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Abstract. For the quadratic—linear polynomial differential systems with a finite singular
point, we classify the ones which have a global analytic first integral, and provide the
explicit expression of their first integrals.

1. Introduction

For a two-dimensional system the existence of a first integral determines completely its
phase portrait. For such systems the notion of integrability is based on the existence of
a first integral. Then a natural question arises: given a system of ordinary differential
equations in R? depending on parameters, how to recognize the values of such parameters
for which the system has a first integral?

The planar integrable systems which are not Hamiltonian, i.e. the systems in R2
that cannot be written as x’ = —9 H /dy, y' = 9 H/dx for some function H: R?> — R of
class C2, are in general very difficult to detect.

Let P and Q be two real polynomials in the variables x and y, then we say that the
system

=Pk, y), Y=00y),

is a quadratic polynomial differential system if the maximum of the degrees of the
polynomials P and Q is two.

Quadratic polynomial differential systems have been investigated intensively, and more
than one thousand papers have been published about these systems (see for instance [3, 15—
17]), but the problem of classifying all the integrable quadratic polynomial differential
systems remains open. For more information on integrable differential systems in
dimension two, see for instance [5].
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Let R[x, y] be the ring of polynomials in the variables x and y with coefficients in R. In
this paper we deal with quadratic—linear polynomial differential systems in R?, i.e. systems
of the form

—x' =Py, Z=y=06.y) a
E_x_ (x,y, E—)’—Q(L)ﬁ )

where P, Q € R[x, y] with deg P =2 and deg Q = 1. In what follows we will denote
them simply by quadratic—linear systems.

Here a global analytic first integral or simply an analytic first integral is a non-constant
analytic function H : R? — R, whose domain of definition is the whole R? and it is
constant on the solutions of system (1). This last assertion means that for any solution
(x(2), y()) of (1) we have

@30 = 0+ Sy o @

We note that a complete characterization of the global analytic first integrals of
polynomial differential systems has been made for very few families of differential
systems (see, for example, [11]) where the authors provide the complete characterization
of all Lotka—Volterra systems in R? with six parameters having a global analytic first
integral. In [4] the authors classify the quadratic polynomial differential systems having a
polynomial first integral.

The goal of this paper is to classify all the quadratic—linear polynomial differential
systems having a finite singular point and a global analytic first integral. Additionally we
provide an explicit normal form of these systems and of their analytic first integrals. This
is an important subclass of all the quadratic systems, and so is a good first step towards
the final goal of classifying all quadratic polynomial systems having a global analytic first
integral but this final objective looks now very difficult.

By Proposition 3 we only need to consider quadratic—linear polynomial differential
systems of the form

X'=Px,y)=bx +cy+dx* +exy+ 5, ¥ =0, ), 3)

where P(x, y) # bx + cy, and Q(x, y) is either x, or y. Moreover, we have the following.
(S1) If Q(x, y) = y, then P(x, y) # cy +exy + fy*.

(S2) If Q(x, y) =x, then P(x, y) # bx + dx? + exy.

Note that we have avoided first that the differential system be linear, and second the
situations in which the polynomials P(x, y) and Q(x, y) have a common factor, because
then with a rescaling of the time variable we can reduce the problem to a non-interesting
linear differential system.

We also do not consider in (3) the case Q(x, y) = 0 because it clearly has the global
analytic first integral y.

Through the paper ZT will denote the set of non-negative integers, Z~ will denote the
set of negative integers, QT will denote the set of non-negative rationals and Q= will
denote the set of negative rationals.

The main results of this paper are the following.

THEOREM 1. The quadratic—linear polynomial differential systems (3) satisfying (S1) and
having a global analytic first integral H are the following.
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(@) b=d=0having H=exp(—ey)(e’x +efy +ce + f).

(b) d=0,b=—p/qeQ and e=0 having H=y"((cqy/(p + @) + (pqy*/(p +
2q)) — x)1.

THEOREM 2. The quadratic-linear polynomial differential systems (3) satisfying (S2) and

having a global analytic first integral H are the following.

(@ d=f=0 ce#0andb=0having H= (c + ex)* exp(e?y? — 2ex).

) e=f=0 cd#0andb=0having H= (c + 2cdy + 2d*x?) exp(—2dy).

