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POWER FUNCTIONS AND
ENVELOPES FOR
UNIT ROOT TESTS
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This paper studies power functions and envelopes for covariate augmented unit
root tests The power functions are calculated by integrating the characteristic
function allowing accurate evaluation of the power envelope and the power func-
tions Using the power functionswe study the selection among point optimal
invariant unit root testsAn “optimal” point optimal test is proposed based on
minimizing the integrated power differencé/e find that when there are covari-

ate effectsoptimal tests use a local alternative where the power envelope has an
approximate value of.@5.

1. INTRODUCTION

Testing for the presence of unit roots is now a common practice in empirical
macroeconomic and financial time series analyAlthough the unit root hy-
pothesis has been tested in hundreds of time setimsswidely recognized that

the discriminatory power of unit root tests is generally Idmvaddition often-
times practitioners do not know whether a trend is deterministic or stochastic
SO it is necessary in empirical analysis to include deterministic terms in the
model when estimating the hypothesized unit root paramékes inclusion of
“extra” deterministic components in the model reduces power from its already
low level.

One of the mechanisms for increasing the power of unit root tests is related
to point optimal testing procedurehe point optimal procedurgsvhich are
optimal only for a specific point alternatiyean also be used to test for a unit
root against more complex alternative hypothesdéthough it is no longer op-
timal for alternatives at other pointactually, a point optimal test based on an
“appropriately chosen” value of the local parameter may have higher power
than the conventional unit root tes®ecause there is no uniformly most pow-
erful test for the unit root hypothesespoint optimal test using some plausible
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choice of local parameter value is a reasonable chdictice that a point op-
timal test will touch the power envelope at the corresponding local parameter
valug so that there is an infinitely large class of testh of which are asymp-
totically admissible A natural question to ask:i-How should we choose an
“optimal” point optimal test? We attempt to address this issue for a class of
unit root tests in the current paper

When ordinary least squaré®LS) is used(with no covariateg point opti-
mal unit root tests have been studied by Elli®bthenbergand Stock(1996
and Saikkonen and Luukkonéh993. Elliot et al (1996 show that the power
of point optimal tests is not sensitive to the choice of the alternative so long as
the point optimal test has a tangency between pow&s nd 075. Elliott and
Janssori2000 propose point optimal invariant tests when covariate effects are
estimatedWe show that there are interesting differences that arise when using
covariates so that the choice of a point optimal invariant test magnifies the fa-
miliar trade-off between alternatives close to the null and more distant alterna-
tives In this paperwe derive characteristic functions for covariate augmented
unit root tests to accurately evaluate power envelopes and power functions for
point optimal testsUsing power envelopes and power functions calculated from
our characteristic function®ne can evaluate differences between point opti-
mal tests and the envelopthis allows perhapsformulation of an “optimal”
point optimal test

The paper is organized as followls Section 2 we present the asymptotic
power functions derived for invariant unit root tests developed by Elliott and
Jansson2000. Section 3 provides the characteristic functions for the power
functions Section 4 studies the selection of optimal point optimal unit root tests
and reports new critical values used for a feasible version of theSestion 5
concludes

2. UNIT ROOT TESTS USING COVARIATES

Elliott and Janssori2000 extend the covariate augmented unit root tests de-
veloped by Hanse(lL995 to form point optimal tests invariant to deterministic
terms Because our focus is on the evaluation of the asymptotic power curves
and envelopeswve take the asymptotic distributions as given and proceed with
a strategy for evaluation

Suppose that a time serigscan be decomposed into a deterministic compo-
nent and a stochastic componenpt= d, + s, whered; = y’'z;, with z, a deter-
ministic trend of known formThe stochastic part is represented\as= 6s_, +
v;. We also assumé = —(c/T). Suppose we wish to test the null hypothesis
Hp: ¢ = 0 versusH;: ¢ = ¢ wherec = 0. The limiting distributions of the like-
lihood ratio test depend on the parametgrs, andR2. The parametec is the
true value of the local parametevhereasc is the hypothesized local param-
eter The termR? indicates the correlation between covariates and the quasi-
difference of the local to unit root proce§®r a more detailed description of
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the unit root model with covariatesee Hanserl995 Elliott and Janssar2000.

