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Abstract. A unimodal mapf : [0, 1] → [0, 1] is renormalizable if there is a sub-interval
I ⊂ [0, 1] and ann > 1 such thatf n|I is unimodal. The renormalization off is f n|I
rescaled to the unit interval.

We extend the well-known classification of limits of renormalization of unimodal maps
with bounded combinatorics to a classification of the limits of renormalization of unimodal
maps with essentially bounded combinatorics. Together with results of Lyubich on the
limits of renormalization with essentially unbounded combinatorics, this completes the
combinatorial description of limits of renormalization. The techniques are based on the
towers of McMullen and on the local analysis around perturbed parabolic points. We define
a parabolic tower to be a sequence of unimodal maps related by renormlization orparabolic
renormalization. We state and prove thecombinatorial rigidity of bi-infinite parabolic
towers with complex bounds and essentially bounded combinatorics, which implies the
main theorem.

As an example we construct a natural unbounded analogue of the period-doubling fixed
point of renormalization, called theessentially period-triplingfixed point.

1. Introduction
In this paper we extend the well-known combinatorial description of renormalization
limits of unimodal maps with bounded combinatorics to renormalization limits of
maps withessentially boundedcombinatorics. This class of maps was introduced by
Lyubich [L2] and their complex geometry was studied in [LY ]. Roughly speaking
the high renormalization periods of such maps are due to their renormalizations being
small perturbations of parabolic maps. Although this leads to the creation of unbounded
combinatorics, theessential geometryof these maps remains bounded away from zero.

Let us state our results (see §2 for background). In §3.1 we construct a countable
collection of maximal tuned Mandelbrot copies{M(3)

n }∞n=1 that accumulate atc = −1.75,
the root point ofM(3). These copies have ‘essentially period tripling’ combinatorics and
they will play the roll of the period-doubling tuned Mandelbrot copy. Our first result
produces the analog of the renormalization fixed point in the essentially period tripling
situation. To fix notation, letQR andGR denote the space of real-symmetric quadratic-like
maps and germs, respectively. LetRf denote the renormalization off .
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174 B. Hinkle

THEOREM I (Essentially period tripling).There is a uniqueF ∈ GR such that

Rnf → F

for any∞-renormalizablef ∈ QR with a tuning invariant

τ (f ) = (M(3)
n1

,M(3)
n2

, . . . ,M(3)
nk

, . . . )

satisfyingnk →∞ ask→∞.

Let pe(f ) be theessential periodof a renormalizablef ∈ QR (see §2.7 for an
exact definition) and let theshuffleof f be the permutation on the orbit of the periodic
interval given byf . We can now state the combinatorial classification of all limits of
renormalization of an infinitely renormalizable real quadratic with essentially bounded
combinatorics.

THEOREM II (Essentially bounded combinatorics).For everyp > 1 there exists a pre-
compactR-invariant setA ⊂ GR such that:
(1) R|A is conjugate to the full shift on�e(p), the set of shuffles with essential period

bounded above byp; and
(2) if f ∈ QR is∞-renormalizable andsupn pe(Rnf ) ≤ p thenRnf → A.
Leth : 5∞−∞�e(p)→ A denote the conjugacy. Then there is a compactification�

cpt
e (p)

of �e(p) such thath extends to a continuous maph : 5∞−∞�
cpt
e (p) → A. Moreover,

supposef1 ∈ QR has the same combinatorics asf2 ∈ A. Then for any sequencenk →∞
and sequencēσ ∈ 5∞−∞�

cpt
e (p) such thatRnkf2→ h(σ̄ ) one hasRnkf1→ h(σ̄ ). Thus

theR-orbits off1 andf2 are forward asymptotic.

