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A new hierarchy for complex plane curves

Piotr Pokora , Alexandru Dimca, and Takuro Abe

Abstract. We define the type of a plane curve as the initial degree of the corresponding Bourbaki ideal.
Then, we show that this invariant behaves well with respect to the union of curves. Curves of type 0 are
precisely the free curves, while curves of type 1 are the plus-one generated curves. In this article, we
first show that line arrangements and conic-line arrangements can exhibit all the theoretically possible
types. In the second part, we study the properties of the curves of type 2 and construct families of line
arrangements and conic-line arrangements of this type.

1 Introduction

Let S = C[x , y, z] be the polynomial ring in three variables x , y, z with complex
coefficients, and let C ∶ f = 0 be a reduced curve of degree d ≥ 3 in the complex
projective plane P

2. The ring S and all the graded S-modules considered below are
graded with respect to the natural grading. We denote by J f the Jacobian ideal of
f, i.e., the homogeneous ideal in S spanned by the partial derivatives fx , fy , fz of f,
and by M( f ) = S/J f , we denote the corresponding graded quotient ring, called the
Jacobian (or Milnor) algebra of f. Consider the graded S-module of Jacobian syzygies
of f, namely,

D0( f ) = {(a, b, c) ∈ S3 ∶ a fx + b fy + c fz = 0}.
According to Hilbert’s Syzygy Theorem, the graded Jacobian algebra M( f ) has a
minimal resolution of the form

0→ F3 → F2 → F1 → F0 ,(1.1)

where clearly F0 = S, F1 = S3(1 − d) and the morphism F1 → F0 is given by

(a, b, c) ↦ a fx + b fy + c fz .
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With this notation, the graded S-module of Jacobian syzygies D0( f ) has the following
minimal resolution:

0→ F3(d − 1) → F2(d − 1).

We say that C ∶ f = 0 is an m-syzygy curve if the module F2 has rank m. Then, the
module D0( f ) is generated by m homogeneous syzygies, say r1 , r2 , . . . , rm , of degrees
d j = deg r j ordered such that

1 ≤ d1 ≤ d2 ≤ ⋯ ≤ dm .

We call these degrees as the exponents of the curve C, and r1 , . . . , rm as a minimal set
of generators for the module D0( f ). Note that d1 = mdr( f ) is the minimal degree of
a non-trivial Jacobian relation in D0( f ). It is known that

d1 ≤ d2 ≤ d3 ≤ d − 1,(1.2)

see, for instance, [16, Theorem 2.4]. On the other hand, for line arrangements, we have
a better bound, namely,

dm ≤ d − 2,(1.3)

see [25, Corollary 3.5], and for conic-line arrangement, we have

dm ≤ d − 1,(1.4)

see [8, Corollary 1.5].
Let I f denote the saturation of the Jacobian ideal J f with respect to the maximal

ideal m = (x , y, z) in S. Consider the following local cohomology group, usually
called the Jacobian module of f,

N( f ) = I f /J f = H0
m(M( f )).

We set n( f )k = dim N( f )k for any integer k and we introduce the freeness defect of
the curve C by the formula

ν(C) =max
j
{n( f ) j}

as in [16]. Note that C is free if and only if N( f ) = 0 and hence ν(C) = 0, and C is
nearly free if and only if ν(C) = 1 (see, for instance, [5, 14] for the definitions of free
and nearly free curves). Recall that the total Tjurina number of a given curve C ⊂ P2

is defined to be

τ(C) = ∑
p∈Sing(C)

τp ,

where Sing(C) denotes the set of all singular points of C, and τp is the Tjurina number
of the singularity (C , p).

Consider the general form of the minimal resolution for the Milnor algebra M( f )
of a curve C ∶ f = 0 that is assumed to be not free, namely,

0→ ⊕m−2
i=1 S(−c i) → ⊕m

j=1S(1 − d − d j) → S3(1 − d) → S ,(1.5)
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with c1 ≤ ⋯ ≤ cm−2 and d1 ≤ ⋯ ≤ dm . It follows from [19, Lemma 1.1] that one has

c j = d + d j+2 − 1 + ε j ,(1.6)

for j = 1, . . . , m − 2 and some integers ε j ≥ 1. Using [19, Formula (13)], it follows that
one has

d1 + d2 = d − 1 +
m−2
∑
j=1

ε j .(1.7)

This formula implies the following result (see [16, Theorem 2.3] for details).

Theorem 1.1 Let C ∶ f = 0 be a reduced plane curve of degree d and let d1 and d2 be the
minimal degrees of a minimal system of generators for the module of Jacobian syzygies
D0( f ) as above. Then, the following conditions hold:
(1) The curve C is free if and only if d1 + d2 = d − 1.
(2) The curve C is plus-one generated if and only if d1 + d2 = d.
(3) The curve C is neither free nor plus-one generated if and only if d1 + d2 > d.

For the definition of plus-one generated curves, see [1, 16]. In view of this result,
it seems natural to introduce the following invariant, which leads to an interesting
hierarchy among all plane curves.

Definition 1.1 Let C ∶ f = 0 be a reduced plane curve of degree d and let d1 and d2 be
the two smallest degrees of a minimal system of generators for the module of Jacobian
syzygies D0( f ) as above. We then say that C has type t(C), where t(C) is a positive
integer defined by the formula

t(C) = d1 + d2 + 1 − d .

The fact that this invariant plays a key role in the study of plane curves follows from
the following alternative definition. Let C ∶ f = 0 be a reduced curve in P

2 and r1 be
a minimal degree generator of the graded S-module D0( f ). Then, the corresponding
Bourbaki ideal B(C , r1) ⊂ S of D0( f ) was introduced in [17, Section 5] and [16,
Section 3], after being considered in a non-explicit way by du Plessis and Wall in [18],
and the first author in [5]. Its properties were further explored in the recent paper
[21]. It follows from the definition of the Bourbaki ideal B(C , r1) that the type of the
curve C is just the initial degree of the homogeneous ideal B(C , r1), namely,

t(C) = indeg B(C , r1) =min{s ∈ Z ∶ B(C , r1)s ≠ 0}.(1.8)

Recall that the Bourbaki degree Bour(C) of the curve C is defined by

Bour(C) = deg B(C , r1)(1.9)

and it satisfies the equality

Bour(C) = (d − 1)2 − d1(d − d1 − 1) − τ(C),(1.10)
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see [17, Theorem 5.1(1)] and [21, Theorem 2.1]. It follows that, if d1 ≤ (d − 1)/2, then

Bour(C) = ν(C),(1.11)

see Theorem 2.1 below.
Note that a curve C is free exactly when t(C) = 0 and also if and only if

Bour(C) = 0. On the other hand, a curve C is plus-one generated exactly when
t(C) = 1. A plus-one generated curve is a 3-syzygy curve with exponents (d1 , d2 , d3)
satisfying d1 + d2 = d (see [16, Theorem 2.3(2)]). For such a curve, one has

τ(C) = (d − 1)2 − d1(d − d1 − 1) + d2 − d3 − 1,(1.12)

see [16, Proposition 2.1(4)]. It follows that, for a plus-one generated curve C with
exponents (d1 , d2 , d3), one has

Bour(C) = d3 − d2 + 1,(1.13)

and hence Bour(C) = 1 if and only if d2 = d3. This occurs when C is a nearly free curve,
which is a special type of plus-one generated curve.

The type of a curve is a positive integer bounded by 2d − 2 in view of (1.2), and
this upper bound is attained, for instance, by a smooth curve. For line arrangements,
the corresponding upper bound is 2d − 4 in view of (1.3) (see Corollaries 1.7 and 1.9
below for more on this subject).

