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My aim in this paper is to give an abstract characterization of the C°° spaces described
in (6) or (9), and to develop some of the remarkable special properties of these spaces.
Although the subject is in some ways highly specialized, inextensible and sequentially
inextensible spaces seem common enough (they include all spaces of the forms R x and
L°) to be worth studying, and I have already employed them in the proof of more
general results (l).

In the first section I set out those properties that can be described in simple Riesz
space terms; much of this work has already been published in slightly different forms.
In the second part I go on to questions that arise when we impose a topology on an
inextensible Riesz space. Finally, in the third section, I discuss some problems, arising
from the work before, which are related to the famous measurable cardinal problem.

Preliminaries. In general my notation will follow(2). Particular points include the
following. If £ is a Riesz space (= vector lattice), a set A £ E+ is disjoint if x A y = 0
whenever x, y are distinct members of A; a sequence (xn) in E+ is disjoint if xn A xm = 0
whenever m 4= n. A weak order unit of E is an ee E+ such that the band generated by e
is E itself. A Riesz subspace F of E (i.e. a linear sublattice) is order-dense if

x = sup {y: y e F, 0 < y < x}
for every x in E+. F is super-order-dense if, for every x e E+, there is a countable set
C c F such that x = sup C. Any order-dense Riesz subspace F of E is regularly embedded
in E; i.e. if a subset of F has a supremum or infimum in F, it has the same supremum
or infimum in E. (Another way of expressing this is to say that the embedding of F in
E is order-continuous.) An element a; of a Riesz space E is discrete (6) if the solid linear
subspace of E generated by x is one-dimensional.

A Riesz space E has the countable sup property if whenever A £ E has a least upper
bound in E, there is a countable C £ A such that sup C = sup A. For an Archimedean
Riesz space E, this is so iff every order-bounded disjoint set in E+ is countable ((2),
Theorem 18D, or(6), Theorem 29-3).

If E is a Riesz space, a linear space topology % on E is locally solid if 0 has a
neighbourhood basis consisting of solid sets; this is so iff % is defined by some family
of JRiesz pseudo-norms, i.e. functionals p: E-+ R+ such that

p{x+y) < p(x)+p(y)Vx, yeE,
p{x) ^p(y) whenever \x\ ^ \y\,
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72 • D. H. FKEMLIN

((2), Proposition 22C). A Fatou topology is a locally solid linear space topology % such
that 0 has a neighbourhood basis consisting of order-closed sets; this is so iff % is defined
by some family of Fatou pseudo-norms, i.e. Riesz pseudo-norms p such that

if 0 <= A c E+, A\xQ then p(x0) = su$xeA p(z)

((2), Theorem 23B). A linear space topology on a Riesz space E is Lebesgue if

whenever 0 <= A £ E+, A\0 then OeA.

Finally, a linear space topology % on a Riesz space E is Levi if whenever A £ E+ is
directed upwards and bounded for £ , it is bounded above.

1. INBXTBNSIBLE RIESZ SPACES

The fundamental results of this section are Theorem 1-4, giving the equivalence of two
possible definitions of inextensible Riesz space, and Theorem 1-6 A, which is a basic
universal mapping property, and also characterizes inextensible spaces. I t turns out
that many of the same ideas can be applied to a rather wider class, the 'sequentially
inextensible' spaces; it seems worth while to follow these through in parallel, especially
as the interesting results 1-12-1-15 apply to all sequentially inextensible spaces.

1-1. Definitions, (a) A Riesz space Mis inextensible if it is Dedekind complete and
' universally complete' in the sense of (6), i.e. if every non-empty disjoint set in M+ has
a least upper bound.

(6) A Riesz space M is sequentially inextensible if it is Dedekind cr-complete and
every countable non-empty disjoint set in M+ has a least upper bound.

(c) If E is any Archimedean Riesz space, a set A c E+ is dominable if, for every
x > 0 in E, there is a k e N and a y > 0 such that

(kx-z)+ > yVzeA.

(Observe that because E is Archimedean, finite sets in £+ are dominable.)

Remark. In (9), chap. V, part 5, a sequentially inextensible Riesz space with a weak
order unit is called 'extended'.

1-2. I begin with characterizations of inextensible and sequentially inextensible
spaces.

LEMMA. / / E is an Archimedean Riesz space and A £ E+ is disjoint, A is dominable.

Proof. Let x > 0 in E. If x A z = 0 for every zeA, then

(x-z)+ = x> OVzeA.

If, for some zxeA, xx = x A zx > 0, then let keN be such that y = (kx1 — z1)+ > 0; we
now have

(kx — z)+ ̂  (kx1 — z)+ = kxx ^ y if zeA,z^zv

{Jcx-z1)+ Js (kx1-z1)+ = y.

Putting these together, we see that the condition of 1-1 (c) is satisfied for every x > 0,
and that A is dominable.

i
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1-3. THEOREM. Let Mbea Dedekind cr-complete Riesz space. Then M is sequentially
inextensible iff every countable dominable set in M+ is bounded above.

Proof (a). If every countable dominable set in M+ is bounded above, and A £ M+ is
any non-empty countable disjoint set, then A is dominable (1-2), so bounded above;
as Mis Dedekind cr-complete, sup A exists in M. Thus Mis sequentially inextensible.

(b) Suppose that M is sequentially inextensible, and that A = {a;n:?ieN} is a
countable dominable set in M+. Observe first that there is an eeM+ such that
xn = supmeNa;n A me for every rceN. For set

for each « > 1. Then it is easy to verify, by induction on n, that

As M is sequentially inextensible, e = supiEH^ exists in M, and has the required
property.

Now, for each raeN, set zm = supneNa;n A me. Then {zm: meN} will have the same
upper bounds (if any) as A. We see that

zm =

so that, for ra ^ 1,
um = m

Let z = infm>1um; then z = 0. For, given any iteN,

infnex(kz-xn)+ < inin^(zk-xn)+ = 0.

