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Abstract
In the second half of the 19th century, Darboux obtained determinant formulae that provide the general solution for
a linear hyperbolic second-order PDE with the finite Laplace series. These formulae played an important role in
his study of the theory of surfaces and, in particular, in the theory of conjugate nets. During the last three decades,
discrete analogues of conjugate nets (Q-nets) were actively studied. Laplace series can be defined also for hyperbolic
difference operators. We prove discrete analogues of Darboux formulae for discrete and semi-discrete hyperbolic
operators with finite Laplace series.

1. Introduction

Linear hyperbolic second-order differential operators had been extensively studied by Darboux [1],
Goursat [2] and their followers at the end of the 19th century in relation to classical differential geometry:
parameterisation of a hypersurface in 3-dimensional Euclidean space such that its second fundamental
form is diagonal is called a conjugate net in the theory of surfaces; it is known to satisfy a hyperbolic
second-order partial differential equation. Conjugate nets are considered in spaces of higher dimension
both in affine and in projective settings [3].

Various problems in classical differential geometry can be reformulated in terms of solutions of linear
hyperbolic equations. Therefore, Darboux, Goursat and their followers were interested in developing
techniques that allowed them to obtain exact solutions of such equations in explicit form. Some of them
are based on the so-called Laplace cascade method that allows expressing solutions of one hyperbolic
equation in terms of solutions of another one whenever they are related by a finite sequence of Laplace
transformations. If at least one of the Laplace invariants for a linear hyperbolic operator L is zero, then
the general solution of the equation Lψ = 0 can be found explicitly. Combining this with the cascade
method, one can obtain the general solution for hyperbolic equations that can be converted to the ones
with a zero Laplace invariant by a finite number of Laplace transformations. There are two different
Laplace transformations that can be applied to any hyperbolic operator with non-zero Laplace invariants.
If the application of a finite number of each of them leads to an operator with a zero Laplace invariant,
then the initial operator is said to have a finite Laplace series. There are several ways to express the
general solution of a hyperbolic PDE with the finite Laplace series. Darboux [1] gives an elegant way
to represent the general solution of all hyperbolic equations having finite Laplace series in terms of
determinants that contain an appropriate number of arbitrary functions of one variable (the Darboux
determinant formula). From a geometrical point of view, the Laplace transformation is a transformation
of a surface with a conjugate coordinate net. Thus, the Darboux formula gives a nice representation of
all conjugate nets with finite Laplace series in a convenient form. The Darboux formulae, the Laplace
cascade method and related things in the theory of integrable systems are discussed from a modern
perspective in [4], but unfortunately, this book is available only in Russian.
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During the last three decades, classical differential geometry has been discretised by Bobenko, Suris,
Doliwa, Schief and many others. Exactly as in the continuous case, a linear hyperbolic second-order
difference operator defines a Q-net, which is a discrete analogue of a conjugate net [3]. Laplace invariants
are also defined in the discrete case [5–7]. Discrete Laplace transformations provide transformations
of Q-nets [8]. Semi-discrete analogues of conjugate nets, where one of the independent variables is
continuous and the other one is discrete, had also been considered by specialists in discrete differential
geometry [9]. Although the discrete case is rather similar to the continuous one, discrete analogues of
the Darboux formulae seem to be missing in the existing literature. This paper is aimed at filling this
gap.

Classical Laplace transformations play an important role not only in the theory of surfaces but also
in famous integrable systems such as the two-dimensional Toda lattice and the Sine-Gordon equation.
Laplace invariants of hyperbolic operators in a Laplace series satisfy nonlinear hyperbolic equations that
are equivalent to the Toda system; finite Laplace series correspond to the so-called open Toda lattice (also
known as the A-series Toda lattice), and the Sine-Gordon equation corresponds to the simplest periodic
closure of the Laplace series. Semi-discrete and entirely discrete versions of the two-dimensional Toda
lattice are related to (semi)-discrete Laplace transformations in the same way as in the continuous case
[6] and are known to be Darboux integrable [10].

In the continuous case, symmetry reductions of the open Toda lattice lead to exponential systems
corresponding to the Cartan matrices of B- and C-type [11, 12]. From the point of view of the Laplace
transformations, these reductions correspond to the Laplace series of the Goursat equation and the
Moutard equation, respectively [1, 4]. From a geometrical point of view, B-type reduction corresponds
to a special type of conjugate net known as Königs nets. Darboux also provides a procedure to describe
the general solutions of these equations in the case when their Laplace series is finite [1]. In the discrete
case, the situation with symmetry reduction is more complicated: the C-series Toda lattice is known
to be a reduction on the A-series lattice [13, 14], but for B-series systems this is not clear. Moreover,
it is not known whether (semi)-discrete B-series Toda systems introduced in [15, 16] within the frame
of a general approach to discretisation of exponential systems are related to the discrete version of the
Moutard equation that is studied in [17–20] and to discrete Königs nets [3]. We leave these questions,
as well as obtaining the discrete analogue of the Darboux procedure for finding general solutions of the
reduced systems in explicit form, for future research.

In Section 2, we review the basic notions such as the Laplace invariants and the Laplace transforma-
tions. In Section 3, we discuss the Darboux formulae for the general solution of a hyperbolic equation
with a finite Laplace series in the continuous case. In Section 4, we recall the notions of the Laplace
invariants and the Laplace transformations in the discrete case. Section 5 contains the discrete analogues
of the Darboux formulae and their detailed proof. In Section 6, we provide semi-discrete versions of these
formulae.

2. Laplace invariants and Laplace series

In this section, we review the main notions and facts concerning the Laplace invariants, the Laplace
transformations and the Laplace series in the continuous case that we need to prove discrete analogues
of the Darboux formulae. All propositions, theorems and statements of this section are known to experts
in the area. Detailed proofs can be found in the original book by Darboux [1], which is in French, or
in the classical book [21]. The cascade method had also been discussed in a well-known book [22] in
a bit of an old-fashioned way and in papers [23–25] from a modern perspective. Laplace invariants for
differential operators of a more general form had been studied in [26–29].

Consider the linear hyperbolic differential operator

L= ∂x∂y + a∂x + b∂y + c, (2.1)
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where a, b and c are functions of the variables x and y. The functions k= c− ab− ax and h= c− ab− by

are called the Laplace invariants of (2.1). They are invariant under gauge transformations L �→ L̄=
ω−1Lω, where ω=ω(x, y) is an arbitrary function and control factorisability of such an operator: since

L= (∂x + b)(∂y + a)+ k= (∂y + a)(∂x + b)+ h,

the operator L is factorisable if and only if at least one of its Laplace invariants is zero. Straightforward
calculation shows that if h= 0, then the general solution of Lψ = 0 has the form

ψ(x, y)=
(∫ (

X(x)e
∫

b(x,y)dx−∫
a(x,y)dy

)
dx+ Y(y)

)
e−

∫
b(x,y)dx (2.2)

and if k= 0, then the general solution has the form

ψ(x, y)=
(∫ (

Y(y)e
∫

a(x,y)dy−∫
b(x,y)dx

)
dy+ X(x)

)
e−

∫
a(x,y)dy, (2.3)

where X and Y are arbitrary functions of one variable.
Two linear hyperbolic differential operators

L= ∂x∂y + a∂x + b∂y + c and L̂= ∂x∂y + â∂x + b̂∂y + ĉ

are related by a Darboux–Laplace transformation if there exist first-order operators D= α∂x + β∂y + γ
and D̂= α̂∂x + β̂∂y + γ̂ such that the following relation is satisfied:

L̂ ◦D= D̂ ◦L. (2.4)

Two particular cases D= ∂x + b and D= ∂y + a correspond to classical Laplace transformations, which
were widely used by Darboux and Goursat in their research on the theory of surfaces.1 In both cases,
the coefficients of operators L̂ and D̂ are uniquely defined in terms of the coefficients of L. The main
property of Darboux-Laplace transformations is that the transformation operator D maps the kernel of
the operator L into the kernel of L̂: if ψ ∈KerL, then relation (2.4) implies that Dψ ∈KerL̂. There
exists a wide class of Darboux–Laplace transformations for linear hyperbolic operators different from
the classical Laplace transformations (see [30, 31]), but we will consider only classical ones throughout
this paper.

