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Parabolic limits of renormalization
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Abstract A unimodal mapf : [0, 1] — [0, 1] is renormalizable if there is a sub-interval
I c [0,1] and ann > 1 such thatf"|; is unimodal. The renormalization ¢f is f"|;
rescaled to the unit interval.

We extend the well-known classification of limits of renormalization of unimodal maps
with bounded combinatorics to a classification of the limits of renormalization of unimodal
maps with essentially bounded combinatorics. Together with results of Lyubich on the
limits of renormalization with essentially unbounded combinatorics, this completes the
combinatorial description of limits of renormalization. The techniques are based on the
towers of McMullen and on the local analysis around perturbed parabolic points. We define
a parabolic tower to be a sequence of unimodal maps related by renormlizgtiemabolic
renormalization We state and prove theombinatorial rigidity of bi-infinite parabolic
towers with complex bounds and essentially bounded combinatorics, which implies the
main theorem.

As an example we construct a natural unbounded analogue of the period-doubling fixed
point of renormalization, called thessentially period-triplindixed point.

1. Introduction
In this paper we extend the well-known combinatorial description of renormalization
limits of unimodal maps with bounded combinatorics to renormalization limits of
maps withessentially boundedombinatorics. This class of maps was introduced by
Lyubich [L2] and their complex geometry was studied inY]. Roughly speaking
the high renormalization periods of such maps are due to their renormalizations being
small perturbations of parabolic maps. Although this leads to the creation of unbounded
combinatorics, thessential geometryf these maps remains bounded away from zero.

Let us state our results (see 82 for background). In §3.1 we construct a countable
collection of maximal tuned Mandelbrot copi{dﬂ,§3)}§°:l that accumulate at = —1.75,
the root point ofM®. These copies have ‘essentially period tripling’ combinatorics and
they will play the roll of the period-doubling tuned Mandelbrot copy. Our first result
produces the analog of the renormalization fixed point in the essentially period tripling
situation. To fix notation, leQr andgr denote the space of real-symmetric quadratic-like
maps and germs, respectively. I72f denote the renormalization gf.
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THEOREM I (Essentially period tripling)There is a uniqué& € G such that
R'f—F
for anyoco-renormalizablef € Qr with a tuning invariant

() =mOD, M, ... M

g np 0 nk"")
satisfyingny — oo ask — oo.

Let p.(f) be theessential periodbf a renormalizablef € Op (see §2.7 for an
exact definition) and let thehuffleof f be the permutation on the orbit of the periodic
interval given byf. We can now state the combinatorial classification of all limits of
renormalization of an infinitely renormalizable real quadratic with essentially bounded
combinatorics.

THEOREM Il (Essentially bounded combinatoricdfor everyp > 1 there exists a pre-

compactR-invariant set4 C Gg such that:

(1) R|4 is conjugate to the full shift of,.(p), the set of shuffles with essential period
bounded above by; and

(2) if f € Qg is co-renormalizable angup, p.(R" f) < p thenR" f — A.

Leth : I Q.(p) — A denote the conjugacy. Then there is a compactificeﬂj&%(p)

of Q.(p) such thath extends to a continuous map: N>, _QP(p) — A. Moreover,

supposefl € Or has the same combinatorics < A. Then for any sequeneg — oo

and sequencé e I, QP(p) such thatR™ f, — h(5) one hasR™ f; — h(5). Thus

theR-orbits of f1 and f> are forward asymptotic.

Note that there does not exist a neighborhood4obn whichR is continuous and,
moreover, we do not know evenR| 4 extends continuously tel. If the maph were
injective then we could conjugate the shift mooosz;?p‘(p) to a continuous extension of
R on A. We expecth to be injective (seeY2, Remark 3.1]). However, Theorem I
states that any renormalization limit of a map with essentially bounded combinatorics has
a combinatorial description. Let us discuss this theorem in more detail. Recall that the
central objects of McMullen’s proof of the bounded-combinatorics version of Theorem |l
(see McM2]) are towers: sequences of quadratic-like maps related by renormalization.
A forward toweris a one-sided sequence andbianfinite toweris a two-sided infinite
sequence. The convergence of renormalization is implied by the combinatorial rigidity of
the corresponding limiting bi-infinite towers. That is, for the purposes of introduction, we
can define the space Tow of McMullen towers to be the space of one-sided or two-sided
sequenced of germsf € Gg such thatf,, 1 = R f,. If we embed the spack of germs
of co-renormalizable maps with bounded combinatorics into Tow by theimap— Tow
defined for allz > 0 by

1(LfD(n) = R"[f]

then we have the following equality:
R'=mg08" o1,

whered is the shift operator andyg is the projection to the zeroth coordinate. Site
embeds into a compact subspace Tpwof Tow we can pass to the limit as— oo and
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obtain a limiting towerZ? € wa (i ([ f])). Since the towefl is uniquelydetermined (in
Tow(p)) by its shuffle sequence, the theorem on convergence with bounded combinatorics
follows.

We use a similar argument. HoweveX,, the space of germs afo-renormalizable
quadratic-like mapg € O with sup, p.(R" f) < p, does not embed into a pre-compact
subspace of Tow. That is, for maps with essentially bounded combinatorics the limiting
towers may contain parabolic maps and we lose the renormalization relation between
levels. In this case a new relation appears: parabolic renormalization. That is, the maps
in the limiting towers are related by either classical or parabolic renormalization. A tower
which contains a parabolic renormalization is called a parabolic tower. See 85.1 for the
precise definitions of parabolic towers, and of the space of towers with essentially bounded
combinatorics and complex bounds, denoted (awB), wherem is the modulus bound
andB is the combinatorial bound. Our proof of the rigidity of bi-infinite parabolic towers
with definite modulus and essentially bounded combinatorics consists of first analyzing
forward towers and then analyzing bi-infinite towers.

Our analysis of forward parabolic towers was motivated by the work of EpsEgin [
which considered general holomorphic dynamical systems and their geometric limits.
However, in our more restrictive setting the statements and proofs simplify and we can
tailor the analysis to study renormalization limits. In some sense many properties of
oo-renormalizable maps ‘pass to the limit’ and our analysis takes advantage of this.

The combinatorial rigidity of forward parabolic towers with polynomial base map
follows from the theory ofjuadratic-like familiesand from the combinatorial rigidity of
quadratic polynomials with complex bounds and real combinatorics (see Proposition 5.6).
After analyzing the Julia set of a forward tower we prove any quasiconformal conjugacy
of a forward infinite parabolic tower in To, B) is a hybrid conjugacy (see 85.3.9).

Then following the arguments of McMullen in 85.4 we prove the rigidity of bi-infinite
towers. That is, we first prove the following thoerems.

THEOREM1.1. (Dynamical hairinesshhe union of the Julia sets of the forward infinite
sub-towers of a bi-infinite tower iflow(m, B) is dense in the plane.

THEOREM1.2. (Quasi-conformal rigidity)Any quasiconformal equivalence of a bi-
infinite tower inTow(m, B) is affine.

THEOREM1.3. (Combinatorial rigidity)Any two normalized combinatorially equivalent
bi-infinite towers inTow(m, B) are equivalent.

The classification of renormalization limits for bounded combinatorics holds for a more
general class of maps. For one,fifis anco-renormalizable real unimodal map that is
Cc*Z-smooth with quadratic-like critical point and if sup(R" f) < pthenR" f — A
as well. We expect to use the techniques from this paper to prove the corresponding
statement for unimodal maps with essentially bounded combinatorics. However, our result
requires the existence of perturbed Fatou coordinates, which do not exist in the non-
holomorphic class.

All of the theorems stated above are true dorrenormalizable mapg < Q that only
satisfyI (f) € R wherel (f) is the inner-class of . Theorems | and Il are proved in this
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generality. One can also considerrenormalizable quadratic-like maps that do not satisfy
I(f) € R. Since the combinatorial rigidity of bi-infinite towers invokes real combinatorics

in only a few places, we expect to be able to generalize Theorem Il to certain classes of
maps with complex combinatorics. However, the techniques used to prove Theorem Il
cannot succeed for all combinatorial types, since a vital ingredient in the proof is the
existence of complex bounds, which is known to be false for certairenormalizable
maps (seeNi2, Theorem 6] andYiIcM2, Proposition 4.14]).

Let us mention a parallel with critical circle maps. The theory of renormalization
of unimodal maps is closely related to renormalization theory of critical circle maps.
The rotation numbep, more specifically its continued fraction expansion, determines
the combinatorics of a circle map. If the factors in its expansion are bounded then the
map has bounded combinatorics and has unbounded combinatorics otherwise. If a circle
map has unbounded combinatorics then the rotation numbers of the renormalizations
contain rational limit points and the corresponding limit of renormalization contain
parabolic periodic points. That is, the only kind of unbounded combinatorics in the
theory of critical circle maps is the essentially bounded combinatorics. Delhid [
analyzed the renormalization limits of critical circle maps with bounded combinatorics and
Yampolsky [Y2] proves the analogue of Theorem Il for critical circle maps with unbounded
combinatorics.

1.1. Notation.

° H c C denotes the complex upper half-plaﬁbthe Riemann spher® = Ny the
non-negative integers amdl;. the positive integers.
[a, b] will also denote the intervdb, a] if b < a.
diam(U) denotes the Euclidean diameterdfc C and|I| the diameter of C R.

° cl(X), int(X) andd X denote the closure, interior and boundaryoin R if X c R
and inC otherwise.

° U € V meansU is compactly contained itv¥. Namely, c(U) is compact and
cl(U) cV.
In a dynamical context™ denotesf composed with itself times.

° If V is a simply connected domain adtl C V then modV, U) = supy mod(A)
whereA is an annulus separatirig fromoV.

° Dom(f) and Rangef) denote the domain and rangef5fim( /) denotes the image

of f.
CC(X) denotes the collection of connected components.of
P.(z) =z°+ec.

° An e-scaled neighborhood of a domdihis ane - diam(U) neighborhood ot/.

2. Background

2.1. Quadratic-like maps. We will use the notation Dofy) for the domain of a may
and Rangey) for the image off. A pair (U, x) consisting of a simply connected domain
U c C,U # C,and apoink € U is called goointed disk We will call a simply connected
domain that is not the entire planetapological diskand we will call a topological
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disk whose boundary is a Jordan curvdaadan disk Given a pointed diskU, x) let
Rw,x) : D — U be the Riemann map normalized so tRa ,)(0) = x andRéU’x)(O) > 0.
Topologize the seD of pointed disks with the Caraglodory topology: the compact-
open topology on the Riemann maRg ). Let’H = {(f, U, x)} denote the space of
holomorphic mapsf defined on topological disk€U, x) € D with the Carateodory
topology on(U, x) and compact-open topology gh Let Ho = {(f, U, x) € H : x = 0}.

A map f € 'H is quadratic-likeif Dom(f) € Rangé&f) and f is a branched double
cover of Dong ) onto Rangéf) (see PH2]). Unless otherwise indicated we will assume
the critical point of a quadratic-like map is at the origin. A paine Dom( f) is non-
escapingf f"(z) € Dom(f) for all n > 0. For a quadratic-likg’ define:

modulus off = mod f = mod[Rang€ f), Dom( f))
the filled Julia set off = K(f) = {z € Dom(f) : z is non-escaping
the Julia setoff = J(f) = 0K (f)
the post-critical set of = P(f) = ,>1 f"(0).
Define the following subspaces #fp:

Q = {f € Ho: f is quadratic-likg
Q"={feQ: f*0) e Dom(f)fork=0,1,...,n}
Q% = {f € Q: K(f)is connectefl= N,>0Q"
Or = {f € Q:z e Dom(f) = z € Dom(f) andf(2) = f(2)}
Qm) ={f € Q: modf > m}.

Similarly, defineQz’, Or(m), Q°(m), etc. as the appropriate intersections of the above
subspaces.

Let f € Q. Foragivenx # O letx’ = f~1(f(x)) \ {x}. If x = Oletx’ = 0. There
are, counted with multiplicity, two fixed points of denotede and 8 and, in the case
f € Q%, labeled so that either is non-repelling or, if both fixed points are repelling, so
thatJ (f) \ {8} is connected. Note = g iff f/(8) = 1. We sayf € Q% is normalizedif

Br=1

2.2. Quadratic-like germs. Two holomorphic maps determine the same gerpifahey
are equal on a neighborhood of For a givenf € H with z € Dom(f) thegermof f,
denoted f1;, is the equivalence class gfunder this equivalence relation. The germ of a
map f € Hp atz = 0 will be denoted by f]. We call a connected compondnof [ f1NQ

a quadratic-like germ This definition is slightly different fromL5, §3.1]. However, on
O they agree, as shown below.

LEMMA 2.1. Let f € Hp and letF be a connected component{gfl N Q. If f1, fo € F
thenK (f1) = K(f2).

Proof. Let X = {g € F : K(g) = K(f)}. We first claimX is closed. Letg, € X
be a sequence converging goe F. Let W C Rangdg) be a closed disk such that
g(0) € intW > Dom(g). Leth = g restricted tow; = g~ 1(int W). ThenK (k) = K ().
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Also, sinceW; c Dom(g,) for large enough, it follows from [McM1, Theorem 5.11]
thatK (h) = K (g,) for large enough. HenceX is closed. Now we clainX is open. Let
g € X and chooséV as before. Choose a small> 0 and letU = F N N (g, €, W1)
(recall thatN' (f, €, K) generates the basis for the topology?¥. Again from McM1,
Theorem 5.11] it follows thaV C X. ]

Define the filled Julia set of by K (F) = K(f) forany f € F. Similarly, define the
Julia set/ (F) of a marked gern¥.

LEMMA 2.2. If f € Q% then[f] N Q% is connected.

Proof. Chooseg, h € [f]N Q. From McM2, Lemma 7.1] we hav& (g) = K(h) =
K(f). Let U be the connected component of D@nN Dom(k) containing 0 and let
¢ = g = hrestricted toU. Then¢ € [f] N O andK(¢) = K(f). Without loss
of generality we may assume Rarigeand Rangé:) are Jordan disks with piecewise
smooth boundaries. We claignandg are in the same connected componeifdf Foliate
Rang&g) \ Dom(g) with a continuous family of curves, for € S such that for each
0, v9(0) € 3 Rangég) andy, (1) € a Dom(g). Pull back the foliation to be a foliation of
Rangég) \ K (g), which we will still denote by, though now the domain 9 is [0, co).
Thatis, for allz > 1 andd e S, yy satisfies

go () =ye(t = 1),

whered’ satisfiesg(ys(1)) = yy(0). Each curvey, is called anexternal rayand for
to € [0, oo] the level sety vy (7o) is called arequipotential For eachx € C = 3 Rangée)
let 6(x) be the unique angle such that Im(yy(,)) and lets (x) be the unique time such
thatx = yp(x)(t(x)). For eachr € [0, co) andx € C let

X = Yoy (Maxo, 1 (x) — 1)).

That is,x, moves along the foliation until hitting Rang&g) when it stops. LeV; be the
connected component @ \ U,cc{x;} containing 0. Letp, = g restricted tog—1(V;).
Theng, is a path fromp = ¢ to g = ¢, whereT = max.cc t(x). O

We will often abuse notation and wrifg'] to denotd /] N Q°°, when defined.

Let G*° denote the set of quadratic-like germs with connected Julia set. Wejffive
the following definition of convergencé;, — F iff there are representativgs € F, and
f € F suchthatf, — f. See [5, §4.1] for the definition of the underlying topology.

2.3. Straightening. We will assume the reader is familiar with the theory of
quasiconformal maps and the Measurable Riemann Mapping TheoremL{spe [A
quasiconformal equivalenag between quadratic-like mapsandg is a quasiconformal
map from a neighborhood & ( /) to a neighborhood oK (g) such thatbo f = go¢. A
quasi-conformal equivalence ihgbrid equivalence if§¢|,<(f) = 0 as a distribution.

PrROPOSITION2.3. (StraighteningdH2]) Any quadratic-like magf is hybrid equivalent
to a quadratic polynomial. 1K (f) is connected the polynomial is unique up to affine
conjugacy. Moreover, if € Q°°(m) andDom(f) is a K -quasidisk with piecewise smooth
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boundary then the equivalence can be chosen to be a conjug&yrofy’) with dilatation
bounded above b§ (m, K) < oc.

