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Abstract. In this paper we obtain different types of random ergodic theorems for dynamical
systems or continuous semi-flows. These results recover and extend previous works on
dynamical systems and are completely new in the case of semi-flows. The proofs are
based on uniform estimates on random almost periodic polynomials that we obtained very
recently and on an improvement of a tool introduced by Talagrand in 1995 and further
developed by Fernique in 1996. In the course of this, we partially recover results of Marcus
and Pisier from the 1980s on almost sure uniform convergence of random almost periodic
series.

1. Introduction
In the past decades, many authors (see, e.g., Rosenblatt [26], Assani [1, 2], Schneider [27],
Weber [29], Boukhari and Weber [4], Cohen and Lin [7, 8], Cuny [9] and Cohen and
Cuny [6]) have worked on ergodic theorems with random modulation (sometimes called
‘randomly weighted ergodic theorems’). One important matter may be formulated as
follows: given a sequence of random variables {X,} on a probability space (€2, P), find
a measurable set Q* C Q with P(Q2*) = 1, such that for any w € Q* the sequence
a, = Xp(w) is a universally good sequence for the weighted ergodic theorem for
all functions in some specified class. More precisely, one wants that for any measure
preserving transformation 7 on a probability space (Y, X, ), and any function f on Y
with a certain integrability property (e.g., f/ € L), the sequence (1/n) > {1 axf o Tk
converges 7-a.s.

Another important matter may be formulated as follows: let {a, } be a fixed sequence of
complex numbers. Given a sequence {6, } on a probability space (€2, P), with values in N
(a sequence of ‘random times’), find a measurable set Q* C Q with P(Q2*) = 1, such that

§ Current address: the Hebrew University of Jerusalem, Israel.

https://doi.org/10.1017/50143385705000660 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000660

684 G. Cohen and C. Cuny

for any w € Q* the sequence p, := 6,(w) is a universally good sequence of powers for
the weighted ergodic theorem for all functions in some specified class. More precisely,
one wants that for any measure-preserving transformation 7 on a probability space
(Y, ¥, ), and any function f on Y with a certain integrability property, the sequence
(1/n) Y\ ax f o TPk converges -a.s.

This paper is devoted to the study of these two different types of random ergodic
theorems, in a universal and more general setting. Moreover, we obtain results in
the context of continuous d-parameter semi-flows or commuting families of measure-
preserving transformations (which induce continuous representations by Lj-isometries of
(RT) or N9, respectively). Let us describe briefly some of our main results.

Let s be the spectral measure (on RY) of an L,-function f associated to a
representation of (R4 by isometries (see §4 for more details). For a vector t :=
(D, ..., 1@y e R? we write [t| = max{|t(V[,..., [t@]}. We write (t, s) for the inner
product in RY.

In the case of continuous semi-flows we obtain the following theorem (see §4).

THEOREM A. Let {X,} C L,(R2,P), 1 < p < 2, be a sequence of complex-valued
centered independent random variables, and let s, = (s,(ll), R s,(ld)) be a sequence in

(R4, Assume that either of the following conditions hold:

o0
§ ||Xn||§(1ogn)210g(n vV max |sk|> <oo and p=2,
= 1<k<n

00 p—1+6
E ||Xn||§(log(n \Y, lm]flx |sk|>> < oo forsome$ >0and 1 < p < 2.
<Kk<n
n=2 ==

Then there exists a measurable set Q* C 2, with P(Q*) = 1, such that for every w € QF,
Jor any probability space (Y, X, ), any continuous semi-flow {Ts}ser+ya on Lo(Y, Z, ),
and any f € Ly(w) such that fRd log(2 + [t (dt) < oo, the series

o0
> Xu(@) T, f
n=1
converges almost surely, and

sup
n>1

n 1/2
Zxk(w)Tskf‘H sc( / 1og(2+|t|>uf(dt)> ,
2 R?

k=1

for a constant C = C,, > 0 which depends only on {X,(w)} and {s,}.

For a commuting family of measure-preserving transformations, we obtain in §4 the
following more general result (see [6] for p = 2).

THEOREM B. Let {X,} C Ly(2,P), 1 < p < 2, be a sequence of complex centered
independent random variables, and let s,, = (s,gl), e s,gd)) be a sequence of vectors in N4,
Assume either of the conditions of Theorem A hold. Then there exists a measurable set

Q* C Q, with P(Q*) = 1, such that for every w € Q¥, for any probability space (Y, ¥, 1),
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any pairwise commuting measure-preserving transformations ty, ..., tq on (Y, ), and
any f € L,(Y,m), 1 <r <2, the series
ZX,,(a))fotl o0---0T,

W@ (p—1)/pr

n=1

converges 1-a.s. Moreover, for every w € Q¥, there exists K, > 0 such that

(1) (d)
iX,,(a))fot‘f” o---ot;"

P n@=(p=D/pr

N>1

< K,.

n=1 r

For an ergodic theorem with ‘random times’ we have the following result (see §4).

THEOREM C. Let {0,} be a sequence of independent random variables, defined on
(2, F, P), with values in (RM)?. Let ® be some positive non-decreasing function on RT,
such that there exists n > 0, for which ®(x) > x" for every x > 0. Assume that there
exists 6 > 0, such that ZZOZ1 P[0, > <I>(n)‘3] < oo. Let {a,} be a sequence of complex
numbers satisfying

o

> lan|*(logn)* log ®(n) < oo.

n=1
Then there exists a set Q* C Q, with P(Q*) = 1, such that for every w € Q¥, for any
probability space (Y, X, 1), any representation {Vs};cr+ya on La(rw) by isometries, and
any f € Lo() with fHd log(2 + |t]) du ¢ (t) < oo, the series

o0

an(Ve, (f) — E[Vg,1(/))

n=1

converges m-a.s.

As far as we know, Theorem A is the first one of this kind concerning semi-flows.

For previous results similar to Theorem B, one can refer to Assani [1], Boukhari and
Weber [4], Cohen and Lin [7], Durand and Schneider [12], and Cohen and Cuny [6].

Although a centered independent and identically distributed (i.i.d.) sequence {Y,} C
L (€2, P) does not satisfy either condition of Theorem A, in the case of polynomial growth
of {|s,|*} Theorem B can be applied to X,, = Y,,/n® for some o > 1/p, to obtain m-a.s.

convergence of
~ o) s@
ZY,,(a))forl” o---otT)
nb

n=1
for f = a4+ 2 —r)(p—1)/pr. Applying Kronecker’s lemma we obtain a randomly
weighted ergodic theorem with rate o(1/n!=#).

We also obtain, as a consequence of Theorem C, a result for the special flow generated
by the rotations of the circle. Let m be the Lebesgue measure on [0, 1), and for every
t € R define the rotation 7; : [0,1) — [0,1) by 7;(x) = x 4+ ¢ modulo 1. For any
f in Ly([0, 1), m), we write its Fourier expansion f(x) = Y, ., f(n)eZ["”X. We have
(see Corollary 4.13) the following theorem.
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THEOREM D. Let {6,} be a sequence of i.i.d. random variables, defined on (2, F,P),
with values in [0, 1). There exists a measurable set Q* C Q, with P(Q*) = 1, such that
for every w € QF, for any f € L»([0, 1), m), such that ZZO:Z |f(n)|210gn < 00, the

sequence
'y
=) fotgw
L

converges m-a.s.

Bellow asked whether the above convergence holds for every f in Ly([0, 1), m) in the
special case that the {6,} are uniformly distributed on [0, 1). It was proved by Bergelson,
Boshernitzan, and Bourgain [3] that, in general, this convergence does not hold, even for
bounded f. Theorem D gives a simple sufficient condition on f to ensure the above
convergence.

The methods of proof (which come from general convergence results, see also [8]
and [6]) are somewhat classical. We first prove convergence results along a suitable
subsequence and then show that we can control the maximal function along blocks
generated by the given subsequence (see Theorem 3.1 and Proposition 4.7). In order
to prove such convergences, by mean of the spectral theorem and the unitary dilation,
it suffices to control random (d-dimensional) almost periodic polynomials uniformly on
compact sets (see Proposition 4.2). Such a control (estimation) was obtained in [6,
Theorem 1.1]. For previous works, see Weber [29] and Durand and Schneider [12].

