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Abstract. In this study, we propose a high order well-balanced weighted compact non-

linear (WCN) scheme for the gas dynamic equations under gravitational fields. The pro-

posed scheme is an extension of the high order WCN schemes developed in (S. Zhang,

S. Jiang, C.-W Shu, J. Comput. Phys. 227 (2008) 7294-7321). For the purpose of main-

taining the exact steady state solution, the well-balanced technique in (Y. Xing, C.-W

Shu, J. Sci. Comput. 54 (2013) 645-662) is employed to split the source term into two

terms. The proposed scheme can maintain the isothermal equilibrium solution exactly,

genuine high order accuracy and resolve small perturbations of the hydrostatic balance

state on the coarse meshes. Furthermore, in order to capture the strong discontinuities

and large gradients, the fifth-order upwind weighted nonlinear interpolations together

with the fourth/sixth order cell-centered compact schemes with local characteristic pro-

jections are used to construct different WCN schemes. Several representative one- and

two-dimensional examples are simulated to demonstrate the good performance of the

proposed schemes.

AMS subject classifications: 35L65, 35L67

Key words: Euler equations, gravitational fields, source term, steady state solution, weighted com-

pact nonlinear Scheme.

1. Introduction

Gas dynamic equations under gravitational fields are important in describing the as-

trophysical and atmospheric phenomena such as supernova explosions [14], and climate

modeling and weather forecasting [4]. Since many astrophysical problems involving the

hydrodynamical evolution in a gravitational field, correctly capturing the effect of gravita-

tional force plays an important role in the long time simulations of star and galaxy forma-

tion. Failure on such capturing would lead to a solution which either oscillates around the

equilibrium, or deviates from the equilibrium after a long time simulation.
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Therefore, a reliable numerical scheme for this problem should maintain the precise

balance of pressure and gravitational forces in case of the hydrostatic solution. The well-

balanced schemes can preserve exactly these steady state solutions up to machine accu-

racy. They are also specially designed to ensure accurate simulations and exhibit essen-

tial stability properties on relatively coarse meshes. In the last two decades, several well-

balanced pioneering works have been designed. For example, LeVeque and Bale [16] ex-

tended the quasi-steady wave-propagation methods for the Euler equations under a static

gravitational field. In [22, 31], Xu and his collaborators designed the well-balanced gas-

kinetic scheme for multidimensional gas dynamic equations under gravitational field. The

well-balanced Runge-Kutta discontinuous Galerkin method [18] and nodal discontinuous

Galerkin method [6] for the Euler equations under gravitational fields can preserve the

isothermal hydrostatic solution up to machine precision. A second-order well-balanced

central-upwind scheme for the Euler equations of gas dynamics with gravitation was pro-

posed in [7]. An approximate Riemann solver using the formalism of Harten, Lax and van

Leer was developed to derive a well-balanced numerical scheme to obtain the solutions of

the Euler equations with a gravitational potential in [11]. High order Weighted Essentially

Non-Oscillation (WENO) finite difference well-balanced scheme for the isothermal equi-

librium was introduced in [33]. High order well-balanced finite volume WENO schemes

preserving not only the isothermal equilibrium but also the polytropic hydrostatic balance

state exactly was proposed in [19]. Another popular hyperbolic balance laws with source

terms in the literature is the shallow water equations over a non-flat bottom topology which

also need the well-balanced methods to maintain a delicate balance of the divergence of the

flux and the source terms in the steady state solution, such as [1,2,16,20,27,32,36,37,39]

and the references therein.

Based on the idea of WENO scheme, a class of weighted compact nonlinear (WCN)

schemes were developed [9, 10] which has better wave resolution and similar ability to

capture discontinuities as the classical WENO scheme. Then it has been extended to the

ninth order [23,26,38] which demonstrates the increasing resolutions with the increasing

orders. The WCN schemes also show suitable freestream and vortex preservation proper-

ties on a wavy grid [25]. In order to preserve the positivity of both density and pressure

in the complex flow problems with severe discontinuities, the robust WCN schemes were

proposed in [8, 21, 24] respectively. The corresponding robust WCN scheme was success-

fully employed to simulate the hydrogen/air detonation [24]. Recently, the high order

well-balanced WCN schemes for shallow water equations were designed in [12].

