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Multiple—scales perturbation methods are used to derive equations describing wave—
wave interactions in two-fluid cosmic-ray hydrodynamics in one Cartesian space
dimension. Two problems are considered: (a) the interaction between short-
wavelength waves in a non-uniform large-scale background flow, and (b) wave inter-
actions between long-wavelength waves propagating through a uniform background
medium. The short-wavelength wave equations describe the interaction between
the backward and forward thermal gas sound waves and the contact discontinu-
ity eigenmode via ‘wave mixing’, in which the waves are reflected by gradients
in the large scale background flow. The equations also contain quadratic wave
interaction terms describing (i) the Burgers self-wave interaction term, (ii) mean—
wave-field interaction terms in which a specific wave interacts with the mean field
of the other waves, and (iii) three-wave resonant interactions that describe how
a sound wave resonantly interacts with the contact discontinuity to generate a
reverse sound wave. In the limit of no interaction between the cosmic rays and
thermal gas, and for a uniform background state, the equations reduce to two cou-
pled, integro-differential Burgers equations derived by Majda and Rosales for reso-
nantly interacting waves in adiabatic gasdynamics. The short-wavelength equations
also contain squeezing instability terms associated with the large-scale cosmic-ray
pressure gradient, which were first investigated by Drury and Dorfi. A generalized
wave-action equation, or canonical wave-energy equation, variational principles,
and WKB analyses of the linearized equations are used to investigate the modi-
fication of the cosmic-ray squeezing instability by wave mixing. Coupled Burgers
equations are also derived in the long-wavelength regime that describe resonant
wave interactions for weak, diffusively smoothed cosmic-ray-modified shocks. In
the latter equations, the cosmic-ray-modified sound waves can resonantly interact
with either the contact discontinuity or the cosmic-ray pressure-balance mode to
generate a reverse sound wave.

1. Introduction

The diffusive shock acceleration of energetic charged particles by the first-order
Fermi mechanism in astrophysical shocks in general leads to a modification of the
shock as the energetic particles extract energy from the background flow (Axford
el al. 1977, 1982; Drury and Voélk 1981). For steady state planar shocks in which
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particles do not significantly modify the flow, a systematic increase of the parti-
cle momentum on each acceleration cycle coupled with a finite escape probability
downstream of the shock leads to the formation of a power law momentum spec-
trum of energetic particles from an originally monoenergetic distribution (Krymsky
1977; Axford et al. 1977; Bell 1978 a, b; Blandford and Ostriker 1978). Reviews of
diffusive shock acceleration have been given by Drury (1983), Forman and Webb
(1985), Blandford and Eichler (1987), Berezhko and Krymsky (1988) and Jones
and Ellison (1991).

The nonlinear two-fluid models of diffusive shock acceleration and cosmic-ray-
modified shocks were originally developed by Drury and Volk (1981) and Axford
el al. (1982) in order to account for the back-reaction of the accelerated energetic
particles on the flow. An alternative, nonlinear one-fluid model has been developed
by Ellison (1981) and Ellison ef al. (1981) by means of Monte Carlo simulations
(see the review by Jones and Ellison 1991). Other work on the two-fluid model
using numerical codes has been carried out by Dorfi and Drury (1985), Falle and
siddings (1987), Bell (1987), Duffy (1992), Jones and Kang (1990), Kang el al.
(1992), Donohue and Zank (1993) and Donohue et al. (1994).

The role of waves in two-fluid cosmic-ray hydrodynamics has been investigated
by means of linear perturbation theory and weakly nonlinear asymptotics. Weakly
nonlinear, long wavelength cosmic-ray-modified shocks in the simplest models are
governed by Burgers equation (Webb and McKenzie 1984) or modified Burgers
equations (Zank et al. 1988; Chalov 1990), or by Burgers equations modified by
wave diffraction for shocks that are weakly curved (Zank and Webb 1990; Webb
and Zank 1993). Hall-current effects in the small-cosmic-ray-pressure limit lead to
models involving the Korteweg—de Vries—Burgers equation (Zank 1988 a; Webb and
Zank 1993). Alfvénic models of cosmic-ray-modified shocks in which the Alfvén
waves that scatter the cosmic rays may be generated in part by the cosmic-ray
streaming instability (Lerche 1967; Skilling 1975) were developed by McKenzie
and Volk (1982) and Volk et al. (1984). The cosmic-ray-generated Alfvén waves in
these models were shown by McKenzie and Webb (1984), Zank (1989), Begelman
and Zweibel (1994) and Ko and Jeng (1994) to drive one of the modified slow
magnetoacoustic waves unstable.

Numerical time-dependent hydrodynamical codes were initially developed to
study aspects of the two-fluid model applicable to supernova remnant shocks by
Dorfi (1984, 1985) and Dorfi and Drury (1985). Dorfi and Drury (1985) and Drury
and IFalle (1986) investigated in detail a short-wavelength squeezing instability for
sound waves in the two-fluid model with k vector directed towards the shock in the
energetic particle upstream precursor that were amplified by the cosmic-ray pres-
sure gradient (see also Zank and McKenzie 1987; Zank et al. 1993; Berezhko 1986;
Chalov 1988; Webb 1989; Kang et al. 1992; Begelman and Zweibel 1994). Zank et
al. (1990) provided a more general analysis of instabilities of obliquely propagating
magnetosonic modes in the upstream precursor of a cosmic-ray-modified shock, and
found that the wave modes could be destabilized by squeezing and stratification
effects, and by particle drifts. The above analyses of short-wavelength instabilities
upstream of cosmic-ray-modified shocks were carried out by means of perturbation
expansions that assume the wavelength of the wave A < L, where L is the decel-
eration length of the background flow. Most of the short wavelength instability
analyses have been restricted to the linear wave regime. However, Zank (19880)
showed that the unstable sound wave satisfied a generalized Burgers equation in
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which the disturbance would eventually steepen into a shocklet (see also Zank et
al. 1993; Begelman and Zweibel 1994).

The two-fluid model of Axford et al. (1977) and Drury and Volk (1981) in one
Cartesian space dimension admits four wave modes. The character of the wave
modes depends on the wavelength. At short wavelengths, the wave modes consist
of the backward- and forward-propagating thermal gas sound waves, the contact
discontinuity and a diffusively damped mode. On the other hand, at long wave-
lengths, the wave modes consist of the backward and forward sound waves modified
by a cosmic-ray-pressure contribution to the sound speed; the contact discontinu-
ity, and a pressure-balance mode in which the sum of the cosmic-ray and thermal
gas-pressure perturbations is zero. An analysis of the interaction between the con-
tact discontinuity and the pressure-balance mode in the long-wavelength limit, and
the evolution of the short-wavelength contact discontinuity in a large-scale back-
ground flow, was carried out in Webb ef al. (1995) in order to elucidate the physics of
the cosmic-ray-modified contact discontinuity and pressure-balance structure ob-
served by Donohue and Zank (1993) in their numerical two fluid simulation of the
interaction of an interplanetary travelling shock with the solar-wind termination
shock.

The main purpose of the present paper is to develop a system of equations de-
scribing weakly nonlinear waves for the two-fluid model in one space dimension
similar to equations obtained by Majda and Rosales (1984) for resonantly inter-
acting, weakly nonlinear waves in gasdynamics in one Cartesian space dimension.
For the case of compressible fluid flow, Majda and Rosales derived a pair of inviscid
Burgers equations (one for the forward sound wave and one for the backward sound
wave) coupled through a linear integral operator with known kernel dependent on
the initial data for the entropy wave. For the forward sound-wave Burgers equa-
tion, the linear integral operator describes the resonant reflection of the backward
sound wave off an entropy-wave disturbance to generate a forward sound wave.
Similarly, the linear integral operator in the backward sound-wave Burgers equa-
tion describes the resonant reflection of the forward sound wave off an entropy
wave to produce a backward sound wave. The equations are prototypical in de-
scribing three-wave resonant interactions for weakly nonlinear hyperbolic waves in
one space variable. Resonant wave interactions in this theory are more liable to
be significant for extended periodic or near-periodic wave trains than for isolated
pulses, since the resonant interactions are strengthened the longer the period of
time over which the waves interact.

The Majda and Rosales theory is based on weakly nonlinear geometric optics,
and applies both for perturbations about a uniform background state and also
for perturbations about a non-uniform background state. For perturbations about
a non-uniform state, further linear wave-coupling terms appear between the dif-
ferent wave modes analogous to the wave-mixing terms obtained by Heinemann
and Olbert (1980) in their bidirectional model for Alfvén waves in the solar wind.
The linear coupling terms in the Heinemann and Olbert theory describe the re-
flection of short-wavelength Alfvén waves off the large-scale gradients in the back-
ground flow (see also Zhou and Matthaeus 1990 @, b, and references therein). Fur-
ther developments in the Majda and Rosales theory are described by Anile et al.
(1993). The non-trivial extension of the theory to several space dimensions has
been developed by Hunter ef al. (1986). The character of resonant wave inter-
actions in non-uniform background flows in one space dimension is complicated
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by the fact that resonance is in general limited to a localized region of (z,?)
space, since the ray equations for the waves depend on the variable background
flow.

Section 2 introduces the equations of the two-fluid model. Section 3 considers the
propagation of short-wavelength waves in a large-scale non-uniform flow. This in-
cludes a discussion of the conditions for three-wave resonance for hyperbolic waves
applicable to the cosmic-ray hydrodynamical equations in the short- and long-
wavelength limits. At lowest order, the perturbation analysis yields the eigenval-
ues and eigenvectors for short-wavelength waves, as well as the equations for the
background flow. At the next order in the perturbation analysis, one obtains equa-
tions describing the interaction of the different wave modes via resonant and non-
resonant processes, as well as wave interactions with the large-scale background
flow (this includes both reflection of the sound waves off the large-scale gradients,
as well as cosmic-ray squeezing instability terms, and the Ptuskin (1981) cosmic-
ray diffusive damping of the sound waves). Averaging over the fast time scale yields
integro-differential equations of the type obtained by Majda and Rosales (1984).
Section 4 shows the connection between the wave equations developed in Sec. 3 and
the equations of resonant nonlinear acoustics for periodic waves in gasdynamics de-
veloped by Majda and Rosales (1984) for a uniform background state. Section 5
considers the linearized version of the short-wavelength equations for the two-fluid
model derived in Sec. 3. It is shown how the linearized equations may be com-
bined to obtain a wave-action-type equation, or canonical wave-energy equation
describing the interaction of the waves with the large-scale background flow. The
canonical wave-energy equation generalizes the corresponding wave-action equa-
tion for unidirectional sound waves derived by Drury and Falle (1986) and Zank and
McKenzie (1987) to the case where all three short-wavelength waves (the backward
and forward sound waves and the contact discontinuity eigenmode) are simulta-
neously present in the flow. A WKB analysis of the linear wave equations is then
carried out in order to illustrate the phenomenon of wave mixing. The analysis
shows how the cosmic-ray squeezing instability is modified when all three short-
wavelength waves interact via the large-scale flow. Lagrangian and Hamiltonian
variational principles for the linear wave-mixing equations for short-wavelength
waves in a steady, large-scale background flow that take into account the spatial
instability growth rates of the waves due to the cosmic rays are derived in Sec. 6.
Equations describing the resonant and non-resonant interaction of the four long-
wavelength waves (the backward and forward cosmic-ray-modified sound waves,
the contact discontinuity and the cosmic-ray pressure-balance mode) for a uniform
background state are derived in Sec. 7. Section 8 concludes with a summary and
discussion.

2. Model and equations

The two-fluid model for cosmic-ray-modified flows that we use is the same as that
introduced by Axford et al. (1977) and Drury and Voélk (1981) in their models of
cosmic-ray-modified shocks. The cosmic rays are scattered by waves or turbulence
travelling in the background flow, and the phase velocity of the waves is assumed
to be negliglible compared with the fluid speed.
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The dynamics of the system is constrained by the overall mass, momentum and
energy conservation equations:

dp
5 TV = 2.1
5 TV (pw) =0, (2.1)

0
a(pu) +V - [puu + (pg, + p)l] = 0, (2.2)
%(%Pzﬁ +E,+E)+V- l(-]jﬂu2 +Ey +pgu+F.]=0. (2.3)
where
Eq = Pg , E, = De ) (24)
‘ Yo — 1 Ye — 1

In the above equations I denotes the unit 3 x 3 dyadic; p, u, py, E4 and 7,4 denote
the thermal gas density, velocity, pressure, energy density and adiabatic index
respectively; p., E., 7. and F. denote the cosmic-ray pressure, energy density,
adiabatic index and energy flux. In the above model the cosmic rays are assumed
to be a hot low-density gas with negligible mass density, mass flux and momentum
density compared with those of the thermal gas.
The cosmic-ray energy equation:
OE,
ot

governs the transfer of energy between the cosmic rays and the background flow
where the cosmic-ray energy flux is given by

+V-F.=u-Vp, (2.5)

Fc = u(Ec + pc) -K- VE67 (26)

and K is the mean hydrodynamical diffusion tensor (see e.g. Drury and Volk 1981).
The diffusion tensor in general contains terms corresponding to diffusion parallel
and perpendicular to the mean magnetic field, as well as terms describing particle
drifts (see e.g. Forman et al. 1974).