Theinner classof a mapf € Q*, denoted/ (), is the unique: value such thay is
hybrid equivalent taP.. Recall P.(z) = z? + ¢. The inner class of a germ with connected
Julia set is the inner class of any representative. Defindtnalelbrot set

M ={ceC:K(P,)is connectefd

Theroot of M is the pointc = 1/4, the unique parameter value so that = Sp.. The
inner classes parameterize the spadeyirid classes

PrRoOPOSITION2.4. ([DH2], [McM2, Proposition 4.7]Y : Q*° — M is continuous.

2.4. Renormalization.

2.4.1. Complex renormalization. A parameter value € C is calledsuper-stablef O is
periodic underP.. Fix a superstableg # 0 and letp be the period of O undef,,. There
exists a domai/ > 0 such that

feo = Py € Q%.

For example, leU be a small neighborhood of the immediate baiof 0 in the metric
such thatP., is expanding od B. TheMandelbrot set tuned bap, or, briefly, anM-copy
and denotedM, is the set of parameter valuessuch thatP! has a quadratic-like
restriction ‘near’ f., with a connected Julia set. More precisely, fot = P! and let
X C G* be the connected component of the set of gesms:[ f.]1 N Q°° containingf,,.
Define

MO={ceC:[f]CX}

Using the results summarized in §2.8 (the puzzle construction), one can showithat
homeomorphic toM or M \ {1/4}. Note that this is not exactly the standard definition of
an M-copy, which would be the closure of what we c&. The closure ofM ¢ is always
homeomorphic toV1. Theroot of M€ is the point corresponding to/4 and thecenteris
the pointc. An M-copy that is not contained in any oth&t-copy is callednaximal The
period of an M-copy M€ is the period of the origin undex,.

Fix a maximalM-copy M of period p and letf € I-1(M). By definition there is
a domainU > 0 such thatf?|y € 9. The mapg = f?|y is called a (complex)
pre-renormalizationof f, and f is said to berenormalizableof period p. This pre-
renormalization is alwaysimple meaning the iterates of(g) underf are either disjoint
orintersect only along the orbit gf,. We sayM¢ isrealif ¢ is real. The only real maximal
M-copy for which the root point is not renormalizable is the period two copy. We
will denote the real period three copy by1®. The root points ofM®@ and M® are
¢ = —0.75 andc = —1.75, respectively.

If 7|y and f?|y are two pre-renormalizations then by Lemma 2.2 they represent the
same quadratic-like germ. Hence we can define¢hermalizationR f as the quadratic-
like germ[f?|y] normalized so thas = 1. We define the renormalization of a germ
to be the renormalization of a quadratic-like representative. A mhap Q*° is infinitely

https://doi.org/10.1017/50143385700000092 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000092

180 B. Hinkle

renormalizablef R" f is defined for alln > 0, or, equivalently, iff (f) is contained in
infinitely many M-copies. We say ano-renormalizablef hasreal combinatoricsf all
the maximalM-copies containind (R" f) are real. SeeM3, D2] for a more complete
description of tuning.

2.4.2. Real renormalization. Let I C R be a closed interval. A continuous map
f I — [Iisunimodalif f(al) c al and there is a unique extremunof f|;. For
fe QR letBy =[By, Byl andAy = [af,o;] C By. Note thatk (f) "R = By.

Any f € Qp is unimodal onBy (and this interval is the only interval with this
property). A unimodal magf : I — [ is real-renormalizablef there is an interval
I’ 5 cand ann > 1 such thatf"|;, is unimodal. Unlike complex renormalization, we
can canonically define real-renormalization as acting on unimodal maps as follows. Define
the real pre-renormalizatiop of a unimodal mapf asg = f"|;, wheren is minimal
and define the real-renormalizatidf asg conjugated by — x/8,, wherepg, is the
boundary fixed point of.

Supposef € QF is real-renormalizable and positively oriented, where we say a
unimodal mapf |j4.») With a < b is positively orientedf f(b) = b. Note the quadratic
family P, is positively oriented. Leg be a pre-renormalization of and leto; be the
permutation induced on the orbit &, labeled from left to right. Any permutation that
can be so realized is calleduaimodal non-renormalizable permutatioor ashuffle We
will denote the permutation on two symbols®{?. If or = o® we sayf isimmediately
renormalizable The mapM¢ — op, from the set of real maximal1-copies to the set of
shuffles is a bijection. We will denote the shuffle corresponding to a real maxitrabpy
M by o), and the real maximaM-copy corresponding to a shuffte by M. We will
occasionally use the notatidR, to denote the complex renormalization operator acting
onI71(M?) and on its germs. Iff € I-1(M?) then definery = o. For an infinitely
renormalizablef e Q° with real combinatorics defing; to be the sequence of shuffles
oy forn > 0.

2.4.3. Complex bounds. An co-renormalizable magf € Q° hascomplex boundd
there is somen > 0 such that the domaity, and rangeV; of the kth complex pre-
renormalizationf; can be chosen to satisfy mad, Uy) > m forall k > 1. The following
theorem establishes combinatorial rigidity of infinitely renormalizable maps with real
combinatorics and complex bounds.

THEOREM2.5. ([L3]) If P, and P are twooo-renormalizable quadratics with complex
bounds and the same real combinatorics thea ¢’.

Complex bounds are proven to exist for real quadratics.

THEOREM2.6. (LY, L2, S, LS]) Real infinitely renormalizable quadratics have complex
bounds. Moreovel/; and V; can be chosen to bE-quasidisks,

diam(Vy) < C - |Bpl,

https://doi.org/10.1017/50143385700000092 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000092

Parabolic limits of renormalization 181

and, ifogi-1, # 0@ then the unbranched condition holds:

P(f)N Vi = P(fx)-
The valuesn, C andK are independent of .

When we make an additional assumption on the combinatorics we obtain the
unbranched condition on all levels.

LEMMA 2.7. Lete > 0. Supposef is an infinitely renormalizable real quadratic with
I(RFf) > —2+ € forall k > 0. Then there is am > 0 such that the domait/; and
rangeV; of thekth pre-renormalization can be chosen to satisfy:

° mod(Vy, Uy) > m;

. U, andV; are K-quasidisks;

. diam(Vy) < C - |By;

e  P(HNVrk=P(fr)

forall k > 1. The constants: and K then depend oa.

Proof. If ogi-1, # 0@ thenU, andV; can be chosen to be those given by Theorem 2.6.
So assumergi-i; = 0@, Leth : U, — V/_,andhy : U, — V[ be the

(k — 1)st andkth pre-normalization from Theorem 2.6 rescaled so that diam = 1.

Let E = P(h) \ P(h1). From the following lemma, Proposition 2.4 and the assumption
I(RF f) > —2 + ¢ we obtain

dist(E, B(h1)) = |h3(0) — ap| > C(e, m) > O.

From a construction of Sands (oral communicatidff)can be chosen to be the union of a
Euclidean disk centered at 0 of radi@s, | and two small Euclidean disks centeree:,,
of radiuse’ > 0. The modulus mad/;, V) is bounded below by a function’(¢’) > 0.
Choose&’ < C(e, m). O

2.5. Generalized Quadratic-like mapsLet ¢/ denote the subspadéf, U,x) € H :
f univalentandy € Rangéf)}. Let

Hy=(@QxUX--- x U)/Sp—1,
—_———
n—1

wheres,,_; is the permutation group on— 1 symbols acting on the lagt— 1 factors. Let
L be the following subspace of,>1Hy:

VO<i, j<n-—1 UnNU; =@,
‘C:{(fian,xi)?ZéGHni =hJ=n uinUj =9 }

Rangé f;) = Rangéf;), x; = £, (fo(0))

Since the domaing; are disjoint we will identify the may = f;|y, with the equivalence
class of the tupl€ f;, U;, x;). A map f € L is calledgeneralized quadratic-like The
distinguished componertfp = Up(f) is called thecentral componenbr the critical
piece The connected components.oU; = U;xoU;(f) are calledoff-critical pieces
or non-central piecesChoosing a representativég;, U;, x;) is simply the act of labeling
the off-critical pieces, and we will use both phrases interchangably. Definmddelus
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mod f, thefilled Julia sef K (f), theJulia set J (f), and thepost-critical set P(f), as for
quadratic-like maps. Recall the modulus is the supremum of moduli of annuli in R&nge
surrounding all the components in DofY).

Define the following subspaces 6f

LP={feLl: f*0) e Dom(f)fork=0,1,...,n}

L2 = Np>oL"

L ={(fi.U.x)eL:zeU =ZecUandf;,3) = fix)}
Lm)={fe€L:modf > m}.

Similarly, definelg, Lr(m), L>*(m), etc. as the appropriate intersections of the above
subspaces.
Define thegeometnof (f;, U;, x;) € L as

diamK (f) N U;

gedf) = inf diamk (f)

LEMMA 2.8. For a givenm > 0andA > Othe set
{(f € L2m) :diamK(f) =1, n > 1, ged f) > A}
is compact.

Proof. Let us denote the set in question Bym, A). Let f = (f;, U;, x;) andK; =
K(f)NU;. Then sinceflfl(K(f)) = K; we have

modRangéf), K(f)) _ modf
2 - 2 -
Since diank; > A it follows that U; contains are(m, A)-neighborhood ofK;. Since
UNU; =@fori # jandK(f) C D it follows that the number of connected components
of Dom( f) is bounded above in terms of and.. Moreover, since; € K(f) it follows
thatU; contains are(m, 1)-ball of x;. Thenn > 1 implies bothU; and its complement
contain balls of radius(m, ) with centersy; € D, which implies that eactU;, x;) ranges
in a compact set of pointed disks. Hence egcls ranging in a compact subspacelf
(see, for exampleMicM1, Theorem 5.6]). Sinc& (m, 1) is closed it is compact. o

modU;, K;) > %

2.5.1. Firstreturn maps and generalized renormalizatiorkix an f € Land letU c C
be open. Define the open sBg by

Do = {z: f"(z) € U for somen € Np}.
Forz € Do define thdirst landing timeng : Dg — Np by
no(z) = min{n € No : f"(z) € U}
and thefirst landing maplLo : Do — U by

Lo(z) = [ (z).
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We will also denote the first landing map liy f, U). DefineD,, ny andL exactly as
above except replacinjo with N1.. We call L thestrict first landing map off to U.
Define thefirst return map off to U, denotedR(f, U), asL restricted toD, N U. If
P c Dom(R) is compact then we denote the restrictiorkdb the components of DofR)
containingP as R(f, U|P). If O returns toUp(f) under f we define thegeneralized
renormalizatiorof f asR(f, Uo(f)|P(f) U {0}).

2.6. The return-type sequenceFix a maximal, realM-copy M +# M°? and let
f e I"Y(M). This impliesa s is repelling. In real contexts we will assunfee Q.
Define the complex principal nest

vlovloy2o..

of f as follows. Choose a smooth closed embeddednjective curveyp in the
fundamental annulus Rang®\Dom( f). Curves of this type will be calleglquipotentials

Let D be the disk bounded by ~1(y0). Choose a straightening ¢f, to a polynomial
and pull back the external ray foliatation by the conjugacy. Buty the closure of the
rays that land aty and ata/f. The resulting set of connected components is called the
initial Yoccoz puzzlér (see Figure 1). Using the notation froir3], these are the sets

r=vPuyr®uz®.

Thatis, 0c Y, oy € 8Y1(1) anda/; € 8251). Let g be the first landing magp( £, Zil))
and letV? be the connected componentpfz(zil)) containing 0. We call’? theinitial
return domain with respect t&f. Note thatf2(0) Z(ll) sinceM # M°? . Form >1
define

gm = R(f, V" HP(f) U {0}

and define
V™ = Uo(gm)-

Form > Olet/™ = V™ N R. We will also denote the restriction to the real line
gm  Uil" — "1 by g,,. Number the intervals); 1" (and domaing/") from left to
rightand so that @ /' = I™.

Thereturn typeof g,, is defined as follows (se& ] for details). Letg € Lr have finite
type and letJ; I; = Dom(g) N R numbered from left to right with & Ip. Let (T, €) be
the free-ordered signed semigroup generate@i/y wheree : {I;} — {£1} is the sign
function defined foi # 0 bye(f;) = +1iff g|;, is orientation preserving and for= 0 by
€(lp) = +1iff O is a local minimum ofg. Leth € Ly be a restriction of the first return
map R(g, Io) to finitely many components of its domain and lgt/; = Dom(k) N R.

Let (I'", €') be the corresponding signed semigroup#orLet x : (I'",e’) — (T, ¢) be
the homomorphism generated by assigning to egcthe word/;, I;, - - - I;,, wherelr;, is
the interval containing*(J;) andn is the return time of/; to Io. The homomorphism
x : TV — T is thereturn typeof A.

A homomorphismy : (I'',€’) — (T, €) between free-ordered signed semigroups is
calledunimodalif the image of every generator is a word ending with the central interval
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FIGURE 1. The initial Yoccoz puzzle.

and if the map is strictly monotone on the intervals to the right and left of center and has
an extremum at the center. We say a unimgda admissibléaf

€'(I}) = sgn(je(x(I})) for j #0 and €'(I}) = e(x(I})) for j = 0.

Let us describe the initial combinatorics ¢f Let {I_o,..., I2} be the connected
components of

(nt(v,?) NR) U (int(Y P \ v N R) U (int(V%) NR) U (int(Z{P) N R)

numbered from left to right on the real axis. L&Y, o) be the signed semigroup generated
by —1_5, +1_1, +1o, —I1 and+1>. We say a homomorphism : (I', ) — (I'o, €g) is
zero-admissibléf it can be realized as the return-type of the m@gpfor some unimodal
map through the initial puzzlél'p, €g). The initial combinatorics off is described by
the homomorphism assigning to eal;hits itinerary by f through the interval$/;}. In
general ifh1 is any restriction of the first return map 16° then the return type of1 is
the homomorphism mapping to any interval in its domain its itinerary through the above
intervals. Note that iff has negative orientation then repeat the construction with all signs
reversed.

The combinatorics off up to levelm is described by the sequen§g of admissible
unimodal homomorphisms

Xm Xm—1

X2 X1
Iy > Ty ™—> -5 T'1 5 1o,

where x,, is the return type of,, and x1 is zero-admissible. Each, is irreducible,
meaning the orbit of the critical point enters every intef&l Since f is renormalizable
there exists am’ such thafl",, is the semigroup with one generator for all> m’. Let
S(o) = S, for the smallest such value of. Then the shuffle s is uniquely specified by
S,. Moreover, we have the following theorem.

THEOREM2.9. ([L6]) Let S be an irreducible finite sequence of admissible unimodal
homomorphisms:

X Xm—1 X2 X1
R N I N - '}
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Supposd’,, is the only semigroup with one generatdy is as above ang is zero-
admissible. Then there is a unique shusflsuch thatS(o) = S.

2.7. Cascades and essential periodA level m > 0 is callednon-centraliff
gn(0) € V" TE\ V",

Letm(0) = 0 and let 0< m(1) < m(2) < --- < m(x) enumerate the non-central levels,
if any exist, and letiy = gnx)+1, k=0, ..., «.
The nest of intervals (or the corresponding nest of piécéps

1m(k)+1 5 1m(k)+2 5.0 Im(k+1) (1)

is called acentral cascadeThelengthl; of the cascade is defined agk + 1) — m(k).
Note that a cascade of length 1 corresponds to a non-central return texigyel

A cascade (1) is called aaddle-nodef 0 ¢ h/"®+1  Otherwise it is called
Ulam—Neumann For a long saddle-node cascade the maps combinatorially close
to z — z2 + 1/4. For a long Ulam—Neumann cascade it is close#e z2 — 2.

The next lemma shows that for a long saddle-node cascade, thémap"®+1 —
"% is a small perturbation of a map with a parabolic fixed point.

LEMMA 2.10. (L2]) Leth; € Ogr be a sequence of real-symmetric quadratic-like map
saving saddle-node cascades of length> co. If by — fthenf e I-1(1/4).

Proof. It takesly iterates for the critical point to escapk = Dom(i) under iterates of
hi. Hence the critical point does not escape Dginunder iterates of . By the kneeding
theory MT] £ has on the real line topological type of + ¢ with —2 < ¢ < 1/4. Since
small perturbations of have escaping critical point, the choice toboils down to only
two boundary parameter valueg4land—2. Since the cascadesof are of saddle-node
type,c = 1/4. O

Letx € P(f) N ("m®\ m®+1y and lethyx € 17\ 1771, Set
d(x) = min{j — mk), m(k + 1) — j}.