Proposition 1. Laplace transformation L �→ L̂ defined by the transformation operator D= ∂x + b is
invertible if h �= 0. The inverse transformation L̂ �→L is given by the operator −h−1(∂y + a). Similarly,
the transformation defined by the operator ∂y + a is invertible if k �= 0, and the inverse transformation
is given by −k−1(∂x + b).

Operator relation (2.4) is equivalent to a system of PDEs for the coefficients of all four operators.
Proof of Proposition 1 is based on the fact that operators L̂, L and −h−1(∂y + a) provide a solution to
this system for the suitably chosen fourth operator.

Consider a hyperbolic operator

L0 = ∂x∂y + a0∂x + b0∂y + c0

and apply the Laplace transformation D0 = ∂x + b0:

L1D0 =D1L0 where L1 = ∂x∂y + a1∂x + b1∂y + c1.

Apply the Laplace transformation D1 = ∂x + b1 to the operator L1, etc. This procedure produces the
sequence of hyperbolic operators starting from L0 and such that any two neighbouring operators are
related by a Laplace transformation. The second Laplace transformation D′0 = ∂y + a0 allows to continue

1These Laplace transformations have nothing in common with the Laplace integral transform.
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the sequence to the left:

L−1D′0 =D′1L0,

etc. This leads to the sequence

. . .
D′j←−L−j

D′j−1←−L−j+1

D′j−2←− . . . D′1←−L−1

D′0←−L0
D0−→L1

D1−→ . . .
Dj−1−→Lj

Dj−→Lj+1

Dj+1−→ . . . , (2.5)

which is called the Laplace series of the operator L0. If some operator Lr in its positive part has zero
h-invariant, then the sequence terminates at Lr since this operator is factorisable. Similarly, if L−s has
zero k-invariant for some s � 0, then sequence (2.5) terminates from the left. The Laplace series is said
to be finite if it terminates from both sides.

Laplace invariants of any three consecutive operators in the Laplace series satisfy the relations

kj+1 = hj, hj+1 = 2hj − hj−1 + ( ln hj)xy.

The second of these relations is one of the forms of the two-dimensional Toda lattice.
The theorem below generalises formulae (2.2) (2.3). It follows from the fact that each operator in the

Laplace series is obtained from the previous one by a Laplace transformation, which maps the kernel of
the initial operator into the kernel of the next one.

Theorem 1. If the Laplace series of L0 terminates in the term Lr for some r ∈N, then the general
solution of the equation L0ψ = 0 is given by

ψ0(x, y)=− 1

h0

(∂y + a0)

(
− 1

h1

(∂y + a1)

(
. . .

(
− 1

hr−1

(∂y + ar−1)

)
. . .

))
ψr(x, y), (2.6)

where ψr has the form

ψr(x, y)=
(∫ (

X(x)e
∫

br (x,y)dx−∫
ar (x,y)dy

)
dx+ Y(y)

)
e−

∫
br (x,y)dx (2.7)

and X and Y are arbitrary functions of one variable. If the Laplace series of L0 terminates in the term
L−s for some s ∈N, then the general solution is given by

ψ0(x, y)=− 1

k0

(∂x + b0)

(
− 1

k−1

(∂x + b−1)

(
. . .

(
− 1

k−s+1

(∂x + b−s+1)

)
. . .

))
ψ−s(x, y), (2.8)

where ψ−s is defined as follows:

ψ−s(x, y)=
(∫ (

Y(y)e
∫

a−s(x,y)dy−∫
b−s(x,y)dx

)
dy+ X(x)

)
e−

∫
a−s(x,y)dy.

Remark 1. The possibility to obtain the general solution in the form (2.6) or (2.8) is a consequence
of the fact that an operator with zero Laplace invariant can be factorised. The method of consecutive
application of Laplace transformations to a hyperbolic operator with the Laplace series that terminates
at least in one direction is called the Laplace cascade method.

Remark 2. We define Laplace transformations in an algebraic way as mappings between hyperbolic
operators. Originally, Darboux introduced such transformations in geometrical terms in his study of line
congruences; see [1]. Within the frame of this approach, any conjugate net (i.e., a parameterised two-
dimensional surface r(u, v) in three-dimensional Euclidean space such that the families of coordinate
lines are conjugate to each other) admits two different transformations defined in the following way. Fix
a coordinate line u= const and consider all coordinate lines of the other family that intersect it. They are
known to form a developable surface. Edges of regression of such developable surfaces corresponding
to different coordinate lines u= const form a new surface, which appears to be the Laplace image of the
initial one. The second transformation is defined in a similar way using the other family of coordinate
lines. This construction is described in detail also in [32], but in a rather archaic way, or very briefly
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in [8]. We will not use the geometrical nature of the Laplace transformations; we only highlight their
significance in classical differential geometry. Note also that the mixed derivative r(u, v)uv is orthogonal
to the normal vector to the surface for any conjugate net r(u, v). Hence the relation

ruv + aru + brv = 0

holds for some scalar functions a= a(u, v) and b= b(u, v). Therefore, the components of the vector
r(u, v) that parameterises the surface satisfy a linear hyperbolic equation. In a projective setting, it
takes the form

ruv + aru + brv + cr= 0.

This relates our algebraic construction with the original geometric approach developed by Darboux.

3. Darboux formulae for general solution

Formulae (2.6) and (2.8) from the previous section allow one to obtain the general solution of a particular
hyperbolic equation in explicit form given that its Laplace series is finite at least in one direction. But
on the one hand, they include the integration of an arbitrary function, and on the other hand, they do
not provide a suitable description of all hyperbolic equations with finite Laplace series, which would
be interesting from a geometrical point of view. In this section, we review the Darboux formulae from
[1, 21] that give the general solution in a more suitable form.

Theorem 2. If the Laplace series of a hyperbolic operator L0 is finite, hr = k−s = 0 for some r, s � 0,
then there exist coefficients Ai(x, y) and Bj(x, y) such that the general solution of the equation L0ψ = 0
is given by

ψ(x, y)= A0X + A1X
′ + . . .+ AsX

(s) + B0Y + B1Y ′ + . . .+ BrY
(r), (3.1)

where X(x) and Y(y) are arbitrary functions of one variable (primes and superscripts denote derivatives).
If a hyperbolic equation L0ψ = 0 admits a solution of the form (3.1) for some Ai(x, y) and Bj(x, y),

then its Laplace series is finite: hr = k−s = 0.

Remark 3. Not every expression of the form (3.1) defines the general solution for some hyperbolic
equation with the finite Laplace series since there are restrictions on the coefficients Ai, Bj. Indeed,
consider the simplest case of an operator with zero Laplace invariants h0 = k0 = 0. Hence, formula
(3.1) takes the form ψ = AX + BY . Differentiate it with respect to x and y and substitute into the initial
hyperbolic equation. Since X and Y are arbitrary, this yields

a0 =−( ln A)y, b0 =−( ln B)x, ( ln A)xy = ( ln B)xy. (3.2)

The third relation shows that functions A and B could not be chosen at random.