Such an approach to proving convergence of series has already been used previously
in [8] and [6]. The proof of Theorem A, for a sequence of weights {X,} in L,
1 < p < 2, needs the development of a tool of Talagrand—Fernique [14, 28]. The proof of
Theorem B relies on a version of Theorem A for commuting families of measure preserving
transformations and on Stein’s complex interpolation theorem. The proof of Theorem C is
based on a generalization of our estimate, given in [6, Theorem 1.1], to the case of random
powers (see Theorem 4.10).

One of the consequences of the Talagrand-Fernique tool mentioned above is the
following result (see [16] for d = 1 and p = 2) on almost sure (a.s.) uniform convergence
of random almost periodic series.

THEOREM E. Let {X,} C L,(R2,P), 1 < p < 2, be a sequence of centered independent

complex-valued random variables. Let {y,} C (RY)? be such that each of the sequences
Wy i ;

{vn t<i<d is unbounded and non-decreasing. If

1/p
i (Z\yk\anlxk|p)
n(logn)/p

n=1

< 00,

then the series
o0
Z X, el (¥nrt)
n=1

is a.s. uniformly convergent on any bounded set in RY.

We also obtain similar convergence results for non-integrable random variables by
imposing a condition on their tails (see, e.g., Corollaries 3.4 and 3.5). These results extend
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results of [14] in several directions, and also partially recover results of [17], [18] and [19].
The latter works used the method of metric entropy.

2. A Talagrand—Fernique tool
In this section we give further development of a tool which was introduced by
Talagrand [28] and developed by Fernique [14].

Let X > 0 be a random variable on a probability space (2, F, P), and define the
function ¢ by

9

A 1
M/ t"_lP[X>t]dt=q/ t97'P[X > ar]dr  forall A > 0.
0 0

X4
Clearly, ¢()) is continuous, non-increasing, and also satisfies
limp(A) =P[X >0] and lim @A) =0.
20 A—00

Let {X,} be a sequence of complex random variables, for which ZZO: {PlIX,| > 0] =
00, and assume that there exist 1 < ¢ <2 and A9 > 0, such that

ZEP);’ZJW A 1} < 00. (1)

n=1 0

Then, for every [ > 1, the function

(e8]
| X0
A E Al
> (B
n=lI
is well defined on (0, 00), i.e., converges at any A > 0. Moreover, it is continuous non-
increasing, tends to infinity when A decreases to 0, and tends to O when A goes to infinity.
Hence for every unbounded non-decreasing sequence {A,} of positive numbers, we can

define a non-increasing sequence {A,,}(= {A,(g)}) of positive numbers enjoying the
following property:

X, |4
om — Z E|:|q"| /\1} forallm > 1. )
An sz Am (Q)

When it is clear from the context, we will omit the dependence on g.

PROPOSITION 2.1. Let {X,} be a sequence of complex random variables on (2, F, P),
with ZZOZI P[X, # 0] = oo. Let 1 < q < 2 such that (1) is satisfied. Let {A,} be an
unbounded non-decreasing sequence of positive numbers and {),,(q)} be defined by (2).
If for some o > 1 we have anozl 2% (q) < 00, then

00 1/q
22’"("‘1/‘1)( > E[IXn|q1{|anAm}]> <00 £
m=1 AnZZ'"

and

o0
Z Z E[IX"|1{)HH<‘XH|S)LO}] < 00. (4)

m=1 2m<A, <pm+l
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In particular,
O 1/q
sz(a_l/q)< Z |X"|q1{|xnf)~m}> <oo P-as. (5)
m=1 Ap>2m
and
o0
> Xallyx, s <00 Peas. (6)
m=1 2»1§An<2m+l

Proof. By definition of {},,} we have

E[| X191 x,1<Am)]
2m = r=tml 4 Pl X,| > A forallm > 1. 7
E " A,,Ezzm [ X5 | m) > @)

Hence

1/q
< ) E[|Xn|q1{xn|sxm}]> < 21,

An > om

which proves the convergence of the series (3).
Since {A,,} is non-increasing, we have, by changing the order of summation and using
(7) for the last inequality,

00 00 m—1
Yo > ENXallp,axasial £ D Y. D MPIuy < [Xal < M)
m=2 2mSAn<2m+l m=2 2m5A"<2m+l =0

m—1

<> ) D MPUXl > ]

m=2 2m5A"<2m+l =0

o o
oYY PUXul > Al

=0  m=l+1 m<p, <2m+l
o0
=Y M Pl X, | > Aipi]
=0 AnZZI‘H
o0
<2 Z 2y < 0

[

Il
o

This proves the convergence of the series (4).

Now, by definition of A (see also (7)), Z?lil P[|X,| > ‘o] < oo. Hence, the events
{1X,] > Ao} take place a.s. a finite number of times. Then, the a.s. convergence of the series
(5) and (6) follows from (3) and (4) by Beppo Levi’s theorem (and Jensen’s inequality for
the series (5)). O

As already noticed in [14], conditions of the type > _>>_| 2"*},, < co may be simplified
in the case where X, = a,Y, under some quite general conditions on the tails of the
variables {Y},,}. In our application we will only consider the case where ¢« = 1/2 + 1/gq.
Hence, for the sake of clarity, the next proposition is stated in this case, while clearly, more
general situations may be treated.
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PROPOSITION 2.2. Let {Y,} be a sequence of random variables on (2, F,P). Assume
that for some 1 < p < 2 and some K > 0 we have tPP[|Y,| > t] < K, for every
n > 1 and everyt > 1. Let {a,} be a sequence of complex numbers, and assume that
ZZOZ 1 Pla,Y, # 0] = co. Let {Ay} be an unbounded non-decreasing sequence of positive
numbers, and let 1 < q < 2. Then, the sequence {Ay,(q)} is well defined for {a,Y,} and
Yoo 2m2H1/D), (q) < oo, in any one of the following cases:

(i) p=lLg=2andy ;2 laslogA, < oo;

1
Z2Ak >n lak|? ) /v

n(logn)!/P+172-1/4 <

(i) 1<p<q<2and2

>

(Xomesnlaxl® - 11+ log* (1/1a)1)'/

n(logn)1/2

< 00,

(iii) p—q—2andz

@iv) = 2, su E|Y,|? <ooandZM<oo
p=49= pn>1 P n(logn)l/z
Moreover, in the cases (ii), (iii) or (iv) we have Z —1 EllanYn 1110, v, 15201 ] < 00.

Proof. Letn > 1 andlet A > 0. If |a,| > A, we have

E |an Yy Al <1< lan| < |an| p.
A A A
Generally, we have

Y, 19 q A/lan|
E[Ianmu Al} N (|ax_n|) / 1" PUY,| > 1]dr.
0

So, on the other hand, if A > |a,| and ¢ > p, we have

Y, |9 q A/lan| r
E |an Yyl Al < |an| l—i—Kq/ tq_p_ldt < 1+KL |an| ) (*)
Al A 1 gq—pr/)\ A

Hence in any case, if ¢ > p, we obtain

q p
E |an Ynl Al <(1+k q |an| '
A4 q—7p A

Since (i) or (ii) yield that Z;’lozl lan|? < oo, the sequence {A,,} is well defined for
{a,Y,}, and by definition satisfies

|anYn|q

m _

2" = E E|: Y Al
Ap>2m m

for every m > 1. Then

q 1/p l/p
2Py, < <1+K—) ( Z |an|p) ) (+5)

q—Dp Ap>2m

For p = 1 and ¢ = 2, we have, using (%) and by changing the order of summation

szxm<(1+21<>2 > lanl= lljng D lanllog A,.

m=1A,>2m Ap>2
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This proves (i).
For 1 < p < ¢, we have

1 21+]_ 1
S (ZzAanlakl”) /p 0 2 1 (ZZAkzanp) /p

nogn)/P+172=1/g — n(logn)\/P+1/2=1/4

n=2 =0 ,_p2!
0 1/p22 |
p

(X ) Y e

=0 2Ak222[+| n:22]

00 1/p

2CZ2<1+1><1/2+1/qz1/p>( 3 |ak|1’> ’ (k)

1=0 AkZZI‘H

for some positive constant C. Hence, using () the first part of (ii) follows.
For p = g = 2, we deduce using (x) that

lanY,|? lan)? A
E ANl <— (14+2K 10
[ 32 =R el
lan | N 1
< 1 +2Klog" A+ 2K log al))
an