For the case of purely one dimensional flow along the x axis of a rectangular
Cartesian coordinate system (z,y, z). the above equations may be rearranged to
yield the system of equations

P+ Ly =0, 2.7)
% + u% + ygpg% =0, (2.9)

governing the two fluids, where x denotes the effective diffusion coefficient in the
x direction. We note for later reference that the fluid-frame energy equation (2.9)
may also be expressed in the form

g g dp _ oy L (Do) _ 2.11)
at ~p dt dt \ ps
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where
d 0 0
—_— = — +u—
dt ot Ox
denotes the Lagrangian time derivative. Equation (2.11) shows that the thermal
gas is compressed adiabatically, moving with the flow, except possibly at shocks,
where p,/p77 may jump discontinuously.

(2.12)

3. Short-wavelength waves in non-uniform flows

In this section we apply the method of multiple scales to derive equations de-
scribing the resonant and non-resonant interactions of short-wavelength waves in
the two-fluid cosmic-ray hydrodynamical model in a large-scale non-uniform back-
ground flow. We first discuss in Sec. 3.1 the conditions for three-wave resonance for
hyperbolic waves with scale-invariant dispersion relations in one space dimension
that are applicable to the two fluid model in the short- and long-wavelength lim-
its. Further discussion of three-wave resonance conditions for hyperbolic waves is
given in Majda and Rosales (1984), Hunter ef al. (1986) and Anile ef al. (1993). In
Sec. 3.2 we write (2.7)—(2.12) in dimensionless form, and introduce the perturba-
tion expansion. We then proceed with the multiple scales perturbation analysis, in
which the perturbation parameter € = Ly /Ly (0 < € < 1) is the ratio of the wave-
length of the wave A = Ly to the scale length L; of the background flow. At lowest
order (O(1)), one obtains equations determining the eigenvalues and eigenvectors
for short-wavelength waves. Imposing the constraint that at O(e) the perturbation
expansion is a uniform expansion for times 7 = O(1/¢), where 7 is the fast time
scale leads to a coupled set of integro-differential evolution equations governing
the different wave modes (Secs 3.3 and 3.4). The equations obtained differ from the
corresponding equations for non-dissipative compressible gas dynamics obtained
by Majda and Rosales (1984) in that the equations contain cosmic-ray diffusive-
damping terms as well as squeezing instability terms associated with the large-scale
cosmic-ray pressure gradient. Cehelsky and Rosales (1986) have discussed the for-
mation of shocks, weak solutions and shock fitting for the pure gasdynamical case.

3.1. Conditions for three-wave resonance
The waves in the two-fluid model in the asymptotic long-wavelength limit are dis-
persionless. Similarly, in the short-wavelength limit the two sound waves and the
entropy wave are dispersionless. Hence in these limits the waves have scale-invariant
dispersion relations
D(w, k) =0, or w=W(k). (3.1)
For scale invariant dispersion relations, W(ak) = aW/(k), where a is an arbi-
trary scalar. Consider the conditions for resonant interaction of two waves with
frequencies and wavenumbers (wp, k,) and (wy, k) to produce a third wave with
(w, k) = (wj, k), where each wave mode satisfies the dispersion relation (3.1), so
that
D(wp, kp) = D(wg, kq) = D(wj, k;) = 0. (3.2)
The condition for three-wave resonance is that there exist three scalars vy, v4;
and v;, such that
ypqﬁj + yqjﬁp + yjpﬁq =0, (3.3)
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where
0; = k& — wyT, 0p = kpé — wpT, 0q = kg€ — wqT, (3.4)
denote the wave phases. The corresponding wave phase speeds are
,\j::—;, Ap::—;, Aq::—j. (3.5)
Equations (3.3) and (3.4) imply
Upgk; + vgikp + vjpkg = v -k =0, (3.6)
Upqwj + Vgjwp + Vjpwg = V- @ = 0, (3.7)

where the vectors v, k and o are defined by
V= (ququjayjp)t? k= (kj7kp7kq)t7 0= (wjawpqu)t (38)
(the superscript t indicates the transpose). A non-trivial solution of (3.6) and (3.7)
for v is given by
v=0oxk. (3.9)
In component form, the solution (3.9) for v is
Vpq = ()\p - )\q)k‘pk‘q, Vgj = ()\q - )\j)k‘qk‘j, Vip = ()\J - )\p)kjkp7 (3.10)

for the scalars vy, vg; and v;,. An alternative procedure to arrive at the results
(3.10) is to assume that the three wave modes coexist at the same point (&, 7).
Elimination of £ and 7 from (3.4) then leads to (3.3) where v,q, v4; and vj, are
given by (3.10). From (3.7),
wj = ——*wp — —wy. (3.11)
Vpq 'Pq
The condition for periodic waves with frequencies and wavenumbers (wp, k) and
(wg, kq) to resonantly interact is that the numbers vy, /vy, and v, /vy should be
rational.

3.2. The perturbation expansion

To carry out the analysis, we first write the equations (2.7)—(2.10) governing the
system in terms of the dimensionless variables

B x 7 t _ Pc
Tr= -, = 7 c = ’
L[ T] b Pgo ¢
(3.12)
! Pgo’ po’ Vo
and choose the length (L;) and time (17) scales such that
VpoTh
» (3.13)

Here pgo and pg are constant characteristic values of the gas pressure and density;,
and Vj is a characteristic wave phase speed of the system. From (2.7)—(2.10), the
normalized state vector of the system

¥ = (p. @ Py, Pe)’ (3.14)
then satisfies the matrix equation
oY oY 0*Y
— +AWY)- —+B¥Y)- — =0 3.15
o7 A S T B =0, (31
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where
a P 0 0
A(Y) = 0 a g()/VgP ag()/’YgP (3.16)
0 ’}/gpg U 0 ’
0 YePe 0 a
and
B(Y)" = —r&™67, (3.17)
where §% denotes the Kronecker delta symbol. In the above equations
2
azo _ %0 &2(, _ay P = K
2 C! ) 9
TV Vi Vool (3.18)
2 _ TgPgo 2 _ VcPco
a = — an =
g0 o0 c0 0

define dimensionless forms of the thermal gas (ag0) and cosmic-ray (ac) sound
speeds, and diffusion coefficient (k).

Consider the evolution of weakly nonlinear short-wavelength waves of length
scale Ly and time scale Ty in a large-scale background flow with length and time
scales Ly and Ty where Ly » Ly and T1 > Ts. We develop a weakly nonlinear
geometrical-optics expansion for the waves in the perturbation parameter

Ly, Ty

=—==—= 0 <1 3.19
e=pcg <es<y, (3.19)

of the form

v =y + e‘l’“) EPE 4+ (3.20)
where the the background state y) (:1‘0 f) depends only on the slow variables
(x,1), whereas the wave pelturbatlom {‘Pl (z,1;&,7) : i = 1} depend both on the
slow variables Z, T and on the fast variables:

g—f T =

| =~

(3.21)
€

The normalized cosmic-ray diffusion coefficient & in (3.17) and (3.18) is taken to be
a constant, with & = O(1). Using the derivative transformations
9 _ 90 1 0 9 _ 0 l 0
ot at €or’ 0T 8x € O€

and the perturbation expansion (3.20) in (3.15) yields the equations

(3.22)

o 190 .
{at t o5 AT + (P + EPP ) VA
0 10

+1(ep! +e‘-‘v<2>+...)(e\v“>+e2\v<2)+...):WWA+...].<+ )

ox 0
0* 209 1 O 1 ap) 4 2@ T
+By - @+E@+?T§Q (P +e?PV +eePY +.0) = 0.

(3.23)
Equating terms at O(1/€%) in (3.23) yields the balance equation
e 0p,
By —— = —f—=5-(0,0,0,1 0. 3.24
0 afz 8{7 ( ) ( )

Equation (3.24) is automatically satisfied, since ¥ and p" depend only on the
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slow variables  and £. The O(1/€) balance equation is

82‘1’(1) _a2pl 7 . 3
B - 2¢2 —K ¢ (0,0,0,1)" = 0. (3.25)

For a uniform expansion, we require p! to be sublinear in &, so that
pL=0 (3.26)

is the appropriate solution of (3.25) for p!. Balance of terms at O(1) in (3.23) yields
the equation

6\]1(0) a\[t(“) 32\]1(0)
Tor R T TR e
a\y(l) 8\11(1) 82‘1’(2) o2y ‘
+ or T A - Tf +By - oe + D€ 07 =0. (3.27)

Equation (3.27) in turn splits into two equations, namely the equations for the
non-uniform background state,

oy oy 52y
—— + A - + By - — =0, 3.28
ot "oz " oz2 (3.28)
and the O(1) balance for the wave perturbations,
oy oy 2w g2yl
—— +Ay- — +By- — +2 =0 3.29
or TS e dE O (3:29)

Taking into account the form of the diffusion term in (3.15) and the choice pl = 0
for the first-order cosmic-ray pressure perturbation, and introducing the thermal
gas state vector W = (p, 4, Pg), the first three equations in (3.29) reduce to

oV ov
——t Ay ——=0 3.30
or vog (330
where the matrix .7y = .o/ (¥") is defined by
@ p 0
o =10 1 /740 |, (3.31)
0 gDy U

and consists of the first three rows and columns of the matrix A in (3.16), where we
have normalized the velocities by setting @, = 1. The fourth equation in (3.29),

g0
ou! o*p:
%pgafg —FRo 2e 0, (3.32)

couples the second-order cosmic-ray perturbation p2 to u!l.
. . . < (1
Following the approach of Majda and Rosales (1984), the solutions for ¥ and

¥ are expanded in terms of the eigenvector solutions associated with the matrix
o/ of the form

¥ =) 0.3, 1,0,)R,, (3.33)
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3
¥ =3 b,(2,8,0,, 7R, (3.34)
s=1

where {as} and {bs} determine the wave amplitudes; and
05 = k& — w,T, As = wg/ks, (3.35)

are the phase and phase speed of the sth wave mode. The eigenvectors Ry and
eigenvalues g are determined from the eigenequation

(2o — Asl) - Rg =0, (3.36)
where the A, satisfy the eigenvalue equation:
det (/o — ) = (@ — N[ (@ — \)* — py/p| = 0. (3.37)
It is straightforward to verify that the eigenvector solution (3.33) satisfies (3.30).
The eigenvalues and eigenvectors are those of one dimensional compressible fluid
dynamics, namely the forward and backward sound waves and contact discontinu-

ity solutions. We also need the corresponding left eigenvectors {Ls} of the matrix
o/, satisfying the equation

Ls - (/) — Asl) = 0. (3.38)
The left eigenvectors {Ls} are normalized so that
L - Ri = 6sr, (3.39)

where 645 is the Kronecker delta symbol. The eigenvalue and eigenvector solutions
correspond to the backward sound wave, with

t
a p 1 p 1
AL = U — Qg, R, = (176%]7%) 5 L=+ (07 P > ) (340)
p

p 2 7@’ Yg@2
the contact discontinuity, with
Xo=a, Re=(1,0,00f, L= (1,0, __F ) , (3.41)
YgPg
and the forward sound wave, with
Gy YePg\' 1 p 1
>\3 =u+ a’gu R3 = (11 fg7 ’yg_pg> ) Lf’: =3 (()7 _ﬁv _2> . (342)
PP 2\ g 7.0

The wave amplitudes {a,} in the expansion (3.33) correspond to the wave density
perturbations.
The O(e) balance equations split naturally into the matrix equation

5, (2) i (2)
oY oY
— + A - +F=0 3.43
87— 0 aé. B} ( )
where
o o op? op°
F=——+ L T T A v c
A T Velos
= (0) = (1)
- (1) oY oY
+¥ Vet | — + —— 3.44
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and the scalar equation

2 (2) (0) 2 2,3
8pC+D'<8‘l’ +8‘l’ >+‘P“ VeD. (3‘[’ 6‘[’ ) (28pc +8pc):0.

or o oz or O oEdT  Be?
(3.45)
In (3.44) and (3.45) the vectors
t
C= (07 1_,0) , D = (0,7.p",0,u")" (3.46)
YgP

correspond to part of the third column and the fourth row of the matrix A in (3.16).

Substituting the solution ansatz (3.33) and (3.34) for ¥ and ¥ into (3.43)
and multiplying (3.43) on the left by the left eigenvector L; yields the system of
equations

abj (ejv )

aTj
where 0/07; = (0/07)lg,. For the perturbation expansion (3.20) to remain uniform
for times 7 = O(1/¢) requires that ¥ be sublinear in 7, and this in turn requires
that the expansion coefficients b;(0;, 7) for ¥ be sublinear in 7. Thus we require
iy 2905, 7)

T— 00 T

+L;-F=0, j=12,3, (3.47)

=0 (3.48)

for a uniform expansion. Integration of (3.47) with respect to 7, with 0; held fixed
then leads to a system of three evolution equations

(L;-F); =0, j=123, (3.49)

governing the short wavelength wave modes on the long time scale. The averaging
operator in (3.49) is defined by

(f); = lim /f|g dr’ (3.50)
T—00 T

(i.e. the average defined in (3.50) is to be carried out with 8; held fixed). The aver-
aged wave equations (3.49) are integro-differential ev olutlon equations of the type
obtained by Majda and Rosales (1984) describing three wave resonant interactions
for weakly nonlinear hyperbolic waves.

3.3. Wave evolution equations prior to averaging

The evolution equations (3.47) prior to averaging may be written in the form

3
daj (9bj(9j,7’) _ . _
E+;A]’sa5+Tj+T—O, j=1,...,3, (3.51)
where
d
-9 + 4 (3.52)

AR
is the total time derivative along the jth characteristic. The nonlinear interaction
term in (3.51) is of the form:

3 3
da -
T, = Zerpqaqa—g’. (3.53)
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The non-symmetric interaction coefficients I';,, in (3.53) are given by
l"qu = Lj . (Rq V\y% . Rp) (3.54)

The interaction coefficients Ajs in (3.51) are the linear wave-coupling or wave-
mixing terms describing the interaction of the waves with the large-scale flow and
density gradients. The Aj, are analogous to the linear wave-mixing coefficients
obtained by Heinemann and Olbert (1980) in their bidirectional model for Alfvén
waves in the solar wind.

