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Abstract. Given two rational maps f, g : Pl — Plof degree d over C, DeMarco, Krieger,
and Ye [Common preperiodic points for quadratic polynomials. J. Mod. Dyn. 18 (2022),
363-413] have conjectured that there should be a uniform bound B = B(d) > 0 such
that either they have at most B common preperiodic points or they have the same set of
preperiodic points. We study their conjecture from a statistical perspective and prove that
the average number of shared preperiodic points is zero for monic polynomials of degree
d > 6 with rational coefficients. We also investigate the quantity lim infxe@(ﬁf' (x) +

;;g (x)) for a generic pair of polynomials and prove both lower and upper bounds for it.
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1. Introduction

Let f: P! — P! be a rational function of degree d > 2 defined over a field K. The set
of preperiodic points of f, denoted by Prep(f), is the set of points x € P!(K) such that
f™(x) = f™(x) for two distinct integers m > n > 0, where K denotes an algebraic closure
of K. Our starting point is the following finiteness theorem for the common preperiodic
points of two rational maps of degree d > 2.

THEOREM 1.1. [1, Corollary 1.3, 20, Theorem 1.3] For any pair of rational functions
f. g : P! — Pl defined over C of degree d > 2, we have

|Prep(f) N Prep(g)| < oo or Prep(f) = Prep(g).

Check f
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We remark that the case of f, g being defined over @ had been proven previously by
Mimar [14]. We now consider two possible directions in which we can study extensions of
this result. The first is to ask if the number of common preperiodic points can be uniformly
bounded in families of pairs (f, g).

Conjecture 1.2. [6, Conjecture 1.4] Let d > 2. There exists a constant B = B(d) so that
for every pair of rational functions f, g : P! — P! defined over C of degree d, we have

|Prep(f) NPrep(g)l < B or  Prep(f) = Prep(g).

In this direction, DeMarco, Krieger, and Ye [6, Theorem 1.1] obtain an effective uniform
bound on the family of quadratic polynomials of the form f(z) = z> +¢1, g(z) = 2>+ >
with ¢y, ¢; € C. Mavraki and Schmidt [13, Theorem 1.3] prove a uniform bound along any
one-parameter family of pairs ( £, g) defined over Q. More recently, DeMarco and Mavraki
[7] prove the existence of a Zariski open U C Rat; x Raty, where Rat, is the space of all
degree d rational maps, for which a uniform bound holds.

Following Le Boudec and Mavraki [12] and also Olechnowicz [16], we will take a
statistical point of view and, instead, consider the average count of common preperiodic
points over pairs of monic polynomials over Q. We consider only monic polynomials
because the exceptional locus Prep(f) = Prep(g) is easily described as { f = g}. We let

P = {zd +ag_1z%7!

Pe={z% 4+ a4_12

+---+aola €Q},

d_1+---+a0673|ad_1=0},

be the set of monic polynomials and monic, centered polynomials, respectively, with
rational coefficients. For X > 1, define

PX)=1{z+as1z2' "+ - 4ao|a €Q, Hw) < X},
Pe(X) ={z? +aq 1z '+ +ap € P(X) | ag_1 =0},

the set of monic polynomials and monic, centered polynomials, respectively, with rational
coefficients of Weil height < X (see §2). Note that any pair of monic polynomials (f, g)
over Q can be simultaneously conjugated by a translation to lie in P.(X) x P(X) for
some X.

In §4, we prove the following theorem.

THEOREM 1.3. Let d > 6 and write S(X) = P.(X) x P(X)O\{(f, /)| f € P.(X)}.
Then,

Y~ [Prep(f) NPrep(g)| =0,

e TS0
o (fR)ES(X)
where Prep( f), Prep(g) denotes all preperiodic points of f and g in Q.

Remark 1.4. The condition d > 6 is purely technical and we certainly expect the average
to be zero for all degrees d > 2. With more work, we believe it is possible to improve our
lower bound on d. Also, many of our lemmas adapt straightforwardly to number fields K
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instead of Q (see §3), but it is not clear if we can obtain a version of Theorem 1.3 where
we vary over polynomials over a fixed number field K instead of Q.

Our arguments also allow us to conclude the average remains zero even when restricted
to coordinate slices of P of large enough dimension. Let m be a positive integer and
let V be a linear subspace of P of dimension m that can be written as an intersection

of some coordinate hyperplanes {a; = 0}. Let x = (x4—1, ..., Xx0) € Qd_l and let A be
the affine subspace given by x 4+ V. We shall assume that the projection of V onto the
last coordinate ag is surjective. Choose m coordinates a;, . . ., a;, that give rise to an

isomorphism V 2~ Q™ such that i; are decreasing and i, = 0. We define

PaX) = (2% +aq-1z" "+ +ao | (@g-1.....a0) € Aand H(a;;) < X)),
Pea(X) = {2 +aq2z" 2+ +ao | (0,as-2.....a0) € Aand H(a;;) < X},

Sa(X) = Pe,a(X) x PAO NS /) | f € Pea(X)}

THEOREM 1.5. Assume that dimg V > (d/2) + 3. Then,

1
lim Pre N Pre =0.
Am = ’Z |Prep(f) N Prep(g)|

(f.8)eSa(X)

In another direction, when f, g are defined over @, we can reinterpret the common
preperiodic points of f, g as the set of common zeroes of the Call-Silverman canonical
heights of f, g [4]:

Prep(f) N Prep(g) = {x € Q | A (x) + hg(x) = 0).

In this setting, Baker and DeMarco as well as Mimar prove the following stronger form of
Theorem 1.1.

THEOREM 1.6. [14, 15, Theorem 1.8] For any pair of rational maps f, g : P! — P! of
degree d > 2 defined over QQ, we have

lim inf(h f(x) + hg(x)) > 0 or Ty =hg.
xeQ

Here, lim inf o] F (x) refers to the infimum of all accumulation points in R of the set
{F(x)|x € Q}; equivalently,

liminf F(x) = sup inf F(x).
xeQ scQ *€Q\S
|S|<oo
In particular, if iz\f * ﬁg, then there exists some ¢ = ¢(f, g) > 0 such that iz\f x) +
he(x) <e Eas only finitely many soluti(,)\ns X EA@; that is, there are only finitely many
points x € Q that are both small for both & r and &,. A natural question to ask is how large
can ¢ be for a generic pair (f, g) as the height of f and g grows. For any fixed 6 > 0,
applying Zhang’s inequality [21, Theorem 1.10] (see §6) gives us
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(3 =8O (h(f) + h(g)) <dlim gf@f(x) +he(x)) < (14 8)(A(f) + h(g))
Xe

for a generic pair (f, g) € P.(X) x P(X) and X large enough, where i ( f) is the height
of a polynomial f (see §2). Our next theorem improves this inequality.

THEOREM 1.7. Fixa$§ > 0. We let S = P, x P and S(X) = P.(X) x P(X). Then, for
all sufficiently large degrees d, there exists a = a(d) > 0, A = A(d) > 0 such that the
Jollowing statement holds: there exists a subset T C S such that for all X > 1,

TNSXI_ A
SCor T xe

and

(In2 - 8)(h(f) + h(g)) <dlim gf(ﬁf () 4 g (x)) < (C+ 8 (h(f) + h(g))

for all (f,g) €T, where In2 =0.69314 . .. and C = log((9 + v/17)/8) + (/17 — 1)/
8) =0.88532....

It will be interesting to determine the exact asymptotic, if it exists at all.

1.1. Strategy of proof. ~Our main tool for the proof of Theorems 1.3 and 1.5 is the energy
pairing of Favre and Rivera-Letelier in [8], see also [17]. Given a polynomial f : P! — P!
defined over a number field K of degree d > 2, for each place v € Mg, we can attach to it a
corresponding equilibrium measure u 7 ,. For Archimedean v, this is a probability measure
on C, while for non-Archimedean v, it is a probability measure on the Berkovich affine line
Allg erk.v” The collection of measures {i ,»}ver gives us an adelic measure, where Mg are
the places of K. For further details on A]13erk,v’ one may consult [2] or [3].

Given two polynomials f, g, Favre and Rivera-Letelier first define a local energy
pairing between s, and g, for a place v, and then define a global energy pairing by
summing the local pairings over v € M. This gives us a quantitative way to measure
a distance between f and g. Using the energy pairing and quantitative equidistribution,
DeMarco, Krieger, and Ye were able to establish a uniform bound on the number of
common preperiodic points for quadratic unicritical polynomials.

We follow their approach in using the adelic energy pairing, proving bounds that hold
for all monic polynomials in general, but are weaker as we do not need a uniform bound.
The hardest situation to handle is when both polynomials are close to each other. For
example, when f(z) has integer coefficients and g(z) = f(z) + 1, the Julia sets at every
non-Archimedean place are the corresponding Gauss point ¢ (0, 1) and so their local energy
pairing is zero. However, if f and g have large coefficients, then they are also relatively
close for the Archimedean places. To obtain a usable bound for Theorems 1.3 and 1.5,
we use the fact that the moments of the equilibrium measure 7, are determined by the
coefficients of f when f is monic (see §3.4).

Now, for Theorem 1.7, we introduce a notion of genericity for pairs of polynomials in
P.(X) x P(X), which may be of independent interest. For an integer n, we let rad(n) be
the product of all distinct primes that divides n.
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Definition 1.8. Given X and ¢ > 0, we will say that a pair (f, g) € P.(X) x P(X) is
g-ordinary if

rad(denom(c)) > x!-%,

ged(denom(c), denom(c’)) < X%

for any distinct coefficients ¢, ¢’ of f or g.

In other words, a pair (f, g) € P.(X) x P(X) is e-ordinary if the denominators of the
coefficients for both f and g are large, and are mostly coprime and squarefree. Similarly,
we can make an analogous definition for a single polynomial f € P(X) to be ¢-ordinary.
As a consequence of the definitions, for most places v of bad reduction of an ¢-ordinary
pair, there is only one coefficient of f, g that satisfies |c|, > 1.

The dynamics of an e-ordinary polynomial f at such a place v is simple enough to be
analyzed thoroughly, but still more complicated than that of a unicritical polynomial. For
example, when v is non-Archimedean, elements x of the Julia set of f have three possible
absolute values | x|, (see Proposition 4.3), whereas that for the Julia set of a polynomial of
the form z¢ + ¢ has one absolute value when |c|, > 1. In §6, we study the properties of
the dynamical Green’s function g s, and equilibrium measure 1 7 .

For such pairs, we control some measures of arithmetic complexity and the structure of
the Julia sets in §5. The lower bound of Theorem 1.7 then becomes a consequence of the
structure and the product formula. The upper bound is more involved as it requires us to
construct Galois orbits whose local heights are not too large. We do so by constructing
an appropriate adelic set and then applying the adelic Fekete—Szegd theorem due to
Rumely [19].

2. Definitions and notation
Here, we collect some notation used throughout this paper.

The cardinality of a set S is written as | S| or #S.

We write f = 0(g) or f < g for f <Cg, where C > 0 is an absolute constant;
f=0ap. (Qorf Sap,. gfor f <Cqp..8 where Cyp . > 0isaconstant depending
on parameters «, S, . . .; and f = o(g) for f/g — 0. In such asymptotic notation, the limit
to be taken will either be explicitly stated or clear from context.

The set of preperiodic points of f is denoted by Prep(f).

The Weil height H on Q is defined by H (a/b) = max(|a|, |b|) fora, b € Z with b # 0
and gcd(a, b) = 1.

The radical of a positive integer n, denoted by rad(n), is defined as the product of all
distinct primes that divide n.

For a number field K, the set of all places for K is denoted by Mg.

For each finite place v | p < oo, the non-Archimedean norm | - |, on C, is normalized
with | p|, = 1/p. For a polynomial f € Q[z] givenby f(z) = z¢ + ag_1z¢" ' + - - - + ay,
the height of f is defined as

h(f) =hpa([1:ag-1:---:ap)) = Y logmax(l, ag—ily, - - -, laol,)-
veMg
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‘We now recall some notions from non-Archimedean dynamics; we refer the reader to [3]
for the theory of dynamics on Berkovich space, and to [2] for non-Archimedean potential
theory.