We consider three cases with emphasis on the two empirically relevant cases
where a constant is estimated and a constant and trend are estimaiadic-

ular, case 1 represents the distribution when there are no deterministic compo-
nents estimated or when they are treated as kndwiase 2 an intercept is
included for both the covariates and the local to unit root prqeelssreas case 3
includes a constant and trend in bo@®ur cases 12, and 3 correspond to the
cases 13, and 5 respectivelyin Elliott and Janssof2000. Denoting the lim-

iting distributions corresponding to these three casesRitc,C), j = 1, 2, 3,

the limiting distributions are as follows

2
LRy(c,€) = (€2 — 2cC) f(Wf)2 + ZCfodW1 + (c2 — 2cc) ( 1ig)

X f(Wf)z ~ 2cﬁ fodV\é,

2
LR,(c,¢) = (c2 — 2cc) f(Wf)2 + ZCfodWl + (€2 — 2c0) ( :Rz>

x [ owe - W2 - 2c (W = ) AW,

el

2
LRs(c, €) = (€2 — 2cC) f(Wf)Z + 2cfvvl°o|wl +(c® — 2c0) ( :R2>

2
X f(Wff)2 + WE(1)2 — m1<(1 + C)WE(D) + 62fs\/\/f)

N : f
— 20— | W dw,
TR ) A

wherem, = 1/(1 + ¢%3 + ¢), WS(r) is an Ornstein—Uhlenbeck process satis-
fying the stochastic differential equation

dWE(s) = —cWE(s) ds+ dW(s),

and WS (s) = WE(s) + (6s — 4) fWE(r)dr — (12s — 6) [TW(r) dr, WS =
SWE(r)drt

These limiting variates all have nonstandard distributions and are dependent
on nuisance parametei$ practice simulation methods are generally used to
obtain approximations of these distributiontdowever Nabeya and Tanaka
(1990, Perron(1991), and Tanaka1996 suggest a general approach for de-
riving the limiting distributions of OLS estimators for autoregressive param-
eters We explore using similar methods for the covariate case in the next section
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3. CHARACTERISTIC FUNCTIONS

We find the characteristic functions of the limiting distributions and use them
to find probabilities based on numerical integratidhe probabilities are used
to find critical values for a range of point alternatives that are then used to find
the power envelope

Evaluating the distributions using numerical integration has certain advan-
tages over the traditional Monte Carlo based approximatkirst as docu-
mented in Nabeya and Tanak&990, accuracy is improved using numerical
methodsFor our purposeghis is important as we plan to use the derived power
envelopes to find a class of optimal point optimal teStscondthe computa-
tional time decreases substantiallyis is important as we must evaluate and
compare multiple power curves for point optimal tests

The characteristic function of the random variallB;(c,C) is defined as
E(e'“Ri), and we denote this by r(0,C,C),] =1, 2, 3. We give an expression
for the characteristic function in the following theorém

THEOREM 31.
d)LRj(H;C, C) = e((C/Z)iiGC) X gj(0)71/2 ] = 1, 273

with
__sinA
0:.(0) = (c— 2chi) Y + cos),

1
G2(6) = (Acc?6i — Bc?chi + 8C%02 — 16¢%0% — 24cC02)r —

COSA
)\4

+ (24cc?6? + 16¢%6% — 8¢302 + 8c2chi — 4cc?6i)r

+ (2€20i — 4cchi — 2cC0i + 4c2chi — 46202 — 4c2H?

sinA
+ 8¢%03% + 12cc?6?)r ?

: . cosA
+ (—2¢%6i + 4cchi + 4C20%)r —;
A

~_sinA
+ (c— 2¢hi) N + COSA,

Ggs(0) = €1 = 3Al,
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where
1-e 1 <1 e’z"‘) iA—1+ (i +1)e 2"
- — (= —eir ¢ _—
2iA —-A2\2 —2iA3
| e ) A teaen tr)  Eowibacen
—A%\2 2 —IiA 2 2 2\
iA— 1+ (iA+1)e 22 —X2— (A +1)(1-e )2 —2i)% + 302 + 3 — 3(iA + 1)%e 21
—2iA° 204 6iA°
iA —c+ 2i6C + 2i6 — 2idm, (1 + €)? 0 —2i6m,(1+ ¢)c?
A= 0 —8m, 12m, ,
A = \26¢2 + 26(c2 — 2co)ri — 4626%r — c2,
m, = 1/(1+ ¢%3+ ¢),
m, = i0(c? — 2cC)r — 262¢?r,
R2
r=-—-.
1-R?

