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Differentiation of the energy-based power function used to represent the nanoindentation
unloading response at the peak indentation load generally overestimates the contact stiffness.
This is mainly because of the larger curvature associated with this function and the proximity
between the contact and maximum penetration depths. Using the nanoindentation data from
ceramics and metals, we have shown that these two errors can be eliminated if the derivative is
multiplied by the geometric and stiffness correction factors, respectively. The stiffness correction
factor is found to be a function of the elastic energy constant and is independent of the peak
indentation load. The contact stiffness evaluated by the proposed method is in excellent
agreement with that obtained from the power law derivative for a wide range of elastoplastic
materials and peak indentation loads. The relationship between the elastic recovery ratio and
elastic energy constant developed in this study further simplifies the proposed procedure.

. INTRODUCTION

The experimental load-displacement curve obtained by
probing the surface of a material in a nanoindentation
experiment are analyzed to evaluate the reduced modulus
of a material according to the fundamental relation given

by'
2
Su:BﬁEV\/X; ’ (1)

where S, is initial unloading stiffness or contact stiffness,
A, is the projected area of elastic contact, E, is the reduced
modulus of a material and [ is the correction factor that
takes the lack of axial symmetry of the pyramidal indenter
into account. The contact stiffness is defined as the slope
of the unloading curve evaluated at the maximum depth
of penetration. The area of contact is either measured in-
dependently from the hardness impression or derived
using the contact stiffness according to the procedure
developed by Oliver and Pharr.” To evaluate the slope, one
needs a mathematical description of the unloading response,
which is difficult to obtain analytically owing to the com-
plexities involved in the indentation process.® The unloading
response is usually described by an algebraic function estab-
lished by curve fitting of the experimental load versus
displacement data.
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In the most widely used Oliver and Pharr (OP) method,
the unloading curve obtained using a Berkovich indenter
is represented by a power law whose parameters are de-
termined by the least square fitting. The exponent of the
power law, according to Oliver and Pharr, is slightly
material-dependent and may take a value in the range
1.25-1.51, which led them to conclude that the shape of
a Berkovich indenter may be described as a parabola of
revolution.” This observation is contrary to the fact that
a conical indenter closely approximates a Berkovich one,
as they are geometrically self-similar. Later, Pharr and
Bolshakov,” however, justified this variation in the exponent
by introducing the concept of “effective indenter shape.”
A different interpretation of the unloading response obtained
by a Berkovich indenter is also available in the literature.
Gong et al.,* using experimental data on the oxides of
ceramics, argued that the unloading response acquired
with the help of a Berkovich indenter indeed resembles
that from a conical indenter, provided appropriate cor-
rection for residual stress that arises during indentation is
applied. They suggested a modified form of power law
having exponent of 2 with an additional term accounting
for the residual stress effect. Their assumption appears
reasonable from the viewpoint that the loading curves
obtained by both Berkovich and the conical indenters
can be represented by parabolas.® There are, however,
many cases where the values of the exponent well above
2 have been observed,’® which may be difficult to
explain based on aforementioned theories. Moreover,
even for the same material, the power law parameters
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depend on peak indentation load. Their relationship is
not unique and, therefore, stiffness value at one peak
indentation loads cannot be determined from the other.
Based on above discussion, it may be concluded that
power law parameters lack clarity in their physical
meaning.

Another disadvantage associated with the power law
description is the uncertainty involved in the determina-
tion of its parameters, which is highly dependent on the
fraction of the unloading data used in the curve-fitting
process.9’10 It should be noted here that power law param-
eters are often determined using the initial 30% of the un-
loading response in the OP method. They also depend
on the initial guess and are very sensitive to the residual
depth of indentation, thereby making the fitting process
cumbersome.'® Fitting experimental data in the form pre-
scribed by Gong et al.* is even more tedious as it in-
volves a process of trial and error. Again, instances
where the power law poorly fits have also been reported;
for example, Van Landingham et al.'' showed that the
spline curve fit provides a better approximation of
the unloading responses from polymers they studied.
However, the physical meaning of the spline parameters
is hard to explain. Thus, uncertainties in their values, lack
of clarity in their physical meaning, and amount of com-
putational effort required to evaluate them warrant the de-
velopment of an alternative method for the evaluation of the
contact stiffness.