This parameter shows how deep the orbit dénds inside the cascade. Let us now define
dy as the maximum of/ (x) over allx € P(f) N (I"%® \ 1m®+1) Given a saddle-node
cascade (1), let us call all levelsgk) + dy <[ < m(k + 1) — dy neglectable

Let f be renormalizable ang¢y a pre-renormalization of. Define theessential period
pe = pe(f) as follows. Letp be the period of the periodic intervdl = B(f1), and set
Jv = fXJ,for0 <k < p — 1. Let us remove from the orbitlk},f;g all intervals whose
first landing to somé™® belongs to a neglectable level, to obtain a sequence of intervals
{Jn; )71 The essential period is the number of intervals which are peftf) = m. Note
the essential period of a shuffle is well defined and in this way we can define the essential
period for any real maximab-copyM or f € I-1(M).

Let us give some examples of combinatorial types involving long saddle-node cascades
with neglectable levels. Ldt, T, x, x’ and g be from (4) and (5).
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Example 2.1 (Goes through twicd)et x» : ' — I' be the homomorphism generated by
Io— IpandI_1 + I%,Io. Then any sequence of the form

X

’
X X X2
rsr&5...5

r = X

r% ... A%,

will correspond to a shuffle where the critical orbit moves up through the cascade until the
top, returns to the level gf2, moves up through the cascade again and then returns to the
renormalization interval. If the total number of levels in the sequeneetigen the number

of neglectable levels will be roughly — 2 min(d, m — d), whered is the level ofys.

Example 2.2 (Two cascadesps a second example imagine perturbing the right-hand
picture in Figure 6 so that the renormalization becomes hybrid equivalertt 419711.

Now any further perturbation will cause the parabolic orbit to bifurcate and we can create
another long cascade. More specifically,fgt: ' — I" be the homomorphism generated

by logr— I_1lpandl_; — 13110 and consider a sequence of the form

’
rird . Ar8rX. . 51080

Sinceys has a non-central return the two long sequences fafrm two separate saddle-
node cascades, each with a long sequence of neglectable levels.

2.8. Families of generalized quadratic-like mapsn this section we summarize the
theory of holomorphic families of generalized quadratic-like maps. For further details
see [4]. Let D c C be a Jordan disk and fix € D. Let w1 andmxy be the
coordinate projections of? to the first and second coordinates. Given aX¥et C?
let X* = 72(X N nl_l(k)). An open seiX ¢ C2is aJordan bidiskover D if 71(X) = D
andX* is a Jordan disk for all. € D. We sayX admits an extension to the boundary if
cl(X) is homeomorphic over ¢D) to cl(D) x cl(D). A section¥ : cl(D) — cl(X) is a
trivial sectionif W (1) e intX* for all » € cl(D). Given a Jordan bidisK which admits
an extension to the boundary we define fitagnesX as the torus),csp Uzeax, (A, z). A
holomorphic sectior : D — X is properif it admits a continuous extension & and
®(dD) C §X. Let ® be a proper section and lét be a trivial section. Lepp = 72 0 @
andy = w2 o W. Define thewinding numbenof ® to be the winding number of the curve
(¢ — ¥)|sp around the origin.

LEMMA 2.11. (Argument principlelet X be a Jordan bidisk oveD that admits an
extension to the boundary. Lét: D — X be a proper section and l& : cl(D) — cl(X)
be a continuous section, holomorphic tn Let¢p = 72 0 ® andy = 72 o V. Suppose
there are no solutions t¢p = v ondD. Then the number of solutions o=  counted
with multiplicity is equal to the winding number &f

LetU = U,U; be a pairwise disjoint collection of Jordan bidisks oxewith 0 € Uj.
LetV be a Jordan bidisk oved such that each/} is compactly contained iiv*. Let

f:U—-V

be a fiber-preserving holomorphic map such that each fiber fpap U* — V* is a
generalized quadratic-like map with critical point at the origin and which on each branch
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fily» admits a holomorphic extension to a neighborhood/pf Leth be a holomorphic
J
motion
hy : (OV*,0U*) — (0V*, 0U%)

over D with basepoink € D which respects the dynamics. We s&yh) is aholomorphic

family of generalized quadratic-like maps over WhenU consists of only one bidisk

then the family is @ouady—Hubbard (DH) quadratic-like family family is properif:

(1) YV admits an extension to the boundary;

(2) for eachz € aU* the sectiom. — (A, h,(z)) extends continuously t8D and is a
trivial section;

(38) the critical-value sectio® (1) = (A, f3(0)) is proper.

Thewinding numbenbf a proper family is the winding number of the critical value section.

THEOREM2.12. (DH2]) If (f,h) is a proper DH quadratic-like family oveD with
winding number 1 then

M, h)y={A € D: J(fp)is connected

is homeomorphic to the standard Mandelbrot &t The homeomorphism is given by the
inner class map. — 1(f3).

2.8.1. Generalized renormalization of familiesLet (f : U;U; — V, h) be a proper
holomorphic family of generalized quadratic-like maps abewith winding number 1. If O
returns undey;, to U} leti, be thereturn itineraryof f;: the (possibly empty) sequence of
indices of off-critical pieces(;U}} through which the critical point passes before returning
to Ug. For such anf; we can define a holomorphic motidn of the boundaries of the
domain and range of the return mapa’g by pulling back the holomorphic motidm by
/. The motionh’ has basepoinit and is defined over the neighborhoodiofiaving the
itinerary .
LEMMA 2.13. (L4, Lemma 3.6])Let (f : U;U; — V;, h) be a proper generalized
quadratic-like family overD with winding number 1. Let € D be the basepoint and
let g. be the first return magR(fx, Ug) restricted to finitely many components. Suppose
g« € L. Then the set

D ={reD:i =iy

is a Jordan disk and the family of first return mags h’) over D’ is proper and has
winding number 1.

2.9. Parabolic periodic points. The limits of maps with unbounded but essentially
bounded combinatorics are maps with parabolic periodic points. This section reviews the
local theory near parabolic orbits and their perturbations. The main results are the existence
and continuity of Fatou coordinates. These results were provebhii] and [La] for
perturbations lying in an analytic family and later generalizedin [ Our presentation is
based on$h).
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Throughout this section we give the space of holomorphic maps the ‘compact-open
topology with domains’. A basis for this topology is given by the sets

N(f.K.e)={g:lg(2) — f(2)| <eforz e K},

whereK ¢ Dom(f) is compactand > 0. If a sequence of map% € H converges irH
then it also converges in this topology.

2.9.1. Unperturbed Fatou coordinates.Let Py be the space of holomorphic mags
with a fixed pointép that isparabolicandnon-degeneratef;(éo) = 1 and fy'(£0) # 0.
For example, choose any quadratic-like mjaphybrid equivalent ta:2 4+ 1/4. Choose a
neighborhoodV > &g so thatfp|y is a diffeomorphism and mapé onto a neighborhood
N’ 3 &.

PRoOPOSITION2.14. ([Fatou coordinateshet fo € Py and chooseV and N’ as above.
Then there exist topological diske. &€ N N N’, whose union forms a punctured
neighborhood oy and which satisfy

(D1 c DL U&) and Nuso " (D1) = (o).

Moreover, there exist univalent mags. : D+ — C such that:

(1) Rangeéd,) andRang€d_) contain a right and left half-plane, respectively;
(2) P+(fo(z)) = P+(z) + 1.

These maps are uniquely defined up to post-composing with a translation.

The disksD.. are calledncomingandoutgoing petaland the map®_. are called the
Fatou coordinates The Fatou coordinates induce conformal isomorphisms between the
Ecalle—Voronin cylinderg€y = D./fp andC/Z. Letxs denote the projection ab.
toC4.

When fo € 171(1/4) we can extended the Fatou coordinates to be branched covers
as follows. LetB = intK(fo) be the attracting basin dfy. Extendw, to B by
7w4(z2) = n+(fy(z)) for a large enoughe. Lifting 7y : B — Cy t0o @, : B — C
we obtain an extension @ : D, — C to a branched covering map. The set of critical
points is the backward orbit of 0 undgs and the set of critical values is a set of the form
{a —n}>2 , for somea e C depending on the normalization of, . We can also similarly
extend®~! to be a holomorphic map with range Rang®. Note that®~! will be a
branched cover over Rangf) \ {&0}. In general, if fo is a branched cover then we can
extendd to the immediate attracting basin &f and we can extend ! to a map with
range Ranggfp) which is a branched cover over Rangs \ {£o}.

A transit mapg : C. — C_ is a conformal isomorphism which respects the ends
+o00. A holomorphic maph : U — C is alocal lift of a transit magg if U C D.,
Rangéh) Cc D_, and

gomy =m_oh.

When written in Fatou coordinates,is a translation7, by a complex numbes. The
quantitya = a modZ, called thephase depends only o (and the normalization of
Fatou coordinates) and uniquely specifiesWe will use the notatiorg; to denote the
transit map with phase.
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To simplify future notation, letb = &, and¢ = d~1. Also, we shall freely use the
notationd”", ®/, C%, etc., to indicate a dependence on an index map .

2.9.2. Conformal dynamical systemsGiven a collection{f, € H} of holomorphic
maps let( f,) denote the set of restrictions of all finite compositiond £f}. Note that
we consider a composition of zero maps to be the identity. A collectiaf holomorphic
maps closed under composition and restriction is callezhdformal dynamical systerfor
a givenz € C we will let 7, denote the set of gernfg:],}of h € F such that € Dom(h).

Define the orbit of a point € C as

orb(z) = or(F. 2) = | J ().

heF

Let f € Ppand letg : Cy — C_ be atransit map. The conformal dynamical system
F(f, g) = (f U{alllocal lifts of g to D+})

will be central to our study. Note th&( f, ¢) is independent of the choice of petdls..
We define a total order on off) as follows. First we order the gerri¥s], of h € F(f, g)
atz. Fixh, h € F(f, g) such that € Dom(k) N Dom(h). Write

h=f"%ohr_10 f"*Llo---ohyo f™
W= f™ohi_10 f™lc--ohio f
for somek, [ > 1 with appropriate lifts:; andﬁj of g and iterates of. Sincef commutes
with local lifts of g, we can find a ‘common’ local lif1 so that
hio f™ = f2o¢10 f
hio f™ = f2o¢10 f1
on a neighborhood of for the appropriate choice 6f, 55, 1., € N. We can continue
rewriting local lifts until we have the expressions

h= f*ogr_10f%to--.0 f20¢r0 f
/’left/o¢1,lof’l*10'~'of’20¢1of’1

on a neighborhood of. Now defineg[z], < [E]Z iff
(51,52, ...,80) < (t1,12,...,17)

in the lexicographic order. Now order a&) by declaringz1 < z» if the [h1], < [h2];,
whereh1(z) = z1, h2(z) = z2 and[h1], and[h2], are the minimizers with this property.
We sayF is contained in angeometric limitof a sequencé, if for any f € F there are
fn € Fn suchthatf, — f on compact sets.

We do not put a topology on the set of conformal dynamical systems. The systems we
consider are generated by generalized quadratic-like maps and local lifts of transit maps,
so instead we speak of the convergence of these generators.
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T,

T,

FIGURE 2. Perturbed Fatou coordinates.

2.9.3. Douady coordinates. We now consider perturbations ¢ € Po. Sinceég is a
non-degenerate parabolic fixed point the generic perturbation will cause it to bifurcate into
two nearby fixed point§; andg} with multipliers ¢ andk’f, respectively. LetV be the
neighborhood ofp chosen for Proposition 2.14 and IBtbe the space of holomorphic
maps which are diffeomorphisms f. Let P1 be the set off € P with exactly two fixed
pointsé andé} in N satisfying

arg(l — Ap).argl — 1)) € [/4, 3w /4 U [~37/4, —/4]. 2)

THEOREM2.15. (Douady coordinateggt fo € Po. There is a neighborhood/ of fp

such that iff € (N N P1) then there exist univalent mags; = <I>{ and¢y = (<I>f)*1,

unique up to translation, and a constant € C satisfying:

(1) @/(f(2)=Ps(2) +1andps(w+1) = f(¢r(w)) where defined;

(2) C{ = Dom(®y)/f andc! = Rangéq¢ )/ f are conformally cylinders and one can
choose fundamental domaiﬂé to depend ory € P1 continuously in the Hausdorff
topology;
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(3) (see Figure 2) fot e S{ there is am > 0 such thatf”(z) € s and forn minimal
') = (¢fOTa_/+n o Dr)(z). )

If we fix pointsz+ € D4 and normalizecpi by <I>£(zi) = 0 then CDZ,; depend
continuously onf € N'N (Po U Py).

Supposefp € Poand f € P1 NN, whereN is from Theorem 2.15. The discontinuous
map fromS{ to 57 defined by equation (3) projects to a transit ngap: C{ — ¢/ with
phas&is = ay modZ. This map describes how a long orbit 6fpasses though the gate’
betweert s andé .. We call it thetransit mapof f.

The following lemma gives a simple condition under which perturbed Fatou coordinates
exist.

LEMMA 2.16. Supposef, is a sequence of quadratic-like maps converging in the
Caratheodory topology to a quadratic-like mgpe Po. Suppose the fixed points ff are
repelling. Thenf, € P; for n large enough.

Proof. Using the holomorphic index (sebll]) one can prove that

1 n 1
/
1—)\]"” 1—)»fn

converges ag, — f. Sincei, A’ € C\ D it follows that

largl — Ag)| — 7/2 and |argl— /\’fn)| — /2

asn — oo. In particular,f, € P1 forn large. ]

3. Statements of the main theorems
3.1. Theorem|. Letus remind the reader of our first result.

THEOREMI (Essentially period tripling)There is a uniqué& € G such that
R'f—> F
for anyoco-renormalizablef € Qr with a tuning invariant

(=MD mD o MD, . )

ny o ng

satisfyingny — oo ask — oo.

In this section we define thM-copiesM,(f).

Let f(x) = x2 — 1.75 and lett be the parabolic periodic orbit of period three. Recall
A=Ay =las,a}]. Letg be the first return map of on A (see Figure 3). Let® and/?
be the two indicated intervals satisfyiggo = 13 andgl,o = 12

Fix a smalle > 0 and consider € (—1.75, —1.75+ ¢). The periodic poin§ bifurcates
and the orbit of the critical point unde?3 now escapes the intervaf. Let ¢, be the
parameter value (see Figure 4) so thatfoe P, :
o IO ellfori=1....n-1;
o IO el
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FIGURE 3. The first return map unde? — 1.75.

° f3n+2(0) = 0.
To justify the existence of,,, consider the following signed semigroups generated by
the specified intervals

U= (+I1,-Io), T = (- (4)
and consider the following homomorphisms

xo:I' = To generatedby I_1+> I_2I2I_11 2lpandlp — I_2121
x:I'—>T generatedby I_1 +— I_1lpandlp — Io (5)
x' TV =T generated by Ip — I_11o.

Then the sequence corresponding\xt5,3) = M is

’
rsridrA. . X180,

wherey is repeated — 2 times. Leton(3) =op, .

In Figure 5 we have drawn pictures of the Mandelbrot set zooming down tbtte®py
MP.

In Figure 6 we have drawn the filled Julia sets f8r— 1.75 and forz? — ¢, for some
cn With n large, together with two blow-ups of the Julia setfof= z2 — ¢,. The ‘ghost’
boundary of the basin df is visible in the left-hand picture and the pre-images of this
ghost boundary nest down R 1) in the right-hand picture.

3.2. Theorem ll. Let us remind the reader of our second result.

THEOREM Il (Essentially bounded combinatoricdfor everyp > 1 there exists a pre-
compactR-invariant set4 C Gr such that:
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FIGUREA4. The first return map fat2 + c5 and the orbit of the origin.

(1) 7RJ4 is conjugate to the full shift o2.(p), the set of combinatorial types with
essential period bounded above pyand

(2) if f € Qg is co-renormalizable angup, p.(R" f) < p thenR" f — A.

Leth : I Q.(p) — A denote the conjugacy. Then there is a compactificeﬂj&%(p)

of Q.(p) such thath extends to a continuous map: M>=,_QP(p) — A. Moreover,

supposefl € Or has the same combinatorics s <€ .A. Then for any sequeneg — oo

and sequencé € M _QP'(p) such thatR™ f, — h(5) one hasR™ fi — h(5).

Let Q.(p) be the space of shuffles satisfyingp.(c) < p. The sequencef) from
the previous section is a simple example of a sequence of shuffles with bounded essential
period but unbounded period. In this section we construct a compactifi@%{p) of
Q. (p) which will form the elements of our combinatorial description of renormalization
limits.

