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SUMMARY
This study addresses the problem of adaptive controlling of
both a nonredundant and a redundant robotic manipulator
with state-dependent constraints. The task of the robot is to
follow a prescribed geometric path given in the task space,
by the end-effector. The aforementioned robot task has been
solved on the basis of the Lyapunov stability theory, which is
used to derive the control scheme. A new adaptive Jacobian
controller is proposed in the paper for the path following
of the robot, with both uncertain kinematics and dynamics.
The numerical simulation results carried out for a planar
redundant three-DOF (three degrees of freedom) manipulator
whose end-effector follows a prescribed geometric path given
in a two-dimensional (2D) task space, illustrate the trajectory
performance of the proposed control scheme.

KEYWORDS: Robotic manipulator; Adaptive control;
Lyapunov stability.

1. Introduction
Recently, there has been an increase in the application of both
nonredundant and redundant robotic manipulators to useful
practical tasks that are specified in terms of a geometric
path to be followed by the end-effector. Such tasks require
high precision and stability of performance. In order to
fulfil these requirements, control algorithms should take into
account the dynamic nonlinearities resulting from the robot
equations. However, they are never known exactly in practice.
Therefore, it is particularly important to design control
strategies that ensure accurate and stable path following
despite the uncertainties and unknown payloads. In most
practical situations, geometric paths are expressed in the ro-
bot task space. Consequently, it seems natural to develop task
space control schemes, which, as opposed to the well-known
joint space control techniques, do not require the knowledge
of reference joint trajectories and their time derivatives.

Thus, the aim of path following control is to move the
end-effector of the manipulator (from its arbitrary initial
configuration) along the geometric path given in a task
space.

Application of redundant manipulators to such tasks
creates additional possibilities during the path following
by the end-effector. Redundant degrees of freedom (DOF)

make it possible to achieve some useful objectives such as
collision avoidance with obstacles in the work space, joint
limit avoidance, and/or avoiding the singular configurations
when the manipulator moves. Application of redundant
manipulators to such tasks complicates their performance
since these manipulators provide, in general, no unique
solutions. Due to unknown path parameterization, path
following by the end-effector of a nonredundant manipulator
becomes nonunique, too. Consequently, some objective
criteria should be specified to solve the robot tasks uniquely.
Minimization of the performance time is mostly considered
in the literature. One may find several approaches in this
context. The task of time-optimal control of nonredundant
manipulators whose end-effector moves along a prescribed
geometric path, has been solved both theoretically and
practically (by means of effective algorithms) by reducing the
whole optimization problem to path coordinates.1–7 However,
these algorithms are not applicable in the case of other useful
tasks to be accomplished simultaneously, and require the full
knowledge of robot kinematics and dynamics.

Using the concept of a regular trajectory and the extended
state space, the structure of path-constrained time-optimal
controls has been studied8,9 for kinematically redundant
manipulators. Moreover, the efficient numerical procedures
to find such controls have also been proposed.10,11 Neverthe-
less, these algorithms require full knowledge of manipulator
Jacobian matrix and robot dynamic equations. Although all
the aforementioned algorithms produce optimal solutions,
they are not suitable for real-time computations due to their
computational complexity. It results from either a two-point
boundary value problem to be solved in the case of algorithms
proposed in refs. 1–7 or generating a weakly convergent
sequence of controls being the corresponding solutions of
continuous linear optimal control problems for the case of
computational methods.8–11 Consequently, it is obvious that
these schemes require the determination of controls in the
whole time interval of task accomplishment and then their
application to robotic manipulators. Therefore, in order to
control the robot, it is obvious to attempt other techniques
that do not require the knowledge of controls in the whole
time interval. They are based on solving the Cauchy problem
(known from the theory of ordinary differential equations),
which is more suitable for real-time computations than a
two-point boundary value problem.

https://doi.org/10.1017/S0263574706003018 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574706003018


104 Robotic manipulators

Using online trajectory time scaling, and dynamic and
computed torque laws, respectively, a nearly time-optimal
path-tracking control for nonredundant robotic manipulators
with partially uncertain dynamics has been presented.12,13

However, these algorithms require the solution of inverse
kinematic problem along the path.

A technique that avoids solving an inverse of the robot
kinematic equations and uses the exact Jacobian matrix has
been offered in refs. 14 and 15 for determining a collision-
free trajectory of redundant manipulators operating in both
a static environment14 and in a dynamic one.15 Recently,
a generalized transpose Jacobian controller with gravity
compensation and a nonlinear (saturating) derivative term
has been introduced in ref. 16 to generate robot controls
subject to geometric path and actuator constraints.