= )\’2 :
Since (iii) yields ZZO=1 Ianl2 -[1+1log™(1/|a,])] < oo, the sequence {A,,} is well defined.
By definition, A, — 0, so we may and do assume that 0 < A, < 1 for every m > 1.
Hence, using the above computation we obtain

| 1/2
mi2y < ( Z |a,,|2.[1 +2K10g+(|a |>D )
n

An sz

Hence, under (iii) the convergence of > - 2", follows from a calculus similar to the

one in (k).
If sup,,- E|Y,|? < oo, then

Y, 2 2
| DAL [ T e
22 22 n>1

Since (iv) yields ijozl lan|? < oo, the sequence {A,,} is well defined. The convergence of
Z,fle 2"\, follows from a calculus similar to the one in (k).
Now, assume that one of the cases (ii), (iii) or (iv) holds, so in particular p > 1. We have

)
E[|anYn|1{\anYn|>A0}] = |ay| P[|Y,| > t]1dt + AoP(la,Yy,| > Ao)
A0/ lan|
K lan|?
T + AoP(lanYy| > Ao).
p—1)F

Since in each of the cases (ii), (iii) or (iv) we have ZZOZ 1 lan|? < oo, and since we have,
in any case, Z;’lozl P(la,Y,| > Ao) < oo (e.g., by (7)), the last assertion of Proposition 2.2
follows. O
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COROLLARY 2.3. Let {X,} be a sequence of random variables on (2, F,P), such that
ZZOZI P(X, # 0) = co. Let {A,} be an unbounded non-decreasing sequence of positive
numbers. If for some 1 < p < q <2 orfor p = q = 2 the series

i (ZzAkan|Xk|p)l/p

n(logn)l/erl/z*l/q

®)

n=1

converges, then the sequence {A,(q)} is well defined for {X,} and ZZOZI A 201/ 2+1/q)
< 00. Moreover, Y o2 | E[| X, |1{ix,|>10}] < 00.

Proof. For every n > 1 puta, = || X,llp. If a, # 0puty, = X,/a,, otherwise put
Y, = 0. Then t”P[|Y,| > t] < 1 forevery ¢t > 1, and by (8) we have

< 0.

i (ZZAk znalf)l/p

n(]og n)l/p+1/2_l/‘]

n=1

So, the corollary follows from Proposition 2.2. The case 1 < p < g < 2 follows from
point (ii) and the case p = ¢ = 2 from point (iv). O

3. Convergence of random almost periodic series
In [14], Fernique used special cases of Propositions 2.1 and 2.2 to recover some results
of Marcus and Pisier [18, 19], concerning uniform convergence of random Fourier series.
Marcus and Pisier obtained their results in the more general setting of almost periodic
series. Using estimates that we obtained recently [6], and using Proposition 2.1, we show
how to deduce some of the results of [18] and [19]. Notice that in [18] and [19], the results
are proved for symmetric independent random variables, while here we deal with the case
of centered independent random variables (for symmetrization procedures see also [5]).
Let us recall a general convergence result that we obtained in [6]. We give its proof for
the sake of completeness. In the following, B is a separable Banach space and L, (€2, P; B)
is the Banach space of all B-valued random variables X, with fQ IX||" dP < o0.

THEOREM 3.1. Let{X,} C L,(2,P; B), with 1 <r < oo. Let {ct,} be sequences of non-
negative numbers, and let {A,} be an unbounded non-decreasing sequence with A} > 1.
Assume there exist s > 1 such that, for every m > n > 0, we have

Jem(£0)

k=n-+1

l

2, Xk

E|: max
k=n+1

n<l<m

If the series

00 s/r
Zz’”’( > ozk> < o0 )
n=1

{k:2n < Ag <2n 1)

converges, then the series Z,fozl X, converges a.s. and in L. (2, P; B). Moreover

n 00 s/r
x| < 4Zzn/r( ) ak> |
k=1 n=1

{k:2n <Ay <2nt1)

sup

n>1 r
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Proof. We define by induction two sequences of natural numbers {«,} and {/,}. Put k] =
I1 = 0, and now assume that «,, and /,, are already defined. Let /,,4| be the integer such
that 2in+1 < Ag,+1 < 2ln+1+1 Now, by considering the unboundedness and the non-
decreasingness of {A,}, we define «x,1 1 = max{m > «, + 1 : 2l < A, < 21"+1+1}.
By construction, {«,} and {/,,} are strictly increasing. We have

m r 1/r Kn+1 s/r
/ max Xi| dP A,l(/’1 E oy
Kn<mM=Knpy1 || , “ - 4
k=kp+1 k=Kp+1

< 2(1;1+1+1)/r(

s/r
ak) |

00 00 s/r
> 2y (N w)
n=1 r n=0 {k2n<Ap <2ntl)

This proves the a.s. convergence and the norm convergence.
Let x, < m < kp41. We have

(k21 < Ag <2111y
Hence,

m

> x

k=kp+1

max
Kn <M =Kp+1

m n—1 Ki+1 J
Z Xi| = Z Z X[+ max Z Xel.
=1 =0 Il 11 fn<j=knp || S50
The maximal inequality then follows from the previous computations. o

Remark. Condition (9) is clearly satisfied if we have

)s/r

i (Z{k:ZAk >n} Ok

[
= n(logm!-1/r

Now, we present an estimate for almost periodic polynomials. It is a simple
consequence of Corollary 3.3 in [6]. In the one-dimensional case, i.e. d = 1, the following
estimate can be deduced also from Theorem 7 of [13].

Notation. Let d > 1, and consider the Euclidean space RY. We denote by boldface, e.g.,
t=(t1,...,13),avectorin RY. For any t,u € RY we denote by (t,u) = fjuy +- - - +tqug
the inner product in R%. Also we write [t| = max{|fi|, ..., |ts]}, and for any two real
numbers a and b we write @ V b = max{a, b}. For a positive sequence {c,} we write
cp, = MaXi<p<m cn. If {y} = {(y(l), - ynd))} is a sequence of vectors in R, then by
our notation we have

[P l* = max |yP1* = max max |y,
1<i<d 1<n<ml1<i<d

PROPOSITION 3.2. Let {Y,} C L2(S2, P) be a sequence of complex centered independent
random variables. Let y, = (y(l), ce y,,d)) be a sequence of vectors in RY. Then, there

exists a positive constant C, such that for every T > 0 and every m > n > 1, we have

Z Yke (vt

E|: max max
k=n+1

n<l<m te[-T, T}

}<Clog(2+T)1og(mv|ym|> S B (10)
k=n+1
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Remark. If {y,} ¢ (R1)?, and each of the {y,fi)}, 1 <i < d, is an unbounded and non-
decreasing sequence, then in (10) we may replace the term log(m V |y, |*) by log(|yml)
(see Example 2.1 and Corollary 3.3 in [6]).

THEOREM 3.3. Let {X,} be a sequence of complex-valued independent random variables,
defined on (2, F, P), such that Z:il P[X, # 0] = oo and (1) is satisfied for ¢ = 2 and
some Lo > 0. Let {y,} C R%, and let {1,} be defined by (2) with A, := log(n V |yu|).

Assume that Z,ff:l 2MAm < 00, and assume also that the series
o0

E[X,1(1x, <o le’ """ (1)
n=1
converges uniformly on [—T, T]d, for some T > 0. Then, there exists a set Q* C L,
with P(2*) = 1, such that for every o € Q*, the series Y oy Xn (w)e!r Y converges
uniformly on [T, T1%.

Remark. If {X,} is a symmetric sequence or if Z;’lozl |E[X»1{x,|<))]l < oo, then the
series (11) converges uniformly on R?. In particular, it is uniformly convergent under each
of the conditions (ii), (iii) or (iv) of Proposition 2.2.