Supposef € QF is renormalizable and let

Fmﬁn) Fm_lxi;l-nlz)rlﬁ I'o
be its sequence of return types. Liebe a neglectable level and lgt : (I';,¢) —
(I'j—1, €,—1) be the return type of;. It is clear that if both level — 1 andl/ + 1 are
neglectable theql;, ¢;) and(I';_1, €;—1) are generated by configurations of the form

I p, £l py1,..., £l 1,-1o

or by
+lo, 11, ..., £1, 1, %1,

for somep > 1. We claim thatT'1, ¢) = (I';—1, €,—1) and thaty; is defined byl; — I;Ip
fori # 0 andlp — Ip. Firstitis clear thatlp — Io. Now if x;(/;) contained more than
one off-critical interval theri would not be a neglectable level. Singgis unimodal it
follows thatI';_1 contains at least as many intervalslas Since the return type sequence
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FIGURES. The Mandelbrot set zooming in J‘Mf).

is irreducible I';_1 contains exactly the same number of interval§ aHencel; +— I; Ip.
The claim that the signs agree follows from the condition shdie admissible.
Hence we can ‘insert’ another neglectable level istdefore! to obtain another
irreducible sequenc® of return types:
| . L ---Flg 121y A Fl—l"'g Io.

From Theorem 2.9 there is a unique shudflesuch thatS(c’) = §’.
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’/l_\ 3

FIGURE6. The Julia sets af?2 — 1.75 andz2 + ¢, for some large: and blow-ups.

We say that two shuffles ando’ in Q.(p) areessentially equivalent one can insert
a finite number of neglectable levels intcands’ and obtain equal shuffles. L& be the
partition of Q2. (p) into essentially-equivalent equivalence classes. Let E be a non-
trivial equivalence class. Then there israp= ny > 0 such that for any € U the return
type sequencé(o) has exactly: different cascadeS;, S», ..., S,, canonically ordered,
containing neglectable levels. L&t k = 1,...,n, denote the number of neglectable
levels in the cascadg;,. The mapdy : U — N| given byo — (I1,l2,...,1;) is a
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FIGURE 7. The image of forn = 2.

homeomorphism. Let
N+ = N+ U {+OO}

be the one-point compactification B DefineU' 5 U as the unique space such that
6y extends to a homeomorphism : Ut — N, DefineQt(p) > Q.(p) as the union

of the trivial classes oE and of the space& °Pt for non-trivial U € E. An element of
Qﬁpt(p) \ Q.(p) is called anendand can be represented by a ‘sequence’ of return types
where infinitely long sequences of neglectable levels are allowed:

Xm X142 Xi+1 XI-1 1-3

'm = -- Fl+1—>([‘lﬁ>[‘l_1)°°—>[‘l_2x—> ~£1>F0.

The following lemma is evident from the definition of essential periodsaﬁ’d(p).

LEMMA 3.1. Foranyp > 1lthe spaceﬂgpt(p) is metrizable and compact.

Let
(M}, ={M? 10 € Q(p)}

be the collection of\1-copies corresponding @, (p) and let
CP ={c: M e {M},}

be the corresponding collection of centers. We now describe the topolatfyarid how
CP compares ta2P'(p). ForanyU € Ewith n = ny > 1 letCy c CP denote
the collection of centers dfM? : o € U}. SinceE is a finite partition it suffices to
describe the topology of the selg. We claim that for each non-trividl € E there is a

homeomorphism oR which map<’y to the image of the functiof : N’} — R given by
F(X]_, X2, ..., xn) — 2—x1 + 2—x1x2—1 R 2—x1x2,..xn—n+1’

wheren = ny (see Figure 7).

To be more specific the limit points 6§, are root points of the\1-copies obtained by
‘truncating’ the return type sequencesook U at the neglectable levels. Let us describe
how to truncate a return type sequence

X Xm—1 X1
Fp BT ™5 5T

at a levell. Let (I'r, e7) be the semigroup generated hywith ey (Ip) = el(lé) and let
xt be the homomorphism defined iy — xz(Ié)- Let S’ be the sequence

XT Xi-1 X2 XL
I'r=>TIi1™—> ---=>T1> T

One can check thaf’ is a sequence of admissible unimodal return typess’ lis not
irreducible then simply remove all interval$ not in the combinatorial orbit of the critical
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point and shorten the sequence if necessary. We obtain a unique stiufflgo |;, the
shufflec truncated at level.

Let U € E satisfyn = ny > 1. Any shufflec € U hasn cascades with
neglectable levels of lengths, ..., x, respectively. Asx1 — oo, the corresponding
centers accumulate at the root of the turddcopy corresponding to ary € U truncated
at the first neglectable level. If we fix; and letxa — oo the corresponding centers
accumulate at the root of th&t-copy corresponding to truncating at the second cascade
of neglectable levels. In general if we fix the lengths of the firsetquences of neglectable
levels and let the length of thé ¢ 1)st sequence grow the centers converge to the root of
the M-copy corresponding to truncating at tike 1)st neglectable sequence.

Given an end € QP(p) let

c(r) = root(|o |1),

whereo € Q.(p) is in a sufficiently small neighborhood of / is a neglectable level of
which belongs to the first infinitely long cascaderofind roofo) is the root ofM?. The
mapc : Qgpt(p) — R is continuous and its image @&. This completes our description
of the topology of M}, and howC? compares t®P (p).

We return to our examples from 82.7. Choose a lgpgeo that the shuffles from
Example 2.1 and Example 2.2 are containefjfip).

First consider the essentially period tripling shuf#e®. Thenc(o,>)) — rootc®),
wheres @ is the period tripling shuffle. Moreover,> convergesto an end e QEP(p).

Now consider the shuffles, 4 from Example 2.1 (Goes through twice). Firstdix- 1
and letm — co. Thenc(o,,.q) — root(|o,.q1;) # rootic @), wherel is any neglectable
level and, in much the same spirit as essential period triplifg; converges irﬂgpt(p)
to an end. Now fixn —d > 1 and letm — oo. Thenc(o,,.4) — root(c®) ando,, 4
converges to an eng € QP'(p).

Finally, consider the shuffles, ;, from Example 2.2 (Two cascades). Fix> 1 and
letl, — oo. Thenc(oy,,1,) — 11, = root(| oy, 1,11), wherel is any neglectable level in the
second cascade. The sequence— root(c®) asly — co. Moreover, for any sequence
of I if we letl; — oo thenc(oy,1,) — root(c®). Now consider the limits oy, /, in
QP'(p). If we fix I and let/; — oo the shuffles will converge to an end, ,.

4. Markings

In this section we describe a combinatorial framework that is more convenient for our
proofs than shuffles and parabolic shuffles. The combinatorial objects, markings of
generalized quadratic-like maps, are based on return-type homomorphisms. The maps,
first through maps, are based on the Bernoulli schemes introduckeglliarid they encode

an entire cascade at once rather than as a sequence of first return maps. We then define the
generalized parabolic renormalization of a generalized quadratic-like map with a saddle-
node cascade.

4.1. Definitions. Fixamapf € L. LetA = {a1,...,a,} C dRangéf), m > 2,
be a finite number of marked points ihRangéf) and letA = A U f~1(A). Let
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a1

FIGURE8. A marking(a1, @2, {y;}) of a generalized quadratic-like map.

I' be a collection of homotopy classes inNRangéf)) \ Dom(f) of Jordan curves
y : 1 =[0,1] — cl(Rangé&f)) \ Dom(f) that satisfy

y (1) € A.
Let G be the graph with verticas = ALCC(Dom( f)) and with an edge betweeny € V
if either:
° x,y € Aandthere existg € I" such thaty (a71) = {x, y}; or
° y € ox.

We say(A, I') is amarking of f iff G is a tree. See Figure 8.

Example 4.1Any f € Lgr with Dom(f) and Rangéf) Jordan disks is naturally
marked by choosingt = Rangé€f) N R numbered so that; < «» andI' such that
(Dom(f) NR) UU,er Im(y) = Rangé f) NR.

A marking is real if:
) |A| = 2;
. the span of C@Dom(f)) U A in G is isomorphic to a linear graph;
. G is symmetric around the span af
A real marking induces an ordering on the spam dfy the rule

c<vi the shortest path from; to y in G
=7 contains the shortest path fram to x

and associates t¢ a signed ordered semigroup s 4 ry generated by COom(f))
by defining the sigre(U) as follows. Supposé& is a non-central component and let
x = fHar) N U andy = fL(ap) NOU. Thene(U) = +1iff x < y. Now supposé/

is the central component. ThetU) = +1iff f~1(ay) is in the span ofa.

Let ML denote the spacgf, A, '), wheref € £, Dom(f) and Ranggéf) are Jordan
disks and(A, I') is a marking off. The topology onM L is the Carathddory topology
on f, the Hausdorff topology om and the quotient the sup-norm topology Bn Let
MLr € ML denote the subspace whére, I') is a real marking.
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4.1.1. Induced markings. Fix (f, A,T") € ML and suppose 0 returns t&(f) under
f. Let g be a restriction oR( f, Up(f)) to finitely many components of DogR) so that
g € L. Mark g by the following inductive construction.

FirstletGy = fo‘l(G) be the lift of the grapl@ to the central componebip(f) by the
double coverfo. Label the pointgay, o), ..., a5, } = A" = fo‘l(A) so thatry ande are
in the same connected component of the gri@piUo( 1) and so thai;, is the dynamically
symmetric point tay;:

oy = fo H(f @)\ {ag).

Now suppose by induction that we have constructednd suppose there is a connected
component of Dorg) that is compactly contained in a componéntof G;. Let Gy

be the lift of G to U by the covering mag™”, wherer is the smallest integer such that
f™"(U) = Rangé f). Define the grapld;; 1 to be the graplé; outside ofU and to beGy
onU. Note that these graphs glue continuously acédss Repeat this construction until
all connected components of Dgg are components of son@&y, N > 1. For each pair

(x,y) € CC(Dom(g)) U A’

there is a shortest path, , in Gy betweenx andy. Let (x,y) be a pair such that
px,y N Dom(g) = ¥. Such pairs are calledllowed Now ‘collapse’ the components
on py,y as follows. For each componelit of Gy on p, , choose a Jordan curygy C W
between the neighbors &f in p, ,. Sincep is a finite path there is, after possibly reversing
orientations of somew or y € Gy, a well defined concatenatign , of {yw} and of the
curvesy € Gy N py . The curvey, , is well defined up to homotopy. Lét' denote the
collection of homotopy classes of the curvyes, as(x, y) range over all allowed pairs.
Then (A’,T”) is a marking ofg. Theinduced marking og, denoted(A,, I',), is the
smallest sub-marking qf from (A’, {y,,,}) that containge, o5}.

Let (f, A,T) € MLy and supposg € L is a restriction ofR(f, Up(f)) to finitely
many components such th@t, A, T'g) € MLg. Define thereturn-type homomorphism
X : A(g,Ag,Fg) — A(f’A,[‘) of g as in 8§2.6.

4.1.2. Initial markings. Supposef € I-1(M?) for some shuffler # o@. Choose
an initial Yoccoz partitiorly’ and letV? be the initial return domain w.r.t, as defined in
§2.6. Letg be a restriction oR( f, V) to finitely many components of DofR) so that
g € L. Mark g as follows.

Recall thatV? is the connected component gffz(Zgl)) containing 0. LetA =
{a1, a2} C aV9 be two pre-images Of’z(a’f), numbered so that the smallest positive
angle of an external ray landing @t is larger than the smallest positive angle of the ray
landing atuy.

Let D_1, D; be the two connected componentstift of f=2(y V) and letU,>1Z,
be the connected componentsZél) of the domain of the first landing map to YD,
Consider the mag’ which is f2on D_; U VO U Dy andL onU,>1Z,. Then apply the
same inductive construction as for induced markings to the faaphat is, pull back the
configurationXg = {D_1, V°, D1, U,>1Z,} to V° and refine it asty, X», ... until the
components of Doigg) are not compactly contained in any componenkaf. Choose a
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FIGURE9. A first through map with off-critical (dark gray) and pre-critical (light gray) pieces.

FIGURE 10. A restriction of a first through map.

collection of homotopy classédsof curves with images in QUX y) so that(g, A,T") is a
marking ofg. We call(g, A, ") € ML theinitial marking ofg.

If (g,A,T) € MLy then the initial combinatorial type of is given by the zero-
admissible return-type homomorphigm A, a,ry — (I'o, €0) as defined in §2.6.

4.2. First-through maps. Fix an f € L. Let L be the first landing map of to
U;jxoU;(f) and suppose @ Dom(L). Define thefirst through mapT (f, U;-oU;(f)),

to be f o L (see Figures 9 and 10). Note that first through maps are not generalized
quadratic-like maps, since if there exists a one branched poihtloén all pre-images by
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FIGURE 11. A few curves of a marked first through map.

L are branch points as well. However, first through maps are very similar to generalized
gquadratic-like maps in the following sense: instead of having a unique critical point, first
through maps have a unique critical value. In any case we will construct restrictions of first
through maps that are generalized quadratic-like.

Letx be arestriction of (£, U;0U; (f)) to finitely many components of Do) and
supposér € L. Let fo = flyys)- Supposef is marked by(A, I'). As before letG1 be
the lift of G by fp. Refine the grapld;; inductively until all components of Do) are
components of som& y, N > 1 and define thenduced markingf 4 in the same way as
for return maps.

See Figure 11 for the first few pull-backsf+oU;(f) andr.

Let us define the combinatorial type of a real-marked through map.(fet,I") €
MLk and supposg € L is arestriction ol (f, U;oU;(f)) to finitely many components
such thatg, A,, T'y) € MLg. For eachl/ € CC(Dom(g)), definedy o = no(0) — no(U)
anddy 4 = no(U). Define thedepthd (U) of U € CC(Dom(g)) as

—dy,o dyuo <dya

dU) = .
dy.a  otherwise

Define thethrough-type homomorphisp : A(g.A,Ty) = A(r.ar) X Z x Noto be the
homomorphism generated by

x(U) = (LU),dU), no(0)).

4.2.1. Saddle-node cascadesWe say(f, A, ") € MLk has asaddle-node cascadie

° T is the first through map of then the induced markingi 7, I'r) is a real marking;
and

° f has alow return leta € Ar N dU(T) be in the same connected component
of Gr \ Up(T) asai1. Then f has a low return if the componeit > f(0),
U € CC(Dom(T)) is in the same connected component®f \ Uo(T) asa and
T (a).

The length £(f) of a saddle-node cascade is the first landing time of Q inoU;(f)

underf.

The following lemma is the complex analogue of Lemma 2.10.
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LEMMA 4.1. Supposé€f,, A,, ') € MLk convergestdf, A,I') € MLy and suppose
eachf, has a saddle-node cascade wiity,) — oco. Thenf|y,r) € 171(1/4).

Proof. Apply the pull-back argument. Lef, = falugry and letW,, = Rangéf,) \
Dom(f,,). We can assume tha¥, is bounded by piecewise smooth curves. Sirfge
has a saddle-node cascade there is a unMjue> oo so thatc, = an” (0) € W,. Let

B be the disk of radius 4 around the origin. Lgt = z° + 1/4 + €,, wheree, > 0

is chosen so thag,,”(O) € B butg, ”+1(0) ¢ B. Forn large enougly, is quadratic-
like. LetW, = B\ g;l(B) be the fundamental annulus gf. Now there is aC > 0
such that modV,, > C and modW, > C. Since(f,, An, ;) converges ta f, A, T')

it follows that there is &k > 0 so that fom large enough there is K-quasiconformal
maph, : W, — W, mapping(A,, I';), or a homotopic smooth marking, to the real axis,
mappingc;, to gflv” (0) and conjugatingﬂ andg, on the inner boundary o#, and W,,
respectively. Pull back;, to get ak -quasiconformal conjuga@l from ﬁ to g,. This pull
back is well defined since the marking determines which brang};ibfo choose. Note that
the limiting pull-backs extend ovd((ﬁ) asK -quasiconformal maps and they glue across
the pre-i images afW,, asK -quasiconformal maps. Choose a convergent subseqlhgpce
o) thathnk — h. Letf flug(p)- Thenh is akK- quasmonformal equivalence gffand
z%+1/4. From rigidity of parabolic parametervalug‘sls hybrid equivalent ta®+1/4.0

Suppose(f, A,I") has a saddle-node cascade. Ilketbe the first through map
T(f, UjzoU;(f)) restricted to finitely many components such ttiatA,, I'y) € MLg.
The combinatorics of is said to beessentially bounded byiB
° the number of connected components of Dgn< B; and
° d(U) < Bforall U € CC(Dom(h)).