As is known, many robotic controllers have been proposed
to solve both a setpoint control problem (a regulation
task)17–27 and the task of trajectory tracking.28–35 However,
most of these controllers assume full knowledge of mani-
pulator kinematic equations. Recently, several approximate
Jacobian set point controllers have been proposed36–38 to
tackle uncertainties in both robot kinematics and dynamics.
The controllers proposed do not require the exact knowledge
of Jacobian matrix and dynamic equations. However, the
results in refs. 36–38 are applicable only to a set point control
of a robot.

This paper introduces a new class of adaptive path-
following controllers that do not require the full knowledge
of kinematic and dynamic equations in the control laws
and are based on the solution of the Cauchy problems.
Consequently, they are suitable for real-time controlling
of uncertain robotic manipulators. Motivated in part by
the dissipativity and adaptivity methodology,28 we develop
path-following controllers whose structure is composed of
transpose adaptive Jacobian controller plus a nonlinear term
including an estimated control. Under the assumption of
a full-rank adaptive Jacobian matrix, the proposed control
scheme has been derived based on the Lyapunov stability
theory. By using sensory feedback of the end-effector
position, it is also shown that the end-effector is able to follow
a prescribed geometric path for robots with both uncertain
kinematics and dynamics. Furthermore, new adaptive laws
extending the adaptive algorithm from ref. 28 to tackle
kinemetic uncertainties are proposed. In fact, to the best
of our knowledge, a convergent adaptive path-following
controller for manipulators with both uncertain kinematics
and dynamics has not yet been proposed so far in the robotics
literature, although it is important in motion control. It should
be noted that approximate Jacobian set point controllers from
refs. 36–38 cannot be directly applied to our task. The reason
is that the approximate Jacobian matrix in refs. 36–38 does
not include kinematic parameters to be adapted, and the error
of approximation is a priori bounded. On the other hand,
the controller proposed in our work adaptively varies the
kinematic parameters of the Jacobian matrix and the dynamic
ones in such a way as to have a stable following of a geometric
path by the end-effector.

The paper is structured as follows. Section 2 formulates
the problem of path-following control in the task space
and summarizes useful properties of robot kinematic and

dynamic equations. The main result is presented in Section 3,
where a class of transpose adaptive Jacobian controllers with
estimated control term is proposed, and conditions on the
controller gains to ensure asymptotic stability are provided.
Computer simulations carried out in Section 4 on a redundant
manipulator comprising three revolute joints and operating in
a two-dimensional (2D) task space confirm theoretical results
obtained in Section 3. Finally, some concluding remarks are
given in Section 5.

2. Problem Formulation
The control scheme designed in the next section is
applicable to holonomic mechanical systems comprising
both nonredundant and redundant manipulators considered
here, which are described, in general, by the following
dynamic equations, expressed in generalized coordinates
(joint coordinates) q = (q1, . . . , qn)T ∈ R

n

M(q)q̈ + C(q, q̇)q̇ + g(q) = u (1)

where M(q) is the n× n inertia matrix, C(q, q̇)q̇ is
the n-dimensional vector representing centrifugal and
Coriolis forces, g(q) = (g1(q), . . . , gn(q))T stands for
the n-dimensional vector of gravity forces, R

n � u =
(u1, . . . , un)T is the vector of controls (torques/forces), and
n denotes the number of kinematic pairs of the Vth class.
Several important properties of dynamic Eq. (1) may be
derived as follows.39

1. The inertia matrix M(q) is symmetric and positive-
definite for all q ∈ R

n.
2. Matrix Ṁ(q)

2 − C(q, q̇) is skew-symmetric so that

∀v, q, q̇ ∈ R
n

〈
v,

(
Ṁ(q)

2
− C(q, q̇)

)
v

〉
= 0 (2)

where 〈, 〉 is the scalar product of vectors.
3. The dynamic Eq. (1) is linear with respect to an ordered

set of physical parameters X = (X1, . . . , Xd )T , i.e.,

M(q)q̈ + C(q, q̇)q̇ + g(q) = D(q, q̇, q̇, q̈)X (3)

where D(q, q̇, q̇, q̈) is called the n× d dynamic
regressor matrix; d stands for the number of the
physical parameters such as link masses and inertias.