In this paper, a numerical framework of the high order well-balanced WCN schemes

is designed for the one- and two-dimensional gas dynamic equations under gravitational

fields. It is an extension of the high order WCN scheme [38] and well-balanced WENO

scheme [33]. The proposed schemes can be proved that the isothermal equilibrium solu-

tion and genuine high order accuracy can be exactly maintained by rigorous theoretical

analysis. In the numerical simulations, the first order global Lax-Friedrichs flux splitting is

used to introduce correct upwinding and enhance the numerical stability. To reach the high

order accuracy, the fifth-order upwind weighted nonlinear interpolations together with the

fourth/sixth order cell-centered compact schemes are employed. To further restrain the
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numerical oscillations around the strong discontinuities and large gradients, the local char-

acteristic projections on the conservative fluxes are also considered. Besides the high order

numerical accuracy and the non-oscillatory behavior, the ability on well resolving small per-

turbations of the proposed schemes can also be observed successfully from the numerical

experiments.

The paper is organized as follows. We begin in Section 2 with a brief review of the

formulation of the high order WCN schemes. In Section 3, the high order well-balanced

WCN schemes for the gas dynamic equations under gravitational fields is described in detail.

In Section 4, several classical examples are presented to verify the high order accuracy,

the well-balanced property and good resolution for smooth and discontinuous solutions.

Conclusions are given in Section 5.

2. A Review of Weighted Compact Nonlinear Scheme

Consider a uniformly spaced grid defined by the points x i = i∆x , i = 0, · · · , N , which

are called cell centers, with cell boundaries given by x i+ 1
2
= x i +

∆x
2 , where ∆x is the uni-

form grid spacing. The semi-discretized form of the gas dynamic equations (See Eq. (3.1))

without source terms is transformed into the system of ordinary differential equations and

solved by the method of lines

dui(t)

d t
= − f

′

i
, i = 0, · · · , N , (2.1)

where f
′

i
is the numerical approximation to the spatial derivative at the cell centers x i.

2.1. Cell-centered compact scheme

Given the function values on a set of nodes, a linear cell-centered compact scheme [15]

approximation to f
′

i
is expressed as

β f
′

i−2 + α f
′

i−1 + f
′

i +α f
′

i+1 + β f
′

i+2 = c
fi+ 5

2
− fi− 5

2

5∆x
+ b

fi+ 3
2
− fi− 3

2

3∆x
+ a

fi+ 1
2
− fi− 1

2

∆x
. (2.2)

If β = 0, c = 0, a fourth (α = 1/22) or sixth (α = 9/62) order tridiagonal compact

scheme can be obtained with a = (3−2α)3/8 and b = (22α−1)/8. The derivatives at the

two boundary points f ′0 and f ′
N

are computed by the fifth order WENO-Z scheme [3,5].

2.2. Weighted nonlinear interpolation

Here, we briefly review the basic idea of the high order weighted nonlinear interpola-

tion and take fifth order (r = 3) interpolation for example. Similar to the idea of WENO

reconstruction, the key issue of the weighted interpolation is the following polynomial re-

construction procedure. The 5-point (2r − 1 = 5) global stencil S5 = (x i−2, · · · , x i+2) is

subdivided into three 3-point substencils Sk = (x i+k−2, x i+k−1, x i+k), (k = 0,1,2). The fifth
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degree polynomial approximation f̂i+ 1
2
= f̃ ( fi−2, · · · , fi+2) is built through the convex com-

bination of three second order interpolation polynomials f̂ k(x) in substencils Sk at the cell

boundaries x i+ 1
2
,

f̂i+ 1
2
=

1

128
(3 fi−2 − 20 fi−1 + 90 fi + 60 fi+1 − 5 fi+2),

=

2
∑

k=0

dk f̂ k(x i+ 1
2
), (2.3)

where (d0, d1, d2) = (1/16,10/16,5/16) are the linear weights and

f̂ 0(x i+ 1
2
) =

1

8
(3 fi−2 − 10 fi−1 + 15 fi),

f̂ 1(x i+ 1
2
) =

1

8
(− fi−1 + 6 fi + 3 fi+1),

f̂ 2(x i+ 1
2
) =

1

8
(3 fi + 6 fi+1 − fi+2). (2.4)