4.3. Generalized parabolic renormalizationIn this section we define the parabolic
renormalization of a generalized quadratic-like map. The idea is to consider the first
through map ofF (f, g).

Fix an f € L that satisfies

fo= fluoy) € 171(1/4).

Let ¢ = By,. Choose incoming and outgoing petdds. around the parabolic poirt
and letC4. denote the respecti\i‘ecalle—Voronin cylinders and.. the projections withr
extended taB = int(K (fp)).

For agiveng : C4 — C_ let L be the first landing map undéi( fo, g) to U;joU; (f).
This map is well defined because the germ&¢fo, ¢) atz are well ordered (see §2.9.2).
Note that if C is a connected component of Doh) then there is atk € F(fo, g)
extendingL to a branched cover of Range) (see §2.9). Lef'(f, g, U;jxoU;(f)) be the

first through map

T=folL. (6)

4.3.1. Marking. Now supposéf, A,I') € MLp and leth € £ be a restriction of” to
finitely many components of Doffr). Mark & in the following way.
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First consider the collection of curves

Iy = Ussolfo "W}

Since Oe K ( fo) each lift is well defined for any > 0. LetTy = T(f, UjxoU;(f)) and
letA; =AU Tl‘l(A). Let G be the graph with vertices

V1 = A1 uCC(Dom(Tr))

and with an edge between y € V1 if eitherx, y € A; and there exists a chath= {y;}
with y, € I'1 such thatye(d1) = {x, y} or x € dy. Each connected component@fhas
a well defined limit point or/ ( fp), and, using the Caratlodory loopy around/ ( /o), we
can assign an angleto each connected componesft of G so thaty () = cl(G?) \ GY.
SinceV1 U Im(I'1) is fo-invariant, we can projedt to the repelling'EcaIIe cylinderC_.
Take the pre-image by to obtain a graph on the attracting cylindir. Now lift by 7 to
obtain a graplG + in the basinB.

Now we make two simplifying assumptions. First, tilqdtr (0)) lies in the connected
componeniG®, the component o6 with zero angle. This connected component limits
onto the fixed poing. If this assumption is satisfied then we say the transit map is
combinatorially real Second, we assume that all the components of @oiie on

GOuGTuGy.
One could define the induced marking for maps that do not satisfy these assumptions, but
for simplicity of exposition we keep the assumptions.

Now using the graph6®, G™ andGE’L, it is clear how to modify the constructions from
84.1 to construct a markingi,, I';,) of 4. We omit the details.

Let us define the combinatorial type of a real-marked through map.(tet,I") €
MLy and letg : C; — C_ be combinatorially real. Suppoge € L is a restriction
of T(f, g, UjxoU;(f)) to finitely many components such thédt, A,, T'y) € MCLg.
Define thedepth of a componenty € CC(Dom(k)) as follows. For eachly €
CC(Dom(Ty) N Dom(h)), defined(U) = no(U), whereng is the first landing time of
U toU;xU;(f). For every othet/ € CC(Dom(h)) defined(U) as the first landing time
to U;oU;(f) relative to the origin.

Define thethrough-type homomorphism : A a,.r) — A(ra,r) X Z to be the
homomorphism generated by

x(U) = (LU),dU)).

5. Towers

5.1. Definition of a tower. A tower is a forward infinite or bi-infinite sequence of maps.
First let us define the ‘product’ spa¢&* X of a given topological spack to topologize
the forward infinite or bi-infinite sequences of elementXof.etS = [—o0, 0] denote the
one-point compactification 6fNg. Given arm € S let S, = {n € Z : n > m}. Define

OXX={f:8 —>X:meS}

with the following topology. Fix anf e TI3° X with index setS(f) = Sy(r). LetA be a
neighborhood ofn(f) in S and letm’ = supA. Fix N, M € [m’, co) with N < M and
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for eachn € [N, M] let X,, be a neighborhood of (n) in X. A basis for the topology of
[1°X is generated by neighborhoods of the form

{geP X:m(g) € A, gln) e X, forn e [N, M]}.

In words, T1$° X is the space of one-sided sequen@gs x.+1, . . .) with m € —Np and
two-sided sequencés. ., x_1, xg, x1, . . . ) With the topology of pointwise convergence.

The space of towers will be a subspace of a product spge€’. We now define the
spacel’. Let

Lp={(fe): feL, fluap €1 2(1/H, g:Cy — C_ atransit map

and let£ = L u Lp with the topology generated by the following sub-basis. A

neighborhood inl’ of an f € L is a neighborhoodV' c £ of f. Now fix an

(f. &) € Lp and fix a neighborhoot¥ of the parabolic fixed point of |, ) on which f

is a diffeomorphism. LetV be the neighborhood of from Lemma 2.15. LetV’ ¢ C/Z

be a neighborhood of the phasef ¢g. Then a neighborhood dff, g) is the union of:

(1) (f',g") € Lp satistyingf’ € N NPyanda’ € N’, wherea’ is the phase of’;

(2) f’ e L satisfyingf’ € N NPy anda’ € N/, wherea’ is the phase of the induced
transit mapg ;.

Let us introduce some notation for a givéhe T15°L’. The index set off will be
denoted byS = S(7). We will often write7 = {f,, g,} where it is implicit thatg, is
not defined for alh € S. Also, letU" = Dom(f,) andV" = Rangéf,). Let Uj be the
central component of, and IetLJUj’.’#0 = U;j»0U;(fn) be the off-critical pieces of;,. Let

Sp=1{neS: fulusy € 171(1/8)}

and let
So=1{nes: f,e QL

We will often identify a transit mag, with the set of local lifts ofg,, to some choice of
petals. Let

Tn ={fu}U{gn :n > m}

and let#,, = (7,,) and define the post-critical set f, as
P" = orb(F,, 0).

We will also often denotémin(s) simply by F.
The space of towers Tow is the setbfe T15°L’ such that sufg = oo, for each level

n € S one of the following conditions hold:

(T1) n € Sg, fn is immediately renormalizable ari¢f,+1] = [h], whereh is a pre-
renormalization off,, of minimal period,;

(T2) n € Sg, f, is notimmediately renormalizable arfdy1 = R(f», v+ pmy where
v*+1is the initial return domain w.r.t. some initial Yoccoz partitiad of f,;

(T3) n ¢ (SqU Sp) and fur1 = R(fu, UG P™);

(T4) n & (SQU Sp) and fup1 = T (f, VU | P");

(T5) n € Spandfui1=T(fn, gn, UU7¢0|P"),
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unlesst + 1 € Sg, in which case one of the above conditions holds for the defimu ].

If Sp # ¢ thenT is aparabolic tower If S = Z then7 is abi-infinite tower If S # Z
and fmincs) € Q% thenT is aforward tower The mapfmincs) in a forward tower is called
thebase mapA tower with fo € Q% is normalizedf g7, = 1. Let

Towp = {7 € Tow: S(7) = Np}.
For anyn € Sg we denote the next € Sg by sucgn). Thatis,
suc@n) = min{fm € Sg : m > n}.

A tower 7 hascomplex bound# there existsn > 0 such that modgi, > m for all
n € S(7). Foragiverm > 0 let

Tow(m) = {7 € Tow: modf, > m foralln € S}.
We say that a toweF is unbranchedff
P"=POnV"

foralln € S.

5.2. Combinatorics. A tower 7 = {f,, g»} € Towp is naturally marked as follows.
First mark all levels: satisfying condition (T2) with the initial marking4,,, T',). Then
inductively mark levelsc = n + 1,n + 2,...,sucdn) — 1, sucan) with the marking
(Ag, T'y) induced from levek — 1. Levels satisfying (T1) are not marked. Clearly the
markings{(A;, I'»)}xes depend continuously of. Thatis, for each level (not satisfying
(T1)) the injective magpf, — (fu, A, T'n) € ML is continuous. We say a tower hasl
combinatoricsff every (f,, An, T'n) € MLk and everyg, is combinatorially real.
Suppose now thaf” has real combinatorics. Let, denote the signed ordered
SemigroupA (y,.4,,r,) and define a sequence of homomorphiggss follows. If level
n satisfies (T2) then defing, : A, — (I'o, €0) to be the homomorphism generated by
mapping each generator of, to its itinerary through the initial Yoccoz partition,,. If
leveln satisfies (T3) then defing, : A, — A,—_1 to be the homomorphism generated by
mapping each generator &f, to its itinerary through,,_1 until the first return tov”. If
level n satisfies (T4) then defing, : A, — A,_1 x Z x Ng to be the homomorphism
generated by, (U) = (L(U),d(U), no(0)), whereL is the first landing map of,—1 to
the off-critical piecesd is the depth function andy is the first landing time function. If
leveln satisfies (T5) then defing, : A, — A,—1 x Z to be the homomorphism generated
by x,(U) = (L(U),d(U)), where agairL is the first landing map of- ( f,,—1, gx—1) t0O
the off-critical pieces and is the depth function.
The combinatorics of is encoded by the sequengg,; },cs. We sayZ has essential
combinatorics bounded by if the following conditions hold:
. if n € Sg then|n — sucan)| < B;
. the return times on (T2) and (T3) levels are bounded abowe;by
. the depths of all components on (T4) and (T5) levels are bounded abd®g by
° the number of connected component&/df < B foralln € S.
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Let us describe how to associate to the sequenp@sequence of (parabolic) shuffles
or = {GH}HESQ'

To each leveh satisfying (T1) lets, = ¢®. Now suppose level satisfies (T2). We
will assign a parabolic shuffle to the group of levéls= {n,n + 1, ..., succn) — 1}.
First, if EN Sp = ¥ then f,, € M? for some shuffler and[ f,,+1] = R f,. Hence the
combinatorics of the levels if are uniquely specified by the shuftig = o.

So suppos® = E N Sp # @. Foreachn € D let xX : A, — An_1 x Z x Ng be
the homomorphism generated jo,ﬁf)(U) = (xm(U), k). Now for eachk there is a unique
shufflea ® with the return-type and through-type sequence

Xns Xn+1, - -5 Xm—1, X,(nk)7 Xm+1, - - -5 Xsucgn)—1-
Moreover, there is @ < oo such that® e Q,(p) for all k. Let

op = lim o®.

k—o00
Itis apparent from the definition m‘,?pt(p) that the limitis well defined. The combinatorial
objectso, and{x,}.ce are comparable. That is, if the essential combinatoric§ of
restricted toE are bounded by theno,, € Qgpt(p) for somep, depending orB. Vice
versa, ifo, € Qgpt(p) then the essential combinatoricsDfare bounded by depending
only on p. The boundg andB tend to infinity together.
Two towers7 and7’ with real combinatorics areombinatorially equivaleritf

§=8, Sg=55 and 5=25".

For a givervn > 0 andB < N let Tow(m, B) be the space of towef € Tow(m) with
essential combinatorics bounded By

5.3. Forward towers. In this section we analyze forward towers. For convenience we
will assume all towers in this chapter are indexedSby N.

Let7 be aforward tower. Let us define the (filled) Julia set. We say thdtpescapes
if orb(z) N (VO\ U% +# @. Define thefilled Julia set K (7)), the Julia set J(7), as for
guadratic-like maps.

Two forward towersZ and7’ with S(7) = S(7") arequasi-conformally equivalerift
there is a quasi-conformal mapsuch that:

(1) ¢ is a quasi-conformal conjugacy ¢f and f, on a neighborhood oK (f;,) to a
neighborhood oK (f,) forall n € S;

(2) ¢ induces a quasi-conformal conjugacy of the transit mgpandg,, forn € Sp.

A quasi-conformal equivalencg between two forward towers iskaybrid equivalence if

5¢|K(7) = 0 and is eholomorphicequivalence ifp is holomorphic. A forward towe¥ is

equal onkK (7)) to a forward towef7” if:

1) K(T)=KT;

(2) F.=F,foreveryz € K(T).

HereF is the dynamical system generated®yF’ the one generated k%, and.F; is the

set of germs at of the dynamical systen#.

Fix az € U°. We note without proof the following two facts.
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(1) The germsF; are well ordered by an extension of the well ordering defined in 82.9.2.
(2) Anyh e F with z € Dom(h) can be extended to a holomorphic mape F
with rangeV° by extending local lifts of transit maps using the extended Fatou
coordinates of §2.9. A restriction df is a cover map o?\ PO. In particular
if v c VOthenf, € F.
(3) Givenatowefl and alevel € Sg, a different choice of initial Yoccoz partitioi,
yields a tower equal t@ on K (7).

5.3.1. Straightening.

ProPOSITIONS.1. (Straighteninghny forward towerZ is hybrid equivalent to a tower
with a quadratic base map.

Proof. Let fp be the base map af. From Proposition 2.3 there is a hybrid equivaletice
betweenf, and a unique polynomial of the forgd + c. Letu(z) be the complex dilatation
of ¢ and letu = u(z) dz/dz be the corresponding Beltrami differential. Singés quasi-
conformal there is & < 1 such thatju(z)|lcc < k. LetU > K (jfo) be the domain on
which ¢ is a conjugacy.

Define the Beltrami differentigk’ by

Wik =0

andifz e (U \ K(7)) by
Wl = h*(w),

whereh € F(7) andU’ > z satisfyh(U’) C (U\ K (f,»)). The well ordering of the germs
F, impliesy is well defined.

First we claim there are restrictiong of f, such that Rangg¢,) c Rangéf,) and
7' = {f], g.} is a forward tower equal t& on K (7) andy’ is invariant undefZ”’. Let
frn= faforn = 0,1,...,m, wherem € Sg is the first level where Rangg,) ¢
Rangé fo), if it exists. LetN e N be large enough so thatY = £V (Rangéf,,)) C
Rangéfo). Let f) = f, restricted tov¥ +1. Choose a new initial Yoccoz partition
for f, and construct the restrictiong of f, as required for an equal tower for levels
n=m+1m+2, ..., mpuntilthe levelmy € Sg and repeat. The resulting sequence of
maps{ f,, g»} will be the desired tower.

Write u/(z) = u/(z) dz/dz. Since all maps i?’ are holomorphidju’(z)]c0 < k < 1.
Let ¢1 be the solution to the Beltrami equation

dp1=u'-d¢1
and let
T ={¢prohop;*: heT)

We claim7” is again a forward tower and that is a hybrid equivalence betweén
and7”. Letn € Sp andg, € 7'. Letg) = ¢10g, 0 ¢I1 andf, = ¢10 f) o ¢I1 Since
¢1 conjugates forward and backward orbitsfpfto orbits of £, it follows thatg,’ is a map
on theEcalle—Voronin cylinders of”’. Sinceg; is a homeomorphism, it is evident thgt
is a homeomorphism. Moreoveyr, is invariant undeg,, and sog,, is conformal. That is,
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the conjugate of a transit map#is a transit map ir?”. The other properties of a tower

are clear.
The base map of ” is holomorphically equivalent to a polynomial. Hen@¥ is
holomorphically equivalent to a tower with a polynomial base map. |

5.3.2. Expansion of the hyperbolic metricOne of the central ideas in McMullen’s
arguments is that maps in a tower expand the hyperbolic metric on the complement of
the post-critical set. In this section we prove similar propositions.

LEMMA 5.2. There are continuous increasing functiofs(s) and C2(s) such that if
f : X < Y is an inclusion between two hyperbolic Riemann surfacesxaadX then,
lettings = d(x, Y \ X),

0 < Ci(s) = IDf ()l < Cals) < 1.
Moreover,C2(s) — O0ass — 0.

Proof. The inequality||Df (x)|| < Ca2(s) < 1 and the properties af2(s) are found
in [McM2]. Lift f to the universal cover : D — Y and normalize so that= f(x) = 0.
The inclusionB; = {z : dp(0, z) < s} — D factors throughy and so|Df (0)|| > 1/r(s),

wherer (s) is the radius ofB; measured in the Euclidean metric. O

The following proposition states when maps in a forward toWes Towp expand the
hyperbolic metric orv’? \ P9 and gives an estimate on the amount of expansion and the
variation of expansion.

We will use the notatiom, || - ||, d(-, -) and¢(-) to denote the hyperbolic metric, norm,
distance and length ovi® \ PP respectively.

PROPOSITIONS.3. Let7 € Towp be a forward tower with base mafy. Leth € F(7)
andQ;, = h~1(PY). Then
IDh(2)| > 1

foranyz € (Dom(h) \ Q). Moreover, if(Q, \ P9 # ( then
Cy 1 (s2) < DRIl < C1 (s,

wheres; = d(z, O, Ud Dom(h)) andsz = d(z, Q). Finally, if y is a path inDom(z)\ Oy,
with endpointg; andzz, then

IDh(z2)|M* < IDR(z0)|l < | Dh(z2)II%,
wherea = exp(M¢(h(y))) for a universalM > 0.