Our first result says that the type behaves well with respect to the union of two
curves. Consider two reduced curves C1 ∶ f1 = 0 and C2 ∶ f2 = 0, with no common
irreducible component. Then, one has the following easy result, concerning the union
curve C = C1 ∪ C2 ∶ f = f1 ⋅ f2 = 0 (see [11, Theorem 5.1]).

Proposition 1.2 With the above notation, one has

max{mdr( f1), mdr( f2)} ≤ mdr( f ) ≤min{mdr( f1) + deg C2 , mdr( f2) + deg(C1)}.

The type of curves behaves similarly with respect to the union of curves, namely,
we have the following result.

Theorem 1.3 Let C1 ∶ f1 = 0 and C2 ∶ f2 = 0 be two curves in P
2 with no irreducible

component in common. Then, the union curve C = C1 ∪ C2 ∶ f = f1 ⋅ f2 = 0 satisfies

t(C) ≤min{t(C1) + deg(C2), t(C2) + deg(C1)}.

Remark 1.4 If C1 is free and C2 is a line, then this result is already known (see
[7, 22]).

Corollary 1.5 If C is a free curve and Q is a conic intersecting C in a finite number of
points, then the union C′ = C ∪ Q is a curve of type at most 2. Similarly, if C is a plus-
one generated curve and L is a line, which is not an irreducible component of C, then
the union C′ = C ∪ L is a curve of type at most 2.

The next result tells us what happens for the type t(C), in most cases, when the
curve C2 is generic, namely, smooth and transversal to C1.
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Theorem 1.6 Let C1 ∶ f1 = 0 be a curve and let d1 ≤ d2 be the two smallest degrees of a
minimal system of generators for the module of Jacobian syzygies D0( f1). Let C2 ∶ f2 = 0
be a smooth curve such that the intersection C1 ∩ C2 consists of deg C1 ⋅ deg C2 points.
If

d2 ≤ deg C1 − 2,

then the union curve C = C1 ∪ C2 ∶ f = f1 ⋅ f2 = 0 satisfies

t(C) = t(C1) + deg C2 .

More precisely, if d′1 ≤ d′2 denote the first two smallest degrees of a minimal system of
generators for the module of Jacobian syzygies D0( f ), then

d′1 = d1 + deg C2 and d′2 = d2 + deg(C2) ≤ deg(C) − 2.

Corollary 1.7 Let A be a line arrangement in P
2 containing at least three lines. Then,

one has

0 ≤ t(A) ≤ deg(A) − 3.

Conversely, for any integers t and d such that 0 ≤ t ≤ d − 3, there are line arrangements
in P

2 such that t(A) = t and deg(A) = d.

Proving a result similar to Corollary 1.7 for conic-line arrangements is more
complicated. The smooth conic C1 in Example 3.2 satisfies t(C1) = d − 1, while the
conic-line arrangement C from the same example satisfies t(C) = d − 2. It is easy
to check that two smooth conics meeting in four points give rise to conic-line
arrangement C with t(C) = 2 = d − 2, since d = deg(C) = 4. We believe that such
examples are exceptional, and ask the following question.

Question 1.8 Is it possible to list all the conic-line arrangements C satisfying

t(C) ≥ deg(C) − 2 ?

On the positive side, we have the following analog of Corollary 1.7 for conic-line
satisfying an additional condition.

Corollary 1.9 Let C ∶ f = 0 be a conic-line arrangement and let d1 ≤ d2 be the two
smallest degrees of a minimal system of generators for the module of Jacobian syzygies
D0( f1). If d2 ≤ deg(C) − 2, then

0 ≤ t(C) ≤ deg(C) − 3.

Conversely, for any integers t and d such that 0 ≤ t ≤ d − 3, there are conic-line arrange-
ments C containing at least one conic in P

2 such that t(C) = t and deg(C) = d.
In particular, for any degree d ≥ 3, there are free conic-line arrangements C contain-

ing at least one conic such that deg(C) = d.

Before presenting further results, we would like to make the following observation
regarding the type.
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Remark 1.10 The type in the class of line arrangements is not determined by the
combinatorics. Indeed, the pair of arrangements

A ∶ f = x y(x − y − z)(x − y + z)(2x + y − 2z)(x + 3y − 3z)(3x + 2y + 3z)
(x + 5y + 5z)(7x − 4y − z) = 0

and

A′ ∶ f ′ = x y(4x − 5y − 5z)(x − y + z)(16x + 13y − 20z)(x + 3y − 3z)(3x + 2y + 3z)
(x + 5y + 5z)(7x − 4y − z) = 0

constructed by Ziegler [31] and Yuzvinski [30] have the same combinatorics, but the
exponents are (5, 6, 6, 6) and (6, 6, 6, 6, 6, 6), respectively. Therefore, the type of A is
3, while the type of A′ is 4.

One can make a loose analogy of the type of curves introduced in Definition 1.1
with Arnold’s notion of modality of function germs. In the case of function germs,
the 0-modal (alias the simple singularities), the 1-modal (alias the unimodal singu-
larities), and the 2-modal singularities are classified (see, for instance, [2]), and the
complexity of the corresponding geometry, e.g., reflected in their Milnor lattices, is
increasing as the modality increases.

Following this path, from now on, in this note, we focus on curves C having type
2. The exponents and the corresponding Tjurina numbers of the curves of type 2 are
described in the following result, where the notation from (1.7) is used.

Proposition 1.11 Let C be a curve of type 2. Then, one of the following two cases occurs.
(1) C is a 3-syzygy curve and ε1 = 2. If (d1 , d2 , d3) are the exponents of C, then

τ(C) = d2
1 + d1d2 + d2

2 − 2d1 − 2d2 − 2d3 .

(2) C is a 4-syzygy curve and ε1 = ε2 = 1. If (d1 , d2 , d3 , d4) are the exponents of C,
then

τ(C) = d2
1 + d1d2 + d2

2 − 2d1 − 2d2 − d3 − d4 + 1.

Conversely, if m = 3 and ε1 = 2 or m = 4 and ε1 = ε2 = 1, then t(C) = 2.

In case (1) (resp., (2)), we say that C is a curve of type 2A (resp., 2B). For the curves
C of type 2, we also have simple formulas for the freeness defect ν(C), as shown below.

Proposition 1.12 Suppose that C has type 2A and exponents (d1 , d2 , d3). Then, the
following hold:
(1) If d1 < d2 − 2, then ν(C) = 2(d3 − d2) + 4 ≥ 4.
(2) If d1 = d2 − 2, then ν(C) = 2(d3 − d1) ≥ 4.
(3) If d1 = d2 − 1, then ν(C) = 2(d3 − d1) + 2 ≥ 4.
(4) If d1 = d2, then ν(C) = 2(d3 − d2) + 3 ≥ 3.

Proposition 1.13 Suppose that C has type 2B and exponents (d1 , d2 , d3 , d4). Then, the
following hold:
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(1) If d1 < d2 − 2, then ν(C) = d3 + d4 − 2d2 + 3 ≥ 3.
(2) If d1 = d2 − 2, then ν(C) = d3 + d4 − 2d1 − 1 ≥ 3.
(3) If d1 = d2 − 1, then ν(C) = d3 + d4 − 2d1 + 1 ≥ 3.
(4) If d1 = d2, then ν(C) = d3 + d4 − 2d2 + 2 ≥ 2.

The equality in Proposition 1.13 (4) holds if and only if d1 = d2 = d3 = d4, see also
[16, Theorem 3.11 and Example 3.12] in relation with such curves.

It is natural to ask the question whether in Corollary 1.5, in both cases, the
two types 2A and 2B are possible for the curve C′. Our next result gives a rather
general construction to start with a plus-one generated line arrangement A′ and get
arrangements A of type 2B, by adding a generic line.

