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Abstract

We study the freeness problem for multiplicative subgroups of SL; (Q). For g =r/p in
QnN(0,4), where p is prime and gcd (r, p) = 1, we initiate the study of the algebraic structure

of the group A, generated by
(10 _(1gq
A= (1 1) and Q, = <0 1).

We introduce the conjecture that A/, = F(lp)(r), the congruence subgroup of SL; (Z[1/p])
consisting of all matrices with upper right entry congruent to 0 mod r and diagonal entries
congruent to 1 mod r. We prove this conjecture when r <4 and for some cases when r =
5. Furthermore, conditional on a strong form of Artin’s conjecture on primitive roots, we
also prove the conjecture when r € {p — 1,p+ 1, (p + 1)/2}. In all these cases, this gives
information about the algebraic structure of A,/,: it is isomorphic to the fundamental group
of a finite graph of virtually free groups, and has finite index J>(r) in SL> (Z[1/p]), where
J2(r) denotes the Jordan totient function.

2020 Mathematics Subject Classification: 30F35, 30F40 (Primary);
20EO05, 11J70 (Secondary)

1. Background

Consider the following problem: given a set of matrices, what can be said about the multi-
plicative (semi)group H generated by them? Can one decide whether some given matrix lies
in 7{? Can one decide whether H is free, or even finitely presented? It should come as no sur-
prise that this type of problem, in full generality, is undecidable. For example, Markov [24]
proved already in 1947 that the problem of whether a given matrix can be expressed as
a product of some other given matrices, i.e. the membership problem, is undecidable for
SL4 (Z). This was one of the first undecidability results in mathematics, and demonstrates
the inherent difficulty of problems of this type. In special cases, one can often do much more.

When studying the matrix group SL, (R) for some ring R, there are two degrees of
freedom: the size of n, and the complexity of R. Even for n =4, most algorithmic prob-
lems become intractable for R =7, as indicated by Markov’s result; on the other hand,
the group SL3 (Z) is still rather mysterious, with many open problems (e.g. coherence, see
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below). The freeness problem for subgroups of SL3 (Z) is highly non-trivial. By contrast,
the group SL; (Z) is virtually free and therefore comparatively much simpler to understand.
Extending this to a larger ring, we find the group SL, (Q), and, as a particular case, the
group SL; (Z[1/p]) for a fixed prime p. Here, similar problems remain as for SL3 (Z), and
the group SL, (Z[1/p]) is the starting point for this paper.

The problem central to this paper is the following: given two matrices in SL; (Q), do they
generate a free group? We will consider a very special case of this problem: given a non-zero
rational g € Q, is the group A, generated by the two matrices

(10 _(1gq
A_<1 1) anqu_<0 1)

free? If not, what is its algebraic structure?

The problem of representing free groups by matrices of the type above is a classical topic
in combinatorial group theory, and has a long and complex history (the semigroup ana-
logue has also been studied [5, 10]). There is much to say about this fascinating history; a
full treatment will appear elsewhere. However, a starting point is work by a group of three
Soviet students supervised by V. A. Tartakovskii in Leningrad in the late 1930s: Kh. A.
Doniyakhi [11], D. I. Fuchs-Rabinovich [13], and I. N. Sanov. The former two studied rep-
resenting free groups by matrices (inspired by results by Magnus [23, section 5, p. 72]),
while Sanov instead focussed on the Burnside problem, resolving it for exponent 4 [32]. All
three students were drafted in 1941, following the invasion of the Soviet Union. Only Sanov
survived the war. Now the sole torchbearer of this line of inquiry, in 1947 he would return
to the matrix problem, and proved his now-famous theorem that the group generated by the

two matrices
10 12
(5) 0 (51)

is free on those generators [33]. This article inspired a 1955 note by Brenner [4], who showed
that if |g| > 4, the group A, is free. Hence, we will restrict our attention to the case of
g € Q with |g| <4, which by symmetry means we need only consider g € QN (0, 4). We
remark that if one instead considers complex parameters ¢ € C, then A, becomes intricately
connected with the Riley slice [20], although this remarkable slice is outside the scope of
this paper.

Our problem is then: is A, = (A, Q) ever a free group for g € Q N (0, 4)? This problem
was first addressed directly by Lyndon and Ullman [22], and it remains open to this day;
it is problem 15.83 of the Kourovka Notebook [25], attributed to Merzlyakov, owing to his
extensive studies of the problem, e.g. [27, 28], cf. also [25, problem 15.84]. There are many
known rationals g for which the group A, is not free, with the best-known results to date
being due to Kim and Koberda [21], but not a single value for when it is free. Farbman [12]
and Kim and Koberda [21] explicitly conjecture that the answer to this question is no, i.e.
that the group A, is never free, but it remains open in general even to find a dense subset of
QN (0, 4) consisting of rational numbers which give rise to non-free A,. Even the problem
of whether A, is finitely presented is an open problem. Lyndon and Ullman suspected that
the group structure of A, may be as an amalgam of two free groups. If the main conjecture of
this paper is true, then this will show that the conjectures of Farbman and Kim and Koberda
are true, and that Lyndon and Ullman’s suspicion is very close to the truth (see section 2).
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The theory and machinery of arithmetic matrix groups is sufficiently rich to place the
non-freeness conjecture for A, in a broader context. One particular instance of this is the
Greenberg—Shalom Conjecture. This conjecture is rather technical, and we shall not state it;
but if it is true, then it would have a number of remarkable consequences, surveyed recently
in [7]. For our purposes, the two most important consequences are that if r/p € Q N (0, 4)
with ged (r, p) = 1, then:

(1) A,p is not free.
(2) A, has finite index in SL; (Z[1/p]).