Proof. Leth € F(T), Q, = h~1(P%, U = (Dom(h) \ Q) andz € U. There exists an
H e F such thatH |y = h andH is a covering map ont&® \ PO. Since the inclusion

1 : Dom(H) — (v°\ P9

is a contraction by the Schwarz lemma, we ge@xpandso. SinceH|y = h we have
IDh(z)| > 1. More precisely, the Schwarz lemma states thafif U — V is a
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holomorphic map between hyperbolic Riemann surfage¥ < C then, with oy and
py denoting the hyperbolic metrics dhandV,

L' @lpv(f(2) <1
pu (2)
with equality iff f is a covering map. Wit/ = Dom(H), V = V°\ Plandf = we
see thapy (z) < py(z) and hence
|H'(2)|pv (h(2)) - |H'(2)|pv (h(2)) _
pv(2) - pu (2)

where the last equality comes from the Schwarz lemma applied to the covering map
H : U — V. We rule out equality sinc& # U.

Now we estimate how muchexpandsp. Apply Lemma 5.2 to the inclusion: U —
V to get the inequalities

IDH@)| = 1

C;M(s) < IDH @) < C1 (),
wheres = d(z, V \ U). AssumeQ), \ P° # . Then sinceC; andCs are increasing,
Cy1(s2) < IDH ()| < C1Hs),

wheres1 = d(z, @, U9 Dom(h)) < s andsz = d(z, Qn) > s.

To conclude, let us prove the last statement about the variation of expansion.
From McM1, Corollary 2.27] the variation in|DH (z)|| is controlled by the distance
betweenzi and zz measured in the hyperbolic metric dA. Since H is a covering
map, this distance is bounded above by the ledgtih(y)) of H(y) measure orV. But
h(y) = H(y). O

5.3.3. Repelling cycles iy. Fix a forward tower? = {f,, g»} € Towp. For a point
z € U% we say a (possibly finite) sequen®, z1, z2, . . . ) is asub-orbitof z (in 7) if the
following conditions are satisfied:

00=12,

if z; € VO\ U° thenz; 11 is not defined;

if z; = 0thenz; 11 =0;

if z; € U" thenz; 11 = h(z;) for some local lifth € T of g,,;

otherwisez; 11 = fo(zi).

Note that any sub-orbit of is a subset of onta) and orliz) escapes iff there exists a
sub-orbitzg, . .., zy such thaty € VO\ U°.

A point z € UC is calledperiodic (in 7) if there existsh € F(T), h # id, such that
h(z) = z. Equivalently,z # 0 is periodic iff there is an € orb(z) such that: € orb(x)
and a sub-orbitg, x1 = h1(x), ..., xy = hy(x) of x such thatcg = xy andxg # x; for
0 < i < N. Themultiplier, A, of the periodic orbit through is defined to beDhy (x).
The multiplier does not depend on the sub-orbit. A periodic orbit is callgedrattracting,
attracting, repelling, neutraif A satisfies, =0, |A| < 1, |A| > 1, |A| = 1, respectively.

LEMMA 5.4. Let7 € Towp. The only non-repelling periodic orbits i are the orbits
through the parabolic points of,, forn € Sp.
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Proof. Letzo, ..., zy be the periodic orbit. Since the only non-repelling periodic orbits in
P(T) are the orbits through the parabolic points, we can assume the orbit is disjoint from
P (7). By Proposition 5.3,

| Dhn (2)]] > 1.

But then
Al =|Dhn(z)| > 1

in the Euclidean metric as well. O

For a givenlevek € Sp let B, be thecentral basirof leveln. A connected compact set
K c Ulisiterableif K N dB, = ¢ for all central basing,,. Mimicking the definition of
sub-orbits of points, we say a (possibly finite) sequence of compadisgtK1, Ko, .. .)
is asub-orbitof K (in 7) if the following conditions are satisfied:
. Ko = K;
° all K; are iterable except possibly the last one, if it exists;
° if K; ¢ Dom(h) thenK;;+1 = h(K;) for some local lifth € T of g,;
° otherwiseK; 1 = fo(K;).
Now that we have said what it means to iterate an iterable compact set, we can prove
the following proposition.

PROPOSITIONS.5. Supposel € Towp and lety € J(7). The following are two
equivalent definitions of the Julia set:

(1) J(T)=cl{z e U°: zis arepelling periodic poirt

(2) J(T)=clz € U°: zis a pre-image of}.

Proof. The proposition is well-known whe$ip = ¢ (for example, M1, Theorem 11.1]).
So assumép == @. Let us first prove that

J(T) c cliz € U°: zis arepelling periodic poift

Letz € 0K (7) and letW be a connected neighborhoodzofOur claim is that there is
a repelling periodic orbit of in W. Since such orbits are dense/iifp) we can assume
W C int(K(fo)). Let K = W. We can form the sub-orbk; = h;(K) from K until
the first moment whelk; is not iterable. Such a moment must exist since the orbit of
z € K never escapes but the orbit of some other poirt idoes escape, by the definition
of K(7).

Case 1.Suppose intK;) N dB, # @ for somen € S. We follow the proof in M1] of
Theorem 11.1. There is a open $8t C K; and compositiok € F defined onW’ such
thath(W') N J(fo) # #. There is then an open sBt” c A(W') and anN > 0 such that
Br € faV (W"). Letz € W be the pre-image of ,:

2= ohoh) X(By,).

Let Wo be a neighborhood i 7, on which fp is univalent. There exists ai > 0 such
thatz € f3(Wo). Letzy € Wo be a pre-image aof by £/

1= (I ).
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Sincefy, ¢ PO we can assume othy) N P° = ¢. Then a small enough neighborhobd
of z1 will map univalently under

févohohiofOM

to a neighborhood” of Br,. Pull Wy back by fo|w, until it is contained inV. Say the
resulting domain ig/; = fO’Nl(Wl). Then we have found a univalent map

N N1+M
fo ohohjo fy'*

fromVitoV O Vi. Moreover,févl“LM(Vl) C W. Hence there is a repelling periodic orbit

passing throughv.

Case 2.If K; is not iterable becausk; N (Vo \ Up) # ¥, then by perhaps choosing a
smaller neighborhooW’ and iteratingfo more, we can assume that the moment wkign
is not iterable is because {i;) N d B, # @ forn = min Sp and we can argue as in Case 1.

Case 3.Suppose intK;) N dB, = ¥ for somen € Sp butthatdK; N 9B, # ¥. Then
by choosing a slightly smaller neighborhoddwe can assumg; is iterable and continue
iterating the sub-orbit. We claim this case can only happen a finite number of times. If
not then every time; is not iterablek; falls into this case. Then by choosing the slightly
smaller neighborhoods so that they all contain some definite neighboWoofi; we see
that the orbit of W’ is defined for all iterates. But this is impossible since théhnever
escapes, contradicting the fact that 0 K (7). Thus after a finite number of restrictions,
the non-iterable sek; must fall into the cases considered above. This finishes the claim
that

J(T) c cliz € U°: zis arepelling periodic poift

Now let us prove the other containment. Lete K(7) and letW be a connected
neighborhood of. SupposeW contains a repelling periodic poigy. Again letK =
cl(W) and start forming the sub-orbk; = #;(K) throughK. We claim that there is a
momentwherk; is notiterable, otherwise the maipsform a normal family oW and that
contradicts the fact tha¥ contains a repelling periodic point. Thus there is a non-iterable
iteratek;.

Case 1.Just as Case 1 above, there is a ope8et K; and compositiork € F(7)
defined oW’ such that:(W') N J (fo) # @. But then there is a point il(W’) that escapes
and thus there is a point W that escapes as well.

Case 2.If K; is not iterable becaus; N (V0\ U% # @, then we have found a point
in W that escapes.

Case 3.Suppose intK;) N B, = ¥ but thatdK; N dB,, # ¥. Then by choosing a
slightly smaller neighborhoo® that still contains the repelling periodic poinf, we can
assumek; is iterable and continue iterating the sub-orbit. We claim that this case can only
happen a finite number of times. If not then every tifigis not iterablek; falls into
this case. Then by choosing the slightly smaller neighborhoods so that they all contain
some definite neighborhodd’ containingzo we see that the orbit o’ is defined for
all iterates. But this is impossible since the iterategidfcannot form a normal family.
Thus after a finite number of restrictions, the non-iterableksetust fall into the cases
considered above. Thus we have proven the first statement of the proposition.
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To prove the second statement, notice that the argument proving the first also proves
thatif y € J(7) then any point i/ has a pre-image arbitrarily close Yo That is,

J(T) c cl{z € U°: thereis arh such thati(z) = y}.

The reverse inclusion follows from the fact that?") is closed and backward invariant and
thaty € J (7). o

5.3.4. Forward rigidity. In this section we prove the combinatorial rigidity of forward
towers. That is, the germ of the base map and the seqygretermine the germs of the
quadratic-like maps and transit maps uniquely.

PrROPOSITIONS.6. (Forward combinatorial rigiditf)et 7 = { f,, g,} and7’ = {f, g}
be forward towers with real combinatorics and complex bounds. Supf@se =
S(T") = N, T is combinatorially equivalent td” and [ fo] = [fy]. ThenT is equal
to7’ onK(T).

The proof involves constructing families of generalized quadratic-like maps, which we
discuss first.

Let (f : U;U; — V,h) be a proper holomorphic family of generalized quadratic-
like maps overr € D with winding number 1. Assuméis not a DH-family and let
T, = T(fr,UjxoU;(f1). Letx € D be the base point of the family and suppose
0 € Dom(Ty). Let D’ c D be the connected component®f = {1 : 0 € Dom(73)}
containingx. Let g, be a restriction of ( fx, U;0U;(f:)) so thatg, € £. One can pull
back the motiorh to a holomorphic motioh’ of 8 Dom(g,) defined overD’'.

LEMMA 5.7. Let(f : U;U; — V;, h) be a proper generalized quadratic-like family over
D with winding number 1. Let € D be the basepoint and let. be the first through
mapT (fi, UjzoU;(f)) restricted to finitely many components. Suppgse £. Then
the connected compone®t of X, containingx is a Jordan disk and the family of first
through mapsgg, h’) over D’ is proper and has winding number 1.

Note that when(A,, T'y) is a continuous family of markings dfthen D’ is uniquely
specified by the induced marking gp and the through-type homomorphismgaf
Now supposef € L satisfies

fo= fluery € 171(1/4.

We keep the setup from §4.3 as follows. let= . Choose incoming and outgoing
petalsD. around the parabolic poirgt and letC+ denote the respecti\EcaIIe—Voronin
cylinders andry the projections withr extended toB = int(K(fp)). For a given
g : C4 — C_ let L be the first landing map undéi( fo, g) to U;oU; (f).

The goal is to construct a family i by varying the transit map : C; — C_. Let
X c C/Z be the set of phasessuch that forg = g5,

0 e Dom(L).

It is clear thatX is a countable pairwise disjoint collection of Jordan disks. Choose a
connected componetlt of X and fixx € D and a restrictiorTy of T'(f, g«, UjzoU;(f))
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to finitely many components of Daifi) such thatT, € £. The holomorphic motiofn
of (d Dom(Ty), d Rang€&Ty,)) is the pull-back of the identity motion ohRang€&7,) =

d Rangéf).

LEMMA 5.8. For any connected componebhtof X, the family(T, h) overD is a proper
generalized quadratic-like family with winding number 1.

We are now able to prove Proposition 5.6.

Proof. If Sp = ¥ then the result is a restatement of Theorem 2.5. So suhose? and
letn = minSp. Then sincd fo] = [ f3] it follows that

Lfalvosin] = Unluocpl-
Hence theéEcalle—Voronin cylinders of leved are equalC+ = C,.. We claim thak, = g,.
In what follows we have implicitly fixed a pair of Fatou coordinates for leveAlso, by
intersecting initial Yoccoz partitions and passing to towers equa ¢h) andK (77) we
can assume that

fn = f;/~
For eactu € C/Z let L; be the first landing map oF (£, ga) to U;xoU;(f,) and let
X ={a:0e Dom(Lz)}.

Let L = L(fu, g1 and letUp = Up(L). Similarly, let L’ = L(f,,g,) and let
Uy = Uo(L'). Letap be the phase of, and leta; be the phase of,. LetD C X
andD’ C X be the connected components)fcontainingao anday, respectively. First
we claimD = D'.

Since7 and7’ are combinatorially equivalent the through-type homomorphisms are
equal:x, = x,. Let x,(Uo) = U1 and lety,, (Uy) = U;. Also, since fo] = [ f3] we know
K (fo) = K(fp). LetK = K (fo). Sinceyx = x; fork =0, ..., n we know

KNUi=KNUj.

LetK = K NU1. SinceL(0) € K andL'(0) € K it follows thatap anda;, are in the same
connected component &af. HenceD = D’.

Let (T, h) be the holomorphic family oveb constructed in Lemma 5.8 such that

Tao = for1.  Tay = fosa-

Note that(T, h) is a proper generalized quadratic-like family over the Jordan Biskith
winding number 1. The base point can be chosen as eatherdg. Let (f,+1, hyt1) =
(T, h) and suppose +1 ¢ Sg U Qp. That is, suppose level + 1 satisfies condition
(T3) or (T4) in the definition of towers. If level + 1 satisfies (T3) then l&f, 2, h,12)
be the family of first return maps from Lemma 2.13 such tfigtr s, = fut2. This
family is a proper family with winding number 1. If level 4+ 1 satisfies (T4) then let
(fr42, hyy2) be the family of first through maps from Lemma 5.7 such thab z, = fu+2.
Again, this family is a proper family with winding number 1. In either caseDgt» be
the parameter domain faf, 2, h,42). Inductively construct familiesfy, hy) for levels
k=n+2n+3,...,m, where

m = inf{m" € Sp U Sg : m' > n}.
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Sincexx = x; fork =n+2,n+3,...,m we see(f, hy) are also the families of first
return and first through maps fgj with base poin,.

Now consider the DH quadratic-like famili€g,, h,,) restricted to the central domain,
denoted byr. From Theorem 2.12 the set

M ={a € D,, : J(Fj;) is connectefl

is homeomorphic to the Mandelbrot st It follows thatao, a, € M. Now we claim that
ap = 6_16.

If Fz, has a parabolic orbit then cleady = a;, from the rigidity of parabolic parameter
values. Otherwisd, is infinitely renormalizable with real combinatorics and complex
bounds and so by Theorem 2.5 we gge= .

Now by induction om € Sp we seeg, = g, and[ f,,] = [ f,,] form = sucgn). Hence
K(T) = K(7’) andT is equal ta7”. ]

In fact, by examining the above proof we see the only use of complex bounds was for
Theorem 2.5. Thus the above proof also yields the slightly stronger result as follows.

PROPOSITIONS.9. Let 7 = {f,,g,} and 7T’ = {f,, g} be forward towers with real
combinatorics. Suppos®(7) = S(7’) = N, 7 is combinatorially equivalent td” and
[fol = [fgl. Suppose in addition thaupSp = oo. ThenT is equal to7” on K (7).

Combining rigidity with straightening we have the following.

COROLLARY 5.10. Any two combinatorially equivalent forward towefs 7' € Towp
with real combinatorics and complex bounds are hybrid equivalent.

Proof. Straighten7 and7” to towers7; and 7> with quadratic base maps. Sin€g and
T, are combinatorially equivalent it follows from Theorem 2.5 and the uniqueness of root
points that the base maps have the same germ at 0. Hence by Propositibndné; >
are hybrid equivalent. ]

5.3.5. Compactness. The goal in this section is to prove Proposition 5.16. To do so we
will need several lemmas about the geometry of first return and first through maps.
First we control the geometry of levels satisfying condition (T2) of a tower.

LEMMA 5.11. (L3]) Letm > 0. Let f € I"Y(M) N Q(m) for some maximal, real
M-copyM + M°? and let VO be the initial return domain w.r.t. some initial Yoccoz
partition. Letg be a restriction ofR(f, V9) to finitely many components Bom(R) so
thatg € £. Suppose there is > 0 so that the return time of any € Dom(g) to V% is
bounded above by. Then there are function§; > 0 andC2 > 0, depending only om
andn, such thageag) > C; and(diamK (g))/(diamK (f)) > C>.

Next we control the geometry of levels satisfying condition (T3).