As {xn: »eN} is supposed to be dominable, z must be 0.
Set u0 = e; we have un | 0. Set

then each um is a component of e (i.e. vm A (e — t>m) = 0), and wm | 0. We know that

(Zm+i - 2m) A (me - zj = (zm+1 - me)+ A (me - zm+1)+ = 0 ,

SO (Zm+l -Zm) A ( e - « „ ) = (),

and zm+1 — zm^vm for each meN. So put wm = vm—vm+1 for each TOGN; then

On the other hand, {(i +1)^: ieN} is disjoint; as Mis sequentially inextensible,

exists in M, and

< w+mvm)

for every TO e N. As certainly zm f,

A V i TO;
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74 D. H. FREMLIN

but also zm ^ me, so

< + i k + i f t > A = w.

Thus w; is an upper bound for {zm: meN} and therefore for A. As A was arbitrary,
M has the stated property.

1-4. THEOREM (cf.(9), Theorem V, 5-2). Let Mbea Dedekind complete Riesz space.
Then these are equivalent:

(i) M is inextensible;
(ii) every dominable set in M+ is bounded above;
(iii) M is sequentially inextensible and has a weak order unit.

Proof (a) (i) => (iii). Of course, if M is inextensible, it is sequentially inextensible.
On the other hand, let A c M+ be a maximal disjoint set. Then A has an upper
bound e, and e A X > 0 whenever x > 0 in M. As M is Archimedean, e is a weak order
unit.

(b) (iii) => (ii). Let .4 £ M+ be a non-empty dominable set. Take a weak order unit
e of M, and set

4z AmeVmeN

(usingthe fact thatMis Dedekind complete). Set.6 = {zm: meN}. Then 5 is dominable.
For if x > 0 in M, there is a k e N such that

y = infz£A(kx-z)+ > 0;

now kxi\zm < sup2e^,feAs ^ kx—

so i n f m 6 H ( f c c - 2 j + ^ > 0.

By Theorem 1-3, B is bounded above; but any upper bound of B will be an upper
bound of A.

(c) (ii) => (i). Follows immediately from Lemma 1-2, as in part (a) of the proof of
Theorem 1-3.

1 -5. Examples (a). In (6), Theorem 47-4, it is shown that C°°(X), the space of continuous
functions x: X -*• [ — oo, oo] such that {t: — oo < x(t) < oo} is dense, is inextensible for any
extremally disconnected topological space X.

(b) In (9), Theorem V. 5-1, it is shown that C™(X) is sequentially inextensible when-
ever X is compact and quasi-extremally disconnected. In the Corollary Ifollowing this
theorem (loc. cit.) we find that any sequentially inextensible Riesz space with a weak
order unit is of this type.

(c) It is plain that, if X is any measure space, the space M(X) of real-valued
measurable functions on X is sequentially inextensible, and so is the space L°(X) of
equivalence classes in M(X) (cf. 1-14 below). As L°(X) certainly has a weak order unit
it will be inextensible iff it is Dedekind complete (1-4); this will be so iff X has a
Dedekind complete measure algebra (see (2), Lemma 640).

(d) Let X be an uncountable set. Let

M = {x: xeRx, 3 aeR , {t: x(t) =# a} is countable).
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Then M is a Riesz subspace of R x , closed under countable suprema and infima; so is
sequentially inextensible.

(e) Any product of (sequentially) inextensible Riesz spaces is (sequentially) inexten-
sible; in particular, "Rx is inextensible, for any set X. Any band in a (sequentially)
inextensible Riesz space is (sequentially) inextensible. See also 1-14 beloiv.

1-6. I come now to the fundamental theorems which make inextensible spaces
important.

A. THEOREM. Let E be any Archimedean Riesz space, F an order-dense Riesz subspace
of E, and M an inextensible Riesz space. If T: F -»• M is an order-continuous Riesz
homomorphism, then it has a unique extension to an order-continuous Riesz homomorphism
from E to M.

Proof. Use the argument of (2), Theorem 64D.

B. THEOREM. Let E be any Archimedean Riesz space, F a super-order-dense Riesz
subspace of E, and Ma sequentially inextensible Riesz space. IfT: F -> Mis a sequentially
order-continuous Riesz homomorphism, then it has a unique extension to a sequentially
order-continuous Riesz homomorphism from Eto M.

Proof. See (2), Theorem 62K and Exercise 62Me.

1-7 A. COROLLARY. Let M and N be inextensible Riesz spaces, with order-dense Riesz
subspaces E, F such that E ^ F. Then any isomorphism between E and F extends uniquely
to an isomorphism between M and N.

Proof. An isomorphism T: E -»• F can be thought of as a Riesz homomorphism
T: E -> N; because Fis order-dense, T: E -»- iVis order-continuous ((2), Lemma 17E),
so has a unique extension to an order-continuous Riesz homomorphism T: M ->• N.
Similarly, S = T~x: F -* E extends to §: N->• M. As §T: M-^ Mis order-continuous
and agrees with the identity on the order-dense Riesz subspace E, ST is the identity
on M. Similarly, 'PS is the identity on N, and S and T are the two halves of the required
isomorphism between M and N.

B. COROLLARY. Let M and N be sequentially inextensible Riesz spaces with super-
order-dense Riesz subspaces E, F such that E ^ F. Then any isomorphism between E and
F extends uniquely to an isomorphism between M and N.

Proof. As (A) above.

1-8. The following corollaries justify the word 'inextensible'.

A. COROLLARY. Let M be an Archimedean Riesz space, and N an order-dense Riesz
subspace of M which is, in itself, inextensible. Then N = M.

Proof. Apply 1-6A with E = N c Af, T the identity map N-+M.

B. COROLLARY. Let M be an Archimedean Riesz space, and N a super-order-dense
Riesz subspace of M which is, in itself, sequentially inextensible. Then N = M.