Both problems remain open. The second implies the first, as SL, (Z[1/p]) is not vir-
tually free. Whereas the first question has been extensively studied, the second remains
essentially unexplored (although cf. [1]). Related to these questions is the following
very natural question, which has essentially seen no study beyond the question of
freeness:

Question 1.1 What is the algebraic structure of A, /,?

In this paper we will tackle both the finite index question and 1-1 We will identify a very
compelling conjecture regarding this structure. Specifically, we conjecture, and prove in

many cases, that A, is equal to F(lp)(r), the congruence subgroup of SL, (Z[1/p]) generated
by all matrices with diagonal entries congruentto 1 (mod r) and upper right entry congruent
to 0 (mod r). Explicitly, we conjecture:

CONIJECTURE 1-1. Forallr/p € QN (0,4) with gcd (r, p) = 1, the group A, is equal to

the congruence subgroup F(lp)(r) of SLy (Z[1/p)). In particular, Ay, is not free, has index
Jo(r) in SLy (Z[1/p]), and is isomorphic to the fundamental group of a finite graph of groups
with virtually free vertex groups (and is hence finitely presented).

Here Jy(7) denotes the Jordan totient function counting the number of generators of
(Z/rZ)?. We will verify the conjecture in some cases; in section 6, we prove:

THEOREM 6-3 Let r/p € QN (0, 4) with p prime, gcd (r, p) = 1. If either:

@1). ref{l,2,3,4}; or
(i1). r=5andp=#—1,1 (mod 11),

then Conjecture 1.2 holds for A,;,. Furthermore, if p is arbitrary and

ptl

e{p—1, 1
reip p+ >

I8

the last case assuming p is odd, then assuming a strong form of Artin’s conjecture on
primitive roots (Conjecture 5-3) for p holds, then Conjecture 1-1 holds for A, .

Our work can be seen as support for two consequences of the Greenberg—Shalom
Conjecture. Doubtlessly, the conjecture can be proved in many more cases with analogous
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Table 1. Some computational evidence in favour of the main conjecture (Conjecture
1-1). Each box contains the index of Ayjp in SLy (Z[1/p]), computed using GAP. In

each instance, we also verified that A, = F(lp)(r). The blank (grey) boxes correspond
to values r/p > 4. The red crosses X correspond to integers r/p, and in those cases Ay,
has infinite index in SLy (Z[1/p]).

p=2 p=3 p=5 p=1 p=11 Ja(r)

r=1 1 1 1 1 1 1
r=2 X 3 3 3 3 3
r=3 8 X 8 8 8 8
r=4 X 12 12 12 12 12
r=5 24 24 X 24 24 24
r=6 X X 24 24 24 24
r=7 48 48 48 3 48 48
r=8 48 48 48 48 48
r=9 X 72 72 72 72
r=10 72 3 72 72 72
r=11 120 120 120 X 120
r=12 96 96 96 96
r=13 163 168 168 168
r=14 144 X 144 144
r=15 X 192 192 192
r=16 192 192 192 192
r=17 288 288 288 288
r=18 216 216 216 216
r=19 360 360 360 360
r=20 288 288 288
r=21 X 440 440
r=22 360 X 360
r=23 528 528 528
r=24 384 384 384
r=25 600 600 600
r=26 504 504 504
r=27 684 684 684

techniques as in this paper. We have also verified Conjecture 1-1 computationally for many
small values of »/p, including for all values r/p <4 when p € {2, 3,5, 7}. This is presented
in Table 1. We also introduce the notion of a strong relation number, which is to A,/, having
finite index in SL; (Z[1/p]) what being a relation number is to A/, not being free.

Finally, studying the algebraic structure of 2-generated subgroups of SL, (Z[1/p]) is also
relevant for the coherence problem, i.e. whether or not every finitely generated subgroup
is finitely presented. This is open; however, for prime p the Greenberg—Shalom conjecture
implies a positive answer to this question [7, theorem 6-2]. For n with at least two distinct
prime factors p and ¢, Baumslag [30, p. 734] showed that SL; (Z[1/n]) is incoherent, since

the group generated by
_(10 p/qa 0
A= (1 1) nd < 0 q/p>
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is not finitely presented. Thus, understanding the structure of 2-generated subgroups of
SL; (Z[1/p]) seems a worthwhile task; for example, it is not known to the author whether
every 2-generated subgroup of SLj (Z[1/p]) is finitely presented. Our main conjecture
(Conjecture 1-1) implies that the answer to this question is yes at least in the case of the
2-generated groups A,/p.

2. SLp

For a ring R, we denote by SL; (R) the ring of all 2 x 2-matrices with entries in R and
with determinant 1. We will only consider the multiplicative structure of SL, (R) in this
paper, and refer to it as a group.

2-1. Generators and relations

Throughout this paper, we will consider SL; (Z) defined abstractly by the group presen-
tation

SLy (Z) = Gpla, b | b* = (ab)?, b* = 1). 21

We will, however, seamlessly pass between this presentation and considering SL, (Z) as a
matrix group, via the isomorphism induced by

10 01
ar—~> A= , b—B= .
11 —10

Throughout remove, we will retain this notation for the matrices A and B.

Giving generators and relations for SL, (Z[1/p]) is more difficult, but two such descrip-
tions are known: the first, described by Serre [35, I1.1.4] comes via the action of
SL; (Z[1/p]) on a tree:

1
SLy (Z[-]) = SL, (Z) *1Z(p) SL, (Z) (2-2)
p 0

where the inclusion map is specified in [35, corollary 11.1.2] (we will not use it). Here Fg »
is used to denote the subgroup of SL; (Z) consisting of all matrices with bottom left entry
congruent to 0 (mod p). Second, Behr and Mennicke [2] provide a presentation for all p.
For p =2, 3, the presentation is

1
SLy (Z[~1) = Gpla, b, up | (ab)® = (uph)? = (upa?)’ = b2, b* = 1,1 au = "),
p

The generators a and b correspond to A and B above, and u;, corresponds to

_(r O
U,,_(Ol/p).