LEMMA 5.12. Letr e N,m > 0, A > 0. Supposef € L(m) andged f) > A. Consider
the first return mapR = R(f, Up(f)) and suppos® € Dom(R). Leth be R restricted to
finitely many components so thiat £. Suppose

sup n4(z) <r.
zeDom(h)
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Then there exist§1 > 0andC2 > 0, depending only om, A andr such thagedh) > C1
and (diamKk (h))/(diamK (f)) > Co.

Proof. Assume diankK (f) = 1. If Dom(f) has one connected component thé¢h) =
K (f), soassume Doff) has more that one connected component. Then from Lemma 2.8
we know f is ranging in a compact seX(m,1). Let X(m, A,r) be the subset of
f € X(@m,)) such that ifR = R(f, Up(f)) then 0 Dom(R) andn,(0) < r. Since
X (m, A, r)is closed it is also compact.
LetY c £ denote the seét of restrictions ofR(f, Uo(f)), f € X(m, A, r) such that

sup n4(z) <r.
zeDom(h)
ThenY is compact sinceX (m, A, r) is compact and sinc& consists of finitely many
connected components and within each compohedgpends continuously ofi. Since
the geometry function gé&hb) is continuous it follows that ge&a) > C1, whereC; depends
only onm, A andr.
The second statement follows similarly from the continuity of the function

diamK (h). O

The following lemma controls the geometry of restrictions of first through maps where
the landing time is bounded above. The proof is a minor modification to the proof of the
lemma above, and we omit it.

LEMMA 5.13. Letr e N,m > 0, A > 0. Supposef € L(m) andged f) > A. Consider
the first through ma@@ = T(f, U;j»xoU;(f)) and suppos® € Dom(T). Leth beT
restricted to finitely many components so that £. Suppose

sup no(z) <r.
zeDom(h)
Then there exist§; > 0andC2 > 0, depending only om, A andr such thageqh) > C1
and(diamK (h))/(diamK (f)) > Cs.

Let us now turn to those levels satisfying (T4) with long saddle-node cascades. &t
and let
X ={f€Q(m): f el Y1/4) and diamk (f) = 1}.

Then X is compact (in the Caragtodory topology). For eaclf € X choose a
neighborhoodV > B, on which f is a diffeomorphism and leds, ..., N; be a finite
cover of X by the neighborhoods from Theorem 2.15. By rescaling we can extend the
neighborhoods\V; to be a finite cover of f € Q(m) : f e I-1(1/4)}. Note that

the coordinates do not necessarily agree on the oveNaps \;. Now if (f,A,T) €
MLr(m) has a long enough saddle-node cascade then by Lemma 4.1 it follows that
f € (NV; NPy for some 1< i < k. That s, there is a functio),, such that if¢(f) > £,

thenf e (NV; N P1) for somei. We can use the perturbed Fatou coordinates to control the
geometry of a first through map as follows.

LEMMA 5.14. LetA > 0, m > 0andB € N. Suppos€f, A,I") € MLr(m) satisfies
ged f) > rand£(f) > £,. Let(g, Ag,T'y) € MLy be the first through maf of
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f restricted to finitely many components such that the combinatorigsi®fssentially
bounded byB. Then there exist§1 > 0andC> > 0, depending only oi, m, and B, such
thatgedg) > C1 and(diamK (g))/(diamK (f)) > Ca.

Proof. Let us prove the first statement. Suppgses N;. All statements that depend
on Fatou coordinates implicitly use the coordinates from the neighbori6od Let

c1 = f"(0) be the first moment when the orbit of O landsSp,. We can assume;

is uniform over the neighborhoatl;. Thenc; lies in a compact subset (i?[fF Let gy

be the induced transit map gfand letc; = gy (c1). Sincef"(c2) € U;»oU; for some

n < B, it follows thatc; lies in a compact subset 6f . Hence the phase,, measured in
the coordinates fromV;, lies in a pre-compact subset@fZ. Now it is easy to modify the
proof of Lemma 5.12 to finish the proofy, g) is ranging in a pre-compact subset and so
the setY of restrictions with combinatorics essentially boundedsbig pre-compact. O

Finally, we bound the geometry on levels that satisfy (T5). The proof is a minor
modification of the above lemma.

LEMMA 5.15. LetA > 0, m > 0andB € N. Suppos&f, A,I") € MLr(m) satisfies
geqa f) > A and

fo= flugr) € I7H(L/4.

Letg : C;+ — C_ be a combinatorially real transit map gb. Let(k, Ay, ') € MLy be
the first through mag (f, g, U;xoU; (f)) restricted to finitely many components such that
the combinatorics of is essentially bounded by. Then there exisf; > 0 andCz > 0,
depending only on, m, and B, such thageah) > C1 and(diamK (h))/(diamK (f)) >

Co.

We are now able to prove the main proposition of this section.

PROPOSITIONS.16. For anym > 0 and B € N the set of normalized towerg ¢
Towp(m, B) is compact.

Proof. Let 7 = {f,, g»} be a tower in Tow(m, B). First we claim the geometry of, is
uniformly bounded. Indeed, the following table gives the appropriate lemma for each type
of level:

Level Lemma

(T1) [McM2, Proposition 4.13]

(T2) Lemma5.11
(T3) Lemma 5.12
(T4) Lemmas 5.13 and 5.14
(T5) Lemma 5.15

That is, there exisf1 > 0 andC> > 0, depending only om and B such that

ged fn) = C1
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and .
diamK (f;,) s

diamkK (fu-1) ~
Let 7x = {fr.n, gk.n} De a sequence in Temn, B). From the geometry bounds above
and from Lemma 2.8 we can select a subsequéhgeso that f,,, , converges on all
levelsn € S to some generalized quadratic-like mafys Let Sp C S be the levels with
Julug € 1-1(1/4). As in the proof of Lemma 5.14 we can choose a further subsequence
so that the transit maps on each level Sp converge. Itis clear the limiting collection of
maps will form a tower. m]

5.3.6. Continuity ofP.

LEMMA 5.17. Letm > 0, B € Nand7 < Towg(m, B). ThendiamK(f,) — 0 as
n — 0oQ.

Proof. We can assume that there is an infinite number of levels oo where f,, is not
immediately renormalizable, otherwige is eventually a McMullen tower with period-
doubling combinatorics and the result follows. Choose a subsequence ofdgvelsco
so thatf,, has at least one off-critical piece.

Suppose by contradiction that dig( f,,) > ¢ > 0. LetU;U; ; = Dom(f,,) and
Ky j = K(fu) N U, ;. We may assumg&1 ; C Ky o by selecting levels of first return.
Then since ge@f,,) > C(m, B) > 0 and modKy_ ;, Ui ;) > m it follows that Uy ;
contains a definite neighborhood &t ;. Hence there is eventually sonjg j, # 0 and
ko > ki with Ky, j, N Uk, j, # ¥. But this is a contradiction sinc&y, ;, C Ki;,0 and

Ki,0N Uy, jy = 9. O

PROPOSITIONS.18. (McM2, Corollary 5.12])Letm > 0 and B € N. Then the
postcritical setP (7)) varies continuously witl™ € Towg(m, B).

Proof. Let 7,, be a sequence of towers in Te:, B) converging to a towefl . |If
z € orb(7, 0) thend(z, P(7,)) — Oasm — oo sinceF (7) is contained in any geometric
limit of 7,,,. HenceP(7) C liminf,, P(7,,). We must show limsup P(7,) C P(T).

Forn € Sg let K, (0) = K (f,) and letK, (i) enumerate the orbit df (f,,) by 7. That
is,

Ui Kn (i) = {h(z) : z € K(fn), h € F(T)}.

Let 8, = supgdiamkK,(i). The arguments proving diak},(0) — O can be adapted to
proves, — 0. Lete > 0 and letN be large enough so théf; < €. Let

UiKnn(@) =1{h@) :z€ K(fmn), h € F(Tn)}.
Since7,, — 7 it follows that form > N large enoughy; K,, ,(i) is contained in an

e-neighborhood ob); K, (i). HenceP (7,,) is contained in a&-neighborhood o (7). O

5.3.7. Definite expansion. The following corollary can be used to control the expansion
of the hyperbolic metric on one level with bounds from a deeper level. For a given tower
T and leveln € So we will use the notatior,, || - [lx, du(-,+) and¢,(-) to denote
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the hyperbolic metric, norm, distance and lengthoh\ P”", where recallP” is the
post-critical set of7 restricted to levelsn > n. That is, for anym € S recall that
Fm = {fmtUlgn : n > m}) andP™ = orb(F,,, 0). Recall that we say is unbranched
iff

P =POny"

foralln € S.

COROLLARY 5.19. Letm > 0OandB € N. Let7 e Towg(m, B) be an unbranched
forward tower. Suppose € Sg is a level such thaV” C V0. Leth € F, and let
Q% = h~1(P"). Thenif(Q} \ P") # ¥ andz € Dom(h) \ Q/,

C; (s2) < IDRG)I,
wheresz = dy(z, Q}).
Proof. SinceV” c VOandP" = P°N V" we see that
(V" \ P") C (VO\ P
and so
do(z, Q}) < du(z, O}).
Since the functiorC; in Proposition 5.3 is increasing,
C3(dn(z, Q) < C5 ™ (do(z, Q1)) (7
Then from Rangé:) ¢ V" andV” N P° = P" we see that
Pty = (PO
Sinceh € F(7) it follows from Proposition 5.3 that
5 (do(z, @) < IDA@)lo- 8
The lemma follows from equations (7) and (8). O

In order to apply this corollary we need to get a boundpe: d, (z, Q}). Thisis done
by compactness. Foramy > 0,C < o0, K < oo andB € N let Towp(m, B, C, K)
be the set of towerg = {f,, g} iIn Towg(m, B, C) where allU € CC(U") andV" are
K-quasidisks for alh € S.

LEMMA 5.20. Letm > 0,C < 00, K < ocoandB € N. Let7 € Towy(m, B, C, K),
n € Sgandz f,;l(V” \ U™). Then there exists @1 < oo depending only om, C, K
and B such thatd, (z, Q') < C1.

Proof. By shifting leveln to level O and restricting to a subtower we can assume 0.
SinceV9 andU? are K -quasidisks, the set

Wo = f5 1(VO\ U9)
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varies continuously witl/” € Towg(m, B, C, K). Since P(7) varies continuously the
hyperbolic metricp and the seTQC}O vary continuously. Therefore the functiah on
Towo(m, B, C, K) given by '
F(T) = supd(z, 0%)
zeWp
is continuous. Since Tayem, B, C, K) is compact by Lemma 5.16, there i€asuch that
F(T) < C1. ]

5.3.8. Theinterior ofK. An infinitely renormalizable quadratic-like mape QR has
a filled Julia set with empty interior. The same statement holds for forward towers.

PROPOSITIONS.21. For any unbranched” € Towg(m, B, C, K),
int(K(7)) = 4.

The proof of Proposition 5.21 is broken into Propositions 5.25 and 5.26 and will occupy
the rest of this section.

Fix an unbranched towe&r € Towp(m, B, C, K). Suppose by contradiction that
O = CC(int(K (7)))

is non-empty. LetV € O andz € U. Let K C U be a compact and connected
neighborhood of. Recall thatB, are the central basins af. SincedB, c J(7) for
alln € Sp it follows that K is iterable. Since/ (7)) is backward invariant we see that all
the iterates oK are iterable as well. Thus the orbit &f is well defined and contains the
orbit of z and so, lettingk range over larger and larger compact subsét ofve can define
the orbit ofU, orb(U), to be components containing the orbit/of

A componentU € O is calledperiodicif U’ € orb(U) impliesU € orb(U’). A
componentUU € O is calledpre-periodicif U is not itself periodic but there is a periodic
componentin or@/).

The classification of periodic components is based on the following classical
propositions (see, for examplé,][, M1]).

PROPOSITIONS.22. Leth : U — U be an analytic transform of a hyperbolic Riemann

surfaceU. The we have one of the following possibilities:

(1) hhas an attracting or superattracting fixed pointiihto which all orbits converge;

(2) all orbits tend to infinity;

(3) hisconformally conjugate to an irrational rotation of the disk, the punctured disk or
an annulus;

(4) his aconformal homeomorphism of finite order.

PROPOSITION5.23. Let U be a hyperbolic domain on the sphere andidetU — U be

an analytic transform continuous up to the boundary. Suppose that the set of fixed points
of h on aU is totally disconnected. Then in case (2) of Proposition 5.22 there is a fixed
pointa € dU such thaty, (z) — « foreveryz € U.
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FIGURE 12. A blow-up of the Julia set ofy = z2 + 1/4 with pre-images byfo, g and € highlighting the sets
Utoo and V4po.

The following lemma is useful for controlling the dynamics near the ends d tiadie—
Voronin cylinders. Letf € I-1(1/4) and choose petalB... For anyz € D, N D_ define
the Ecalle—Voronin transformatiofi by

E(m_(2)) = m4(2).

One can show thaf extends holomorphically to the two ends@f by using the Fatou
coordinates and the standard isomorphisiy) = exp(2riz) of C/Zto C\ 0.

LEMMA 5.24. Suppose thafg € 1-1(1/4) andg : C. — C_ is a transit map such that
the critical point of fo escapeX ( fo) under iterates offp and local lifts ofg. Then

(g 0 &) (£o0)| > 1.

Proof. We will prove the lemma with the critical point escaping after just one iterate of
a local lift of g. Assume the critical point of is at the origin. LetR = g o £ and
J_ = n_(J(fo)). Let Vi denote the connected componentq@f \ J_) U {fo0}
containingtoo and letU.o, = g 1(Vino) (See Figure 12).

Note that€ can be extended td.., as a branched cover. The set of critical points is
the backward orbit of 0 and the only critical valueris (0).

https://doi.org/10.1017/50143385700000092 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000092

Parabolic limits of renormalization 221

Sincen;(0) € Uis and eachU.o is simply connected there is a branch&f!
defined onlU+, preservingtoo. ComposingE~! o g~1 we have constructed a branch
of R~1 which maps eaclV., inside itself and fixestoo. In fact, since€ 1(Uto) C
7_(intK (fo)) it follows that R~ mapsV4 strictly inside itself. The lemma follows
from the Schwarz lemma. ]

We can now prove the following.
PROPOSITION5.25. NoU € O is periodic or pre-periodic.

Proof. Supposd/ € O is a periodic component. Supposél£) is iterable and all iterates
of cl(U) are iterable. Then sincE is periodic there exists a univalent mape F(7)
defined on a neighborhood of(€l) such thata(cl(U)) = cl(U). Let us examine the
possibilities from Proposition 5.22.

Since c(U) is disjoint from P(7), Lemma 5.4 implies any periodic point in(€l)
must be repelling. Thus there cannot be a superattracting or attracting orbit. Suppose all
iterates tend td U. Now the set of points oAU fixed by# are isolated, since otherwige
would be the identity on an open set and that would contradict Proposition 5.3. Applying
Proposition 5.23 again contradicts Lemma 5.4.

The other possibilities in Proposition 5.22 are ruled out becaussxpands the
hyperbolic metric orU° \ P° and any map conjugate to a rotation will have high iterates
arbitrarily close to the identity.

Now suppose there is a componént from orb(U) such that alU’) is not iterable.

To simplify the exposition we will assumg& is a real-symmetric tower. SincE is
periodic we may assum& = U’. SinceU C K(fp) there must be an € Sp such
that ckU) N a(B,) # @. SinceU N J(T) = @ it follows thatU c B, and ifn’ € Sp is the
next parabolic level aftet then c(U) N B,y = @.

LetK = cliU), f = f,,|Ug and¢ = B(f). SinceB, anddB, are invariant byf, it
follows thatK, = f¥(K) c cl(B,) \ B,y anddK; NdB, # @ forallk > 0. Let

B =CC(B, \ (UZof *(R)))

be the collection of components of the partition pictured in Figure 13.

First we claim thall NR = @. Letn’ € Sg be the largest quadratic-like level befare
Let B,» be the central basin of the first levél € Sp aftern’. Then thef,, pre-images of
B,» cover a dense subsetBfN K (F,/). It follows that the pre-images h¥ (7)) cover a
dense subset & N B,, and accumulate & SincedB,,» C J(7) the claim is established.
SinceU is periodic undef, we can assum& C A, whereA € B satisfiest € 9A.
Without loss of generality assume thatc H.