A complete description of all restrictions that should be imposed on the coefficients of (3.1) is given
by the Darboux determinant formula.

Theorem 3. Let L0 be a hyperbolic operator with the finite Laplace series, where hr = k−s = 0 for some
r, s � 0. Then there exists a function ω=ω(x, y) and functions of one variable

ξ1(x), ξ2(x), . . . , ξr+s+1(x), η1(y), η2(y), . . . , ηr+s+1(y) (3.3)

https://doi.org/10.1017/S0017089525100682 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089525100682


304 Sergey Smirnov

such that the general solution of L0ψ = 0 is given by

ψ(x, y)=ω(x, y) ·

∣∣∣∣∣∣∣∣∣

X X′ . . . X(s) Y Y ′ . . . Y (r)

ξ1 ξ ′1 . . . ξ
(s)
1 η1 η′1 . . . η

(r)
1

...
...

...
...

ξr+s+1 ξ ′r+s+1 . . . ξ
(s)
r+s+1 ηr+s+1 η′r+s+1 . . . η

(r)
r+s+1

∣∣∣∣∣∣∣∣∣
(3.4)

where X(x) and Y(y) are arbitrary functions of one variable.
For any two families of linearly independent functions of one variable (3.3) and for any function ω=

ω(x, y) there exists a hyperbolic differential operator L0 with the finite Laplace series that terminates at
the terms r and −s, such that formula (3.4) provides the general solution of L0ψ = 0.

Example 1. In the simplest case h0 = k0 = 0 formula (3.4) takes the form

ψ(x, y)=ω(x, y) (η(y)X(x)− ξ (x)Y(y)) .

This means that for any choice of ξ , η and ω the function ψ defines the general solution of the corre-
sponding hyperbolic equation with vanishing Laplace invariants. Note that in this case a0 =−( ln (ωη))y,
b0 =−( ln (ωξ ))x, and the compatibility condition from (3.2) is satisfied since ξ and η are functions of
one variable. For simplicity, we may set ω= 1: this gives the general solution of a gauge-equivalent
hyperbolic equation with zero Laplace invariants.

Remark 4. Formula (3.1) describes the general solution of any hyperbolic equation with a finite Laplace
series. The Darboux determinant formula (3.4) allows us to construct solutions of hyperbolic equations
with finite Laplace series of prescribed length: any choice of functions (3.3), X(x), Y(y) and ω(x, y) pro-
vides a particular solutionψ of a certain hyperbolic equationLψ = 0 with a terminating Laplace series.
From a geometrical point of view, determinant formula (3.4) provides a large stock of parameterised
surfaces with conjugate coordinate nets and with finite Laplace series in explicit form.

Remark 5. It follows from (3.4) that if functions (3.3) are linearly independent, then ψ(x, y)≡ 0 if and
only if pairs

(X, Y), (ξ1, η1), . . . , (ξr+s+1, ηr+s+1)

are linearly independent with constant coefficients (see [1]). This provides a procedure to construct
non-zero solutions of hyperbolic operators with finite Laplace series.

Example 2. An important particular case of conjugate nets is given by the so-called Königs nets:
algebraically they are characterised by an additional constraint that the Laplace invariants of the cor-
responding hyperbolic operator are equal (see [3]). Any operator with equal Laplace invariants is
gauge-equivalent to an operator of the form ∂x∂y + c, so Königs nets are defined by solutions of the
Moutard equation

ψxy + cψ = 0.

It follows that the Laplace series is symmetric for any Königs net. Darboux formula (3.4) provides a large
stock of Königs nets with finite Laplace series: in this case one has to set ξi = ηi for all i= 1, 2, . . . , r= s.
In particular, this allows us to obtain explicit solutions for the corresponding Moutard equation. For
example, if ξ1 = 1, ξ2 = x, ξ3 = x2

2
, then (3.4) yields

ψ(x, y)= X′ + Y ′ + 1

x− y
(X − Y),
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where we choose ω= 2
(x−y)2 for simplicity. Hence we obtain the general solution for Moutard equation

ψxy − 2

(x− y)2
ψ = 0

and, therefore, a family of Königs nets with the Laplace series of the length 3. Arbitrary choice of inde-
pendent functions ξ1, ξ2, ξ3 provides the general solution for some Moutard equation with the Laplace
series of the length 3 (see [1]).

Remark 6. It is also possible to find effectively the coefficients of hyperbolic operator L0 that is con-
structed given families (3.3) of arbitrary functions. Indeed, the expansion of determinant (3.4) along
the first row allows us to express the coefficients A0, . . . , Ar, B0, . . . , Bs in (3.1) in terms of functions
(3.3). The coefficients a0, b0 and c0, in turn, can be expressed in terms of Ai, Bj in an explicit form: these
formulae can be found in [1]. We will only give their analogue in the discrete case.

4. Laplace invariants in discrete case

In this section, we aggregate basic facts on the Laplace invariants, Laplace transformations and the
cascade method both in the purely discrete and in the semi-discrete cases. Although, to the best of our
knowledge, some of the propositions below are not contained in the existing literature in explicit form,
their proofs are either trivial or similar to the proofs of analogous propositions in the continuous case.
Therefore, we give only statements without proofs in this section.

In the purely discrete case, consider a sequence of hyperbolic difference operators

Lj = TnTm + ajTn + bjTm + cj,

where functions aj, bj and cj are defined on the (n, m)-lattice and Tn, Tm are the shift operators:

Tnψn,m =ψn+1,m Tmψn,m =ψn,m+1.

Clearly, the operator Lj can be factorised in two different ways:

Lj =(Tn + bj,n,m)(Tm + aj,n−1,m)+ aj,n−1,mbj,n,mkj,n,m =
= (Tm + aj,n,m)(Tn + bj,n,m−1)+ aj,n,mbj,n,m−1hj,n,m,

where

kj,n,m = cj,n,m

aj,n−1,mbj,n,m

− 1 and hj,n,m = cj,n,m

aj,n,mbj,n,m−1

− 1

are the Laplace invariants of difference operators Lj.
In the entirely discrete case, Darboux–Laplace transformations are introduced similarly to the con-

tinuous case: difference operator D defines a transformation for a difference hyperbolic operator L if
there exist a hyperbolic operator L̂ and operator D̂ such that operator relation (2.4) is satisfied. In this
case, such a relation is equivalent to a system of partial difference equations on the coefficients of the
operators. Even if D and D̂ are first-order operators, a complete description of all possible Darboux–
Laplace transformations for a given difference hyperbolic operator L is still an open problem (see [33]).
Nevertheless, this system of difference equations admits two simple particular solutions for any L: cor-
responding transformations are given by operators Tn + bj,n,m−1 and Tm + aj,n−1,m. These transformations
are discrete analogues of classical Laplace transformations, and we will call them discrete Laplace
transformations.

Suppose any two neighbouring operators Lj and Lj+1 are related by the Laplace transformation
defined by Dj = Tn + bj,n,m−1. Then the Laplace invariants satisfy the purely discrete two-dimensional
Toda lattice [6]:

kj+1,n,m = hj,n,m,
hj,n+1,mhj,n,m−1

hj,n,mhj,n+1,m−1

= (1+ hj+1,n,m)(1+ hj−1,n+1,m−1)

(1+ hj,n,m)(1+ hj,n+1,m−1)
.
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Discrete Darboux–Laplace transformations of a more general form were considered in [33].

Proposition 2. Two hyperbolic second-order difference operators L and L̄ have the same Laplace
invariants k̄= k and h̄= h if and only if they are related by a gauge transformation of the form
L̄=ω−1

n+1,m+1Lωn,m for some function ωn,m.