Proof. Define a sequence of random variables {Yx} in the following way. If Ay < 1 put
Yi = Xi. If 2" < Ap < 2"F! for some n > 0, put Y := Xidyx; <0, — EIXik 1 xp1<0,0]-
By the assumption on {A,} and Proposition 2.1, we have

00 1/2
22"/2< Z E|Yk|2> < .

n=I Ap=2n
Since the sequence {Y,} satisfies (10), we can apply Theorem 3.1, taking for B the
Banach space of continuous functions on [T, T19, with the sup-norm. Then, the series
Yol Y,e!¥»Y) is a.s. uniformly convergent.
Letk,n > 1, such that 2" < Ay < 2"T!. We have
Xk = Y + E[Xi 1y x<n0}] — E[Xk L, <ixe1<n0}] + Xk d{xp a0}
So, for almost every w € 2, the series Z;’lozl X,,(a))e”’"“t> is the sum of four series
converging uniformly on [—T,71¢. Indeed, the first series, with the Y, converges

uniformly as shown above. The second series converges uniformly by (11). The third
and the fourth series are uniformly convergent by (4) and (6), respectively. a

Remarks. (i) The assumption ZZOZ 1 P[X, # 0] = oo is not restrictive since otherwise
there is nothing to prove.

(ii) Theorem 3.3 was proved by Fernique [14] for symmetric {X,}, when d = 1 and
Yn = n.
COROLLARY 3.4. Let {Y,} be a sequence of complex-valued symmetric independent
random variables, defined on (2, F, P), such that for some K > 0 we have tP[|Y,| > t]

< K foreveryn > 1 and everyt > 1. Let {y,} C RY, and let {a,} be a sequence of
complex numbers such that

o0
D lan|loglog(n V [ya]*) < oc.

n=1

Then the series ZZOZI anYne' YV is a.s. uniformly convergent on any bounded set in RY.
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Proof. For every n > 1 put X, = a,Y,. We may and do assume that ZZOZI P[X, # 0]
= 00, otherwise the result is trivial. Put A, = log(n Vv |p,|*). Hence, under the condition
above Proposition 2.2(i) yields that > >, 2", < oo. Since, {¥,} are symmetric, the
series in (11) is null, so the result follows from Theorem 3.3. O

COROLLARY 3.5. Let 1 < p <2, and let {y,} C RY. Let {Y,,} be a sequence of complex-
valued centered independent random variables, defined on (2, F, P), such that for some
K > 0 we have tPP[|Y,| > t] < K for everyt > 1. Then the series ZZOZI apYpe ¥t g
a.s. uniformly convergent on any bounded set in R? in any one of the following situations:

(O vy =mylaxl? )"
n(logn)l/r

@H l<p <2andZ

n=

(X vier=mlax P11 +log™ (1/|ax))])
n(logn)!/?

1/2

>

() p=2and Z

2\1/2
D tevile=m 1k l’)

n(logn)!/2

o
(iii) p =2 sup,-E|Y,|? < oo, and (
n>1
n

Proof. According to the above cases, Proposition 2.2(ii)—(iv), with ¢ = 2 and A, =
log(n V |pa|*), yields that Yo", 2™A, < oo. Hence, in order to apply Theorem 3.3,
we just need to check the uniform convergence of (11). This follows from the facts that the
{Y,,} are centered, and from the last assertion of Proposition 2.2. O

Remarks. (i) If {y,} C (R1)4, and each of the sequences {yn’)} 1 <i <d, is unbounded
and non-decreasing, then, using the Remark after Proposition 3.2, in Corollaries 3.4 and 3.5
we may replace the expression (n V |y, |*) by (|yul)-

(ii) Corollary 3.4 was proved in Fernique [14] for one-dimensional Fourier series with
symmetric independent coefficients, i.e. d = 1 and y,, = n.

(iii) The almost everywhere uniform convergence of multidimensional almost periodic
series with square integrable symmetric independent coefficients was considered in Marcus
and Pisier [17, Ch. VII, §1]. In [18] and [19], they treated the case of p-stable variables
or, more generally, of symmetric variables satisfying the tail condition of Corollary 3.5.
The sufficient conditions obtained in [17], [18] and [19] are expressed in terms of the
metric entropy. Then they (implicitly) derived the sufficiency of conditions (i) or (ii) of
Corollary 3.5 (see [18, p. 294] or [19, p. 186]).

(iv) In general, extending results beyond the scope of symmetric random variables is
possible, under various conditions, by a symmetrization procedure (see, e.g., [5]).

COROLLARY 3.6. Let {X,} C Lp(2,P), 1 < p =< 2, be a sequence of centered
independent complex valued random variables. Let {y,} C (R, such that each of the
sequences {)/n }1<,<d is unbounded and non-decreasing. If

i (Z‘manlxup)l/P

n(logn)/p

< 00,
n=1

then the series ZZOZ 1 X 2PV s as. uniformly convergent on any bounded set in RY.
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Proof. Apply Corollary 3.5 by considering Remark (i) above. O

Remark. Corollary 3.6 was obtained by Hunt [16] for p = 2 and d = 1, and under the
stronger assumption Y oo ; E[ X, |>(log |y ])!*¢ < oo, for some € > 0.

4. Random ergodic theorems
We would like to prove random ergodic theorems for d-dimensional semi-flows or a
commuting family of measure-preserving transformations (or isometries). We will state
and prove our results in a unified setting. Then, we will deduce results in the specific case
of flows or dynamical systems.

Let S; be either the semigroup N4 or (RT)4, G4 be either the group 74 or R4, and H,
be either [—7, 7)? or R? (Hy is identified to the dual group of Gy).

Definition4.1. A family {Vs}ses, of isometries of a Hilbert space H is said to be a
representation of Sy by isometries on H (S; = N or (R+)d), if Vo =1, Vs, Vs, = Vs, 4s,
for every s1, s € Sy, and if the function Sy > s — (Vshi, ha)y is continuous for every
hi,hy € H.

Definition 4.2. A family {Uglgec, of unitary operators of a Hilbert space H is said to
be a representation of G4 by unitary operators on H (G4 = Z¢ or RY), if Uy = I,
Ug,Ug, = Ug, 1, for every g1, 8 € Gy, and if the function G4 3 g — (Ugh1, ho)n
is continuous for every i1, hy € H.

In particular, elements of such families are pairwise commuting. In the case where Sy
or G4 are discrete, the continuity assumption is trivial.

Definition 4.3. Let S; = (RT)? (or N9). A family {Ts}ses, of commuting measure-
preserving transformations on a probability space (Y, X, ) is said to be an Sz-action,
if it induces a representation of S; by isometries on Ly (7).

Usually, (RT)4-actions are called continuous semi-flows. Note that any N4-action
(representation) is generated by d pairwise commuting and measure-preserving
transformations (isometries).

For a representation of S; by isometries, we recall a weak version of the unitary dilation,
e.g., see Riesz and Nagy [25] (Main Theorem of the appendix) or Nagy and Foias [22].

PROPOSITION 4.1. Let {Vs}ses, be a representation of Sy by isometries on 'H. There exist
a Hilbert space H' D 'H and a representation {Ug}ge, of Ga by unitary operators on H',
such that, if P denotes the orthogonal projection from H' onto 'H, then Vsh = PUgh, for
anys € Sy and h € 'H.

Remarks. (i) One can extend the equality Vg|yy = PUg|y for all g € G4 in order to obtain
a regular dilation (see [22, Ch. I, Theorem 9.1] or a theorem of Brehmer [21, Ch. 6]).

(ii) Let 77 and 7> be two commuting contractions on . The map N2 5 (n,m) —
T|'T}" is a representation of N? by contractions. One can consider the unitary dilation of
the system {77, 7>}, i.e. a Hilbert space H' D H, two commuting unitary operators U; and
U, on ‘H’, and an orthogonal projection P on H, such that for every f € H and every
n,m >0, wehave T'T)" f = PU{U}" f (see [22, Theorem 6.4]). By this unitary dilation
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theorem, all of our results later on, for S,(=N?)-representations by two commuting
isometries, are also valid for N?-representations by two commuting contractions.

(iii) Parrott [24] gave an example (see also [22, Ch. I, §3]) which showed that the
dilation theorem is no longer true in the case of more than two commuting contractions
(for an analogue for commuting Markov operators see [11]).