Theorem 1.14 Let A′ be a line arrangement of type 1 with exponents (m1 , m2 , m3)
with m1 ≥ 3. Let L be a line such that the intersection L ∩A′ consists of degA′ =
m1 +m2 points. Then, the line arrangement A = A′ ∪ L has type 2B and the exponents
of A are

(m1 + 1, m2 + 1, m3 + 1, m1 +m2 − 1).

In the next result, we consider a line arrangement as a special type of conic-line
arrangement, i.e., a conic-line arrangement where the number of conics is zero. The
example of conic-line arrangement constructed in Theorem 1.15 is very different from
the conic-line arrangements C constructed in the proof of Corollary 1.9, since here all
the singularities situated on the conic are quasi-homogeneous, which is not the case
for the singularity (C, (0 ∶ 0 ∶ 1)) in general (see Remark 3.3).

Theorem 1.15 Let C′ be a free conic-line arrangement with exponents (m1 , m2) with
m1 ≥ 2. Let Q be a smooth conic such that the intersection Q ∩ C′ consists of 2 degC′ =
2(m1 +m2 + 1) points. Then, the arrangement C = C′ ∪ Q has type 2A with exponents
(m1 + 2, m2 + 2, m1 +m2 + 1).

Remark 1.16 It is interesting to note that the formula for τ(C) in Proposition 1.11
(1) can be obtained by setting d4 = d3 + 1 in formula for τ(C) in Proposition 1.11 (2).
Similarly, all the formulas for ν(C) in Proposition 1.12 can be obtained by setting d4 =
d3 + 1 in the corresponding formulas for ν(C) in Proposition 1.13. In particular, the
sets of exponents (n1 + 1, n2 + 1, n1 + n2 − 2) and (n1 + 1, n2 + 1, n1 + n2 − 2, n1 + n2 −
1) yield the same Tjurina number τ(C) and the same freeness defect ν(C). For this
reason, the Tjurina number and the freeness defect cannot be used to show that the
type 2B does not occur in Theorem 1.15. The same situation occurs below in Theorem
1.19. To discard the case 2B in both theorems, we need to use deep results from [27].

We have seen that Theorem 1.14 produces line arrangements of type 2B. To get
families of line arrangements of type 2A, one can use the following construction. We
start by constructing first a family of line arrangementsA′ of type 1 by taking the union
of two pencils of lines. The following result may be well-known to the specialists.

https://doi.org/10.4153/S0008439525101422 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439525101422


A new hierarchy for complex plane curves 831

Proposition 1.17 Let B1 (resp., B2) be the arrangement consisting of n1 lines passing
through a point a1 ∈ P2 (resp., n2 lines passing through a point a2 ∈ P2/B1) and such
that 1 ≤ n1 ≤ n2 and n1 + n2 > 2. Then, the arrangement A′ = B1 ∪B2 has type 0 and
exponents (1, n1 + n2 − 2) for n1 = 1, and type 1 and exponents (n1 , n2 , n1 + n2 − 2) for
n1 ≥ 2.

In view of Theorem 1.14, this directly implies the following.

Corollary 1.18 If we add a generic line to the line arrangement A′ from Proposition
1.17 with n1 ≥ 3, then we get a line arrangement of type 2B with exponents

(n1 + 1, n2 + 1, n1 + n2 − 1, n1 + n2 − 1).

The next result tells us what happens when we add a line L to the arrangement A′
in Proposition 1.17, passing through exactly one double point of A′.

Theorem 1.19 Let A′ be the line arrangement from Proposition 1.17 and assume that
3 ≤ n1 ≤ n2. Let L be a line such that the intersection L ∩A′ consists of n1 + n2 − 1
points. Then, the arrangement A = A′ ∪ L has type 2A with exponents (n1 + 1, n2 + 1,
n1 + n2 − 2).

Finally, we present an enumerative description of line arrangements of type 2.
Let us first fix the notation. Let L ⊂ P2 be an arrangement of d lines. We denote by
tk ∶= tk(L) the number of k-fold intersection points of L, and we define the maximal
multiplicity of L as follows:

m(L) =max{k ∶ arrangement L admits k-fold points}.

Theorem 1.20 Let L ⊂ P2 be an arrangement of d lines of type 2. Then, one has

m(L) ≥ ⌈ 4d
d + 5

⌉.

Moreover, the following hold:
(1) If L has type 2A and exponents (d1 , d2 , d3), then

∑
r≥2
(r − 1)tr ≥ d1d2 + 2.

(2) If L has type 2B and exponents (d1 , d2 , d3 , d4), then

∑
r≥2
(r − 1)tr ≥ d1d2 + 1.

Both lower bounds for ∑r≥2(r − 1)tr for line arrangements of type 2 given above
are sharp and this follows from Example 6.1 below.

The content of this article is outlined below. Section 2 provides a recap of some
necessary preliminaries. The subsequent sections then proceed to prove these results
and provide a number of useful examples and related additional remarks.
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2 Some preliminaries

With the notation from Introduction, we have the following result.

Theorem 2.1 [6, Theorem 1.2] Let C ∶ f = 0 be a reduced plane curve of degree d and
d1 =mdr(C). Then, the following hold:
(1) If d1 ≤ (d − 1)/2, then ν(C) = (d − 1)2 − d1(d − 1 − d1) − τ(C).
(2) If d1 ≥ (d − 1)/2, then

ν(C) = ⌈ 3
4
(d − 1)2⌉ − τ(C).

If we set T = 3(d − 2), then the sequence n( f )k is symmetric with respect to the
middle point T/2, that is, one has

n( f )a = n( f )b(2.1)

for any integers a, b satisfying a + b = T (see [28]). It was shown in [12, Corollary 4.3]
that the graded S-module N( f ) satisfies a Lefschetz type property with respect to
multiplication by generic linear forms. This implies, in particular, the inequalities:

0 ≤ n( f )0 ≤ n( f )1 ≤ ⋯ ≤ n( f )[T/2] ≥ n( f )[T/2]+1 ≥ ⋯ ≥ n( f )T ≥ 0.(2.2)

Moreover, for a 3-syzygy curve C of degree d with exponents (d1 , d2 , d3), we have the
following formula for the initial degree of the graded module N( f ) (see [16, Theorem
3.9]):

σ(C) =min{k ∶ N( f )k ≠ 0} = 3(d − 1) − (d1 + d2 + d3).(2.3)

2.1 Some key exact sequences

Let us come back to the setting of Theorem 1.3. To simplify the notation, in the sequel,
we set

e1 = deg f1 = deg C1 and e2 = deg f2 = deg C2 .(2.4)

Assume in addition that C2 is smooth and all the points in C1 ∩ C2 are quasi-
homogeneous singularities of C = C1 ∪ C2. Then, there is an exact sequence for any
integer k given by

0→ EC1(k − e2)
f2�→ EC(k) → i2∗OC2(−KC2 − R + (k − 1)D) → 0,(2.5)

where EC = D̃0( f ) (resp., EC1 = D̃0( f1) is the sheafification of the graded S-module
D0( f ) (resp., D0( f1)), which is a rank two vector bundle on P

2, KC2 is the canonical
divisor on C2, R is the reduced scheme of C1 ∩ C2, and the divisor D′ corresponds to
the intersection of a line inP

2 with the curve C2 (see [11, 26]). By taking the associated
long cohomology exact sequence of the sequence (2.5), we get

0→ D0( f1)k−e2 → D0( f )k → H0(C2 ,OC2(D + (k − 1)D′)) →(2.6)
→ N( f1)k−e2+e1−1 → N( f )k+e1+e2−1 → H1(C2 ,OC2(D + (k − 1)D′)) →
→ H2(P2 , EC1(k − e2)) → H2(P2 , EC(k)) → 0,
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with D = −KC2 − R, and hence deg D = 2 − 2g2 − r, where gC2 is the genus of the
smooth curve C2 and r is the number of points in the reduced scheme of C1 ∩ C2.
Moreover, one has

dim H2(P2 , EC1(k − e2)) = dim D0( f1)e1+e2−(k−e2)−4(2.7)

and

dim H2(P2 , EC(k)) = dim D0( f )(e1+e2+1)−k−4 ,

see [5, 28].