Remark 7. Note that in the discrete case the Laplace invariants are defined not quite similarly to the
continuous case: there is division by aj,n,m and by bj,n,m. This comes from the fact that functions

k̃j,n,m = cj,n,m − aj,n−1,mbj,n,m, h̃j,n,m = cj,n,m − aj,n,mbj,n,m−1

are not invariant with respect to gauge transformations.

Remark 8. Throughout the whole paper, we will assume that coefficients a0,n,m and b0,n,m of the initial
operator are non-zero on the whole lattice. As a consequence, coefficients of all operators in the series
also appear to be non-zero (this follows from the relations on the coefficients of neighbouring operators
that are deduced from (2.4)). Hence, the Laplace invariants are well-defined. The assumption we made
is rather natural from a geometrical point of view: hyperbolic equations that we consider define Q-
nets, that is, discrete surfaces made of quadrilaterals (see [3]), and if a coefficient of such a hyperbolic
operator turns into zero, then the corresponding quadrilateral degenerates into a triangle.

In the continuous case, we can use the cascade method for finding the general solution of a hyperbolic
equation whenever its Laplace series terminates. But in order to do this, we need to find the general
solution of the corresponding hyperbolic equation with zero Laplace invariant. In the discrete case, there
is a problem that the apparatus of difference equations is less developed than the apparatus of differential
equations: it is possible to express the general solution of a factorisable hyperbolic differential equation
in compact form (2.2) or (2.3) using integration, although appropriate notation for a similar situation in
the discrete case does not exist in mathematics. Indeed, using the representation

L= (Tn + bn,m)(Tm + an−1,m)

of a difference operator for which kn,m = 0, one can denote ϕn,m =ψn,m+1 + an−1,mψn,m and consider non-
homogeneous difference equation ϕn+1,m + bn,mϕn,m = 0 for the new unknown function ϕn,m. For any
integers n, m the value of ϕn,m can be recursively expressed in terms of the coefficients and the ini-
tial data ϕ0,m. Consecutively, given ϕn,m, one can solve the first order difference equation for ψn,m+1 and
write down the general solution in terms of the initial data ψk,0 and ψ0,k. For example, for positive values
of m this expression has the form

ψn,m = αn,mψn,0 + γ 0
n,mψ0,0 + γ 1

n,mψ0,1 + γ 2
n,mψ0,2 + . . .+ γ m

n,mψ0,m, (4.1)

where α, γ k are some coefficients. Unfortunately, the particular form of this expression is rather ugly
and depends on the signs of integers n and m. Therefore, we do not make an attempt to give this formula
explicitly and only emphasise that there exists an effective way to express the general solution in terms
of the initial data Nn =ψn,0 and Mm =ψ0,m once the corresponding difference operator is factorisable.
Note that expression (4.1) is local in arbitrary function Nn and non-local in arbitrary function Mm (i.e.,
it depends on a variable number of its shifts). Similarly, if hn,m = 0, then the general solution can be
expressed in the form

ψn,m = βn,mψ0,m + δ0
n,mψ0,0 + δ1

n,mψ1,0 + δ2
n,mψ2,0 + . . .+ δn

n,mψn,0. (4.2)

Another way to represent the general solution of a hyperbolic difference equation with a factorisable
operator is given by

Proposition 3. If L= (Tn + bn,m)(Tm + an−1,m), then the general solution of Lψ = 0 has the form θn,m +
θ 0

n,m, where θn,m is the general solution of the homogeneous equation (Tm + an−1,m)ψn,m = 0, θ 0
n,m is a
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particular solution of the non-homogeneous equation (Tm + an−1,m)ψn,m = ϕn,m and ϕ ranges the space
Ker(Tn + bn,m).

If L= (Tm + an,m)(Tn + bn,m−1), then the general solution of Lψ = 0 has the form χn,m + χ 0
n,m,

where χn,m is the general solution of the homogeneous equation (Tn + bn,m−1)ψn,m = 0, χ 0
n,m is a

particular solution of the non-homogeneous equation (Tn + bn,m−1)ψn,m = τn,m and τ ranges the
space Ker(Tm + an,m).

Proposition 4. The Laplace transformation L �→ L̂ defined by the operator D= Tn + bn,m−1 is invert-
ible if an,mbn,m−1hn,m �= 0. The inverse transformation L̂ �→L is given by the transformation operator
−(an,mbn,m−1hn,m)−1(Tm + an,m). Similarly, the transformation defined by the operator Tm + an−1,m is
invertible if an−1,mbn,mkn,m �= 0, and the inverse transformation is given by −(an−1,mbn,mkn,m)−1(Tn + bn,m).

Remark 9. The Laplace transformations Tn + bn,m−1 and Tm + an,m
2 are not inverse to each other on

the level of particular functions: we need to multiply by a coefficient in order to obtain the inverse
transformation. But if everything is considered up to multiplication by a functionωn,m, then this difference
is not essential. Therefore, in such a situation, we will not specify the particular form of this coefficient
and will think of these transformations as being inverse to each other.

Theorem 4. If the Laplace series of L0 terminates in the term Lr for some r ∈N, then the general
solution of the equation L0ψ = 0 is given by

ψ0,n,m =− 1

a0,n,mb0,n−1,mh0,n,m

(Tm + a0,n,m)

(
− 1

a1,n,mb1,n−1,mh1,n,m

(Tm + a1,n,m) . . .

. . .

(
− 1

ar−1,n,mbr−1,n−1,mhr−1,n,m

(Tm + ar−1,n,m)

)
. . .

)
ψr,n,m, (4.3)

where ψr is the general solution of a factorisable equation Lrψ = 0.
If the Laplace series of L0 terminates in the term L−s for some s ∈N, then the general solution is

given by

ψ0,n,m =− 1

a0,n,m−1b0,n,mh0,n,m

(Tn + b0,n,m)

(
− 1

a−1,n,m−1b−1,n,mh−1,n,m

(Tn + b1,n,m) . . .

. . .

(
− 1

a−s+1,n,m−1b−s+1,n,mh−s+1,n,m

(Tn + b−s+1,n,m)

)
. . .

)
ψ−s,n,m,

where ψ−s is the general solution of a factorisable equation L−sψ = 0.

Consider a sequence of hyperbolic differential-difference operators

Lj = ∂xTn + aj,n∂x + bj,nTn + cj,n, (4.4)

where aj,n, bj,n and cj,n are functions depending on discrete variable n ∈Z and on continuous variable
x ∈R and where T is the shift operator: Tnψn(x)=ψn+1(x). The operator Lj can be rewritten in two
different ways,

Lj = (∂x + bj,n)(T + aj,n)+ aj,nkj,n = (T + aj,n)(∂x + bj,n−1)+ aj,nhj,n,

where

kj,n = cj,n

aj,n

− ( ln aj,n)
′
x − bj,n and hj,n = cj,n

aj,n

− bj,n−1

2The lack of shift in the coordinate direction n in the coefficient of the second transformation operator does not contradict the
definition of discrete Laplace transformations since this operator defines a transformation for hyperbolic operator Lj+1 whose
Tn-coefficient is equal to aj,n+1,m (this follows from difference equations on the coefficients of the operators).
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are the Laplace invariants of differential-difference operator Lj. Similarly to the continuous case
operator (4.4) can be factorised if and only if at least one of its Laplace invariants vanishes.

Suppose any two neighbouring operators Lj and Lj+1 are related by a Laplace transformation, that
is, they satisfy relation (2.4), where Dj = ∂x + bj,n−1. This operator relation can be rewritten in terms of
coefficients: {

kj+1,n = hj,n(
ln hj,n

hj,n+1

)′
x
= hj+1,n+1 − hj,n+1 − hj,n + hj−1,n

.