To capture the discontinuities and large gradients without spurious oscillation, the idea of

normalized nonlinear weights ωk in the WENO reconstruction is used to replace the linear

weights dk. And then we can obtain the weighted interpolation approximation [38] as

f̂i+ 1
2
=

2
∑

k=0

ωk f̂ k(x i+ 1
2
), (2.5)

where

ωk =
αk
∑2

j=0
α j

, αk =
dk

(βk + ǫ)
p

, k = 0,1,2. (2.6)

Here, the sensitivity parameter ǫ > 0 is a small number to avoid divisions by zero. The

power parameter p ≥ 1 is used to enhance the relative ratio between the smoothness indi-

cators βk which is defined by

βk =

2
∑

l=1

∆x2l−1

∫ x
i+ 1

2

x
i− 1

2

�

d l

d x l
f̂ k(x)

�2

d x , k = 0,1,2. (2.7)

The explicit expressions for the smoothness indicators βk can be found in [13, 38]. The

weighted formulation Eq. (2.6) in the classical reconstruction procedure of the WENO

scheme [13] is too dissipative and lose the accuracy at the critical points. An improved

nonlinear weights [3,5] are defined as

αk = dk

�

1+

�

τ5

βk + ε

�p�

, ωk =
αk
∑2

l=0
αl

, k = 0,1,2, (2.8)

where τ5 = |β2 − β0|. ǫ = 10−12 and p = 2 are used in this study.
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The upwinding flux splitting technique is used to enhance the numerical stability

f (Q) = f +(Q) + f −(Q), (2.9)

where d f +(Q)/dQ ≥ 0 and d f +(Q)/dQ ≤ 0. One example is a simple global Lax-Friedrichs

flux splitting

f ±(Q) =
1

2
( f (Q)±αQ), (2.10)

where α=maxi|λi(Q)| with λi(Q) being the i-th eigenvalue of the Jacobian matrix f
′
(Q),

and f ±(Q) are positive and negative fluxes respectively.

The fourth and sixth order centered compact schemes combine with the fifth order

weighted interpolation result in the fourth and fifth order WCN schemes respectively. We

refer to [38] for generalized formulations of the higher order WCN schemes.

3. Well-Balanced Weighted Compact Nonlinear Scheme

The gas dynamic equations, coupled with a static gravitational potential can be written

compactly as

Q t +∇ · F(Q) = S, (3.1)

where Q, F(Q) and S are vectors of the conservative variables, flux and source terms re-

spectively. In the one-dimensional case, Eq. (3.1) has a specific form with

Q =





ρ

ρu

E



 , F =





ρu

ρu2 + P

(E + P)u



 , S =





0

−ρφx

−ρuφx



 . (3.2)

Here ρ is density, P is pressure and u is the velocity. The non-gravitational energy E is

given by,

E =
P

γ− 1
+

1

2
ρu2, (3.3)

where γ is the ratio of ideal gas. φ = φ(x) is the time independent gravitational potential.

For the static gravitational potential φ(x), Eq. (3.1) admits a special steady state solu-

tion,

ρ = ρ(x), u= 0, Px = −ρφx , (3.4)

with a constant temperature and zero velocity. For an ideal gas, we have the relation

P = ρRT, (3.5)

where R is the gas constant, and T is the temperature. Combined with the steady state

equation Px = −ρφx from Eq. (3.1), it becomes

ρ(x) = ρ0 exp

�

−
φ

RT

�

, (3.6)
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which leads to the special steady state

ρ = ρ0 exp

�

−
φ

RT

�

, u = 0, P = RTρ0 exp

�

−
φ

RT

�

, (3.7)

with constant temperature T . If the linear gravitational potential field: φx = g is consid-

ered, we can obtain the simplest and most commonly encountered hydrostatic balance

ρ = ρ0 exp (−gρ0 x/P0) , u= 0, P = P0 exp (−gρ0 x/P0) . (3.8)

