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SUMMARY

This work considers the problem of force/position regulation
for a robotic finger in compliant contact with an unknown
curved surface resulting in uncertain force and position
control subspaces. The proposed controller is an adaptive
control scheme of a simple structure that achieves the desired
target by the on-line tuning of the position and force control
actions to their corresponding actual subspaces at the desired
point using motion state feedback. The local asymptotic
stability of the system equilibrium point is proved and an
estimate of the region of attraction is given. The controller
performance is illustrated by a simulation example.

1. Introduction

Kinematic uncertainties arise in many robotic contact tasks
due to the lack of knowledge about the geometry and
the position of the contacted surface. In such tasks the
control space is naturally divided into two complementary
subspaces for the position and force control that cannot
be accurately specified for an unknown surface. Hence
surface kinematic uncertainties affect the control target as
opposed to dynamic uncertainties that mainly affect the
system knowledge. Another class of kinematic uncertainties
refer to robot kinematic parameters like robot link lengths
that affect the robot Jacobian as well as the robot dynamic
terms.

One way to reduce the surface uncertainty is to use an
off-line procedure for the identification of the surface to be
contacted and in turn employ a position/force controller that
has been proved to achieve the task for a known surface1,2.
The identification procedure can be based on optical sensor
measurements as well as preliminary exploration of the
surface by the robot tip using force and tactile measurements.
This solution may be acceptable if the environment with
which the robot interacts does not dynamically change
and an immediate task completion is not required; in the
opposite case an on-line solution should be sought. This
solution should identify on-line the actual force and position
subspaces in order to achieve the actual control target.
Uncertainties either structural or parametric that may be
substantial call for adaptive control techniques that are able
to achieve the control target despite their presence. However,
adaptive control techniques that do not result in uncertain
parameter identification cannot achieve the actual control
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target, in an uncertain target case, as it is the case of
position/force control on an unknown surface.

In the case of constrained motion, on-line surface
identification using force, velocity measurements and vision
feedback has been extensively used relying on the fact
that tip velocities belong to the tangent space while force
measurements in the absence of friction belong to the normal
space3−7. However, those works that use adaptive control
laws3,4,7 are based on the assumption of known surface
geometrical model structure (circle, ellipse, etc.) although
in practice, ideal geometrical models rarely reflect a real
surface and model structural uncertainties may be present.

In the case of a compliant contact with friction that is,
for example, typical in dexterous manipulation of unknown
objects by soft robotic fingertips, the deformation kinematics
imply the existence of non-negligible velocities along the
surface normal direction. As a result, on-line surface slope
identification methods that are used for the constrained
case cannot be applied. When the friction is assumed to
be negligible, measurements by force/torque sensors can
be utilized to obtain the normal direction8. However, there
are considerable friction forces particularly when there is
an area contact. In the presence of friction, an experimental
work is presented combining visual servoing and direct force
control9. There have also been proposed controllers10,11 that
achieve force regulation and position errors, dependent on
the surface orientation estimate error. Recently, the actual
control target has been achieved by an adaptive control law
proposed by the authors12, but the analysis holds only for flat
surfaces.

In this work, the general case of an unknown curved
surface is considered. A simple control law without the use
of force measurements is proposed that achieves the actual
force/position regulation target despite surface kinematic
uncertainties. Any knowledge and assumption regarding the
surface geometrical model is not required. The controller
achieves the task by the on-line tuning of the position and
force control actions to their corresponding actual subspaces
at the desired point.