For each finite place v | p < oo, write A113erk,v for the Berkovich affine line. Now, C,
embeds in All?:erk,v as the type I points, which form a dense set under the weak/Gelfand
topology. Write §(z, w)eo for the Hsia kernel on A]13 erk.v? the unique continuous extension
of the metric |z — w|, on type I points.

Write p7, for the invariant measure of a polynomial f € C,[z], and g, for its
potential function. When f is monic, this potential is also equal to the escape rate function
for f, that is,

gro(@) = lim d~"log*[f";,
n—oo

where log™ = max{0, log}. The local energy pairing between two signed measures i, [/,

on Al

Berk.v 1S defined as

(Bvs W)y = — /;v log 8(z, w)oo dpty(2) ® diuy(w).

1 .
Berk,v X ABerk,u \Dlag

The energy of ., is defined as

I(Mu)=/l 1 log §(z, w)eo dty(z) ® d ity (w),

Berk,v x ABerk,v

which is also equal to —(uy, ty)y When u,, has continuous potential. By abuse of notation,
for any compact set E, € Alls erk.p» WE define the logarithmic capacity of £, as

I(Ey) = sup I (1),
3%

where the supremum is taken over all probability measures (., supported on E,. When
this is greater than —oo, we have I (E,) = I (ig,), where pg, is the equilibrium measure
of E,.

An adelic measure is a collection of probability measures {0y }yepm, On Allaerk,u such
that p, has continuous potentials and o, = 8¢(o,1) for all but finitely many v. Following
Favre and Rivera-Letelier [8], we can define a global pairing between two adelic measures

p, p’ by

1
(o, p') =5 > (oo = Pl v — P
veMg

For a finite Gal(Q/Q)-invariant set F C Q, write [F] for the uniform probability
distribution on F, that is,

1
[F]:= WGl Z Sup-

weF
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Furthermore, for ¢ > 0, we can define the regularized measure

[Fle = — |F| Z Sw.es

weF

where &y, ¢ is the uniform probability measure on d B(w, ¢) for v Archimedean, or the delta
mass on ¢ (w, &) for v non-Archimedean.

For any polynomial f € Q[z], we will generalize the definition of the canonical height
h £ to finite Gal(Q/Q)-invariant sets F € Q by

hp(F) = — |F| > hypw).

weF

Note that since 7z\f is constant on Gal(Q/Q)-orbits, we have h Fx) = i’\f (F) when F is the
set of Galois conjugates of x € Q.
For a fixed degree d, we have the following sets:

=Ly tay|a Q)

= +ag 127"+ +agePlag_ =0},

={z? +ay_1z

of monic polynomials with rational coefficients and monic, centered polynomials with
rational coefficients, respectively. For X > 1, we also define

PX)={z"+as1z9"+ - +ao|a € Q, H(a) < X},
Pe(X) = {24+ ag_12 44 ap € P(X) | ag—1 = 0},

as subsets of P and P, consisting of polynomials with coefficients all having Weil height
<X.

3. Upper bound on energy pairing
Let f,g be two monic polynomials of degree d > 2 defined over @Q and let
mr =A{tfrvlvemy, kg = {gvlvemy be the adelic measures associated to them. Here,
M fw,> Mg denotes the equilibrium measures of f and g at the place v, respectively, and
they are both probability measures supported on Allg erkv

Recall from the proof outline for Theorem 1.3 that we want to bound the adelic energy
pairing

g me) =5 Y f log 8z, w)oe 1t f.(2) ® iy, (w)

UEM[( Berk 1o’ ABe:rk v \Dlag

on both sides. In this section, we give an upper bound in terms of |Prep(f) N Prep(g)|
and A (f), h(g), following the approach of DeMarco, Krieger, and Ye [6]. First, the energy
pairing (-, -)!/? is a metric on adelic measures (Lemma 3.19). Now, by the approach of
Favre and Rivera-Letelier to quantitative equidistribution [8], if F C Prep(f) N Prep(g) is
Galois-invariant and large, then for some suitable € > 0, the adelic measure [ F]. must be
close to both p y and p, in this metric; hence, 1 ¢ and g must be close to each other, that
is, {(u . wg) must be small.

https://doi.org/10.1017/etds.2025.10213 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10213

380 Y. S. Ang and J. W. Yap

As input to this argument, we prove technical estimates on the Holder continuity
of the equilibrium potential Gy,. We then finish the argument using quantitative
equidistribution.

3.1. Archimedean bounds. We will first handle the case where v is an Archimedean
place. As all computations here are local, we will omit v from our notation.

We give a uniform Holder bound on the equilibrium potential G s (Proposition 3.5), by
an argument of Carleson and Gamelin [5, Theorem VIII.3.2]. We begin by bounding G ¢
near the Julia set.

PROPOSITION 3.1. Let Q = {z € C : dist(z, Ky) < 1}. Suppose f has Lipschitz constant
A on Q, that is,

forallz,7 e QI f(z) — fZ)] < Alz = 7Z|].
Also suppose that Gy < M on 2 for some M > Q. Then, for all z € 2, we have
Gr(z) <dM dist(z, Ky)*,
where o = log d/log A.

Proof. 1If z € Ky, then both sides of the claimed inequality are 0.

Suppose z € 2\ K. Then, z is in the attracting basin of 0o, so there exists a minimal
n > 1 for which f"(z) ¢ Q. Since K is invariant under f, the Lipschitz condition on f
gives

dist(f(z), Ky) < A dist(z, K ).
Now, f"(z) ¢  implies dist(z, Kr) > A™", and " 1(z) € Q implies
M=Gp(f" ' (2) =d""'G(2).
Hence,
Gr(z) <dMd™ =dM(A™™)* < dM dist(z, K y)*,
giving us our upper bound on G f(z). O

Now, we give explicit values for the various parameters in Proposition 3.1. First, we
bound the size of the filled Julia set K ¢ in terms of the coefficients of f.

LEMMA 3.2. Let Ry =3 max(1, |ag—1l, laq—2|'"%, . . ., lao|'/?). Then, Ky < B(0, Ry).

Proof. For |z| > Ry, we have fori > 1 that |az—;z¢7"| < 37|z|?. Hence,

1 1 1 1 3
>S9 1 === — —. .. =) > 229 > ZgL.
r@l=1(1-5- 5 ) = 512 = 5kl
Hence, | f"(z)| > (%)" |z|, so z lies in the attracting basin of oo, thatis, z & K. O]
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PROPOSITION 3.3. In Proposition 3.1, we may take
3d d—1
M =1log(2Rs + 1), AZT(Rf-’_l) )
with Ry as in Lemma 3.2.

Proof. Note that K ¢ € B(0, Ry) implies Q2 € B(0, Ry + 1), so [z — w| < 2Ry + 1 for
allz € Qand w € K¢. Now, supp uy = Ky, so

Grla) = / log |z — wldp s (w) < log2Ry + 1),

which proves the first claim.
Next, the Lipschitz constant of f on € is at most supg |f’|. Now, for z € Q C
B(0, Ry + 1), we have
If' @1 <dlz" [+ @ = Dlag-1272 |+ + a1
1

<afi+1e Lo Ry + 17!
= 332

3d
= >Ry + D",
2
which proves the second claim. O

Since the equilibrium potential is asymptotic to log | - | far from the origin, the Holder
bound for G ; near the Julia set (Proposition 3.1) yields a global Holder bound. In fact, we
can take the same constants as in Proposition 3.3.

PROPOSITION 3.4. Let M, A be as in Proposition 3.3 and let « = log d/log A. For all
z € C, we have

Gr(z) <dM dist(z, K p)“.

Proof. Letx = dist(z, K ). If x < 1, we are done by Propositions 3.1 and 3.3.
Suppose that x > 1. We have Ky € B(0, Ry), so the diameter of K y is at most 2R 7.
Hence, for every w € Ky, we have |z — w| < x + 2Ry, so

Gr() = / log |z — wldj s (w) < log(x +2Ry).

Thus, it suffices to show that log(x +2R¢) < dMx“.
Case I:1 < x < A.Now, Ry > 3,50

e™ = QR + 1) = 7QR; + D = 61 (Ry + )T 4 2R,
3d d-1
> SRy + DTN+ 2Rp = A+ 2Ry
Hence,

log(x +2Ry) < log(A+2Ry) <dM < dMx". 3.1
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Case 2: x > A. Write x = A withc > I;now,x > A > 2Ry > 2, s0
log(x +2Rys) <clogA+log2<(c+1)logA <dlog A <dMd® =dMx",
where the last inequality follows from log A < d M, by equation (3.1). O

We can now show uniform Holder continuity for G f.

PROPOSITION 3.5. Let M, A be as in Proposition 3.3 and let « = log d/log A. For all
21, 22 € C, we have

|G r(z1) — G(z2)| < 3dM|z1 — 22|*.

Proof. [5, Theorem VIIL.3.2] Write r; = dist(z;, K y); we may assume that r{ > r>. Note
that A = 3d/2(Ry + )4~! > d, so thata < 1.
Case I: |21 — z2| = (1/3r1). Now, 0 < G s(z;) < dMr] by Proposition 3.4, so

|Gr(z1) = Gr(z)| <dMry <3dM|z1 — z2|".

Case 2: |71 — z2| = cry, with ¢ < % Now, G is harmonic and non-negative on
B(z1, r1), so by Harnack’s inequality, we have

€6 1(e1) = G () = 56 (1)
|4 S =brey = by

Therefore,
2c
|Gr(z1) — Gr(z2)] < 1—_ch(21) <3cdMr{ <3dM|z1 — z2|°,
as desired. O

Remark 3.6. The arguments in Propositions 3.1 and 3.5 are essentially contained in
[S, Theorem VIII.3.2]; however, we note that their argument is incomplete, since they do
not control the equilibrium potential for large z as in our proof of Proposition 3.4.

The Holder bound on G ; allows us to control the local pairing of x s with a regularized
measure.

COROLLARY 3.7. Let M, A be as in Proposition 3.3 and let o = log d/log A. For any
& > 0 and any non-empty finite set F C C, we have

—(fs [F1e) < —(up, [F]) +3d Me®.

Proof. Since |[w — &| = ¢ for all £ € dB(w, ¢), we have

1
3 fc G 1 (£)dB, ()

|F|
weF

1 . .
03] 3 (G pw) + 3dMe®) = —(u s, [F)) +3dMe®,
weF

as desired. O]

—(uyg, [Fle) =

IA
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3.2. Non-Archimedean bounds. Now, we consider the non-Archimedean case
v| p < oo with v e Mg. By choosing an appropriate embedding K — C,, we can
view | - [y = [ |p.

We first show that the Lipschitz constant of f on a closed subset of A]13 erk,p 1S the same
as the Lipschitz constant on its type I points.

LEMMA 3.8. Let Q C Allg ek p D€ a closed subset. Suppose there is a constant A > 0 such
that for all z, 7/ € Q N C,, we have

1f(@) = fF@) < Alz = 2]
Then, forall £, ' € Q, we have
8(f(2), f(ENoo < AS(Z, ) o

Proof. Case 1: f(¢) # f(¢'). Take sequences (z,), (z,) S C, such that (z,) — ¢ and
(z),) — ¢'. Since (-, -)oo is continuous off the diagonal, we have

8(f(@) fE Moo = lim | £Ga) = F Gl
= A lim |z, — 2l
= A8(¢, ¢)oo-
Case2: f(¢) = f(¢). Write ¢ = ¢(a, r) and f(¢) = ¢(b, R); then [3, Proposition 7.6]
gives f(B(a,r)) = B(b, R), so
8(f(0), fF(EN)oo =R < Ar < A8(Z, {)eo- 0
From here on, the structure of the argument for the non-Archimedean case is analogous

to the Archimedean case in the previous section.