A special steady state of Eq. (3.8) is given by

ρ = c (−g x) , u = 0, P = c exp (−g x) . (3.9)

We start from Eq. (3.9) to introduce the well-balanced WCN scheme for the one-

dimensional gas dynamic equations under gravitational fields. Borrowed the idea from

[33], the source term S in Eq. (3.2) is reformulated into two terms as

S =
�

0, ρ exp(g x)(exp(−g x))x , ρuexp(g x)(exp(−g x))x
�Ts

, (3.10)

where Ts is the transpose operator. And then each derivative is independently discretized by

using the same nonlinear weights as those computed from approximating the flux derivative

terms in the conservation laws. Similar procedure has been used in the high order well-

balanced WENO method for the shallow-water equations [34] and a class of hyperbolic

systems with source terms [35].

In this work, the conservative variables Q = (ρ,ρu, E) in Eq. (2.10) is replaced by

Q∗ = (ρ exp(g x),ρuexp(g x), E exp(g x)). The same technique is used in the literature

[33]. The flux F(Q) is split up into

F(Q) = F+(Q) + F−(Q), (3.11)

where

F±(Q) =
1

2









ρu

ρu2 + P

(E + P)u



±α0





ρ exp(g x)

ρuexp(g x)

E exp(g x)







 , (3.12)

where α0 = αmax
x

exp(−g x). See [13, 28] for more details. Moreover, the derivatives in

the source terms are also split up into their positive and negative parts as





0

exp(−g x)

exp(−g x)





x

=
1

2





0

exp(−g x)

exp(−g x)





+

x

+
1

2





0

exp(−g x)

exp(−g x)





−

x

. (3.13)

Proposition 3.1. Weighted compact nonlinear schemes with a linear interpolation Eq. (2.3)

for the gas dynamic equations with the linear gravitational potential field Eq. (3.1) satisfying

the steady state solution Eq. (3.9) can preserve the steady state solution exactly.
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Proof. Firstly, F̂+
j+ 1

2

has the following expression,

F̂+
j+ 1

2

=

2
∑

k=−2

dkF+
j+k

=

2
∑

k=−2

dk

1

2
(F j+k +α0Q∗

j+k
)

=
1

2

2
∑

k=−2

dkF j+k +
1

2

2
∑

k=−2

dk(α0Q∗j+k). (3.14)

Similarly, F̂−
j+ 1

2

can be expressed as

F̂−
j+ 1

2

= 1
2

3
∑

k=−1

ekF j+k −
1
2

3
∑

k=−1

ek(α0Q∗
j+k
). (3.15)

Since Q∗ is a constant vector and
2
∑

k=−2

dk =
3
∑

k=−1

ek = 1,

2
∑

k=−2

dk(α0Q∗j+k) = α0(c, 0, c/(γ − 1))Ts ,

3
∑

k=−1

ek(α0Q∗
j+k
) = α0(c, 0, c/(γ − 1))Ts , (3.16)

then

F̂ j+ 1
2
=F̂+

j+ 1
2

+ F̂−
j+ 1

2

=
1

2

2
∑

k=−2

dkF j+k +
1

2

3
∑

k=−1

ekF j+k. (3.17)

We take the fourth order compact scheme Eq. (2.2) for example. The right hand side is

a
F̂ j+ 1

2
− F̂ j− 1

2

∆x
=

a

2∆x

�

2
∑

k=−2

dkF j+k +

3
∑

k=−1

ekF j+k

�

−
a

2∆x

�

1
∑

k=−3

fkF j+k +

2
∑

k=−2

dkF j+k

�

.

(3.18)

The steady state solution Eq. (3.9) is used and the corresponding source term becomes

S = (0, c(exp(−g x))x , 0)T = (0, Px , 0)T . By using the same procedure above to the source

term S of Eq. (3.2), we can obtain

a
Ŝ j+ 1

2
− Ŝ j− 1

2

∆x
=

a

2∆x

�

2
∑

k=−2

dkS j+k +

3
∑

k=−1

ekS j+k

�

−
a

2∆x

�

1
∑

k=−3

fkS j+k +

2
∑

k=−2

dkS j+k

�

.