2. Model Description

2.1. System kinematics
Consider a robot finger with soft hemispherical fingertip of
radius r in contact with a rigid surface S. Let q ∈ �nq be
the vector of the generalized joint variables and {B} the
inertia frame attached at the finger base (Fig. 1). Consider
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Fig. 1. A robot finger with a soft hemispherical fingertip in contact
with a curved surface.

also the frame {t} at the finger rigid tip with position pt ∈
�3 and orientation Rt that can be parameterized by three
angles φt ∈ �3 around the axes of the inertia frame. Let the
generalized rigid tip position be p = [pT

t φT
t ]T ∈ �6. The

generalized velocity ṗ = [ṗT
t ωT

t ]T ∈ �6, where ωt = φ̇t ,
is related to the joint velocity q̇ through the rigid tip Jacobian
J = [J T

v J T
ω ]T ∈ �6×nq as follows:

ṗ = J (q)q̇. (1)

At the center point of the contact area, we attach the contact
frame {c}, described by the position vector pc and the
orientation matrix Rc = [nc oc ac], such that nc ∈ �3 is
the unit vector normal to the contact surface pointing inwards.
In the case of a flat surface nc is constant.

Note that when the finger is in contact with the surface the
rigid tip position can be expressed as follows:

pt = pc − ncrc, (2)

where rc = r − �x is the fingertip deformable radius. By
projecting (2) on the surface tangent at the contact point
with the projection matrix Qc = I − ncn

T
c we can find that

the contact point identifies with the rigid tip projection on
the surface i.e., Qcpc = Qcpt . Moreover, we can derive the
material deformation as a function of pc, pt :

�x = r − nT
c (pc − pt ). (3)

It can be easily proved that its derivative depends only on the
normal to the surface rigid tip velocity:

�ẋ = nT
c ṗt . (4)

2.2. Contact force model
As the fingertip presses upon the surface, the soft hemi-
spherical tip deforms forming a contact area and giving rise
to a reaction force. We assume that stresses of the deformed
fingertip are symmetrically distributed over the contact area
and hence the aggregated force arises at the center of the
contact area at a direction normal to the surface. This force
can be expressed as Fc = ncf , where the force magnitude

Fig. 2. Normal contact force model.

f is in general a monotonically increasing, continuously
differentiable non-linear function of �x: f (�x) if �x > 0,
f = 0 if �x ≤ 0. The contact force Fc is mapped to the
rigid tip as a generalized force F = nf ∈ �6, with n =
[ nT

c 0T
3 ]T ∈ �6 denoting the generalized normal direction.

Let us define the force error �f = f − fd where
fd is the desired force magnitude, the corresponding
deformation error δx = �x − �xd where �xd = f −1(fd )
and the potential energy due to deformation error I (δx) =∫ δx+�xd

�xd
(f (ξ ) − fd )dξ > 0, for δx �= 0 (Fig. 2). Function

�f belongs to the sector [κd, +∞), where κd is a positive
constant, i.e., �f δx ≥ κdδx

2. Hence it can be easily proved
that:

I (δx) ≥ κd

2
δx2. (5)

Moreover, dynamic friction forces may arise during the
motion of the end-effector along the motion directions that
are complement to the surface generalized normal. Several
models have been proposed for dynamic frictional forces.
Here, we assume that frictional forces are dependent on the
end-effector velocities such that:

Fs =
[

ξp(‖ṗ‖)Qcṗt

ξφ(‖ṗ‖)ωt

]
.

where ξp(‖ṗ‖), ξφ(‖ṗ‖) are scalar positive coefficients with
ξp(‖ṗ‖), ξφ(‖ṗ‖) ≤ ξ̃‖ṗ‖ where ξ̃ is a positive constant.

2.3. Robot dynamic model
The dynamic model of the robot in contact with the surface
can be written as follows:

M(q)q̈ +
(

1

2
Ṁ(q) + S(q, q̇)

)
q̇ + g(q)

+ J T (q)

[
ξp(‖ṗ‖)Qcṗt

ξφ(‖ṗ‖)ωt

]
+ J T (q)nf = u (6)

where M(q) ∈ �nq×nq is the robot inertia matrix that is
positive definite, S(q, q̇) ∈ �nq×nq is a skew symmetric
matrix, g(q) ∈ �nq denotes the gravity vector and u denotes
the input control law.
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3. Control Law and Surface Kinematic Uncertainties

When the contacted environment is kinematically uncertain,
the desired position target cannot be exactly determined.
Instead, we can use a commanded position based on an
initial estimate that can be in reality inside or outside the
actual surface and let the controller drive the contact point
on the projection of the commanded position on the surface.
Furthermore, in the case of a soft robotic fingertip the contact
position pc cannot be accurately calculated or measured.
Instead, the position control loop can be designed around the
rigid tip position pt that corresponds to a unique pc, and
can be calculated given measurements of the joint positions
and knowledge of rigid tip kinematics. Rigid tip kinematics
can be considered known in robotic fingers as opposed to the
cases of robots holding a tool of unknown length or uncertain
position.