(¢c) b=e=0 and f#0 having H= 2f(cd+ f)+4d>fx> +4df(cd + f)y +
4d® f2y*) expl—2d(y + ¢/ (2f))]

The proofs of Theorems 1 and 2 are given in §§3 and 4 respectively. In §2 we present
some known results necessary for the proof of our theorems.

2. Preliminary results
First we show that we can reduce the study of all quadratic—linear systems having a finite
singular point to the two classes (S1) and (S2).

PROPOSITION 3. Any quadratic-linear differential system
x' =ag + aiox + aoy + anx® + anxy + any’, Y =A+Bx+Cy, (@)
with A% + B% + C? # 0 having a singular point, through a linear change of variables and
a rescaling of the time can be written into the form
x =bx+cy+dx’+exy+ fy*, ¥ =0k, y), (5)

where Q(x, y) is either x or y.

Proof. Assume that B # 0. Then doing the change of variables X = A + Bx + Cy, Y =y,
system (4) becomes the system

X' =G+bX+cY +dX>+eXY + fY?, Y =0(X,Y), (6)
with Q(X, Y) = X.

Suppose B=0 and C #0. Then the change of variables X =x, Y = A + Cy and
T = Ct writes system (4) into the form (6) with Q(X, Y) =Y.

Finally if B = C =0 then A 5 0, and system (4) has no finite singular points.

Now let (o, B) be a singular point of system (6) with Q(X, Y) equal to either X or Y.
When Q(X, Y) = X the finite singular point is (¢, §) with « =0, and when Q(X, Y) =Y
it is (o, B) with 8 =0. So, doing the translation x = X — «, y =Y — B8 we obtain that
system (6) becomes system (5), and the proposition is proved. O

Now we shall introduce some auxiliary results that will be used through the paper. Let
X=X(x,y)=(P(x,y), Q(x, y)) be the vector field associated to our system (3).

The following result is due to Poincaré in [1] and its proof can be found in [6].

THEOREM 4. Assume that the eigenvalues L1 7% 0 and Lo # 0 at some singular point of X
do not satisfy any resonance condition of the form

Mky + doko =0 forky, ky e 7V withk; + ky > 0.

Then system (3) has no local analytic first integrals.

The following result is due to Li et al, see [10].
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THEOREM 5. Assume that the eigenvalues A1 and Ay at some singular point (x, y) of X
satisfy that A1 =0 and Ay # 0. Then system (3) has no local analytic first integrals if the
singular point (X, y) is isolated.

We must mention that the singular points appearing in the statements of Theorems 4
and 5 can be real or complex, but our system (3) always is real.

On the other hand we need a result concerning with the characterization of the centers.
This is due to Poincaré [14] and Liapunov [9], see also Moussu [13].

THEOREM 6. (Non-degenerate center theorem) We consider the polynomial differential
system on the plane of the form

X=—-y+Fxy, y=x+Gx, ), )

where F and G are polynomials formed by monomials of degree greater than or equal to
two. Then system (7) has a center at the origin if and only if there exists a local analytic
first integral defined in a neighborhood of the origin.

We also need a result related with the classification theorem for centers of quadratic
systems due to Kapteyn [7, 8] and Bautin [2]. We state it in complex notation.

THEOREM 7. Any system (7) with F and G homogeneous polynomials of degree two
candidate to have a center can be written in complex notation as

J=iz+ A+ Bzz+CZ%, A,B,CeC, 3)

where z = x + yi. System (8) has a center at the origin if and only if one of the following
four conditions hold.

i B=0.

(i) 2A+B=0.

(ili) Im(AB)=Im(B3C)=1Im(A3C) =0.

(iv) |C|—|B|=A —2B =0, where | - | indicates the modulus of a complex number.

3. Proof of Theorem 1
Assume d = 0. If b = 0 then it is easy to check that the function H given in Theorem 1(a)
satisfies (2).

Assume b#0 and b ¢ Q™. Then (0, 0) is a singular point of system (S1) having
eigenvalues Ay =b and Ay =1. Since for all ki, kp € ZT with k; +k» > 0 we have
k1b + ky # 0 (otherwise b € Q7), by Theorem 4 the proposition follows.