By differentiating the eigenequation (3.36) in the directions of the right eigen-
vectors, the asymmetric interaction coefficients (3.54) may be written in the form

Tipg = 6;5Ry - Vedy + (A — Aj)L; - (Ry - VyR,). (3.55)

The asymmetric interaction coefficients describe collisions between the pth and ¢th
wave modes to produce the jth wave mode. In particular, the coefficients

Fjjj = Rj -V\y>\j, Fjjq = Rq : V\[I)\j, q+ 7, (3.56)

describe the nonlinear interaction of the jth wave with itself, and with the ¢th
mode (¢ # 7). From the perspective of differential geometry, the vector space
V = {R, : p = 1,2,3}, spanned by the right eigenvectors associated with the
manifold M = {(p, @, pg)} has metric g, = R,-Rq. and affine connection coefficients
G%q defined by

R, -VeR, =G R;, Gl =L;-(Ry-VyR,), (3.57)

where the left eigenvectors {L; : j = 1,2, 3} span the dual vector space. Hence the
asymmetric interaction coefficients I'j,q for p # j are directly related to the affine
connection coefficents G{;q. Since the right eigenvectors are an anholonomic base,
the affine connection coefficients are non symmetric in their lower indices p and gq.
We later show ((3.73) et seq.) that the averages of the nonlinear interaction terms
(Tj); over the fast time scale 7 depend on the torsion tensor of the connection.

Computing the various terms in (3.51), we find that the evolution of the backward
sound wave is governed by the equation

d 0b; (6,
ﬂ + A“CL] + A[QCLQ + Al;;ag + Tl + M = O, (358)
dtl or
where the linear interaction coefficients {A;;} are given by
1 d a’ ou  a, O0p. a>
Ar==|—In{Z)+(y,+1)—+ L =+ =< 3.59
! 2[dt1 n<p> s+ Dz YDy OT R]’ (3.59a)
ag, 0
Az = —L——(pe + Py), 3.596
12 27,p, 01 (Pe + Dg) (3.590)
1[d on  _ag 0 ag Op. a:
Ais==|-—1In@p) +(yg— 1) +2-2—1Inp, + —L < _ ¢ 3.59¢
1375 [dtl n (agp) + (g >3E g 0T n Pg VoD 0T FJ v c)
and the nonlinear interaction term is given by
a o) day da,
T, =2 |a +ay)+ (v + 1) [ a3— —a1—
= g [t (w5 -5
Oas da, .
(g + Da e (Y9 — 3)a38§] (3.60)
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Similarly, the entropy wave is governed by the equation

@ +A21a1 +A))G2+A2;CL;+TZ 781)2(9277’) :0, (36])
dtz 87
where
ag 0 D
A :—A-‘:fgf =9 3.62
21 23 v, OF n (p”g) ) (3.62a)
A= 2 (3.620)
22 a.’f’ .
a 0 -1 . ; da das:
T, = Fg {3{ {Uw(ax —ap)+ 7792 (af — a%)} +(vg—1) <a38€1 — al@g) } .
(3.62¢)

It is of interest to note in (3.61) that the linear coupling coefficients Ag; and Agg of
the entropy wave (az2) to the sound waves (a;) and (a3) depends on the large-scale
gradient of the entropy of the background flow. The corresponding equation for
the forward sound wave is

% + Ag1a1 + Ageas + Aggag + T3 + 7863(037 7 =0, (3.63)
dts or
Wiere 1[d In (@,5) + 1)811 ag O s ag Op. a: (3.64a)
31 == |— In -1)—-22—Inp, — —L+— — = )
BTy P T e T e T 0 T Sy, 00 R “
a, O
Ayp = ——2— —(p. + py), 3.640
32 3,5y 07 (Pe + Dg) ( )
1[d a; ou a: a, Op
A= Slo- (2 )+t D)o+ —= - —2—— 3.64¢
33 B) [dtg n ( F ) (Vg )&E = VoD OT } (3.64¢)
T—@ —a (ay +as)+(yg +1) aaa:% aiaal
;_2ﬁ 285 1 3 Vg %5'5 185
8&1 . 8(13 o
_('Vg + 1)@3875 + (’Yg — 3)0,1 86:| . (364(1)

Equations (3.58), (3.59) and (3.63), (3.64) show that there is a linear coupling of
the sound waves to the entropy wave via the coefficients A2 and Ase, which are
proportional to the large-scale pressure gradients of the cosmic-ray and thermal
gases —V(pg + Pc). which in turn is proportional to the acceleration vector da/dt of
the background flow.

3.4. Averaged wave evolution equations
The averaged wave evolution equations (3.49) may be written in the form
daj / . . o pr
— T Aja Y Ajula) (T =0, j=1,2,3, (3.65)
J S

where the summation symbol 3’ denotes summation over the index s for all modes
except s = j. The mean wave amplitudes (a,) depend only on the slow variables &
and t (Appendix A). The mean nonlinear interaction term (T}); can be expressed
in both a non-conservative form

8a o
(Ty); = r]]JaJ 891 + Z jjq aq J + Z Z Fjpg( aq (3.66)

r<q ¢
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and a conservative form

o [~ a> . I/ A .
(T); = 90, (F]szj +jjq(aq)a; + Z Z FJPQ<a‘an>]>7 (3.67)
J p<q 4
where the interaction coefficients IN"]»pq, [jpg and lA"qu are given by
Tjpg = kL jpg, (3.68a)
_ ~ Vir ~
Ujpg = Tjpg — ﬁrjqp = kp(Ap — Aj)L; - [Rg, Ry, (3.68)
. T, —u . .T. i\, — M\ — )\
Fpg = Yai® jpa — Vpi jap _ i(Ag = Aj)(Ap /\J)Lj Ry Ry, (3.68¢)
Vap Ag = Ap
and
[Rg,R;| =Ry - VyR, — R, - VyR,. (3.69)

In (3.66) and (3.67) we use the notation a;, = Ja,(0),)/06,, and assume that A, # A,.
The means (aqal); in (3.66) are defined by

P
kqb; + vjqT kp0: + v T
<aqa>.—T]EI;oi/ ( JQ>a;(Pka]P>dT
a]P+TJP v.0:+uv. 0
= lim a (w) al (6,)db,, (3.70)
|T7p‘_’°° Ep ! l/jp Py g
where
Ty, kp0; o
ij - kjp’ Oéjp - % (311)

The means (a4a,) are defined similarly, but with a;, replaced by a,, in (3.70). The
double summations over p and ¢ in (3.66) and (3.67) are over all wave modes p and
qwithp<gqgandp=+gq=+j.
In (3.70) the phase 0, of a4 is given by
0, = Vaptj + quap7 (3.72)
Vip

which is precisely the condition for three-wave resonance discussed in Sec. 3.1. The
results (3.66) and (3.67) for (T;); show that the nonlinear wave—wave interactions
split into three types, namely the interaction of the jth-wave with itself, the in-
teraction of the jth wave with the mean wave field of the other waves (the fjjq
term), and the resonant interaction between wave modes p and ¢ to produce the
jth-mode, where p # ¢ # j. The conservative wave-wave interaction coefficient
fqu is symmetric in the indices p and ¢, and depends on the torsion tensor

T), =L;-[Rg, Ry =G) — G

ap’

(3.73)

associated with the affine connection G;f;q. The averaged wave equations (3.65) are
integro-differential equations governing the evolution of the jth-wave mode of the
type obtained by Majda and Rosales (1984).

For the two-fluid cosmic-ray model, the nonlinear wave—wave interaction term
for the backward sound wave (T7); may be expressed in both the non-conservative
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and conservative forms

(Ti)r = agkli <’yg i la? +ail{az) — (74 — 3)<a:3>]> - Z—;k2<a3a;>,

2

a 0 Yo+ 1 4
= %kla—el < 92 ai +ar[{as) — (v — 3){as)| — <a2a3>]> . (3.74)
Similarly, for the entropy mode,
a 0
(Ty)e = gk287|a2(<a:;> — (a1))], (3.75)

and the nonlinear wave—wave interaction term for the forward sound wave is

(T3)3 = a4y k*aig (Wg; l)a} +as[(vg — 3){(a1) — <a2>|> + %%(6110/2)3

0 )
= %k;aieg (Mag + a;[( 3)< > — <a2>] + <a2a|>g> . (376)

2

Equations (3.74)—(3.76) show that the forward sound wave may be generated by
resonant reflection of the backward sound wave off the entropy wave. Similarly,
resonant reflection of the forward sound wave off the entropy wave produces a
backward sound wave. The entropy wave on the other hand can only be generated
by non-resonant interaction of the entropy wave with the mean wave field of the
sound waves. The nonlinear wave—wave interaction terms (3.74)—(3.76) are in fact
just those of ordinary compressible gasdynamics in the absence of cosmic rays. The
mean wave equations (3.65) differ from those of ordinary gasdynamics in the form
of the linear wave-mixing coefficients Aj,.

The above formal derivation of (3.65) for wave—wave interactions does not address
the important issue of the conditions under which three-wave resonant interactions
will occur in a non-uniform background flow. This issue has been addressed by Alm-
gren (1990) and Joly et al. (1993) for hyperbolic waves for semilinear and quasilinear
equations. For the sake of argument, suppose that we have three waves in resonance
with frequencies wy, ws and wy with corresponding wave numbers k;(Z, ), kao(T, )
and ky(z,7) satisfying the resonance conditions

Wy = ws — wy, ks = ko — ki, (3.77)

where w1 = k(@ — a@g), w2 = k2@ and wy = k3(@ + a4) correspond to the back-
ward sound wave, the contact discontinuity and the forward sound wave. Using the
dispersion equations for the waves, (3.77) imply

kQ = Qk], kg = ]{1] (378)

at resonance. Equations (3.77) and (3.78) can in general only be satisfied in a lo-
calized region of (&, ) space, since the k vectors of the waves evolve along the rays
(Appendix B). This implies that waves in resonance near (Z,%) = (Z, %) will in
general move out of resonance as the waves progress. If the gradients in the back-
ground flow are sufficiently weak then the waves can remain in resonance over a
larger region of (Z, 1) space, whereas if the gradients are steeper then resonance will
oceur over a relatively localized region. The (Z, %) dependence of the background
flow may lead to non-uniformity of the perturbation expansion (3.20) in which
higher-order terms in the perturbation expansion become comparable to the lower-
order terms. Similar problems concerning resonant wave interactions of dispersive

https://doi.org/10.1017/50022377897005461 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377897005461

646 G. M. Webb et al.

internal gravity waves in a stratified shear flow have been considered by Grimshaw
(1988), who considered the the role of resonant wave interactions for gravity waves
near a critical level where the waves are reflected. We expect that in the general
application of (3.65) to the problem of the propagation of short-wavelength waves
in cosmic-ray modified shocks the resonant wave interaction terms in (3.65) and
(3.74)—(3.76) can safely be neglected in most instances. In this case the waves are
still subject to the Burgers self-wave interaction process; the waves also interact
with the mean wave field of the other waves, and the waves undergo wave mixing
or wave reflection with the non-uniform background flow.

The three-wave resonant interaction is expected to play an important role if the
background state in (3.65) is uniform. The analysis in Sec. 7 of long-wavelength
waves in weak cosmic-ray-modified shocks indicates that the three-wave resonant
interaction is important in weak, long-wavelength, diffusively smoothed cosmic-ray
shocks.

4. Resonant nonlinear acoustics

In this section we discuss the relation of the wave evolution equations (3.65) to
equations obtained by Majda and Rosales (1984) (see also Anile et al. 1993) for
resonant nonlinear acoustics in ideal gasdynamics.

Consider the form of (3.65) for perturbations about a uniform background state

pP=po, uw=0, pg=pgo, (4.1)
for the case of ideal gasdynamics in which all cosmic-ray effects are ignored. The
wave amplitudes {a; : j = 1,2,3}, which correspond to the density perturbations
of the backward sound wave, the contact discontinuity and the forward sound wave,
are assumed to have zero means ((a;) = 0, j = 1,2, 3). Since the background state
is uniform, the linear wave mixing coefficients A in (3.65) are zero, and

p=1, =0, Dg =1, ag =1, (4.2)
are the normalized density, fluid velocity, pressure and sound speed of the gas.