Throughout this paper, we will retain the notation U, for this matrix. To see that A, B, U,
generate SL, (Z[1/p]) is easy, cf. [26, p. 204]. However, we also note that any non-trivial
power of U, will generate SL; (Z[1/p]) together with A and B, as an easy multiplication
shows that

1

U, = UA? U *par Uk ! (23)
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for any non-zero k € Z. We will also make consistent use of the following relations, which
allow us to “push” U),-type letters to the left.

BU,=USVB, AU, =U,A". 2.4)

2-2. Congruence subgroups

In this section, we will collect some known results about congruence subgroups of SL; (Z)
and SL; (Z[1/p]).

Let r > 1, and consider the natural surjection an: SLy (Z) — SLy (Z/rZ) resp. (when
gcd (p, r) = 1) the map nr(p ). SL; (Z[1/p]) — SL; (Z/rZ) in each case defined by reducing
each entry modulo r. The kernel of such a map is called a principal congruence subgroup
(of level r) of SL; (Z) resp. SLy (Z[1/p]), and will here be denoted ker an =T%(r) resp.

ker rrfp ) = '@ (r). Jordan proved in the Traité [19, p. 95, Theoreme 123] that

3
,
ISLa (Z/rZ)| = rJa(r) ~ —, (2°5)
£(3)

where J,(7) denotes the Jordan totient function, being the number of pairs (a,b) with 1 <
a,b <rwith gcd (a, b, r) =1, and ¢ (3) is Apéry’s constant. In particular, (2.5) also gives the
index of the rth principal congruence subgroup I'“(r) in SL; (Z) (resp. the index of I'?)(r)

in SL; (Z[1/p])). The sequence of values of J»(r) begins

1,3,8,12,24,24,48,48,72,72,120, 96, . ..

being OEIS sequence A007434. Clearly, for p prime J»(p) = p> — 1.

It is well known that not every subgroup of finite index in SL; (Z) contains some I'%(r)
(indeed, most do not), i.e. SL; (Z) does not have the Congruence Subgroup Property. By
contrast, a theorem of Serre [34] and Mennicke [26]l shows that SL; (Z[1/p]) has this prop-
erty for all p. If H < SL; (Z[1/p]) (or SL, (Z)) is a congruence subgroup containing I'Z(r),
then we say that H is an r-congruence subgroup. We define some important congruence
subgroups of SLy (Z) and SL; (Z[1/p]). Let r > 1 and gcd (r, p) = 1. Then we let

Ti(r) = :(Z Z) e SL, (Z)

azdzl(modr),bEO(mOd")}

and analogously for F(lp)(r), ie. T%(r) (resp. F(lp)(r)) is the pre-image under JTrZ (resp. n,(p ))
of the group of lower unitriangular matrices in SL, (Z/rZ). Since that group is cyclic of
order r, it follows that

1.0 =p =Z
[SL, (Z[;]) L (N=[SLa (Z) : Ty (N] = J2(r). (2-6)

The structures of F(lp)(r) and Flz(r) are quite different, however. It is well known that

for r > 4 the group Flz(r) is free; indeed, denoting its rank by n, a simple Euler charac-
teristic argument (see [8, 1X.8]) yields x (SL, (Z)) =1 —n/J,(r) and since x(SLj (Z)) =
t(—1)=-1/12, we have that n=1+4 J>(r)/12. By contrast, F(lp)(r) is never free

1 Mennicke’s proof is incomplete, as it relies on an incorrect computation of the Schur multiplier of
SL, (Z/rZ). The argument is corrected in [3, §5].
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(as SLj (Z[1/p]) is not virtually free), but by general Bass—Serre theory the decomposition
(2) implies that F(lp)(r) is the fundamental group of a finite graph of groups with virtually

free vertex groups. We will also prove that F(lp)(r) can sometimes (conjecturally always) be
generated by three elements in §5.

3. The group Ayjp

For any prime p and r € Z such that p and r are coprime. When r/p € Q N (0, 4), we will
say that r/p is admissible. Let

(10 _(1r/p
A_(11> and Qr/p_<0 1).

Let Ay/p = (A, Orp) <SLy (Z[1/p]). If r/p is not admissible, then A,/ is free [4, 33]. On
the other hand, there is no known example of an admissible number for which the group A/,
is free; this was noted already by Lyndon and Ullman [22] in 1969, and Kim and Koberda
[21] conjecture that every admissible rational number gives rise to a non-free A,/,. Let us
say that r/p is a relation number if A, , is not free (on two generators). We mention a useful
necessary and sufficient condition for r/p to be a relation number: that there exist some non-
trivial product of the matrices A and Q,/p, involving both A and Q,/, non-trivially, which
equals an upper triangular matrix. Some Q,/,-conjugate of this matrix will then commute
with Q,/,, proving non-freeness (cf. [21, lemma 2-1]).

There are many known examples of rational relation numbers. We refer the reader to
Kim and Koberda [21] and Gilman [14] for extensive references, see also [6, 18, 36].
Kim and Koberda, in particular, prove that r/p is a relation number for all » <27, except
possibly » =24. The main difficulty in proving theorems of this type is that the short-
est length of a relation (in the sense of the syllable length of the product of A and O,/
that is required for a product to equal 1) grows very rapidly as r/p — 4. There is also no
known subset of Q N (0,4) in which the relation numbers are dense. Furthermore, there
is no known example of a sequence of distinct relation numbers converging to 3 or to
4. By contrast, it is easy to prove that the algebraic relation numbers (defined analo-
gously) are dense in (0,4), see e.g. [9, corollary 1]. It is also easy to construct a series
of rational relation numbers converging to 2 + V2 =13.414.... For example, consider the
sequence

3 7 41 239 1393 8119
oo, = = == =242 (3-1)

consisting entirely of principal convergents to 2 4 +/2, i.e. 2 added to the solutions to the
Pell equation X> + 2Y? = 1. Then it is not hard to prove that the nth entry g, of the sequence
will be such that Q4" (A~1Q,,)?A~1 Q%" is upper triangular, where a(1) =0, a(2) = 2 and
recursively a(n) = 34a(n — 1) — a(n — 2) — 8 for n > 3. Thus the numbers in (3-1) are all
rational relation numbers.