In most applications of robotic manipulators, a desired path
for the end-effector is specified in the task space such as
the visual space or the Cartesian space. The aim is that the
end-effector follows a prescribed geometric path (given in
the m-dimensional task space) described by

p(q) − θ (s) = 0 (4)

where p : Rn −→ Rm denotes an m-dimensional, nonlinear
(with respect to vector q) mapping constructed from
the kinematic equations of the manipulator; p(q) =
(p1(q), . . . , pm(q))T ; θ (s) = (θ1(s), . . . , θm(s))T stands for
a given geometric path; s is the current parameter of the
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path (e.g., its length); s ∈ [0, smax]; smax is the maximal
path length. The mapping θ is assumed to be bounded
together with the first and the second derivative and is
not degenerated, i.e., ‖ dθ

ds
‖ > 0. The kinematic equations

of a manipulator are independent (rank ( ∂ p
∂q ) = m). In

general (i.e., when rank ( ∂ p
∂q ) ≤ m), we should require that

rank ( ∂ p
∂q ) = rank ([ ∂ p

∂q
dθ
ds

]) in order to guarantee consistency
of the robotic task [Eq. (4)]. The problem is to determine
control u, which generates manipulator trajectory q = q(t)
and path parameterization s = s(t), satisfying Eq. (4) for
each t ∈ [0, T ], where T denotes an (unknown) time horizon
of task performance. It is natural to assume that at the initial
moment t = 0, for which s(0) = 0, a given (by definition)
initial configuration q(0) = q0 satisfies Eq. (4), i.e.,

p(q0) − θ (0) = 0. (5)

The final path parameterization fulfils the equality

s(T ) − smax = 0. (6)

Furthermore, at the initial and the final time moment, the
manipulator and path velocities equal zero, i.e.,

q̇(0) = q̇(T ) = 0 (7)

and

ṡ(0) = ṡ(T ) = 0. (8)

From the view point of the control theory, Eqs. (4)–(8) present
state-dependent equality constraints, where the state vector
is defined as an ordered quadruple consisting of joint and
path coordinates together with their time derivatives, i.e.,
manipulator and path velocities. As is known, the task space
velocity ṗ is related to the joint space velocity q̇ as

ṗ = J(q, Y )q̇ (9)

where J(q, Y ) = ∂ p
∂q is the m × n Jacobian matrix; Y

stands for an ordered set of kinematic parameters Y =
(Y1, . . . , Yk)T such as link lengths and joint offsets, where
k denotes the number of kinematic parameters. The property
of differential Eq. (9) is given below.

4. The right-hand side of Eq. (9) is linear with respect to Y .
Consequently, Eq. (9) can be expressed as

ṗ = J(q, Y )q̇ = K (q, q̇)Y (10)

where K (q, q̇) is called the m × k kinematic regressor
matrix.

In order to simplify further computations, smax is assumed to
be equal to 1, i.e., smax = 1. Let us define errors e and em+1

of path following (task errors) as

e = (e1, . . . , em)T = p(q) − θ (s)

= (p1 − θ1, . . . , pm − θm)T em+1 = s − 1. (11)

Many commercial sensors are available for the measurement
of end-effector position p (and consequently task error
e), such as vision systems, electromagnetic measurement
systems, position-sensitive detectors, or laser tracking
systems. There are two reasons to check the error in the
path variable. First, based on a given value of s, the current
point on the path θ (s) is determined, which makes it possible
to measure task error e. Second, the path error em+1 = s − 1
provides information about how far the end of geometric
path θ(1) is from the current path point θ(s) pursued by
the end-effector. For the revolute kinematic pairs considered
here, mapping p(·) is bounded. Consequently, we have the
property given below.

5. Boundedness of mappings p(·), θ (·) implies that the task
error e is bounded.

Equations (1) and (4)–(8) formulate the robot task as a control
problem. The fact is that there are state constraints that
make the solution of this problem difficult. The next section
presents an approach that renders it possible to solve the
control problem [Eqs. (1) and (4)–(8)] making use of the
Lyapunov stability theory.