These equations are one of the forms of the semi-discrete two-dimensional Toda lattice [6]. Laplace
transformations in the variable n are defined by difference operators D′j = Tn + aj,n.

Remark 10. In the semi-discrete case, the division by aj,n in the definition of the Laplace invariants is
also necessary because the functions

k̃j,n = cj,n − aj,n,x − aj,nbj,n, h̃j,n = cj,n − aj,nbj,n−1

are not invariant with respect to gauge transformations of the form L→ω−1
n+1Lωn. Therefore, in this

case, we also assume that the coefficients a0,n are non-zero. Since operator relation (2.4) yields the
condition aj,n = aj+1,n, the coefficients of all operators in the lattice do not turn into zero, and hence, the
Laplace invariants are well-defined.

Similarly to the continuous case, the following proposition holds.

Proposition 5. Laplace transformation L �→ L̂ defined by the operator D= ∂x + bn−1 is invertible if
anhn �= 0. The inverse transformation L̂ �→L is given by the operator −(anhn)−1(Tn + an). Similarly, the
transformation defined by the operator Tn + an is invertible if ankn �= 0, and the inverse transformation
is given by −(ankn)−1(∂x + bn).

5. Darboux formulae in discrete case

In this section, we prove the analogues of the Darboux formulae for the general solution of a linear
hyperbolic equation with the finite Laplace series in a purely discrete case. Our aim is to prove the
following:

Theorem 5. Let L0 be a hyperbolic difference operator with a finite Laplace series where hr = k−s = 0
for some r, s � 0. Then there exist functions

ν1,n, ν2,n, . . . , νr+s+1,n and μ1,m,μ2,m, . . . ,μr+s+1,m (5.1)

of one discrete variable and a function ωnm such that the general solution of L0ψ = 0 is given by the
determinant formula

ψ0,n,m =

=ωn,m · det

⎛
⎜⎜⎜⎜⎜⎝

Mm Mm+1 . . . Mm+r Nn Nn+1 . . . Nn+s

μ1,m μ1,m+1 . . . μ1,m+r ν1,n ν1,n+1 . . . ν1,n+s

μ2,m μ2,m+1 . . . μ2,m+r ν2,n ν2,n+1 . . . ν2,n+s

...
...

...

μr+s+1,m μr+s+1,m+1 . . . μr+s+1,m+r νr+s+1,n νr+s+1,n+1 . . . νr+s+1,n+s

⎞
⎟⎟⎟⎟⎟⎠ ,

(5.2)

where Nn and Mm are arbitrary functions of one variable.
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For any two families of linearly independent functions of one variable (5.1) and for any function ωn,m

there exists a hyperbolic difference operator L0 with a finite Laplace series that terminates at the terms
r and −s such that formula (5.2) provides the general solution of L0ψ = 0.

The proof of this general result is divided into a number of propositions, lemmas and theorems.

Lemma 1. If the Laplace series of L0 terminates at the term Lr where r> 0, then the equation L0ψ = 0
admits a solution of the form

ψ0,n,m = B0,n,mMm + B1,n,mMm+1 + · · · + Br,n,mMm+r, (5.3)

where Mm is an arbitrary function of one discrete variable. If the Laplace series terminates at the term
L−s where s> 0, then the equation L0ψ = 0 admits a solution of the form

ψ0,n,m = A0,n,mNn + A1,n,mNn+1 + · · · + As,n,mNn+s, (5.4)

where Nn is an arbitrary function of one discrete variable.

Proof. If hr = 0, then the general solution of the equation Lrψ = 0 has the form (4.2). Remove the
nonlocal part by setting ψn,0 = 0 for all n �= 0, denote Mm =ψ0,m and use (4.3) to obtain solutions of
L0ψ = 0. Since a shift operator of order r is applied to solutions of Lrψ = 0, we get (5.3). Formula
(5.4) is obtained similarly.

Remark 11. Note that formulae (5.3) and (5.4) do not give the general solution of L0ψ = 0.

Lemma 2. If a difference hyperbolic equation L0ψ = 0 admits a solution of form (5.3) where Mm is an
arbitrary function of one variable, then there exists a non-negative p � r such that the Laplace series
terminates: hp = 0. If L0ψ = 0 admits a solution of form (5.4) where, Nn is an arbitrary function of one
variable then there exists a non-negative p � s such that the Laplace series terminates: k−p = 0.

Proof. Use induction in r to prove the first claim. If r= 0, then the equationL0ψ = 0 admits a solution
of the form ψn,m = B0,n,mMm. Substitute it into the equation:

B0,n+1,m+1Mm+1 + an,mB0,n+1,mMm + bn,mB0,n,m+1Mm+1 + cn,mB0,n,mMm = 0.

Since M is arbitrary, this leads to equations{
B0,n+1,m+1 + bn,mB0,n,m+1 = 0
an,mB0,n+1,m + cn,mB0,n,m = 0

.

Multiply the first equation by an,m+1, shift the second equation in m and consider the difference:

an,m+1bn,mB0,n,m+1 − cn,m+1B0,n,m+1 = 0

This relation has to be satisfied for all natural n, m. Hence an,m+1bn,m − cn,m+1 = 0, which is equivalent to
hn,m+1 = 0.

Assume the proposition holds for all equations admitting solutions (5.3) of order r. Consider equation
L0ψ = 0 having such a solution of order r+ 1. This means that the result of substitution of this solution
into the equation, which is an expression of the form

C0,n,mMm +C1,n,mMm+1 + · · · +Cr+2,n,mMm+r+2, (5.5)

identically vanishes. Note that the leading coefficient in (5.5) has the form

Cr+2,n,m = Br+1,n+1,m+1 + bn,mBr+1,n,m+1 = 0. (5.6)
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If h0 = 0, then the proposition is proved. Otherwise, apply the Laplace transformation Tn + bn,m−1:
ψ1,n,m = (Tn + bn,m−1)

(
B0,n,mMm + B1,n,mMm+1 + · · · + Br+1,n,mMm+r+1

)=
= bn,m−1B0,n,mMm + · · · + (Br+1,n+1,m + bn,m−1Br+1,n,m)Mm+r+1

Compare the leading coefficient in the latter expression with (5.6) to conclude that ψ1 has the form (5.3)
of order r and hence by the assumption the Laplace series of the corresponding operator L1 terminates
at the term Lp, where p � r. But L1 is the next term in the Laplace series of the initial operator L0.
Therefore, its Laplace series terminates not later than at the (r+ 1)-th term. The second claim is proved
similarly.

Lemma 3. If the Laplace invariants of L0 are non-zero and the general solution of the hyperbolic
equation L0ψ = 0 has the form

ψ0,n,m = A0,n,mNn + A1,n,mNn+1 + · · · + As,n,mNn+s + B0,n,mMm + B1,n,mMm+1 + · · · + Br,n,mMm+r, (5.7)
where M and N are arbitrary functions of one discrete variable and A0 �= 0, As �= 0, B0 �= 0, Br �= 0, then
the general solution of the equation L1ψ = 0, where L1 = (Tn + bn,m−1)L0, has the form

ψ1,n,m = Â0,n,mNn + Â1,n,mNn+1 + · · · + Âs+1,n,mNn+s+1 + B̂0,n,mMm + B̂1,n,mMm+1 + · · · + B̂r−1,n,mMm+r−1,

where Â0 �= 0, Âs+1 �= 0, B̂0 �= 0, B̂r−1 �= 0, and the general solution of the equation L−1ψ = 0, where
L−1 = (Tm + an−1,m)L0, has the form

ψ−1,n,m = Ã0,n,mNn + Ã1,n,mNn+1 + · · · + Ãs−1,n,mNn+s−1 + B̃0,n,mMm + B̃1,n,mMm+1 + · · · + B̃r+1,n,mMm+r+1,

where Ã0 �= 0, Ãs−1 �= 0, B̃0 �= 0, B̃r+1 �= 0.