PROPOSITION 3.9. Let Q, ={z € C, : disty(z, Kr,) < 1}. Suppose f has Lipschitz
constant A, > 1 on Qy, that is,

forallz,z € Qy [If () — f(@)l < Aylz — 2]

Also, suppose that G 5, < M, on Qy for some My, > 0. Then, for all z € L2, we have
G () < dM, disty(z, K 7)™,
where o, = log d/log Ay.
Proof. Inview of Lemma 3.8, we may replace 2, with its closure Q, in A]]3 erk,p- 1he proof
is now completely analogous to the proof of Proposition 3.1. O
1/d

PROPOSITION ~ 3.10. Let Ry, :=max(1, [ag_1lv, lag_aly'>s . . .. laoly/*).  Then,
Kro S BO. Ryo).

Proof. For |z|y > Ry, and i > 1, we have |ad_izd_ilv < |z|g. Hence, |f(2)|y = |z|ff.
By iteration, we see that | f"(z)|, = |z|fn, so z lies in the attracting basin of oo, that is,
2 € Kyy. U
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PROPOSITION 3.11. Suppose that f has bad reduction at v. In Proposition 3.9, we may take

M, =log R;,, A, = R?’_Ul,

with Ry, as in Proposition 3.10.

Proof. First, f having bad reduction at v implies R, > 1. Now, K7, € B(0, Ry )
implies that , C B(0, Ry ) as well, so |z —w|, < Ry, forall z € Q, and w € K.
Now, supp u rv = K¢y, 80

Gro@) = / log |z —wldpfy(w) <log Ry v,

which proves the first claim.
Next, note that for all z € , € B(0, R f,v), we have

|£(@)| < max |ag—iz* |, < R%,.
: A

In other words, we have f (B(0, R f)) € B(0, R? ,)- It now follows from [3, Proposition

3.20] that the Lipschitz constant for f on B(0, R ;) is bounded above by R?,_vl. Thus, the
same also holds on €2,,, which proves the second claim. O

Remark 3.12. When f has explicit good reduction at v, we have R, =1, so A, = 1;
thus, o, =logd/log A, is not well defined and Proposition 3.9 cannot be applied.
However, in this case, we have Jr, = {£(0, 1)},50 Q, = K7, NC, = E(O, 1), and thus
Gyry=0o0nQ,.

From now on in this subsection, we will assume that f has bad reduction at v.

PROPOSITION 3.13. Let v, My, A, be as in Proposition 3.11 and let o, = log d /log A,.
For all 7z € C,, we have

Gf,v(Z) < dM dist(z, Kf,v)a".

Proof. Let x = dist(z, Ky ,).If x < 1, we are done by Propositions 3.1 and 3.11.
Suppose that x > 1. We have K¢, € B(0, Ry ), so the diameter of K, is at most
Ry . Hence, for every w € K, we have 8(z, w)oo < max(x, Ry ), s0

Gro(2) = f log 8(z, W)eo dit £ p(w) < log max(x, Ry ).

Thus, it suffices to show that log max(x, Ry ) < dM,x*.
Now, log Ry, = M, < dM,x%; also, writing x = A}, for some ¢ > 0, we have

log xc(d — 1) log Ryp < d"'log Ry, = dMyd® = dMyx™. O

PROPOSITION 3.14. Let v, My, Ay be as in Proposition 3.11 and let o, = log d /log A,.
Forall 71,72 € Aéerk » e have

IG 0 (z1) = Gro(z2)| <dMylzr — 220"
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Proof. Write r; = disty (z;, K r,); we may assume that ry > 3.
Case I: |z1 — z2]y =2 11. Now, 0 < G 7y (zi) < der;Y” by Proposition 3.9, so

|G f0(z1) — G fo(z2)| < dMyr? < dMylzi — 22|*.
Case 2: |z1 — 22|y < r1. Then, for all w € K¢, = supp s, we have
8(z1, W)oo =11 > |21 — 22|,

so that §(z1, w)eo = 8(22, W)xo. Hence,
Gro(z1) = / log 8(z1, W)oo dit fp(w) = / log 8(z2, W)oo ditfp(w) = Gy y(z2). O

COROLLARY 3.15. Let M,,, A, be as in Proposition 3.11 and let o, = log d/log A,. For
any ¢ > 0 and any non-empty finite set F C C,, we have

_(Mf,v» [Fle)y < _(H«f,v’ [F]y +de8au'

Proof. Since §(¢(w, €), w)so = €, wWe have

1
—(pws [Fle)y = — Y Gro(C(w,¢))

|F|
weF

1
Wl D (G row) +dMye®) = —(uf 0, [F1)y +dMys™. [
weF

IA

3.3. Quantitative equidistribution. 'To summarize the discussion in §§3.1 and 3.2, we
have shown the following theorem.

THEOREM 3.16. Let ¢ > 0. For any place v € Mg such that either v | oo or f has bad
reduction at v, and any non-empty finite set F C C,,, we have

—(uf, [Fle)y < =g, [FDy + 3dMye®™,

with constants o, = log d/log A,

3d d—1
B {1og(2Rf,oo+1), vioo, |5 Rreo+ DTN wco,
= ) =
log Ry, vt oo, R v oo,
1/2 1/d
R _ 3 max(19 |ad—1|00’ |ad—2|oé LR ] |90|o</> ’ v | 00,
fv= 12 1/d
max(l, [ag—1ly, lag—2[v"", - - - |aoly' ™), v { 00.
Proof. This is immediate from Corollaries 3.7 and 3.15. O

To convert these Holder bounds into an upper bound for the energy pairing (i 7, tg),
we show the following quantitative equidistribution result: for any large Galois-invariant
subset F' C Prep(f), there is some small adelic radius ¢ such that the regularized adelic
measure [ F]; is close to f¢.
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LEMMA 3.17. [8, Lemma 4.11, 9, Lemma 12] For any place v € Mg, any non-empty finite
set F € C,, and any € > 0, we have

log(1/e)

([Fle, [Fle)v = (IF) [FDo + ]

PROPOSITION 3.18. With notation as in Theorem 3.16, let F C K be a finite
Gal(Q/Q)-invariant set with |F| = N > 2. Define the adelic radius & = {ev}vemy as

(dN)~V ifv | 0o or f has bad reduction at v,
1 if f has explicit good reduction at v.

Then,
- log N
(mg, [Fle) <hg(F)+ 0<dT(h(f) + 1))-

Proof. We extend an argument of [6, Lemma 9.2]. Let B C Mg be the set of places v such
that either v | oo or f has bad reduction at v.
First, by using (. r, u r)v = 0, we expand the left side of the claim as

1
(r: Fle) = 5 > no(Fle = g [Fle = gy

veMk

1 1
Z nv(z([F]ea [Fle)v — (/'Lf’ [F]s)v> (3.2)

T [K:Q

veEMk

We bound the first term in the sum of equation (3.2) by Lemma 3.17 and the product
formula ), ny([F1, [F])» = 0, to obtain

1 1 log(1/e,
D mlFles [Fle)y < 3 g, 0e/e0)

2K Q1 o (K :Ql 4 2N
1 1+ log N/logd
ai 2;3 1y N log Ay.  (3.3)
ve

Next, we bound the second term in the sum of equation (3.2). If v € B, then we can
use Theorem 3.16. Suppose v € My \ B, that is, f has explicit good reduction at v. Then,
ey =1land sy =801y, 50 Gy =log™ |- |,. Hence,

Zlog max (1, |wly)

weF

—(1f, [Fle) |F| > logh fg(w, D]y = —

weF

|F| Z log" |w|, = (g, [FDv-

IFI
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The above two cases yield

1
v\ 7F€U
K:@]UEZM:((MH))
1
A ’FU+ v3deff”
S[Ki@]<v§,<n( (e s, [F1)y) ;m e ))
~ 1 -~ 1 3M,
=h(F »(3dMye®) = h ¢ (F v . (34
f<)+[K:@]§gn( %) f<)+[K:Q]v§nN (3.4)

Now, equations (3.2), (3.3), and (3.4) imply

- log N
— <
(s LFle) = hy (F) § == Q]Znu(M +1log A,)
logN > (M, +log Ay). 3.5)
UEM@

We now bound the sum in equation (3.5). Note that

> logRyy =Y log Ryy+log Ryoo < h(f)+ O(1).
veMg vtoo

For the first term M, in equation (3.5), we have

> My <) log Ry +10gQ2R 00 + 1)
veMg vfoo

< log Rpy+1log Ry + O(1) < h(f) + O(D), (3.6)

vfoo

where the first inequality follows from Theorem 3.16. Similarly, for the second term log A,
in equation (3.5), we deduce

> log Ay, <Y (d—1)log Ryy+ (d—1)1og(Ryo0+ 1)
UGM@ ufoo

3
+ log <§d> <(d-—-1Dh(f)+ 0@). 3.7
Substituting equations (3.6) and (3.7) back into equation (3.5), we deduce

~ log N
s [Fl) — T (F) < d%(h(f) +1). O

We can now show that u ¢ and u, are close to each other, thereby proving our upper
bound for the adelic energy pairing.

LEMMA 3.19. [9, Theorem 1] For any adelic measures p, o, T, we have

(0, )2 < (p, )12 + (o, T) /%
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THEOREM 3.20. Suppose N = |Prep(f) N Prep(g)| > 2. Then,
log N
(g g S dT(maX(h(f), h(g)) + D).

Proof. Take F = Prep(f) N Prep(g), so that &y (F) = hg(F) = 0. Then, by Lemma 3.19
and Proposition 3.18, we have

log N
(s btg) = (g (P12 4 (g 1Y) € == (VD) + 1+ V() +1)°

log N
SdT(maX(h(f),h(g)) + 1. O
Remark 3.21. The proof of Theorem 3.20 in fact carries over to any pair of monic
f, g € K[z], with the same implied constant independent of the field K.

We will also use the quantitative equidistribution bound of Proposition 3.18 to give
an O (log X) bound in some cases where we know the measures differ significantly in a
non-Archimedean place.

LEMMA 3.22. Let v € Mg be non-Archimedean. Let ¢ : A}gerk » = R be continuous with
compact support, and let @ be a measure on AJISerk , With total mass 0 and continuous

/ pdu
AI

Berk,v

potential. Then,

< (8@, 20))2 (1, )12,

Proof. If the right side is oo, then there is nothing to prove. Otherwise, let © = Ayr. By
[2, Corollary 5.38], the expression [F, G] := f AL F AG defines a positive semidefinite

symmetric bilinear form on {F € BDV(A]gerk ,) 1 LF, F] < oo}. Now,

[qj’ ‘ﬂ] = /1 gOd,bL, [(p’ ¢] = (va A‘/’)v, [W’ W] = (/’L’ /’L)v,

ABerk,u

and we are done by the Cauchy—Schwarz inequality. [
PROPOSITION 3.23. Let v € Mg be non-Archimedean, with p its associated prime. If
HgwBpercy \ Dan(0, p'/4) = 1/d,

then there are at most C4(h(g)* + 1) 10g2 p points x € Prep(g) such that |o (x)|, < 1 for
all 0 € Gal(Q/Q).