Note that there does not exist a neighborhood ofA on whichR is continuous and,
moreover, we do not know even ifR|A extends continuously toA. If the maph were
injective then we could conjugate the shift on5∞−∞�

cpt
e (p) to a continuous extension of

R on A. We expecth to be injective (see [Y2, Remark 3.1]). However, Theorem II
states that any renormalization limit of a map with essentially bounded combinatorics has
a combinatorial description. Let us discuss this theorem in more detail. Recall that the
central objects of McMullen’s proof of the bounded-combinatorics version of Theorem II
(see [McM2 ]) are towers: sequences of quadratic-like maps related by renormalization.
A forward tower is a one-sided sequence and abi-infinite tower is a two-sided infinite
sequence. The convergence of renormalization is implied by the combinatorial rigidity of
the corresponding limiting bi-infinite towers. That is, for the purposes of introduction, we
can define the space Tow of McMullen towers to be the space of one-sided or two-sided
sequencesT of germsf ∈ GR such thatfn+1 = Rfn. If we embed the spaceX of germs
of∞-renormalizable maps with bounded combinatorics into Tow by the mapı : X→ Tow
defined for alln ≥ 0 by

ı([f ])(n) = Rn[f ]
then we have the following equality:

Rn = π0 ◦ θn ◦ ı,

whereθ is the shift operator andπ0 is the projection to the zeroth coordinate. SinceX

embeds into a compact subspace Tow(p) of Tow we can pass to the limit asn → ∞ and
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obtain a limiting towerT ∈ ωθ (ı([f ])). Since the towerT is uniquelydetermined (in
Tow(p)) by its shuffle sequence, the theorem on convergence with bounded combinatorics
follows.

We use a similar argument. However,Xe, the space of germs of∞-renormalizable
quadratic-like mapsf ∈ QR with supn pe(Rnf ) ≤ p, does not embed into a pre-compact
subspace of Tow. That is, for maps with essentially bounded combinatorics the limiting
towers may contain parabolic maps and we lose the renormalization relation between
levels. In this case a new relation appears: parabolic renormalization. That is, the maps
in the limiting towers are related by either classical or parabolic renormalization. A tower
which contains a parabolic renormalization is called a parabolic tower. See §5.1 for the
precise definitions of parabolic towers, and of the space of towers with essentially bounded
combinatorics and complex bounds, denoted Tow(m,B), wherem is the modulus bound
andB is the combinatorial bound. Our proof of the rigidity of bi-infinite parabolic towers
with definite modulus and essentially bounded combinatorics consists of first analyzing
forward towers and then analyzing bi-infinite towers.

Our analysis of forward parabolic towers was motivated by the work of Epstein [E],
which considered general holomorphic dynamical systems and their geometric limits.
However, in our more restrictive setting the statements and proofs simplify and we can
tailor the analysis to study renormalization limits. In some sense many properties of
∞-renormalizable maps ‘pass to the limit’ and our analysis takes advantage of this.

The combinatorial rigidity of forward parabolic towers with polynomial base map
follows from the theory ofquadratic-like familiesand from the combinatorial rigidity of
quadratic polynomials with complex bounds and real combinatorics (see Proposition 5.6).
After analyzing the Julia set of a forward tower we prove any quasiconformal conjugacy
of a forward infinite parabolic tower in Tow(m,B) is a hybrid conjugacy (see §5.3.9).

Then following the arguments of McMullen in §5.4 we prove the rigidity of bi-infinite
towers. That is, we first prove the following thoerems.

THEOREM 1.1. (Dynamical hairiness)The union of the Julia sets of the forward infinite
sub-towers of a bi-infinite tower inTow(m,B) is dense in the plane.

THEOREM 1.2. (Quasi-conformal rigidity)Any quasiconformal equivalence of a bi-
infinite tower inTow(m,B) is affine.

THEOREM 1.3. (Combinatorial rigidity)Any two normalized combinatorially equivalent
bi-infinite towers inTow(m,B) are equivalent.