Lety = 0A. Let

yi=J% 0.
%
Sinceg, is a real translationy; C H. Let

v2=Jr Do,

k>0
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FIGURE 14. The curvey, y1 andy».

where the branch of ~1 is chosen so thaf ~1(H N B,) c H N B, (see Figure 14). It
follows thatU is contained in the domaiA; bounded byy». Continue this process. That
is, the pre-image of, by g, is contained il and pulling back byf ~1 we see that is
contained in adomaid, C A1. By Lemma5.24,

o0
mAmzﬂ

m>1
and so a non-iterable periodic compon&ntannot exist. m]
A componentU € O that is neither periodic nor pre-periodic is call@endering

PROPOSITION5.26. NoU € O is wandering.

Proof. Supposd/ € O is wandering. Le C U be compact and connected. Th&ns
iterable and all iterates & are iterable. Fix & € int(K). Since each map from the
orbit of K is defined on a neighborhood &f and sinceQ, = h~Y(P(T)) c J(T), it
follows from Proposition 5.3 that

S;lJplth(Z)ll < 00. 9)

Suppose there is an> 0 such that there are an infinite number of iterdtgsatisfying

d(hy(z), P(T)) > e,
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where the distance is just the Euclidean distance. Ordek,the match the ordering on
the orbit. That is, ift < m thenh,,(z) € orb(h,(z)). Since eaclt, (z) lies in a compact
subset of the hyperbolic surfad® \ P(7),

d(hu(2), Qf) < C(e),
for some functiorC (¢), and so from Proposition 5.3,

I Dfolhn(z)|l = C > 1. (10)
But then

IDhny1@)1I = 1D (fo o k)@l = [IDfo(hn (@)l - |1 Dhn ()|l = ClIDha ()l (11)

which asn — oo contradicts equation (9).
S0 we can assume
limsupd(h(z), P(T)) = 0.
h

Let 7, = T|s, be the restriction of to levelsm > n. Let K, be the collection of little
filled Julia setdC,, = orl(7", K (7).

From Lemma 5.24 we see that ¢t must accumulate on somg ¢ &, whereég
is the parabolic orbit offp. But thenz’ is contained in a little filled Julia set ik;. By
iterating forward we can assumec K (77). It follows that there is a1 € orb(z) such that
y1 € K(71). Again there is an accumulation point o) disjoint fromé;, the parabolic
orbit of f1, and, repeating the whole argument inductively, there is a sequence of iterates
yn € K(Tp).

Eachy, has a moment, € orb(z) when orliz) enters the collection of little filled Julia
setskC,. Once orliz) entersfC, it never leaves. It can happen that differepthave the
same moment,. However, since

(K (T,) = {0}
n>0
there must be an infinite number of distinct entry momenpts

Let z, € orb(z) satisfy fo(z,) = x,,. Thus the relation between the points:,, y, and
zy IS given byz, € orb(z), x, = fo(z,) is the time orlgz) entersk,, andy, € orb(x,) is
the first timex,, entersk (7,,). We claim that

d(zns Qfo) S C/~
Let K, be the component ofo‘l(lc,,) \ K, containingz,. The setK,, is called a
companiorfilled Julia set of leveh. SinceQ s, N K,, # @, itis enough to show that

diam,(K,) < C'.
Consider the set#/, andV, containingK, which are pull-backs ot/” and V" by the
map sending;,, to y,. By the unbranched property this pull-back is univalent. Since

modV", U") > m, we have mo@V,, U,) > m and so, fromMcM1, Theorem 2.4], the
diameterD, of U, in the hyperbolic metric o, is bounded. Buv, c (V°\ PY). Thus

diam, (K} < diam,(U;,) < D, <C

and the claim is established.
But then equations (10) and (11) hold along the sequepce: &, (z), and we again
get a contradiction to (9). ]
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5.3.9. No invariant line fields. A line fieldis a measurable Beltrami differential =
u(z)dz/dz with |u(z)| = 1 on a set of positive measure apdz)| = O otherwise. A
line field isinvariant under7 iff for every h € 7, Dh maps the line at to the line at
h(x) for almost everyx € Dom(k). Using Propositions 5.5 and 5.21 we can rephrase
Proposition 5.6 in terms of invariant line fields.

Before doing so, we need the following.

LEMMA 5.27. (L1]) Let 7 € Towp. The groupG of homeomorphisms of(7) that
commute with all mapk € 7 is totally disconnected.

Proof. Let ¢ € G be a map in the connected component of the identity. Supgppse
a repelling periodic point wittk(zg) = zo for someh € F(7). Since the solutions to
h(z) = z are isolated¢ must fixzg. The lemma follows from density of repelling cycles
(Proposition 5.5). a

We now prove the following version of forward tower rigidity.

PropPOsSITIONS.28. (No line fields for forward tower&et 7 be an unbranched tower in
Towp(m, B, C, K) and letu be a line field invariant unde¥ . Thenu|g 7y = 0a.e.

Proof. By Proposition 5.1 it suffices to consider a forward towemhaving a base map
of the formz? + ¢o. From Proposition 5.21 we know th&t(7) = J(7). Suppose by
contradiction that” did admit an invariant line field

w=u(z)dz/dz
supported oy (7). For anyw € D consider the invariant Beltrami differential
pw = w -u(z)dz/dz

onC. Let ¢ be a solution to the corresponding Beltrami equation normalized so that the
map

fw.0=¢wo foody,"
is again a rational map of the form + ¢,, for somec,, € C. LetT;, be the tower

Tw = {pwohod,t:heT)

From Proposition 2.5 and the uniqueness of root poiats,= co for all w € D.
Proposition 5.6 implieg,, , = f, foralln € S andgy, , = g, foralln € Sg andw € D.
So ¢y, is a holomorphic family of quasi-conformal maps with = id and¢,, mapping
J(T) homeomorphically to itself commuting with the dynamic&afFrom Lemma 5.27,
¢owlscry = id. But then the complex dilatation @f,, is zero at all points of Lebesgue
density ofJ(7) and sou is not supported ot (7)), a contradiction. |

5.4. Bi-infinite towers. In this section we move from studying properties of forward
towers to studying bi-infinite towers. The plan of attack again folldWws§12] and the goal

is to prove combinatorial rigidity of bi-infinite towers with bounds. The idea behind the
proof, namely to blow up a non-trivial deformation to obtain a contradiction, was pioneered
by Mostow and Sullivan in the theory of Kleinian groups.
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Let Tow™ = {7 € Tow : S(7) = Z} denote the set of bi-infinite towers in Tow and
let Tow™(m, B) denote the set of combinatorially real bi-infinite towé&rs= {f,, g.}
with mod f,, > m and essential combinatorics boundedhylet Tow*(m, B, C, K) C
Tow>(m, B) be the unbranched towers with diafi < CdiamK (f,) and eachU ¢
CC(Dom( f,)) and Rangef,,) K-quasidisks. For a given bi-infinite towér define the
post-critical set as

P(T) = UnSOP(}—n)~

We say two bi-infinite tower§d” and7’ areequalif 7, is equal to7, on K (7,) for all
n € Z and we sayl and7”’ with S(7) = S(7”) arequasi-conformally equivaleiiftthere
is a quasi-conformal map and ane > 0 such that:
(1) ¢ isaquasi-conformal conjugacy ¢if andf; on ane-scaled neighborhood &f ( f;,)
to a neighborhood oK () for all n € S;
(2) ¢ induces a quasi-conformal conjugacy of the transit mgpandg,, forn € Sp.
The following are straightforward generalizations of Lemma 5.17 and Proposition 5.16.

LEMMA 5.29. Letm > 0, B € Nand7 € Tow*™(m, B). ThendiamK (f,) — oo as
n — —oo.

PrROPOSITIONS.30. Foranym > 0,C < 0o, K < coandB e N the space of normalized
towers7 € Tow(m, B, C, K) is compact.

Given7T e Tow>*(m, B, C, K) defineSyr C Sg as follows. LetSyro = {0}. Then
inductively letSas ,+1 = Sarn U {mu41}, where

muyr1=maxm € Sg :m <k =minSpr,, U™ D vk

DefineSy = Up—ooSarn. That is, Sy is the minimal set of nested levels approaching
—oo and starting at 0. From Lemma 5.29 we see thatis unbounded below. Define the
depth ofz = 0 by

depthiz) = maxm € Sy : z € U™}.

For a point; € C we say a (possibly finite) sequenge, z1, z2, - . . ) is asub-orbitof z (in
T) if the following conditions are satisfied:

° 20 =2,

° if z; = 0thenz;4+1 = 0;

. if z; € Dom(g,) thenz;11 = g,(z;) for some local liftg, € T;

o  otherwisez; 11 = fdepthz;)(zi)-

Let p_~ be the hyperbolic metric o8 \ P(7) and as in §5.3.2 led,, be the hyperbolic
metric on V" \ P". From Lemma 5.29 and the unbranched property the metyics
for 7 € Tow>*(m, B, C, K), converge uniformly on compact sets go,. Using the
expansion from §5.3.2, we now prove the following.

THEOREM1.1.Forany7 € Tow *°(m, B, C, K),
lim J(Z,) =C
n——o00

in the Hausdorff topology.
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Proof. Letz & Us<oJ (75). Without loss of generality we may assume that U°. Then
orb(F;, z) escaped/® for anys € Spr. Letzy = hy(z) be the orbit point just before the
first moment of escape on lewelThat s, f;(zs) € VS \ U* and if7’ € orb(z) also satisfies
fs(2) € V¥ \ U* thenz’ € orb(z,). For a givers € Sy lety, be a hyperbolic geodesic in
V¥ \ P’ connecting;; with J(Z5). From Lemma 5.20, there is@independent of such
that¢,(y)) < C. But kg has an extensioh € F(7) that is a covering map ontg* \ P*.
Let y, be the connected componentfofl(ys’) containingz.

We now arguel,(y,) shrinks ass — —oo. The proposition would follow since;
converges t@_o, nearz and since Julia sets are backward invariant. Fix anSxs and

let Ny = |{s, ..., 0}N Spr| be the minimal number of moments when the orbit ecapes
a nested level. It follows from Lemma 5.20 and Corollary 5.19 that ther&is-al such
that

C = IDfi@)ls
foranyt € {s,...,0} N Sy. Hence

CN < |Dhs(2) s (12)

Hence the derivative at the endpomgrows exponentially inVy. From Proposition 5.3,
there exists & > 1 such that equation (12) holds alopgand hence the length of
shrinks ag — —o0. m]

A measurable line fielg on an open sd¥ is calledunivalentif there is a univalent map
h: U — Csuchthaiu = h*(dz/dz). The main statement in this section is the following
extension of Proposition 5.28, which immediately implies Theorem 1.2.

THEOREMS5.31. (Noline fields for bi-infinite towerd)et7 € Tows, (m, B, C, K). There
does not exist a measurable line figldh the plane such that, (u) = uforall h € F(7,),
neSy.

Proof. Suppose to the contrary that = u(z) dz/dz is a measurable invariant line field
which is non-zero on a sef}, of positive measure. Let € B be a point of almost
continuity ofu and satisfyindu(z)| = 1. That s, for eacl > 0, the chance of randomly
choosing a poiny a distance from z that satisfiesu(y) — u(z)| > € tends to 0 as tends
to O:

lim ared{y € B(z,r) : |u(y) —u(z)| > €}) _
r—0 areaB(z,r)
where B(z, r) is the Euclidean ball of radius centered at. By Proposition 5.28, we
can assume ¢ K(7,) for anyn. Letz, be an infinite sub-orbit from and for each
s € Sy letz,, = hy, (z) denote the moments in the sub-orbit whgn, 1 first satisfies
Tng+1 eVs \ Us.

For a givens € Sy let 7, denoteT shifted so that leved is moved to level 0 and let
ws andug denotez,. andu shifted bys. That is, if |B(fs)| = «g, thenw, = oz;lz,,s
andus(z) = u(esz). Then since ToW (m, B, C, K) is compact the sequenc® has
a subsequence which as— —oo converges to som&’ € Tow>*(m, B, C, K). By
choosing a further subsequence we may assuyreonverges to a

w e cl((fy)~1(Rangef3) \ Dom(f})))

0,
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and, from McM2], u; converges wedk and hence pointwise almost everywhere, to a
measurable line field” invariant by7” in the sense that,(x) = u for all h € F(7)),
ne Sy(T).

Let D be a small disk arouna in A = Rangéfy) \ P(Z;). The hyperbolic diameter
of D in A is close to that ofD; = as_l(D) in the metric onV* \ P* for s near—oc.
SinceD; is disjoint from P*, there is, by the argument given in Theorem 1.1, a univalent
pullback D of Dy by the maph,,. By equation (12) and the variation of expansion
in Proposition 5.3, we se®; is a sequence of open sets containinguch that in the
Euclidean metric diatD;) — 0 andB(z, C diam(D})) C D, ass — —oo for some
constantC. Therefore from McM1, Theorem 5.16] we can choogé to be univalent
onD.

By Theorem 1.1, there is an€ Sx/(7') such that/ (7)) N D # @. By invariance,
if Dh(z) # 0 andu’ is locally univalent around then u’ agrees almost everywhere
with a locally univalent line field aroundl(z) for any compositiom: € F(7;). From
Proposition 5.5, the orbit oD by 7. covers all ofV,. Sou’ agrees almost everywhere
with a line field that is locally univalent on the set Rangg \ P(Z/). Sincef] is injective
on P (1) every point inP(7,) exceptf;(0) has anf, pre-image around which’ agrees
(a.e.) with a locally univalent line field. Henge agrees (a.e.) with a locally univalent line
field around(f;)z(O) and 0, which is a contradiction, since then we obtain contradictory
behavior ofw” aroundf; (0). O

As a corollary we obtain the following.

THEOREM1.3.I1f 7,7’ € Tow™®(m, B, C, K) are normalized combinatorially equivalent
towers, ther? and7” are equal.

Proof. Let Syr be the set of nested levels Gf as constructed above. For eache
Sn» let ¢, be a hybrid equivalence betweép and 7] coming from straightening (see
Corollary 5.10). The dilatation af, is bounded above by a constant depending only:on
andB ande, fixes 0 ancbo and maps3( fo) to B(fy). Thus we can pass to a convergent
subsequencg,, — ¢ asn — —oo. Sinceg, restricts to a quasi-conformal equivalence
of fy andf] fors > n, s € Syr, on a definite neighborhood &f ( f;), it follows thatg is
a quasi-conformal equivalence. Letbe the line field defined by and ., the line field
defined byg,. Sinceh,(u,) = u, forall h € F(7,) it follows that,(n) = wu for all
heF(T,),n € Sy.

From Theorem 5.3}y = 0 and sap is conformal. Since lig, _o, U" = @, ¢ islinear
and sinceZ and7”’ are normalized is the identity. a

6. Proof of Theorems | and Il

Let p > 1. Let f be anco-renormalizable real quadratic polynomial wigh( f) < p. The

first step in the proof of Theorem | is to construct a to@ee Towp(m, B, C, K) from f.
It follows from Lemma 2.7 that there are, B, C and K depending only omp, and a

forward tower? = {f,} € Towg(m, B, C, K) with the following property. For € Sg let

[ /.1 be[f,] normalized and lek(n) = |[So N {1, ...,n}|. Then

[f]]1=R"f.
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Hence renormalization acts on towers by shifting. Zetlenote the towe¥ shifted byn
so thatf; is normalized and has index 0. By compactness there exists a limiting ®wer
and by Theorem 1.2 the gerfifi] is uniguely specified by the combinatoricsBf. a bi-
infinite sequence of € Qgpt(p). Hence if f has essentially period tripling combinatorics
the germsRF f converge to a unique ger, which proves Theorem . |

To prove Theorem Il supposgeis a bi-infinite sequence of shuffles and endszﬁﬁt(p).
Leto, = m,(&) denote theith element o&. For eachy, leto, , be a sequence 2, (p)
converging tar,. Define the sequendec T15°Q.(p) by

T = (00,0, 01,-1, 01,0, 01,1, 02,-2,02,—1, 02,0, 02,1, 02,2, - - - , O, —pts - - s Oy -+ - )

and letz, = 07" (7), whered is the left-shift operator angd(n) = 1 +3+5+--- +
(2n — 1) 4+ n. Then by constructio, — &. Let f be a real quadratic polynomial with
shuffle sequence and let7 be a tower in Town, B, C, K) constructed fromy. By the
compactness of towers I&t = {f,, g, } be a limiting tower of7;,,. Define the function
h: 11 QP (p) —> G by

h(&) = [fo)-

From Theorem 1.24 is well defined and is continuous. The other propertieg afre
clear. m]
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