In spite of the extensive literature on the freeness problem, going back more than fifty
years, there has been essentially no research done regarding the algebraic structure of the
group A,/,. This paper aims to fill that gap. In section 6, we will describe the structure
explicitly in many cases, and prove that in these cases the group A,/ is a congruence sub-
group of SL; (Z[1/p]), and in particular that A,/, has finite index in SL (Z[1/p]). Indeed,

we will show in many cases that A, /, = F(lp)(r), as defined in section 2. When this equality
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holds, A,/, splits as the fundamental group of a finite graph of groups with virtually free
vertex groups. This sort of decomposition for A/, was predicted already by Lyndon and

Ullman in 1969 (cf. [22, p.1401]). We remark that the inclusion A, /, < F(lp)(r) is trivially

true; both A and Q,, clearly lie in F(]p)(r). This leads us directly to Conjecture 1-1. We will
deal with one easy case of the conjecture, first, namely when r = 1.

PROPOSITION 3-1. The group generated by A and Q1,, has index 1 in SL; (Z[1/p]). That
is, Ay =T (1) = SL, (Z[1/p]) = SL, (Z) #12 SL2 (2)

Proof. This is a simple consequence of B=A_1Q€/pA_1 and U, =B7101,,A7PQ1.
Hence, SLy (Z[1/p]) = (A, B, Up) = (A, Q1/p)-

The generators in Proposition 3-1, which appear to be new, can be used to give a new and
minimal presentation of SL; (Z[1/2]), see [31]. A particular consequence of Conjecture 1-1
is that A/, has index J»(r) in SLy (Z[1/p]). Since J2(1) = 1, we have now verified at least
this trivial instance of the index formula. The conjecture can, of course, also be verified
computationally using the presentation for SL; (Z[1/p]) given in [2]. The results of this for
small values of r/p is presented in Table 1. This is obviously very compelling computational
evidence in favour of the conjecture.

4. A sufficient criterion for congruence subgroups

Throughout this section, fix a prime p. Let H <SL, (Z[1/p]). We say that H <
SL, (Z[1/p]) is a weak congruence subgroup if H N SL; (Z) is a congruence subgroup of
SL; (Z). In particular, SL; (Z) is a weak congruence subgroup of SL; (Z[1/p]). A (right)
coset HW of H is an integral coset if there is some M € SL; (Z) such that HW = HM. We
will say that H has an integral right coset transversal (in SLy (Z[1/p])), or simply that H
is a coset-integral subgroup (of SLy (Z[1/p])), if H has a complete right coset transversal
consisting entirely of integer cosets. That is, H is a coset-integral subgroup if and only if
SL, (Z[1/p)) =H - SL; (Z) as sets.

As noted by Mennicke [26, p.220], U, is a redundant generator modulo ker nr(p ) for any
r € N with ged (r, p) = 1. Specifically, we have

U,=A" 'BAPBA” 'B~' mod kerm. @1)
Hence, using (4-1) together with the normality of ker nr(p ), we observe that every congruence
subgroup of SL, (Z[1/p]) is coset-integral. In particular, it follows directly from the congru-
ence subgroup property that the converse, when restricted to weak congruence subgroups, is
also true:

LEMMA 4-1. Let H be a weak congruence subgroup of SLa (Z[1/p]). Then H has only
finitely many integral cosets. In particular, H is a congruence subgroup if and only if H is
an coset-integral subgroup.

LEMMA 4-2. Let H be a weak congruence subgroup in SLy (Z[1/p]). Then for all M €
SL, (Z) and all t € Z, there exists N € SLp (Z) and ¢ € {—1, 1} such that

HMU" = HU®'N.
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Proof. For ease of notation, we will only consider the case =1, the other cases being
entirely analogous. Let M =A" B/l ... A%Bik € SL, (Z). We prove the claim by induc-
tion on k. If k=0, there is nothing to prove; we can take ¢ =1, N =154>. Suppose
that k > 1. Then

HMZHAille . -AikBikUp :’HAille . 'AikUl(,_l)/kBjk (4-2)

by (2-4). If (— 1yt =1, then as A*U, = UpApzik, the claim follows by induction. So sup-
pose (— 1Yk = —1. In the case that k=1, then (4.2) becomes HA"l UP_I. Since H is a
weak congruence subgroup, say H N SL, (Z) is an r-congruence subgroup of SL; (Z) with
ged (p, r) = 1, it follows that A € H for all m € Z. Since ged (r, p?) = 1, r is an (additive)
generator of Z/p*Z, so there is some m € Z such that rm 4 i; =0 (mod p?). Choose such
anm, and let rm + i} = spz, where s € Z. Then

HANUS = HA™MAT U = HAP Uyl =HU; A,

again using (2-4). Thus we are done in this case. Assume, then, that j;_; is non-zero, for
otherwise we would be done by induction.

For all m € Z, right multiplication by B-1A™B7/k-1_this being an element of I'%(r),
which is contained in the normal core of H NSL;,(Z), will fix any right coset of
H NSL, (Z) in SL; (Z). Therefore, right multiplication by B/*-1A"B~/k-1 also fixes any
integral right coset of H in SL; (Z[1/p]). Consequently, picking m such that rm + iy = sp?
for some s € Z, we have

HAille . AlkU;IB]k = HAille .. .Ajk—l(B]’k_lArmB,jk_])Bjk_]AikU;IBik
= HAille .. -A,kleik—lAsz U_lBjk
p
= HAUBI ... Afk-1 Bik-1 Up_lA“'B/'k

Notice that in pushing our Upil to the left, we have only changed its sign. By induction, we
are done.