The classification of renormalization limits for bounded combinatorics holds for a more
general class of maps. For one, iff is an∞-renormalizable real unimodal map that is
C1+Z-smooth with quadratic-like critical point and if supn p(Rnf ) ≤ p thenRnf → A
as well. We expect to use the techniques from this paper to prove the corresponding
statement for unimodal maps with essentially bounded combinatorics. However, our result
requires the existence of perturbed Fatou coordinates, which do not exist in the non-
holomorphic class.

All of the theorems stated above are true for∞-renormalizable mapsf ∈ Q that only
satisfyI (f ) ∈ R whereI (f ) is the inner-class off . Theorems I and II are proved in this
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generality. One can also consider∞-renormalizable quadratic-like maps that do not satisfy
I (f ) ∈ R. Since the combinatorial rigidity of bi-infinite towers invokes real combinatorics
in only a few places, we expect to be able to generalize Theorem II to certain classes of
maps with complex combinatorics. However, the techniques used to prove Theorem II
cannot succeed for all combinatorial types, since a vital ingredient in the proof is the
existence of complex bounds, which is known to be false for certain∞-renormalizable
maps (see [M2, Theorem 6] and [McM2 , Proposition 4.14]).

Let us mention a parallel with critical circle maps. The theory of renormalization
of unimodal maps is closely related to renormalization theory of critical circle maps.
The rotation numberρ, more specifically its continued fraction expansion, determines
the combinatorics of a circle map. If the factors in its expansion are bounded then the
map has bounded combinatorics and has unbounded combinatorics otherwise. If a circle
map has unbounded combinatorics then the rotation numbers of the renormalizations
contain rational limit points and the corresponding limit of renormalization contain
parabolic periodic points. That is, the only kind of unbounded combinatorics in the
theory of critical circle maps is the essentially bounded combinatorics. DeFaria [deF]
analyzed the renormalization limits of critical circle maps with bounded combinatorics and
Yampolsky [Y2] proves the analogue of Theorem II for critical circle maps with unbounded
combinatorics.

1.1. Notation.

• H ⊂ C denotes the complex upper half-plane,Ĉ the Riemann sphere,N = N0 the
non-negative integers andN+ the positive integers.

• [a, b] will also denote the interval[b, a] if b < a.
• diam(U) denotes the Euclidean diameter ofU ⊂ C and|I | the diameter ofI ⊂ R.
• cl(X), int(X) and∂X denote the closure, interior and boundary ofX in R if X ⊂ R

and inC otherwise.
• U b V meansU is compactly contained inV . Namely, cl(U) is compact and

cl(U) ⊂ V .
• In a dynamical contextf n denotesf composed with itselfn times.
• If V is a simply connected domain andU ⊂ V then mod(V ,U) = supA mod(A)

whereA is an annulus separatingU from ∂V .
• Dom(f ) and Range(f ) denote the domain and range off ; Im(f ) denotes the image

of f .
• CC(X) denotes the collection of connected components ofX.
• Pc(z) = z2+ c.
• An ε-scaled neighborhood of a domainU is anε · diam(U) neighborhood ofU .

2. Background

2.1. Quadratic-like maps. We will use the notation Dom(f ) for the domain of a mapf
and Range(f ) for the image off . A pair (U, x) consisting of a simply connected domain
U ⊂ C, U 6= C, and a pointx ∈ U is called apointed disk. We will call a simply connected
domain that is not the entire plane atopological diskand we will call a topological
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disk whose boundary is a Jordan curve aJordan disk. Given a pointed disk(U, x) let
R(U,x) : D→ U be the Riemann map normalized so thatR(U,x)(0) = x andR′(U,x)(0) > 0.
Topologize the setD of pointed disks with the Carath´eodory topology: the compact-
open topology on the Riemann mapsR(U,x). Let H = {(f,U, x)} denote the space of
holomorphic mapsf defined on topological disks(U, x) ∈ D with the Carath´eodory
topology on(U, x) and compact-open topology onf . LetH0 = {(f,U, x) ∈ H : x = 0}.