Substitution of the nonlinear wave interaction terms (3.74)—(3.76) into (3.65)
yields wave evolution equations for the sound waves and contact discontinuity in

the form
%— %‘;‘—kﬂ-";la]g‘;i—%<agggj>l—o, (4.3)
a;; = 0, (4.4)
%Jr %‘f+k:ﬂg;1a3?‘9‘:+%<algz>gzo. (4.5)

Equations (4.3)—(4.5) can also be written in conservative form by using the results
ks Oas ky 0 ks Oas ks 0O

— 2l a2 = = ({asas = ZEN = 2 LY. 4.6

1 <as 90, >] > 96, ((azaz)1), 1 \ Y%, . 206, ((a1az)3), (4.6)

for the three-wave resonant interaction terms.
Since @, = 1, the conditions (3.3) for three wave resonant interactions and the
formulae (3.10) for the coefficients v, yield

vig = —kika, 1oy = —koks, vy = 2k ks, (4.7)
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and the relationship between the wave phases reduces to

ko ko
0y = ——0, + —=0.. 4.8
TR T (4.8)
Using the velocity perturbation amplitudes for the sound waves, v; = —a; and

vz = ag, (4.3) and (4.5) for the sound waves reduce to

ovy  Ov; i 7 +1 Ou

ot or 2 "ae,

kZ a3+ ~ kz kz )

+—= 1 — 2 (05, T Pl =60, + —0,, % g = 4.
1 \Tmlffoo T /.. v3(0s, T, T)ay ok 0, 2/{393@ dfs; =0, (4.9)

% + 871}_3 + 3%,4_ ]Us%
ot ozT 2 893

B2 i aM'v (61,2, ), ( Fag o Ry :1:) doy =0, (4.10)
N 1 T s Ly P 571 57 U3, — Y, +.
4 malmoo Tt Joy 0 P2k 2k ‘
where
k20 k1 0:
a3 = 2711’ Qg = ;{TS, Tiy = —2k3T, Ty = 2k, T. (4.11)

Note from (4.4) that the density perturbation as(f2, ) is independent of . For
finite 03 and 6;, a3 and ag; may be replaced by zero without affecting the limiting
averages in (4.9) and (4.10). Below, we consider the form of the asymptotic equations
for the case where vy, as and vs are 2m-periodic functions of 8y, s and 03 respectively.

4.1. The case of periodic waves

If the wave amplitudes {a;} are periodic functions of the #; then the limiting in-
tegral in (4.9) vanishes unless ky/2ks is a rational number. Similarly, the resonant
integral in (4.10) vanishes unless ko /2k; is rational. Thus the resonance conditions
for periodic waves require

ko = nky + mks, ws = nwy + mws, (4.12)
where
we =0, w =—ki, ws=ks, (4.13)
are the wave dispersion equations. Equations (4.12) and (4.13) imply
2 = n 2 = m, 02 = n01 + m03 (414)

2k 2k
for resonance of periodic waves.
Setting

wy = %(’yg + 1)]{}]1}], wg = ]E(’yg + 1)/{}31}3, (415)
for the sound wave amplitudes, and

K(02,7) = %8(12(92,1_7)’ (4.16)

and exploiting the 27-periodicity of the wave amplitudes as functions of the 0;,
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(4.9) and (4.10) reduce to the forms

ow; Ow; dw, m 1 [* ~ .
TGO C T [ K (mby + 0, Tywy (05, 7, T) dbs = 0, (4.17
57 9z Ve T s ; (mb3 + nb, T)ws(03,7,t) do3 = 0, (4.17)

27

% + % + wg% - %2]7 [ Km0+ 0y, 2y 0,2,0 d01 = 0. (119
In (4.17) we write w; = w (0, Z, ), where 6 is understood to be the phase 6. Simi-
larly, in (4.18) w3 = ws(0, T, t), and 6 stands for the phase 63. The forms of (4.17) and
(4.18) studied in detail by Majda and Rosales (1984), Majda et al. (1988), and Pego
(1988) correspond to the case of solutions that are independent of Z, and m =1
and n = —1. In this case the wavelength of the sound waves is twice that of the
entropy wave. Intuitively, one expects the resonant interactions to be strongest for
the lower order harmonic interactions.

5. Linear waves in non-uniform large-scale flows

It is expected that the mean wave equations (3.65) under some circumstances will
develop shocks. The procedure to fit shocks in the solutions of (3.65) has been inves-
tigated by Cehelsky and Rosales (1986) (see also Anile et al. 1993). In this section
we consider linearized versions of the equations derived in Sec. 3 describing the
evolution of linear waves in non-uniform flows. We assume that it is not necessary
to fit shocks in the solutions. In the cases where it is necessary to fit shocks (in
the weak sense), one expects on thermodynamical grounds an increase of entropy
across the shock, and it is then not valid to use a linear wave theory.

In regions of the flow where no shocks develop, the jth wave equation (3.65)
may be averaged over the fast phase variable §; to obtain the linear wave evolution
equations:

. !
(ﬁ? +Ajj<aj> +Z Ajs<as> =0, (5.1)
s
Since the nonlinear interaction terms have the conservative form (3.67), they aver-
age to zero in (5.1) if the waves are quasiperiodic in 6;.

Alternatively, one arrives at a linear wave perspective if the nonlinear terms 7j
and higher-order terms 0b;(0;, 7) /0T are dropped in (3.51). The non-averaged linear
wave equations obtained in this fashion are of the form

. /
lej; + Ajjaj + Z Ajsas = Qj7 (52)
S
where the nonlinear source terms @); are set equal to zero. Equations (5.2) are pre-
cisely of the same form as (5.1), except the mean wave amplitudes (a;) are replaced
by their un-averaged values a;, which depend not only on the slow variables z and
t. but also on the fast phase variables 6;.

It is of interest to speculate on the relation of equations of the form (5.1) and
(5.2), and the phenomenon of wave mixing of Alfvén waves (Heinemann and Ol-
bert (1980)), and models of Alfvénic turbulence in the solar wind (see e.g. Matthaeus
and Goldstein, 1982; Zhou and Matthaeus, 1989, 1990, b; Tu and Marsch 1990;
Matthaeus ef al. 1994). One of the problems that afflicts turbulence theory in gen-
eral is the moment closure problem. Thus, in using a mean-field-electrodynamics
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approach to incompressible Alfvénic turbulence in the solar wind (see e.g. Zhou and
Matthaeus 1989), equations for the turbulent fluctuations

6aj = a; — <0,j>, (53)

are derived that are of the same form as (5.2) with non-zero source terms @); on
the right-hand side. The source term represents small-scale turbulent interactions
involving quadratic correlations of the fluctuations. The manner in which the @,
are modelled is related to the closure problem.

Our main concern in the present section is a study of the waves described by
(6.1) and (5.2) with @; = 0 on the macroscopic scales characteristic of the slow
variables Z and . It turns out, for example, that the solution for the forward sound
wave generates, via wave reflection with the large-scale flow, backward-propagating
short-wavelength sound waves (however, on the long scale, these latter waves prop-
agate in the forward direction). This phenomenon is known as wave mixing in the
space physics community (see e.g. Heinemann and Olbert 1980; Matthaeus et al.
1994). Similar wave mixing phenomena are also associated with the entropy-wave
solution. The effect of nonlinear interactions (e.g. the Burgers self-interaction term
and the three-wave resonant-interaction terms) are important if the wave ampli-
tudes become sufficiently large, leading to substantial modifications of (5.1). We
ignore these complications in the present development.

For the non-averaged evolution equations (5.2), it is of interest to combine the
equations to determine physical wave-energy equations and canonical wave-energy
equations (or generalized wave-action equations; see e.g. Dewar 1970). The wave-
action densities for the backward and forward sound waves are defined as

~ /02 ~ /02
&{l — p<'l}1>’ JZ{‘;: p<’03>’ (54)
w'y w's
where
W{ = —klag, w;'; = k;;dg (55)

denote the wave frequencies in the fluid frame, and v, and v3 denote the velocity
perturbations of the sound waves. In determining equations for 2/, and /3, one
encounters the question of wave correlations since the wave mixing terms lead to
moments of the form (viv3), (via2) and (vzas), which describe correlations between
the different wave modes.

In Sec. 5.1 we provide a derivation of the canonical wave-energy equation (or
generalized wave-action equation) for (5.2) with @; = 0. In Sec. 5.1 we also discuss
the relation of (5.1) and (5.2) to the unidirectional JWKDB equations used to describe
the cosmic-ray squeezing instability investigated by Dorfi and Drury (1985), Drury
and Falle (1986) and Zank and McKenzie (1987).

In Sec. 5.2 a WKB analysis of (5.1) and (5.2) is used to demonstrate the phe-
nomenon of wave mixing. The WKB analysis describes the evolution of the waves at
frequencies w in the regime: u/L < w < Q, where Q is a frequency characteristic of
the fast phase variables 6;, and L/u is a characteristic time scale of the background
flow. Since

% + )\j%—ag =0, (5.6)
the analysis should also hold for wave with frequencies w = O(Q) in (5.2). Two
specific problems are addressed:
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(a) the interaction of backward and forward sound waves with the non-uniform
background flow in the absence of entropy-wave disturbances;

(b) the generation of sound waves via wave mixing from entropy waves.

In a convenient abuse of notation, the variables z and ¢ in the following analysis
refer to Z and ¥ respectively.

a.1. The canonical wave-energy equation and wave-action equations

To obtain the wave-action equation, we first note from the form of the right eigen-
vectors Ry and Ry that

a a
v = —-a, vy = ay (5.7)

p

are the velocity perturbations for the sound waves. In terms of the sound-wave
velocity perturbations v; and vz, and the entropy-wave density perturbation as.,
(5.2) may be written as

dvy =
at, + x11v1 + x12a2 + X133 = 0, (5.8)
das 0u p 0 P
Ej + %az - vﬁ% In (p’Yg<7> (v; +v3) =0, (5.9)
9 .
dv: =
%_: + x3101 + x3202 + X3303 = 0, (5.10)
where
1 d a’  a, Op
= - =5 In(agp) + =+ —L = 5.11
Xn =g ( it n(agp) + — ~abs 895) ; (5.11a)
1 0
Xi2 = —Wa(ﬁc + Dg), (5.11b)
g
xn:l Y 7 S (7 L (5.11¢)
T2 | dty p vy O ple R gy Ox |’ '
and

1[d i i 5 a2 a, Op.
x:n:[ In <9>+2%3 n<p9>+“f+ %9 8p}’ (5.12a)

2 | dt p g O pe Rk 74Dy Ox
1 0, _
X32 = —W%(pc + Pyg), (5.120)

3= 5 | 7 In(@gp) + — — o 5.12¢
X33 2( dt n (ayp) R gby Ox (5.12¢)

Following the approach of Heinemann and Olbert (1980), we introduce new vari-

ables
(’L_L — ag)’Ul (ﬂ + El/g)i}g
f=—7= 95 7 (5.13)
(ag/p)'/? (ag/p)'/?
to replace v; and vs. For steady background flows, the gas-entropy equation reduces
to
P _
Z (f’g ) =0, (5.14)
ox s
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and the entropy-wave equation (5.9) decouples from the sound-wave equations to
yield the continuity equation
aag 0
P
ot Oz
expressing the fact that for steady flows as is advected with the flow. In terms of the
variables f and g, the backward sound-wave equation (5.8) for steady background
flows may be written in the form

of . of (—a,) du 1(a§+ ag 8pc>

(@as) = 0, (5.15)

ot )833  2(agp)/? a2\ & YgPg Ox
1 0 a a—a, (@2 a, Op
—— (@ —ay)=—1 )+ g ==& = 5.16
2[(u )817 n(P) u+ay (R YgPg ax)]g’ 219
where
da ou
— = a— 5.1
at Vo (5.17)

is the acceleration vector of the fluid. Similarly, the forward sound-wave equation
(5.10) may be written in the form

dg g (@ +ay) du 1 (az - 8p0>

4+ (a+a _ ——as Zc
ot (@ )896 2(agp)'/? dt 2\ R gPg Ox

1] 0 a+a, (@t  a, Op. _
2 [(u+ )3:51 ( >+a—ag <R+79ﬁg ox o (518)

Equations (5.16) and (5.18) are analogous to equations (9) in Heinemann and Ol-
bert’s (1980) model for bidirectional Alfvén waves in the solar wind, if the entropy
wave and cosmic-ray source terms on the right-hand sides of these equations are
omitted.

Multiplying (5.18) by 2g/(@ + @,) and subtracting 2f /(@ — a,) times (5.16) we
obtain the wave-action-type equation

5<_9_ _f_)+3(92f2)

ot \u+a, a-—ay ox
~ L du, o op a;  ag 9pc\ 9 —f9g
(agp)'/? at Y E Ygbg Ox ) @+ay
2 = = 2
+<a_c+ % 8])0) f_ _fg, (5.19)
B gDy Ox ) @ —ay

which is similar to equation (26) of Heinemann and Olbert (1980). It is clear that
equations analogous to (5.16)—(5.19) also hold for the averaged wave equations
derived from (5.1).

From the definitions (5.13) of f and g and (5.4), we have the correspondences

(f*)

wy.o ] :_ﬂ—dg’ wi Vg1t = —(f*),
w%ﬂ‘g = <gz> w-;V ‘;.}2{‘; = <gz> (520)
. ‘ i + (_Zg ) oV ge « 9

where
wy = k(@ — ag), wy = ks(a + agy),
Vg1 = @ — ag, Vgs = 0+ ay
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give the wave frequencies w; and wy and group velocities V; and V3 of the sound
waves in the fixed frame.