3. Adaptive Path Control of a Robotic Manipulator
In this section, we present the adaptive Jacobian path-
following controllers for robots with both uncertain
kinematics and dynamics. In our approach, the exact
knowledge of the robot dynamic equations and the Jacobian
matrix is not required for updating the uncertain parameters.
In the presence of kinematic uncertainty, the parameters of
the Jacobian matrix are uncertain, and hence Eq. (10) can be
expressed as

Ĵ q̇ = K (q, q̇)Ŷ (12)

where Ĵ = J(q, Ŷ ) ∈ R
m×n is an adaptive Jacobian matrix

and Ŷ stands for the vector of the estimated kinematic
parameters. In order to show the stability of the path-
following control system in the presence of kinematic and
dynamic uncertainties, we define an adaptive joint-space
sliding vector z using quantities Ŷ and Ĵ , as

z = λ Ĵ
T

e + q̇ (13)

where λ is a scalar positive gain coefficient chosen in such a
way that the unit of z is radians/second. Let us note that vector
mapping [Eq. (13)] transforms task coordinates e ∈ Rm into
joint space coordinates z ∈ Rn. In the sequel, we will use
the structure of Eq. (13) to design the control strategy which
ensures that the task error e and the sliding vector z converge
to zero. Consequently, it will follow from Eq. (13) that q̇
too tends to approach zero. It means that the manipulator
movement will pursue the strategy of redundancy resolution
at the velocity level. The adaptivity of vector z is understood
in the sense that the parameters of the adaptive Jacobian
matrix will be updated by a parameter update law, defined
later. Differentiating Eq. (13) with respect to time yields

ż = λ ˙̂J
T

e + λ Ĵ
T

ė + q̈. (14)
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Based on Eqs. (1) and (13)–(14), we can easily express the
robot dynamic equations by means of vector z and its time
derivative, as

M(q) ż + C(q, q̇)z + M(q)q̈r + C(q, q̇)q̇r + g(q) = u (15)

where q̈r = (q̈r,1, . . . , q̈r,n)T = −λ ˙̂J
T

e − λ Ĵ
T

ė and q̇r =
(q̇r,1, . . . , q̇r,n)T = −λ Ĵ

T
e. Moreover, we know from Eq. (3)

that the last three terms of Eq. (15) become linear with respect
to vector X , and hence they can be written as

M(q)q̈r + C(q, q̇)q̇r + g(q) = D(q, q̇, q̇r , q̈r )X . (16)

Inserting the right-hand side of Eq. (16) into Eq. (15), it takes
the following form:

M(q) ż + C(q, q̇)z + D(q, q̇, q̇r , q̈r )X = u. (17)

Based on dependencies [Eqs. (13) and (17)], and the
subsequent stability analysis, we design an adaptive con-
troller as

u = −kz − kP Ĵ
T

e + D(q, q̇, q̇r , q̈r )X̂ (18)

where X̂ is the estimated physical parameter vector defined
later; k and kP are some positive scalars, which could be
replaced by diagonal matrices of positive constants without
affecting the stability results obtained further on (this should
lead to improved performance). Here, scalar constants are
chosen for simplicity of presentation. Let us note that the
first two terms of the control scheme in Eq. (18) present a
generalization to the adaptive case of a well-known transpose
Jacobian controller, and the last term on the right-hand side
of Eq. (18) is an estimated control including estimations of
unknown robot dynamic parameters. The aim of control (18)
is to decrease the task error e, i.e., to attain geometric path
θ (s) for arbitrary s by the end-effector. However, in order to
simultaneously follow the whole path θ(·) with e tending to
approach zero, the path parameter s should vary (increase)
as a function of time from 0 to 1. Based on the task error
e, geometric path θ(·), and subsequent stability analysis, we
design the time parameterization of s as

s̈ = −ks ṡ − kP

(〈
e, −dθ(s)

ds

〉
+ γ (s − 1) + 1

2

dγ

ds
(s − 1)2

)
(19)

where ks is a positive coefficient, γ is assumed to be a strictly
positive function (inf {γ } > 0) of s with bounded first and

second derivatives for any |s| ≤ 1 +
√

γ0

inf {γ } , where γ0 =
γ (0) (as will be seen further on, γ0 determines the upper
bound on the accuracy of the path following and may be
specified by the user). The choice of function γ is crucial for
computational effectiveness of the control scheme given in
Eqs. (18) and (19). One possibility is γ = γ (s) with dγ

ds
> 0.

An alternative choice could be γ = γ (e2), where γ attains its
maximum for e = 0 and smoothly decreases as ‖e‖ increases.
For simplicity of further considerations, we take the first form

of γ . Let us note that for a task error equal to zero, s = 1 is
a stationary point of differential Eq. (19).

Assumption 1. Function γ is not required to satisfy dif-
ferential equation γ + 1

2
dγ

ds
(s − 1) = 0.