Energies measured in a nanoindentation experiment, or
their ratios, are often used for the nanomechanical analysis
of the response of a material.'>'” One of the important
applications of the indentation energies is that they can be
used to represent the load-displacement curves. Attaf'® has
shown that the total and elastic energy constants—defined
with respect to reference indentation energy—can be used
to model the loading and unloading indentation responses.
However, the derivative of the energy-based power fun-
ction evaluated at the maximum depth of penetration is
usually overestimated, even in the case where this function
perfectly models the experimental unloading curve. It would
be expedient to investigate the reason behind the observed
discrepancy in the derivative so that the advantage offered by
the power function in modeling the unloading response
could be exploited. Therefore, the intent of this study is to
develop an efficient contact stiffness evaluation procedure
from the derivative of the energy-based power function by
considering the unloading responses of materials having
a wide range of elastic recovery capabilities as well as elastic
modulus and hardness values.

terminologies generally used in the characterization of the
indentation response and relevant in this study are also
explained.

A. Overview of the Oliver and Pharr method

In the OP method, the initial unloading stiffness
(Sop) is usually obtained by evaluating the differential
of the power law at the maximum depth of penetration

(Nmax) as:
Sop = mAg(hmax — bp)" ", (2)

where Ao, m and Ay are the parameters determined by the
least square fitting of the initial 30% of the unloading
portion of the load-displacement curves. Initial unloading
stiffness so obtained is then used to determine the contact
depth (h,.) as:

P max

hc = hmax — &
Sop

3)

B. Elastic recovery and energy constants

Response of a material to indentation is often charac-
terized by a dimensionless elastic recovery ratio.'®!'? This
parameter is a measure of a fraction of the deformation that
are elastic and is generally expressed either in terms of
depth (1) or work (n,,) recovery ratios as:

hmax - hf

= 4

VT @
Wg

=_= 5

= (5)

where Wr is the total work done which can be additively
decomposed into its elastic (W) and plastic (Wp) compo-
nents. Total and elastic works are given by the area under
the loading and unloading curves, respectively, as shown
in Fig. 1. Depth and work recovery ratios are equal in
magnitude'® and may fall in the range O—1 in which lower
and upper limits represent the elastic and fully plastic
materials, respectively.

Attaf'? introduced several energy-based parameters by
assuming the absolute work, possible maximum energy
that could be dissipated in an indentation experiment, as
reference energy. Based on nanoindentation results on
ceramics, he found that the absolute work (Wg) is pro-
portional to both total and elastic work done respectively,
such that

Il. THEORETICAL W W,
s s
In the following section, for the sake of comparison, we VT = WT; VE = We (6)
briefly review the procedure used to determine the contact
stiffness and depth in the standard OP method. Several
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FIG. 1. Schematic illustration of load-displacement curves showing asso-

ciated terminologies used in this study. Points /., and ., are contact depths
corresponding to € = 1.0 and € = 0.75, respectively.

max

The absolute work is given by: Wy = 0.5P 0/ max-
Ratios vy and vg are known as the total and elastic energy
constants, respectively. Value for the total energy con-
stant, which primarily depends on the indenter geometry,
falls in the range 1.0-1.50 with the upper limit corre-
sponding to perfectly sharp conical indenter. On the other
hand, depending on the type of material, vy may vary in the
range 1 to co with extremes, like the elastic recovery ratio,
representing elastic and perfectly plastic materials, respec-
tively. We have shown elsewhere'® that v; and vj are
evaluated in a slightly different way when the experimental
load-displacement curves also feature a dwelling portion.

The energy constants defined above may be used to
represent nanoindentation curves for a material. Attaf'®
derived the following expressions, on the basis of functional
analysis, to represent the loading and unloading curves,

respectively.
h 2vr—1
P=P max (—> ) (7)

hmax

P = Pon <L> o (s)

hmax

It is generally found that Eq. (7) can model the loading
curve very accurately for all levels of loads. The approx-
imating power of Eq. (8), however, depends on the type of
material; this is more accurate in the case of materials that
recover less upon unloading.20 For harder materials, only
the initial portion of the unloading curve can be approxi-
mated, which is good enough to analytically evaluate the
slope at the maximum penetration depth. The differentiation

of Eq. (8) at h = hy,,« leads to the following expressions for
the slope or the initial unloading stiffness (Sg).

dP Prax
= % = (2VE — 1)

h=Rhmax hmax

SE

©)

The Sk determined by Eq. (9) should in principle match
the Spp obtained by Eq. (1). Attaf'” also derived an ex-
pression for the contact depth (h5) using Eq. (9) in the
following form:

E _ 2(ve — 1)
he = Gpy =) me (10)

The validity of Eq. (10) has also been confirmed in the
previous studies.'*?! Equation (10) implies that the difference
between hf and h,,, becomes smaller as we move from
harder to softer materials. As will be discussed, the proximity
between these two quantities has important bearing on
the accuracy of initial unloading stiffness determined by

Eq. (9).

lll. EXPERIMENTAL

Nanoindentation experiments are conducted in the load-
controlled mode using a Hysitron Triboindenter fitted with
a Berkovich indenter at room temperature on four metal
samples: single crystal aluminum, and copper; and poly-
crystalline nickel and tungsten. A triangular loading history
with loading and unloading times each equal to 10 s is con-
sidered with three different peak indentation loads of mag-
nitudes approximately equal to 1500, 3000, and 4500 pN.
A total of nine indents are made corresponding to each
peak indentation load on every polished sample having
a surface roughness less than 100 A. Representative load-
displacement curves obtained from nanoindentation ex-
periments for copper are shown in Fig. 2. The area
function is established according to the OP method using
a standard fused quartz sample. Table I summarizes mean
and standard deviation of the reduced modulus and hard-
ness for all these metals, which accord well with those
reported in the literature.”> Previously conducted indenta-
tion tests on plasma-sprayed Al-12 wt.% Si (referred as
Al-Si hereafter, Ref. 22) coating are also used in this
study.”® An Al-Si sample was subjected to a trapezoidal
load history with loading, dwelling and unloading times
respectively equal to 10, 2 and 10 s. Similarly, experi-
mental data on silicon dioxide (SiO,), titanium dioxide
(TiO,) and tantalum pentoxide (Ta,Os) are selected from
Ref. 15 to constitute a set of materials that has a wide range
of percentage elastic recovery and elastic energy constant.
The load-displacement curves for coating and oxides of
ceramics mentioned are acquired by using four different
peak indentation loads of magnitude less than 10 mN.
Finally, experimental data reported in the literature'->*
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are also used to validate the proposed method for the
evaluation of initial unloading stiffness when the peak
indentation load is in excess of 100 mN. Note that the
elastic modulus and hardness considered in this study
vary in the range 68—440 and 0.20-27 GPa, respectively.

IV. RESULTS AND DISCUSSION
A. Determination of nanomechanical quantities

Experimental load-displacement curves are analyzed
to determine various nanomechanical quantities such as
depth and work elastic recovery ratios, energy constants,
contact depth and initial unloading stiffness, as described
in Sec. II. Figure 3 shows the variations in power-law pa-
rameters, recovery ratios and energy constants with the
peak indentation load. It is evident that, unlike power-law
parameters, recovery ratios and energy constants remain
practically the same with respect to the peak indentation
load for all these metals.

6000 1 T T

40001

2000

Load Applied P (uN)

0 150 300 450
Penetration Depth h (nm)

FIG. 2. Load-displacement curves obtained in a nanoindentation exper-
iment with a Berkovich indenter for copper at different peak indentation
loads.

Figure 4 compares initial unloading stiffness determined
by Eqgs. (2) and (9) for all the materials considered in this
study where significantly large deviation in the stiffness
values is apparent. As can be seen, the error depends on
materials; it is greater for the material that recovers less
upon unloading. The average percentage of error for
tungsten (W), nickel (Ni), copper (Cu) and aluminum
(Al falls in the range of 60—120%, in which cases Eq. (8)
models unloading curves fairly accurately. On the other
hand, contact depths determined by Eq. (10) are in close
agreement with those obtained experimentally with a rel-
ative error better than 5%, as depicted in Fig. 5 for all the
materials considered. At this point, a question arises as to
why Eq. (9) yields erroneous stiffness while Eq. (10),
derived using Eq. (9), predicts reasonable contact depth.
This can be explained with reference to Fig. 1. The actual
contact depth lies somewhere between 4., and h.,, which
corresponds to geometric factor, € , equal to 1.0 and 0.75,
respectively. Point &, is referred to as plastic depth and is
determined by extending the tangent to the unloading
curve with slope Sop(Sg) to the h-axis,> which is exactly
followed by Attaf to derive Eq. (10) from Eq. (9). This
means that hf actually is the plastic depth (h.;), not the
contact depth (h.). However, the fact that hf ~ h.and
the initial unloading stiffness are always overestimated
indicates that the energy-based power function given by
Eq. (8) has larger initial curvature as compared with that of
the power-law. As a result, the tangent to the unloading
power function happens to pass through the actual contact
depth, not the plastic depth. Therefore, Eq. (10) should be
corrected for the curvature effect to evaluate the contact
stiffness accurately.