Equation (5.19) averaged over a suitable short time scale yields the canonical
wave-energy equation or wave-action equation

0 0
g + —(Vgrwr 71 + Vygws.of/3)

(w11 + ws.ef3) 97

1 da
@ ﬁ)]/z dt [<(Zzg> - <a’2f>]
<di g 8p0> Vigswso/3 — (fg)
RE gDy Ox Vs
~2
_ (% + ag apc) q]wl&/l <fg> (522)
R YgPg Oz Vo

In (5.22) it is implicitly assumed that the periods of the sound waves and the
contact discontinuity are commensurate: w; : ws : wy = p : ¢ : r, where p, ¢ and
r are integers so that a meaningful short-time average may be made. Note the
presence of the wave correlations (as f), (azg) and (fg) in (5.22). If the three waves
are uncorrelated, (5.22) simplifies to

0 0
/ (w] oA +wg&/;) (Vg]W]ﬂl + Vggwgﬁfg)

0 or
_92 _ 9 _2 _ 9
- (C‘_c % pC) wydls — (af + %9 pC) wity.  (5.23)
K YgPg oz K YgPg Oz

The more complex form of the canonical wave-energy equation (5.22) applies if
(asf) # 0, (azg) # 0 and (fg) # 0. It is worth noting that in the plasma physics
literature (Dewar 1970) w;./; and w3.«3 correspond to the canonical energy densi-
ties of the backward and forward sound waves, in distinction to the physical energy
densities w]./| and w}.oZ3. In the absence of entropy disturbances, and cosmic-ray
source terms in (5.21), and for supersonic flows, one can think of /5 and .7, as rep-
resenting particle and antiparticle quantum number densities. This interpretation
is similar to that of Heinemann and Olbert (1980) in their model of bidirectional
Alfvén waves. However, the interpretation is more complicated for subsonic flows,
where .o/) < 0 and .73 > 0 but w;.¢/; and ws.o/3 are both positive.

a.1.1. Unidirectional waves and the wave-action equation. For steady background
flows, Hamilton’s equations for the rays imply that

dw;  Ow; ow;

—L =+ V, ==

dtj ot or
(Appendix B), and the frequency w; is constant along the ray. Using the result
(5.24). and assuming that the wave-entropy disturbance as = 0, and that only one
of the sound waves is present, (5.22) reduces to the wave-action equation

oo; 0 B az  Vy; 0p. .
o *aa V) = < py 0n ) o

(5.24)

where j = 1 or 3, and V,; = W' /k; = Fa, is the phase speed of the wave mode of
interest as measured in the fluid frame. Equation (5.25) is the wave action equation
for the squeezing instability, obtained by Drury and Falle (1986) and Zank and
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McKenzie (1987) for unidirectional sound waves upstream of a cosmic-ray-modified
shock. Equations (5.25) show that the backward sound wave in the supersonic flow
upstream of a cosmic-ray-modified shock is damped, whereas a forward-propagating
sound wave is driven unstable by the large-scale cosmic-ray pressure gradient if the
pressure gradient is sufficiently large and positive to counteract the diffusive damp-
ing term proportional to a2/&. The wave-action equation (5.25) may also be written
in the form of a wave-energy equation as

OE,; 0 O a2 V. op
2L+ —— (Vg Byj + pw;) = a2 — | = — 2L By 5.26
ot 833( g7 Bwj + Upug) =0 oz (R YgPg Ox 7 (5.26)
where
Euwj =wjdj,  Puj = 5079+ 1)Euw; (5.27)

define the wave energy density and the xz component of the wave pressure tensor
respectively (see e.g. Dewar 1970; Webb and McKenzie 1984; Webb 1989).

For the case where only one sound wave is present, we can consistently choose
b; = b;(0;) in equation (3.51), and use the wave evolution equation for the sound
wave before averaging, and without invoking the sublinearity constraint on b;.
Hence the density perturbation of the sound wave a; in this case satisfies the evo-
lution equation

daj , (g + DVy;  Oa;
dt, 25 T o€
where j =1 or j = 3, and
1[d a on V) op. a?
Ajj =552 +(’Yg+1)**i_jﬂ+fc ,
2 | dt; p 0x 4Py Or R

As shown in Webb et al. (1995), the modified Burgers equation (5.28) may be written
in the form

—Ajjaj, (528)

0A; 0 9 [ (4 + 1)A,v; a: V) op.
+ A + — 9 e = _( Zc _ P A 5.
ot ax(VW i) o0& < 3 E by Ox 7 (5.30)
where
= 2
pU;
A =L (5.31)
J w/j

is the non-averaged form of the wave action (i.e. &/; = (4;)). The results (5.28) and
(5.30) also hold for a time-varying background flow. A modified Burgers equation
similar to (5.28) governing the short-wavelength sound wave was obtained by Zank
(1988b) for the case of wave perturbations about a uniform background state. He
showed how the solutions of (5.28) for a uniform background state develop into
shocks in a finite time.

9.2. WKB analysis of wave mixing in steady flows

Our main concern in this section is to demonstrate the phenomenon of wave mixing
described by (5.15)—(5.18) for the case of steady background flows. We consider two
simplified problems:

(a) the interaction between the backward and forward sound waves of frequency
w in the absence of the contact discontinuity eigenmode;
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(b) the generation of sound waves by wave mixing arising from contact discon-
tinuities initially present in the flow.

In both cases the waves generated by wave mixing have amplitudes O(1/w) that
of the original wave, and have characteristic phase shifts relative to the original
wave.

The equations for the contact discontinuity (az2), backward sound wave (f) and
forward sound wave (g) from (5.15)—(5.18) for a steady background flow may be
written in the form

8(12 0
— + —(11a- = : 2
5 o (as) = 0, (5.32)
%: + A % = Ai(vn f + vizaz +v139), (5.33)
15) 15)
5? + A;;£ = )\3(1/31f + V32a2 + V33.g)a (534)
where
1 a> a, Op
L <Cic + a% pc) ) (5.35a)
2@ —ag) \ kR YgPg Ox
1 di
9 =g = ———— U — 535b
T DER (5.350)
=92 —
_ ac Qg Ope .
y = ———— [ ¢ _ —_— 5.35¢
v 2(a+ag) \ R YgPg (933) (5.35¢)
vy = % + v3s, Vs = oo + v, (5.35d.e)
1 a 3—
b =—5n (‘,‘09) = T“ngﬁ, (5.35)

and A\; =% — ag, A2 = @ and A3 = @ + a4 denote the speeds of the backward sound
wave, the contact discontinuity and the forward sound wave.
Introducing the Fourier transform

P(z,w) = ﬁ /00 exp (iwt) P(z,t) dt, (5.36)

— 00

(where P(z,t) denotes an arbitrary function of x and ¢ with a well-defined Fourier
transform) (5.32)—(5.34) in Fourier space reduce to

ad (4T N, =0 (5.37)
dz dx 2 ’ o
af iw 5

- = + = V12a2 + 1130 5.
o (>\1 l/n) [ = vi2d2 + 1139, (5.38)
dg w 7
—dg — ( + 1/33) g = vs1f + vseas. (5.39)
xz A3

Equation (5.37) for the contact discontinuity may be integrated to yield the explicit
solution
dx’

Gz, w) = ag(,(w)ﬂ exp (iwg2), 0% :/ —.

@) ) (5.40)
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Thus the differential equation system (5.37)—(5.39) reduces to the differential equa-
tions (5.38) and (5.39) for the two sound waves, in which the entropy-wave solution
appears as a source term.

To further analyse (5.38) and (5.39), it is useful to introduce auxiliary functions
F(z,w) and G(x,w) for the backward and forward sound waves:

Flo,w) = [ exp(—iwpr — ), Cla,w) = gexp (—iwds — 1), (5.41)
where
x dwl x x
(bj = / T, Y1 = / v dil?/, Y3 = / V33 dSL‘/. (542)
Ty J Ty Ty
For the further development it is also useful to introduce the notation
* / 1 1 = AS
p=¢s—r= [ d' (————), TY=Wm-—"N (5.43)
z0 utag U—ag

The quantities v, and 75 in (5.42) correspond to spatial growth rates for the back-
ward and forward sound waves due to diffusive damping of the waves by the cos-
mic rays, and to a squeezing instability associated with the large-scale cosmic-ray
pressure gradient (see e.g. Drury and Falle 1986; Zank and McKenzie 1987). The
quantities ¢; measure the time taken for the jth wave to travel from a fiducial
point xy to position = in the flow.

In terms of F' and G, the backward and forward sound-wave equations (5.38)
and (5.39) reduce to

dF . = , _ -

e = 13 exp (iwe + ) G + vi2 exp (—iwd, — Y1) s, (5.44)
dG . - . _ - =
i = vy exp (—iwd — ¥) F + vz exp (—iweps — 73) Gz. (5.45)

Equations (5.44) and (5.45) may be combined to yield second-order differential
equations for ' and G

&F dF _
a2 (lwoy + M]:%)E —vizvn I = Sp, (5.46)
&G dG .- _
A2 + (lwey — Mﬂ)% —viva G = Sg, (5.47)
where
7] d N
Mz = o—(In v3 +7), M = ——(In vy — 7). (5.48)
ox ox

The source terms Sr and Sg in (5.46) and (5.47) associated with the entropy wave
are given by

_ d .
Sp = %[VIQQQ exp (—iwdr — m)]
) d )
V1202 eXp (—iwd) — 1) (1/13 I In [v13 exp (twe + ) l) ) (5.49)
_ d

Sag = [Vi282 exp (—iwoz — 73)]

dx

. d : .
TU12G2 exp (—iwds — 3) (Vsl - %[Viﬂ exp (—iwg — 7)]) - (5.50)
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Equations (5.46) and (5.47) form the basis of our WKB analysis of wave mixing.
It should be noted that the solutions for F'(z,w) and G(x,w) are not independent,
but must also satisfy the coupled first-order (5.44) and (5.45).

5.2.1. WKB analysis of wave mixing in the absence of entropy waves. In this subsec-
tion we use standard WKDB analysis (see e.g. Bender and Orszag 1978, Chap. 10)
to consider the coupling between the backward and forward sound-wave solutions
in the absence of entropy waves (G2 = 0). In this case (5.46) and (5.47) have zero
source terms (i.e. Sp = 0 and Sg = 0). In the WKB analysis the frequency w is
taken as a large parameter, so that

e=1/w (5.51)

plays the role of a perturbation parameter.
To obtain WKB solutions of the homogeneous equation (5.46) for F', we use the
WXKB solution ansatz

_ 1 &

F(z,w) =exp ( g e"Sn> (5.52)

€
n=0

for F(x,w). Equating powers of € = 1/w in (5.46) (with Sg = 0) yields the balance
equations

0 (6_1) : S()(S(/) —i¢g) =0, (5.53a)
O(): Sy +28,8) — (i¢aS) + My3)S, = 0, (5.530)
Ole) : S\ + (S))? + 25,8, — (ideSy + Mi3S,) — vizvs = 0, (5.53¢)

O(): Sy +28,8, — (i¢:S; + Mi3S,) = 0, (5.53d)

where S;- = dS;/dz. Higher-order balance equations can clearly be obtained.
Equation (5.53 a) admits two possible solutions for Sy, namely Sy = const and
So = i¢. Thus there are two possible solutions for the S;(z) depending on whether
Sp = const or Sy = i¢ is chosen as the solution for Sy (without loss of generality, we
choose Sy = 0 for the constant solution in the following analysis).
The net result from solving the balance equations (5.53) for the S;(x) is that the
homogeneous equation (5.46) possesses approximate WKB solutions of the form

F(z,w) = Fy(7,w) + 2 Fy(7,w), (5.54)

where

- i [T visvs) 1 [%  wvisvy (M ¢aa .
Fi(z,w) = ex [ dx-i——o/ dx < - — )-i-...], 5.55a)

l ) P w ¢z w= ¢m (bm (bé (

- Vi3 . i (Mg P T vigv

h(T,w) = —ex [zw¢+fy+ — ( e dm) +] , 5.55b

mw) =5, e o\ & b2 (5.555)

and ¢; and ¢ can be arbitrary functions of w. Similarly the homogeneous equation
(5.47) for the backward sound wave possesses approximate WKB solutions of the
form

G(z,w) = d, G, (r,w) + dg@g(x,w), (5.56)
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where d; and ds are arbitrary functions of w, and the solutions G (z, w) and G (z, w)
are given by

Grlow) =exp -2 [ P80 gp o L [t (B O sama

GQ(I,Q_}) = % exp {zwgb -y = 5 (]\gm — q;z; — 71/1;1/31 dz) +.. ] . (5.57b)

Before proceeding with further analysis, it is useful to note some limitations
of the WKB analysis. The usual criteria for WKB analysis to apply (in the case
where Sy # 0) are that the successive terms in the WKB expansion (5.52) should
be ordered according to

|w5’0| > |Sl| > |Sz/w| > |S3/w2| > ... . (5.58)
The lowest-order criterion |wSy| > |S;| for the solution Fy(x,w) reduces to

¢(EIE
o

where L is a characteristic scale of the background flow. Using the definition (5.43)
@, the criterion (5.59) for the WKB analysis to apply may be expressed as

woe| > | My — =L, (5.59)

L L
wl=_=

A3 A

2a,L

aZ

> 1. (5.60)

_ a2
g

The criterion (5.60) is essentially the same as that derived by Heinemann and Olbert
(1980) in their description of non-WKB toroidal Alfvén waves in the solar wind,
namely that the wave period T, = 27/w should be much less than the difference
between the characteristic propagation time scales L/Ay and L/A; for the forward
and backward waves. More complex criteria result from the higher-order conditions
(5.58). Our analysis assumes that the solutions for ' and G' do not involve turning
points, in which case it would be necessary to match exponential-type solutions to
oscillatory solutions through the turning-point region with Airy function approxi-
mations.

For the wave-mixing problem described by the solutions (5.54) and (5.56), the
parameters ¢;, ¢; and d; and dy are not independent, since the solutions for F'(Z,w)
and G(Z,w) must satisfy the coupled first-order differential equations (5.44) and
(5.45). This requires that

idl iCl

C2 = ) dy = — (5.61)
w w

in the solutions (5.54) and (5.56) for F' and G, so that
_ o dy . Lo )
Flx,w) =y —i—F, G(z,w) = d1G) +i—Gy (5.62)
w w
give the appropriate solutions for F and G.