(3.19)
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Therefore, the first and third components of Eq. (3.18) and Eq. (3.19) are equal to zeros.

The second component of Eq. (3.18) becomes

a
P̂j+ 1

2
− P̂j− 1

2

∆x
=

a

2∆x

�

2
∑

k=−2

dkPj+k +

3
∑

k=−1

ekPj+k

�

−
a

2∆x

�

1
∑

k=−3

fkPj+k +

2
∑

k=−2

dkPj+k

�

.

(3.20)

The second component of Eq. (3.19) is equal to Eq. (3.20). Hence,

a
F̂

j+ 1
2
−F̂

j− 1
2

∆x − a
Ŝ

j+ 1
2
−Ŝ

j− 1
2

∆x = 0. (3.21)

Therefore, the steady state solution Eq. (3.9) can be preserved exactly. By similar pro-

cedure, the extension to other higher order WCN schemes is straightforward. This finishes

the proof.

However, the high order WCN schemes described in the Section 2 are nonlinear. The

nonlinearity comes from the nonlinear weights, which in turn comes from the nonlinearity

of the smooth indicators βk measuring the regularity of the fluxes F+ and F−. To maintain

the steady state solution exactly and high order accuracy, we use the same nonlinear weights

as computed from two terms (ρu2 + P)x and ((E + P)u)x to (exp(−g x))x . Therefore, the

nonlinear interpolation formulation Eq. (2.5) becomes a linear interpolation formulation

and satisfy the proposition (3.1).

In case of the WCN schemes with local characteristic decomposition, we do the same lo-

cal characteristic decomposition to two terms in Eq. (3.24) by using the local characteristic

matrix of Eq. (3.12). The nonlinear interpolation weights computed from the characteris-

tic variables are used to the corresponding variables of Eq. (3.24) after the characteristic

projection. We can prove that the WCN schemes with local characteristic decomposition

and flux splitting Eq. (3.12), and with the special handling of the source terms described

above, maintains exactly the steady state solution.

Next, we design the high order well-balanced WCN scheme for the general steady state

Eq. (3.7). The source term in Eq. (3.2) is reformulated as

S =







0

RTρ exp
�

φ
RT

��

exp
�

− φRT

��

x

RTρuexp
�

φ
RT

��

exp
�

− φRT

��

x





 . (3.22)

The corresponding flux splitting and the derivatives in the source terms are replaced by

F±(Q) =
1

2









ρu

ρu2 + P

(E + P)u



±α0





ρ exp(
φ
RT )

ρuexp(
φ
RT )

E exp(
φ
RT )







 , (3.23)

and




0

exp(− φRT )

exp(− φRT )





x

=
1

2





0

exp(− φRT )

exp(− φRT )





+

x

+
1

2





0

exp(− φRT )

exp(− φRT )





−

x

. (3.24)
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Finally, we extend the high order well-balanced WCN schemes into the two-dimensional

gas dynamic equations under a gravitational field Eq. (3.1) with

Q =







ρ

ρu

ρv

E





 , F =







ρu

ρuv

ρu2 + P

(E + P)u





 , G =







ρv

ρv2 + P

ρuv

(E + P)v





 , S =







0

−ρφx

−ρφy

−ρuφx −ρvφy





 , (3.25)

where (u, v) is the velocity vector and ρ, P, φ(x , y) follow the definitions below Eq. (3.2).

E = P
γ−1 +

1
2ρ(u

2 + v2) is the non-gravitational energy. With the constant temperature and

zero velocity, the hydrostatic balance of Eq. (3.1) is the steady state solution

ρ = ρ0 exp

�

−
φ

RT

�

, u = v = 0, P = RTρ0 exp

�

−
φ

RT

�

, (3.26)

and the steady state solution corresponding to the linear gravitational potential field: φx =

g1 and φy = g2 takes the form

ρ = ρ0 exp

�

−ρ0(g1 x + g2 y)

P0

�

, u= v = 0, P = P0 exp

�

−ρ0(g1 x + g2 y)

P0

�

. (3.27)

For preserving the steady state solution Eq. (3.26), we modify the source term as

S =













0

RTρ exp
�

φ
RT

��

exp
�

− φRT

��

x

RTρ exp
�

φ
RT

��

exp
�

− φRT

��

y

RTρuexp
�

φ
RT

��

exp
�

− φRT

��

x
+ RTρv exp
�

φ
RT

��

exp
�

− φRT

��

y













, (3.28)

and use the one-dimensional procedure described above in the x - and y-directions respec-

tively. Therefore, the high order accuracy and the exact steady state solution can be main-

tained.