Remark 2.2 If we identify D0( f ) with the quotient S-module

D( f ) = D( f )/SE ,

then the morphism θ is just given by the multiplication by f1. Here, D( f ) denotes the
S-module of all derivations of f, that is,

D( f ) = {(a, b, c) ∈ S3 ∶ a fx + b fy + c fz ∈ ( f )},

where ( f ) is the principal ideal generated by f, and SE denotes the submodule in
D( f ) generated by the Euler derivation E = (x , y, z). The first non-zero morphism
in (2.5) is multiplication by f2 if we replace D0( f1) and D0( f ) by D( f1) and D( f ),
respectively (see, for instance, [26, Theorem 1.6]). This fact is used in the proof of
Theorems 1.15 and 1.19 below.

2.2 Exact sequences for line arrangements

Consider the triple of line arrangements (A′ ,A,A′′), whereA′ = A/{L}with L being
a line inA, andA′′ is the arrangement consisting of points on the line L corresponding
to the intersection set A′ ∩ L. By a change of coordinates, we can take L ∶ x = 0, and
we set

A′ ∶ f ′ = 0, A ∶ f = 0 and A′′ ∶ f ′′ = 0,

for some polynomial f ′′ ∈ R = C[y, z]. Then, there is an exact sequence of graded S-
modules, sometimes called the Euler exact sequence of the triple (A′ ,A,A′′), given
by

0→ D( f ′)(−1) → D( f ) → D( f ′′),(2.8)

where D( f ′), D( f ), and D( f ′′) are as in Remark 2.2 and in addition, D( f ′′) is
regarded as an S-module using the restriction of scalars given by the ring morphism
ψ ∶ S → R, which replaces x by 0 in any polynomial h ∈ S. Here, the first morphism
D( f ′)(−1) → D( f ) is the multiplication by x, and the second morphism is given by

ρ ∶ D( f ) → D( f ′′), ρ(a1 , a2 , a3) = (ψ(a2), ψ(a3)),

see [24, Proposition 4.45] and [27, Lemma 2.6] that covers a more general case when
A′ is a conic-line arrangement, maybe under some quasi-homogeneity conditions. If
we replace the modules D( f ′), D( f ), and D( f ′′) by the modules D( f ′), D( f ), and
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D( f ′′), the sequence obtained from (2.8) is no longer exact. However, if we pass to
the associated coherent sheaves on P

2, we get the following short exact sequence:

0→ EA′(−1) → EA → i∗EA′′ → 0,(2.9)

where we followed the notation from (2.5) (see [25, Theorem 3.2]). Using this exact
sequence, we can give the following useful sufficient condition for the sequence (2.8)
to be right-exact, i.e., for the morphism ρ to be surjective.

Theorem 2.3 With the above notation, let

0→ ⊕m−2
i=1 S(−c′i) → ⊕m

i=1S(−d i) → D0(A′) → 0

be a minimal free resolution of D0(A′). If ∣A′′∣ > c′i − 1 for all i, then the Euler exact
sequence

0→ D(A′)(−1) ⋅x→ D(A) ρ→ D(A′′)

is right exact.

Proof Let ∣A′′∣ = n, and note that this implies ∣A′∣ ≥ n. Then, the S-module D(A′′)
has two generators, one of degree 1 and another of degree n − 1. The first element is
the Euler derivation, which is always in the image of ρ. It follows that

D(A) ρ→ D(A′′)

is surjective if and only if the induced morphism

D(A) ρ→ D(A′′)

is surjective. Moreover, it suffices to show that ρ is surjective in degree n − 1. Using the
exact sequence (2.9), it suffices to show that H1(P2 , EA′(n − 2)) = 0. By the minimal
free resolution of D0(A′), we have

0 = H1(P2 ,⊕O(−d i + n − 2)) → H1(P2 , EA′(n − 2))
→ H2(⊕O(−c′i + n − 2)) ≃ H0(P2 ,⊕O(c′i − n + 2 − 3)) = 0.

The last vanishing follows by our assumption, and the first one from the fact that
H1(P2 ,O(k)) = 0 for any integer k. This completes the proof. ∎

The exact sequence in Theorem 2.3 plays a key role in our proof of Theorem 1.19.
When we pass from line arrangements to conic-line arrangements, there are similar
exact sequences according to [27], and they are discussed in detail and used in the
proof of Theorem 1.15 below.
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3 The proofs of Theorems 1.3 and 1.6 and of Corollaries 1.7
and 1.9

3.1 Proof of Theorem 1.3

Observe that there is a natural S-linear morphism

θ ∶ D0( f1)k−e2 → D0( f )k

for any integer k. If δ ∈ D0( f1)k−e2 is a syzygy, we can think about it as being a
derivation killing f1, and then we set

θ(δ) = f2δ − δ( f2)
d

E ,

where d = deg C = e1 + e2 and E denotes the Euler derivation (see [11, Theorem
5.1]. This morphism is injective. Indeed, if we suppose that θ(δ) = 0 for some δ ∈
D0( f1)k−e2 , then, in particular, θ(δ)( f1) = 0. Since E( f1) = e1 f1 ≠ 0 and δ( f1) = 0, we
get δ( f2) = 0. It follows that

0 = θ(δ) = f2δ

and hence, δ = 0 since f2 ≠ 0.
We denote by d1 , d2 (resp., by d′1 , d′2) the first two exponents of C1 (resp., of C). By

Proposition 1.2, we have

d′1 ≤ d1 + e2 .

If d′2 ≤ d2 + e2, then by adding these two inequalities, we get our claim. Suppose now
that

d′2 > d2 + e2 .

Let r1 and r2 be the first two generators in a minimal set of generators for D0( f1)
and let r′1 be a generator of D0( f ) of minimal degree d′1 . Then, θ(r1) ∈ D0( f )d1+e2

and θ(r2) ∈ D0( f )d2+e2 are non-zero derivations. It follows that there are non-
zero homogeneous polynomials p, q ∈ S such that θ(r1) = pr′1 and θ(r2) = qr′1. This
implies qθ(r1) − pθ(r2) = θ(qr1 − pr2) = 0, and hence by the injectivity of θ (see the
beginning of the proof of [11, Theorem 5.1]), we get

qr1 − pr2 = 0.

This is a contradiction since the quotient S-module D0( f1)/Sr1 is torsion free, as it
follows, for instance, from the exact sequence in [17, Theorem 5.1]. Indeed, this exact
sequence may be rewritten as

0→ S(−d1) → D0( f ) → B(C , r1) → 0,

where the first morphism is given by h ↦ hr1. Hence, D0( f1)/Sr1 is isomorphic to an
S-submodule I of the ideal B(C , r1), in other words, I is an ideal in S, and hence has
no torsion.
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Remark 3.1 Consider the Fermat curve C1 ∶ f1 = xd + yd + zd = 0 and the line
arrangement C2 ∶ f2 = xd + yd = 0. Then, the curve C1 has type d − 1 since the
exponents of C1 are d1 = d2 = d3 = d − 1. On the other hand, the union C = C1 ∪ C2
has type 0, since C is a free curve (see [10, Corollary 1.6]). It follows that there is no
interesting lower bound for the type of C = C1 ∪ C2 without providing any additional
information on curves C1 and C2.