Proof. Apply the Laplace transformation to (5.7) to get the general solution of L1ψ = 0. Obviously
it has the form

ψ1,n,m = Â0,n,mNn + Â1,n,mNn+1 + · · · + Âs+1,n,mNn+s+1 + B̂0,n,mMm + B̂1,n,mMm+1 + · · · + B̂r,n,mMm+r,

and we need to prove that B̂r,n,m = 0. Note that

Âs+1,n,m = As,n+1,m, B̂r,n,m = Br,n+1,m + bn,m−1Br,n,m, B̂r−1,n,m = Br−1,n+1,m + bn,m−1Br−1,n,m; (5.8)

hence, Âs+1 �= 0. Substitute (5.7) into hyperbolic equation L0ψ = 0. This gives an expression of the form

C0,n,mNn +C1,n,mNn+1 + · · · +Cs+1,n,mNn+s+1 +D0,n,mMm +D1,n,mMm+1 + · · · +Dr+1,n,mMm+r+1 = 0.

Since functions M and N are arbitrary, all coefficients vanish. In particular,
0=Dr+1,n,m = Br,n+1,m+1 + bn,mBr,n,m+1.

Compare this with the second relation in (5.8) to verify that B̂r = 0. Besides this,
0=Dr,n,m = Br−1,n+1,m+1 + an,mBr,n+1,m + bn,mBr−1,n,m+1 + cn,mBr,n,m. (5.9)

Assume that B̂r−1 = 0. Hence (5.8) yields Br−1,n+1,m+1 =−bn,mBr−1,n,m+1. Therefore, (5.9) can be rewritten
as

0= (
cn,m − an,mbn,m−1

)
Br,n,m = an,mbn,m−1hn,mBr,n,m,

which contradicts the assumption Br �= 0 since h is non-zero.
Note that

Â0,n,m = bn,m−1A0,n,m �= 0, B̂0,n,m = B0,n+1,m + bn,m−1B0,n,m.

If B̂0,n,m = 0, then express B0,n+1,m =−bn,m−1B0,n,m and substitute this into the equation D0,n,m = 0:
0= an,mB0,n+1,m + cn,mBn,m =

(
cn,m − an,mbn,m−1

)
B0,n,m.

Since h �= 0, we arrive at a contradiction. The second claim is obtained similarly.
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Theorem 6. If the Laplace series of L0 is finite, hr = k−s = 0 for some r, s � 0 and the operators
L−s+1, . . . , Lr−1 have non-zero Laplace invariants, then the general solution of difference equation
L0ψ = 0 has the form (5.7), where Nn and Mm are arbitrary functions of one variable, Ai,n,m and Bj,n,m

are some particular functions depending on the coefficients of the initial equation, and A0 �= 0, As �= 0,
B0 �= 0, Br �= 0.

If a hyperbolic equation L0ψ = 0 admits a solution of the form (5.7), where A0 �= 0, As �= 0, B0 �= 0
and Br �= 0, then its Laplace series is finite: hr = k−s = 0 and the operatorsL−s+1, . . . , Lr−1 have non-zero
Laplace invariants.

Proof. The general solution ofL0 = 0 can be obtained by the application of s Laplace transformations
to the general solution of L−s = 0. We will construct such a solution in a special form. Since h−s =
0, operator L−s can be factorised, and therefore, according to Proposition 3, the general solution has
the form ψ−s,n,m = θn,m + θ 0

n,m. Note that θn,m = αn,mNn, where Nn is an arbitrary function of one variable
and αn,m depends on coefficients of L−s. Similarly, the general solution of the equation Lr = 0 has the
form ψr,n,m = χn,m + χ 0

n,m, where χn,m = βn,mMm and Mm is an arbitrary function. Set χ 0 = 0 and apply the
composition M of inverse Laplace transformations:

Mχn,m =ωn,m

(
Tm + a−s+1,n−1,m )( Tm + a−s+2,n−1,m

)
. . .

(
Tm + ar,n−1,m

)
χn,m ∈KerL−s

(see Remark 9). Since χn,m = βn,mMm depends on an arbitrary function and(
Tn + b−s,n,m

) (
Tm + a−s,n−1,m

)Mχn,m = 0,

the function ϕn,m =
(
Tm + a−s,n−1,m

)Mχn,m parameterises the general solution of the homogeneous
equation

(
Tn + b−s,n,m

)
ψn,m = 0. Hence, θ 0

n,m =Mχn,m satisfies the non-homogeneous equation(
Tm + a−s,n−1,m

)
ψn,m = ϕn,m.

Therefore the general solution of L−sψ = 0 has the form

ψ−s,n,m = αn,mNn +Mχn,m.

Apply the Laplace transformationsN = (
Tn + b−1,n,m−1

)
. . .

(
Tn + b−s,n,m−1

)
to obtain the general solution

of L0ψ = 0:

ψ0,n,m =N (
αn,mNn +Mχn,m

)=N (
αn,mNn

)+ ω̃n,m

(
Tm + a1,n−1,m

)
. . .

(
Tm + ar,n−1,m

) (
βn,mMm

)=
= A0,n,mNn + A1,n,mNn+1 + · · · + As,n,mNn+s + B0,n,mMm + B1,n,mMm+1 + · · · + Br,n,mMm+r

since N and
(
Tm + a1,n−1,m

)
. . .

(
Tm + ar,n−1,m

)
are difference operators in Tn and Tm of orders s and r

respectively.
The second claim follows from Lemmas 2, 3.

Suppose the Laplace series of L0 is finite, hr = k−s = 0 for some r, s � 0, and the operators
L−s+1, . . . , Lr−1 have non-zero Laplace invariants. Then the general solution of the equation Lrψ = 0
has the form

ψr,n,m = A0,n,mNn + A1,n,mNn+1 + · · · + Ar+s,n,mNn+r+s + B0,n,mMm.

Without loss of generality, one may assume that B0 = 1 (apply an appropriate gauge transformation,
which does not change the Laplace invariants). Hence, the hyperbolic equation Lrψ = 0 admits a
solution of the form ψr,n,m =Mm. This yields br,n,m =−1, ar,n,m =−cr,n,m. Thus,

Lr =
(
Tm + ar,n,m

)
(Tn − 1) and (Tn − 1) ψr,n,m ∈Ker

(
Tm + ar,n,m

)
.

Therefore, (Tn − 1) ψr,n,m = αn,mÑn for a certain Ñ. This leads to the relation

−A0,n,mNn + (A0,n+1,m − A1,n,m)Nn+1 + · · · +
+(Ar+s−1,n+1,m − Ar+s,n,m)Nn+r+s + Ar+s,n+1,mNn+r+s+1 = αn,mÑn. (5.10)
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Denote

λ0,n,m =−A0,n,m

αn,m

, λ1,n,m = A0,n+1,m − A1,n,m

αn,m

, . . . , λr+s+1,n,m = Ar+s,n+1,m

αn,m

.

Note that all coefficients λ0, . . . , λr+s+1 do not depend on m since Nn and Ñn are functions of one discrete
variable n. Therefore we drop the second index in λ0,n,m, . . . , λr+s+1,n,m for convenience.