B. Proposed method to evaluate the
contact stiffness

In the OP method, as discussed previously, contact depth
is evaluated from the initial unloading stiffness. As the
contact depth is known as a function of the elastic energy

TABLE I. Reduced modulus and hardness of Al, Cu, Ni, and W measured in this study (Mean = SD).

Material Ppax (MN) Nmax (%) hy (%) Ve E, (GPa) H (GPa)
1456.3 = 1.4 3049 =54 288.8 =58 325+ 3.1 780 = 1.6 0.50 = 0.02
Al 29414 + 04 499.8 +5.9 476.3 + 6.6 334 +25 642+ 14 0.39 = 0.01
44477 £ 0.5 631.3 = 6.5 603.1 =59 344 +23 593+ 19 0.38 = 0.01
1472.1 = 1.1 196.5 = 3.1 183.9 = 3.1 18.8 = 1.3 1293 £ 44 1.20 = 0.04
Cu 2964.9 = 0.9 299.9 = 2.7 2825+ 2.7 225*+19 122.6 = 3.4 1.08 = 0.02
4470.5 = 0.8 367.9 = 2.2 346.3 = 2.0 22.5+09 1223 =43 1.09 = 0.01
1483.3 = 1.1 1316 = 6.3 1199 = 6.4 150 = 1.6 210.8 = 13.2 2.81 =0.28
Ni 2979.1 = 1.8 192.1 = 7.1 175.6 = 7.8 155+ 1.5 2163 =179 2.67 = 0.21
4480.5 = 1.1 2429 * 6.3 2232 7.0 15.8 £ 0.9 2054 £ 5.6 2.52 +0.14
1490.0 = 1.1 73.6 = 3.5 58.6 =45 6.6 = 0.6 316.9 = 14.9 9.20 = 0.89
w 2987.7 = 0.5 1102 = 0.5 892+ 1.0 7.0+03 3144 =85 8.75 = 0.06
4489.4 = 0.7 140.8 = 5.0 116.5 = 6.2 72 +05 306.3 *+ 6.1 8.13 = 0.67
792 J. Mater. Res., Vol. 28, No. 6, Mar 28, 2013
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FIG. 3. Plots showing the variations of (a) power-law coefficient; (b) power-law exponent; (c) elastic depth (dashed lines) and work (solid lines)
recoveries; and (d) total (dashed lines) and elastic (solid lines) energy constants with the peak indentation load for aluminum, copper, nickel and
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FIG. 4. Deviations in the initial unloading stiffness values determined
by the analytical differentiations of the Oliver and Pharr’s power law and
energy-based power function given by Egs. (2) and (9), respectively.

constant in advance, it may be used to evaluate the initial
unloading stiffness in a reverse manner. To do this, Eq. (3),
by substituting 4. = hfand replacing Spp by Si, may be
rearranged in the following form

B0
L “Ref. 22| Ref. 13 | This Study i
i ® Hi()\ 4 '\.I 7
b AlSi | @ TiO u (_f] y
600 . A Ni )
- i | W -
— 400k i
<
é = -
= i A
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FIG. 5. Comparisons of calculated contact depths using Eq. (10) with that
obtained by the Oliver and Pharr method as given by Eq. (3).

Pmax
Sp=g—"% 11
e e —HE (11)

c

which may also be written in terms of the elastic energy
constant as:
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Pmax

hmax

SE = 8(2115 — 1)

(12)