Proof. As (A) above.
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1-9A. THEOREM. Let E be any Archimedean Riesz space. Then E can be embedded, in
an essentially unique way, as an order-dense Riesz subspace of an inextensible Riesz space.

Proof. In (6), Theorem 50- 8, or (9), Theorem V. 7-1, it is shown that E can be embedded
as an order-dense Riesz subspace of a space of the form Cm(X), which is inextensible.
By 1-7 A above, the embedding is essentially unique.

B. PROPOSITION. Let Ebea Dedekind cr-complete Riesz space. Then E can be embedded,
in an essentially unique way, as a super-order-dense Riesz subspace of a sequentially
inextensible Riesz space.

Proof. Embed E as an order-dense Riesz subspace of an inextensible Riesz space M,
as in (A) above. Let P be

{x: xeM+, 3 countable 0 c E, x = sup C in M},

and set N = P — P £ M. I t is easy to see that P is a cone in M, so N is a linear subspace
of M; also, E+ £ P, so E c N. If x,yeP, then a; y yeP, so

(x-y)+ = xvy-yeN;

this shows that iVis a Riesz subspace of M. Now in fact N+ = P. For if u e N+, express
u as x — y, where x,yeP, and find sequences (xn) and (yn) in E such that x = sup^ua^,
V = supneNyn. Set

z« = xnW = supmeNzre A ym e E

(this is where we use the fact that E is Dedekind (r-complete; as E is regularly em-
bedded in M, we may take the supremum either in E or in M). Then

u = x-y = {x-y)+ = snvneK{xn-y)+

This last property of N shows both that E is super-order-dense in N and that N is
sequentially inextensible. For if A £ iV+is countable and bounded above in M, A £ P,
so sup A (taken in M) is the supremum of a countable set in E, and belongs to N. In
particular, if A £ N+ is countable and disjoint, then sup A exists in Mand belongs to N.

Remark. We observe that the simple system of correspondences between inextensible
and sequentially inextensible spaces, developed in 1-6-1-8, breaks down here. For
example, let X be an uncountable set, and let E be the Riesz subspace of Kx

{x: xeRx, 3aeR , {t: x(t) * a}isfinite}.

Then it is not hard to see that there is no Dedekind <r-complete Riesz space in which
E can be embedded as a super-order-dense Riesz subspace.

The condition' Dedekind cr-complete' of (B) above is fairly strong. Other spaces will
have the same property; e.g. any Archimedean Riesz space with the countable sup
property can be substituted for E.

1-10. Inextensible extensions. In view of 1 -9 A, it is tempting to speak at once of' the '
inextensible extension of an Archimedean Riesz space, as ' that inextensible Riesz space
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in which it is embedded as an order-dense Riesz subspace.1 But this is bad logic, as the
'uniqueness' in 1-9 A is uniqueness up to isomorphism, not true uniqueness. I propose
the following argument.

Let E be an Archimedean Riesz space. Let & be the set of those non-empty sets
A c. E+ such that (i) if x e E+ is such that x = supee4a; A z, then x e A (ii) for each x > 0
in E, there is a k e N such that kx £ A. Let N be the set of those pairs (A, B) of members
of 3P such that A n B = {0}. Now fix on any order-dense embedding of E in an
inextensible Riesz space M. Then it is clear that there is a natural one-to-one corre-
spondence U\-+A{%L): M+ ->• &, given by

A(u) = {x: xeE+, 0 ^ x s£ u in M},

and therefore a one-to-one correspondence between M and TV, given by

This imposes an inextensible Riesz space structure on N, and an embedding of E as an
order-dense Riesz subspace of N. At this point we observe that 1-7 A implies that the
structure of N does not depend on which inextensible space M, and embedding of E
in M, we choose. So N may legitimately be called the inextensible extension of E.

In fact it is possible, with some difficulty, to define the Riesz space structure on
N directly, without reference to 1-9, in such a way as to prove that it is inextensible.
This gives an 'elementary' proof of 1-9, not employing the representation theory for
Archimedean Riesz spaces.

1-11. We can classify inextensible Riesz spaces up to isomorphism in the following
way.

PROPOSITION. Let M and N be inextensible Riesz spaces. Then they are isomorphic iff
they have isomorphic lattices of bands. Furthermore, a lattice is isomorphic to the lattice of
bands of some inextensible Riesz space iff it is a Dedekind complete Boolean algebra.

Proof. If M is any inextensible Riesz space, it is embeddable as an order-dense Riesz
subspace of Cm(X), for some compact extremally disconnected Hausdorff space X
((9), Theorem V. 4-1); by 1-8A, M = C°°(Z). Now the lattice of bands of C°°(Z) is
naturally isomorphic to the lattice of compact open sets in X (see (9), remarks following
Theorem V. 4-2), and this determines the topological space X up to homeomorphism,
and therefore determines the Riesz space O*>(X) up to isomorphism. Thus Mis deter-
mined up to isomorphism by its lattice of bands.

Of course, the lattice of bands of any Archimedean Riesz space is a Dedekind
complete Boolean algebra ((6), Theorems 22-7 and 22-8). On the other hand, if 51 is any
Dedekind complete Boolean algebra, the Stone space X of 21 is a compact extremally
disconnected Hausdorff space, and C°°(X) is an inextensible Riesz space with lattice
of bands isomorphic to St.

Remark. If M and N are inextensible Riesz spaces with lattices 31 and 93 of bands,
and if 21 £ 33, then M ~ N. But, given an isomorphism n: 21 -> S3, there is no canonical
corresponding isomorphism T: M -> N; in order to specify T, we have to fix on weak
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order units elt e2 of M and N; there will now be a unique isomorphism T: M -> N such
that Tex = e2 and T[F] = TTF for every FeSl.

1*12. In the following paragraphs I give some further useful and interesting pro-
perties of sequentially inextensible spaces.