Now, by a classical generalization of Stone’s theorem (see e.g. Riesz and Nagy
[25, Ch. X, §140]), we know that a unitary representation of G4 admits a spectral
representation, that is, for any & € H’, there exists a positive finite measure wj; on Hy,
such that, forevery g = (g1, ..., g9) € Gy,

(Ugh, h) = / o ) g ).
Hy

From this and the dilation theorem, we deduce that for any & € H, any {sq,..., s}
in Sy, and any complex numbers ay, ..., a;,

laiVs,h + -+ + Vs i3, < laUs;h + - - -+ aiUs 13y

< max|ae Y 4+ .. 4 g SY 2|3, (12)
teH,
where (-, -) is the inner product on RY.
We want to prove random ergodic theorems for Sy-representations or Sg-actions.
We recall our notation |t| = max{|t], ..., |f4]}, for t € RY.

Definition 4.4. Let{s,} C S;. A deterministic sequence {f,} is said to be a log-universally
good weight for S;-representations along {s,} if the following conditions are satisfied: for
any probability space (Y, X, ), any Sg-representation {Vs}ses, on L2(Y, X, ), and any
f € L,(m), such that fHd log(2+ [t £ (dt) < oo, the series Y oo Ba Vs, f converges a.s.
and

> BiVs, f

k=1

sup
n>1

1/2
SC(/ 10g(2+|t|)uf(dt)) )
2 Hy

for a constant C > 0 depending only on {8, } and {s,}.
Similarly we have the following definition.

Definition 4.5. Let {s,} C S4. A deterministic sequence {3, } is said to be a log-universally
good weight for Sy-actions along {s,} if the following conditions are satisfied: for any
probability space (Y, X, ), any Sg-action {Ts}ses, on it, and any f € Lo(), such that
fHd log(2 + [t]) e £ (dt) < oo, the series D o> | By f o Ty, converges a.s. and

sup
n>1

n 1/2
Y BfoTy SC</ 1og(2+|t|>uf(dt)> ,
2 Hy

k=1

for a constant C > 0 depending only on {8, } and {s,}.

Remark. The condition f Hy log(2 + [thuys(dt) < oo is clearly satisfied when Hy =

[—7, n)d. However, it is convenient to state these definitions in this unified setting. In this
(discrete) situation the prefix log in the log-universality property is redundant.
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Definition 4.6. Let {s,} C S;z. A sequence {X,} of random variables on (€2, F, P) is said
to be a.s. a log-universally good weight for S;-representations (actions) along {s,} if there
exists a measurable set Q* C €, with P(Q*) = 1, such that, for every € QF*, the
deterministic sequence {X,(w)} is a log-universally good weight for S;-representations
(actions) along {s, }.

We need a uniform estimate on random almost periodic polynomials that we obtained
recently (see Theorem 1.1 of [6]). We recall our notation ¢, = maxX|<,<m Cs, for any
positive sequence {c,}.

PROPOSITION 4.2. Let {Y,} C Ly(R2,P), 1 < q < 2, be a sequence of complex-valued
centered independent random variables, and let {y,} C R?. Then there exist some positive
constants € and C, independent of {Y,}, such that (with 0/0 interpreted as 1)

m i (y.t) |2
{E maXte[-T,T) Zk:nJrl Yyl et ‘ }

2
1og(1 + T) 1og(m v [y l*)- (X1 1Yel + 1¥e 1)

sup max sup exp
m>2 I<n<m T>1

1

In addition, we need the following results of Méricz [20] (see also Propositions 2.2
and 2.3 in [8]), which extend some results of Stechkin (see Gaposhkin [15, §1.3]), and
Menchoff (e.g., Doob [10, Ch. IV, Lemma 4.1, p. 156]).

PROPOSITION 4.3. Let 1 < r < oo, and let {hi} C L,(7w) be a sequence of complex-
valued random variables on some probability space. Let m > n > 0 be integers, and
assume that there exist positive numbers {by}n<k<m and constants D > 0 and s > 1, such

that

Then, if s > 1, there exists a constant C, s > 0, such that

r m s
dm <D br ).
[ e w00 ( Y )
Ifs =1, we have

k=n+1
max
n<l<m

We want to prove the following theorem.

I
>

r 1 s
dnfD(Z bk> foreveryn < j <l <m.
k:j+l

k=j+1

l
hi
k=n+1

/
2
k=n+1

r

m
dm < D(logy(4m))” > by.
k=n+1

THEOREM 4.4. Let {X,} be a sequence of complex-valued independent random variables,
defined on (2, F,P), such that Z,fozl P[X, # 0] = oo and (1) is satisfied for some
1 < g < 2andsome hy > 0. Let {s,} C Sq4, and let {1, (q)} be defined by (2) with
Ay i=log(n Vs, |*) if 1 < g <2, or A, := (logn)*log(n V |s,|*) if g = 2. Assume that

00
Z 2m(1/2+1/l]))\m(q) < 00

m=1
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and

Yo > IEXlyxysall < oo (13)

n=1 2"§Ak<2”+1

Then {X,} is a.s. a log-universally good weight for Sy-representations along {s,}.

Remarks. (i) Notice that, in this theorem, the variables are assumed neither to be centered
nor to be integrable.

(ii) The assumption ZZ":] P[X, # 0] = oo is technical. It is assumed in order to be
able to define the sequence {1, (¢)}. In any case, if it does not hold there is nothing to
prove.

Proof. Since Y00 2m(1/2+1/@)), < oo, by Proposition 2.1, (3) and (4) are satisfied with
a = 1/2 4 1/q and there exists 21 C 2, with P(21) = 1, on which (5) and (6) are
satisfied.

Define a sequence of centered independent random variables {Yy} in the following
way. If Ay < lput¥ = Xp. If2" < Ap < 2"F! for some n > 0, put
Y= Xilyxy <y — BIXidqixg <21

Then, for every w € 1, we have

00 1/q
22'"/2< > (|Yk(w)|q +E[|Yk|q]>) < o0. (%)
m=1

Ap=2m
By Proposition 4.2, there exists 2, C 2, with P(£2;) = 1, such that for every w € Q»,
there exists C,, > 0, such that for every t € RY, for every m > n > 1, we have

m

> Yi(w)e Y

k=n+1
Let Q* := Q1 N Qs and w € Q*.

Let (Y, X, ) be any probability space, and let {Vs}scs, be any representation of Sy
by isometries on Lo (). Let f € Ly () such that Ky := fHd log(2 + [thur(dt) < oo.
Using dilation and the spectral theorem (see (12)), we have

m 2

m 2/q
> NV f| < Kfcwlog(mv|s;|)< > (|Yk(w>|q+E|Yk|q)> :
2

k=n+1 k=n-+1
Since it is true for every m > n > 1, by Proposition 4.3 we obtain
! 2

> Vi)V f

k=n+1

2 m 2/q
< C, log(2 + It]) log(m v |s;;|)< > (@) +E|Yk|‘f)> :
k=n+1

max
n<l<m

m 2/q
= KyCoCa/qlog(m v Isﬁll)( > (@) +E|Yk|‘1)) (1 <q<2) ()

k=n-+1
and
m 2
max Z Yi(w) Vs, f
n<l<m
k=n+1

< K;Cy(logy(4m))*logm v Is;,)) Y (IVe(@)* + E[Yil?) (g=2). (%)
k=n+1
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By (), (k%) or (xx*%) (accordingto 1 < g < 2 or ¢ = 2), and using Theorem 3.1 with
r = 2,5 = 2/q, and the appropriate {A,}, we obtain that, for every w € Q*, the series
ZZOZ | Yu(@) Vs, f converges m-a.s and in Lo (7). Moreover, for every w € Q2 there exists
n
> Yk(w)vska

C/, > 0, such that
<,/C,K¢.
k=1 2

Letk,n > 1, such that 2" < A < 2"t We have
Xi =Y + E[Xp 1y x <] + Xadyxg>an)-

Recall that (13) is satisfied, and (6) is satisfied on 1. Hence, for every w € Q*, the series
Z,fil X Vs, [ 1s m-a.s convergent since the series with the Y is 7-a.s convergent and we

sup
n>1

have
o0 o
D OIXk = Yl WV fllz = 1 fl2 Y 1 Xk = Ya| < o0.
k=1 k=1

The maximal inequality (as stated in the definition of log-universality) clearly follows. O

COROLLARY 4.5. Let {Y,} be a sequence of complex-valued symmetric independent
random variables, defined on (2, F, P), such that for some K > 0 we have tP[|Y,| > t]
< K foreveryn > l andeveryt > 1. Let {s,} C Sy, and let {a,} be a sequence of complex
numbers. If the series Z,fozl lan| loglog(n Vv |s,|*) converges, then the sequence {a, Yy} is
a.s. a log-universally good weight for Sy-representations along {sp}.