It is evident that Eqs. (9) and (12) differ only by a factor
€. Comparison between Sg calculated by Eq. (12) with that
obtained by Eq. (11), as shown in Fig. 6, indicates that
Eq. (12) yields a reasonably accurate value in the case of
SiO, only. Note that SiO, has the maximum elastic recov-
ery among the materials considered in this study. For the
rest of the materials, the error in the initial unloading stiff-
ness is still very large and increases with the decrease in
the percentage elastic recovery. For example, the average
error in Sz determined by Eq. (11) or Eq. (12) is about 58%
for aluminum, which has the least percentage elastic
recovery in the list of materials considered. Note that the
corresponding error in the contact depth 4 is only 0.84%.
After careful examination of the data, we found this as an
error, which arises due to the proximity between the
contact and maximum penetration depths. This can be
explained with the help of a numerical example in one of
the indentation tests conducted on aluminum in this study,
where we found P, = 1497.0 uN, . = 311.80 nm,
h. = 304.7 nm, h.z = 307.30 nm. Using the values of
h. and h.g successively in Eq. (11), we found Spp and Sg
respectively equal 156.6 and 241.2 uN/nm. Clearly, the
discrepancy between Spp and Sg arises due to a large
percentage difference in the denominator of Eq. (11) when
evaluated using /. and hE. For the set of data considered
above, the difference between (/") and (hmaX —hf ) is
about 36%. This error is more pronounced when the /,,,x
and A, or h.g values are very close to each other. On the
basis of this observation, one may conclude that signifi-
cantly different initial unloading stiffness values are
obtained if the contact and maximum depth of penetration
are in close proximity no matter how accurately the contact
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FIG. 6. Comparisons of initial unloading stiffness evaluated by Eq. (12)
with that obtained by the Oliver and Pharr method.

depth is determined using Eq. (10). This error is insig-
nificant for all those materials whose maximum and contact
depths lie considerably apart on the load-displacement
curves.

Dependency of this error on the elastic recovery of a
material indicates that a correlation between the error due
to proximity in the contact and maximum penetration depths
and elastic energy may exist. To establish such a correlation,
the ratio of stiffness calculated by the OP method to that by
Eq. (12) for each material is plotted as a function of their
elastic energy constant, as shown in Fig. 7. As can be seen,
the ratio decreases as the elastic energy constant increases.
The correlation may be fitted with the piecewise logarithmic
equations as:

A1 — Bl IOg(VE)

o — veg =8.50
§ A2 — Bz IOg(VE)

vg > 850 (13)

where o, = Spp/Sg is termed as the stiffness correction
factor, and A, A,, B; and B, are constants equal to 1.124,
0.873, 0.404 and 0.132, respectively. Thus, a corrected
expression for the initial unloading stiffness may be
written as:

Pmax

SE = 0lxE (2VE — 1) (14)

hmax

The initial unloading stiffness evaluated from Eq. (14)
is once again compared with that obtained by the OP
method, as shown in Fig. 8, where excellent agreement
could be observed. The proposed method is further
validated with the help of nanoindentation data available
in the literature®'®**; these data were acquired with a
peak indentation load equal to or greater than 100 mN.

1'2_""|""|""|""_
1:_ SiO, _:,
. . ® Experiment ]
s F o, —  Eq.(13)
0.8F :
Y] S T BN T
0 10 20 30 40

v

E

FIG. 7. Piecewise logarithmic representation of stiffness correction factor
o, as a function of elastic energy constant.
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For illustration, we consider the nanomechanical data
pertaining to the fused silica mentioned in Ref. 2 as
Pax = 118.43 mN, Ay, = 1045.0 nm, = 540.40 nm,
Ao = 0.050, and m = 1.24. The reduced modulus (E,) and
hardness (H) of this material are reported to be 69.60 and
8.40 GPa, respectively. With these input parameters,
unloading stiffness is calculated using both the power
law and Eq. (14), and are found to be equal to 296.0 and
300.0 uN/nm, respectively, which are very close to each
other. This quantity can also be back calculated from the
known peak indentation load, reduced elastic modulus
and hardness [obtained by substituting P,,,x/H for A, in

Eq. (1)].

Sy =

2’ Pmax
—E 15
- (15)

"V H

Equation (15) yields Spp = 295.0 uN/nm for fused silica,
which revalidates the proposed method. Similar calculations
for materials like aluminum, quartz, soda lime glass, sap-
phire, tungsten, copper, 1070 steel and silicon nitride (SiNy)
were carried out. Excellent agreement, with accuracy better
than 6% between the values evaluated by the two methods,
was obtained for each material, as summarized in Table II.
This accuracy in the stiffness values also confirms that the
stiffness correction factor is independent of the peak inden-
tation load.