LEMMA. Let Mbea sequentially inextensible Riesz space. Suppose that xn 10 in M. Then
A ={<*n(a:n-ex0)

+:neN}

is bounded above for any sequence (an) in R+ and any e > 0.

Proof. I show that A is dominable. Let # > 0 i n M. If u = x A ex0 = 0, then
x A oinxn = 0 for every ne N, so

(x — z)+ = a; > OVzeA

If, on the other hand, u > 0, there is an m e N such that a = (u — xm)+ > 0. Now

vA{xm-ex0)+ s? (ezo-a;J+ A (xm-ex0)+ = 0,

so « Aar(xr—exo)+ = 0 (Vr > TO).

Let w = supKmar(a;r-ea;0)+;

let keN be such that«/ = (kv—w)+ > 0. Then

wr = (kx — ar(xr—ex0)+)+ ^ (kv-w)+ > y

for every r < m, while

Thus infreN(fcc — ar(xr — ea;0)+)+ > 0.

As x is arbitrary, A is dominable; as M is sequentially inextensible, A is bounded
above.

1-13. COROLLARY. Let M be a sequentially inextensible Riesz space and E any
Archimedean Riesz space. Then any increasing linear map T: M -> E is sequentially
order-continuous.

Proof. Suppose that xn \ 0 in M. Let y be any lower bound for {Txn:neN}inE, and
let e > 0. Now

exists in M, by 1-12. So

Tx > n(Txn-eTx0) > n(y-eTx0)

for every n e N. As Eis Archimedean, y — eTx0 < 0. But e is arbitrary, so (again because
£ is Archimedean) y ^ 0. As y is arbitrary, Txn \ 0, as required.

Remark. I t is not the case that increasing linear maps from inextensible Riesz spaces
to Archimedean Riesz spaces have to be order-continuous. For example, let X be an
uncountable set, M — Kx; let

N = {x: xeM, {t: x(t) =|= 0} is countable}.
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If E = M/N and T: M-> E is the canonical homomorphism, E is Archimedean, but T
is not order-continuous.

1-14. PROPOSITION. An Archimedean quotient space of a sequentially inextensible
Riesz space is sequentially inextensible.

Proof. Let M be a sequentially inextensible Riesz space and E a solid linear subspace
of M such that the quotient N = MfE is Archimedean. Then the canonical homo-
morphism (j>: M-> Nis sequentially order-continuous (1-13).

Observe first that N is Dedekind cr-complete. For let (un) be any sequence in N
bounded above by ueN. Choose x,xneM such that </>(x) = u, <f>{xn) = un for each
meN. Set

As ^ is a sequentially order-continuous Riesz homomorphism,

N0(z) A <[>{xn) = supnsH«n
in N.

Now suppose that (un) is a disjoint sequence in N+. For each neN, choose an
xn e M+ such that <j>{xn) = nn. Set

yn = xn- supmeN(a;7l A m ^ ^ ^ ^ ) 6 M.

Then (yn) is disjoint in M+ and

for each neN. As M is sequentially inextensible, y = supmsN2/n exists in M, and
^ . Thus Nis sequentially inextensible.

1-15. PROPOSITION. Let M be a sequentially inextensible Riesz space. Then any
increasing linear functional f: M -» R is expressible as the sum of a finite number of
Riesz homomorphisms.

Proof. Let F be the solid linear subspace

{x:xeM,f(\x\) = 0}

of M. Let N be the Riesz space quotient MjE, and define g: 2V-> R by writing
g(x) =f(x) for every xeM. Then g is a strictly positive linear functional on N. I t
follows at once that N is Archimedean, and therefore (by 1-14) sequentially inextensible.

Now suppose that (un) is any disjoint sequence in N+. For any sequence (an) in R+,
axxpnej,ocnun exists, and

K ) ( n ) < 00.

Thus g{un) = 0 except for finitely many n, and, as g is strictly positive, un = 0 except
for finitely many n; i.e. there is no proper infinite disjoint sequence in N+. It follows
that N ̂  Rn for some n ((6), Theorems 26-10 and 26-11). Consequently g is a sum of
Riesz homomorphisms, go,...,gr say. Now set

as the map x i-» x': M -> N is a Riesz homomorphism, each/^ is a Riesz homomorphism,
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2. FATOTT TOPOLOGIES ON INEXTENSIBLE SPACES

If X is a probability space, L°(X) has a familiar topology, that of 'convergence in
measure' (see 2-8 (6) below). Similarly, for any set X, R x is naturally endowed with its
product topology. In both cases, the topology is Fatou. In this section I shall discuss
the general properties of Fatou topologies on inextensible spaces. We find that, on a
given inextensible Riesz space M, there may be no non-trivial Fatou topology (2-8 (c));
but if M has any Hausdorff Fatou topology, it has only one (2-7), and this has several
special properties (2-1—2-6). In the next section I will show that under normal circum-
stances there are no other locally solid topologies to trouble us.

I think it likely that there are parallel results concerning sequentially inextensible
spaces, as in the first part of this paper. However, I have had little success in this
direction.

2-1. LEMMA. Let Ebea Riesz space with a Hausdorff Fatou topology %. Let A £ E+be
directed upwards and bounded for %. Then A is dominable.

Proof. Let x > 0 in E. Then there is a continuous Fatou pseudo-norm p on E such
that e = p(x) > 0 (using the fact that % is defined by the continuous Fatou pseudo-
norms; (2), Theorem 23B). Now A is bounded, so there is an integer k 5= 1 such that
p(k~1z) < \e for every zeA. Set B = {x A k^z: zeA}. Then B f, and

p(x) >\e> supu6Bp(w).

As p is a Fatou pseudo-norm, x cannot be the least upper bound of B; suppose that
y > 0 is such that x—y^u for every u e B. Then

(kx — z)+ = kix-xAk-h) ^ ky > OizeA.

As x is arbitrary, this shows that A is dominable.