3.2 Proof of Theorem 1.6 and Corollaries 1.7 and 1.9

We use the exact sequence (2.6) above, where

g2 = genus(C2) =
(e2 − 1)(e2 − 2)

2
and r = e1e2. Moreover, D′ consists of e2 points, and hence,

deg(D + (k − 1)D′) = 2 − (e2 − 1)(e2 − 2) − e1e2 + (k − 1)e2 = e2(k − e1 − e2 + 2).
For k < e1 + e2 − 2, we have H0(C2 ,OC2(D + (k − 1)D′)) = 0, and this yields an
isomorphism

D0( f1)k−e2 → D0( f )k .

It follows that all the generators of D0( f ) of degree k < e1 + e2 − 2 come from
generators of D0( f1) of degree k − e2. In this way, we get two generators of degrees

d′1 = d1 + e2 and d′2 = d2 + e2 .

A new generator, possibly coming from H0(C2 ,OC2(D + (k − 1)D′)) = C, arises
when k = e1 + e2 − 2. Since

d′2 = d2 + e2 ≤ e1 + e2 − 2

by our assumption, we get that d′1 and d′2 are the first two exponents of the curve C,
and hence, C has type

d′1 + d′2 − (e1 + e2 − 1) = (d1 + d2 − (e1 − 1)) + e2 = t1 + e2

as claimed.
The proof above implies that if the curve C1 satisfies the condition d1 ≤ e1 − 2, then

the resulting curve C also satisfies this condition, since

d′2 = d2 + e2 ≤ e1 + e2 − 2.

This completes the proof of Theorem 1.6.

Example 3.2 The condition d2 ≤ deg(C1) − 2 is necessary in Theorem 1.6 as the
following example shows. Let C1 ∶ f1 = x2 + y2 + z2 = 0 and C2 ∶ f2 = x = 0. Then, d1 =
d2 = 1 and hence, t(C1) = 1. A direct computation shows that C = C1 ∪ C2 is a 3-syzygy
curve with exponents (1, 2, 2) and hence of type

1 + 2 − 2 = 1 < t(C1) + deg(C2) = 2.

Now, we prove Corollary 1.7.
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Proof The first claim follows from (1.3), since

t(A) = d1 + d2 − (d − 1) ≤ 2d − 4 − (d − 1) = d − 3.

Moreover, (1.3) tells us that we can apply Theorem 1.6 to any line arrangement C1.
Starting with the integers t and d as in the second claim of Corollary 1.7, we choose
C1 to be a free line arrangement of e1 = d − t ≥ 3 lines, for instance, x e1 + ye1 = 0.
Then, we add t generic lines to this arrangement and we get by Theorem 1.6 a line
arrangement A of degree d and type t. This completes the proof of Corollary 1.7. ∎

Now, we present our proof of Corollary 1.9.

Proof We first notice that our additional assumption on C implies

t(C) = d1 + d2 − deg(C) + 1 ≤ 2d2 − deg(C) + 1 ≤ deg(C) − 3.

Then, for the second claim, it is enough as above to construct free conic-line arrange-
ments C1 for any e1 = deg(C1) = d − t ≥ 3, containing at least one conic and such
that d2 ≤ deg(C1) − 2. When e1 = 3, we take C1 to be a smooth conic plus one of its
tangents. It is known that then C1 is free with exponents (1, 1) and we are done.

For e1 ≥ 4, we consider the arrangement

C1 ∶ f1 = x(xz + y2)(x e1−3 + ye1−3) = 0.

It is easy to check the following are two syzygies for f1:

r1 = (x2 , x y,−e1 y2 − (e1 − 1)xz)

and

r2 = (−(e1 − 1)x ye1−4 , e1x e1−3 + ye1−3 ,−2e1x e1−4 y + (e1 + 1)ye1−4z).

It follows that

d1 ≤ deg(r1) = 2 and d2 ≤ deg(r2) = e1 − 3.

since r1 and r2 are not multiple of strictly lower degree syzygy. Using Theorem 1.1,
it follows that C1 is a free curve and the above inequalities are in fact equalities. In
particular,

d2 =max{2, e1 − 3} ≤ e1 − 2

for e1 ≥ 4. To complete the proof of Corollary 1.9, it remains to add t generic lines
to the arrangement C1 and get in this way the required arrangement C by Theorem
1.6. ∎

Remark 3.3 The curve C constructed above has a complicated singularity at the
point p = (0 ∶ 0 ∶ 1). Indeed, looking at (C, p) as the union of an (e1 − 2)-ordinary
point with the smooth germ at p given by the conic xz + y2 = 0 and using the known
formula for the Milnor number of a union (see, for instance, [29, Theorem 6.5.1]), one
can show that the Milnor number μ(C, p) is given by

μ(C, p) = e2
1 − 4e1 + 6.
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On the other hand, using the formula for the total Tjurina number of a free curve,
which can be obtained by setting ν(C) = 0 in Theorem 2.1 (1), we get

τ(C) = (e1 − 1)2 − 2(e1 − 3) = e2
1 − 4e1 + 7.

Now, the curve C has e1 − 3 nodes A1 as singularities except p, and hence,

τ(C, p) = τ(C) − (e1 − 3) = e2
1 − 5e1 + 10.

One can alternatively compute τ(C, p) by using only local computations, based on
[20, Proposition 3.2 and Theorem 5.1]. It follows that the invariant

ε(C, p) = μ(C, p) − τ(C, p),

which was introduced in [7] and measures how far (C, p) is from being quasi-
homogeneous, is given by

ε(C, p) = e1 − 4.

Hence, for all e1 > 4, the singularity (C, p) is not quasi-homogeneous.

4 The proofs of Propositions 1.11–1.13

4.1 Proof of Proposition 1.11

To see that the number m of syzygies can be only 3 or 4, and to get the corresponding
values for the ε j ’s, use the equality (1.7). In case (1), the value for τ(C) follows from
[16, Proposition 2.1] using that d1 + d2 = d + 1, where d = deg C. In case (2), we use
(1.6) to get the following resolution of the Milnor algebra M( f ):

0→ S(−d − d3) ⊕ S(−d − d4) → ⊕4
j=1S(1 − d − d j) → S3(1 − d) → S .

This resolution implies that in this case one has

τ(C) = (k + 2
2
) − 3(k + 3 − d

2
) +

4
∑
j=1
(k + 3 − d − d j

2
)−

−(k + 2 − d − d3

2
) − (k + 2 − d − d4

2
),

for any large k. The last claim follows from the equality (1.7).
Here are some examples of curves C having type 2.

Example 4.1 (i) Consider the Bolza curve C ∶ x5 − y2z3 − xz4 = 0. It is well-known
that C has a unique singularity of type E8 and one can check that C has type 2A with
exponents (2, 4, 4).

(ii) Consider a conic-line arrangement CL1 ⊂ P2
C

given by

f1 = (x2 + y2 − z2)(y − z)(x2 − z2) = 0.

This arrangement is known to be free and it has three singularities of type A1 and
three singularities of type A3, so this gives us τ(CL1) = 12 (see [23, Example 2.9]).
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If we add the conic Q ∶ y2 − xz = 0 to CL1, then the resulting arrangement CL has
quasi-homogeneous singularities and has type 2B with exponents (4, 4, 5, 5).

(iii) Consider a conic arrangement C1 ⊂ P2
C

given by

f1 = (−3x2 + x y + yz + xz)(−3y2 + x y + yz + zx)(−3z2 + x y + yz + zx) = 0.