As will be seen further on, Assumption 1 results in
asymptotic convergence of s to 1. Estimated kinematic
parameters Ŷ of the adaptive Jacobian matrix Ĵ = J(q, Ŷ )
are updated according to the following law:

˙̂
Y= wkkP K T (q, q̇)e (20)

and the estimated physical parameters X̂ of the dynamic
equations are updated by

˙̂
X= −wd DT (q, q̇, q̇r , q̈r )z (21)

where wk and wd are the positive gains (scalars) that could be
replaced by diagonal matrices of positive constants without
affecting the stability of the controller in Eq. (18). Although
some kinematic parameters appear in X̂ , we should adapt
on them separately in Ŷ to preserve linearity. The estimated
kinematic parameters Ŷ (updated according to the rule given
in Eq. (20)) are then used to compute approximate Jacobian

J(q, Ŷ ) and its time derivative ˙̂J = J̇(q, Ŷ ) using the right-
hand side of Eq. (20), which is only a mapping of q, e
and q̇. Having obtained the adaptive Jacobian matrix and
its time derivative, we determine quantities q̇r and q̈r . It is
worth noticing that their computation does not require any
pseudoinverse of matrix Ĵ , which results in the numerical
stability of the controller given in Eq. (18). Finally, based on
q, q̇, q̇r , and q̈r , we may determine the dynamic regressor
matrix D(q, q̇, q̇r , q̈r ), which is then used to update the
estimated physical parameter vector X̂ . Let us note, that
the setpoint controllers proposed in refs. 36–38, which are
somewhat computationally simpler, cannot be applied to
our task. The reason is that the error of approximation in
refs. 36–38 is bounded by a constant, and the approximate
Jacobian matrix does not include parameters to be adapted.
Due to the adaptation law given in Eq. (20), one cannot
guarantee in our task the satisfaction of assumption regarding
the approximation error made in refs. 36–38.

The closed-loop error dynamics is obtained by inserting
the right-hand side of Eq. (18) into Eq. (17) as

M(q) ż = −C(q, q̇)z + D(q, q̇, q̇r , q̈r )X̃ − kz − kP Ĵ
T

e

ė = J(q, Y )q̇ − dθ (s)

ds
ėm+1

ëm+1 =−ks ėm+1−kP

(〈
e, −dθ (s)

ds

〉
+ γ em+1+1

2

dγ

ds
e2
m+1

)
˙̃
Y = wkkP K T (q, q̇)e
˙̃
X = −wd DT (q, q̇, q̇r , q̈r )z (22)

where Ỹ = Ŷ − Y and X̃ = X̂ − X . Applying the Lyapunov
stability theory, we derive the following result.

Theorem 1. If there exists a solution to the problem given
in Eqs. (1) and (4)–(8), the adaptive Jacobian matrix Ĵ is
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nonsingular along the end-effector path [Eq. (4)], and the
function γ fulfils Assumption 1, then the control scheme given
in Eq. (18) generates manipulator trajectory whose limit
point (q̇(∞), ėm+1(∞), e(∞), em+1(∞)) = (0, 0, 0, 0),
i.e., satisfying state constraints given in Eqs. (5)–(8), is
asymptotically stable.

Proof. Consider a Lyapunov function candidate

V = 1

2
〈M z, z〉 + 1

2wd

X̃
2 + 1

2wk

Ỹ
2 + 1

2
ė2
m+1

+ 1

2
kP γ e2

m+1 + 1

2
kP e2. (23)

The time derivative of V is given by

V̇ = 〈z, M ż〉 +
〈

Ṁ
2

z, z
〉
+ kP 〈JT e, q̇〉 + 1

wd

〈X̃, ˙̃X〉

+ 1

wk

〈Ỹ , ˙̃Y 〉 + ėm+1ëm+1 + kP

〈
e, −dθ

ds

〉
ėm+1

+ kP γ em+1ėm+1 + kP

1

2

dγ

ds
e2
m+1ėm+1.

Substituting M ż, ė, ëm+1, ˙̃Y and ˙̃X from V̇ for the right-
hand sides of closed-loop error dynamics given in Eq. (22)
and using the skew-symmetric property of matrix Ṁ

2 − C
[property (2)], after simple calculations, we obtain

V̇ = −k〈z, z〉 − kP 〈 Ĵ Ĵ
T

e, e〉 − ks ė
2
m+1.