C. Further simplification

The method described in the previous section to deter-
mine initial unloading stiffness can further be simplified
by using the relationship between the elastic recovery
ratios and elastic energy constant, and the information
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FIG. 8. Comparisons of initial unloading stiffness determined by the
proposed method (after both the corrections are applied) with that
obtained by the Oliver and Pharr method.

contained in the loading curve. For this purpose, depth
and work recovery ratios are plotted as a function of the
elastic energy constant for SiO,, TiO,, Ta,Os5, Al-Si, W,
Ni, Cu and Al as shown in Fig. 9. It is clear from the figure
that recovery ratios decrease with the increase in the elastic
energy constant. This relationship allows us to calculate
the elastic energy constant without evaluating the elastic
work done. Thus, the determination of initial unloading
stiffness requires peak indentation load, maximum depth
of penetration and residual depth as input parameters.
All of these parameters can be readily obtained from the
nanoindentation load displacement curves and thus require
less computational effort, as compared with that applied
in the conventional OP method. An important point worth
mentioning is that the quantities n, and m,, can differ
significantly for harder material as shown in Fig. 9.
Nevertheless, nearly same values of the elastic energy
constant can be obtained from the graph.

If S corresponding to one set of P.  and 4! isknown,

max max
then it may be scaled for the other set P2 and 42, without

TABLE 1I. Comparison of the initial unloading stiffness calculated
using Eq. (14) with that obtained by the Oliver and Pharr method for
materials subjected to the peak indentation load in excess of 100 mN.

Material Prax (mN) M, (%) ve O SF" S. % Error
Aluminum 118.32 1.70 79.31 0.622 1.881 1.906 1.3
Quartz 11848 51.30 2.33 0.976 0.383 0.412 5.8
Soda lime glass  118.37  39.60 3.02 0.930 0.373 0.364 —2.5
Fused silica 118.50 4830 2.31 0.977 0.300 0.296 —1.4
Sapphire 118.43 4090 3.09 0.926 0.819 0.795 -3.0
Tungsten 118.43 7.50 18.55 0.705 2.103 1.998 —5.3
Copper 100.00 590 24.87 0.689 1.181 1.227 3.7
1070 steel 100.00  23.60 4.95 0.843 0.837 0.788 —6.2

Silicon nitride 100.00 4430 294 0935 0.635 0.598 5.7

-

Elastic Recovery
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Elastic Energy Constant v,

FIG. 9. Correlations between elastic energy constant and elastic re-
covery ratios for all the materials considered in this study.
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analyzing the unloading curve obtained associated with
the second set, provided the indentation response is free
from any residual stress effect.”® Such a combination of
peak indentation load and maximum depth of penetration
may be obtained from Eq. (7) as:

hrznax 2!
max Pmax(hl ) . (16)

P2 _ pl
max

The evaluation of contact stiffness in this way is
particularly advantageous when the load-displacement
curves from thin films or coating etc. are to be analyzed.
While performing nanoindentation on such materials, the
maximum penetration depth is carefully selected to minimize
the substrate effect®” on their measured hardness and elas-
tic modulus. The contact stiffness determined at relatively
smaller depth by Eq. (14) could be extrapolated at large
depth. The discrepancy between the extrapolated and
measured contact stiffness can be construed as a measure
of the substrate effect. In this way, a critical maximum
penetration depth can be ascertained.

The method described evaluates the contact stiffness
using the elastic energy constant, which can be used to
characterize a material’s response to indentation. Large
value of this parameter signifies that the material is plastic
and, thus, has clear physical meaning. It can be determined
with great certainty and efficiency by evaluating the area
under the unloading curve. Alternatively, it may be approx-
imated from the known values of maximum and residual
depths of penetration. Due to these reasons, we conclude
that the method developed in this study is an attractive
alternative to the conventional Oliver and Pharr method.

V. CONCLUSION

In this study, a method to evaluate the initial unloading
stiffness (or contact stiffness) from the experimental un-
loading response is proposed. Direct differentiation of the
energy-based power function used to model nanoinden-
tation unloading curve yields erroneous contact stiffness.
Further analysis of the experimental data revealed that
the error in the stiffness values arises due to a larger
curvature associated with this function and proximity
between the maximum and contact depths of penetra-
tion. The derivative of the power function must, there-
fore, be multiplied by the geometric and stiffness
correction factors to eliminate errors due to curvature
and proximity, respectively. The proposed method
essentially uses a nondimensional energy-based param-
eter known as the elastic energy constant, which can be
used to characterize the unloading response of a material.
The contact stiffness evaluated by this method is found
to be in close agreement with that obtained experimen-
tally for a broad class of materials having elastic
modulus, hardness and elastic recovery, respectively,

in the range 68—440 GPa, 0.20-27 GPa, and 4-60%. The
data used for the validation have peak indentation loads
in the range 0.15-120 mN. The proposed method actually
requires peak indentation load, maximum and residual depths
of penetration, which can be readily obtained from the
characteristic load-displacement curve.
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