This arrangement is known to be free with exponents (2, 3) and it has three sin-
gularities of type A5 and just one ordinary triple point D4. If we add the conic
Q ∶ f2 = x2 + y2 + z2 = 0, we get new conic arrangement C which has type 2A and
exponents (4, 5, 6). Note that the conic Q is generic with respect to the arrangement
C1, namely, the intersection C1 ∩ Q consists of 12 points, which give rise to 12 nodes
for the arrangement C.

Remark 4.2 One very natural way to obtain line arrangements of type 2 is the
following. We start with a free line arrangementA and letAi , j be the line arrangement
obtained from A by deleting two lines, namely, L i and L j . Then, [4, Theorem 1.8]
gives sufficient condition such that t(Ai , j) = 2. More precisely, with the notation
from this result, we have the following possibilities. The arrangements in [4, Theorem
1.8] (1) have type 2B, and the same holds for the arrangements in case (2), when
c1 < c2. On the other hand, the arrangements in [4, Theorem 1.8] (2) have type 2A
if c1 = c2 and t(Ai , j) ≠ 1. Moreover, in [4, Example 4.5], the author produces a free
line arrangement A of 11 lines, such that the arrangement A3,4 has type 2A and the
arrangements A2,11 and A3,5 have type 2B.

4.2 Proofs of Propositions 1.12 and 1.13

We start with Proposition 1.12. Here, we use Theorem 2.1 and Proposition 1.11. Note
that the condition d1 < d2 − 2 is exactly the condition d1 < (d − 1)/2, which occurs in
Theorem 2.1 (1). Hence, to prove the claim (1) in Proposition 1.12, we use the formula
for ν(C) given in Theorem 2.1 (1) and the formula for τ(C) given in Proposition 1.11,
(1). To prove the claims (2)–(4), we use the formula for ν(C) given in Theorem 2.1
(2) and the formula for τ(C) given in Proposition 1.11 (1). This completes the proof
of Proposition 1.12.

The proof of Proposition 1.13 is analogous.

5 Proofs of Theorems 1.14 and 1.15, Proposition 1.17, and
Theorem 1.19

5.1 Proof of Theorem 1.14

We use the exact sequence (2.6) above with C1 = A′ ∶ f1 = 0 and C2 = L ∶ f2 = 0.
Hence, e1 = m1 +m2 = r, e2 = 1, g2 = genus(C2) = 0. Moreover, D′ is just a point, and
hence,

OC2(D + (k − 1)D′) = OL(k + 1 −m1 −m2).

Let (d1 , d2 , . . . , dm) be the exponents of the curve C = A.
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First, consider the case k < m1 +m2 − 1 = e1 − 1. Then, H0(L,OL(k + 1 −m1 −
m2)) = 0 and we get an isomorphism

D0( f1)k−1 → D0( f )k .

Note that both k = m1 + 1 and k = m2 + 1 satisfy the condition k < m1 +m2 − 1, and
hence, we get that d1 = m1 + 1 and d2 = m2 + 1. It follows that d1 + d2 = degA + 1, and
hence, A has type 2. To see what happens for the other exponents of A, we look now
at the case k = e1 − 1. Since A′ is a 3-syzygy curve, using (2.3), we get

σ(A′) = indeg N( f1) = 3(e1 − 1) − (m1 +m2 +m3) = 2e1 −m3 − 3.

Let T1 = 3(e1 − 2) and recall that dim N( f1) j = dim N( f1)T1− j for any integer j by (2.1).
It follows that N( f1) j = 0 for any j > T1 − σ(A′) = e1 +m3 − 3. Since m3 ≤ e1 − 2 by
(1.3), this yields an exact sequence

0→ D0( f1)e1−2 → D0( f )e1−1 → H0(L,OL) → 0.(5.1)

When m3 = e1 − 2, then there are two new generators in D0( f )e1−1, one correspond-
ing to the generator of D0( f1) of degree m3, and the second one corresponding to the
generator of H0(L,OL) = C. In this case,

(d1 , d2 , d3 , d4) = (m1 + 1, m2 + 1, e1 − 1, e1 − 1)

as claimed. When m3 < e1 − 2, then the exact sequence (5.1) shows that there is exactly
one new generator for D0( f ) in degree d3 = m3 + 1 < e1 − 1, and then a new generator
in degree d4 = e1 − 1 corresponding to the generator of H0(L,OL) = C.

5.2 Proof of Theorem 1.15

This rather long proof is divided into two steps to help the reader understand it more
easily.

Step 1. We use again the exact sequence (2.6) above with C1 = C′ ∶ f1 = 0 and
C2 = Q ∶ f2 = 0. Hence, we have e1 = m1 +m2 + 1, r = 2e1, e2 = 2, g2 = genus(C2) = 0.
Moreover, D′ consists of two points and hence

OC2(D + (k − 1)D′) = OL(2k − 2e1).

Let (d1 , d2 , . . . , dm) be the exponents of the curve C = C.
First, consider the case k < e1. Then, H0(L,OL(2k − 2e1)) = 0 and we get an

isomorphism

D0( f1)k−1 → D0( f )k .

Note that both k = m1 + 2 and k = m2 + 2 satisfy the condition k < m1 +m2 + 1, and
hence, we get that d1 = m1 + 2 and d2 = m2 + 2. It follows that d1 + d2 = e1 + 3 =
degC + 1, and hence, C has type 2. To see what happens for the other exponents of
C, we look now at the case k = e1. Since C′ is a free curve, one has N( f1) = 0 and this
yields an exact sequence

0→ D0( f1)e1−2 → D0( f )e1 → H0(L,OL) → 0.(5.2)
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This exact sequence shows that there is exactly one new generator, call it α, for D0( f )
in degree d3 = e1 corresponding to the generator of H0(L,OL) = C.

Step 2. If the conic-line arrangement C has type 2A, then the exponents of C are
(d1 , d2 , d3) = (m1 + 2, m2 + 2, m1 +m2 + 1), and our result is proved. To show that
this is the case, we have to show that there is no need for an additional generator for
D0( f ) beyond α.

A triple (C′ ,C,C′′) of CL (short for conic-line) arrangements, where C′ = C/{Q}
with Q ∈ C a smooth conic and C′′ the zero-dimensional arrangement on Q given by
the reduced intersectionC′ ∩ Q, is called quasi-homogeneous if all the singular points
of C′ and of C situated on Q are quasi-homogeneous.

Theorem 5.1 If a triple (C′ ,C,C′′) of CL is quasi-homogeneous, then the associated
exact sequence (2.5) with C1 = C′, C = C, and C2 = Q is exact.