Using the relations (5.41) and (5.13) relating F. G, f. g and 7, and 0y leads to
solutions for the sound velocity perturbations v; and vy in (z,t) space in the form
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(ag/p)? . U T2y
v = ~————qcrexp | —iw(t —¢1)+ 7+ — dx
—ag Wz P
xr
+l.) d V13V31 (M%l _ ¢aiw> + }
w= o ¢m ¢9€ ¢5€
dy -
71‘71@ exp [ —w(t — @3) + 3 +
w O

i Mz Gpa T Vg ) } } -
— - - de ) +...| tecp, (5.63a
- ( b B o 0a (5.634)

(%/P_)]/2 . { * Vi3s3
o = ~ 97 S _ _ . — 2873t
U3 a+a, dy exp w(t — ¢3) + 73 s .

1 Tovigvn My ga
4+ 2 2 — + ...

dx

+i L5 exp { —iw(t — ¢1) + ™
W Qg
i ( My Pug T vz > ] }

—— -——— de | +...|+cecp. (5.63b)
w < br P2 S e

In (5.63) ¢ and d, are taken as constants corresponding to solutions with one
Fourier component, and the notation ‘+c.c.” means ‘add the complex conjugate’.
The solutions (5.63) describe the large-space-scale and large-time-scale dependence
of v; and w3 only. The results (5.63) show the basic character of wave mixing for
the sound-wave solutions. If, for example, d; = 0 in (5.63) then the solution for v,
may be regarded as the primary solution, and the solution for vs represents the
reflected wave. Note that the reflected wave for v3 in this case has its amplitude
reduced by a factor of 1/w times that of the primary wave, and has a %w phase
shift to lowest order relative to the primary wave. Note also that the reflected wave
is proportional to the wave coupling coefficient v3;. The other main point to note
about the solutions (5.63) is the presence of the spatial growth terms

xT 1 x =2 = = /
71:/ Vndx’Z—f/ (CL_‘:+ ] 8pf) v (5.64)
2 B gDy Ox' ) @ — Gy
’ 1 [ (aZ a, Op.\ da’
Vs :/ vyyda’ = —*/ (a_c_ % p/) - (5.65)
2 B 7YgDg 0x' ) G+ ay

associated with the cosmic rays. In the smooth decelerating, supersonic flow up-

stream of a cosmic-ray-modified shock where 9p./0x > 0, the primary backward

sound wave is damped (y; < 0), whereas the primary forward sound wave is driven
unstable if

ag Opc

Ygbg Ox

The results (5.63)—(5.66) show the role of the cosmic-ray squeezing instability (see

e.g. Drury and Falle 1986; Zank and McKenzie 1987) in situations where wave

mixing occurs. The linear wave solutions (5.63) become problematic near the gas

By ‘OQIL)

(5.66)

sonic point (@ = d;), where at least one of the linear wave solutions diverges.

5.2.2. WKB analysis of the role of entropy waves. In the case where entropy waves
are present in the flow, the second order differential equations (5.46) and (5.47) for
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F(z,w) and G(z,w) have non-zero source terms. We restrict our attention to the
case of supersonic flows. In this case waves generated at a point xy at time ¢, are
forced to travel downstream of x. A particular solution of (5.46) for F' in this case,
using the method of variation of parameters, is of the form (Morse and Feshbach
1953)

_ _ )/I Sr(x) Fy(r',w)

T O I\ T /
F(z,w) = —Fi(z,w B Sr@)k@w)
1,472

W(F, Fy) ’

(5.67)
where F(z,w) and Fy(z,w) are independent solutions of the homogeneous equation
(5.46), and

dx’ + Fg(x,w)/

0 Zo

W(Fy, Fy) = F\Fy — [y FY, (5.68)
is their Wronskian. The general solution of (5.46) for F'(x,w) consists of the particu-
lar solution (5.67) plus the complementary solution, which consists of an arbitrary
linear combination of F (z,w) and Fy(z,w). Since the contact discontinuity is frozen
into the background flow, the entropy-wave solution (5.40) in Fourier space, or its
equivalent

0x(t,t) =~ gt — po(z)],  dulz) = / A (5.60)

0
in (z,t) space, represents an entropy disturbance downstream of the point z = z.
Hence the solution (5.67) corresponds to a backward sound wave that has been
generated from the entropy wave by wave mixing. Similarly, the solution
- - /” Sc (@, w)Ga(a',w) ? S, w)Gh (2, w)
x

G = —G — d I+G¢ = = d !
(x,0) = =Gy (x,w) WGy TR / WGy
(5.70)

is the solution for the forward sound wave generated by the entropy wave. In (5.70)
G1(z,w) and G (x,w) are independent solutions of the homogeneous equation (5.47)
for G(z,w).

Using the approximate WKB solutions (5.55) for £} and F» and the approximate
solutions (5.57) for G| and G5 leads to the formulae

W
W(@

0

A, Fy) = iwwng exp (iwd + ) [1+ O(1 /)], (5.71a)
1, Ga) = —iwwgy exp (—iwd — ) [1 + O(1/w?)], (5.71b)
for the Wronskians W (Fy, F3) and W (G, Gs) in (5.67) and (5.70). Note that if F
and F, were exact solutions of (5.46), and similarly G, and G, were exact solutions
of (5.47) then the Wronskians in (5.71) would be exact.

Substituting the Wronskians (5.71) into (5.67) and (5.70) shows that the solutions
for F' and G' may be written in the form

Fz,w) = %[F’l(x,w)Vl(x,w) — By(z, w)Va(z,w)], (5.72a)
Cle,0) = =[G, 0)Ur @, 0) — Gl w)Ua(a, )], (5.720)

where the functions U;, Us, V) and Vs are given by

r ) 1 V@20 U _
Vi(z,w) = /m” exp {—zw((b] — ) —m + 0 (w)] I;:O a(;/)ql(x',w) dz’, (5.73a)
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x r ] 7 e =
Vaww) = [ exp |~iwtén — da) =3+ O (w) @) de' (573
- - | N . ~
Ui(z,w) = / exp | —iw(dy — ¢2) — 75 + O (w) ”‘f" ag,)fh(w’,m dz', (5.73¢)
T r 1 T oA —
Us(z,w) = / exp |—iw(p1 — ¢2) — 1 + O (w) VI:ZQO ag/)qg(az’,w)dm’, (5.73d)
where
(x,w) = g In M exp [iw(ps — ¢P3)] (5.74a)
Q1 (T, aIL’ V]f;(ag/ﬁ)l/Q I 2 3 ) J.
0 V128200 /T .
5 =—In|————— 9 — . 5.74b
) oz " (Vsl(‘_lg/ﬁ)l/2 oxp [iwige — 91)] (5-740)

Using (5.72)—(5.74) the solutions for the velocity perturbations for the backward
and forward sound waves, assuming only one Fourier component is present, have

the form

Lo 1/2
v = L((;/_p)a) {exp {—iw(t —p)+tm+0 (:})] Vi(z,w)

g
LI {iw(t —¢3) +y+0 <:}>} Va(z,w) + C~C-} , (5.75)

[y - /‘
vy = Wa/P)T { exp [iw(t — g+t O (1” Uy (,w)

w(@+ag) w

+ 20 exp {—iw(t )+ +O <:}>} Us(z, w) + C.c.} . (5.76)
x
The main point to note about the solutions (5.75) and (5.76) for the sound-wave
perturbations is that their amplitude is O(1/w) that of the primary entropy wave.
The solutions (5.75) only apply downstream of = (i.e. x > x), since the background
flow is assumed to be supersonic and the entropy-wave source terms are non-zero
only for x > .
Inspection of the solution (5.75), for example, reveals that the solution term

exp |—iwt—¢1)+m+0 <1>} Vi(z,w) (5.77)

w
depends on the phase factor

exp (—iwlt — [91(x) — o1(&)] — ole)} + mla) —m(@)) .,  (5.78)

where 2’ denotes the source-point location in the integral for V| (z,w) in (5.73). This
accords with the physical intuition that the phase of the sound wave generated by
the entropy wave source at position z’ should depend on the phase w@s(z’) of the
entropy wave, and on the travel time ¢;(x) — ¢1(x’) of the sound wave between
the source and observation points. The spatial growth-rate factor v, (x) — v (2') in
(5.78) represents the growth or damping of the sound waves between the source
(z') and observation (z) points due to cosmic-ray diffusive damping and squeezing
instability effects. The factors +i/w in the solutions (5.75) and (5.76) for v; and vy
correspond to phase shifts of i%ﬂ' of the sound waves relative to the entropy-wave
source due to wave reflection.
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6. Variational principles for linear wave mixing

In this section we show that the linear wave mixing equations (5.15)—(5.18) for
the sound waves and contact discontinuity for steady background flows may be
written in terms of both Lagrangian and Hamiltonian variational principles. One
of the more interesting results to emerge from the variational formulation in (z,t)
space is that the wave coupling equations may be written in the Hamiltonian form
Oop oKX Oq oKX 6.1
Ox oq’ ox  bp’ (6.1)
where q(x,t) and p(z,t) are suitable canonical variables and J(p, q) is the varia-
tional functional. The analysis is restricted to steady background flows. This has the
advantage that one can develop variational principles first in (z,w) Fourier space,
and subsequently Fourier invert back to (x,?) space (in the present section, in a
convenient abuse of notation, x and ¢ refer to the large space and time variables).
In Sec. 6.1 we Fourier-invert the equations for F(z,w) and G(x,w) derived in
Sec. 5.2 to establish wave equations for F(x,t) and G(x,t) in (x,t) space. In Sec. 6.2
Lagrangian and Hamiltonian variational principles for the Fourier-space equations
are derived. In Sec. 6.3 variational principles for the equations in (z,t) space are
derived by Fourier inversion. It is worth noting that the Hamiltonian formulation

can be carried out in terms of many different canonical variables other than those
used in the present analysis.

6.1. Equations for F(x,t) and G(z,1)
Using the inverse Fourier transform
1

F(x,t) = W / exp (—iwt) F(z,w) dw, (6.2)

— 00

in (5.41) yields the formula

F(z,t) = exp (=) f(z,t + ¢1), (6.3)
relating F'(z,t) to the function f(x,?), (5.13) describing the backward sound wave.

Similarly, in (5.41) the inverse Fourier transform of G(z,w) is

G(z,t) = exp (=y3) g(z, T + ¢3) (6.4)
for the forward sound wave.
The inverse Fourier transforms of (5.44) and (5.45) yield the first-order partial
differential equation system

% = vigexp (7) Gz, — B) + vz exp (—m) az(z, £ + d1), (6.5)
% = U1 exp (—7) F(x, £ + @) + v exp (—73) as(z, £ + b3), (6.6)

governing the coupling of the backward and forward sound waves. The inverse
Fourier transforms of (5.46) and (5.47) result in the wave equations

O*F O*F F .
92 + (bw% - %(hl vy + ’Y)% —visvy F(x,t) = Sp, (6.7)
0*G 0*G 0 oq

92 i %(ln V31 — 7)67 —visva1G(x,t) = Sa, (6.8)
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for F'(z,t) and G(x,t), where the source terms
0
Sk = Vizexp (—71){Dw[a2($7t T o] * dagiaa(z,tF )

0 ;
+a2(x7 t+ ¢1)% In (1/1‘3(6:11/2[))1/2> } s (69)

0
Sa = vizexp (—73){Dz|02(90a L+ ¢3)] — ¢x§a2(% L+ ¢3)

0
+ay(z,t+ ¢3)% {ln (1/31(6:/;/2,6)'/2> + ’Y} } (6.10)

represent the effects of coupling of the sound waves to the entropy wave. In (6.9)
and (6.10) D, denotes the total derivative operator with respect to x.
Inversion of the solution (5.40) for a»(x,w) yields the explicit solution

u(x) a(x’)

for the entropy wave, where the function asy(z) determines the initial entropy-wave
distribution.

Equations (6.7) and (6.8) are hyperbolic equations for F' and G provided that ¢,
is not zero or infinite (note that |¢,| — oo near the gas sonic point). The charac-
teristics € = £(z, t) for (6.7) satisfy the first-order partial differential equation

gfc + 9228 = 0, (6.12)

as(z,1) = —2_asolt — ()], ¢2:/ dr (6.11)

0

with solutions

G =t &=t—2¢. (6.13)
The characteristic £ =t corrresponds to the backward sound-wave characteristic,
whereas & =t — ¢ corresponds to the forward sound-wave characteristic. Since one
of the characteristics is & = ¢, the initial-value problem for (6.7) (and also (6.8)) is
ill posed.