The resulting system of ordinary differential equations after spatial discretization is

advanced in time via the third order TVD Runge-Kutta scheme [29]. The CFL condition is

set to be CFL = 0.45 in the numerical experiments performed in this study.

4. Numerical Results

In this section, several classical one- and two-dimensional examples taken from [17,

22, 31, 33] will be illustrated to show the behaviors of the well-balanced WCN scheme

preserving the hydrostatic balance state, meanwhile maintaining the genuine high order

accuracy and the capability of computation on the small perturbation of a steady state

solution on a relatively coarse mesh. Since the corresponding results of ρv are similar to

those of ρu in the two-dimensional cases, they are omitted here. For clarity, the fourth and

sixth order compact schemes coupled with the fifth order nonlinear interpolation method

are named as the WCN4 scheme and WCN6 scheme respectively. We shall collectively refer

to the WCN4 and WCN6 schemes as the WCN schemes.
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Table 1: L∞ errors for ρ, ρu and E as 
omputed by the WCN s
hemes at time t = 2.

N 40 200

L∞ ρ ρu E ρ ρu E

WCN4 7.8E-16 5.2E-16 1.1E-15 3.0E-15 7.7E-16 1.6E-15

WCN6 1.1E-15 3.4E-16 1.6E-15 3.7E-15 7.5E-16 1.8E-15

4.1. One-dimensional isothermal equilibrium solution

We consider the one-dimensional isothermal equilibrium solution in the form of Eq. (3.9)

which is given by

ρ0(x) = exp (−x) , u0(x) = 0, P0(x) = exp (−x) , (4.1)

with γ = 1.4 and the linear gravitational field φx = g = 1. The computational domain is

set as [0,1].

The steady state solution Eq. (4.1), which should be exactly preserved, is used as the

initial condition to show the well-balanced property of the WCN schemes. We use double

precision to perform the computation until the final time t = 2. The L∞ errors of the

difference for ρ, ρu and E between the initial condition and the final solution computed

by the WCN schemes with N = 40 and 200 uniform cells are shown in Table 1. Obviously,

the L∞ errors are at the level of round-off errors for different resolutions, which verify the

well-balanced property of the WCN schemes.

Next, we impose a small perturbation to the initial pressure state

P(x , t = 0) = P0(x) +ηexp
�

−100(x − 0.5)2
�

, (4.2)

where η is a non-zero perturbation constant (η = 0.01 and η = 0.0001 are used). The

final time is t = 0.25. The initial perturbation (the dashed lines in Fig. 1) will break into

two smaller waves propagating to the left and right directions respectively. The solutions

computed by the WCN schemes with N = 200 grid points are drawn in Fig. 1 which are in

a good agreement with reference solution (computed by the WCN6 scheme with N = 2000

grid points) and those in [17,22,31,33]. We can find that the proposed schemes accurately

captures both small and large perturbations on a relatively coarse mesh with N = 200.

4.2. Shock tube under gravitational field

The next example is the standard Sod tube test under gravitational field φ with a value

of g = φx = 1 [22, 33]. We assume the computational domain to be [0,1] and the initial

condition is

(ρ,u, P) =

�

( 0.125, 0.000, 0.1000 ), x ≥ 0.5,

( 1.000, 0.000, 1.0000 ), x ≤ 0.5.