2-2. THEOREM. Let M be an inextensible Riesz space and % a Fatou topology on M.
Then % is Lebesgue, and is complete in the sense that every Cauchy filter has at least one
limit. If%is Hausdorff, it is Levi.

Proof (a). From (2), Corollary 24 J, we see that a Fatou topology on a Riesz space E
is Lebesgue iff every disjoint order-bounded sequence in £+ is convergent to 0. But if
(xn) is any disjoint sequence in M+, (nxn) is still disjoint, so x = supneIlnxn exists in M;
because % is locally solid, [0, x] is bounded, and xn -> 0 for %. Thus % satisfies the
condition and is Lebesgue.

(6) Suppose next that % is Hausdorff. Let A £ M+ be directed upwards and
bounded for %. Then A is dominable (2-1). Because M is inextensible, A is bounded
above (1*3). As A is arbitrary, S is Levi.

(c) So if % is Hausdorff, it is a Levi Hausdorff Fatou topology on a Dedekind
complete Riesz space M, and is therefore complete by Nakano's theorem ((2), Theorem
23K, or (7), chap. 4, Proposition 1-5 (p. 142)).

If % is not Hausdorff, let N be the closure of {0} for %, i.e.

N = {x: xeM, p{x) = 0 Vcontinuous Fatou pseudo-norms p).
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Then N is a band in M, so M = N © Nd (as M is Dedekind complete). Nd is still an
inextensible Riesz space and, with the topology induced by %, is isomorphic, as
topological Riesz space, to the quotient M/N (this is because St is locally solid). Now
% is a Hausdorff Fatou topology on Nd, therefore complete, so the quotient topology
on M[N is complete; which is the same as saying that Mis complete under %.

2-3. LEMMA. Let M be an inextensible Riesz space, and p a Riesz pseudo-norm on M.
(a) Ifxn^0inM,p(xn)^0.
(b) If F £ M is a solid linear subspace such that p is strictly positive on F, then every

disjoint set in F+ is countable, and F has the countable sup property.

Proof (a). Let e > 0. Then there is a 8 > 0 such that p(Sx0) < e, because part of the
definition of a Riesz pseudo-norm is that h.ma_H)p(ax) = 0 for every x. Now

exists in M, by I ' l l . Again, there must be an n ^ 1 such that pfo^x) ^ e. So, for any
m ^ n,

-^x) +p{Sx0)

2e.

As e is arbitrary, p(xn) -> 0.

(b) If (xn) is any disjoint sequence in F+, x = supneNwxn exists in M, so

p(xn) ^ p{n~xx) -> 0 as n ->• oo.

Now if A £ F+ is any disjoint set,

{x:xeA, p(x) ̂  e}
must be finite for every e > 0, so (because p is strictly positive on F) A is countable.
Thus F has the countable sup property by the criterion in (2), Theorem 18D, or (6),
Theorem 29-3.

2-4. The essential result we are seeking is 2-7 below; but the following lemma seems
a convenient formulation of the underlying idea.

LEMMA. Let E be a Riesz space with a Hausdorff Fatou topology %. Let M be the
inextensible extension of E (1-10), and let 6 be any Fatou pseudo-norm on M. Then 6 is
continuous on E for %.

Proof (a). For any Fatou pseudo-norm p on E, set

Fp = {z:zeE,p(z) = 0},

Gp = F* = {y: yeE, \y\ A \Z\ =

Then Fp and Gp are bands in E, and p is strictly positive on Gp. Moreover, if x e E+,
then

A ={y + z:yeGp,zeFp,0 ^y,z ^ x} f x

PSP 77
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because Gp = Fd
p and E is Archimedean. (Only Archimedean spaces can carry Hausdorff

locally solid topologies.) As p is a Fatou pseudo-norm,

p(x) = supueAp(u) = sup{p(2/): yeGp, 0 < y sg x).

(b) Note that, because £ is regularly embedded in M, the restriction of 6 to £ is a
Fatou pseudo-norm on E. Consider the support Gg of 6 in E ((a) above). By 2-2(6), every
disjoint set in G£ is countable.

Let -s/ be the set of all pairs (x, p) such thatp is a continuous Fatou pseudo-norm on E,
x e Gp n Gg, and x > 0. Let 38 £ s# be maximal subject to the requirement that
xx A x2 = 0 whenever (x1,p1) and (x2,pz) are distinct members of 88. Then 88 must be
countable. Enumerate it as (xi; pt). (I leave it to the reader to adjust details as necessary
for the case in which 88 is finite.)

(c) Let S£o be the topology on Ge induced by the pseudo-norms pt. Then %0 is
Hausdorff. For suppose that xeGg and x + 0. As % is Hausdorff, there is a continuous
Fatou pseudo-norm p on E such that p(x) =i= 0. By the remarks in (a) above, there is a
yeGp such that 0 ^ y ^ \x\ &ndp{y) > 0. Now (y,p) es/, so, by the maximality of 88,
there must be some i such that y A xt > 0. Because xi belongs to the support of pit

As x is arbitrary, 2t0 is Hausdorff.
(d) Suppose, if possible, that 6 is not continuous for %. As 6 is a pseudo-norm, it must

be discontinuous at 0, and there is some e > 0 such that {x: xeE, 6(x) < e} is not a
neighbourhood of 0 for %. In particular, we must be able to choose, for each n e N, an
xneE such that

n

^ i ) 4 " 0 ( J > e.
Again using (a) above, we can choose yneGg such that 0 ^ yn < |xn| and 6(yn) ^ e; we
still have 2,i<nPi(yn) < *rn.
'Let A be the set

Then A is directed upwards and bounded for 20, as

Pi(2"yn) < 2»/>,(2/J < 2-»Vi < n.