Since V̇ ≤ 0, function V is bounded. Therefore, z, X̃ , and Ỹ
are bounded vectors. This implies that X̂ and Ŷ are bounded,
too. Consequently, it follows from Eq. (13) that q̇ is also
bounded. Moreover, s and ṡ are bounded, too. As can be seen,
V̇ is negative for all (z, e, ėm+1) 
= 0, and is zero only when
(z, e, ėm+1) = 0, which implies (using LaSalle–Yoshizawa
invariant theorem40) that (z, e, ėm+1) tend asymptotically
to zero, i.e. z(T ) → 0, e(T ) → 0 and ėm+1(T ) → 0, as
T → ∞. By differentiating ëm+1 in Eq. (22) with respect
to time, it is also easy to see that d3em+1

dt3 is a function bounded
by assumptions regarding θ and γ . This means that ëm+1

is uniformly continuous. Hence, ëm+1(T ) → 0, as T → ∞,
too. The convergence of path velocity and acceleration yields

γ em+1(∞) + 1

2

dγ

ds
e2
m+1(∞) = 0.

Consequently, em+1(∞) = 0 or γ + 1
2

dγ

ds
em+1(∞) = 0. On

account of Assumption 1, the second equality is not
fulfilled. Thus, em+1(∞) = 0 (or equivalently s(∞) = 1).
On account of Eq. (13), q̇(T ) → 0, as T → ∞, too.
Consequently, the boundary conditions given in Eqs. (5)–(8)
are (asymptotically) fulfilled, and the limit point
(q̇(∞), ėm+1(∞), e(∞), em+1(∞)) = (0, 0, 0, 0) is
asymptotically stable. Finally, it should be emphasized
that the chosen Lyapunov function does not guarantee the
convergence of parameter estimations X̂ and Ŷ to their true
values. �

On account of Eqs. (5)–(8), we have Vt=0 = X̃
2
t=0

2wd
+ Ỹ

2
t=0

2wk
+

kP γ0

2 . For sufficiently large wd and wk , the first two terms in
this equality may be omitted. Hence, we obtain Vt=0 � kP γ0

2 .
Since V̇ is not positive, function V fulfils the inequality
V ≤ kP γ0

2 . Consequently, the following bound on ‖e‖ may
easily be obtained, based on Eq. (23) and the last depen-
dence

‖e‖ ≤ √
γ0. (24)

An important remark may be derived from the proof given
earlier. The inequality given in Eq. (24) presents an upper
bound (path independent) on the accuracy of the path
following by the end-effector according to the control law
[Eq. (18)]. Let us note that the estimation of the upper
bound on path-following error given in Eq. (24) is very
conservative. Consequently, the control gains wd and wk

do not require large values to achieve a good path-following
accuracy, as the numerical simulations (given in the next
section) show. Moreover, several observations can be made
regarding the control strategy [Eq. (18)]. First note that the
proposed control law requires no information concerning
the robot kinematic and dynamic equations. Second, the
choice of controller parameters k, kP , ks , wd , and wk

according to the dependencies given in Eqs. (18)–(21)
guarantees asymptotic stability of the closed-loop error dy-
namics [Eq. (22)] during the manipulator movement. More-
over, the transpose of Ĵ (instead of a pseudoinverse) in the
control scheme given in Eq. (18) does not result in numerical
instabilities due to (possible) kinematic singularities met on
the robot trajectory. Nevertheless, Eq. (18) has been derived
under the assumption of a full-rank adaptive Jacobian matrix
along the path. Furthermore, controller given in Eq. (18)
does not require the knowledge of task space velocity. Due
to conservative estimation of the path-following accuracy, the
control algorithm given in Eq. (18) results in a better accuracy
of path following as compared to the upper bound given in
Eq. (24), as the numerical computations carried out in the next
section show. In order to prevent control (torque) oscillations
at the very beginning of time histories (caused by, e.g., the
nonzero initial path-following error) ks from Eq. (19) should
be a bounded, quickly decreasing time-dependent function
as t → ∞ (see Section 4).

Due to the real-time nature of the robot controller
[Eq. (18)], we shall try to estimate the number of arithmetic
operations required to implement the algorithm presented
in this section. The dimension of the robot task space is
assumed to be constant in estimation. Operations required
for the computation of sine, cosine, and θ(·) functions
are not taken into account. Furthermore, matrices J(q, Ŷ ),
K (q, q̇), and D(q, q̇, q̇r , q̈r ) are assumed to be given in
estimation. Moreover, estimations are carried out at any
time instant of the robot task accomplishment. It follows
from Eqs. (13) and (18) that terms kz, kP Ĵ T e require O(n)
operations. Computation of the right-hand sides of Eqs. (19)
and (20) involves O(1) and O(n) operations, respectively,
assuming that k = O(n). Computational complexity for
the right-hand side of Eq. (21) equals O(n2) by the
assumption that d = O(n). Computation of the estimated
control D(q, q̇, q̇r , q̈r )X̂ also requires the same order of
complexity, i.e., O(n2) operations. Finally, the computational
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Fig. 1. A kinematic scheme of the manipulator and the task to be
accomplished.

complexity of the whole robot controller [Eq. (18)] is of the
order O(n2).