The reflective boundary conditions are imposed on both ends of the domain. The final

time is t = 0.2. The number of uniform cells is N = 100. Since there is no exact solution
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Figure 1: One-dimensional isothermal equilibrium solution with a small perturbation Eq. (4.2). The

pressure perturbation with (Left) η = 0.01 and (Right) η = 0.0001 of the hydrostati
 solution are


omputed by the WCN s
hemes at time t = 0.25.

for this problem, the numerical solution computed by the WCN6 scheme with N = 2000

grid points is used as the reference solution. We show the density, velocity, energy and

pressure computed by the WCN schemes with N = 100 grid points in Fig. 2 which agree

well the reference solution and those in [22,33]. Due to the gravitational force, the density

distribution inside the tube is pulling towards the left direction, and negative velocity is

found in the intervals [0,0.3] and [0.85,0.9] respectively. As one can see, the WCN schemes

capture the solutions on the relatively coarse mesh of 100 grid points quite well.

4.3. One-dimensional gas falling into a fixed external potential

The same gas dynamic equations with a static gravitational potential Eq. (3.2) and a

constant temperature and zero velocity steady state solution Eq. (3.7) is considered with

the parameters ρ0 = 1, R = 1, T = 0.6866. The ratio of the specific heat has a value

γ= 5/3. The gravitational potential has the form of a sine wave

φ(x) = −φ0

L

2π
sin

2πx

L
, (4.3)

where L = 64 is the computational domain length and φ0 = 0.02 is the amplitude. The

computational domain is set to be [0,64]. The periodic boundary conditions are imple-

mented in this example.

Starting with the steady state Eq. (3.7) as the initial condition, the solution is updated

to a time t = 50. Theoretically, the steady state should be maintained up to machine zeros.

Table 2 demonstrates the L∞ errors of the ρ, ρu and E computed by the WCN schemes on

different mesh sizes N = 40 and 200 respectively. In all cases we find that the L∞ errors

are small and of the order of machine precision.

Next, a small pressure perturbation added into the steady state Eq. (3.7) is used as the
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Figure 2: One-dimensional sho
k tube problem under gravitational �eld. The physi
al variables (Top

left) density, (Top right) velo
ity, (Bottom left) energy and (Bottom right) pressure are 
omputed by

the WCN s
hemes at time t = 0.2.

Table 2: L∞ errors for ρ, ρu and E as 
omputed by the WCN s
hemes at time t = 2.

N 40 200

L∞ ρ ρu E ρ ρu E

WCN4 1.1E-15 9.7E-16 1.1E-15 2.9E-15 1.1E-15 1.8E-15

WCN6 1.3E-15 7.9E-16 1.0E-15 2.7E-15 1.1E-15 2.0E-15

initial condition, such as,

ρ = ρ0 exp

�

−
φ

RT

�

, u= 0, P = RTρ0 exp

�

−
φ

RT

�

+ 0.001 exp
�

− 10(x − 32)2
�

.

The system is expected to reach an isothermal hydrostatic state after long time simulation,

where the temperature settles to a constant and fluid velocity is zero. Following the final

time in [22], we compute the solution by the WCN schemes using N = 64 uniformly spaced

grid points until the time t = 2500000 (5942976 time steps in our computation) and plot
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Figure 3: One-dimensional gas falling into a �xed external potential with a small perturbation Eq. (4.3).

The physi
al variables (Top left) density, (Top right) velo
ity, (Bottom left) pressure and (Bottom right)

temperature are 
omputed by the WCN s
hemes at time t = 2500000.

the numerical results in Fig. 3. It can be clearly found that the results reach an isothermal

hydrostatic state and are comparable to those in [22,30,31,33].

4.4. Order of accuracy for the two-dimensional case

The two-dimensional gas dynamic equations Eq. (3.25) with a linear gravitational field

φx = φy = 1 will give an exact solution as

ρ(x , y, t) = 1+ 0.2 sin
�

π(x + y − t(u0 + v0))
�

, u(x , y, t) = u0, v(x , y, t) = v0,

P(x , y, t) = P0 + t(u0 + v0)− x − y + 0.2 cos
�

π(x + y − t(u0 + v0))
�

/π,

with u0 = v0 = 1 and P0=4.5. The computational domain is [0,2]× [0,2]. The final time

is t = 0.1. The exact solutions are used as the boundary condition. The time step ∆t is

taken to be proportional to (1/∆x+1/∆y)−4/3 and (1/∆x+1/∆y)−5/3 for the WCN4 and

WCN6 schemes respectively. The L∞ errors for ρ, ρu, E and numerical orders of accuracy
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Table 3: The a

ura
y test. L∞ errors and numeri
al orders of a

ura
y for the WCN s
hemes.