Let ptd be the commanded rigid tip position that
corresponds to a unique pcd on the actual surface. Let
ncd = nc(ptd ) be the actual unit vector normal to the surface
at the desired position along which it is desired to apply
a force of fd magnitude. Then, the position regulation
target is to achieve the desired position on the surface
i.e., Qcd�pt = 0 with Qcd = I − ncdn

T
cd or equivalently to

minimize the position error �pt = pt − ptd .
This controller objective corresponds to a unique rigid tip

position noted by

p∗
td = Qcdptd + ncd

(
nT

cdpcd − rcd

)
, (7)

where rcd = r − �xd with �xd being the desired fingertip
deformation. The rigid tip position p∗

td is generally unknown
under uncertainties in material compliance and surface
kinematics. Hence, the position error p̄t = pt − p∗

td that is
zero at equilibrium cannot be used for control purposes.
Instead �pt is used that is minimized when the control target
is achieved and the two errors are related as follows (Fig. 3):

�pt = p̄t − ncd (rcd + d) (8)

Fig. 3. Task description in the planar case.

where d = nT
cd (ptd − pcd ) is the distance between the desired

contact point and the commanded rigid tip position, and
hence it is indicative of the initial error of the estimate regard-
ing the contacted surface position and orientation (Fig. 3).
Let us assume that there is a unique position pc on the curved
surface for which Qcd�pt = 0; this assumption excludes
cases of curved surfaces having reachable (by the robot)
points of antipodal orientations. Under this assumption there
exist positive constants cn, cp so that the difference between
the current normal vector and the normal vector at the desired
position δnc = nc − ncd (Fig. 3) as well as the difference
between the current and the desired contact point along the
surface normal at the desired position nT

cd (pc − pcd ) can be
upper bounded as follows:

‖δnc‖ ≤ cn‖Qcd�pt‖ (9)∣∣nT
cd (pc − pcd )

∣∣ ≤ cp‖Qcd�pt‖. (10)

If ϑ is the angle formed by nc and ncd on their common
plane (Fig. 3) with cos ϑ = nT

c ncd , then for the case of a flat
surface cos ϑ = 1, δnc = 0 and nT

cdpc = nT
cdpcd . Inequalities

(9) and (10) will be used in the stability analysis.
We can now propose the following input control law

with on-line gravity compensation in order to achieve force,
position regulation as well as identification of the desired
normal direction:

u = J T

(
n̂d (t)fd − kvṗ −

[
αkvQ̂cd (t)�pt

kφeφ

])
+ g(q),

(11)
where α, kv , kφ are positive control gains, eφ = φt − φtd

is the rigid tip orientation error and n̂d (t) = [ n̂T
cd (t) 0T

3 ]T

where n̂cd , Q̂cd (t) are on-line estimates of the normal vector
at the desired position and its orthogonal space projector;
hence Q̂cd (t)n̂cd (t) = 0. The normal vector estimate n̂cd (t)
is updated by the following law:

˙̂ncd (t) = −γ Q̂cd (t)(ṗt + α�pt ), (12)

where γ , α are positive control gains that affect the update
rate and the importance of the position error �pt in the
adaptive law, respectively. The normal vector estimates can
be in general non-unit but the adaptive law (12) ensures the
invariance of the normal vector norm since

d(n̂T
cd n̂cd )

dt
= 0.