4. A Numerical Example
In this section, we illustrate the performance of the proposed
adaptive control algorithm using a dynamic three-joint direct-
drive arm (n = 3) of a SCARA-type robotic manipulator
whose kinematic scheme is shown in Fig. 1. In the
simulations, SI units are used. The link masses of links 1–3
were selected to be m1 = 3.6, m2 = 2.6, and m3 = 2.0.
The corresponding link lengths were selected as l1 = 0.4,
l2 = 0.36, l3 = 0.3, respectively, and the center of mass of
each link was selected to be the midpoint of each link. The
components of dynamic equations of this manipulator are as
follows39:

M =

⎡
⎢⎣

X1 + 2X4c2 + X5c23 + X6c3 X2 + X4c2 + X5c23 X3

X2 + X4c2 + X5c23 X2 + 2X6c3 X3 + X6c3

X3 X3 + X6c3 X3

⎤
⎥⎦

C = [Cij ]1≤i, j≤3

C11 = −(X4s2 + X5s12)q̇2 − (X5s12 + X6s12)q̇3

C12 = −(X4s2 + X5s12)(q̇1 + q̇2) − (X5s12 + X6s12)q̇3

C13 = (X5s12 + X6s12)(−q̇1 + q̇2 + q̇3)

C21 = (X4s2 + X5s12)q̇1 + X6s3q̇3

C22 = −(X5s12 + X6s12)q̇3 (25)

C23 = −X6s3(3q̇1 + q̇2 + q̇3)

C31 = (X4s2 + X5s12)q̇1 − X6s3q̇2

C32 = X6s3(q̇1 + q̇2)

C33 = 0

g = g

⎛
⎝X7c1 + X8c12 + X9c123

X8c12 + X9c123
X9c123

⎞
⎠

where ci = cos(qi), si = sin(qi), cij = cos(qi + qj ), sij =
sin(qi + qj ), cijk = cos(qi + qj + qk), sijk = sin(qi +
qj + qk), g is the gravity acceleration and parameters Xi ,
i = 1 : 9 take the following nominal values:

X1 = 1.1956
X2 = 0.3946
X3 = 0.0512
X4 = 0.4752
X5 = 0.1280
X6 = 0.1152
X7 = (m1p1 + m2l1 + m3l1)g = 15.116
X8 = (m2p2 + m3l2)g = 11.6543
X9 = m3p3g = 2.9430

where pi = li/2 denotes the location of the mass center in
the ith coordinate system of the ith link. The Jacobian matrix
J(q, Y ) equals

J(q, Y )

=
[−Y1s1 −Y2s12 −Y3s123 −Y2s12 −Y3s123 −Y3s123

Y1c1 + Y2c12 + Y3c123 Y2c12 +Y3c123 Y3c123

]
(26)

where Y1 = l1 = 0.4, Y2 = l2 = 0.36, Y3 = l2 = 0.3, and the
kinematic regressor matrix takes the following form:

K (q, q̇) =
[−s1q̇1 −s12(q̇1 + q̇2) −s123(q̇1 + q̇2 + q̇3)

c1q̇1 c12(q̇1 + q̇2) c123(q̇1 + q̇2 + q̇3)

]
.

(27)

Hence, in the presence of kinematic uncertainties, the
approximate Jacobian matrix is equal to

J(q, Ŷ )

=
[−Ŷ1s1 − Ŷ2s12 − Ŷ3s123 −Ŷ2s12 − Ŷ3s123 −Ŷ3s123

Ŷ1c1 + Ŷ2c12 + Ŷ3c123 Ŷ2c12 + Ŷ3c123 Ŷ3c123

]
.