A mapf ∈ H is quadratic-likeif Dom(f ) b Range(f ) andf is a branched double
cover of Dom(f ) onto Range(f ) (see [DH2]). Unless otherwise indicated we will assume
the critical point of a quadratic-like map is at the origin. A pointz ∈ Dom(f ) is non-
escapingif f n(z) ∈ Dom(f ) for all n ≥ 0. For a quadratic-likef define:

modulus off = modf = mod(Range(f ), Dom(f ))

the filled Julia set off = K(f ) = {z ∈ Dom(f ) : z is non-escaping}
the Julia set off = J (f ) = ∂K(f )

the post-critical set off = P(f ) =⋃n≥1 f n(0).

Define the following subspaces ofH0:

Q = {f ∈ H0 : f is quadratic-like}
Qn = {f ∈ Q : f k(0) ∈ Dom(f ) for k = 0, 1, . . . , n}
Q∞ = {f ∈ Q : K(f ) is connected} = ∩n≥0Qn

QR = {f ∈ Q : z ∈ Dom(f )⇒ z̄ ∈ Dom(f ) andf (z̄) = f (z)}
Q(m) = {f ∈ Q : modf ≥ m}.

Similarly, defineQ∞
R

, QR(m), Q∞(m), etc. as the appropriate intersections of the above
subspaces.

Let f ∈ Q. For a givenx 6= 0 let x ′ = f−1(f (x)) \ {x}. If x = 0 let x ′ = 0. There
are, counted with multiplicity, two fixed points off denotedα andβ and, in the case
f ∈ Q∞, labeled so that eitherα is non-repelling or, if both fixed points are repelling, so
thatJ (f ) \ {β} is connected. Noteα = β iff f ′(β) = 1. We sayf ∈ Q∞ is normalizedif
βf = 1.

2.2. Quadratic-like germs. Two holomorphic maps determine the same germ atz if they
are equal on a neighborhood ofz. For a givenf ∈ H with z ∈ Dom(f ) thegermof f ,
denoted[f ]z, is the equivalence class off under this equivalence relation. The germ of a
mapf ∈ H0 atz = 0 will be denoted by[f ]. We call a connected componentF of [f ]∩Q
a quadratic-like germ. This definition is slightly different from [L5, §3.1]. However, on
Q∞ they agree, as shown below.

LEMMA 2.1. Letf ∈ H0 and letF be a connected component of[f ] ∩Q. If f1, f2 ∈ F

thenK(f1) = K(f2).

Proof. Let X = {g ∈ F : K(g) = K(f )}. We first claimX is closed. Letgn ∈ X

be a sequence converging tog ∈ F . Let W ⊂ Range(g) be a closed disk such that
g(0) ∈ int W ⊃ Dom(g). Let h = g restricted toW1 = g−1(int W). ThenK(h) = K(g).
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Also, sinceW1 ⊂ Dom(gn) for large enoughn, it follows from [McM1 , Theorem 5.11]
thatK(h) = K(gn) for large enoughn. HenceX is closed. Now we claimX is open. Let
g ∈ X and chooseW as before. Choose a smallε > 0 and letU = F ∩ N (g, ε,W1)

(recall thatN (f, ε,K) generates the basis for the topology ofH). Again from [McM1 ,
Theorem 5.11] it follows thatU ⊂ X. 2

Define the filled Julia set ofF by K(F) = K(f ) for anyf ∈ F . Similarly, define the
Julia setJ (F ) of a marked germF .

LEMMA 2.2. If f ∈ Q∞ then[f ] ∩Q∞ is connected.