Proof. We may and do assume that Z:il Pla, Y, # 0] = oo, otherwise the result is trivial.

By assumption the series Z:il lan|loglog(n V |s,|*) converges, so Proposition 2.2(i),
applied with A, = (logn)2 log(n V |s,|*), yields that Z,‘f:] 2" A < 00. Since {Y,} is
symmetric, condition (13) is trivially satisfied. Hence, the result follows from Theorem 4.4
with ¢ = 2 and the above choice of {A,}. O

COROLLARY 4.6. Let {X,} C L,(R2,P), 1 < p < 2, be a sequence of complex-valued
centered independent random variables. Let {s,} C S, and assume that for some § > 0,
the series ZZOZI |1 X ||§(log(n V|8, |¥)P LS converges. Then the sequence {X,} is a.s. a
log-universally good weight for S;-representations along {s,}.

Proof. As usual, we may and do assume that ZZOZI P[X, # 0] = oo. Foreveryn > 1,
puta, = [ Xullp. If ay # O put ¥, = X,,/a,, otherwise put ¥, = 0. Let 1 < g < 2 such
that ¢ > 2p/(p + 28). We use Propositions 2.2(ii) and 2.1 to show that the conditions of
Theorem 4.4 are satisfied with this ¢g. By assumption, we have

lag|? <

s
{k:log(kV|sk|*)>1logn/log2} (log n)P

for some positive constant C. Hence, with Ay = log(k V |s¢|*), we have

i (ZzAkzn|“k|p)l/p i -

n(logn)l/p+1/2=1/q n(log n)(/PFH1/2=1/0)+(p=1+5)/p

IA

n=1 n=1

e c
=2, n(logn)G/2—1/a+sip = %

n=1
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by our choice of g. Hence, Y oo 2mU/2+1/0)) . (q) < oo by Proposition 2.2(ii).
In particular, we can apply Proposition 2.1. Since the {X,} are centered, by the last
assertion in Proposition 2.2 and the convergence in (4), then (13) is satisfied. We conclude
by Theorem 4.4. O

Remark. It was proved in Theorem 4.2 of [7] that the convergence of the series
s ||Xn||Z(logn)1’(loglogn)p/2+€, for some ¢ > 0, is sufficient for {X,} to be a.s.
a universally good weight for N-representations by contractions along {s,, = n}, i.e. for
power series of a single L,-contraction. Hence our sufficient condition is weaker and our
result more general.

One could apply Theorem 4.4 to extend the previous corollary to the case p = 2.
It turns out that Theorem 4.4 is not efficient in this case. We need another method, using
the following proposition (see, e.g., [6]).

PROPOSITION 4.7. Let {X,} C L2(2,P). Let {a,} be a sequence of non-negative
numbers. Let y and C be positive constants, and assume there exists a positive non-
decreasing (possibly constant) sequence {A,}, with A, < CnY, such that for every
m > n > 0 we have

m 2 m
E|: Z Xk i|§Am Z . (14)
k=n+1 k=n+1

If Y02 anAy(log n)? converges, then the series Y02 | X, converges almost everywhere
and in Ly (P). Furthermore, we have

n
s
n>1 k=1

o0 172
Xk §2e1/2[1+21/2(2—|—y)](ZanAn(logn)z) .

n=1

2

THEOREM 4.8. Let {X,} C L2(2,P) be a sequence of complex-valued centered
independent random variables, and let {s,} C Sg. If

(0.¢]
Y I1Xal*(ogn)* log(n v [s,]*) < oo,

n=2

then {X,} is a.s. a log-universally good weight for Sy-representations along {s,}.

Proof. We need to split our sequence of random variables {X,} into two parts, in order
to apply the previous proposition. Let {Y,} and {Z,} be defined as follows: Y, = X,, if
[sn|* < e", otherwise Y, =0; Z, = X, — Y.

By assumption and by Beppo Levi’s theorem, there exists 21 C 2, with P(2)) = 1,
such that for every w € 2 the series ZZOZ1 | X5 (a))lz(log n)2 log(n V |s,|*) converges.
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We first deal with {Z,}, the easy part. Let {n;} be the sequence of integers for which
[Sn, |* > e"*. Hence Z, = 0if n ¢ {ny}. We have, for every w € Qi,

> 1Zu(@)
n=2

00 1/2 , o0 1 1/2
(Z |Zy () (log ng)* log (ng v |snk|*>) (Z )

<

00 5 5 1/2 , o0 1 1/2
< X I I \% * _ 0.
< (; n(@)]*(logn)*log(n \ |s,| )) (; n(logn)2> <

So, we just need to prove that {Y,(w)} is a.s. a log-universally good weight for
Sq-representations along {s,}.

Since Y, is null when |s,|* > ¢", modifying {s,} when necessary we can assume that
|* < e", foreveryn > 2.

By Proposition 4.2, there exists 2y C €2, with P(€2;) = 1, such that for every w € 5,
there exists C,, > 0, such that for every t € H; and for every m > n > 1, we have

[Sn

m 2 m
Y Ye(@)e'Y ] < Cylog(l + [th logm V [sul®) Y (1Yi(@)* + E[Yi ).
k=n+1 k=n+1

Let Q* := Q1 N2y and w € Q*.

Let (¥, X, ) be any probability space and {Vs}ses, any Sg-representation on Lo ().
Let f € Ly() such that K¢ := fHd log(1 + [t])p r(dt) < oo. By the spectral theorem
(see (12)), we have
2 m
= KyCologm v lsul") > (@) +EX).

k=n+1

m

> Yi(@)Ve f

k=n+1

Since |Y,| < |X,| for every n > 2, then (14) holds with A, = KyC,log(n Vv [s,|*)
and o, = | X, (a))l2 + E|X,,|2. Hence, by Proposition 4.7, the series Z?lil Yi()Vs, f
converges -a.s. Moreover, for every w € Q*, there exists C;) > 0 such that

n
sup | > Yk(a))Vskf‘ <./CLK;.
nz11 =1 2
Combining the two results for {Y,,} and {Z,,} yields the result. O

Remarks. (i) Theorem 4.8 was proved in [6] for N¢-representations.

(ii) Theorem 4.8 was proved in [7] in the setting of a single L-contraction on some
probability space, along the sequence of natural numbers. In this case, i.e.d = 1,s, = n,
and a single contraction, our sufficient condition is exactly the same as the one given in
[7, Theorem 4.2].

(iii) In the case of a single contraction, Boukhari and Weber [4] obtained a different
sufficient condition, in terms of the convergence of two series. While one of these series
is close to the one we consider, we do not know how to compare the second one to our
sufficient condition. The result in [4] is stated for a monotonic sequence of positive
integers s,, but, as noticed by Weber (personal communication), it extends easily to the
setting of an N“-valued sequence.
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As we already mentioned, the condition on w7, in Definitions 4.4 or 4.5, is trivially
satisfied when Hy; = [—m, 7)? (ie. when S; = N9). Hence, the conclusion of
Corollary 4.6 and Theorem 4.8 holds for any f € L2 () (without the ‘log-integrability’).
So, in the case where S; = N9, we can use Stein’s interpolation (as in [6], see also [26],
[7] or [4]) to extend Corollary 4.6 and Theorem 4.8. We obtain the following result.

THEOREM 4.9. Let {X,} C Ly(2,P), 1 < p < 2, be a sequence of complex centered
independent random variables. Let s, = (s,(ll), R s,(,d)) be a sequence of vectors
in N?. Assume either of the series ZZOZI ||X,,||§(log(n VAN ) Latar for some § > 0
(1 < p<2)or Y2, I Xal5(ogn)?log(n V |sy|*) (p = 2) converges. Then there exist
a set Q* C @, with P(Q*) = 1, such that for every w € Q¥, for any probability space
(Y, X, ), any pairwise commuting and measure-preserving transformations ty, ..., T4
onY,andany f € L,(Y,mw), 1 <r <2, the series

o o) J@
Xp()for" o---o1)

> - (p—D/pr (3)

n=1

converges 1 -a.s. Moreover, for every w € Q*, there exists K, > 0 such that

sup
n>1

< K,. (16)

; o) J@
Xp()for" o---o1)
n@-r(p=1)/pr

k=1

The case p = 2 was proved in Theorem 5.3 of [6]. The proof for 1 < p < 2 is quite
similar. We give the main steps in Appendix A, for the sake of completeness.