LEMMA 4-3. Let H be a weak congruence subgroup in SLy (Z[1/p]). IfU;f € H for some
non-zero k € 7Z, then every right coset of H is integral.

Proof. Let W=W(A,B,U,) be a word in A, B, U, and their inverses. By (2-3), there
is no loss of generality to assume that W= W(A, B, Uj,f) is a word in A, B, U)’;. Ifw

contains no occurrence of Upik, then there is nothing to show, as HW is integral by
definition. Suppose instead that W contains at least one occurrence of Upik and write
WEMU;EI‘W’ , where M €SL, (Z) and W =W’(A, B, U;f) contains one fewer occur-

rences of U;Ek. Then by Lemma 4-2 there exists some N € SL; (Z) and some ¢ € {—1, 1}
such that

HW = HMU;*W' = HUSNW = HNW'.

Now NW’ contains one less occurrence of U],f than W, so by induction on the number of
occurrences of U;,H‘ in W, the claim follows.
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Thus, by combining Lemma 4-1 and Lemma 4-3, we find:

PROPOSITION 4-4. Let H < SL, (Z[1/p]). Then H is a congruence subgroup if and only if
it is a weak congruence subgroup and U}ﬁ € H for some non-zero k € N.

Proof. ( = ) This follows directly from the fact that congruence subgroups have finite
index in SL; (Z[1/p]).

( <= ) Suppose H and k € N are as given. Then by Lemma 4-3 we have that H is coset-
integral, so by Lemma 4-1 H is a congruence subgroup.

COROLLARY 4-4. Let H <SLy (Z[1/p]). If HNSLy (Z) is an r-congruence subgroup of
SLy (Z) and U;f € H, for some non-zero k € Z, then

1
[SL> (Z[I_J]) tHI=[SLa (Z) : H N SLy (Z)] = rJa(r).

Proof. The first equality follows directly: (> ) is always true, since H N SL; (Z) < H, and
( <) follows from the fact that any congruence subgroup is coset-integral. Finally, the index
of T2(r) in SL, (Z) is rJo(r) = |SLy (Z/rZ)|.

In the case that H N SL; (Z) = SL;, (Z), then we can choose r =1, and since rJ>(r) =1
we find that

1
SLy (2D = (SL2 () Uy) = (A, B, Uy),

for all non-zero k, as observed already in (2-3) (note, however, that (2-3) was used in the
proof of Corollary 4-4). In other words, we find the interesting observation that there does
not exist any group H such that SL, (Z) < H < SL, (Z[1/p]).

Recall the definition of 0,(r) as the multiplicative order of p mod r. Then in particular we
have:

THEOREM 4-6. Let H < SL, (Z[1/p]) be any subgroup such that (i) Flz(r) <H and (ii)
U,],m’(p) € H for some non-zero k € Z. Then ng)(r) <H.

We will now use this result to verify that A, /, = F(lp)(r) for r <4, and use some number-

theoretic arguments to give a conjectural generating set for F(lp)(r).

5. Generating F%p)(r)

In this section, we will give a generating set for the congruence subgroup F(lp)(r) of
SLy (Z[1/p]), when ged (r,p) =1 and r < 4. Then, conditional on a slightly strengthened
form of Artin’s conjecture on primitive roots, we will give a generating set for all » with
gcd (r, p) = 1. First, the following is a restatement of the results of §4, specifically of
Theorem 4-5:

THEOREM 5-1. Let p be any prime, and 1 <r <4 with gcd (r, p) = 1. Then the group

10 1r/p op(r) p”l’(r) 0
H:<A=<1 l)aQi’/P=<0 1 )’Upp =< 0 p—Up(r)
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is equal to F(lp)(r), where o0,(r) denotes the multiplicative order of p mod r (being equal to
either 1 or 2).

Proof. Tt is well known that F%(r) is generated by A and Q’; = BA"B~! if (and only if!)

r < 4. The result then follows from Corollary 4-5, as we clearly have H < T(lp)(r).

We will now give a conjectural generating set for F(lp)(r) for arbitrary r with ged (r, p) = 1.
Let us recall Artin’s conjecture on primitive roots:

CONJECTURE 5-2 (Artin). Let m be any integer which is not a square nor —1. Then there
are infinitely many primes q such that m is a primitive root mod q.

The conjecture remains open even for m = 2; for a survey, see [29]. Let us consider the
following strengthening of Artin’s conjecture and Dirichlet’s theorem:

CONJECTURE 5-3 (Residual Artin’s Conjecture). Let m be any integer which is not a
square nor —1. Let a, b € Z be such that gcd (a, b) = 1. If the arithmetic progression aZ. + b
contains infinitely many primes g such that m is not a quadratic residue mod q, then aZ. + b
contains infinitely many primes q such that m is primitive mod q.

Note that one obvious (“local”) obstruction to m being primitive mod ¢ is if m is a
quadratic residue mod ¢q. For example, 2 is a quadratic residue mod ¢ if and only if g = 41
mod 8. Hence, 2 is never primitive mod g if g € 8Z = 1. However, Conjecture 5-3 says that
there are infinitely many primes g =3 (mod 8) such that 2 is primitive mod ¢, and likewise
for g=35 (mod 8). More generally, whether or not m is a quadratic residue mod g is always
determined by a congruence condition on ¢ mod km for some k € Z. Hence, by Dirichlet’s
theorem on primes in arithmetic progressions, Conjecture 5-3 implies the following: let m
be any integer which is not a square nor —1, and let @, b € Z be non-zero with gcd (a, b) = 1
and ged (a, m) = 1. Then the arithmetic progression aZ + b contains infinitely many primes
q such that m is primitive mod g. We will now use it in this form.