Proof. Consider the path segment T that connects £(0, 1) and ¢(0, p'/?) in Allaerku’
namely T = {£(0, p'/?) : t € [0, 1]}. Let ¢ be the continuous function on A}, ,, which
is locally constant on AIIBe & \ T and takes values ¢ (£ (0, p’/ d )) =t on T. We check that

d
A(p = @(8;(0,1) - 8{(0’[71/11)).
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Now, if F is a non-empty Gal(Q/Q)-invariant set of preperiodic points for g contained
in §(O, 1), take the adelic radius ¢ as in Proposition 3.18. Since 0 < &, < 1, we have
C(w, &y) € Dan(0, 1) for all w € F. Hence,

1
/ @d[F]e, =0, / pdpgy > .
Al Al d

Berk,v Berk,v

Now, Proposition 3.18 gives

log N 1
A== (@) +1) 2 (g, [Fle) = 5 ; (g — [Fles g — [Fle)w
w Q

1
> E(Mg — [Fles ug — [Fle)o,

since the terms in the sum are non-negative. Then, by Lemma 3.22,

1 d(Fle, — | od < (Mg, M) ([Flp — Fle — 1/2
4= (2 &y Qdaflgy < (Ag, Ap),/“([Fe, Mg [Fle, ,ug,v)u

d 1/2 los N 1/2
5( ) (d—g (h(g)+1)) :
log p N

which yields (N /log N) < d*(h(g) + 1) log p. Therefore, N <y (h(g)?> + 1) log® p. O

3.4. Lower bound on the Archimedean energy pairing. We now prove the lower bound
on (i, g). In particular, we will give a lower bound on the local energy pairing
(g — Mg, I — [g)oo at the Archimedean place. As usual, we will suppress the subscript
oo in this section.

The simplest instance of our argument goes as follows: the centroid of w ¢ is a constant
multiple of a; 1, and similarly for p,. Thus, if ag—1 # bg—1, then s and p, cannot be
too close to each other, so we should get a lower bound on their energy pairing. In general,
we will need to look at higher moments of w7, g, depending on the first coefficient in
which f, g differ.

LEMMA 3.24. If, for some k < d, we have aq_j = bq_j forall 1 < j <k, then
k k k
zdpyp(z) — | 2rdpg(z) = —g(ad—k —ba—)-

Proof. Case I:k < d.For any ¢ € C, let py, . . ., pg be the roots of f — c. By Newton’s
identities for elementary symmetric polynomials, the power sum ,o]f 4o+ ps is a
polynomial inay_1, . . ., aj—g, linear in az_; with coefficient —k; in other words, there is
some polynomial Py such that

/ Kd(f*8:)(2) = —kag—i + Pe(aa—1, - . . » Gg—i+1)-
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Now, for any non-exceptional point zop € C, we consider the iterated pullback
Mgf) =d™"(f")*8,,. On one hand, we have ,u(") = (1/d)f*u§f'_l), SO

w_
n 1 . (n— 1 " e
[P = [Faruy o= [( [Harmsow ) o
1
=~k + EPk(ad—ls s Ad—k+1)-

On the other hand, the sequence /Lgf') has uniformly bounded support and converges weakly
to u ¢ by equidistribution. Hence, we also have

k 1
/ Fdur(z) = — %k + Epk(ad—l, e Qd—k41)-

By replacing f with g, we get an analogous equation, and by taking the difference, we
obtain the claim.
Case 2: k = d. The constant coefficient of f — c is ap — ¢, so we now have

/ 2d(f*8:)(z) = —d(ao — ¢) + Pa(ag—1, . . ., a1)

for some polynomial P;. Arguing as before, we obtain

1
/deﬂf(z) =—ao+ / cdug(c) + gpd(adfh ..., ap).

By replacing f with g and taking the difference, we get

/zdduf(z) - /zddug(z) = —(ap — bo) + </ zdpy(z) — /Zdug(z)) = —(ao — bo)
by the k = 1 case of this lemma. O

PROPOSITION 3.25. Let (f,g) € Pc(X) x P(X) with f # g. If ag—j = by_; for all
1 <j<kandag—y # bg—, then

X4 ifk=1,

(fs g) Za
s He X4 f2<k<d

Proof. Recall from Lemma 3.2 that Jy = supp s € B(0, Ry), where

Ry =3 max(1, lag_1l, laa—a|"?, . . ., lao|"/%).

Case I: k> 2.Now,aq 1 =bg—1 =0,50 Ry, R; < 3/X :=R.
Fix a smooth function ¥ (z) which is zero outside of B(0, 2) and equal to ZFin B(0, 1).
Then, the function ¥ (z) = Rklﬂo(z/R) satisfies ¥ (z) = zX in B(0, R), and

IV¥ll2 = R¥[ Vol 2.

Next, note that a;_j, bg_i are distinct rationals with numerator and denominator < X,
SO |ag—k — bg—i| > X 2. Hence, by Lemmas 3.22 and 3.24, we have
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k

_ k
EX < Slag i~ ba sl = ‘fwduf—/wdug

1/2
<NVl 2Ger — pg it — 1)ls < BGVXONIVYoll 2 ry g) /2.

Note that Lemma 3.24 applies to the Archimedean setting, although it is only stated for
non-Archimedean places. Rearranging, we get

kX —K/2-2 \2 x—k—4 ‘e
(1 JL)Z(—) > 2y X
o7 3kd|I Vol 2 (Bd|| Vol 12)?
Case 2: k =1. In this case, we can only bound Ry, R, from above by R :=3X;
however, since ag—1 = 0 # bg_1, we have the stronger bound |ag_1 — bg—1| = X —1 Now,
the same argument with these modifications yields

X—l—l 2 4
w,M)z(—) >a X O
7Bl = 3d Vol

COROLLARY 3.26. Let (f, g) € Pc(X) x P(X) with f #g. If ag—j = ba_j for all
1 < j <kandag—k # ba—x, then |Prep(f) NPrep(g)| Sea XAT4Fe.

Proof. Write N = |Prep(f) N Prep(g)|. By Proposition 3.25 and Theorem 3.20,
—h— log N
XS g ) S A= (max(h(f). h(g) + 1.

Hence, (N/log N) Sq X*™(log X + 1) S X**4+°/2 and thus N e g XEHHFe O

4. Average number of common preperiodic points
The main purpose of this section is to establish Theorem 1.3. Recall for X > 1, we have
the sets

PX)={z%+ag1z2"""+- - 4ag|ai €Q, H(a) < X},
Pe(X) ={z? +aq_1z "+ +ap € P(X) | ag—1 =0},
S(X) = Pe(X) x PO\, ) | f € Pe(X)).

The strategy is to show that |Prep(f) N Prep(g)| is small for most pairs (f, g) € S(X),

and not very large for the remaining pairs. In more detail, we have the following.

e For most pairs (f, g), the coefficients of f, g have a certain divisibility structure
(Proposition 4.1). Often, this implies that the filled Julia sets of f, g are disjoint
at some place (Corollary 4.4), so f and g cannot have common preperiodic points.
Otherwise, we can still use quantitative equidistribution to show that f and g have few
common preperiodic points (Corollary 4.6).

e For the remaining pairs (f, g), we adapt the approach of DeMarco, Krieger, and Ye
[6] to prove

ke log N
X4 <y (s mg) Sa log X,

where N = |Prep(f) N Prep(g)|, and f, g agree in their first k — 1 coefficients. The
upper bound comes from Holder bounds on G, when f has bad reduction at v
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(Theorem 3.16), while the lower bound comes from the moments of w7 at the
Archimedean place (Proposition 3.25). Together, these bounds yield N <. 4 X< t4+¢
(Corollary 3.26).

4.1. Elementary properties for most pairs. We first formalize the notions of ‘most’ and
‘divisibility structure’ in the proof outline: we will require that at some place, f has all
coefficients with small norm, while g has some coefficient with large norm.

ProrosiTION4.1. Fix f € P(X).LetJ € {0,1,...,d — 1} and choose blf € Q for each
i & J with h(b}) <log X. Then, for any & > 0, among all polynomials g € P(X) with
prescribed coefficients b; = b; for alli & J, at most O, 4(X ~1%¢) proportion satisfy the
following property: there does not exist a non-Archimedean place v € Mg such that

forallilla;|, < 1] foralli & J [|bily < 1] thereexists j € J [|bjl, > 1].

(Recall that a;, b; are the coefficients of f, g, respectively.)

Proof. Standard results from analytic number theory (e.g. [11, §18.5]) yield

2

#xeQ : h(x) <log X}=%+O(X log X). 4.1)

Hence, there are O4(X?!Y/!) many g € P(X) with prescribed coefficients b; = b/ fori & J,
so we need to show that there are O, 4(X I71+¢) polynomials g with the given property.

Let S=1{q1,92,...,q9m} be the set of all prime factors of the denominators of

ai (0<i<d-—1)and b; (i ¢ J). Then, the given property is equivalent to requiring that

for each j € J, every prime factor of denom(b;) is in S. It now suffices to show that there

are at most O; 4 (X¢/171) integers in [1, X] with all prime divisors in S: then, for each j € J,

there are O (X) possible numerators and O, 4(X* /1y possible denominators for b, so the

total number of choices for (b) jes (and hence for g) is O, 4(X ' F/VHVI = 0, , (X717,

Let2 = p; < pp < --- denote the primes in increasing order; then it suffices to show

that there are O, 4(X e/lJ ‘) integers in [1, X] with all prime divisors in {p1, . . ., p;}, that

is, which are p,,-smooth. However, ]_[l- pi < ]_[i gi < X24-1 g0 [11, §22.2] gives py <
d log X. Then, by [10, equation (1.19)], the number of p,,-smooth integers in [1, X] is

log X

< Cyj—2" ) <. g X1,
~ 5P ( dlog log X) e

and we are done. ]

By Proposition 4.1, for most pairs (f, g) € P.(X) x P(X), there is some place v where
f has explicit good reduction, while g has some large coefficient. We now prove some
elementary properties of the filled Julia sets and equilibrium measures of f and g in the
above scenario, which will be used to carry out the first step in the proof of Theorem 1.3.

PROPOSITION 4.2. Let v € Mg be non-Archimedean. If |a;|, < 1 for all i, then |{,| < 1
forallt € Ky y.
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Proof. By the density of type I points in K, it suffices to prove the statement for
¢ =z €Cy. Now, if |z, > 1, then | f(2)]y = |zy|? > 1; hence, by induction, we have
|fn(z)|v = |Zv|d" — o0 and, thus, z ¢ Kf,v- ]

PROPOSITION 4.3. Let v € Mgy be non-Archimedean. If |b;|, <1 for all i #0 but
1/d
|boly > 1, then ||, = |b0|v/ forall ¢ € Kg .

Proof. By the density of type I points in K ,, it suffices to prove the statement for
¢ =z €Cy. If |z] # lboly/“, then

lg(@)ly = max(1z’]u, Ibolu) > Iboly/*;
hence, by induction, we have |g" (z)|, = Ig(z)l‘,f"f1 — oo and, thus, z & K, . O

Hence, most pairs (f, g) have no common preperiodic points.

COROLLARY 4.4. Fix f € P.(X). For 1 — Og’d(X_H'S) proportion of g € P(X), there
exists a non-Archimedean place v € Mg such that

Jorallillaily <11 forall j #0[lbjly <11, [boly > 1.

Furthermore, in this case, we have Prep(f) N Prep(g) = 0.

Proof. The first claim follows by applying Proposition 4.1 with J = {0}. Next, by
Propositions 4.2 and 4.3, we have

ze€ Pfep(f) - Kf,v = [zly <1,
z €Prep(g) € Koy = lzly = b0l > 1,

so Prep(f) N Prep(g) = @. O

When the large coefficient of g is not the constant coefficient, we see below that the
distribution of mass for g, differs from py, = ;0,1 by a definite amount. Then,
Proposition 3.23 gives an upper bound on the number of common preperiodic points.

PROPOSITION 4.5. Let v € Mg be non-Archimedean, with p its associated prime. If there
exists 1 < j <d — 1 such that |b;|, > 1, then

1o (Abercy \ Dan(0, p/4)) > 1/d.

Proof. First, we claim that for any ¢ € C,, the polynomial g — ¢ has at least one root
w with |w]y, > |b; |,l/(d_j) > p'/4. This follows from considering the Newton polygon of
g — ¢, which must have a side with slope at least 1/(d — j) log |bj],.