Lemma 4. Function αn,m satisfies a linear difference equation of order r+ s+ 1 in the variable n with
coefficients depending only on n.

Proof. Express the functions Ai,n,m in terms of αn,m and λ0, . . . , λr+s+1:

A0,n,m =−αn,mλ0,n

A1,n,m = A0,n+1,m − αn,mλ1,n =−Tn

(
αn,mλ0,n

)− αn,mλ1,n

A2,n,m = A1,n+1,m − αn,mλ2,n =−T2
n

(
αn,mλ0,n

)− Tn

(
αn,mλ1,n

)− αn,mλ2,n

. . .

Ar+s,n,m = Ar+s−1,n+1,m − αn,mλr+s,n =−
r+s∑
i=0

Ti
n

(
αn,mλr+s−i,n

)
Ar+s,n+1,m = αn,mλr+s+1,n.

Hence, function αn,m satisfies the linear difference equation

λ0,nT
r+s+1
n αn,m + . . .+ λr+sTnαn,m + λr+s+1αn,m = 0. (5.11)

Let ν1,n, ν2,n, . . . , νr+s+1,n be a fundamental system of solutions of linear ordinary difference equation
(5.11). Then Ñ = 0 once N = νi is chosen in (5.10) for some i= 1, 2, . . . , r+ s+ 1. Hence

(Tn − 1)
(
A0,n,mνi,n + A1,n,mνi,n+1 + · · · + Ar+s,n,mνi,n+r+s +Mm

)= 0

for every i= 1, 2, . . . , r+ s+ 1. This means that

μi,m:= A0,n,mνi,n + A1,n,mνi,n+1 + · · · + Ar+s,n,mνi,n+r+s, i= 1, 2, . . . , r+ s+ 1,

are functions only of m.

Proposition 6. In the above setting, the general solution of the equation Lrψ = 0 is given by ψr = �1
�

,
where

�1,n,m = det

⎛
⎜⎜⎜⎜⎜⎝

Mm Nn Nn+1 . . . Nn+r+s

μ1,m ν1,n ν1,n+1 . . . ν1,n+r+s

μ2,m ν2,n ν2,n+1 . . . ν2,n+r+s

...
. . .

...

μr+s+1,m νr+s+1,n νr+s+1,n+1 . . . νn+s+1,n+r+s

⎞
⎟⎟⎟⎟⎟⎠ , (5.12)

�n,m = det

⎛
⎜⎜⎜⎝

ν1,n ν1,n+1 . . . ν1,n+r+s

ν2,n ν2,n+1 . . . ν2,n+r+s

...
. . .

...

νr+s+1,n νr+s+1,n+1 . . . νn+s+1,n+r+s

⎞
⎟⎟⎟⎠ . (5.13)
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Proof. Letψr be the general solution ofLrψ = 0. Then there exist families of functions ν1, . . . , νr+s+1

and μ1, . . . ,μr+s+1 depending on n and m respectively such that the following relations are satisfied:{
ψr,n,m − A0,n,mNn − A1,n,mNn+1 − · · · − Ar+s,n,mNn+r+s =Mm

− A0,n,mνi,n − A1,n,mνi,n+1 − · · · − Ar+s,n,mνi,n+r+s =μi,m, i= 1, 2, . . . , r+ s+ 1
. (5.14)

Solve this system with respect to the unknowns ψr,−A0,−A1, . . . ,−Ar+s and apply Cramer’s rule to
obtain the formula for ψr.

Consider the general solution of L0ψ = 0. On the one hand, it has the form (5.7); on the other hand,
it is obtained from the general solution of equation Lrψ = 0 by application of Laplace transformations:
ψr =Mψ0, where M is a difference operator of order r and ψr is the quotient of determinants (5.12)
and (5.13). Hence ψ0 = 0 whenever N = νi and M =μi for a certain i= 1, 2, . . . , r+ s+ 1. Therefore,
up to multiplication by an appropriate function ωn,m, the following equations are satisfied:{

ψ0,n,m − B0,n,mMn − · · · − Br,n,mMn+r − A0,n,mNn − · · · − As,n,mNn+s = 0

− B0,n,mμi,n − · · · − Br,n,mμi,n+r − A0,n,mνi,n − · · · − As,n,mνi,n+s = 0, i= 1, 2, . . . , r+ s+ 1
.

Solve this system with respect to the unknownsψ0,−B0, . . . ,−Br,−A0, . . . , As and apply the projective
version of Cramer’s rule to obtain (5.2). This proves the first part of Theorem 5.

In order to prove the second part of Theorem 5, choose arbitrary independent functions of one variable

ν1,n, ν2,n, . . . , νr+s+1,n and μ1,m,μ2,m, . . . ,μr+s+1,m (5.15)

and solve linear system (5.14) for A0, A1, . . . , Ar+s. This provides

ψr,n,m = A0,n,mNn + A1,n,mNn+1 + · · · + Ar+s,n,mNn+r+s +Mm. (5.16)

Lemma 5. Function (5.16) satisfies a second-order hyperbolic equation Lrψ = 0 such that hr = 0 for
the operator Lr.

Proof. Since μi,m =−A0,n,mνi,n − A1,n,mνi,n+1 − · · · − Ar+s,n,mνi,n+r+s is a function of m for every i=
1, 2, . . . , r+ s+ 1, function νi satisfies the difference equation

(Tn − 1)
(
A0,n,mνi,n + A1,n,mνi,n+1 + · · · + Ar+s,n,mνi,n+r+s

)= 0,

which has order r+ s+ 1. Consider the linear ordinary difference equation

λ0,nνn+r+s+1 + · · · + λr+s,nνn+1 + λr+s+1,nνn = 0,

having ν1,n, ν2,n, . . . , νr+s+1,n as a basis in the space of solutions. Such an equation is unique up to
multiplication by an arbitrary function αn,m. Therefore, the following relations are satisfied:

αn,m =−A0,n,m

λ0,n,m

= A0,n+1,m − A1,n,m

λ1,n

= . . .= Ar+s−1,n+1,m − Ar+s,n,m

λr+s,n

= Ar+s,n+1,m

λr+s+1,n

.

This implies that (Tn − 1) ψr,n,m = αn,mÑn, where Ñ is a function of n. Hence(
Tm + γn,m

)
(Tn − 1) ψr,n,m =

(
Tm + γn,m

) (
αn,mÑn

)= (
αn,m+1 + γn,mαn,m

)
Ñn

for any γn,m. Therefore if γn,m =− αn,m+1

αn,m
for all n, m ∈Z, then Lrψr = 0, where

Lr =
(
Tm + γn,m

)
(Tn − 1)= TnTm + γn,mTn − Tm − γn,m.

Note that hr = 0 for any operator of such kind.

According to Theorem 6, if the hyperbolic equation Lrψ = 0 admits a solution of the form (5.16),
then the Laplace series of Lr is finite. In particular, h−s = 0. Apply Laplace transformations to Lr and
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to ψr in order to obtain the operator L0 in the Laplace series and the general solution of the equation
L0ψ = 0. On the one hand it has the form

ψ0,n,m =C0,n,mNn +C1,n,mNn+1 + . . .+Cs,n,mNn+s +D0,n,mMm +D1,n,mMm+1 + . . .+Dr,n,mMm+r.

On the other hand, consider the determinant in (5.2) constructed using functions (5.15) and expand it
along its first row. This expression has the form

ψ̃0,n,m = Ã0,n,mNn + Ã1,n,mNn+1 + · · · + Ãs,n,mNn+s + B̃0,n,mMm + B̃1,n,mMm+1 + · · · + B̃r,n,mMm+r.