THEOREM 5-4. Let p be any prime. Assume the strengthened form of Artin’s conjecture
on primitive roots (Conjecture 5-3) holds for p. Then for every r € Z with ged (r, p) = 1 and
for every non-zero k € Z we have that the group

/. (10 _(1r/p v (PF 0
efo () 0= () 5-5,2)

contains F(lp)(r). In particular, [ SLy (Z[1/p]) : Hi] < Jo(r).

Proof. Throughout, we willlet 0, = Q% Jp- LetMo = (% bor) e F(lp)(r). We begin with some
housekeeping. First, it is no loss of generality to assume that ag, by € Z, for we can always
left multiply and conjugate My by a sufficiently high power of Ug to ensure this. Then we
have gcd (ap, bo) =p" for some n € N. Hence, since ged (7, p) = 1, right multiplying by a
sufficiently large power of Q, can be used to ensure that gcd (bg, p) = 1 and hence also that
by is odd. Fix such a b = by.
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Suppose first that r is not divisible by 4. Then, as right multiplying My by A" trans-
forms the upper left entry to a, = ag + nbr, and since b is odd and ged (r,4) <2, we can
by Dirichlet’s theorem on arithmetic progressions ensure a, is an odd prime congruent to 3
(mod 4), and since we assume Conjecture 5-3, we may also assume p is primitive mod a,,.
Then p? generates the multiplicative subgroup of quadratic residues mod a. Furthermore,
the multiplicative subgroup of quadratic residues mod a has odd order as a =3 (mod 4),
and hence, by making n sufficiently large, we may assume p>* also generates this subgroup.
Fix an n such that all the above holds, and let a = a,,. Now since a =3 (mod 4), we have
(—1/a) = —1. This fixes our a and b; we write M = (¢ 47, and of course M € H; if and
only if M € Hi. We now prove this last statement. Conjugating our matrix M by U;f gives

2k
xfabr\  _x _(ap~br
()= ()
Since p** generates the subgroup of quadratic residues mod a, which has index 2 in (Z/aZ)*,

it follows that p?*¢ = (b/a) (mod a) for some ¢ € Z, and hence conjugating by a sufficiently
high power will transform M into

(-

since ged (a, b) = 1. Since My, M € F(lp)(r), we have a =1 (mod r), and hence we can now
transform the matrix in (5-1) using the Euclidean algorithm and right multiplication by A, Q,,

to obtain
10 1 0
(* *> = (s/pn 1) . s, ne 7.

Conjugating this matrix by a sufficiently high power of U¥, if necessary, transforms it into a
power of A, and we are done.

Finally, suppose that r is divisible by 4. Then the first part of our approach fails, for we
will always have a =1 (mod 4). On the other hand, we will therefore always have —a =3
(mod 4), and thus proceeding in the same manner as before, we can transform our matrix

()= ()

where the last step is again effected by conjugation by U;,‘. Arguing as before, we again find
that My € Hy, which completes the proof.

As a corollary, we obtain a three-generator generating set for the congruence subgroup
F(lp)(r) by noticing that U,’;o”(r) always lies in F%D)(r) for all non-zero k € Z, where 0,,(r)
denotes the multiplicative order of p mod r:

COROLLARY 5-5. Let p be a prime. Assume the strengthened form of Artin’s conjecture
on primitive roots (Conjecture 5.3) holds for p. Then for any r with gcd (p, ) = 1 and any
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non-zero k € Z we have

NG 1O\ (Lr/p\ (P 0 ko (1)
L (r)=<<1 1>’(0 1)’ 0 p o =(A,Qrjp. Up "),

where 0,(r) denotes the multiplicative order of p in Z/rZ.

Notice also that neither the statement of Theorem 5-4 nor that of Corollary 5-4 contains
the restriction 0 < r/p < 4. Furthermore, the generating set in Corollary 5-4 is close to the
generating set for A,/, — it simply has one more generator U;” (r). Conjecture 1-1 amounts

to saying that this generator is redundant when 0 < r/p < 4. When r/p > 4, the group A/,

. . . koy,(r) .
is free, so in this case U »(r) is never redundant.

Remark 5-6. Artin’s conjecture on primitive roots is not known to hold unconditionally
for any fixed prime p (but it holds for infinitely many primes [15]). Nevertheless, much is
known. Heath—Brown [16] has proved that there are at most two primes for which the con-
jecture fails. It would not be unreasonable to assume that this also holds true for the residue-
wise Artin’s conjecture (our Conjecture 5-3). If this is true, then we may interpret Corollary

. . . kop
5-4 as saying: for all but at most two primes p, the three matrices A, Q,/p, UPU’ @ gener-

ate F(lp)(r). Hooley [17] has shown that Artin’s conjecture follows from the Generalized
Riemann Hypothesis. It seems plausible that the same is also true for Conjecture 5-3.

6. Verifying conjecture 1-1

For a prime p and some re N with 0 <r/p <4, and gcd (r,p) =1, recall (§3) the
definition of A,/, as the subgroup of SL; (Z[1/p]) generated by the two matrices

(10 _(1r/p
A_<1 1> andQ,/p_(O 1).

It is clear from the definition of F(lp)(r) in §2 that A/, < F(lp)(r). In this section, we will
prove the converse inclusion for some values of r and p. By Corollary 5-4, to prove this
(conditional on Conjecture 5-3) it suffices to verify the following:

Uy e A, 1)
for some non-zero k, where o,,(r) is the multiplicative order of p mod . Notice that, a fortiori,
if one can verify (6-1), then one has found a non-trivial product of the generators A and Q,/,,
equalling an upper triangular matrix in A,/,. This already implies (as is well known, §3)
that 157 is a relation number. This is thus a very difficult problem in general. However, by
Corollary 5-4 (and conditional on Conjecture 5-3) verifying (6-1) also shows that A,, has
index J,(r) inside SL; (Z[1/p]), which is significantly stronger than A,/, being non-free.