Suppose now b= —p/q with p and g positive integers, and e # 0, then an easy
computation shows that

H = *"P/0xyP/d exp(—ey) + cel' (1 + p/q. ey) + fT Q2+ p/q. ey)
is a first integral of system (S1) where

400
I'(u, z) =/ 1~V exp(—1) dt,
Z

is the plica function. Since the function I'(«, z) is not continuous when z € (—o0, 0) we
do not have a global analytic first integral.
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Assume now b = —p/q with p and g positive integers and e = 0. Then the function H
given in Theorem 1(b) satisfies (2).

Now we assume that d # 0. In this case system (S1) has the singular points (0, 0) and
(=b/d, 0).

We first assume b = 0. In this case only the origin is a singular point. Its eigenvalues
are 0 and 1. Since this singular point is isolated, Theorem 5 says that system (S1) has no
analytic first integrals.

Now we assume b#0 and b ¢ Q*. In this case the eigenvalues of (—b/d, 0) are
A = —band Ay = 1. Hence, given k1, kp € Z+ with ky + ko > 0, we have —bk; + kp # 0.
Then Theorem 4 implies that system (S1) has no global analytic first integrals.

Finally consider the case b € Q*\{0}. In this case the eigenvalues of (0, 0) are A; = b
and Ay = 1. Hence, given ki, kp € Z with k; + k> > 0, we have bk; + k > 0. Then
Theorem 4 implies that system (S1) has no global analytic first integrals. This proves the
theorem.

4. Analytic first integrals for system (S2)
We shall prove Theorem 2 in the next propositions.

PROPOSITION 8. Assume that f =0, bc #0 and ¢/b* € QF. Then system (S2) has no
local analytic first integrals in a neighborhood of zero.

Proof. We note that system (S2) has the singular point (0, 0). Its eigenvalues are

b+ b2+ 4c
AMp=—"—"F"—".
2
Clearly
M+Xi=>b and AjAy=—c. 9)

Suppose that there exists positive integers k1, k2 such that kjA; 4+ ko Ay = 0. Note that by
Theorem 4 if such integers do not exist the proposition is proved. Then 1| = —at, with «
a positive rational. The two equalities of (9) become

b=({1—a)r, and c:a)»%.

Then we have 5 5
b l -«
R _g e Qf_
c o
Note that o # 1 because b # 0. Therefore, since b>/c ¢ Qt we cannot have k{11 + kory =
0 and the proposition is proved. O

PROPOSITION 9. System (S2) with f =0, bc#0 and a=c/b*>cQt with a#
pq/(p — q)? for some positive coprime integers p, q with p > q has no global analytic
first integrals.

Proof. Doing the rescaling (X, Y, T) = ((c /bH)x, (¢/b)y, bt) system (S2) becomes of the
form
/ db 2 € /
X =x+ay+—x"+-xy, Yy =x,
c c
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where we have written again (x, y, ¢) instead of (X, Y, T'). We assume that H = H(x, y)
is a local analytic first integral in a neighborhood of the origin. We write it as

H=>" Hc(x.y) (10)

k>1
where each Hj is a homogeneous polynomial of degree k. We will show by induction that
H,=0 fork>1. (11)

Then clearly from (10) we will obtain that system (S2) has no global analytic first integrals,
and the proof of the proposition is done.
Since H is a first integral it must satisfy

db , e oH oH
x+oay+—x"+-xy|—+x—=0. (12)
c c dx dy
Now we will do the induction. The terms of degree one in (12) must satisfy
0H, 0H,
x4+ay)— +x— =0.
dx ay
Clearly, since o # 0 we have that 0 H1/0x = 0. Then 0 H;/dy = 0 and thus H; = 0 which
proves (19) for k = 1. Now we assume that (19) is true for k=1, ..., j — 1 with j > 2

and we will prove it for k = j. By the induction hypothesis, the terms of order j in (12)

must satisfy
0H; 0H;
x+ay)— +x—=0.
ox dy
Therefore, either H; =0 or H; is a first integral of the linear system

X' =x+ay, y=x.
Computing a first integral of this system we obtain that it must be a function of

G=(W1+4a - Dx - 204)’)1+m(2x + (V1 + da — l)y)_l*‘m.