Once we have obtained the characteristic fungtaaiculating probabilities
is based on numerical integration using Gurland948 formula

1 1 (*1 .
P(LRi(c,c) =x) = >~ ;fo P Im(e"e"(ﬁLRj(a;c, €)) do, (3.1)

where Im is the imaginary part of the complex number

Using the preceding formulat is possible to calculate critical values for
specific alternativeswhich can then be used to obtain power envelopes and
power functions for point optimal tests of the null hypothesls: ¢ = 0. We
compare these point optimal tests for several cases of the nuisance parameter
R? in the next section

The power envelope was calculated by first finding critical values for the
test indexed byc. That is a critical value must be found for each alternative
hypothesis and each value of the nuisance paran®éteonsideredAfter crit-
ical values are generated for each of the alternatibespower is calculated by
numerical integration withx = Xq0s S0 thatP(LR;(0,C) = Xq05) = 0.05. The
power functions are denoted

I(c,¢) = P(LR(C,C) = Xq05)

so that the power envelopeliH ¢, €). For the numerical integration using char-
acteristic functionswe found 2500 values of the characteristic function and
used a simple application of Simpson’s rule to find the intedrlk truncation

of the integral was determined where the integrand consistently took a value of
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less than 10%° in absolute valueThe power envelopes for cases 2 and 3 appear
in Figures 1 and 2 and correspond to Figures 1b and 1d in Elliott and Jansson
(2000.

4. OPTIMAL POINT OPTIMAL UNIT ROOT TESTS

A point optimal test folHy: ¢ = 0 againstH.: ¢ = ¢ > 0 also naturally provides
a test for alternativél.: ¢ > 0. Although strictly speakingsuch a test is only
optimal for the specified alternatiya point optimal test with amappropriate
selection ofc can be nearly optimal in the sense that the power function is very
close to the power envelop8ecause there is no uniformly most powerful
test point optimal testdagainst the alternative df) are of interest and may
provide a power gain relative to tests based simply on estimated autoregressive
parameters

Given the different behavior of tests based on different valuas afi obvi-
ous question is which of these tests has the best overall power propAgies
suggested in King1988, one possibility is to chooséso that the test is more
powerful over certain ranges of the parameter spaceatural criterion for
measuring the closeness of a power curve to the power envelope is the integral
of the difference between a power curve and the power envekipéhat we

s ~
~
7
b
’ 7
e
Ve
Ve
//
7/ —_—— R2-

@ P IR RZ-0.3
§ ) [N R2=05
S e R2-0.7
R?=0.9

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Local Alternative

FiGURE 1. Case 2 envelopes
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Power

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Local Alternative

FiGuURE 2. Case 3 envelopes

may select the optimal point optimal test by minimizing the integrated power
differencesi.e., we choose by

min foo[H(C, c) —II(c,¢)]dc. (4.2)
¢ Jo

Because the power envelope is above the power fundiicc), the differ-
ence betweeill(c,c) andII(c,C) is always nonnegativeNotice that criterion
(4.1) is equivalent to maximizing the power functidh(c, ¢) integrated ovec
and the suggested criterion can be treated as an application of Cox and Hinkley
(1974 to the unit root modet For general hypothesis tests against composite
alternativesCox and Hinkley(1974) suggest selecting an alternative point that
maximizes a weighted power averagrir criterion chooses the Lebesgue mea-
sure(corresponding to thek(#) in equation(26), p. 102) and the power func-
tion of covariate augmented unit root tests

We apply the results developed in Section 3 to select an optimal point opti-
mal test The optimal choices of (and thus the corresponding teate found
for representativ®? values The integral is evaluated over the range from zero
to 30 because the difference between the point optimal test and the envelope is
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negligible at this pointPoint optimal tests indexed by from .01 to 20 are
considered because the integral is decreasing and then increaginghe in-
tegral is evaluated using Simpson’s rule wit@0 points starting at 01 and
0.01 incrementsThe integral is evaluated fd®? = 0.1,...,0.9.