Remark. Of course, a centered i.i.d. sequence {Y,} C L,(£2, P) never satisfies either of
the conditions of the theorem. However, in the case of polynomial growth of {|s,|*} the

theorem can be applied to X,, = Y,,/n® for some o > 1/p, to obtain w-a.s. convergence
of
o o 50
Z Yn(@)for" o---o1y,
B
n=1 n

for § = o+ 2 —r)(p — 1)/pr. Applying Kronecker’s lemma we obtain a randomly
weighted ergodic theorem with rate o(1/n'=#). A better rate can be obtained by applying
the theorem to X, := Y,,/n'/P(logn)? with an appropriate y.

THEOREM 4.10. Let {6,} be a sequence of independent random variables, defined on
(2, F,P), with values in RY. Let ® be some positive non-decreasing function on RT,
such that there exists n > 0, for which ®(x) > x" for every x > 0. Assume that there
exists 6 > 0, such that ZZOZ1 P[0, > <I>(n)‘3] < o0. Let {a,} be a sequence of complex
numbers. Then there exist universal constants € > 0 and C > 0, such that

ma m HOt) _ Ryl 00y [2
{E. X|t|<T ‘Zk_nJrlak(e e ])‘ ” < C. a7n

E
[ sup Sup exp 10g(1+T)10g(1+q)(m))z7(n:n+1 |ak|2

m>n>1T>1

The proof, being of a technical nature, is given in the Appendix.
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Remarks. (i) In the proof of Theorem 4.10, we will use Proposition 4.2 for the sequence of
powers {0, (w)}. The constant C that comes from Proposition 4.2 depends on the £4-norm
of {1/(nV 160,(w)|*)}, hence may be chosen independently of {6, (w)} (see Theorem 3.5 in
[6] and the remarks after it).

(ii) Theorem 4.10 is a generalization of Theorem 9 of [29] and Theorem 1.5 of [12]
(see also Lemma 2.3 of [4] and Lemma 1 of [23]).

(iii) Theorem 4.10 gives integrability in the Orlicz space associated with the function
exp x2— 1, while the above cited results are in L1, i.e. without the exponential of the square.

(iv) The assumption on {6,} is weaker than the ones previously assumed in [29], [4],
[23] and [12]. Furthermore, only {6, } with N<_values were considered in the above cited
papers, except in [12], where also R?-values were considered.

(v) The supremum over T in (17) is crucial for the case of (R4 -representations in the
next theorem.

We deduce the following result.

THEOREM 4.11. Let {6,} be a sequence of independent random variables, defined on
(2, F, P), with values in (RM)?. Let ® be some positive non-decreasing function on RT,
such that there exists n > 0, for which ®(x) > x" for every x > 0. Assume that there
exists 6 > 0, such that ZZOZI P16, > ®(n)’] < oco. Let {a,) be a sequence of complex
numbers satisfying

Z lan|>(logn)? log ®(n) < . (18)
n=1

Then there exists a set Q* C Q, with P(Q*) = 1, such that for every w € Q¥, for any
probability space (Y, X, ), any Sg-representation {Vs} on Lo(m), and any f € La(w)
with fHd log(2 + [t]) dp £ (t) < oo, the series

> an(Va, (f) — E[Va,1(f))

n=1

converges T-A.s.

Proof. The proof is exactly the same as the one of Theorem 4.8, using Theorem 4.10
instead of Proposition 4.2. a

We now give some applications of Theorem 4.11 concerning semi-flows. We obtain
first the following result.

THEOREM 4.12. Let {6,} C (RN be i.i.d. random variables, with E[10:11°] < oo, for
some o > 0. Let {s,} C (RN with |s,|* = 0Q2"), for some 0 < y < 1. Then,
there exists a set Q* C 2, with P(Q*) = 1, such that for every o € Q*, for any
probability space (Y, Z, i), any continuous semi-flow {Ti}ier+ya, and any f € La(7)
with [pa10g(2 + |t r(dt) < oo, the series

i Ts, 46, f — Ts, (E[Ty,11)

n=1 n
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converges m-a.s. In particular, the sequence

1 n
=Y (Tt f — Tso (BIT4,1 1))
=

converges to zero m-a.s.

Proof. Apply Theorem 4.11 to the sequence of independent random variables {6, + s},
witha, = 1/n, ®(n) = (n'/7 + |s,*)?,and § = 1/0. |

Remark. It follows that under the conditions of Theorem 4.12, if the ergodic theorem holds
along the sequence of ‘times’ {s,}, then it holds also along {s, + 6,(w)} for P-almost
everywhere w € 2 and the limit is independent of w.

For the next result we consider the particular case of the flow induced by all rotations
of the unit circle. Let (Y,X,7) = ([0, 1), B, m), where B is the o-algebra of Borel
sets on [0, 1) and m is the Lebesgue measure. For every t € R define the rotation
7 : [0,1) — [0,1) by 7(x) = x + ¢ modulo 1. For any f € L»([0,1),m), let
u ¢ be the spectral measure induced by f and the flow {t;}, i.e. that measure for which

fol fx+0f(x)dmx) = [ge™”duys(y), foreverys € R.

COROLLARY 4.13. Let{6,} be a sequence of i.i.d. random variables, with values in [0, 1).
Then there exists a measurable set Q* C Q, with P(Q2*) = 1, such that for every o € QF,
forany f € Ly([0, 1), m), with fR log(2 + |y duy(y) < oo, the sequence

1 n
=) f ot (19)
k=1

converges m-a.s.

Proof. By applying Theorem 4.12 for s,, = n and the special flow induced by the rotations
of the circle, and by considering the previous remark, the result follows. a

Remark. This result is to be contrasted with Remark 2 of [3] (see Theorem A of [3]).
Indeed, it was proved in [3] that in the case where 0; admits the Lebesgue measure m
as distribution, for almost every realization {6, (w)}, there exists a bounded f on [0, 1),
such that the convergence in (19) fails. Hence, Corollary 4.13 shows that under the
condition fR log(2 + |y])du r(y) < oo the question of Bellow, mentioned in [3] (i.e. the
a.s. convergence in (19)), holds.

The spectral condition in Corollary 4.13, may be simplified, in this particular case, to
obtain Theorem D. Indeed, let f € L([0, 1), m) and write f(1) = .z f(n)e2imnt
Then

1 .
/0 S+ t)?(x) dm(x) = Z |f(n)|ze2””’t_

neZz

Hence, uy = Znez |f(n)|282,m, and Theorem D follows.
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A. Appendix. Proofs of Theorems 4.9 and 4.10

Proof of Theorem 4.9. As we mentioned, we only need to prove the case 1 < p < 2.
Letl < g < 2,suchthatg > 2p/(p+248), and let {A,} be defined by A,, = log(nV |s,|*),
for every n > 1. We saw in the proof of Corollary 4.6 that under our conditions the
sequence {A;,(¢q)}, defined in (2), is well defined for {X,,}, for these choices of g and {A,}.
Hence, the conclusions of Propositions 2.1 and 2.2 hold. In particular, we saw that (13)
holds, i.e. ZZO:I 22;15Ak<2n+| IE[ X1 x, <]l < 00.

Let {Y,} be the sequence of random variables defined by: Y; = X if Ay < 1, and
Yie = Xidgx,<an — E[Xi Ly x, <o) if 27 < Ap < 27+ for some k,n > 1. So, by the
above absolute convergence, we need to prove the theorem only for the sequence {Y,}.