Proof This result is a stronger version of [27, Proposition 3.7]. The authors in
[27] require in their result that all the singular points of C′ and of C are quasi-
homogeneous, but this stronger assumption is not necessary. Indeed, as noted in [11]
and in Section 2.1 above, for a similar condition in [26], this assumption is used in
[27] only to compute the difference

τ(C) − τ(C′) = deg J f − deg J f ′ ,

where we set

C′ ∶ f ′ = 0 and C ∶ f = 0,

see, for instance, the proof of [27, Propositions 2.8 and 3.7]. The difference τ(C) −
τ(C′) can be expressed in the following way:

∑
p∈C′′
(τ(C, p) − τ(C′ , p)),

since for a point q ∈ C/C′′, one has τ(C, q) − τ(C′ , q) = 0, as the two singularities
(C, q) and τ(C′ , q) coincide for q ∉ Q, Q is smooth and we set by convention
τ(C′ , p) = 0 when the germ (C′ , p) is the empty germ. Lemma 2.7 in [27] is applied
to the singularities p ∈ C′′, since for quasi-homogeneous singularities, the Milnor
number coincides with the Tjurina number. That is why it is enough to require that
the singularities of C and C′ situated on Q are quasi-homogeneous. ∎

In [27, Proposition 3.5], the following exact sequence of S-modules is constructed:

0→ D( f ′)(−2) → D( f ) → D( f ′′)ψ ,(5.3)

where D( f ) and D( f ′) are as in Remark 2.2. To explain the equation C′′ ∶ f ′′ = 0 and
the S-module D( f ′′)ψ , note that by a change of coordinates onP

2, we can assume that
Q ∶ q = y2 − xz = 0. Then, we have an isomorphism

v ∶ P1 → Q given by v(s, t) = (s2 , st, t2).
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Using this isomorphism, we can regard the zero-dimensional arrangement C′′ as a
zero-dimensional arrangement in P

1 and hence it is defined by an equation f ′′ = 0,
where f ′′ ∈ R = C[s, t] is some homogeneous polynomial. Hence, the graded R-
module D( f ′′) is well-defined. Moreover, the map v above induces a ring morphism

ψ = v∗ ∶ S → R given by v∗(g) = g(v(s, t)),

and the S-module D( f ′′)ψ is just the module obtained from the R-module D( f ′′) by
restriction of scalars using ψ. Next, we consider the morphisms in the exact sequence
(5.3). The first morphism D( f ′)(−2) → D( f ) is given by the multiplication by q, the
equation of Q, and hence it preserves the homogeneous components, that is,

q(D( f ′)(−2)k) = q(D( f ′)k−2) ⊂ D( f )k .

The second morphism, call it ρ ∶ D( f ) → D( f ′′)ψ , is much more subtle. If
(a1 , a2 , a3) ∈ D( f ), then it is shown that

ψ(a1) = sQ1 , ψ(a2) =
tQ1 + sQ2

2
and ψ(a3) = tQ2

for some polynomials Q1 , Q2 ∈ R, see [27] for details. With this notation, one sets

ρ(a1 , a2 , a3) = (Q1 , Q2)

and hence

ρ(D( f )k) ⊂ D( f ′′)2k−1 .

After these preliminaries, we can continue our proof in Step 2. In our situation, C′′
consists of 2e1 points, hence, f ′′ is a homogeneous polynomial of degree 2e1 without
multiple factors. The derivation α ∈ D0( f )e1 that was constructed at the end of Step
1 can be regarded as sitting in D( f )e1 by using the identification from Remark 2.2.
Then, any representative α0 ∈ D( f )e1 of α is clearly not in the image of the morphism
D( f ′)(−2) → D( f ) and hence ρ(α0) ≠ 0. If we assume α0 = (a1 , a2 , a3), then

za1 − xa3 ≠ 0.(5.4)

Indeed, za1 = xa3 implies that there is h ∈ S such that a1 = xh and a3 = zh. But this
implies that

α1 = α0 − hE = (0, a′2 , 0)

would be a new representative of α and clearly ρ(α1) = 0, a contradiction.
If C has type 2B, it means that there is an additional generator of degree d4 > d3 =

e1. Using (1.4), we get d4 ≤ (e1 + 2) − 1, and hence, d4 = e1 + 1. On the other hand, the
exact sequence (5.2) which holds due to Theorem 5.1, where e1 is replaced by e1 + 1,
shows that D0( f )e1+1 modulo the image of D0( f1)e1−1 is two-dimensional. It follows
that we need a new generator of degree e1 + 1 if and only if the vector space V spanned
by xα0 , yα0 , and zα0 in D0( f )e1+1 modulo the image of D( f1)e1−1 is one-dimensional.
Note that ρ(E) = E′′, the Euler derivation corresponding to the ring R, and hence
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there is an induced morphism

ρ ∶ D( f ) → D( f ′′)ψ .

The element

xα0 = (xa1 , xa2 , xa3)

is equivalent modulo SE to

β = xα0 − a1E = (0, xa2 − ya1 , xa3 − za1).

Since xa3 − za1 = s2 tQ2 − t2sQ1 = st(sQ2 − tQ1), it follows that

β1 = ρ(xα) = ρ(β) = (0, s(sQ2 − tQ1)) ∈ D( f ′′)ψ .(5.5)

A similar computation shows that

β2 = ρ(zα) = (−t(sQ2 − tQ1), 0) ∈ D( f ′′)ψ .(5.6)

The elements β1 and β2 are linearly independent in D( f ′′)ψ . Indeed, no linear
combination c1β1 + c2β2 with c1 , c2 ∈ C can have the form hE′′ = (sh, th) for some
h ∈ R. Indeed

c1β1 + c2β2 = (−c2 t(sQ2 − tQ1), c1s(sQ2 − tQ1)) = (sh, th)

would imply (c1s2 + c2 t2)(sQ2 − tQ1) = 0, which is a contradiction by (5.4). This
shows that the classes of xα0 and of zα0 in D( f ) are linearly independent as well.
Therefore, dim V ≥ 2 and this completes the proof of Theorem 1.15.

Example 5.2 An illustration of Theorem 1.15 occurs in Example 4.1 (iii), where
(m1 , m2) = (2, 3). Note that in Example 4.1 (ii), the condition that the intersec-
tion Q ∩A′ consists of 2 degA′ = 2(m1 +m2 + 1) = 10 points is not fulfilled, since
τ(CL) = 24 by Proposition 1.11, and hence,

τ(CL1) + 10 = 22 ≠ τ(CL).

This explains why the type 2B may occur here.

5.3 Proof of Proposition 1.17

The claims for n1 = 1 and n1 = 2 follow from [9, Proposition 4.7 (4)]. Consider now the
case n1 ≥ 3. Let B ∶ g = 0 be the line arrangement obtained from A′ by adding the line
L′ determined by the points a1 and a2. Then, B is a supersolvable line arrangement,
and a1 is a modular point of multiplicity m1 = n1 + 1. Using [15, Proposition 3.2], it
follows that

mdr(g) =min{m1 − 1, (n1 + n2 + 1) −m1} = n1 .

Since any supersolvable arrangement is free, it follows that B is a free arrangement
with exponents (n1 , n2). Next, we apply [7, Theorem 1.3] to the curve C = A′ and the
line L = L′. In our case, r = ∣A′ ∩ L′∣ = 2 and ε ∶= ε(A, L′) = 0 since all the singularities
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of line arrangements are quasi-homogeneous. It follows that the curve A′ is plus-
one generated with exponents (n1 , n2 , n1 + n2 − 2). Indeed, we have to use the Case
(3) in [7, Theorem 1.3], where d = deg(C) = deg(A′) = n1 + n2. In the notation of
[7, Theorem 1.3], we have d′1 = n1 and hence d1 ≥ d′1 − 1 = n1 − 1. It follows that

d1 + 1 − ε ≥ n1 ≥ 3 > r,

and hence by the last claim in [7, Theorem 1.3] the curve C is not free. Therefore, we
are in the case (3) of [7, Theorem 1.3], and this yields our claim.

5.4 Proof of Theorem 1.19

This proof is similar to our proof of Theorem 1.15, so we divide it into two steps.
Step 1. We use the exact sequence (2.6) above with C1 = A′ ∶ f1 = 0 and C2 = L ∶

f2 = 0. Hence, e1 = n1 + n2, e2 = 1, g2 = genus(C2) = 0, r = n1 + n2 − 1. Moreover, D′
is just a point and we have

OC2(D + (k − 1)D′) = OL(k + 2 − n1 − n2).