The unique possibility in order that G"2 be a polynomial is
-1+ 41 —i—4oz=ﬂ and 14+ +/1 +4ot=n—3, ni,n3 ez, n3 #n.
nz nz

Then we have that
nj nj3 . n3 —nj
— +1=——1 thatisny = .
n na 2

Note that n; is not necessarily an integer. Hence,

/—1+4a=n1+n2=n1+n3

ny n3 —ny
which yields
1 2
a=- M—m —1 :ﬂ, nl,n3€Z+,n17én3,
4 n3 —ny (n3—l’l1)2

which contradicts the hypothesis, and hence the induction process has ended. Note that
n3 > n1. Furthermore, n| and n3 are coprime since otherwise, setting n; = g.c.d{ny, n3}n;
and n3 = g.c.d{ny, n3}is we get

A A

g.C.d{nl, n3}2ﬁ1fl3 nins

(geding, n3}iy 4 ged{ny, n3}iz)? (A — iz)?
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PROPOSITION 10. System (S2) with f =0, bc #0, @ = ¢/b*> with « = pq/(p — q)* for
some positive coprime integers p, q with p > q and d # —e(p — q)/(bp) has no global

analytic first integrals.

Proof. We consider system (S2) with f =0, ¢ =b*pq/(p — q)* where p, ¢ are coprime
positive integers with p > g and d # —e(p — ¢q)/(bp). Under these assumptions and doing

the rescaling (X, Y, T) = ((c/b®)x, (¢/b)y, bt) we have

_dp - q)*
bpq

/ pPq

X' =x+ 2y—l—sz—f—Exy, y=x, D , E
(r—q)

_elp— q)?
b2pq

13)

with pD + E(p — q) # 0 and where we have written again (x, y, ¢) instead of (X, ¥, T).

Making the change of variables

pu —qu u-+v

u=((p-—-q@x-+qy, v=(@—px+py, iex= =

-+ q-p

we have that system (13) becomes
P p(Dp+ E(p —q)u*> (E(p —q)> —2Dpq)uv
pP—q P—q)(p+q)? (P—q)(p+q)?
q(Dq + E(q — p))v?
r—q)(p+q)?
s av _ pDp+E(p—q)u’  (2Dpg - E(p—q)*)uv
P—q (P—9)(p+q)? (P —)(p+q)?
q(E(p — q) — Dg)v*

(P —q)(p+g)?
We change from the variables (u, v) to the variables (#, T)) where

T =ulv? thatisv=T"Pu"/P,

u

Then we have from (15) that
,_pu  p(Dp+E(p—q)u?  q(Dq+ E(q— p)u2/PT/P

u =
P—q (r—q)(p+q)? (p—q)(p+q)?

(E(p — q)* — 2Dpq)u'?=4/PT1/P
(P —)(p+q)?

ua—p/P)T(p=1/p)

T - +a?

X ((E(p —q) — D@)u=1/PTVP 4+ (Dp + E(p — q))u).

_|_

’

(pu — qu=1/PT/P)?

(14)

(15)

(16)

a7

Let H = H(x, y) be a formal first integral of system (13). Then I:I(u, v)=H(x,y)is
a formal first integral of system (15) and H (u, T) = H (u, v) is a formal first integral of
system (17). Writing H (u, v) = ijo H; (w)v’/ with H; aformal series in u, we can write

I:I(u, T) as
H=Hu,T)= Z H;u)T//P,
Jj=0
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where ﬁj (u)=H; (u)u—44/P_ Since H is a first integral we can assume that it has no

constant term. Note that H satisfies
T,aﬁ N JOH 0 a8)
— +u— =0,
oT ou

with (T’, v) as in (17). We will show by induction that
Hiu)=0 forj>0. (19)

Note that to conclude the proof of the proposition it is enough to show that (19) holds.
First we note that equation (18) restricted to 7 = 0 becomes

( pu  p(Dp+E(p —q))u?
pP—q (P—q9)(p+q)?

)ﬁ(;(u) =0,

where the prime indicates derivative with respect to the variable u. Thus Hy is a constant.
Since H has no constant terms we get Hy = 0. This proves (19) for j = 0.

We assume that (19) is satisfied for j =0, ..., n — 1 with n > 1 and we shall prove it
for j = n. By the induction hypothesis we have

H = Z [_}j+n(u)T(j+n)/P — T"/[’g(u, T),
Jj=0

with g(u, 0) = H,(u). Now after simplifying equation (18) by T™~D/P and after
restricting it to T = 0, equation (18) becomes

nua+tp/r -
—————— (Dp+ E(p — q))Hy(u) =0.
(P =) p+9)? !
Therefore H,(u) =0. This proves equation (19) for j =n. In short, the proposition is
proved. a

PROPOSITION 11. System (S2) with f =0, bc #0, o = ¢/b* with o = pq/(p — q)? for
some positive coprime integers p, q with p > q and d = —e(p — q)/(bp) has no global
analytic first integrals.