Hence, given an initial estimate of ‖n̂cd (0)‖ = 1 the updated
vector n̂cd = n̂cd (t) preserves its unit norm and the projection
matrix is given by Q̂cd (t) = I − n̂cd (t)n̂T

cd (t).
Notice that the controller fully compensates for the

gravity torque. The implied assumption is that the dynamic
parameters involved in the robot gravity term i.e., masses,
mass centers as well as lengths of the rigid links are
known or have been identified in advance. Gravity parameter
uncertainties mainly affect robots having uncertain end-
effector dynamics when holding objects or tools rather than
robotic fingers. Further, notice that the position controller
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Fig. 4. Normal vector estimation in the planar case.

requires feedback of quantities ṗ = [ ṗT
t ωT

t ]T , �pt , eφ that
can be calculated from the robot kinematics while closing the
force control loop is not needed for proving convergence to
the desired force. However, if a force sensor is available a
proportional force control term can, e.g., be added to improve
the dynamics of the force response.

Let us further define the estimate errors n̄cd = ncd − n̂cd

and Q̄cd = Qcd − Q̂cd , that is a symmetric matrix. These
errors can be related to the angle ϕ = ϕ(t) formed by vectors
ncd , n̂cd on their common plane (Fig. 4)

‖n̄cd‖ =
√

2
√

1 − cos ϕ (13)

‖Q̄cd‖ = | sin ϕ|, (14)

where cos ϕ = nT
cd n̂cd and ‖ · ‖ denotes the Euclidean norm

of a vector and the spectral norm of a matrix. Moreover, using
(13) and (14) it can be shown that:

‖Q̄cd‖ = ψ‖n̄cd‖ with ψ =
√

1 + cos ϕ

2
< 1 (15)

∣∣nT
cd n̄cd

∣∣ = ∣∣n̂T
cd n̄cd

∣∣ = |1 − cos ϕ| = ‖n̄cd‖2

2
. (16)

4. Stability Analysis

Substituting the control law (11) in system model (6), adding
and subtracting nfd we obtain the closed loop system:

Mq̈ +
(

1

2
Ṁ + S

)
q̇ + J T

⎡
⎣ ξp(‖ṗ‖)Qcṗt

ξφ(‖ṗ‖)ωt

⎤
⎦ + kvJ

T ṗ

+ J T

[
αkvQ̂cd�pt

kφeφ

]
+ J T (n�f + fdn̄d + δnfd ) = 0,

(17)

where n̄d = [ n̄T
cd 0T

3 ]T is the generalized estimate error
and δn = [ δnT

c 0T
3 ]T .

We can write the inner product of (17) with the vector s =
q̇ + J−1(αep + βn̄d ), where ep = [(Qcd�pt )T 0T

3 ]T and β

a positive constant, as follows:

dV

dt
+ W = 0, (18)

where

V = 1

2
ṗT Mpṗ + βn̄T

d Mpṗ + (kvβ + fd )

2γ
‖n̄d‖2

+ I (δx) + αkv‖ep‖2 + αeT
p Mpṗ + 1

2
kφ‖eφ‖2 (19)

with Mp = J−T MJ−1 as the positive definite inertia matrix
expressed in the rigid tip space, and

W = kv‖ṗ‖2 + ξp(‖ṗ‖)ṗT
t Qcṗt + ξφ(‖ṗ‖)ωT

t ωt

+ βfd‖n̄d‖2 + α2kv‖ep‖2 − ṗT (βγ Q̂d + αQd )Mpṗ

− (αep + βn̄d )T Z(q, q̇)ṗ + ξp(‖ṗ‖)(αQcd�pt

+ βn̄cd )T ṗt + αβγ ṗT MpQ̄d�p − α2kve
T
p Q̄d�p

+ αfdn̄
T
d Q̄d�pt − αkvṗ

T Q̄d�p − αβγ eT
p Mpṗ

+ (αf ep + βf n̄d + fdṗ)T δn + (βkv + fd )n̄T
d n̂d n̂

T
d ṗ

+ βn̄T
d nd�f (20)

where Qd = diagblock[Qcd O3], Q̂d = diagblock[Q̂cd O3],
Q̄d = Qd − Q̂d , �p = [�pT

t eT
φ ]T and Z(q, q̇) = J̇−T M +

J−T ( 1
2Ṁ − S)J−1. Note that the term Z(q, q̇)ṗ is quadratic

with respect to the rigid tip generalized velocities with
bounded coefficients. Hence, there exists a positive constant
c, such that:

‖Z(q, q̇)ṗ‖ ≤ c‖ṗ‖2 (21)

Proposition 1. Function V defined in (19) is positive
definite with respect to ṗ, δx, Qc�pt , eφ , n̄cd provided that
the following condition holds:

kv > 2λM max(α, βγ ) (22)

where λM is the maximum eigenvalue of the inertia matrix
Mp.

Proof: Note that:

1

4
ṗT Mpṗ + βn̄T

d Mpṗ

= 1

4
(ṗ + 2βn̄d )T Mp(ṗ + 2βn̄d ) − β2n̄T

d Mpn̄d (23)

≥ −β2λM‖n̄cd‖2

and

1

8
ṗT Mpṗ + αeT

p Mpṗ

= 1

8
(ṗ + 4αep)T Mp(ṗ + 4αep) − 2α2eT

p Mep (24)

≥ −2α2λM‖Qcd�pt‖2.
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Using (23) and (24), V is lower bounded, i.e.,

V ≥ 1

8
ṗT Mpṗ + β

2γ
(kv − 2βγλM ) ‖n̄cd‖2 + fd

2γ
‖n̄cd‖2

+ α(kv − 2αλM )‖Qcd�pt‖2 + I (δx) + 1
2kφ‖eφ‖2 (25)

and positive definite if kv > 2λM max(α, βγ ). �

Proposition 2. There exists a constant β > 0 for which
function W given by (20) is positive definite with respect to
ṗ, n̄cd , Qcd�pt in a region of the system state dependent on
the control gains.

Proof: Using (21) and ξp ≤ ξ̃‖ṗ‖ the terms of the second
line of (20) are quadratic with respect to the end-effector
velocity and hence can be lower bounded as follows:

−ṗT (βγ Q̂d + αQd )Mpṗ − (αep + βn̄d )T Z(q, q̇)ṗ

+ ξp(‖ṗ‖)(αQcd�pt + βn̄cd )T ṗt ≥ − {(βγ + α)λM

+ (c + ξ̃ )‖αQcd�pt + βn̄cd‖
} ‖ṗ‖2. (26)

Moreover, using (15), (16) and (9) we can lower bound the
terms of the third and fourth line of (20), respectively,

αβγ ṗT MpQ̄d�p − α2kve
T
p Q̄d�p + αfdn̄

T
d Q̄d�p

− αkvṗ
T Q̄d�p ≥ − [α(βγλM + kv)‖ṗ‖

+ α2kv‖Qcd�pt‖ + αfd‖n̄cd‖
] ‖n̄cd‖‖�pt‖ (27)

(αf ep + βf n̄d + fdṗ)T δn ≥ −cn(αfM‖Qcd�pt‖
+ βfM‖n̄cd‖ + fd‖ṗ‖)‖Qcd�pt‖ (28)

(βkv+fd )n̄T
d n̂d n̂

T
d ṗ + βn̄T

d nd�f

≥ −1

2
{(βkv + fd )‖ṗ‖ + |�f |} ‖n̄cd‖2 (29)

where fM is the maximum value of the exerted force.
Substituting (26)–(29) and using ξp, ξφ ≥ 0 into (20) yields:

W ≥
{

kv

8
− βγλM − (c + ξ̃ )‖αQcd�pt + βn̄cd‖

}
‖ṗ‖2

+
(

kv

8
− αλM

)
‖ṗ‖2 + α

(
αkv

4
− cnfM

)
‖Qcd�pt‖2

+β

2
(fd − |�f |)‖n̄cd‖2 + 1

4
zT

1 A1z1 + 1

4
zT

1 B1z1

+1

4
zT

1 C1z1 + 1

4
zT

2 A2z2 + 1

4
zT

3 A3z3 + 1

4
zT

3 B3z3, (30)

where z1 = [‖ṗ‖ ‖n̄cd‖]T , z2 = [‖ṗ‖ ‖Qcd�pt‖]T , z3 =
[‖Qcd�pt‖ ‖n̄cd‖]T and

A1 =
[

kv −(βkv + fd )‖n̄cd‖
−(βkv + fd )‖n̄cd‖ βfd

2

]
,

B1 =
[

kv −2αkv‖�pt‖
−2αkv‖�pt‖ βfd

2 − 4αfd‖�pt‖

]
,

C1 =
⎡
⎣ kv

2 −2αβγλM‖�pt‖
−2αβγλM‖�pt‖ βfd

2

⎤
⎦,

A2 =
[

kv

2 −2(αβγλM + cnfd )

−2(αβγλM + cnfd ) α2kv

]
,

A3 =
[

α2kv −2α2kv‖�pt‖
−2α2kv‖�pt‖ βfd

4

]
,

B3 =
[

α2kv −2cnβfM

−2cnβfM
βfd

4

]
.

The following conditions guarantee a positive sign for
each of the first four terms of (30), respectively,

‖αQc�pt + βn̄cd‖ <
kv − 8βγλM

8(c + ξ̃ )
with kv > 8βγλM

(31)

kv > 8αλM (32)

kv >
4cnfM

α
(33)

|�f | < fd. (34)

The determinants of the matrices Ai , Bi , Ci are non-negative
if

‖n̄cd‖ <

√
2βkvfd

2(βkv + fd )
(35)

‖�pt‖ ≤ min

{
fd

2αkv

(√
1 + βkv

2fd

− 1

)
,

β

8α

}
(36)

‖�pt‖ ≤ 1

4αγλM

√
kvfd

β
(37)

kv > 2
√

2

(
βγλM + cnfd

α

)
(38)

‖�pt‖ ≤ 1

4α

√
βfd

kv

(39)

kv >
16c2

nf
2
Mβ

α2fd

. (40)

Notice that condition (34) implies a maximum exerted
force fM = 2fd . Hence, function W is positive definite with
respect to ṗ, n̄cd and Qcd�pt if the system solution remains
within a region defined by the intersection of (31), (34)–(37)
and (39), and kv satisfies conditions (32), (33), (38) and (40)
that are more restrictive than (22). �

The above stability conditions can be combined to a gain
condition and to three conditions regarding the allowable
uncertainty and the allowable position and force errors that
define a stability region. In order to guarantee that the solution
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will be restricted in the stability region, we must show that
an estimate of the domain of attraction is contained within it.

In order to allow a maximum possible uncertainty we set
β = fd

kv
and hence (35) becomes:

‖n̄cd‖ <

√
2

4
. (41)

This region corresponds to a maximum estimation error angle
of ϕM � 20◦. For this choice of β we specify the �pt region
from (36) and (39) and satisfy (37) with an appropriate choice
of damping gain:

‖�pt‖ ≤ r0 where r0 = fd

αkv

√
3/2 − 1

2
(42)

kv >

√
4γ λMfd

√
3/2 − 1

2
. (43)

Furthermore, using (41), (42) and ‖Qcd�pt‖ ≤ ‖�pt‖, (31)
is satisfied, by the following choice of kv:

kv >

√
2fd

[
(3

√
2 − 2)(c + ξ̃ ) + 4γ λM

]
(44)

that is more restrictive than (22), (43). Conditions (33), (38)
and (40) involving the curvature parameter cn can be satisfied
by the following choice of kv (fM = 2fd ):

kv > max

{
8cnfd

α
, 2

√
2

(
βγλM + cnfd

α

)}
. (45)

The aforementioned condition can be combined with (32),
(44) into:

kv > max

{√
2fd

[
(3

√
2 − 2)(c + ξ̃ ) + 4γ λM

]
,

8αλM,
8cnfd

α
, 2

√
2

(
βγλM + cnfd

α

)}
. (46)

Therefore, for the case of maximum allowable uncertainty
the stability region is defined by (34), (41) and (42) and the
gain condition is (46).