Now, for any non-exceptional point z € C,,, we consider the iterated pullback d " (g")®.
On one hand, by the above argument, this measure always assigns at least 1/d mass
outside of Dy (0, p'/?). On the other hand, by equidistribution, this sequence of measures
converges weakly to the equilibrium measure g ,; hence, ug, must also assign at least

1/d mass outside of D, (0, p'/?). O
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COROLLARY 4.6. Let (f, g) € P.(X) x P(X). If there exists a non-Archimedean place
v € Mg such that

Sforalli[l|a;ly, < 1] thereexists j > 0[|bj|, > 1],

then, |Prep(f) N Prep(g)| <q log* X.

Proof. Let p be the prime associated to v. Then, p | denom(b;), so p < X.
Let F = Prep(f) NPrep(g). Now, F is Gal(Q/Q)-invariant, and F € B(0, 1) by
Proposition 4.3. Hence, by Propositions 4.5 and 3.23, we have

|F| Sa (h(e)* + D log® p S log* X, D
4.2. Proof of Theorems Theorem 1.3 and 1.5. 'We now restate and prove Theorem 1.3.

THEOREM 1.3. Let d > 6 and write S(X) = P.(X) x P(X)\{(f, f) | f € Pe(X)}.
Then,

>~ IPrep(f) NPrep(g)| =0,

O ISX0]
o (f.8)eS(X)

where Prep( f), Prep(g) denotes all preperiodic points of f and g in Q.

Proof. Fix f € P.(X).
Case 1: For some non-Archimedean place v € Mg, we have

foralli [|a;|, < 1] forall j #O0[|bjly <11, |boly > 1.

By Corollary 4.4, f and g have no common preperiodic points.
Case 2: Case 1 does not hold, and for some non-Archimedean place v € Mg, we have

foralli [|a;|, < 1] there exists j [|bj|, > 1].

By Corollary 4.4, this case occurs for at most O, 4(X ~'*¢) proportion of g € P(X), and
by Corollary 4.6, |Prep(f) N Prep(g)| <4 log* X.

Case 3: Neither Case 1 nor Case 2 holds. We will further split this case by the value of
k, 1 < k < d, for which

foralli < k [ag—i = bg—il, aq—k 7% ba—k-

By Proposition 4.1 with J ={d —k,d —k — 1, ..., 0}, the subcase for each value of
k occurs for at most Og (X 2*k—Dx—(d=k+thtey — o ,(X~@+k=D+¢) proportion of
g € P(X), and Corollary 3.26 gives |Prep(f) N Prep(g)| Sq X*+4+e.

Putting these three cases together, the average value of |Prep(f) N Prep(g)| over all
g € P(X)\ {f} is at most

d—1

08d<X1+€ 10g4 X + Z X(d+k1)+€xk+4+8) — Ogd(X*1+28 + X57d+€).
k=1
For d > 6 and ¢ > 0 small, this goes to 0 as X — 00, and we are done. O
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We now prove Theorem 1.5 using the same argument. Let V be a linear subspace of
(ag—2,...,a9) =~ Qd’l of dimension m that is given by an intersection of coordinate
hyperplanes {a; = 0}. Assume that the projection map from V to the last coordinate ag is
surjective. Let x = (x4—1, . .., X0) be a point in Q94! and let A be the affine subspace
x + V. Choose m coordinates a;,, . . ., a;, such that i; are decreasing, i,, = 0, and they
induce an isomorphism V >~ Q™. We define

Pea(X) = {z% + ag_2z"72

+---4ag | ©0,a4-2,...,ay) eAandH(aij) < X},
PaX) = {2 +aq—12"" + - +ao | (@1 ...,a0) € Aand H(a;;) < X},

Sv(X) = Pea(X) X PAONAS, ) | f € Pea(X)}

THEOREM 1.5. Assume that dimg V > (d/2) + 3. Then,

Jim |SA1X)| | > |Prep(f) N Prep(g)| = 0.

(f.8)€S4(X)
Proof. The same argument of Theorem 1.3 applies. Fix f(z) = z¢ + ag_2z% 2+ -- -+
ap € P a(X) and write g(z) = 2+ bg_1z297 "+ -+ by € Pa(X). Then, we keep Case
1 as the same as Theorem 1.3. We modify Case 2 to asking for a non-Archimedean place v
such that |b;, |, > 1 for some k and |a;|, < 1 for all i. For Case 3, we split by the value of
1 < k < m for which

for allj < k[a,-j = b,‘j], aijy 75 b,‘k.

As V is given by an intersection of coordinate hyperplanes, it follows that we can vary
bg freely over rational numbers of height < X while keeping the rest of the coefficients
fixed. Thus, Proposition 4.1 again implies Case 2 holds for O (X~!*€) proportion of g(z)
values. The same bound of O (log* X) holds for this case as the height of each coefficient
is again O (log X). Similarly, as we can vary each b;, freely while keeping the rest of the
coefficients fixed, Proposition 4.1 implies that Case 3 occurs for at most

06 d(x—2(k—1)x—(m—k+1)+€) — 06 d(X—(m+k—1)+€)

proportion for all possible choices for g. Now, by Corollary 3.26, since the first index j for
which ag_; # by j is at most d — m + k, we get

|Prep(f) N Prep(g)| g X4 mHktate,

Putting it together, we get an upper bound of

m
Oe,d <X—1+€ IOgZ(X) + Z X—(m+k—1)+eXd—m+k+4+e> — OG’d(X—l-FG + X5+d_2m+6).
k=1

Thus, if m > (d/2) + 3, this quantity goes to zero as X — 00, as desired. O
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5. Generic polynomials and dynamics

In this section, we will define a notion of generic polynomials and study its properties,
mainly its dynamics. For a pair of polynomials (f, g) with rational coefficients, we
first consider three notions of arithmetic complexity, namely 2 (f) + h(g), (s, ng), and
log X, and show that these are comparable when the pair ( f, g) is generic. We then make a
detailed study of the equilibrium measures and potentials for generic polynomials at most
places. Recall again that for a fixed degree d and X > 1, we have the sets

PX)=1{z+as_1z2' "+ 4ao|a €Q, Hw) < X},

Pe(X) ={z% +ag_1z '+ +ag € P(X) | ag—1 =0}.

5.1. Complexity of generic pairs. ~The arithmetic complexity of a pair (f, g) € P.(X) x
P(X) can be measured by the adelic energy pairing (i r, ug), by the heights of the
polynomials h(f) + h(g), or simply by the height bound log X. In this section, we show
that these three quantities are comparable in the generic case. We first recall the notion of
e-ordinary. For an integer n, we let rad(n) be the product of all distinct prime factors of n.

Definition 5.1. Given X and ¢ > 0, we will say that a pair (f, g) € P.(X) x P(X) is
g-ordinary if

rad(denom(c)) > X' and  gcd(denom(c), denom(c’)) < X2°

for any distinct coefficients c, ¢’ of f or g.

THEOREM 5.2. Forany (f, g) € P:(X) x P(X), we have

g ) —2 = "DIHE 5 10g x

Moreover, if (f, g) is e-ordinary, then
h h 1
(lr, pg) + O(de log X) > w > <2 - O<d8 + E)) log X.

We prove these bounds in Propositions 5.5, 5.12, 5.20, and 5.23. For convenience, we
make the following definition.

Definition 5.3. Forv € Mg, write M ¢, := max(l, |ag—1lv, - . ., laolv).

Remark 5.4. Note that log My, is the local contribution to the height of f at v, that
is, h(f) = (1/[K : QD) }_,cpr v log My . Also, for any place v of a finite extension
K'/K with v | v, we have M,y = My ,.

We begin with an easy bound for 4 (f) in terms of log X.

PROPOSITION 5.5. Forany f € P(X), we have h(f) < d log X.
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Proof. For any v € Mg,
Mo =max(l, |ag—1lv, . . ., laoly) = max(l, lag—1ly) - - - max(l, |aglv).
Hence,

h(f)= Y logMys, < Y (og"lagily+- - +log* laol)
veMy veMy

=h(ag—1)+-- -+ h(ap) <dlogX. O]

Now, we will relate 2(f) + h(g) to (1 r, pg). We first note that log M7, can be read
off from the equilibrium potential G ¢, at the Gauss point.

LEMMA 5.6. Let v € Mg be non-Archimedean. Then,
1
Gro(€(0, 1) = p log M y.

Proof. Itis routine to check that f(£(0, 1)) = ¢(0, M) and f(¢(0, R)) = £ (0, R?) for
all R > My ,. Hence, for all n > 1, we have

n—1
[0, 1) =0, M%),
and the result follows. ]

However, we can bound G ¢, in terms of its value at the Gauss point, which in turn
yields a bound on the local pairing — (i 7, ftg)o.

LEMMA 5.7. Let v € Mg be non-Archimedean. For any & € Aéerk’v, we have
Gro(§) <log™ |§]y + G ru(¢(0, 1))

Proof. The left side of the claim is subharmonic on Allaerk,m while the right side is
harmonic on A}serk’v \ {¢(0, 1)}. Hence, it suffices to check the inequality for & = ¢ (0, 1),
where it is clear, and for |£], — oo. However, G, (§) = log™ |£], for all £ with |£],
sufficiently large, so we are done by observing that

GO, 1) 2infGyry=1(ufy) =0. O
COROLLARY 5.8. Let v € Mg be non-Archimedean. Then,
1
—(f, gy < E(IOg Mgy +log Mg o).
Proof. We have by Lemmas 5.6 and 5.7,

() = / G 1 o(E)dpign(®) < f log* &ludten(®) + G 1.0 (0, 1)

1
= Gg,v(g(oa 1)+ Gf,v(é'(o’ 1) = Z(IOg Mf,v + log Mg,v)o O

The situation at Archimedean places v | oo is analogous. As usual, we fix an embedding
Q< Candwrite | - |y = | * |oo-
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LEMMA 5.9. We have

max G oo(w) < —log/\/lfoo-i-l

|[wleo=1
Proof. Write | - | = | and R = max(2, M r ). For |z] > R, we have
If@I< Izl + Rz -+ 1zl + D) < (2l + B —

by comparing terms of the binomial expansion. By induction, we have |f"(z)| <
(Iz] + R)¥" — R, so that by the maximum principle, we have

G f.00(z) =< log(max(|z], R) + R)

forall z € C.
Now, for |w| = 1, we have | f (w)| < dR + 1. Hence,

d- G foow) = G 1 oo f () < log(max(| f(w)l, R) + R) < log((d + DR + 1).
If1 < Mygo <2,then R =2,50
d-Groo(w) <log2d +3) <d <log My +d.
Otherwise, we have M ¢ o > 2 and R = M, 50
d-Gyoo(w) <log My oo +log(d+2) <log My +d. O
LEMMA 5.10. For any z € C, we have

G f00(z) <log" |z]oo + max G f o0 (w).

W|oo=1

Proof. Write | - | = | - |so- The left side of the claim is subharmonic on C, while the right
side is harmonic on C \ dB(0, 1). Hence, it suffices to check the inequality on |z| = 1,
where it is clear, and for |z| — co. However, G 7 00(2) — log™ |z| — Oas |z]| — o0, so we
are done by observing that

‘mlax Groo(w)>inf Groo =1(1fe0) =0. O

COROLLARY 5.11. We have
—(uf, mgloo < %(log M o0 +10g Mg oo) + 2.
Proof. We have by Lemmas 5.9 and 5.10,
g e = [ G ooty = max Grocw) + [ log" lzhediteont@)

= max Gf co(w) — (pg1, Ug.00)oo

[Wloo=

do
= max Gfoo(w)+/ goo(ele)—<‘max Gfoo(w)+ max Gg.o0(w)
27

[wleo=1 loo=1 Wloo

1
E(log/\/lfoo+log/\/lgoo)+2 O
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Combining the above results, we obtain the following bound on the adelic energy
pairing (1. Ju).

PROPOSITION 5.12. We have

h h
(Mr, mg) < —(f):; (&) +2.