Proof. We consider system (S2) with f =0, b = /c(p — q)//pq Where p, g are coprime
positive integers with p > g andd = —e(p — ¢q)/(bp). Under these assumptions and doing
the rescaling (X, Y, T) = ((¢/b*)x, (c/b)y, bt) we have
Wmxg P PTdpo g p_ =0
(p—q)? b2 pq
where we have written again (x, y, ) instead of (X, Y, T). Making the change of variables
as in (14) we have that system (20) becomes

(20)

- _PH _E(P—l)pu2 EQ2qp + p —q)ou _Eq(q+l)v2

P—q (p+9)? (p+9)? (p+9)? e
y__4v  Ep=Dpu  E@—pQq+Dyu  Eqlg+ v
P—q (p+9)? (p+9)? (p+9)?

https://doi.org/10.1017/50143385709000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385709000868

Analytic integrability of quadratic—linear systems 253

We change from the variables (u, v) to the variables (u, T') as in (16). Then we have
from (21) that
pu_ E(p—Dpu®  Eq(q+ Du”O/PT?/P

u/

S p—q  (p+q)? (p+9)?
EQqgp + p — q)uP=0/r71/P)
+ )
(r+a9)? (22)
T = £ 2u(q—p)/pT(p—l)/p(pu —qu™a/PTl/ry?
(r+aq)

x ((p— Du—u=@/PTl/r _ gu=@/PTV/P),

Let H = H(x, y) be a formal first integral of system (13). Then proceeding as in the proof
of Proposition 10 we have H(u, T) = H(x, y) and we write it as

H=HwuT)=Y HwT/,
Jj=0

where ﬁj (u) =H; (w)u=79/P. Since H is a first integral we can assume that it has no
constant term. Note that H satisfies (18). We will show by induction that

Hiju)=0 forj>0. (23)

Note that to conclude the proof of the proposition it is enough to show that (23) holds.
First we note that equation (18) restricted to 7 = 0 becomes

< pu_ E(p—1pu*
P—q (p+9)?

)H()(u) =0

where the prime indicates derivative with respect to the variable u. Thus, Hy is a constant.
Since H has no constant terms we get I:Io = 0. This proves (23) for j = 0.

We assume that (23) is satisfied for j =0, ..., n — 1 with n > 1 and we shall prove it
for j = n. By the induction hypothesis we have

A= Hyn@T 0 = TP, 1),
Jj=0

with g(u, 0) = H,(u). Now after simplifying equation (18) by T"~D/P_ and after
restricting it to 7 = 0, equation (18) becomes

nEuatp)/p ), ) =0
— —(p—1DH, ) =0.
(P =P —q)? ’
Since p>g>1 and E #0 (otherwise system (3) would be linear) we have that
H,,(u) = 0. This proves equation (23) for j = n. In short, the proposition is proved. O

PROPOSITION 12. Assume that in system (S2) we have f =0, c #0 and b =0.
(@) Ifd=0ande #0, then the function H of Theorem 2(a) satisfies (2).

(b) Ife=0andd # 0, then the function H of Theorem 2(b) satisfies (2).

(¢) Ifde #0, then it has no global analytic first integrals.
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Proof. From (S2) we get that
x'=cy+ dx® + exy, y =x.

Statements (a) and (b) follows easily by direct computations.
Assume de # 0 and ¢ < 0. Then system (S2) becomes

/

x'=—lcly +dx*>+exy, y =x.

Doing the change of variables

1 1
Z=——x, W=y and t=-—1, 24)
Vel Vel
we obtain .
Z'=-W+dZ>+ —2ZW, W =2, (25)
Vel

where now the prime indicates derivative with respect to 7. We note that system (25) can
be written as in (8) taking
Z+wi, a=%__¢ i p=9 -9, ¢
= l’ = —_— — [, = —, = —

4 4| 2 4 4|
It is clear that B # 0, 2A + B #0, A — 2B # 0 and Im(AB) # 0. Then by Theorem 7 we
have that system (25) has not a center at the origin, and by Theorem 6 then system (25) has
no local analytic first integrals in a neighborhood of the origin. Consequently system (S2)
with de # 0 and ¢ < 0 has no global analytic first integrals.