Proof. Chooseg, h ∈ [f ] ∩ Q∞. From [McM2 , Lemma 7.1] we haveK(g) = K(h) =
K(f ). Let U be the connected component of Dom(g) ∩ Dom(h) containing 0 and let
φ = g = h restricted toU . Thenφ ∈ [f ] ∩ Q∞ andK(φ) = K(f ). Without loss
of generality we may assume Range(g) and Range(h) are Jordan disks with piecewise
smooth boundaries. We claimφ andg are in the same connected component of[f ]. Foliate
Range(g) \Dom(g) with a continuous family of curvesγθ for θ ∈ S1 such that for each
θ , γθ (0) ∈ ∂ Range(g) andγθ (1) ∈ ∂ Dom(g). Pull back the foliation to be a foliation of
Range(g)\K(g), which we will still denote byγθ , though now the domain ofγθ is [0,∞).
That is, for allt ≥ 1 andθ ∈ S1, γθ satisfies

g(γθ (t)) = γθ ′(t − 1),

whereθ ′ satisfiesg(γθ (1)) = γθ ′(0). Each curveγθ is called anexternal rayand for
t0 ∈ [0,∞] the level set∪θγθ (t0) is called anequipotential. For eachx ∈ C = ∂ Range(φ)

let θ(x) be the unique angle such thatx ∈ Im(γθ(x)) and lett (x) be the unique time such
thatx = γθ(x)(t (x)). For eacht ∈ [0,∞) andx ∈ C let

xt = γθ(x)(max(0, t (x)− t)).

That is,xt moves along the foliation until hitting∂ Range(g) when it stops. LetVt be the
connected component ofC \ ∪x∈C{xt} containing 0. Letφt = g restricted tog−1(Vt ).
Thenφt is a path fromφ = φ0 to g = φT , whereT = maxx∈C t (x). 2

We will often abuse notation and write[f ] to denote[f ] ∩Q∞, when defined.
Let G∞ denote the set of quadratic-like germs with connected Julia set. We giveG∞

the following definition of convergence:Fn → F iff there are representativesfn ∈ Fn and
f ∈ F such thatfn → f . See [L5, §4.1] for the definition of the underlying topology.

2.3. Straightening. We will assume the reader is familiar with the theory of
quasiconformal maps and the Measurable Riemann Mapping Theorem (see [LV ]). A
quasiconformal equivalenceφ between quadratic-like mapsf andg is a quasiconformal
map from a neighborhood ofK(f ) to a neighborhood ofK(g) such thatφ ◦ f = g ◦ φ. A
quasi-conformal equivalence is ahybrid equivalence if̄∂φ|K(f ) = 0 as a distribution.

PROPOSITION2.3. (Straightening [DH2]) Any quadratic-like mapf is hybrid equivalent
to a quadratic polynomial. IfK(f ) is connected the polynomial is unique up to affine
conjugacy. Moreover, iff ∈ Q∞(m) andDom(f ) is aK-quasidisk with piecewise smooth
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boundary then the equivalence can be chosen to be a conjugacy onDom(f ) with dilatation
bounded above byC(m,K) <∞.

The inner classof a mapf ∈ Q∞, denotedI (f ), is the uniquec value such thatf is
hybrid equivalent toPc. RecallPc(z) = z2 + c. The inner class of a germ with connected
Julia set is the inner class of any representative. Define theMandelbrot set

M = {c ∈ C : K(Pc) is connected}.
The root ofM is the pointc = 1/4, the unique parameter value so thatαPc = βPc . The
inner classes parameterize the space ofhybrid classes.

PROPOSITION2.4. ([DH2], [McM2 , Proposition 4.7])I : Q∞ →M is continuous.

2.4. Renormalization.

2.4.1. Complex renormalization. A parameter valuec ∈ C is calledsuper-stableif 0 is
periodic underPc. Fix a superstablec0 6= 0 and letp be the period of 0 underPc0. There
exists a domainU 3 0 such that

fc0 = P
p
c |U ∈ Q∞.