(28)

The end-effector position p = (p1 p2)T (see Fig. 1)
represents the task space coordinates (m = 2) in the
simulations. The upper bound on the accuracy of the path
following in all the computer simulations is assumed to
be equal to

√
γ0 = 6 × 10−2, where γ (s) = 2 × 10−3 + 2 ×

10−3e2.7s . Let us introduce the path-following errors

⎛
⎝e1

e2

e3

⎞
⎠ =

⎛
⎝p1 − θ1(s)

p2 − θ2(s)
s − 1

⎞
⎠ (29)

to evaluate the performance of the robot controller [Eq. (18)].
Based on Eqs. (25), (28), and (29), the dynamic regressor
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matrix takes the following form:

D =
⎡
⎣D11 D12 D13 D14 D15 D16 D17 D18 D19

D21 D22 D23 D24 D25 D26 D27 D28 D29

D31 D32 D33 D34 D35 D36 D37 D38 D39

⎤
⎦ (30)

where D11 = q̈r,1, D12 = q̈r,2, D13 = q̈r,3, D14 = q̈r,12c2 +
q̈r,2c2 − q̇r,1s2q̇2 − q̇r,2(q̇1+q̇2)s2, D15 = q̈r,1c23+q̈r,2c23 −
q̇r,1s12q̇2 − q̇r,1s12q̇3 − q̇r,2s12(q̇1 + q̇2) − q̇r,2s12q̇3 + q̇r,3

s12(−q̇1 + q̇2 + q̇3), D16 = q̈r,1c3 − q̇r,1s12q̇3 − q̇r,2s12q̇3 −
q̇r,3s12(−q̇1 + q̇2 + q̇3), D17 = c1, D18 = c12, D19 = c123,
D21 = 0, D22 = q̈r,1 + q̈r,2, D23 = q̈r,3, D24 = q̈r,1c2 +
q̇r,1s2q̇1, D25 = q̈r,1c23 + q̈r,22c3 + q̇r,1s12q̇1 − q̇r,2s12q̇3,
D26 = q̈r,1c3+q̇r,1s3q̇3−q̇r,2s12q̇3 − q̇r,3s3(3q̇1 + q̇2 + q̇3),
D27 = 0, D28 = c12, D29 = c123, D31 = 0, D32 = 0,
D33 = q̈r,1 + q̈r,3, D34 = q̇r,1s2q̇1, D35 = q̇r,1s12q̇1, D36 =
q̈r,2c3 − q̇r,1s3q̇2 + q̇r,2s3(q̇1 + q̇2), D37 = 0, D38 = 0,
D39 = c123. In order to examine the effects of both
kinematic and dynamic uncertainties, the initial
values for vectors X̂ and Ŷ were set in both the
simulations as X̂(0) = (3 2 1 1 0.8 0.5 30 20 10)T

and Ŷ (0) = (0.55 0.45 0.4)T .
The task of the robot is to transfer the end-effector along

the geometric path (the dotted line in Fig. 1), expressed by
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Fig. 2. Path following error e1.
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Fig. 3. Path following error e2.

the following equations:

θ1(s) = 0.36 + 0.24s

θ2(s) = −0.7 + 1.2s
(31)

where, s ∈ [0, 1]. The initial configuration q0 equals q0 =
(−π/2 π/2 − π/2)T . Parameters k = 10, λ = 1, kP = 3 ×
103, and ks = 6.9(1 + 100e−10t ) + 30 have been chosen ex-
perimentally to achieve practically reasonable time horizon
of task performance and relatively small controls with wk =
10 and wd = diag(4.85 4.85 4.85 4.85 4.85 4.85 4.85 8.55
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4.76). The results of computer simulation are presented
in Figs. 2–20. As might be expected, the path-following
errors from Figs. 2 and 3 are much smaller than those
obtained from the conservative dependence given in Eq. (24).
Moreover, as one can observe from Figs. 2–7, the time-
dependent damping function ks decreases (eliminates) errors
and torques oscillations at the very beginning of the time
histories. Furthermore, as seen from Figs. 8–19, estimations
X̂ and Ŷ do not converge to their real (nominal) values.

5. Conclusion
This study has presented a nonlinear adaptive robot controller
for path following by the end-effector with uncertain
kinematics and dynamics. The control generation scheme
has been derived using the Lyapunov stability theory. An
advantage of the proposed control law given in Eq. (18) is
that it requires a minimal amount of knowledge regarding
the robot dynamic equations. The control strategy given
in Eq. (18) is also shown to be asymptotically stable
(by fulfilment of practically reasonable assumptions). The
proposed robot controller has been applied to a planar
redundant manipulator of three revolute kinematic pairs
operating in a 2D task space. Numerical simulations have
shown that the results obtained are in accordance with the
theoretical analysis. The novelty of the proposed strategy
lies in its simplicity in design, program code, and real-
time implementation. The approach presented here may also
be directly applied to kinematically redundant manipulators
operating in a 3D work space including obstacles.
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