The output from searching for a class of optingas given in Table 1First,
we point out that the minimized integral of the difference between the power
envelope and the power function of the point optimal test initially increases

TaBLE 1. Optimal ¢ and critical values for differeriR?

R? Optimal ¢ Critical value Jo [1I(c,c) — MI(c,¢)]dc
Case 1l
0.9 181 2.3686 01198
0.8 2.88 25714 Q1744
0.7 3.84 27362 02101
0.6 477 28717 02304
0.5 5.65 30023 02363
0.4 6.55 31110 02274
0.3 7.42 32190 02032
0.2 8.32 33116 01625
0.1 9.20 34049 01034
Case 2
0.9 245 —0.0441 00815
0.8 3.66 10267 01131
0.7 459 18035 01348
0.6 554 26641 01483
0.5 6.40 34255 01542
0.4 7.15 40574 01518
0.3 7.88 46768 01399
0.2 8.60 52921 01169
0.1 9.45 60756 00795
Case 3
0.9 333 —1.0960 00929
0.8 511 —0.0383 01558
0.7 6.80 11300 02096
0.6 8.24 21255 02509
0.5 9.67 31675 02785
0.4 1115 40179 02881
0.3 1255 51058 02753
0.2 1399 65002 02324
0.1 1546 74248 01518
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and eventually decreases R$ increaseslin fact, whenR? is nearly zergthe
differences in the power envelope and the point optimal test are triMigg is
in agreement with the simulation evidence in Elliott et (@996 and the nu-
merical evidence presented in Tanald®96. In addition we found that the
point optimal tests were tangent to the power envelope at approximai#dy 0
regardless of the value &®2. For a wide range oR? (except close to zejp
these different choices @fare importantHowever this is not of practical im-
portance wheriR? = 0 (or close to 0 as the difference in point optimal tests is
very small

To illustrate the choice of testsve plot the difference between the power
envelope and several cases of point optimal invariant tests for the empirically
relevant casesFigure 3 presents the power differences for case 2 WRren
0.8. The optimal point optimal invariant test is denoted OPO and is compared
with the point optimal invariant tests associated with power.atahd 025. In
addition the case wheré = 7 was suggested by Elliott and Jans$2600 and
is included for comparisafiNone of the tests has the lowest power loss over
the range of alternatives because each test is asymptotically admisible
ever the optimality criteria used in this paper dictate that we should minimize
the area under the curyvand the OPO curve corresponds to that.tEgjure 4
represents case 2 wifk? = 0.9. The power loss is similar to the? = 0.8 case

0.12
— Char = 7
........ power = .25
------- power = .5
......... OPO
«» 0.08 7
w0
o
-
9]
2
[e)
o
0.04 >
O e —
‘ T T T T T T T T 1 T

Local Alternative

FiGure 3. Case 2R? = 0.8.
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0.25
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=r=1=1= power = .25
o204 f | mmmee-- power = .5
--------- OPO
3 0.15
o
—
o}
=
o
% 0.10
0.05 N
0.00 = S s
T T T T T T T T T T T T T T
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Local Alternative

FIGURE 4. Case 2R? = 0.9.

for all of the tests except wheti= 7. This is of course due to the fact that
holding ¢ = 7 now forces the tangency to the envelope to lie at a higher power
level because the envelope fBf = 0.9 is steeperHence the power loss at
more local alternatives is great&igures 5 and 6 repeat the analysis for case 3
but we include a test based an= 13.5 because a constant and trend are esti-
mated® Similar conclusions hold with the power loss associated with13.5
being even greatewWhen the point optimal test associated with powe.25

is examinedwe see that the power loss for the middle range of alternatives is
substantialso that the area under the curve is largkis effect is magnified if

we consider locally most powerful tests wheéres 0.° In all casesit is easy to

see that the OPO test has the minimum area under the.curve

5. CONCLUSION

We have developed expressions for characteristic functions for the limiting dis-
tribution of point optimal invariant tests for the unit root hypothesis using co-
variates Using these characteristic functionge are able to find power envelopes
and power functions by numerical integration in the manner proposed in Na-
beya and Tanakél990 and Perron1991) for OLS based unit root tests
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FIGURE 5. Case 3R? = 0.8.
0.4
e Cbar = 13.5
power = .25
power = .5
0.3 OPO
173
o
-
o 0.2 7
E
(o)
o
0.1
00 £+ IR
T T T T T T T T T T T T T T
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Local Alternative

