y, 7(y) = z andn(z) = x.

To check the hypothesis of Lemma 4.1, ideniifyy andz with 1, 2 and 3 respectively.
Thene,, C A if and only if 7(a) < Card{xo, o, zo} N A) and the label ore, is A
if and only if 7 (a) < Card{g.(X0), guw(Jo), gw(Z0)} N A). Since these cardinalities are
equal, the hypothesis of Lemma 4.1 are satisfied.

Let {x,y,z} be the f,-invariant set produced by Lemma 4.1. The fact that
b(w; {x,y,z}) is as described follows from Lemma 2.1, Remark 2.4 and part (2) of
Lemma 4.1. O

5. If part of Theorem 0.3
In this section we prove the second half of our main theorem.

ProPOSITIONS.1. If v and w are pseudo-Anosov words and(if, s) is obtained from
(w, 0) by successively applyindR1)-(R4), then[b,] > [b, A*].

The main tool in proving Proposition 5.1 is Corollary 4.2. We will also need the
following pair of lemmas.

LEMMA 5.2, Suppose that, < 3, < z, with X2, 32 € A andz, € B. Let 3, be theg,
pre-image ofy, in A, letz; € B be the unique; pre-image o, and letx; be either of
the twog; pre-images ofk,. Thenb(L; {x1, y1, z1}) = br.

nN
3 Yl -
A /) [ N 3
Yy, & h — A *
Pal
i|
FIGURE 18.

Proof of Lemma 5.2By hypothesis,y; € A, Z1 € B andy; < x1 < ji(J1) < Z1.
Lemma 5.2 therefore follows from Lemma 2.2(3). O

There is an analogous result fgf.

LEMMA 5.3. Suppose that, < y, < zo with x, € A and y,,Z, € B. Letx; € A be the
uniquegy pre-image ofx,, let y; be thegr pre-image ofy, in B and letz; be either of
the twogyr pre-images of,. Thenb(R; {x1, y1, z1}) = br. (See Figure 19.)

Proof of Lemma 5.3By hypothesis,i; € A, 51 € B and %1 < jr(y1) < %1 < J1.
Lemma 5.3 therefore follows from Lemma 2.3(2). O

Proof of Proposition 5.1By induction, it suffices, to assume that, s) is obtained from
(w, m) by applying one moveM from (R1)-(R4).
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FIGURE 19.

If M = (R1), thens =0 and p,] = [by]-

Suppose thatM = (R2) and thatL is the letter that is removed. If the that we
wish to remove is contained in a consecutive strind. &, there is no loss in removing
the first L in that string. Thus, after cyclically permuting if necessary, we may assume
thatek =L,es.1=R and thatv = Ck_1--€1.

Choose pointsx;_1, yx_1,2k—1 SO thatXi_1, yx_1,2k—1 € Gi_1 are as shown in
Figure 20. The key features are that ;1 € A; 1 € B with j (Xr_1) < ¥r1
and with g, (Jx—1) € A; andZz;_1 € B with g, (zx—1) € B. Lemma 2.2(4) implies that
b(L; {xx—1, yk—1, 2x—1}) = by. Note that{g; (Xx_1), g (Jx-1), &2 (Zx-1)} N A contains two

points.
3 % q
£~ L
a *g—-ﬁ ?i_‘ B A
2&4

Y32
/;( L !

FIGURE 20.

We now inductively apply Lemmas 5.2 and 5.3 to chogsere-images;;_1, y;—1 and
zi—1 Of x;, y; andz; respectively such thai(e;; {x;_1, yi—1, zi—1}) = b,, for L <i < k—1.
Sincev is a pseudo-Anosov word, > 2. If ¢,_», = L, choosez;_» so thatz;_, € A; if
ex—» = R, choosez;_» so thatzy,_»> € B. If k =3, or if k > 3 ande;_3 = L, choose
pre-images so thdtt,_s, yi_3, Zx—3} N A contains two points; ik > 3 ande;_3 = R,
choose pre-images so thék,_3, yx_3, Zx—3} N B contains two points. Continue this
process to inductively defingx;, y;, z;} C G; as above with the additional feature that
{Xo0, Yo, Zo} N A contains two points. Corollary 4.2 implies the existence ¢f,anvariant
set{x, y,z} C S4 U S such thatb(w, {x, y,z}) =b be, -+ b., = b,. Corollary 1.4
and Lemma 2.1 imply that],] > [b,].

The case thatM = (R2) and thatR is the letter being removed is completely
symmetric and the details are left to the reader.

Suppose now thatM = (R3). After cyclically permuting if necessary, we may
assume that¢, = R,e,_1=L,ey_o=L and thatv = R - ¢;,_3- - - e1.

Choose pointsx, i,z SO thatxy, < % < Zx € Gp with x, 5 € A and
Z € B. As in the previous casex;_1,y;i—1 and z;_; are f, pre-images of

€1 "
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x;,y; and z; respectively. Choosey_1, yi-1 and z;_1 so that x;_i1, yx—1,2xr-1 €

A; by Lemma 2.3(1),%-1 < -1 < Zx—1 and b(R; {Xx_1, Yk-1, Zx-1}) = by.
Choosex;_o, Vi—2 and z;_» so thatx;_», 9/(—2, Zk—2 € A; by Lemma 2.2(1),2](_2 <
Y2 < Xz and b(L, {fk_2, J—2, 2k—2}) = T~1. Choosex;_s, yr—3 and z;_3 SO
that ;-3 € A and y;,_3 € B; then x;_3 < Zy_3 < W3 < Jjr(x—3) and, by
Lemma 2.2(2) b(L, {Xr—3, i3, Zx—3})) = S~1. Combining these three stages, we have
b(RLL, {x;_3, yt—3, 2k—3}) = STt = §?T~*A~1 = RA~1. (See Figure 21.)

0
'3» b “
7&-: : { ' 2 Z/kfﬁ
% S, “ *
%3

FIGURE 21.

We have not yet specified the exact locationzpfs. Sincev is a pseudo-Anosov
word, k > 3. If ¢,_3 = L, choosez;_3 € A; if ¢,_3 = R, choosez;_3 € B. The proof
now concludes exactly as in the previous case. Use Lemmas 5.2 and 5.3 toxgefine
and z; so thatb(e;; {x;, yi,zi}) = b, for 1 < i < k — 3 and so tha{{xo, Yo, Zo} N A
contains two points. Then apply Corollary 4.2 to produce farinvariant set with
b(w, {x,y,z}) = Rey_sex_4---e1A™t = b,A™L. Corollary 1.4 and Lemma 2.1 imply
that [p,,] > [b,A7Y].

The case thatM = (R4) is completely symmetric to the case that = (R3); the
details are left to the reader. O
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