Thus, by 2-1, A is dominable in Gff. But it follows that A is dominable in M. For given
u > 0 in M, either it A 2 = 0 for every zeGe and (u—z)+ = % > 0 for every ze.4, or
there is a ut e G9 such that « A M , > 0. As £ is order-dense in M, there is a M2 e £ such
that 0<M 2 <!JA! i 1 <« , and now u2eGe. So there is a & e N and a,yeGg such that

0 < y ^ (fa*2-z)+ ^ (&«-z)+Vze.4.

As u is arbitrary, .4 is dominable in M.
So x = sup ̂ 4 exists in iVf. But in this case

which is impossible. This contradiction shows that 6 is continuous for
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2-5. THEOREM. Let Ebea Riesz space with a Hausdorff Fatou topology, and let M be an
inextensible Riesz space with a Fatou topology. Then any order-continuous Riesz homo-
morphism T: E -> Mis continuous.

Proof. For let N be the inextensible extension of E (1-10). Then T has an extension
to an order-continuous Riesz homomorphism T: N ^- M (1-6A). Let p be any con-
tinuous Fatou pseudo-norm on M, and let 8 = pT: N -» R+. Then 6 is a Fatou pseudo-
norm on N, so 6 is continuous on E by 2-4. As the topology on M is defined by the
continuous Fatou pseudo-norms, T is continuous.

2-6. COROLLARY. Let M be an inextensible Riesz space with a Hausdorff Fatou
topology %, and let E be any Riesz space with a Fatou topology. Then any order-continuous
increasing linear map T: M -> E must be continuous.

Proof. For let %0 be the topology on M with basic neighbourhoods of 0

{x:T(\x\)eU},
where U runs through the neighbourhoods of 0 in E. Then %0 is Fatou, so, applying 2-5
to the identity map (M, %) -> (M, !£0), we see that %0 £ %, and that T is continuous.

2-7. COROLLARY. Let M be an inextensible Riesz space. Then there is at most one
Hausdorff Fatou topology on M.

Proof. Immediate from 2-5 or 2-6.

2-8. EXAMPLES, (a) / / X is any set, the product topology is the Hausdorff Fatou
topology on Kx.

(b) If X is any measure space, we may endow L°(X) with the topology X defined by
the pseudo-norms

Puix) = J H AM,

where u runs through L1(X)+; this is Fatou and Lebesgue ((2), 63K). When X is semi-
finite, % is Hausdorff ({2), Lemma 63 L); so when X is Maharam (i.e. is semi-finite and has
a Dedekind complete measure algebra), % is the Hausdorff Fatou topology on the inextensible
space L°(X).

(c) Let E = C([0,1]), and let M be the inextensible extension of E. Then the only Fatou
topology on Mis the indiscrete topology. For if p is any Fatou pseudo-norm on M, it induces
a Lebesgue topology on M, and is therefore an order-continuous increasing functional on
M+; as E is regularly embedded inM,p: E+ ->• R is order-continuous. The argument o/(5),
Example 24-5 (ii), although there applied to linear order-continuous increasing functionals,
applies equally well in the present case to show that p(\) = 0, where 1 is the unit of E; it
follows that p is identically zero on E and therefore on M. Thus M has no non-trivial Fatou
pseudo-norms and therefore no non-trivial Fatou topology.

2-9. PROBLEM. IS there any inextensible Riesz space which does have a Hausdorff
Fatou topology, but is not isomorphic to L°(X) for any Maharam measure space X ?

240. METRIZABLE SPACES. AS an example of the way in which Riesz space pro-
perties on an inextensible space are linked with topological properties, I give the
following result.

6-2
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PROPOSITION. Let Mbe an inextensible Riesz space with a Hausdorff Fatou topology
%. Then % is metrizable iff M has the countable sup property.

Proof, (a) If M has the countable sup property, it has the stronger property that
every disjoint set in M+ is countable. For M has a weak order unit e (1-3); now, if
A £ M+ is disjoint, then {e Ax: xeA} is an order-bounded disjoint set, so must be
countable. But the map x\—> e A x: A -> M+ is one-to-one, so A is countable.

Now we may use the argument of the proof of 2-4, parts (b) and (c), but with M in the
place of Gg, to see that there is a countable family of Fatou pseudo-norms on M
denning a Hausdorff topology S£o on M, which is of course Fatou and metrizable. But
by 2-7 we have % = %0.

(b) On the other hand, if % is metrizable, let (p^) be a sequence of Fatou pseudo-
norms on M defining %. Define p: M -> R+ by

P{m) = S^Nmin(2-S Pi(x))VzeM.

Then it is easy to see that p is a strictly positive Fatou pseudo-norm on M. So by
2-3 (b) M has the countable sup property.

3. THE MEASURABLE CARDINAL PROBLEM

In this section I discuss various problems concerning inextensible Riesz spaces which
are related to the famous measurable cardinal problem. They are of the same type as
those in (4).

3-1. DEFINITION. Let X be a set. An over-measure on X is a function /i: 0*X -> R+
such that

(i) if A £ B £ X, then pA < /iB;
(ii) if A, Be X, then /i(A U B) ^ fiA+pB;
(iii) if (An) is a decreasing sequence in 8PX and f\nAn = 0 , then /iAn -> 0.

3-2. LEMMA. If fi is an over-measure on X, then
(a) if (An) is a disjoint sequence in &X, fiAn -» 0;
(b) ju,{DnAn) < S n M n / ' " ' any sequence (An) in 0>X.

Proof, (a) Apply 3-1 (iii) to Bn = \Ji>nAt and 3-1 (i) to An £ Bn.
(b) By 3-1 (ii), it{\Jt<nAt) < 2 « » M < f o r each n e N . Now

-> 0 as % -> oo

by 3-1 (iii), so the result follows on applying 3-1 (ii) again.

3-3. THEOREM. If one of the following statements is true, so are the others.
(i) There is a set X and an over-measure p on X such that fiX > 0 but /i{t} = 0 for

every teX.