6.2. Variational formulations in Fourier space
In this section we consider both Lagrangian and Hamiltonian variational principles
for the wave-mixing equations (5.44) and (5.45) in (z,w) space, namely

dF(z,w ‘ ) ‘

% = vz exp (iwg + v) G(z,w) + vigexp (—itwor — 1) ae(z, w), (6.14)
dG _

% = vy exp (—iwe — ) F(z,w) + vy exp (—iwds — 3) Ga(2, w),  (6.15)

where the entropy wave solution as(z,w) is given by (5.40). Variational formulations
of the decoupled second-order differential equations (5.46) and (5.47) for F' and G
can also be developed, but the latter equations do not show how the waves are
coupled.
Equations (6.14) and (6.15) may be obtained by extremizing the variational func-
tional
y
,,(21 :/ leiﬁ, (616)
T

a
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where
L, = GF, +%V3] exp (—tweo — ) F?— %1/13 exp (iweo + ) G?
g exXp (—iwds — ¥3) Ao ' — vz exp (—iwd — 1) a:G,  (6.17)

is the Lagrangian density. The variational equations 6.%,/6G = 0 and 6%, /6F = 0
yield (6.14) and (6.15) respectively.
Equations (6.14) and (6.15) can also be written in the Hamiltonian form

dpl _ 81_{1 d(j] 6H1

i %:5‘7131’ (6.18)
where
q = F(z,w), 7 = Gz, w), (6.19)
are the canonical variables and
H, = %Vl.‘; exp (iw¢ + ) p — %Vrzl exp (—iwo — ) §;
+as[vi2 exp (—iwgr — 1) P1 — vz exp (—iwds — ¥3) @1 (6.20)

is the Hamiltonian.
The above formulation is not unique. Thus, for example, the transformations

O = F(x,w)[,l/z, I= C_J(x,w)I;/z,
7 = &XP (—iwep — ) _exp (wo + ) (6.21)
l Vi3 ’ } 3| 7

~

applied to the second-order differential equations (5.46) and (5.47) for F(x,w) and

G(z,w) yield the second-order differential equations:

D, + qo® = Spl}’”, (6.22)
Fuw + arl = 5102 (6.23)
for @ and T, where
1 (din[;\*  1dIn],
= —|visva T~ + = 6.24
q0 |:V15V31 1 ( dr ) 5 dzz |’ ( )
1 /din\> 1d&Inl
= —|Visvs1 t =] +3 . 6.25
qr [VlsVsl 1 ( dz > 2 dr2 } (6.25)
Equations (6.14) and (6.15), when written in terms of ® and I, lead to the equations
dd 1dInl, . = .
= S 4 (i) 2T+ visas exp (—iwén — )1, (6.26)
dr 2 dx
dl_ ldInl,_ 5= g
% = 5 ;Jj 2 I+ (I/[gl/g[ )I/Z(I) + V32G2 €XP (72&)@25‘; — ")/3)[;/2, (627)

governing the coupling of the backward and forward sound waves to the entropy
wave.
Equations (6.26) and (6.27) may also be obtained by extremizing the variational
functional
y
x

a
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where
avay )1/2 __
(1/131151) dln I] I'd
2 dx
1/2~ 1/2 o _ T 1/2 o B = oo
+(1/13V31) a [1/32[2 eXp ( 2w¢3 ’73) (I) I/]QI] exp ( Z(,U(b] 7 ) F] (629)

Ly = (nigvs)/°Td, + g (@* - T7) —

is the Lagrangian density. The variational equations §.% /6T = 0 and §.%,/6® = 0
yield (6.26) and (6.27) respectively. The Lagrangian density La, when written in
terms of F and G, reduces to the expression (6.17) for L;. Using the Lagrangian
density Ly, it is also possible to write (6.26) and (6.27) in Hamiltonian form in
which g = ® and p» = I are the canonical variables.

6.3. Variational principles in (x,t) space

Consider the variational functional
Ty oo
L= / da;/ dw exp (—iwT) Ly, (6.30)

where 7 is a constant and L is the Lagrangian density (6.17). Using the convolution
theorem for Fourier transforms, the functional (6.30) reduces to

Ox
—Ingexp (7) Gz, 7 — ¢ — t)G(x, )
32 exp (—3) az(z, T + @3 — 1) F(x, 1)

L = / dm/ dt (G(w,t)aF(x’T_t) + %Vg] exp (—y) F(z, 7+ ¢ —t)F(x,1)

—Vi2 €Xp (—’}/])(Lg(l',T‘i‘QS] —t)G(iCﬂf)) (631)

for the Lagrangian variational functional in (z,t) space. From (6.31),

5 0G (. 1/
o = g exp () Flar, 6+ v exp () asta, by 1)~ 2L (6
(:177t) 850

0% OF (x,t/
6G(:r,lt) = g;’ )—[Vm exp (7) G(z,t' —¢)+rizexp (—m) az (z, d1 +t)],  (6.33)
where ¢ = 7 — t. Hence the equations 6.%,/6G = 0 and 6.%,/6F = 0 lead to
the first-order partial differential equations (6.5) and (6.6) for F(z,t) and G(z,t)
respectively.
Now consider the functional

%1 :/ dw Hl, (634—)

where Hj is the Hamiltonian (6.20) in (z,w) space. Using the convolution theorem
for Fourier transforms, the functional (6.34) can be expressed in the form

= [ de s exp () Gla, =6 0G(a,0) — iy exp (—2) Flo.6 = OF(z.1)

vz exp (—m) az(x, o1 — t)G(z, 1)
—Vs2 eXp (—73) az2(x, ¢3 — 1) F'(x,1) ]. (6.35)

Straightforward computation of the variational derivatives 6#,/6F (x,t) and
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6#1/6G(x,t) yields the formulae
OH

SF (2, 1) = —[vgrexp (—7) F(x, ¢ — t) + vga exp (—y3)az (z, ¢3 — t)], (6.36)
62(%;,125) = vzexp (7) Gz, —¢ — t) + vizexp (=) az(z, ¢y — t). (6.37)

Using the results (6.36) and (6.37), it follows that the first-order partial differential
equations (6.5) and (6.6) for F'(z,t) and G(z,t) may be cast in the Hamiltonian

form
8]? _ 6%1 8(] _ (5%1 i
8717 - 6(] ) % - 5p ) (638)
where
q=F(z,t), p=G(z,—t) (6.39)

are the canonical variables. Alternatively, one can use ¢ = F(z, —t) and p = G(x, t)
as the canonical variables.
Using the standard Poisson bracket {U, V'} for functionals U(p, q) and V(p, q),

< OU SV SU SV
= ———— 4
= [ (G ) (040
Hamilton’s equations (6.38) may be written in the form
op dq
= = = = {q, ). 41
(9:10 {p7%1}a 8(17 {qafﬂl} (6 )

This latter formulation is useful in the consideration of canonical transformations,
since the Poisson bracket is invariant under canonical transformations.
In terms of the non-canonical variables f and g the Poisson bracket (6.40) reduces

to
o oU oV
@k =ewonen [ o (e
oU 1%
— . 6.42
og(z, 3 —1) 6f(x, —t)> (642
Use of the Poisson bracket (6.42) leads to the results
0 _ ) _ 0H\ .
Gl () F 0] = foxp (=) flo ), 1} = g P (643a)
9 ) N1 — N N - oA T
9P (2951 9 )] = foxp (=3) gar £, A1} = =g (6430
where
t'=¢) + o3 —t. (6.44)
Equations (6.43) and (6.44) show that
@ =exp(—m) f(x,1),  p2=exp (=) g(x, 1+ 5 — 1) (6.45)

may also be used as canonical variables in Hamilton’s equations (6.38).
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7. Long-wavelength wave-wave interactions

In this section we consider small-amplitude, weakly nonlinear waves for the two-
fluid model for cases where the wavelength of the wave A is much greater than
the characteristic diffusive length scale £/Vp. where « is the diffusion coefficient
and Vj, is a characteristic wave speed. We investigate the interaction between the
four long-wavelength modes, namely the backward and forward sound waves, the
contact discontinuity, and the pressure-balance mode. The pressure balance mode
and contact discontinuity are both advected with the flow. The resonant wave—wave
interactions in the long-wavelength limit differ from short-wavelength waves owing
to the fact that the two fluids are more effectively coupled on the long scale length,
and owing to the role of the pressure-balance mode at long wavelengths.

We consider long-wavelength waves about a uniform background state ¥ =
(", u’, py, p) of the form:

Y =v" 4 el 29 4 (7.1)

where the wave perturbations {‘I’(i) (z,T,7) : i = 1} depend on the normalized space
and time variables & and T of (3.12), namely & = x/L; and ¥ = ¢/T}. The length
scale L) is chosen to be of the order of the wavelength of the wave, which is much
larger than the diffusive scale length x/V,o. Hence the appropriate scaling for the
normalized diffusion coefficient is
R = ﬁ = K€, (7.2)
where K is a constant of order unity. We are interested in the evolution of the wave
on the long time scale
T =€t. (7.3)
When only one sound wave is present, the canonical wave equation obtained is the
dissipative Burgers equation (see e.g. Webb and McKenzie 1984; Zank ef al. 1988).
On the other hand, if only the pressure-balance mode and contact discontinuity are
present, one obtains at lowest-order coupled linear equations for the density and
thermal gas pressure in which the gas pressure perturbation is diffusively smoothed
by the cosmic rays (Webb ef al. 1995). The presence of the pressure-balance mode
ensures that the sum of the gas pressure and cosmic-ray pressure perturbations
is zero across the structure, whereas the change of the gas pressure across the
structure deviates from that expected from adiabatic gasdynamics owing to the
presence of the entropy wave modes.
Substitution of the expansion (7.1) into (3.15) yields the set of perturbation equa-

tions
9. .9 M) | 2@
87+ea+[A“+(e‘l‘ +eeWPW +..)) - VyA
+1 PV + WP + (P + PP 4L Ve VAl %
.7
+¢eB, 8;@2] P+ eV + ) =0, (7.4)
where

Boij = €Boij = —Ko€bisbj4 (7.5)

is the cosmic-ray diffusion matrix.
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Balance of terms at O(e) in (7.4) yields the matrix equation

oyt o) AR
Similarly, balance of terms at O(e?) yields the equations
o o
5 +A - o +F =0, (7.7)
where
oy oy Poea (U
F= +¥" . VyA- +B : 7.8
or Y e Y T aar (78)

Following a development similar to the short-wavelength perturbation analysis
of Sec. 3, we search for solutions for ¥ and ¥? of the form

4
¥ =Y a0, 7R, (7.9)
s=1
4
= "b(0s. 7, 7)Rs, (7.10)
s=1
where as and b; determine the wave amplitudes, and
0, = kaT —wil, Ay = % (7.11)

are the phase and wave phase speed of the sth mode. Substitution of the solution
ansatz (7.9) into (7.6) yields the matrix eigenequation:

(Ap — Agl) - Rg =0, (7.12)
where the eigenvalues satisfy the eigenvalue equation
det (Ag — A\l) = (A — @)*[(A — @)* —a2] = 0. (7.13)
The long-wavelength sound speed a, in (7.13) is given by
a2=altal, al= % a2 = :“fﬁc, (7.14)
where we have adopted the normalization aé(, = 1. Without loss of generality, we

can choose @ = u” = 0 for the background state. Since the cosmic rays effectively
couple to the thermal gas on the long scale length, the effective long-wavelength
sound speed @, has both cosmic-ray and thermal gas-pressure contributions in
(7.14) (see Ptuskin 1981). For further analysis we also need suitably normalized
left eigenvectors of the matrix Ag satisfying

Ls - (Ap — Asl) = 0, Ls - Ry = bsx, (7.15)

where g is the Kronecker delta symbol.
The eigenvalue and eigenvector solutions of (7.12)—(7.15) correspond to the back-
ward sound wave, with

v YoPy Vebe\' 1 o1 1
)\l :a_a*7 I{‘l = (1 - ng_pga ’ycj_pc> ) Ll == (07__p7_.)7 _2> 9
plp P @y Yga2 Va2
(7.16)
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the contact discontinuity, with

1 1
A2 = @, R, = (1,0,0,0)", L, = <l 0, ———, — _2) , (7.17)
Vg Vgl
the pressure-balance mode, with
_92 (—12
N =a,  Ry=(0,0,1,—1)t, L (o,o, a;,-_ﬁ) : (7.18)
az’ a?

and the forward sound wave, with

o G YgDg Veb 1 po1 1
)\4:“/-"_04*7 R4: ( ) _*7 ¥ g C_C> ) L4 2 <() 27 o =2
PP p @’ Yga2’ yga2

19)
The above eigenvector solution (7.9) for ¥ is readily verified to satisfy the O(e)
balance equation (7.6).
Taking the scalar product of (7.7) with the left eigenvectors {L; : j = 1,...,4}
leads to a system of four wave evolution equations
3bj (Gj, f, T)
ot
analogous to (3.47) in the short-wavelength limit. For a uniform perturbation ex-
pansion, we require b;(0;,%,7) to be sublinear in £. Thus we require

b;(0;,t,7)

+L;-F=0, j=1,....4, (7.20)

lim
t—oo

for a uniform expansion. As in the short-wavelength analysis, integration of (7.20)
over the short time scale £, with 6; held fixed, leads to averaged wave evolution
equations of the form

(L -F); =0,  j=1,...,4, (7.22)

where the averaging operator is as defined in (3.50), but with 7 replaced by 7, i.e.
the average of a function f dependent on ;, £ and 7 is defined as

= lim = / flo, df’. (7.23)
i—oo t

7.1. Wave evolution equations

The wave evolution equations (7.20) prior to averaging may be expressed in the

form
0b;(0;,t,7)  Oa;(0;,7) _
: 8]7? + jarj’ +Tj+ Dj =0, (7.24)
where |
4
T = r. g 9w 7.95
J ZZ irqQq O (7.25)
p=1 g=1
is the nonlinear interaction term, and
p=__"™ 62773/’(1,—2,—27_(]@2,1)2 (7.26)
2y4a2 07> g
c %p°(a +ay) — as, (7.27)
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describes the dissipative effect of cosmic-ray diffusion. Note that the cosmic-ray
pressure perturbation pl in (7.27) consists of contributions from the backward and
forward cosmic-ray-modified sound waves (a; and a4) as well as a contribution from
the pressure-balance mode (the —as term). The asymmetric interaction coefficients
I'j,q are given by (3.54) and (3.55), except that the matrix .o/ is replaced by A, and
the eigenvectors {R,} and {L;} now refer to the long-wavelength eigenvectors. The
detailed forms of the nonlinear interaction terms (7.25) are given in Appendix C.
Since the expansion is carried out about a uniform background state, there are no
linear wave-mixing terms in (7.24).