For example, letU be a small neighborhood of the immediate basinB of 0 in the metric
such thatPc0 is expanding on∂B. TheMandelbrot set tuned byc0, or, briefly, anM-copy
and denotedMc0, is the set of parameter valuesc such thatPp

c has a quadratic-like
restriction ‘near’fc0 with a connected Julia set. More precisely, letfc = P

p
c and let

X ⊂ G∞ be the connected component of the set of germs∪c∈C [fc] ∩Q∞ containingfc0.
Define

Mc0 = {c ∈ C : [fc] ⊂ X}.
Using the results summarized in §2.8 (the puzzle construction), one can show thatMc is
homeomorphic toM orM \ {1/4}. Note that this is not exactly the standard definition of
anM-copy, which would be the closure of what we callMc. The closure ofMc is always
homeomorphic toM. Theroot ofMc is the point corresponding to 1/4 and thecenteris
the pointc. AnM-copy that is not contained in any otherM-copy is calledmaximal. The
periodof anM-copyMc is the period of the origin underPc.

Fix a maximalM-copy M of periodp and letf ∈ I−1(M). By definition there is
a domainU 3 0 such thatf p|U ∈ Q∞. The mapg = f p|U is called a (complex)
pre-renormalizationof f , andf is said to berenormalizableof period p. This pre-
renormalization is alwayssimple, meaning the iterates ofJ (g) underf are either disjoint
or intersect only along the orbit ofβg . We sayMc is real if c is real. The only real maximal
M-copy for which the root point is not renormalizable is the period two copyM(2). We
will denote the real period three copy byM(3). The root points ofM(2) andM(3) are
c = −0.75 andc = −1.75, respectively.

If f p|U andf p|U ′ are two pre-renormalizations then by Lemma 2.2 they represent the
same quadratic-like germ. Hence we can define therenormalizationRf as the quadratic-
like germ [f p|U ] normalized so thatβ = 1. We define the renormalization of a germ
to be the renormalization of a quadratic-like representative. A mapf ∈ Q∞ is infinitely
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renormalizableif Rnf is defined for alln ≥ 0, or, equivalently, ifI (f ) is contained in
infinitely manyM-copies. We say an∞-renormalizablef hasreal combinatoricsif all
the maximalM-copies containingI (Rnf ) are real. See [M3, D2] for a more complete
description of tuning.

2.4.2. Real renormalization. Let I ⊂ R be a closed interval. A continuous map
f : I → I is unimodalif f (∂I) ⊂ ∂I and there is a unique extremumc of f |I . For
f ∈ Q∞

R
let Bf = [βf , β ′f ], andAf = [αf , α′f ] ⊂ Bf . Note thatK(f ) ∩ R = Bf .

Any f ∈ Q∞
R

is unimodal onBf (and this interval is the only interval with this
property). A unimodal mapf : I → I is real-renormalizableif there is an interval
I ′ 3 c and ann > 1 such thatf n|I ′ is unimodal. Unlike complex renormalization, we
can canonically define real-renormalization as acting on unimodal maps as follows. Define
the real pre-renormalizationg of a unimodal mapf asg = f n|I ′ , wheren is minimal
and define the real-renormalizationRf asg conjugated byx 7→ x/βg, whereβg is the
boundary fixed point ofg.

Supposef ∈ Q∞
R

is real-renormalizable and positively oriented, where we say a
unimodal mapf |[a,b] with a < b is positively orientedif f (b) = b. Note the quadratic
family Pc is positively oriented. Letg be a pre-renormalization off and letσf be the
permutation induced on the orbit ofBg labeled from left to right. Any permutation that
can be so realized is called aunimodal non-renormalizable permutation, or ashuffle. We
will denote the permutation on two symbols byσ (2). If σf = σ (2) we sayf is immediately
renormalizable. The mapMc 7→ σPc from the set of real maximalM-copies to the set of
shuffles is a bijection. We will denote the shuffle corresponding to a real maximalM-copy
M by σM and the real maximalM-copy corresponding to a shuffleσ byMσ . We will
occasionally use the notationRσ to denote the complex renormalization operator acting
on I−1(Mσ ) and on its germs. Iff ∈ I−1(Mσ ) then defineσf = σ . For an infinitely
renormalizablef ∈ Q∞ with real combinatorics definēσf to be the sequence of shuffles
σRnf for n ≥ 0.