Let (d1 , d2 , . . . , dm) be the exponents of the curve C = A.
Consider first the case k < n1 + n2 − 2 = e1 − 2. Then, H0(L,OL(k + 2 − d1 −

d2)) = 0 and we get an isomorphism

D0( f1)k−1 → D0( f )k .

Note that for n1 ≥ 4, both k = n1 + 1 and k = n2 + 1 satisfy the condition k < n1 +
n2 − 2, and hence, we get that d1 = n1 + 1 and d2 = n2 + 1. To see what happens for
n1 = 3, we look now at the case k = e1 − 2. Since A′ is a 3-syzygy curve, using (2.3), we
get

σ(A′) = indeg N( f1) = 3(e1 − 1) − (n1 + n2 + n1 + n2 − 2) = e1 − 1.

Let T1 = 3(e1 − 2) and recall that dim N( f1) j = dim N( f1)T1− j for any integer j by (2.1).
It follows that N( f1) j = 0 for any j > T1 − σ(A′) = 2e1 − 5. In particular, this yields an
exact sequence

0→ D0( f1)e1−3 → D0( f )e1−2 → H0(L,OL) → 0.(5.7)

Consider first the case n1 = 3 < n2, when the sequence becomes

0→ D0( f1)n2 → D0( f )n2+1 → H0(L,OL) → 0.

This shows that there are two new generators in D0( f )n2+1, one corresponding to
the generator of D0( f1) of degree n2 and the other one, call it α, corresponding to
the generator of H0(L,OL) = C. This implies that d2 = d3 = n2 + 1 in this case. When
n1 = 3 = n2, then there are three new generators in D0( f )n2+1, two corresponding to
the two generators of D0( f1) of degree n1 = n2, and the third one, call it again α,
corresponding to the generator of H0(L,OL) = C. In this case (d1 , d2 , d3) = (4, 4, 4)
as claimed. It follows that in all cases A has type 2. Now, consider the case n1 ≥ 4 and
study the exponents d3 and d4. The exact sequence (5.7) shows that there is exactly
one new generator for D0( f ) in degree d3 = e1 − 2 = n1 + n2 − 2, which we denote by
α, corresponding to the generator of H0(L,OL) = C.
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Step 2. If A is a 3-syzygy curve, then Theorem 1.19 is proved. We show now that
this is indeed the case.

The arrangement A′′ consists of n = e1 − 1 = n1 + n2 points, using the formulas
(1.6) and (1.7), we see that m = 3, ε1 = 1, and c1 = 2(n1 + n2 − 1). Hence, the integer
c′1 from Theorem 2.3 is given by

c′1 = c1 − (e1 − 1) = n1 + n2 − 1.

It follows that we can apply Theorem 2.3 and get a surjective morphism ρ. Now, our
claim that D0( f ) can be generated by three elements or, equivalently, that D( f ) is
generated by four elements, follows from the next basic fact in commutative algebra.
If we have an exact sequence of S-modules

0→ M′ → M → M′′ → 0.

A a generating set for M′ and a set B ⊂ M which maps onto a generating set for M′′,
then the image of A under M′ → M union B gives a generating set for M. We apply this
to M′ = D( f ′), M = D( f ), and M′′ = D( f ′′), and A consisting of E′ = E the Euler
derivation of A′ and of A, plus the two generators of D( f ′)0 and B consisting of E
and an element α ∈ D( f ) such that ρ(α) is the generator of D( f ′′) of degree n − 1.
The element xE is discarded from the union since we have E in this union.

6 Proof of Theorem 1.20

Let us recall that by [13, Theorem 2.1], if C is a reduced curve of degree d in P
2 having

only quasi-homogeneous singularities, then

d1 ≥ αC ⋅ d − 2,

where αC denotes the Arnold exponent of C. Let us recall that the Arnold exponent
of a given curve C is the minimum over all log canonical thresholds of singular points
of C. Coming back to our setting, since for line arrangements, all singular points are
quasi-homogeneous, we can use the aforementioned result, but first we need to find
αL. Using [3, Theorem 1.3], we see that

αL =
2

m(L) ,

and we get

d1 ≥
2d

m(L) − 2.

Since d1 ≤ (d + 1)/2, we finally obtain

m(L) ≥ ⌈ 4d
d + 5

⌉.

To prove the claim in (1), we use Proposition 1.11 (1). Since d2 = d2
1 + d2

2 + 2d1d2 −
2d1 − 2d2 + 1, we get

τ(L) = d2 − d1d2 − 2d3 − 1.
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Recall that

τ(L) = ∑
r≥2
(r − 1)2 tr = ∑

r≥2
(r2 − 2r + 1)tr .

Since d2 − d = ∑r≥2(r2 − r)tr , we have

τ(L) = d2 − d +∑
r≥2
(−r + 1)tr .

This gives us

d2 − d +∑
r≥2
(−r + 1)tr = d2 − d1d2 − 2d3 − 1,

and finally

∑
r≥2
(r − 1)tr = d1d2 − d + 2d3 + 1 = d1d2 − d1 − d2 + 2d3 + 2.

The claim follows now from the fact that d1 ≤ d2 ≤ d3.
To prove the claim in (2), we use Proposition 1.11 (2). As above we get

τ(L) = d2 − d1d2 − d3 − d4 .

This yields

d2 − d +∑
r≥2
(−r + 1)tr = d2 − d1d2 − d3 − d4 ,

and hence,

∑
r≥2
(r − 1)tr = d1d2 + d3 + d4 − d1 − d2 + 1.

The claim (2) follows, since d1 ≤ d2 ≤ d3 ≤ d4.

Example 6.1 We start by recalling [16, Example 1.1]. Let us consider the line
arrangement L ⊂ P2 given by

Q(x , y, z) = x yz(x + y − 2z)(x − 3y + z)(−5x + y + z)(x + y + z).
This arrangement has d = 7 with t3 = 3 and t2 = 12. One can check that L has type 2A
with exponents (4, 4, 4) and ν(L) = 3.

Moreover, a generic arrangement of five lines described in Example 4.1 has ten
nodes and exponents (3, 3, 3, 3). For this arrangement of type 2B, we have equality in
Theorem 1.20 (2).

Acknowledgments We would like to thank the referees for their careful reading of
the manuscript and for their very useful suggestions to improve the presentation.

References

[1] T. Abe, Plus-one generated and next to free arrangements of hyperplanes. Int. Math. Res. Not.
2021(2021), no. 12, 9233–9261.

[2] V. I. Arnold, S. M. Gusein-Zade, and A. N. Varchenko, Singularities of differentiable maps. Vol. 1,
Springer Monographs in Mathematics, 82, Birkhäuser, Basel, 1985.

https://doi.org/10.4153/S0008439525101422 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439525101422


A new hierarchy for complex plane curves 847

[3] I. Cheltsov, Worst singularities of plane curves of given degree. J. Geom. Anal. 27(2017), no. 3,
2302–2338.

[4] J. Chu, Free resolution of the logarithmic derivation modules of close to free arrangements. J Algebr
Comb 61(2025), no. 26.

[5] A. Dimca, Freeness versus maximal global Tjurina number for plane curves. Math. Proc. Cambridge
Phil. Soc. 163(2017), 161–172.

[6] A. Dimca, On rational cuspidal plane curves and the local cohomology of Jacobian rings. Comment.
Math. Helv. 94(2019), no. 4, 689–700.

[7] A. Dimca, On free and plus-one generated curves arising from free curves by addition-deletion of a
line. Bull. Math. Sci. 14(2024), no. 3, Article ID 2450007, 21 p.

[8] A. Dimca, On the Castelnuovo-Mumford regularity of curve arrangements. Rev. Roumaine Math.
Pures Appl. 70(2025), 73–84.
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