Now suppose de # 0 with ¢ > 0, then system (S2) becomes

i

x' = lcly +dx2 + exy, y/ =x.

Using the change of variables (24) this system goes over to
e
Vel

System (26) can be written as in (8) taking

7 =W +dZ*+ W, W' =2Z. (26)

The same arguments used in the case ¢ < 0 works now for proving that system (26) has
no local analytic first integrals in a neighborhood of the origin (see [12] for details).
Consequently system (S2) with de £ 0 and ¢ > 0 has no global analytic first integrals.
This completes the proof of statement (c). O

Now we are left with system (S2) with f # 0. Doing the change of variables

c
:X’ :Y——
X y 2f
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we transform system (S2) with f # 0 into the following system
(S2VX'=a+bX +dX>+eXY + fY2, Y =X, with a=—c?/Af and b=b—
ce/2f.

Now we will work with system (S2”) instead of system (S2).

PROPOSITION 13. If f #0and b = e =0 then
H =exp(—2dY)(—c*d® +2f% + 4d° f X? + 4df>Y + 4d* f*Y?)

is a global analytic first integral of system (S2"), and we obtain the global analytic first
integral of Theorem 2(c).

Proof. The proof follows with a direct calculation. O

PROPOSITION 14. System (S2') with f # 0, b? 4 &2 # 0 and ¢ # 0 has no global analytic
first integrals.

Proof. In this case the singular points of (S2') are uy = (0, &/—a/f) because a f < 0.
We separate the proof in two cases.
Case 1. b — e /—a/f # 0. Since the eigenvalues at u_ are

b—ey/=ajf £ /(b —ey/=ajf)? - 8y=af

2

A=

both eigenvalues have either positive or negative real parts. So given ki, ky € ZT with
k1 + ko > 0, we have A1k] + A2ky # 0. Then Theorem 4 implies that system (S2”) has no
global analytic first integrals.

Case 2. b — e\/—a/f =0. We take b = e\/—a/f. We translate the singular point u_
at the origin, we continue denoting the new variables as (X, Y), and doing the change of
variables

system (S2”) becomes

sy =7
e(é];} Xy — zgfyZ, y=x. (27)

We note that this system can be written as in (8) taking

2ad + /—af N e(—af)¥*

=—y+dx*—

z=x+yi, A=

8a wzraf
_2ad - J=if _
4 = af c_=%
a

Here A denotes the conjugate of A. It is clear that 2A + B#0, A —2B #0 and
Im(AB) # 0. Then by Theorem 7 we have that system (27) has not a center at the origin,
and by Theorem 6 then system (27) has no local analytic first integrals in a neighborhood of
the origin. Consequently system (S2”) in this case has no global analytic first integrals. O
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PROPOSITION 15. System (S2") with f # 0, b> + €2 # 0 and ¢ = 0 has no global analytic
first integrals.

Proof. Since a = 0 system (S2”) has a unique singular point, the origin. Its eigenvalues
are A = 0 and A = b. If b # 0 then the origin is isolated, consequently Theorem 5 says that
system (S2”) has no analytic first integrals.

Now we consider the case 5 =0. Then by hypothesis e # 0 and furthermore system
(S2") becomes

X' =dX*+eXY + fY?, Y =X. (28)

We claim that system (28) has no global analytic first integrals. We note that the proof
of the proposition follows from the claim. Now we shall prove the claim.

Let H=H(X,Y)=) ;. Hi(X,Y) be a first integral of (28), where Hj is a
homogeneous polynomial of aegree k. Then H satisfies

(dXz—i—eXY—l—sz)%—i—Xﬁ =0 (29)
X Yy
Computing the terms with different degree in (29) we get
JHy 2 5 0Hi_q
X—=—-dX XY Y fork > 1. 30
57 ( +eXY + fY9) X or k > (30)
We will show by induction that for k > 1,
0 Hj,
Hy_1=0 d —=0. 31
k-1 and  — (31)

We note that (31) clearly implies that H = 0 a contradiction with the fact that H is a global
first integral of system (28). Hence the claim will be proved if we prove the induction

hypothesis.