Proof. Since (g, i)y = (g, tg)y = 0, we have

1
(g tg) = 3 D g =gy =ty = Y (s e
veMq veMg
Now, each term in the sum is bounded by Corollaries 5.8 and 5.11; summing over all places,
we obtain the desired bound. O]

Our next objective is to show that most pairs (f, g) € P.(X) x P(X) are e-ordinary,
which requires some preparatory estimates.

PROPOSITION 5.13. [12, Lemma 2.9] Fix ¢ > 0. Then, for all large enough X,

Z ! < X°.
rad(n)

n<X

COROLLARY 5.14. There are at most O (Xz_g) rationals x such that h(x) < log X and
rad(denom(x)) < X172,

Proof. By Proposition 5.13, the number of possible values of denom(x) is
#{n <X :radn) < X'72) <, xox!17% = x1-¢,
and for each such denominator, there are at most 2X + 1 possibilities for x. O

LEMMA 5.15. Let x1, xa be chosen uniformly at random independently from the finite
set {x € Q : h(x) <log X}, and write x; = «;/B; for some |o;| <X, 1 <B; <X,
ged(ag, Bi) = 1. Then,

Pr(ged(B1, f2) > X*) <e X°°.

Proof. Fix x1. If ged(By, p2) > X2 then B> = km for some k, m satisfying
ml| B, m=>X* km<X.

Since 1 < X, the number of divisors of B; is at most O.(X?), by the divisor bound.
Hence, there are at most O.(X?) choices for m, and for each such m, there are at most
X1=2¢ choices for k. Also, for each B>, there are at most X choices for «;. Thus, there
are <, X° - X726 . X = X?7° choices for x;, out of ~ X? possibilities from {x € Q :
h(x) <log X} by equation (4.1). Hence,

Pr(ged(B1, B2) = X | By is fixed) <, = X°,

which implies the desired statement. O
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PROPOSITION 5.16. The proportion of pairs (f, g) € Po.(X) x P(X) which are
g-ordinary is 1 — O4(d*X~°).

Proof. By Corollary 5.14, there is at most an O.(dX¢) proportion of polynomials
f € P(X), where rad(denom(a;)) < X'~%¢ for some i; the analogous bound holds for g.
Also, by Lemma 5.15, there is at most an O,(d>X~¢) proportion of pairs (f, g) €
Pe(X) x P(X) where gcd(denom(a;), denom(b;)) > X% for some i, j.

Hence, at most O,(d>X~°) proportion of pairs (f, g) satisfies one of the above
conditions; this is equivalent to not being ¢-ordinary, and we are done. O

We now show that for e-ordinary pairs, the reverse inequalities to Propositions 5.5
and 5.12 hold up to a small multiplicative error.

Definition 5.17. Given a pair (f, g), and 0 < j < d — 1, we say that a non-Archimedean
place v € M is associated to a; if

forall i # j [la;l, <11 foralli [, <11, lajly, > 1.

We define places associated to b; similarly.

We call a non-Archimedean place v € Mg a good place for the pair (f, g) if v is
associated to some coefficient a; or b;, or a bad place for (f, g) otherwise. (We will
always treat Archimedean places separately.)

Remark 5.18. Each v € Mg is associated to at most one coefficient of f or g. If v is
associated to a;, then My, = |a;|, > 1 and My, = 1, and similarly for b;.

We first show the reverse bound to Proposition 5.5 for #(f) + h(g) and log X.

LEMMA 5.19. For any e-ordinary pair (f, g) € P.(X) x P(X), we have
1
[K : Q]

3" nyloglajly = (1 — O(de)) log X,

veMg
v assoc. (lj
and similarly for b .
Proof. We may assume that K = Q. Let A;, B; denote the denominators of «;, b;,

respectively. Now, v € M is associated to a; if and only if v divides A, but no other
A; or B;; hence,

> loglajl, > lograd(A;) — ) " log ged(A;, Aj) — Y log ged(B;, Aj)

v assoc. a; i#j i

> (1 —2¢e)log X — (2d — 1)2¢ log X > (1 —4de) log X.
The argument for b; is analogous. O

PROPOSITION 5.20. For any e-ordinary pair (f, g) € P.(X) x P(X), we have

w > <2—0<d8+$>> log X.
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Proof. Using Lemma 5.19, we have

h(f)+h(g) =) (ogMypy+log Mgy) =Y > loglajly+ Y, Y loglbjl,

veMg Jj vassoc.aj J vassoc.bj

1
> (2d — 1)(1 —4de) log X > 2d(1 — 0<d€ + E)) log X,

and we are done after dividing by d. O

We now proceed to show the reverse bound to Proposition 5.12 for A(f) + h(g) and
(tr, pg). We begin by observing an important equality case for Corollary 5.8.

PROPOSITION 5.21. Let v € Mg be non-Archimedean. If v is good for (f, g), then
1
_(Mf, Mg)v = g(log Mf,v + log Mg,v)-

Proof. Assume that g has explicit good reduction at v; in particular, Mg, =1 and
Mgv = 8z(0,1)- Now, by Lemma 5.6,

_(l‘l’fs Mg)v = / Gf,vd/ul/g’v = Gf’v(é‘((), 1))
1 1
=7 log My, = E(IOg Mo +log Mg ).

The argument when f has explicit good reduction is analogous. O

Next, for an e-ordinary pair (f, g), we show that the local contribution to A (f) + h(g)
from bad places is small.
PROPOSITION 5.22. For any g-ordinary pair (f, g) € P.(X) x P(X), we have

1
K :Q]

Z ny(log My, +1log Mg,) S d’c log X.

veMg
v bad

Proof. We may assume that K = Q. Write A;, B; for the denominator of a;, b;, respec-
tively. Let p, denote the prime associated to a place v. Now,

Y log Mypy <Y logpy+ Y max(0, log lai|, — log py). (.1)
v bad v bad vbad

Note that v is a bad place if and only if p, divides more than one of the A; or B;. Hence,
the first sum on the right in equation (5.1) is

> log py = ) log ged(A;, Bj) + Y log ged(A;, Aj)
v bad i,j i<j
+ Z log ged(B;, Bj) < 4d’%e log X.

i<j

https://doi.org/10.1017/etds.2025.10213 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10213

402 Y. S. Ang and J. W. Yap

Also, the second term on the right in equation (5.1) is

0,1 il —1 < 0,1 iy —1
> max(0, log aily —log py) < )} - max(0, log |a;l, — log py)

v bad i vfoo

= Z(log A; —lograd(A;))

1

< Z(log X —log X'7%) < 2de log X.

1

Substituting back into equation (5.1), we get Y~ .4 log M s, < d’e log X. The same

~

argument works for g. O

PROPOSITION 5.23. For any e-ordinary pair (f, g) € P.(X) x P(X), we have

= MO (g ),

Proof. We may assume that K = Q. Note that (i 7, L)y = (Ug, tg)y = 0 for any v €
Mg, s00 < (g — g, hf — g)y = —2(u £, iLg)y. Hence, by Proposition 5.21,

1
(lyfs pg) = Z —(ug, hgly = g Z (log Mf,v + log Mg,v)

v good v good

h h !
— w - Z(log My +log Mg ).
v bad

Using Proposition 5.22, we get the above expression is

h h 1
= M — —(log Mf,oo + log Mg,oo)

d d
z@—O(dalogX)—O(é logX). O

5.2. Dynamics on generic polynomials. For e-ordinary pairs ( f, g), since the denomi-
nators of the coefficients are almost pairwise coprime, most primes which divide one such
denominator would not divide any other denominator. Hence, for most places v where f, g
do not both have explicit good reduction, it will be the case that one of them has explicit
good reduction, while the other has exactly one large coefficient.

We know in the former that the equilibrium measure and potential are §;(,1) and
log™ | - |,, respectively; in this section, we will study the equilibrium measure and potential
for the latter case.

First, we show that the equilibrium measure lies in three distinct strata (cf.
Proposition 4.3, which corresponds to the case j = 0).

PROPOSITION 5.24. Let v € Mg be non-Archimedean with |agl, = 1. If there exists
1 <j <d — 1 such that

Joralli # jllaily < 1], lajly > 1,

1/(d—j 1/j(1/(d—j)—1 -1/
then 121y € {laj /™ a1,/ MDD a5y forall ¢ € K.
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Proof. By the density of type I points in Ky ,, it suffices to prove the statement for { =
z € C,. We will prove the contrapositive statement, so suppose that |z|, is not one of the
listed values.

Case la: |z|, > 1 and j < d — 1. Then, |z%|, # |ajzj|U by assumption, so

| f @)y = max(|2%],, la;z/ ) > |a;|/ @D,

By induction, we have | f"(z)|, = If(z)l‘lfwl ; in particular, f"(z) = 00,502 & K.
Case Ib: |z], > 1 and j = d — 1. Note that |z, # |a;],///“™7D = 1,50 |2], > 1,
and now the argument of Case 1a works verbatim.
Case 2: |z], < 1. Then, |ajz/|v # 1 and |agp|, = 1 by assumption, so

| f()]y = max(ja;z/ [y, 1) > 1.

Furthermore, |ajzj|v + |aj|11,/(d_j) by assumption, so f(z) &€ K¢, by Cases la and 1b.

Thus, z & K 7, as well. O

The next result shows that if some subset of Aéerk , decomposes into finitely many
strata, then the equilibrium measure restricted to each stratum is a multiple of the
equilibrium measure on that stratum.

LEMMA 5.25. Letri >ry > --->rr > 0andlet K; C Ban(O, 7i) \ Dan(0, r;) be com-
pact sets in A]]Serk , With equilibrium measures w;. Then, the equilibrium measure u on

K = Ui-;] K is a convex combination of the |i;.

Proof. Write u = Z;‘:l a;jv; for some «; € [0, 1] and v; probability measures sup-
ported on 5an(0, i) \ Dan(0, 7;). Now, for all i < j and all ¢; € K;, {j € K, we have
8(Li, §j)oo = logri, so

k
I(w) = Z(xizl(vi) +Zza,u,- log ri. (5.2)
i=1 I<i<j<k

Since p is the equilibrium measure on K, the above expression is minimal over all
choices of v; supported on K;. However, the minimizer of  (v;) for v; supported on K; is
precisely u;; hence, v; = u; when o; # 0, and so u = Zle o i O

Remark 5.26. The above result is known in more general contexts, cf. [18, Proposition
4.1.27, 19, Proposition A.12].

THEOREM 5.27. Let f, v, j be as in Proposition 5.24, and write

r= a4y = a MIA/A=D=D g1,

Let gy =oayur +ooup +oazus for some a; € [0, 1] and p; probability measures
supported on the strata S; = Ban(O, 7i) \ Dan(0, ;). Then,
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0

1
Elog|a]|v 4

logla;ly +

10g| ' Iv

FIGURE 1. Newton polygon for f — ¢ forc € K¢, N C,, when |c|, = r| (below), or |c|, = r2 or r3 (above).

d—j J
=", I(uy) = Td=n log lajly,
jd—J) 1 1
=5 I(Mz)=—<;+m log |ajlv,
j2

o3

1 1
= I(MS)=—<;+J.—2> log |aj|y.

Proof. For c € Ky, NC,, we consider the Newton polygon for the polynomial f — c.
This is the same as the Newton polygon for f except when |c|, = r; > 1, where the
constant coefficient then has absolute value r1. The two possibilities are shown in Figure 1.
We conclude that:
e if |c|, =7, then f —c has d — j roots with absolute value ry, and j roots with
absolute value r;;
e if |c|, =ryorrs, then f — ¢ has d — j roots with absolute value r, and j roots with
absolute value r3.
Hence, for any measure p with finite support in the type I points within the three strata
S1 U 8> U S3, we have

(f*p)(S1) d—j d—j d—j\ (p(S)
(f* o)) | = J 0 0 p(S$2)
(f*p)(83) 0 J J p(S3)

Now, let p = d7"(f")*§, for any non-exceptional z € C, with (say) |z|, = r1. Taking
n — oo and using equidistribution, we see that the above identity holds for p =y, as
well. However, f*us, =d - j1r,, so we have

o d—j d—j d—j o1
dla | = J 0 0 2%)
a3 0 J J o3

Combined with o1 + oy + a3 = 1, we find that, indeed,

ol | [dd =D
@)= J(d; J)
o3 J
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We now compute the energies I (1;). By equation (5.2),
0=1(uso) = I +aaps +a3p3) = il () + o3 1 (12) + o351 (13)
4+ 201003 log(r) + 213 log(ry) + 2c0a3 log(ra).