As in the proof of Theorem 4.4, since Proposition 2.1 holds, for P-almost every w € Q2
we have

00 1/q
sz/2( > (@) +E[|Yk|‘f]>) < o0. ()

m=1 Ap>2m
On the other hand, we can deduce from Theorem 4.2 that for P-almost every w € €,

there exists K, > 0 such that, for every n € R, every t € Rd, and everym > n > 1,

we have
m 2
sup Yk(w)e—i[(l?—l)/l’]ﬂlogkei(sk,t)
te[-m,m)? | k=p+1
m 2/q
< K, log(2 + [n))(log(m V [sy|* + 1))( > @) + ||Yk||3) :
k=n-+1
Let {Ts}sene be the family of operators (on each L,(Y), 1 < r < 2) defined by
To(f)=fo rf(]) 0---0 rgl(d), where s = (s(l), R s(d)). So, by the spectral theorem,
m 2
Z Yk(a))efi[(pfl)/p]nlogkTsk(f)
2

k=n+1

m 2/q
< Kol fl1510g2 + Inl)(log(m V |sm|* + 1))( > M@ + ||Yk||g> :

k=n-+1
Using Proposition 4.3 we have
i 2
—i[(p—1)/plnlogk
max k_;l Yi(w)e ||,

m 2/q
< Kol £13C2.2/4 10g(2 + [n])(log(m v |sm|*+1)>( 3 @)+ ||Yk||3) L ()
k=n+1
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Finally, by our assumption for P-almost every w € €2, we have
o0
D Wa(@)[h(log(n v |s,[*)P~ 1+ (o)
n=1

Let Q* be the set on which (x), (x*) and (%) are satisfied, and fix w € Q*.

For any complex numbers { = & + in, with 0 < & < 1, and any n > 1, define
the operator W, (w) =Y j_, Yk(a))k_[(”_l)/p]gTsk. By (*) and (%) we may and do
apply Theorem 3.1, with A, = Kw||f||%C2,2/q log(2 + |n])log(n Vv |s,|* + 1) and
ap = |Yu ()| + || Yu I, in order to obtain

sup [Wh,i S Ciylog2+InD I fll2 forany f € La(m) (20)

n>1

for some C; > 0, which does not depend either on n or on f. On the other hand, by (sxx)
we have

- 1/p
< ||f||1<z |V, ()|} (log(n v |Sn|*))p—l+5>

n=1

sup I‘I‘n,1+m(w)fl'
1

n>1

00 1 (p—1/p
0. 21
) (; n(log(n v |sn|*)>1+5p/<p—1>) - @b

As in [6], (20) and (21) allow one to use Stein’s complex interpolation theorem [30,
Theorem XII.1.39] in order to evaluate ¥, ;(w), with 1/r = (1 —¢)/2+1¢, and to conclude
that

2”: Ya(@) Ty, ()

2— -1
£ n@=nGp=D]pr

sup
n>1

< oo forany f € L,(mw).

So, we deduce that (16) is satisfied. Now, since the series (15) converges m-a.s. for every
f € Lo(m), by Corollary 4.6, we conclude by the Banach principle. O

Proof of Theorem 4.10. We want to truncate the variables {6,} by means of the assumption
made on them. For any k > 1 put Qi = {|6x| < @ (k)?%}, and by Qi denote its complement.
Letm >n>1andte R?. We have

m
Z ak(ei<0k’t) _ E[ei(ok’t)])‘
k=n+1
m . .
<| Y a1, —E[e’“’mlgk])‘ Z lan|1g, + Z [an|1g, ]
k=n+1 k=n+1 k=n+1
m
<| Y a@® Vg, —E[ei<0k't>19k])‘
k=n+1

m 1/2 , o0 1/2 m 1/2 , o0 . 1/2
+( > |ak|2> (Zlg,) +( > |ak|2> (Z(P[W)
k=n+1 =1 k=n+1 =1
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Using the inequality (a + b + ©)? < 3(a? + b% 4 ¢2), we deduce that
| gy (e %0 — B[ OO
log(1+ T)log(1 + ®(m)) Y 3L, 1 laxl?
. |Z;{n:n+lak(e:(0k,t)19k _ E[el(ok’t)lﬂk])|
log(1 + T) log(1 + ®(m)) Yy, | lak|?
3 e 3 .
+ —= 15 + ——— P[&].

(log2)? ; 2" (log2)? ; (62

Hence, for every @ > 0 we have

T>1m>n>1

[ { max|¢|<7 ‘ZZLnJrlak(ei(o’“t) — E[ei(a/"t)])‘2 }i|
E[sup sup expjo - — 5
log(1 + T)log(1 + ®(m)) 3}, 1 lax|

m>n>1T=>1

max g < mo o ap(e OVl — Efei®t1g 7|
§E|: sup supexp{3a. =7 20010k % m[ ;2"])| }
log(1 + T)log(1 4+ ®(m)) Y 3,1 lak]

3a >0 3a O
) exp{ (log2)? ; ' H ) ex"{ (log2)? ;Pm’]}'

By the Cauchy—Schwartz inequality (in Ly (P)) for the first two factors above, and by

putting
30 A, —
Ci=expy— P[],
| xp{(log2)2; [ 1]}

we have

T>1m>n>1

[ { maxjej<7 |3, qak (¢ — E[ei(0k5t>])|2 }j|
E[sup sup expio - = 5
log(1 + T)log(1 + ®(m)) 3 4,1y laxl

. . 2
-c <E|: wp sup exp{m maxgj<r |3 ak (€% V1g, —E[e!®-U1g, )| }Dl/z
- men>1T>1 log(1 + T) log(1 4+ ®(m)) >3, 41 laxl?

* (E[exp{ (log2)? 1;1“1} D '

Put L = 6a/(log 2)2. Now, by independence and since Z?lil P[Q,] < oo, we have

E[exp(L Z 191)} = HE[exp(ngl)] < ]_[(1 + (ef — DP[Q]) < oo.
=1 =1 =1

Hence it is enough to find sufficiently small & > 0, such that the quantity

; ; 2
[ { max|¢ <7 |Z;{":n+1ak(e’<0k't>lgk - E[e’<0k't>19k])| ”
E[ sup supexpjo- y 3 ;
log(1 4+ T)log(1 4+ ®(m)) Y i, 1 laxl

m>n>1T>1

which we denoted by A, is finite.

Let {6} be an independent copy of {f,}, living on a probability space (', F', P').
We denote by E’ the corresponding expectation.
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Using the positivity of the expectation and the convexity of x — exp (a«x?), we have

. Ll 2
maxjy<r [2F,pak (@@ Vg, — e %1g))| ”
log(1 + T) log(1 + ®(m)) >y, lak|?

Let {¢,} be a sequence of Rademacher random variables, living on (2., F¢, P¢).
We denote by E, the corresponding expectation. Put @, = {|6,| < ®(n)’} and by 5;(
denote its complement.

Notice that the sequence of functions {¢/®91g — e,”w/l’t)lg;1 }, with values in
(C(=T, T1%, |I.lls), is symmetric independent, so it is stochastically equivalent to the
sequence {e, (¢ V1g — e,”w/l’t)lg;1 )}. Hence,

A< EE/|: sup sup exp{(x :

m>n>1T>1

2

maxjy <7 |35,y arer €V 1g, — 1)) ”
log(1 +T)log(1 + ®(m)) 34,4 laxl? '

Using (a + b)? < 2(a?* + b?), the Cauchy—Schwartz inequality in L»(€2¢), the
independence of {6,} and {0, }, Jensen’s inequality for the concave function x + /x,
and the fact that {6,,} and {6, } are independent copy, we obtain

i 2
{ P 1 DN RS L G ”
log(1 + T)log(1 + ®(m)) >, 4 lax|?

] 2
log(1+ T) log(1 + @ (m)) 33,4y laxexle 1> | 1

For every w € €, we consider the sequence of independent and bounded random
variables {Y,,} and the sequence {y,,} C RY, given by: Y, := au€,1q, and y, (0) := 0, (w),
if w € Q,, and y,(w) := (0, ..., 0) otherwise.

By Proposition 4.2, there exist constants C, « > 0, independent of w (see Remark 1
after the formulation of Theorem 4.10), such that

i 2
{40,. maxj=<7 |35, 4 aklayexe MY | H <c
log(1 + T) log(m V |ym(@)*) 34,41 lakexde ? )1~

A< EE’Eg[ sup sup exp{a~

m>n>1T>1

A< EE€|: sup sup exp

m>n>1T=>1

< EE€|: sup sup exp

m>n>1T=>1

E€|: sup sup exp

m>n>1T>1

Now, by the assumption on ® and by the construction of {y, (w)}, there exists D > 0,
such that log(m V |y, (0)|*) < Dlog(l + ®(m)), for every w € Q and for every m > 1.
Hence, by taking the expectation E from both sides, the result follows. a
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