FiGURE 6. Case 3R2 = 0.9.
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Employing the power envelopes and power functions for point optimal
tests we find the “optimal” point optimal testsn the sense that the integrated
difference between the envelope and the point optimal tests is mininmfResd
markably the tangency occurs where the power envelope takes a value of ap-
proximately Q75 regardless of the magnitude of the covariate effEeé power
gains from using these optimal testslative to the choice of alternative when
there is no covariate effecare greater as the covariate is more effective in
explaining variationThe values of and the critical values associated with the
optimal point optimal invariant tests can be used in conjunction with Elliott
and Janssof2000.

NOTES

1. The parameters andc are taken as positivevhich is the opposite of Elliott and Jansson
(2000 but the same as in Hanséh995.

2. Case 3 has a representation usingsiend cos\. However this representation is several
pages longand we use the determinant representation to conserve.space

3. We thank an anonymous referee for pointing out this connection

4. When¢ = 7, the point optimal test is tangent to the power envelope.&tif0there are no
covariate effectsThis is the same alternative used in Elliott et (@996.

5. For case 3¢ = 135 is tangent to the power envelope at powel0.5 when there is no
covariate effect and a constant and trend are estimated

6. See Figure 1 in Elliott et a(1996 for a comparison of tests whe®f = 0.
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Appendix

Proof of Theorem 3.1. The theorem follows Nabeya and Tanglk®90 and Perron
(1999 closely We prove the result for case 2 because the other cases are sirhidar
proof is completed by findingE (e’-R2) and then replacing by i6. First,

2
LR(c,C) = (2 — 2¢C) j(wlc)2 + 2cjw1° dW, + (¢2 — 2¢c) ( 1?R2> f(wlc — We)2

R _
- ZCﬁI(ch—Wf)dm&.
Condition onW¢ so that we have
1
E(e’R) = E[exp(@u + > 0202>],
where

R? _
w = (¢?—2cc) f(Wf)2 + 2<§fod\/\tl + (€2 — 2ce) -/ f(wlC — WF)?

and
2

o2 =4c? >
1-R

f (W — We)2

Following Perron(1991), use Girsanov'$1960 theorem to eliminate th&(W¢)? terms
setting

2 2
— 4¢2%02 .
1-R? 1- R?

B = \/cz — 26¢2 — 20(¢c? — 2cc)
The moment generating function becomes

el(c=p)/2-00F [exp{(? + 06)(Wf (1)?

2 2
- 1—RR2 (262¢2 + 6(c2 — 2cc))<JWf> H

Let X = W/(1) andY = fWL. ThenV = (X,Y)T ~ N(0,3) where

1—e 28 1 (1 B e‘zB)
—_— — - —e BJ,_
28 B2\ 2 2

1/1 e 28 1 3 e 2
—|lz-e?f+ (B +t2e” -
BZ\2 2 B 2 2

(see Tanakal996 p. 234).
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Then
c— 1
E(e’R) = exp(TB - 06) E [exp(z VTAVﬂ,
where
(B—rc)+26c 0
A= RZ RZ
_4 2x2 _ 2 2 _ 2 -

0 03¢ R 6(c cc)l_R2

Then

1 1 1
—\VvT — JR— - T -1 _
E[exp(zv AV)] fz BEE exp< 2V = A)V) dVv.

A simple change of variables gives us
E(e’‘R) = exp(% - 06) X |1 —=3A|7Y2
After algebrawe have

E(efR) = exp((—; - 0(:) X g(0)"?

where

1
g(h) = (4cc?0 — 8c2cH — 8¢302 — 16C30° + 24cc?0?)r [?

+ (—24cc?0? + 16¢%0° + 86302 + 8c?cH — 4cc?0)r Coﬁsfﬁ
+ (4cch — 2¢%0 + 2cc29 — 4c?ch — 4¢?92 — 4c30? — 8¢30° + 12cc20?)
Xr ;23 + (26260 — 4ccO + 46202)r C‘%"B

sinhg

+ (c—2¢0) T + coshg.

Substitutingié for # and noting thapd = i) gives the result
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