From (42) it is obvious that the position error region
becomes bigger if we choose small values for α, and big
values for the desired force fd . Moreover, kv should be close
to its lower bound given by (46), so that big position errors
are allowed (42). Furthermore, region (34) practically means
that the contact is maintained corresponding to a potential
energy I (δx) less than an upper bound IU (I (δx) < IU) as
well as that the force response has less than 100% overshoot
(f < 2fd ) corresponding to I (δx) < IO (fig. 2).

Proposition 3. An estimate of the domain of attraction that
is contained in the stability region defined by (34), (41) and
(42) is given by:

�σ = {
ṗt , ωt , p̄t , eφ, n̄cd ∈ �3 : V (ṗ, δx, Qcd�pt , eφ, n̄cd ) < σ

}
,

where σ = min (σ0, σ1, σ2) with

σ0 = min(IU, IO)

σ1 = fd

8k2
vγ

(
k2
v − γfdλM

)

σ2 = κdα
(
kv − 2αλM )(r0 − |d| − rcd )2

2α(kv − 2αλM

) + (1 + cp)2κd

provided that r0 > |d| + rcd .

Proof: Substituting (7) in (8) we find

�pt = Qcd�pt − ncd (cos ϑrc + d) + ncdn
T
cd (pc − pcd ).

Using (10) in the above expression, we get

‖�pt‖ ≤ (1 + cp)‖Qcd�pt‖ + rc + |d|,

and hence (42) is satisfied if

|δx| + (1 + cp)‖Qcd�pt‖ < r0 − rcd − |d|. (47)

If |d| + rcd < r0, (47) defines a region for δx, Qcd�pt . Using
(5) in (25) we get V ≥ 1

2yT Py with y = [ |δx| ‖Qcd�pt‖]T

and P = diag [κd, 2α(kv − 2αλM )]. We can also find a
positive constant13

σ2 = (r0 − rcd − |d|)2

2bT P −1b
,

where b = [1 1 + cp]T so that (47) is replaced by V <

σ2. Furthermore, using (25), conditions (34), (41) can be
replaced by V < σ0 and V < σ1, respectively. Since, V is
positive definite, the choice σ = min (σ0, σ1, σ2) completes
the proof. �

Theorem. There exists a domain of attraction �σ =
{ṗt , ωt , p̄t , eφ, n̄cd ∈ �3 : V (ṗ, δx,Qcd�pt , eφ, n̄cd ) < σ }
such that the estimator (12) used within the input control
law (11) achieves force regulation (f → fd ), minimization
of the position error (Qcd�pt → 0) and identification of
the normal direction at the desired position (n̂cd → ncd ),
provided that r0 > |d| + rcd and kv is chosen to satisfy
condition (46).

Proof: Starting within �σ defined in Proposition 3, implies
V (t) ≤ V (0) < σ and hence (ṗ, �f , Qcd�pt , n̄cd ) ∈ L∞.
By virtue of dV

dt
+ W = 0 and Propositions 2–3, we get

(ṗ, n̄cd , Qcd�pt ) ∈ L2. Equations (8), (17) further imply
�p, p̈ ∈ L∞ while Eq. (12) implies the boundedness of
˙̄ncd = − ˙̂ncd . Hence, ṗ, n̄cd and Qcd�pt are uniformly
continuous. Then, it follows from Desoer and Vidyasagar
(1975)14 that ṗ → 0, n̄cd → 0 ⇒ n̂cd → ncd , Qcd�pt →
0 and consequently nc → ncd . Substituting in (17) we get
[nT

cd�f kφeT
φ ] = 0 and hence from LaSalle’s invariance

theorem we get f → fd and in turn φt → φtd . �

In a practical situation control gains kv and γ should be
chosen so as to satisfy (43) and α should be chosen small
enough to satisfy (42) and |d| + rcd < r0. The estimate of
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the domain of attraction given in Proposition 3 is based on
strict sufficient conditions for the positiveness of W and
it is therefore a conservative one. It is anticipated that the
actual domain of attraction will be much greater, as it is
also indicated in the simulation example of the following
section.