However, taking the sum of «; times the ith expression above, we recover the expression
for I(u r ), which has value 0; hence, each of the above expressions is 0. Now, we get the
claimed values of I (u;) by isolating them within each expression. O

COROLLARY 5.28. In the setting of Theorem 5.27, we have

log €], if1€]w € [r1, 00).

j 1

% tog [¢l, + ~ loga;, if 1€l € [r2 1],
Gf,v(‘i:) =< 2

J jt1 .
2 log [§], + 2 log lajly if|€ly € [r3, 721,

1 .
72 loglajlv if 1€y € [0, 3],
with equality when |&|, & {r1, 2, 13}.

Proof. Wehave Gf, = a1Gy, +a2Gy, + a3G,, where G, is the equilibrium poten-
tial for u;. Since |w|, = r; for all w € supp w;, we have

Gy, (§) = / 8(§, woodpi(w) < log max(|§]y, ri),
with equality when |&|,, # r;. The claim follows by routine computation. O

We conclude this section by computing the capacities and potentials on some sets we
will use in §6.

LEMMA 5.29. Let sy > s > 0 and let K; € Dan(0, s;) \ Dan (0, s;) be compact sets with
equilibrium measures v;. Then, the equilibrium measure v on K = K1 U K> is given by
vV = a1v] + ax s for some oy, ap € [0, 1].

Moreover, we have

) = log? s1 — 1 (v1)1(v2)
YT D log st — 1) — T(v)”

Proof. By Lemma 5.25, v has the given form. Now,
[(v) = aa? + ba3 + 2cajay, (5.3)

where a = I(v1), b =1(vy), and ¢ =logs;. It is easy to verify (e.g. by Lagrange
multipliers) that this quadratic form is minimized on o1 + a2 = 1 at

( ) c—b c—a

o = .

1 %2 2c—a—b 2c—a—b

Since K1, K2 € Da(0, s1), we have a,b < V(Da(0,s1)) =c¢, so oy, a2 € [0, 1].

Finally, substituting the values of o, oy into equation (5.3) yields I(v) = (% — ab) /
(2c —a —Db). O
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. 2 2
PROPOSITION 5.30. In the setting of Theorem 5.27, define R = |a; |,]}/(d 9

7, =160, R)} Usupp p1, %, =

>

supp 42 U supp 3.

Then,
+ U 1
SEP(Gf,v +log™ |- [y) = d— ] log |a;|y, V(S = 2d—) log |aj|y,
s,
1 _
sup(G ¢y +log™ | - 1y) = = log |aj, V(D (0, 1)) =0,
Dan(0,1) d
+ n 1
sup(G . +1log™ |- ]y) =0, V(Sy,) = ] log |a;]y.

ST,
Proof. Write v}{v, v?’v for the equilibrium measures on S}J’v, S?’U, respectively. Then,
Vi, =aur 4 BSor), Vi, =o'+ B us

By Corollary 5.28, the values of G 7, and log™ | - |, on each of the pieces are given as
follows. These yield the identities in the left column of the claim.

Gf,v 10g+ |- 1o
d J
¢, R) mlog lajly dz—_Jzk)g lajly
Supp /41 1 0 d— ] log |ajly
5an(o, 9] g log |aj|l) 0
supp (42 0
supp U3 0 0

Next, we have V (Dan(0, 1)) = log 1 = 0. Also, by Lemma 5.29,

log? ri — I(u1) log R

10WY) = ,
WF) 2logr; — I(u1) —log R

1(1);2,1}) =

log? ry — I (u2)1 (u3)
2logry — I(u2) — I (u3)

By Theorem 5.27, these expressions simplify to the right column of the claim. O

6. Shared small points on average

Let f, g be polynomlals of degree d > 2 over Q. We will now prove Theorem 1.7 on the
essential minimum of 71 r+ h for generic pairs (f, g). We first start off with some results
that apply to all pairs (f, g), before specializing to the generic case.

Let L r be the canonical adelic line bundle associated to our polynomial f € Q[z] of
degree d > 2. For background on adelic line bundles, readers may refer to [17]. Then, the
height associated to L r is the canonical height % ¢, and so applying Zhang’s inequality
[21, Theorem 1.10] to the line bundle Lf®g = Lf ® Lg gives us

lim 1nf(hf +hg) + 1nf (hf +hg) <{uf, hg) <2lim 1nf(hf —I—hg)
PL@) PI@
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Since f and g are both polynomials, co is a common preperiodic point and thus we have
inf(h ¢ + hg) = 0. We then get

g, ) < liminf(hy +hg) < (i, ). 6.1)
PL@)

When (u 7, pg) = 0, this implies that lim inf(iz\f + ﬁg) = 0, but in general only gives a
possible range. We now give a different proof of equation (6.1) using equidistribution and
the energy pairing. We first prove the upper bound, which is an easy consequence of the
Arakelov—Zhang pairing in [17].

PROPOSITION 6.1. We have the upper bound lim infxe@(iz\f (x) + il\g (X)) < A{ur, pmg).

Proof. Let (x,) be a sequence of pairwise distinct points in Q with ﬁf (x,) = 0 (for
instance, from Prep(f), which is infinite). By [17, Theorem 1], we have hg(x,) —
(Mg, hg), SO (U f, ttg) is a limit point for the values of ¢ + h, on Q. O]

We next do the lower bound.

PROPOSITION 6.2. We have the lower bound lim infxe@(iz\f (x) + iz\g (x)) > %(M,f, Mg).

Proof. Given x € Q, write F C Q for its Gal(Q/Q)-orbit and let N = |F|. Let K be a
number field containing F" and let ¢ = {&,},emy be the adelic radius given in the proof of
Theorem 3.20.

Recall the parallelogram law for bilinear forms (-, -):

(a+b,a+b)+ (a—b,a—>b)=2(a,a)+ 2(b,Db).
Applying this fora = (g + pg)/2 — [Fle, b = (g — pg)/2, (-, ) = (-, -)v, we have
(l/vf — [Fle, nf — [Fle)v + (Mg — [Fle, Mg — [Fle)v

my~+ @ mf+p
=2(u—[ﬂs,u

1
) ) - [F]c")v + E(/’«f — Ugs Lf — gy

1
Z Sy =t Iy = gl (6.2)

Summing over v € Mg and using Proposition 3.18, we obtain

1 -~ ~ log N
Slgs i) = (g [Fle) + (g, [Fle) = hy(x) + hg(x) + O(d%(h(f) +h(g) + l))

—~ —~ log N
<hp(0) +he(x) + cd,f,ggT.

Now, for any § > 0, choose M sufficiently large such that (log m/m) < (§/Cq,r ) for all
m > M. Then, we have the implication
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Ry(x) +hg(x) < Mg ) =8 = N =[Qx): Ql < M.

By Northcott’s theorem, there are only finitely many x € Q satisfying both the hypothesis
and our degree bound. Hence,

lim gf@f(x) +hg(x) = (s, ) — 8,
X€

and we are done since § > 0 is arbitrary. O

The proof of Proposition 6.2 also explains why it is not an equality in general.
For equation (6.2) to be an equality, we must have [F] ~ %(,uf + 1g) at every place
v, but then ZUGMK Ny ([F], F), ~ ZveMK Ny(i s, tg)v, Which is positive whenever
M # lLg, contradicting the product formula.

We now move onto the case of a generic pair. We start by controlling the
Archimedean place. Recall from Lemma 3.2 that Ko € B(0, Ry o), Where Ry oo =

1/2 1/d
3 max(L, [ag—1loos lag_alsls - . .+ laolsl®).

LEMMA 6.3. For any e-ordinary pair (f, g) € Pc(X) x P(X), we have Rf o < 3X® and
Ryo0 < 3X7%.

Proof. Since f € P(X), the numerator of a; has absolute value at most X. Also,
since (f, g) is e-ordinary, we have denom(a;) > x1-2¢, Hence, |aj|oo < XZE, and now
aq—1 = 0 implies R ¢ o, < 3X°. The argument for g is analogous. O

The key step in the lower bound for lim il’lf@(i’l\f —i—iz\g) is the following estimate on

the sum of local heights, with an extra term —% log |x|, which vanishes by the product
formula when we sum over all places.

LEMMA 6.4. For any e-ordinary pair (f, g) € P.(X) x P(X) and any v € Mk associ-
ated to aj, we have

— log |ajly, j< —,
, 1 2(d — !
inf (Gf,v(x) + Ggo(x) — - log |x|v> = d(— ; 1)1 d—1
xeAl 2 J j
Berk,v P E— 10g |aj|v’ JZz —-
2jd =) 2

The same statement holds with aj replaced by b;.

Proof. Let ¥,(¢) = G 1u(¢) + Ggo(¢) — 5 log [¢]y. Since ¥, (§) — 00 as [¢], — oo,
the minimum value of 1, occurs on the support of the positive part of A, which is
Jro U{Z(0, 1)}. Now, v is associated to a, so g has explicit good reduction at v and, thus,
Ggp = logJr | - |v. Hence, we can compute the value of v, at each of the three strata of
J v (Theorem 5.27) and at ¢ (0, 1) (Corollary 5.28), as follows:
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48 Gf,v(f) Gg,v(f) log [¢ 1y Yo (£)
0 L log |a;| L log |a;| L log |a;|
r og |a; og |a; og |a;j
1 1 d— g 1djlv d— g 1djlv %(d—]) g 1djlv
1 Eloglajlu 0 0 Eloglajlv
0 0 ! ! 1) logla;| ! 1 ! log |a;|
r —(———1)loglajly, —(1--—)logla;
? AVEY Bl 9Ty ) R
1 1
0 0 —— 1 i — 1 i
r3 j0g|a]|u 2; 0g|aj|v

Since (2/d) > min(1/j, 1/(d — j))and 1/j > 1/j(1 —1/(d — j)), we have

. . 1 1 1
b (2_j<1 d —j)’ 2 - j)) g sl

Berk,v

A

which is equivalent to the claim. The argument for b; is analogous. O

THEOREM 6.5. For any g-ordinary pair (f, g) € Pe(X) x P(X), we have

_ _ log d
inf mf@)+hﬂﬂ)22(bg2—0<ﬂe+fg—>)ng—CND
x€Q\(0) d

Proof. Let K be a number field with x € K \ {0}. For any v € Mg, write ¥,(x) =
Gry(x)+Ggp(x) — % log |x|,. Then, by the product formula ZveMK ny log |x], =0,
we have

—~ ~ 1
hy(x)+hg(x) = (K : O] Z Ry Yy (X).

veMg

We split the sum over good, bad, and Archimedean places. For good places, by Lemma 6.4,
we have

1
O > m ()

veMg good
— ( 3 L loglajh+ Y L log Ib)|
= - Ny ——— 108 |djly Ny~ 108 |Djly
(K : Q] v assoc. a; 2(d =) v assoc. b 2(d = j)
0<j=(d-1)/2) 0<j<((d—1)/2)
d—j—1 d—j—1
+ Z ny———-—logla;|y, + Z ny———- log |bj|v>-
v assoc. a; 2jd—j) v assoc. b; 2j(d—j)
(d-1)/2)<j<d (d-1)/2)<j<d

By Lemma 5.19, this is

1 d—j—1
zﬂl—O@k»( > -T—rfuk > Zﬁgjﬁ>mgx.(an

o<i<t@n 294D i <ja
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We recognize the first sum in equation (6.3) as a Riemann sum:

1 172 1 log 2 1
> —,z/ —dt—O(—): —0(-). (6.4)
2d—j) —Jo 200—1) d 2 d

0<j=((d-1)/2)

The summand in the second sum of equation (6.3) splits into 1/2j — 1/2j(d — j). As

before,
) 1>/1 La—o(t)=122_o(! (6.5)
2j = Jip 2t d) 2 d)’ '

(d=1)/2)<j<d

while

1 1 logd>
_— _— [0) . 6.6
IO i R D DI i (d (€0

((d-1)/2)<j<d ((d-1)/2)<j<d

Substituting equations (6.4), (6.5), and (6.6) back into equation (6.3), we have

D> myx) =201 - O(ds))( log 2 — 0(%)) log X

veMg good
log d
>2| log2—-0 d£+7 log X. (6.7)

For bad places, we have Ky, C Dan(0, Ryy) gBaH(O,Mf’U) by Proposition
3.10, and similarly for g. Hence, Gy ,(x) = Gg(x) = log™ |x|, for all x such that
x|y > max(M ¢, Mg,). Therefore,

1
(K :Q]

bo() > % log |x|y if [x]y > max(M ¢y, Mg o),
v - .
—% log max(M ¢y, Mgy) if x|y, < max(My,, Mg,).