(ii) EITHER (me) there is a set X and a non-principal ultrafilter 5F on X, closed under
countable intersections, OR (qmc) there is a set X, of cardinal £ = 2"o; and an over-measure
/i on X such that/iX > 0 but /i{t} = Ofor every teX.

https://doi.org/10.1017/S0305004100049422 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100049422


Inextensible Biesz spaces 85

(iii) There is an inextensible Riesz space M and a Riesz pseudo-norm on M which is
not Fatou.

(iv) There is an inextensible Riesz space M with a locally solid linear space topology
which is not Fatou.

Proof, (a) (i) => (ii). Let X and /i be as in (i). If there is an A £ X such that /iA > 0
but, for every B £ A, either /iB = 0 or /i{A\B) = 0, set & = {B: B c A, /i(A\B) = 0}.
Then !F is a non-principal ultrafilter on A, closed under countable intersections, so
{me) is true.

Otherwise, given A £ X such that (iA > 0, and any S > 0, there is a B s A such
that 0 < /iB ^ 8. For choose (CJ inductively so that Co = A, and C ^ £ Cn, /iCn+1 > 0,
and /t(Cf

n\Cn+1) > 0 for each neN. Then (Cn+1\(7n) is a disjoint sequence in 0>X, so
H(Cn+x\Cn) -> 0 (3-2(a)); let B = Cn+1\Gn for some n so large that/^S < S.

Now, for each TIGN, choose a set s£n £ 0*X which is maximal subject to being
disjoint and having 0 < /iA 4, 2~n for every A es/n. By 3-2 (a) again, s/n is countable.
Set Dn = X\\Js/n; by the last paragraph and the maximality of s/n, /iDn = 0. Let
SSn = s#n u {Dn}, so that £8n is a countable partition of X into sets of measure < 2~™.

Set y = Yln^n>so *na^ *n e cardinal of Y is equal to E. Define/: X ->• Y by saying
that/(<) = {Bn), where for each neNBn is that member of 88n containing t. Then/
induces an over-measure v = jif~x on Y, writing

vA = / j / - ' [ i ] ¥ 4 c Y.

We see that vY = pX > 0, while if « = (JBB) £ 7,

v{u) = /t(n»5n) ^ infn/<JBn < infn2-» = 0.

Thus Y and v satisfy (qmc).
(6) (ii) => (i). (gmc) => (i) is obvious. On the other hand, if & is a non-principal ultra-

filter on X, closed under countable intersections, set fiA = 1 for Ae^, /iA = 0 if
A c X and Jf \̂ 4 e^"; now fi is an over-measure of the required sort. So (me) => (i).

(c) (i) => (iv). Given X and /* as in (i), define Un £ R x to be

{a;: xeRx,/i{t: \x(t)\ ^ 2~n} ̂  2~n}

for each weN. Then Un is solid, by 3-1 (i), and Un+1 + Un+1 £ Un by 3-1 (ii). Also, by
3*1 (iii), Un is absorbent. So {Un: neN} is a base of neighbourhoods of 0 for a locally
solid linear space topology % on Rx, which is an inextensible Riesz space.

However, % is not Fatou. For every Un includes

-, {t: y(t) * 0} is finite},

and for any xe (Rx)+,

Thus any order-closed neighbourhood of 0 for % must include the whole of (Rx)+. But
£ is not the indiscrete topology, because /iX > 0. So % does not have a base of order-
closed neighbourhoods of 0.
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(d) (iv) => (iii). If % is a locally solid linear space topology on M, it is defined, by a
family of Riesz pseudo-norms. If % is not Fatou, one of these pseudo-norms must fail
to be Fatou.

(e) [iii) => (i). Let p be a Riesz pseudo-norm on M which is not Fatou. Then there is
a non-empty set A £ M+ such that A \xQ in M+ butp(x0) > swpxeAp(x). Let B £ M+
be maximal subject to the requirements:

p(x) = OVxeB;

B is disjoint.

Let y0 = sup B. I shall prove that p(y0) > 0.
Let z0 = supw6N(a;0 A «y0)'

 s o t n a t 2o A (^o"^) = °> a nd # A (#0-z0) = 0 for every
xeB. Let F be the band in M generated by x0 — z0. By the maximality of B, p is strictly
positive on F. Consequently F has the countable sup property (2-3 (&)). Let

^ = {xA{xo-zo):xeA}.

Then ^L! f x0 — z0 in F, so there is a sequence (un) in Ax such that un f x0 — z0. Now

«) (by 2-3(a))

< P(XO)

by hypothesis. So /o(z0) > 0. But x0 A nyofzo, so there is some «eN such that

0 < p(x0Any0) <np(y0),

using 2-3 (a) again, a,nd p(y0) > 0.
Now define /i: 0>B -> R by

/i 0 = 0, /tC = p(sup C) when 0 <= C c £.

Because .B is disjoint and p is sequentially order-continuous and subadditive on M+,
/i is an over-measure; fi{xj = p(x) = 0 for every xeB, and /i-B = p(y0) > 0.

3-4. REMARK. A negative answer to the problem in 2-9 would enable us to discard
the concept of 'over-measure' and replace (i) above by the more familiar

(rmc) there is a set X and a measure ju, on X, with domain 0*X, such that 0 < /iX < oo
and fi{t) = 0 for every teX.

3-5. PROPOSITION. If one of the following statements is true, so are the others.
(me) There is a non-empty set X and a non-principal ultrafilter !F on X, closed

under countable intersections.
(i) There is an inextensible Riesz space M and an increasing linear functional

/ : M ->- R which is not order-continuous.
(ii) There is an inextensible Riesz space M =j= {0}, without discrete elements, and a

Hausdorff locally convex locally solid linear space topology on M.

Proof, (a) (me) => (ii). Let Ybe the set of all (non-empty) finite sequences in X. For
t = (£0, ...,tn)eY anditeX, write tit = (t0, ...,tn,u)eY.