Remark: Notice that we have proved the convergence of ṗ

to zero that corresponds to zero joint velocities in the non-
redundant case away from singular positions. In the case
of redundant robotic fingers the stability and convergence
analysis is more involved because it additionally requires the
proof of the exponential convergence of the joint velocities
to zero that would guarantee that the system will not exhibit
any internal motion. Simulation runs of redundant cases have
shown target achievement.

5. Simulation Results

A 3-dof planar robotic finger with revolute joints is simulated
using link lengths l1 = l2 = 0.3 m, l3 = 0.12 m masses
m1 = m2 = 0.32 kg, m3 = 0.16 kg, inertias Ii = mil

2
i

12 and
fingertip radius r = 0.04. The surface is modeled by a
circle with center (0.3980, 0.2897) and radius 0.2388 m.
The normal force magnitude and the friction used in the
simulation are f = ks�x2 where ks =250,000 and Fs =
7.5Qdiag [|ṗ|] ṗ. The contact point initial position is pc(0) =
[ 0.1762 0.2010 ]T (m), the initial rigid tip orientation is
−30◦ and the initial normal contact force is f (0) = 23 N.
The control purpose is to exert a desired force of fd = 32 N
and to move to the point ptd without loosing contact while
keeping the initial orientation. We set the initial estimate of
the desired normal vector n̂cd (0) equal to the initial normal
vector. This implies a flat surface estimate; however, as the
surface is curved, there is an estimate error that depends on
the surface curvature and the distance the robot tip is required
to cover.

The following choice of initial position error, estimation
error and controller gains is a starting point within the
region of attraction: ‖�pt (0)‖ = 0.0347 m, ϕ(0) = −1.8◦
and α = 0.6, γ = 30, kv = 1600, kφ = 400. Notice, that in
order to start within the region of attraction the initial position
error and estimation error are small and the controller gains
α, kv are chosen so that the system is slow. In fact, position
error converges in more than 10 s. However, as the region of
attraction estimate is very conservative the control target can
be achieved for bigger position and estimation angle errors
and a much faster response is possible with the appropriate
choice of control gains. In fact we consider the case of
position target ptd = [ 0.18 0.3 ]T (m) that corresponds to
a much bigger initial position error ‖�pt (0)‖ = 0.1148 m
and estimation error of ϕ(0) = −24.5◦. Control gains α, kv

are set equal to 12 and 85 respectively while the rest of the
gains remain the same. In Fig. 5 we depict the initial and
the final (desired) position of the finger. Simulation results
depicted in Figs. 6–8 show that the state converges to the
desired values. In particular, force (Fig. 6), position error
(Fig. 7) and the angle between the estimated and the actual
normal vector at the desired position (Fig. 8) converge in

Fig. 5. Robotic finger of 3 dof in contact with a curved surface:
initial position (dashed line) and final position (solid line).

Fig. 6. Force error.

Fig. 7. Position error along the surface tangent.

Fig. 8. Angle between the estimated and the actual normal vector
at the desired position.

less than 1 s. These results show that the control target can be
achieved in a state region much greater than the one provided
by the theoretical analysis.
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6. Conclusion

A simple controller with motion variable feedback is
proposed that guarantees force/position regulation for the
case of compliant contact with an unknown curved surface.
The force and position control actions are separated into
estimated complementary subspaces that are on-line tuned
through a novel adaptive law to the actual subspaces at the
desired point. The local asymptotic stability of the desired
state equilibrium is proved and an estimate of the region of
attraction is given. The simulation example illustrates the
controller’s performance, showing that it can be successfully
used even if the system initial state is outside the estimated
region of attraction.
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