Hence, using Proposition 5.22,

1 1

_ > om) = —s—— > ny(log My, +log My,)

(K : Q] veEMg bad 2[K ’ Q] veEMg bad
> —0(d%) log X. (6.8)

For Archimedean places v | 0o, we split into two cases. If [x|, < Ry o + 1, then
Yo (x) = —5 log |x|, = =5 l0g(Rf 00 + 1).
If x|y > Rf oo+ 1, thenforallw € Ky, we have |lw/x|y < Ry o/(Rf 00+ 1), 50

X —w
Gro(x) —log x|y zflog ’T dufy(w) > —log(Rf oo+ 1)

v

and, thus,

Yo (x) > $(Gfy(x) —log |xy) = —% log(Ry 00 + D).
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In either case, by Lemma 6.3, we have

1 1
— ) () = == log(Rpo + 1) = —O(e log X + 1). (6.9)
(K Q] £ 2
Adding equations (6.7), (6.8), and (6.9) yields the desired bound. O]

We now prove our upper bound of lim inf ﬁf (x) + ﬁg (x), which improves
Proposition 6.1 by a constant. As in the proof of Proposition 6.1, we need to construct
infinitely many x € Q such that 7z\f x) + iz\g (x) is small. Our main tool will be Theorem
6.7, which is a special case of the adelic Fekete—Szegd theorem [19, Theorem 0.4].

Definition 6.6. A compact Berkovich adelic set E = (E),e Mg is a collection of compact
affinoids E, C A]gerk , for each place v € Mg, with E, = 5an(0, 1) for all but finitely

many v. The Robin constant V(E) of E is V (E) := ZveMQ V(E,).

THEOREM 6.7. Let E = (Ey)vemqy be a compact Berkovich adelic set. If V(E) > 0, then
there exists infinitely many x € Q such that the Gal(Q/Q)-orbit of x lies inside E, at every
place v.

Our strategy is to construct, given any e-ordinary (f, g), a compact Berkovich adelic
set E with V(E) > 0and ) ny sup,cp (G rp(x) + Ggp(x)) small.

THEOREM 6.8. For any e-ordinary pair (f, g) € P.(X) x P(X), we have
~ ~ 1
tim inf(h  (x) + hy (1)) < z(c +0 (ds + E)) log X + O(1),
xeQ

where C = 10g((9 + v/17)/8) + (v/17 — 1)/8 = 0.88532 . . ..

Proof. Let o := (/17 — 1)/8 and let ¢ > 0 be a small parameter to be chosen later. We
consider the adelic set E = (Ey)vem given by

S;ﬁ,v, v assoc. aj with 0 < é <a+e,
S;{v, v assoc. b; with 0 < é <a+e,
Ey = S?U, v assoc. a; with 2o < A <1,
’ d
SQU, v assoc. b; with 2a < Z—i <1,
Ban(O, 1) otherwise,

with S;{U, S?,v as defined in Proposition 5.30. Using Proposition 5.30 and Lemma 5.19,
we bound V (IE) from below:
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1 1
VE) = Y V(E)= Y %:5mmw+§: 3= e il

veMy v assoc. a; v assoc. b

0<(j/d)<a+c 0<(j/d)<a+c
1 1
— Z = log lajly — Z — log [bjly
v assoc. a; J v assoc. b J
20<(j/d)<1 2a<(j/d)<1
1
= (2-0We)logX Y go——-2lgX ) -
0<(j/d)<a+c =7 20<(j/d)<1

We recognize the sums above as Riemann sums:

1 ate 1 log(1 —a — ¢) 1
2 2d—) - i i O0Ng) == — i)
0<(j/d)<a+ec = 0 =0
> ]>/11dt01 10(2)01
— — — — = o) — — 1.
=) d g d

2a<(j/d)<1

Hence,

V(E) > (— (1—-0(de))log(l —a —c) —2logRx) — 0<$>> log X

> (@(c) - O(ds + %)) log X,

where we have used the identity —% log(l — ) = log(2). Hence, we may choose
¢ = 0(de + 1/d) so that V(E) > 0.

We want to apply the adelic Fekete—Szegd theorem to [, but the issue is that S;J V> S? v
are not Berkovich affinoids. To fix this, we construct a new adelic set E= (E Yve MQ by
replacing the sets SV T s o in the definition of E by compact affinoids sy T2 sY T and

S?’v ) S?’v such that

SUp(G o+ 1o [+ 1) = - loglajlu 1, (G +log" | 1) S n, (610)
5, J 57,
where n > 0 is a small parameter to be chosen later. (This is possible by Proposition 5.30
and the fact that G 7, + log™ | - |, is continuous on Allaerk,u‘) Similarly, we also replace
S;,Jv, Sm with closed neighborhoods S;U, S m
Now Eisa compact Berkovich adelic set and V(E) > V(E) > 0, so by Theorem 6.7,
we can find infinitely many distinct x,, € Q whose Gal(Q/Q)-orbit F,, lies entirely in E.
Let K,, be a number field containing F;. The local contribution to h rlxp) atv e Mg is

1
K, :Ql 2 v Graran) = |F | > Grat) =sup Gy,
" veMg, xeF, E,
V|
and similarly for g. Hence, we are left to bound supg (G r + Gg,y) from above at good,
bad, and Archimedean places v € Mg.
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For good places v € M, if v is associated to aj, then g has good reduction at v,
$0 Gfy+Ggy=Gysy+logh ||y, and we are in the setting of Proposition 5.30 and
equation (6.10). If v is associated to b;, we use the analogous statements with f, g
swapped. Working through the possible cases in terms of j, we have

log lajly, +7n, vassoc.a; with 0 < c]_z’ <a+ec,

log |bjly +n, vassoc.b; with0 < é <a+tec,

—J
1 .
sup(G o + Ggo) = v log |ajy, v assoc. a; witha + ¢ < é < 2a,
Ey
1 .
glog 1Djlo, vassoc. bj witha + ¢ < é < 2a,
n, vassoc.aj orb; with2a<cj—i < 1;

or bad places v € Mg, we have by Lemmas 5.7 and 5.6,

1
sup (Gf,v + Gg,v) = Gf,v(g(os 1)) + Gg,v({(o, 1)) = _(IOg Mf,v + log Mg,v)-

Dan(0,1) d

Finally, for the Archimedean place, we have Eoo = dB(0, 1), so for any z € Eoo and
w € Ky oo, we have [z — w| < Ry + 1, with Ry o as in Lemma 3.2. Thus,

G oo(2) = / log ¢ — wlsodit £ no(w) < log(Rypo + 1),
and similarly for g. Hence, by Lemma 6.3, we have

Sup (G foo + Geoo) < 10g(Rf oo + 1) +10g(Rg o + 1) < O(elog X + 1).
3B(0,1)

Now, we choose n < #{good places v € M@}_l, SO

—~ -~ 1
RpGo) +hg) < o loglajlu + > — log |blu

v assoc. a; J v assoc. b J

0<(j/d)<a+c 0<(j/d)<a+c

1 1
+ ) gleglal+ YL Sloglbl
v assoc. a; v assoc. b
atc<(j/d)<2a a+te<(j/d)<2a

1
+ 5 > " (log My, +1log Mg,) + O(e log X + 1).
v bad

By Proposition 5.22, this is

5(2 > %+2 > $+0(d8)>logX+0(1).

o<(ldr<a+& T ate<(ldy<2e
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The first sum is a Riemann sum as before, and the second sum is easy to bound:
~ —~ 1
hp(xn) + hg(xy) < ( —2log(l —a —¢) +2(x —¢) + 0<de + E)) log X + O(1)

1
= 2(C + 0<C+d8 + E)) log X 4+ O(1),
where C = — log(1 — @) + «, and we are done since ¢ = O(de + 1/d). O

Putting together Theorems 6.5 and 6.8, we obtain Theorem 1.7. Recall that we define
P and P, to be the space of monic polynomials and monic centered polynomials with
rational coefficients, respectively.

THEOREM 1.7. Fixa$§ > 0. We let S =P, x P and S(X) = P.(X) x P(X). Then, for
all sufficiently large degrees d, there exists a = a(d) > 0, A = A(d) > 0 such that the
Jollowing statement holds: there exists a subset T C S such that for all X > 1,

IT NS(X)] - A

S(X)| T x4

and

(In2—-8)(r(f)+h(g) =d limgf(ﬁf(ﬂ +hg(x)) < €+ 8)(h(f) + h(g)),
xe

forall (f,g)eT, whereln2 = 0.69314 . . . and C = 10g((9 + v17)/8) + (/17 — 1/8) =
0.88532. ...

Proof. Let § > 0 be given. Then, for all large enough d depending on §, we can choose
€ small enough depending on d such that the terms O(de + 1/d), O(d*e +log d/d),
and O(de + 1/d) occurring in Proposition 5.20, Theorems 6.5, and 6.8, respectively, are
bounded above by §/3.

Let X be sufficiently large such that for the terms O(1) occurring in Theorems 6.5
and 6.8, we have /3 log X > O(1). Then, by Theorems 6.5 and 6.8, we know that for any
g-ordinary pair (f, g) € S(X), we have

2(In2 — 28) log X < lim inf(h 7 (x) + g (x)) < 2(C + 28) log X.
xeQ

Now, Proposition 5.20 implies that for an e-ordinary pair of S(X), we have
h(f) +h(g) = d(2— 38) log X.
We also have the trivial upper bound
h(f) + h(g) < 2d log X

since each coefficient of f and g have height bounded by log X, and we have at most 2d
different coefficients. We now assume § is small enough so that

2= 16)(C+8) = 2(C+ 39).
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This is possible since C < 1. Then, substituting in our bounds of h(f) + h(g) against
log X, we obtain

(In2 =8)(h(f) +h(g) =d limglf(ﬁf(x) +hy(x) < (€ +8)(h(f) + h(g)

for all e-ordinary pairs (f, g) € S(X), if X is sufficiently large. By Proposition 5.16, the
proportion of g-ordinary pairs in S(X) is at least 1 — O (d>X~¢). Clearly, we can take
€ = (c/d?) for some constant ¢ > 0 that depends on § and so the proportion of e-ordinary
pairs will be 1 — Oq(d?>x—</ dz). Finally, we set 7 to be all the pairs (f, g) which are
e-ordinary for some X which is sufficiently large for our previous bounds to hold. Then,

TAsSeOl A
SO~ X
for some constants ¢ = a(d) > 0, A = A(d) > 0 that depend on the degree d, and

(In2 - 8)(h(f) + h(g)) < dlim gf(ﬁf () 4 hg(x)) < (C+ 8 (h(f) + h(g))

forall (f, g) € T, as desired. O
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