Note that since ψ0 is obtained from ψr, which was constructed earlier, the substitution N = νi, M =μi

implies that ψr = 0 for every i= 1, 2, . . . , r+ s+ 1; therefore, we get ψ0 = 0 for such a choice of N and
M as well. This leads to a linear system

C0,n,mνi,n +C1,n,mνi,n+1 + · · · +Cs,n,mνi,n+s +D0,n,mμi,m +D1,n,mμi,m+1 + · · · +Dr,n,mμi,m+r = 0

for the unknowns C1, . . . , Cs,n,m, D1, . . . , Dr,n,m. Note also that such a choice of N and M yields ψ̃0 = 0
and, therefore, also the relations

Ã0,n,mνi,n + Ã1,n,mνi,n+1 + · · · + Ãs,n,mνi,n+s + B̃0,n,mμi,m + B̃1,n,mμi,m+1 + · · · + B̃r,n,mμi,m+r = 0,

where i= 1, 2, . . . , r+ s+ 1. Hence, the unknowns

C1, . . . , Cs,n,m, D1, . . . , Dr,n,m and Ã1, . . . , Ãs,n,m, B̃1, . . . , B̃r,n,m

satisfy the same system of homogeneous linear equations, and these (r+ s+ 1)-tuples are proportional
since functions (5.15) are independent. Therefore there exists ω̃ such that ψ0,n,m = ω̃n,mψ̃0,n,m defines the
general solution of L0ψ = 0, where L0 has a finite Laplace series. For any other ω function ωn,mψ0,n,m

satisfies equation L̃0ψ = 0, where L̃0 = 1
ωn+1,m+1

L0ωn,m is gauge-equivalent to L0 and therefore has the
same series of Laplace invariants. This completes the proof of Theorem 5.

In the discrete case, it is also possible to express in terms of functions (5.1) not only the general solu-
tion (5.2), but also the coefficients of the operator L0. The functions A0,n,m and B0,n,m can be expressed in
terms of (5.1) using the expansion of determinant (5.2) along its first row; see Remark 6. The coefficients
of L0 can be expressed in terms of them.

Proposition 7. If the general solution of the equation L0ψ = 0 with the Laplace series terminating at
the terms r and −s is given by (5.2), then the coefficients of the operator L0 have the form

an,m =−As,n+1,m+1

As,n+1,m

, bn,m =−Br,n+1,m+1

Br,n,m+1

, cn,m =

s∑
i=0

Ai,n+1,m+1 + anm

s∑
i=0

Ai,n+1,m + bnm

s∑
i=0

Ai,n,m+1

s∑
i=0

Ai,n,m

. (5.17)

Proof. Consider the general solution of L0ψ = 0 in form (5.7) and apply shifts:

ψ0,n+1,m = A0,n+1,mNn+1 + · · · + As,n+1,mNn+s+1 + B0,n+1,mMm + · · · + Br,n+1,mMm+r

ψ0,n,m+1 = A0,n,m+1Nn + · · · + As,n,m+1Nn+s + B0,n,m+1Mm+1 + · · · + Br,n,m+1Mm+r+1

ψ0,n+1,m+1 = A0,n+1,m+1Nn+1 + · · · + As,n+1,m+1Nn+s+1 + B0,n+1,m+1Mm+1 + · · · + Br,n+1,m+1Mm+r+1.

Note that the expression

ψ̃0,n,m:=ψ0,n+1,m+1 − As,n+1,m+1

As,n+1,m

ψ0,n+1,m − Br,n+1,m+1

Br,n,m+1

ψ0,n,m+1

does not contain the highest shifts Nn+s+1 and Mm+r+1, that is it has form (5.7). Moreover, the substitu-
tion N = νi, M =μi for every i= 1, 2, . . . , r+ s+ 1 implies that ψ0 = 0 and, hence, that ψ̃0 = 0. Using
the same argument as before, we deduce that there exists a function ω such that ψ̃0,n,m =ωn,mψ0,n,m.
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Hence,

ψ0,n+1,m+1 − As,n+1,m+1

As,n+1,m

ψ0,n+1,m − Br,n+1,m+1

Br,n,m+1

ψ0,n,m+1 =ωn,mψ0,n,m. (5.18)

This means that we constructed a hyperbolic second-order difference operator with a unitary leading
coefficient that is annihilated by the general solution ψ0 of the initial equation. Hence, we only need to
prove the formula for cn,m =−ωn,m. Consider the particular solution that corresponds to Nn ≡ 1, Mm ≡ 0
and substitute it into (5.18) to find ω.

Remark 12. It is also possible to obtain a formula for cn,m in (5.17) in terms of coefficients Bj,n,m. This
corresponds to another choice of a particular solution. Moreover, some other particular solution would
give yet another formula for cn,m. There is no contradiction in such an ambiguity since the coefficients
Ai,n,m, Bj,n,m satisfy strong restrictions imposed by formula (5.2).

Remark 13. A special class of discrete Königs nets with finite Laplace series has been studied recently
[34]. Probably some special choice of functions (5.1) in the determinant formula (5.2) provides solutions
that correspond to Königs nets of this kind. This needs further investigation.

6. Semi-discrete case

In this section, we briefly discuss semi-discrete analogues of the Darboux formulae. All proofs are
similar to the ones in the continuous and in the entirely discrete cases.

Theorem 7. If the Laplace series of a semi-discrete hyperbolic operator L0 is finite, hr = k−s = 0 for
some r, s � 0 and the operators L−s+1, . . . , Lr−1 have non-zero Laplace invariants, then the general
solution of difference equation L0ψ = 0 has the form

ψ0,n = A0,nNn + A1,nNn+1 + · · · + Ar,nNn+r + B0,nX + B1,nX′ + · · · + Bs,nX(s),

where Nn and X are arbitrary functions of variables n and x respectively, Ai,n and Bj,n are some particular
functions depending on the coefficients of the initial equation, and A0 �= 0, Ar �= 0, B0 �= 0, Bs �= 0.

If a hyperbolic equation L0ψ = 0 admits a solution of the form (5.7), where A0 �= 0, Ar �= 0, B0 �= 0
and Bs �= 0, then its Laplace series is finite, hr = k−s = 0, and the operators L−s+1, . . . , Lr−1 have non-
zero Laplace invariants.

Theorem 8. Let L0 be a hyperbolic differential-difference operator with a finite Laplace series where
hr = k−s = 0 for some r, s � 0. Then there exist functions

ν1,n, ν2,n, . . . , νr+s+1,n and ξ1(x), ξ2(x), . . . , ξr+s+1(x) (6.1)

of one discrete variable and a function ωn =ωn(x) such that the general solution of L0ψ = 0 is given by
the determinant formula

ψ0,n =ωn · det

⎛
⎜⎜⎜⎜⎜⎝

X X′ . . . X(s) Nn Nn+1 . . . Nn+r

ξ1 ξ ′1 . . . ξ
(s)
1 ν1,n ν1,n+1 . . . ν1,n+r

ξ2 ξ ′2 . . . ξ
(s)
2 ν2,n ν2,n+1 . . . ν2,n+r

...
...

...

ξr+s+1 ξ
′
r+s+1 . . . ξ

(s)
r+s+1 νr+s+1,n νr+s+1,n+1 . . . νr+s+1,n+r

⎞
⎟⎟⎟⎟⎟⎠ , (6.2)

where Nn and X(x) are arbitrary functions of one variable.
For any two families of linearly independent functions of one variable (6.1) and for any function

ωn =ωn(x), there exists a hyperbolic differential-difference operator L0 with a finite Laplace series that
terminates at the terms r and −s such that formula (6.2) provides the general solution of L0ψ = 0.
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