For k =1, (30) yields 9 H; /0Y = 0, and since Hy = 0 the induction hypothesis is proved
fork=1.

Now we assume that (31) is true for k=1,...,1 (I > 1) and we will prove it for

k =1+ 1. By the induction hypothesis we have
H_1=0 and H, =a1Xl, a; € R.
Equation (30) with k =1 + 1 yields

9H,
X% = —ql@dX? +eXY + FYHXL, (32)
If [ = 1 then (32) becomes
IH
Xa—Y2 =—a;(dX? + eXY + fY?).

From this equation since f # 0 we getthata; =0and 0 H>/0Y,so Hy =0and H, = a X2
The induction hypothesis is proved for k = 2. Now assume / > 2.
First we will prove by induction that for m > 1,

Hipm= D" "N fCrmY + areK; n X)Y =1 X172m 4 o(x!72m%2) (33)

where C; , and K ,, are positive constants depending on / and m. This result will allow
us to complete the proof of the induction hypothesis (31).
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Since [ > 2 solving (32) we get

Hyi = —alle_2<dX2Y ¥ gxﬂ n §Y3) Fap X
= —a fC X723 — ek 1 XY 4+ 0(XD), (34)
where C; 1 =1/3 and K; 1 =1/2. This proves (33) with m = 1. Now we assume that (33)
istrue form=1,...,n—1 (n>2) and we will prove it for m = n. By the induction
hypothesis and (30) with k =/ + n we have
JdH, 0Hj 1,
XD (@X? 4 eXY + fyH Al

Yy X
—(@X? +eXY + fYH[(=D)"a "7 1Cru1 (1 — 2n 4+ 2)x! 720 Hy3n=3
+ (D" aef " K (U= 2n 4 3) XY o (x!2)
= (=) f"Crp1(l — 21 + 2y x!=2n+1y3n—1
+ (—1)"azef"_1K1,n—1(l o+ 3)X1—2n+2Y3n—2
+ (—1)”alef”_1C1,,,,1(l —2n 4 2)XIT2H2yIn=2 4 o (xI=2n+3)
= (=1)"a f"Cp1 (I — 21+ 2)X172n+1 y3n-1
+ (=D "aef" K p_1(l =20 4 3) + Cro_1(l — 2n +2)] X/ 721 +2y3n=2
+ O(Xl_2n+3).

Therefore
8H1+” n n [—2n+,3n—1
T =(D'a f"Cr -1 —2n+2)X Y
+ (=D aref" K n1(l =204 3) + Cpp1(I — 2n +2)]x! 72+ y3n=2
+ O(xl—2n+2)
which yields
Hl+n — (_l)nalfncl,nxl_zn Y3n + (_l)nalefn_lK]’nXl_er_lY?m_l + O(Xl_2n+2),
with
[l —2n+2
Cin= Tcl,n—l >0,
Kina(l=2n4+3)+Cp1( —2n+2)
Kip=— 3 1 . >0
n—

Therefore (33) is proved.

Now we continue with the proof of the induction hypothesis (31). In fact we shall
prove that a; = 0 for / > 2. Then H; = 0 and from (29) we have that 0 H;+1/0Y = 0. This
proves (31). We distinguish two cases.

We first assume / is odd. Then by (33) with m = (I — 1)/2 we obtain that

Hai—yp = (=) D20, (D20 () nxYCII2 4 0(x?).
Then by (30) with k = (3] + 1)/2 we get
0H3E141) 2 _ _ _
X (3; )/ _ —(dX2+eXY+fY2)((—1)(l Wzazf(l 1)/2C1,(1,1)/2Y(3l 3)/2
+ 0(X)). 35)
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Now setting X = 0 in (35) we get that a; = 0.
Finally, if [ is even, then (33) with m =1/2 yields

Hypp = (—l)l/zalfl/zcl,l/2Y3l/2 + (—1)l/zélwf(l_2)/21(1,1/2?(1/(31_2)/2 +0(X?).

Then by (30) with k = (31 + 2)/2 we get

0H3142)2 _ _
X—(a; 2 — _(dx? 4 eXY + fYO(=D)"Paef 02K, Y2 4 0(X)).
Now taking X = 0 in the previous expression we get that a; = 0. a
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