We first verify Conjecture 1-1 (unconditionally) for small r, using Theorem 5-1:

PROPOSITION 6-1. Let p be a prime, and let ged (r,p) = 1. If r €{1,2, 3,4}, then
Arp=TP ). 6:2)

In particular, in these cases [ SLo (Z[1/p]) : Ayjpl = Jo(7).
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Proof. The case of r =1 was handled already in Proposition 3-1. By Theorem 5-1, we now
have to verify (6-1), i.e. that U;a” ” lies in A/, for some non-zero k. In particular, we guide
our search by looking for U;” (r), as this always lies in ng)(r). Throughout, we will write Q
for Oy/p.

(i) If r=2, then 0,(r) =1, and U, € A/, as x°
Up = (P Op> —QAT QAT

Note that the condition ged (r,p) =1 (i.e. p is odd) makes all exponents above
integral.

(ii) If r=23, then o,(r) depends on the congruence class of p (mod 3), being either 1
or2:

(a) if p=1 (mod 3), then 0,(3) =1, and U, € A3, as

0 _ _
Up = (ﬁ l) =0"5 4075 47,

p

(b) if p=2 (mod 3), then 0,,(3) =2, and U; € A3, as

—-p 0 (p+1) 1

~Up= ( 0 _1> =0"5 a0 A,
p

(iii) If r =4, then we again split depending on the congruence class of p (mod 4), which

is either 1 or 3. If p=1 (mod 4), then 0,(r) =1, so we should have U, € Ayp,. If
p =3 (mod 4), then 0,(r) = 2, so we should have UI% € Ayyp. We verify this:

(@) if p=1 (mod 4), then Uj, € Ay p, as U, = QPA"T @~ 145,

(b) if p=3 (mod 4), then —Uj, € Agyp, as —Up = QPA"T 014" In particu-
lar, we have Uf, € Ayyp.

Thus, in all cases we have verified (6-1), so we are done.

It seems feasible to prove that Flz(S) < A5/, for all primes p coprime with 5. We can prove
it directly in most cases, using arguments completely analogous to those of Theorem 5-4 (and
bypassing Artin’s conjecture).

PROPOSITION 6-2. Let p # 5 be a prime such that p % —1,1 (mod 11). Then
As;p=T(r). (63)

In particular, in these cases [ SLy (Z[1/p]) : Ayjp]l = J2(7).

Proof. Tt is well known that FIZ(S) is generated by A, Q’; Ip? together with a third matrix,

which can be taken as
11 20
s = (1 29)
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The group of quadratic residues mod 11 has order 5, and is hence generated by any
non-trivial quadratic residue; since p % —1, 1 (mod 11), it follows that p> # 1 (mod 11),
so p? generates the quadratic residues mod 11. Since op(5) <4 for all p, it follows that
22Ok generates the quadratic residues mod 11 for any k # 0 (mod 5). Thus, arguing as in

the proof of Theorem 5-4, we have that Ms € As,, and so also le(S) < Assp.

Hence, by Corollary 4-5, it remains to verify that some power of U;” “ lives in Ayyp. We
do this now. We must split based on the congruence class (mod 5). First, the case of p =2
is easily dealt with, since 0,(5) =4 and we have

~U; =A*0A7 0471072

SO UE‘ € Asj2. Now let p be any odd prime. Then p is one of {1, 3,7, 9} modulo 10.

(i) If p=1 (mod 10), then we have

=l p=l o (prbpp—1?
Uy=APQ"s AP71Q75 AQ 5.

(i) If p=3 (mod 10), then the matrix
APQYI L T g 1y

is upper triangular with —p® and —p~2 on the diagonal and with upper right entry a
multiple of 5p~2. In particular, right multiplying it by a suitable (rather large) multiple
of O will give —UI%, and thereby also U;‘;.

(iii) If p=7 (mod 10), then the matrix

2p="7 _

APO™73 3A—p%7—3Q—P%7—1A

is also upper triangular with —p? and —p~2 on the diagonal and with upper right entry
a multiple of 5p~2. Again, we obtain —Ug, and hence also U;,‘.
@iv) If p=9 (mod 10), then the matrix
APQ*(”%Q)QAP“Q*@*ZA
is upper triangular as previously; and we find —U[% and UI‘,1 as before.

This completes the proof of the result.

A more detailed analysis can doubtlessly be used to eliminate the condition that p £ —1, 1
(mod 11) in Proposition 6-2. Next, conditional on the strengthened Artin’s conjecture, we
are able to verify the conditions of Corollary 5-4 in some other particular cases, this time
being infinite families with arbitrarily large numerators.

THEOREM 6-3 Let p be a prime. Assume the strengthened form of Artin’s conjecture on
primitive roots (Conjecture 5.3) holds for p. If one of the following hold:

@® r=p-1L
i) r=p+1;
(iii) r="2% (and p #2);
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then the group A/, equals F(lp)(r). In particular, A, /, has index J>(r) in SL; (Z[1/p]).

Proof. Throughout this proof, we will let O = Q,/,, where the r is always as given in the
individual subcases.

If r=p — 1, then since op(p — 1) =1 it suffices, in view of Corollary 5-4, to verify that
Up € Ap—1)/p- But this is easy to verify: U, = QPAQ™ AP,
If r =p + 1, then since o, (p + 1) = 2, it suffices to verify that UI% € Ayp, and

2
U2 = <’6 12,2> = Q"' PAQT'APQAT! QAT

Finally, if r =p + 1/2, we first single out the case p = 3. In this case, 0,(r) =03(2) =
1, and U, = Q3A~'QA3. Suppose now that p>3. Then op(r)=2, and as —U, =
Q AQ AP, it follows that U € A,

The rational numbers appearing in Theorem 6-3 are well known to be relation numbers,
and Theorem 6-3 also (conditionally) recovers this result.