Method N ×M ρ ρu E

error order error order error order

WCN4 8× 8 3.17E-2 3.19E-2 8.04E-3

16× 16 5.39E-3 2.56 5.26E-3 2.60 3.33E-3 1.27

32× 32 4.35E-4 3.63 4.31E-4 3.61 1.25E-4 4.74

64× 64 2.36E-5 4.20 2.35E-5 4.20 2.34E-6 5.74

128× 128 7.55E-7 5.00 7.55E-7 4.96 6.73E-8 5.12

WCN6 8× 8 3.26E-2 3.24E-2 1.08E-2

16× 16 5.36E-3 2.60 5.22E-3 2.63 3.57E-3 1.60

32× 32 4.43E-4 3.60 4.39E-4 3.57 1.25E-4 4.84

64× 64 2.42E-5 4.19 2.41E-5 4.19 2.37E-6 5.72

128× 128 7.50E-7 5.01 7.50E-7 5.01 4.53E-8 5.71

for the WCN schemes are listed in Table 3. The fifth order of accuracy for the WCN4 and

WCN6 schemes are observed. It is surprising that the numerical convergence order of the

WCN4 scheme is one more than the expected fourth order.

4.5. Two-dimensional isothermal equilibrium solution

The isothermal equilibrium state with the linear gravitational field φx = φy = g takes

the form of

ρ(x , y) = ρ0 exp

�

−
ρ0 g

P0

(x + y)

�

, u(x , y) = u0, v(x , y) = v0,

P(x , y) = P0 exp

�

−
ρ0 g

P0

(x + y)

�

, (4.4)

with the parameters γ= 1.4, ρ0 = 1.21, P0 = 1, g = 1 and u0 = v0 = 0. The computational

domain is [0,1]× [0,1].

With the initial conditions Eq. (4.4), the numerical solutions computed by the WCN

schemes using the double precision until the time t = 1 with 50× 50 and 200× 200 uni-

form grid points are shown in Table 4. One can clearly see that all the cases maintain the

isothermal equilibrium state solution up to machine precision.

Next, we consider a small perturbation added into the initial pressure state of Eq. (4.4)

P(x , y) = P0 exp

�

−
ρ0g

P0

(x + y)

�

+ηexp

�

−
100ρ0g

P0

�

(x − 0.3)2 + (y − 0.3)2
�

�

, (4.5)

to demonstrate the capability of the WCN schemes for the small perturbation to the sta-

tionary state. The simulation time is t = 0.15. We perform the computation with N ×M =

50 × 50 and plot the results in Fig. 4 which agree well with the reference solution com-

puted by the WCN6 scheme with N ×M = 200×200 and those in [33]. It can be obviously

observed that the WCN schemes are able to capture the small perturbation on the coarse

mesh.
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Table 4: L∞ errors for ρ, ρu and E as 
omputed by the WCN s
hemes at time t = 1.

N 50× 50 200× 200

L∞ ρ ρu E ρ ρu E

WCN4 2.0E-16 9.2E-17 2.0E-16 3.8E-16 1.3E-16 2.4E-16

WCN6 2.1E-16 8.5E-17 2.1E-16 3.9E-16 1.3E-16 2.4E-16
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Figure 4: Two-dimensional isothermal equilibrium solution with a small perturbation Eq. (4.5). The


ontour lines of the pressure perturbation are 
omputed by (Left) the WCN4 s
heme and (Middle) the

WCN6 s
heme and (Right) the referen
e solution at time t = 0.15.

5. Concluding Remarks

In this work, we design the high order well-balanced weighted compact nonlinear

(WCN) schemes for the gas dynamic equations under gravitational fields by reformulat-

ing the source term into two terms. The first order global Lax-Friedrichs flux splitting and

local characteristic projections on the conservative fluxes are used to enhance the numeri-

cal stability. Extensive one- and two-dimensional examples are conducted to show that the

proposed WCN schemes can exactly maintain the isothermal equilibrium solution, genuine

high order accuracy and capture the small perturbations on the relative coarse grids.
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