On Y define a topology % by saying that GeStiff, for every teG, {u:
Because & is a filter, % is a topology.

https://doi.org/10.1017/S0305004100049422 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100049422


Inextensible Riesz spaces 87

% is extremally disconnected. For suppose that G £ Y is open and that teG. If
t e G, then certainly _

{u: tueG} 2 {u: tueG}e&'.

If t e G\G, then G\{t} cannot be closed, ie H = {t} U (Y\G) is not open. So there is an
soeH such that

{

However, {«: s« e 7\G} e J^ for every s 6 Y\G. So s0 = t, and

As ̂  is an ultrafilter,

As t is arbitrary, G is open, as required.
Because IF is non-principal, % is Hausdorff; for

{ s : s e 7 , s is an extension of t}

is an open-and-closed neighbourhood of t for every t e Y. Finally, the intersection of
countably many open sets in Y is always open, because J^ is closed under countable
intersections.

It follows that C00(Ir), which is an inextensible Riesz space, is actually equal to
C( Y). For i£xe C°°( 7), then

{t: \x(t)\ = co} = nn*x{t- |*(t)| > n}

is open; but it is also nowhere dense, so it must be empty. As % is Hausdorff and
extremally disconnected, C( Y) separates the points of Y; as Y has no isolated points,
C(Y) has no discrete elements. Thus C(Y) is an inextensible Riesz space without
discrete elements.

Now the product topology of R F induces a Hausdorff locally solid locally convex
linear space topology on C( Y).

(b) (ii) => (i). There is certainly a non-zero continuous linear functional on M. As
the topology on M is locally solid, this may be decomposed into positive and nega-
tive parts, so there is a non-zero increasing linear functional on M. Now by 1 • 14 there
must be a non-zero Riesz homomorphism / : M ->• R.

But consider JV = {x: fx = 0}. This is a solid linear subspace of M, and M/N ~ R. If
Nd =j= {0}, then / : Nd -> R would be a Riesz space isomorphism, and any non-zero
element of Nd would be discrete. So Nd = {0}, and N c M = N^. Thus JV is not a band
and/ is not order-continuous.

(c) (i) => (me). Again, if/: M -*• R is an increasing linear functional, it is expressible
as a sum of Riesz homomorphisms; so if/ is not order-continuous, there is a Riesz
homomorphism g: M-> R which is not order-continuous. Define/a: M -> R+by writing
p(x) = g(\x\) for each xeM. Thenp is a Riesz pseudo-norm on M which is not Fatou.

Follow the proof of 3-3, part (e), word for word up to the definition of fi: SPB -» R.
Observe at this point that, because p = g is a lattice homomorphism on M+,

& = {C:CcB, fi(B\O) = <7(sup (B\C)) = 0}

is a non-principal ultrafilter on B, closed under countable intersections.

https://doi.org/10.1017/S0305004100049422 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100049422


88 D. H. FREMLIN

Remark. In part (a) of the proof above, the algebra 31 of open-and-closed sets in Y
(which is isomorphic to the algebra of bands of C°°( Y) = C( Y)) is a Dedekind complete
Boolean algebra, without atoms, with a non-trivial tr-complete maximal ideal, viz.

where for each u e XI write (u) for the corresponding sequence with one term belonging
to Y. Thesimilar algebra 93 of( 10) can be represented as a subalgebra of 91; conceivably
they are isomorphic.

3-6. Equiconsistency. The statements of 3-3-3-5 are known to be unprovable in
ordinary mathematics (by which I mean the customary rules of proof applied to the
usual axioms, including the axiom of choice but excluding the continuum hypothesis).
It remains open whether they are disprovable. However, they are equiconsistent, in
the sense that if one is disprovable so are all the others. This follows directly from the
work of Solovay ((8)). He is interested in (rmc) of 3-4, and shows that it is equi-
consistent with (me) (3-3 (ii) or 3-5). His method is to show that both are equiconsistent
with

(*) there is a set X and a proper cr-ideal J of 8PX which contains all finite sets and is
'fc^-saturated', i.e. every uncountable disjoint family in 3PX meets J'.

[In the work of (8), §§2-3, Solovay uses a /c-complete ideal of £?(K), where K is an
uncountable cardinal. But such an ideal can easily be constructed from an ideal J as
in (*) above by the method of (8), 1-1; K is the least cardinal such that the union of
K members of J need not belong to */.]

It is obvious that 3-3 (i) implies (*), setting

JF = {A:jiA = 0},

while (rmc) implies 3-3 (i). So these three are equiconsistent with each other and with
(me).

3-7. From a practical point of view, supposing that we do not disbelieve entirely in
measurable cardinals, we want to know when the phenomena of 3-3 or 3-5 are liable to
arise. Examining the arguments above, in particular part (e) of the proof of 3-3, we
see that this can happen only if M+ includes suitable disjoint sets. For 3-5, M+ must
include a disjoint set large enough to carry a non-principal ultrafilter closed under
countable intersections. Since such sets have to be unthinkably large ((3)), we can rule
this out in all ordinary cases by cardinality arguments.

3-3 is harder to handle in this way, as the set X of (qmc) is always of cardinal ^ S.; so
that, for instance, we might have a non-Fatou locally solid topology on R[0'1]. However,
it is perhaps worth remarking that in this case there must be unthinkably many
cardinals between J$o and the cardinal of X ((8), Theorem 1), so that (to take a trivial
example) if there is no disjoint set in M+ of cardinal greater than K1} we are safe.
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Note added 9 December 1974.1 have belatedly recalled seeing 'Measures on Meta-
compact Spaces' by W. Moran (Proc. London Math. Soc. (3) 20 (1970) 507-524) in
which the 'over-measures' of §3 above are studied under the name of 'semi-
measures'; the result 3.3 (i)o(ii) above is essentially the same as Moran's Proposi-
tion 3.5.
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