By directly averaging the nonlinear interaction terms in Appendix C, or by us-
ing the formulae (3.54)—(3.55) and (3.68)—(3.69) of Sec. 3, we obtain expressions
for (T}); in the averaged wave evolution equations (7.22). The averaged equations
are equivalent to the equations obtained by averaging (7.24) over £, with 8; held
constant, in which the 0b;(6;,7,7)/0t term averages to zero by the sublinearity
constraint (7.21). The averaged equation for the backward sound wave is

5a1(91,7)+< = 0*(pe)1
or Y1 oy a2 o2

= 0. (7.28)

The nonlinear interaction term (T})| may be expressed in both the non-conservative
and conservative forms

oh  a. Vg =
T =g~ 5 (Refasah + 2=k
(Tih 90, 15 ( 2(agay) o s{agas)
6T] d* 8 Yg — Ve
= ki = 5 okioa : + 2L __(a,a 7.2¢
96, ~ 25" 96, (<a4a2>1 ) (agas)y |, (7.29)
where
o + a2 + (v. + 1)a2] .
Tl :_|('Yg ) Z__(7 ) claf
P
(3_7)&24_(3_,}/0)&2 C_L* e -
+a1< ; ;" {as) + 5-{az) — 79 0y ). (7.30)
Pl p 27, il

The nonlinear interaction terms in (7.29) and (7.30) show that the backward sound
wave (a1) may be produced by resonantly scattering the forward sound wave (a4)
off either the entropy wave (ag) or off the pressure-balance mode (a3). Hence in
the long wavelength limit, as opposed to the short-wavelength limit, resonant wave
reflection can also occur between the pressure-balance mode and a sound wave to
produce the reverse sound wave. The nonlinear terms in T} in (7.29) and (7.30)
represent the interaction of the sound wave with itself (the usual nonlinear Burgers
term o< a? for unidirectional waves), and other terms representing the interaction
of the backward sound wave with the mean wave fields of the other modes. It is
of interest to note that the terms in (T}); involving the pressure-balance mode are
small in the limit of a soft cosmic-ray momentum spectrum, for which v, = v,.
The averaged equation for the entropy mode is

Ko 0% (pl)2
Ty)s + -
T (T2 Va2 072

Gax (0, 7) | =0, (7.31)
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where the wave—wave interaction term is given by

o
(Ty)> = %l@a—agmmao — (a))]. (7.32)

Similarly the pressure-balance-mode equation is

Oas(03,7) kot O(plys .
—5 +(T)3 + dig o =0 (7.33)
where
Ty = k-2l ((aa) — @) (734
3)3 5 3 96, as({ay ar))]. )

Thus both the entropy mode and the pressure-balance mode can be generated by
non-resonant interaction between the modes and the net mean velocity field

Qs

(va) + {01) = ({ar) = {ar), (7.35)

of the sound waves, but cannot be generated by resonant wave—wave interactions.
It is of interest to note that the cosmic-ray diffusive terms in (7.31) and (7.33) for
the entropy-mode and pressure-balance-mode equations are of opposite sign to the
corresponding diffusion term in the sound-wave equation (7.28).

The equation for the forward sound wave is similar to the backward sound-wave
equation, namely

aa4(04?7) +< > . Ko az<pi>4
or e 2yg,a2 O

=0. (7.36)

The non-conservative and conservative forms of the nonlinear interaction term
(Ty)y are given by

oT,  a. Yo — e
(i = k43764 * 4p <k2<a1a.’2)4 + ggdi kz(aray),
or, a. 0 S
=ky— + —ky— )+ 19 Ry 7 37
4864 2 4894 <<a1az>4 o (ar1a3)y |, ( )
where
T, = (79 * 1)@3 T (ve t ])dg 2
4 o a
Pl
(vq — 3)a2 + (v, — 3)a> a. .
+a4< i 27 Clar) = Si{az) + T qqyy ). (7.38)
pa* Zp Q,nga/*

Hence the forward sound wave may be generated by resonant reflection of the
backward sound wave off the entropy wave and pressure-balance mode.

8. Concluding remarks

In this paper we have applied a formalism developed by Majda and Rosales (1984)
and Hunter ef al. (1986) to describe both non-resonant and resonant three-wave
interactions for hyperbolic waves to the equations of two-fluid cosmic-ray hydro-
dynamics in the short- and long-wavelength limits.
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Equations have been obtained that describe the evolution of short-wavelength
waves in a non-uniform large-scale flow (Sec. 3). The wave evolution equations
obtained consist of Burgers equations for the backward and forward sound waves
coupled by linear integral operators that describe resonant reflection of a sound
wave off an entropy-wave disturbance to produce a reverse sound wave. Resonant
wave interactions are more liable to be significant for extended periodic or near-
periodic wave trains than for isolated pulses. More precise conditions for significant
resonant wave interactions to occur are discussed by Majda and Rosales (1984) and
Hunter et al. (1986). On the other hand, the entropy wave in the model may be
generated by non-resonant interaction between the entropy wave and the mean
wave velocity field of the sound waves. The equations also contain terms describing
the reflection and interaction of the sound waves with the large-scale background
flow, which are analogous to the wave mixing terms obtained by Heinemann and
Olbert (1980) in their model of bidirectional Alfvén waves in the solar wind (see
also Zhou and Matthaeus 1990a,b). The study of three-wave resonant interactions
in non-uniform flows is in general complicated by the fact that waves in resonance
in a localized region of (z, t) space will in general pass out of resonance, since the ray
equations for the waves depend on the large space and time variables characteristic
of the flow.

In Sec. 4 the equations describing the resonant interaction of periodic sound
waves and entropy waves in a uniform background medium derived by Majda and
Rosales (1984) have been obtained as a limiting case of the wave evolution equations
for the cosmic-ray model.

In Sec. 5 we have showed how the linearized versions of the equations are re-
lated to a wave-action equation (or canonical wave-energy equation) for both back-
ward and forward sound waves, similar to the wave-action equation obtained by
Heinemann and Olbert (1980) for bidirectional Alfvén waves in the solar wind. The
wave-action equation generalizes the corresponding equation obtained by Drury
and Falle (1986) and Zank and McKenzie (1987) to the case where all three short-
wavelength modes are present and interact with the large-scale background flow.
The formulation thus gives a generalization of the wave-action equation for the
squeezing instability first investigated in detail by Drury and Falle (1986) and Zank
and McKenzie (1987). Perhaps the major limitation of the wave-action-equation for-
mulation is that it applies to regions of the flow that are free of shocks or shocklets,
which in general are expected to form owing to wave steepening associated with the
nonlinear Burgers term. A WKB analysis of the role of wave mixing in the linear
wave evolution equations has also been carried out in Sec. 5. Two simplified prob-
lems have been considered: (a) the interaction between the backward and forward
sound waves of frequency w in the absence of the contact discontinuity, and (b)
the generation of sound waves arising from contact discontinuities initially present
in the flow. These problems illustrate how the cosmic-ray squeezing instability is
modified by wave mixing. In both problems the waves generated by wave mixing
have amplitudes O(1/w) that of the original wave, and phase shifts to lowest order
(in the perturbation parameter 1/w) of ﬂ:%ﬂ' relative to the original wave at the
point of generation. For the case of steady flows the contact discontinuity appears
as a source in the sound-wave equations.

Lagrangian and Hamiltonian variational principles for the linear wave-mixing
equations (5.15)—(5.18) for the sound waves and the contact discontinuity propa-
gating through a steady large-scale background flow have been derived in Sec. 6.
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The equations may be written in the Hamiltonian form (6.1), in which the canoni-
cal coordinate q(x,t) corresponds to the backward sound-wave perturbation ampli-
tude, and the canonical momentum p(z,t) is related to the time-reversed, forward
sound-wave perturbation amplitude. Further work on the variational form of the
equations is under investigation.

In the long-wavelength limit there are four basic wave modes of interest, namely
the backward and forward cosmic-ray-modified sound waves, the contact discon-
tinuity, and the cosmic-ray pressure-balance mode (Sec. 7). Both the contact dis-
continuity and the cosmic-ray pressure-balance mode are advected with the back-
ground flow, and have non-zero entropy perturbations, whereas the sound waves
are isentropic. In this limit the sound waves can be resonantly reflected off either
the contact discontinuity or the pressure-balance mode. However, the entropy wave
and pressure balance mode cannot be generated by resonant wave interactions, but
may be generated by non-resonant interaction between these modes and the mean
wave velocity field of the sound waves. In the limit that only one sound wave is
present one obtains the usual Burgers-equation description of weak cosmic-ray-
modified shocks (Webb and McKenzie 1984; Zank el al. 1988). For the case where
only the entropy wave and the pressure-balance mode are present, one obtains
coupled linear equations for the density and thermal gas pressure in which the gas
pressure perturbation is diffusively smoothed by the cosmic rays, and a transfer
of entropy occurs between the two modes during the evolution (Webb et al. 1995).
The pressure-balance mode ensures that the sum of the cosmic-ray and thermal
gas pressure perturbations is zero across the structure, whereas the change of the
gas pressure across the structure deviates from that expected from isentropic gas-
dynamics owing to the presence of the entropy disturbances initially present in the
flow.
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Appendix A

In this appendix we show that the mean of the wave amplitude (a,); over the short
time scale 7, with ; held fixed, is independent of ;. By the definition (3.50),

— 1 e kpbj + vjpT
(ap); = TIEHOOTA ap (k’j dr,

ajptTyp
= lim — a,(6,)do P * 7)), Al
| Tjp|—o0 Tp jp p(Op)d0y ( ) (41)
where
kpej TVjp
iy = , T, = (A2)
Jp kj Jjp kj
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For large but finite T, differentiation of (A1) yields

8<ap>j . 4T k'p
= 1 YipTlip | —Z ) = (). A¢
aag Iijllnloo[ap(ep)]ajp k]z‘ijp 0 ( 3)

Hence (a,); is independent of 6; for p # j. The proof that (a;); is independent
of 0 is trivial. For the case of perturbations about a uniform background state,
the (ap); are determined by the initial data. Since (ap) is independent of §;, it is
appropriate to drop the subscript 7 on the average.

Appendix B
In this appendix we provide a derivation of (5.24) for steady background flows,
namely
dwj _ Ow Ow;
L=ty L=y B1
dt; ot % oz BD
Equation (B1) follows from the dispersion equation, written in the form
00; ~
a—g + W(V8;,z,t) =0, (B2)

with w; = W(V0;,z,1). Equation (B2) is the Hamilton—Jacobi equation for the
phase 6;. The Cauchy characteristics of the first-order partial differential equation
(B2) are

dz oW _ dk oW

.= — y — - l;‘
dt Ok Vass dt oz’ (B3)

where k = k;. Equations (B3) are Hamilton’s equations for the rays, with Hamil-
tonian W. It follows from (B3) that, on the ray paths,
dw;  dW _87W+8de+8Wda‘3 oW

(B4)

dt; — di 9t Ok di Oz di 0T
Similarly, on the characteristics,
L= T - Wt k——. 5
i - Tamai . VR (B5)

For a time-independent background flow, 9W/9t = 0, and (B4) then reduces to
(BI). One can also view the result (B1) as a consequence of Noether’s theorem for a
Hamiltonian system in which the Hamiltonian does not depend explicitly on time
t. A more direct proof of (B1) for time-independent background flows follows from
noting that

dwj an' 8]% 8(4)]' ak] 8Wj 2
@, ok, ot gy Vel Tar )T (B6)

since
akj i Bwj _ 829] 829j _

ot " or  oior  ono "
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Appendix C

In this appendix we provide expressions for the nonlinear wave—wave interaction
terms in (7.25) in the long-wavelength limit. For the backward sound wave, we have

(’79 + ])C_lz + (’Yc + 1)(13 ( 8@1 I 6(14 8a4>

T = —a) — 04 g ==
! 20, oz T "oz T Moz
[(vg — 3)‘_1; + (e —3)az] Oay | a. Oa;  Oay
- y——+ —as | — + —
2pa, or  2p or Oz
- day 0
e (G- G o
274 Pl o0zT o0zT
The nonlinear term for the entropy wave is
+1)az + (y. + az 9 G, O
T, = (Vg ) g__ (Ve ) Ca]i_l n af_f_(azm — aay)
Py ozx p O
T (’79 - l)aé + (Vc - 1)(_]«2: 8(14 i 8(11 8(14
—— t ay— — Qy—
P Yor  tor oz
— v, 0 /
#2900, 2 () — ). (C2)
VgPlOsx O
The nonlinear term T3 for the pressure-balance mode is
— Ye C_LZC_LZ a _* a .
T5 = W(al + a4)%(a4 —ap)t+ %(m - aﬂ%
Volg + Yely O ‘
Ty (ay — ). (C3)
Dy oz

T, = (’79 + l)aé + (’70 + l)ai —a aal —a 8a1 ta aa4
* 2pa, Yor tox oz
(g —3)ag + (ve —3)a;  day a. O
+ "0 — — —ay—(a; + a.
25, Uor T 2p%pr @t @)
Yg — Ve 0 y
o a3 (as —a). (4
EN as 8f(a4 ay) (C'4)
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