6-1. Strong relation numbers

We will now give another corollary of the methods of this paper. As mentioned in §3,
to prove that A,/, is not free it suffices to find some upper (or lower) triangular matrix
as a non-trivial product of A and Q,/,. We now introduce a new condition on r/p which
strengthens this (although, as we shall conjecture, this is not actually a strengthening). Let
0 <r/p <4 with ged (r, p) =1, i.e. let r/p be admissible. Then we say that r/p is a strong
relation number if there exists some non-trivial product in A and Q,/, which equals an upper
(or lower) triangular matrix in which the diagonal elements are not 1. For example, the
number 3/2 is a strong relation number, as

_ —1/2-3/2

To have r/p be a strong relation number is a necessary and sufficient condition for A/,
having finite index in SL; (Z[1/p]). More precisely, we have:

THEOREM 6-4. Let p be prime and gcd (p,r) = 1. Assume the strengthened form of
Artin’s conjecture on primitive roots (Conjecture 5-3) holds for p. Then the following are
equivalent :

(i) r/p is a strong relation number;
Gi) U € Ayp;
(i) Arp=T7();
(iv) [SLa (Z[1/pD:Arsp] = Ja(r).

Proof. Let us suppose that 7/p is a strong relation number, i.e. that

k
_(P" P
M_(O p"‘)
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lies in A,/, for some non-zero k and b € Z[1/p]. Then Q,;,MQ
Y

r_/; = U;f. Since A,/ <
(r), it follows that k must be a multiple of the multiplicative order of p (mod r). By
Corollary 5-4, the result follows.

We mention one of the curious consequences of the (still conjectural, in general) equality
Apjp= F(lp)(r). This is the fact that it implies that A, Ik = Ayjp for all k > 1, as the generator

O,/ is an element of F(lp)(r). This can be observed in many cases without any theory; for
example, A7/3 = A, /3% as one checks that

17/3% 31 3kl 3k
Q7/3k:(0 1 ):A 07547 Q7,34

for all £ > 1. Finding such equalities is very difficult in general, as it involves finding a non-
trivial product of A and Q,/,, equalling an upper triangular matrix. Nevertheless, it provides
targets for which upper triangular matrices to generate.

EXAMPLE 6-5 Assume Conjecture 5-3 holds. We will prove that Ag/3 has finite index in
SL; (Z[1/3]) by proving that 8/3 is a strong relation number. This is direct:

o 1/9 16/9
61 1
A Q8/3AQ8/3A == ( 0 9 ) .

Hence 8/3 is a strong relation number, so by Theorem 6-4 we have that Ags3 has index
J2(8) =48 in SLy (Z[1/3]). This can be verified computationally, see Table 1.

Finally, we list the conjectures about A/, made (explicitly or implicitly) in this article.
Recall that an admissible rational r/p is one where 0 <r/p <4.

CONIJECTURE 6-6. For all admissible r, p € 7 with gcd (r, p) = 1, the following hold:

(1) r/p is arelation number;
(ii) A,/p has finite index in SL; (Z[1/p]) (and is a congruence subgroup);
(ifi) Arp =TV (), and [SLa (ZL1/p)) : Ayypl = Ja(r):
@iv) U;” ” € Ay/p, wWhere o,,(r) is the multiplicative order of p mod r;
(v) r/p is a strong relation number;
(Vi) Ayp=A,x forallk>1;
(vii) SLa (Z[1/p]) = Arjp - SLa (Z).

With the exception of (i) and (ii), all the conjectures are original to this article. I. Smilga
(personal communication) has informed the author that he has a proof of Conjecture (vii),
which will appear in forthcoming work.

Remark 6-7. Let us make some remarks on the group generated by the two matrices

1w 10
X":(O 1), and YM:(M 1).
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Let us write {, = (X, Y,). Chang, Jennings and Ree [9] proved that ¢, = A u2 This
isomorphism is not, however, an equality as subsets of SL, (C). If u = r/p, then similar rea-
soning as in this paper about ¢,/, should give similar conjectures as for A,/,. For example,

it seems as if
1
[SLZ (Z [ED :O’/”} =5

and that {,/, consists of the preimage of the matrices in SL, (Z/ r?7) whose diagonal entries
are congruent to 1 mod r (not %), and whose off-diagonal elements are congruent to 0 mod
r. Of course, there are 7 such matrices.

Lyndon and Ullman [22] in fact seem to have been close to this fact. On [22, p. 1402], they
consider the group {32, and mention that the group is contained in the principal congruence
subgroup @ (3), which they denote U(3), in SL; (Z[1/2]), but that it does not appear to
coincide with it. This is correct; however, on the next line, they write that the group O3 /2

contains (8 1(/)8 ) This is not correct. Indeed, it contradicts the preceding statement: 8 =2

(mod 3), so (8 1(/)8) cannot possibly be an element of I'®)(3). On the other hand, it is not
hard to verify that

-8 0 12 1 \2y—1 2
( 0 —1/8) =X3,(Y32X55)°X5 555 € 032,
so it is clear that a minus sign is simply missing from the assertion in Lyndon and Ullman.
It is also not difficult to prove Lyndon and Ullman’s assertion that {3 is a proper subgroup
of I'®(3), and indeed [[P(3):(3 21 =3. Representatives for these three cosets of {3/ in

I'@(3) are easy to construct: they can be taken as 1, (g 1(/)4>, and (106 1/016>- We do not

develop this theory further here, but doing this, one is led to entirely analogous conjectures
as for A,/p.
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