2.4.3. Complex bounds. An ∞-renormalizable mapf ∈ Q∞ hascomplex boundsif
there is somem > 0 such that the domainUk and rangeVk of the kth complex pre-
renormalizationfk can be chosen to satisfy mod(Vk,Uk) ≥ m for all k ≥ 1. The following
theorem establishes combinatorial rigidity of infinitely renormalizable maps with real
combinatorics and complex bounds.

THEOREM 2.5. ([L3]) If Pc andPc′ are two∞-renormalizable quadratics with complex
bounds and the same real combinatorics thenc = c′.

Complex bounds are proven to exist for real quadratics.

THEOREM 2.6. ([LY, L2, S, LS]) Real infinitely renormalizable quadratics have complex
bounds. Moreover,Uk andVk can be chosen to beK-quasidisks,

diam(Vk) ≤ C · |Bfk |,
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and, ifσRk−1f 6= σ (2) then the unbranched condition holds:

P(f ) ∩ Vk = P(fk).

The valuesm, C andK are independent off .

When we make an additional assumption on the combinatorics we obtain the
unbranched condition on all levels.

LEMMA 2.7. Let ε > 0. Supposef is an infinitely renormalizable real quadratic with
I (Rkf ) ≥ −2+ ε for all k ≥ 0. Then there is anm > 0 such that the domainUk and
rangeVk of thekth pre-renormalization can be chosen to satisfy:
• mod(Vk,Uk) ≥ m;
• Uk andVk areK-quasidisks;
• diam(Vk) ≤ C · |Bfk |;
• P(f ) ∩ Vk = P(fk)

for all k ≥ 1. The constantsm andK then depend onε.

Proof. If σRk−1f 6= σ (2) thenUk andVk can be chosen to be those given by Theorem 2.6.

So assumeσRk−1f = σ (2). Let h : U ′k−1 → V ′k−1 and h1 : U ′k → V ′k be the
(k − 1)st andkth pre-normalization from Theorem 2.6 rescaled so that diamK(h) = 1.
Let E = P(h) \ P(h1). From the following lemma, Proposition 2.4 and the assumption
I (Rkf ) ≥ −2+ ε we obtain

dist(E,B(h1)) = |h3(0)− αh| ≥ C(ε,m) > 0.

From a construction of Sands (oral communication),V ′k can be chosen to be the union of a
Euclidean disk centered at 0 of radius|βh1| and two small Euclidean disks centered at±βh1

of radiusε′ > 0. The modulus mod(U ′k, V ′k) is bounded below by a functionm′(ε′) > 0.
Chooseε′ < C(ε,m). 2

2.5. Generalized Quadratic-like maps.Let U denote the subspace{(f,U, x) ∈ H :
f univalent andU b Range(f )}. Let

Hn = (Q× U × · · · × U︸ ︷︷ ︸
n−1

)/Sn−1,

whereSn−1 is the permutation group onn−1 symbols acting on the lastn−1 factors. Let
L be the following subspace oftn≥1Hn:

L =
{
(fi , Ui, xi)

n−1
i=0 ∈ Hn : ∀0 ≤ i, j ≤ n− 1, Ui ∩ Uj = ∅,

Range(fi) = Range(fj ), xi = f−1
i (f0(0))

}
.

Since the domainsUi are disjoint we will identify the mapf = fi |Ui with the equivalence
class of the tuple(fi , Ui, xi). A mapf ∈ L is calledgeneralized quadratic-like. The
distinguished componentU0 = U0(f ) is called thecentral componentor the critical
piece. The connected components∪j 6=0Uj = ∪j 6=0Uj (f ) are calledoff-critical pieces,
or non-central pieces. Choosing a representative(fi , Ui, xi) is simply the act of labeling
the off-critical pieces, and we will use both phrases interchangably. Define themodulus
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modf , thefilled Julia set, K(f ), theJulia set, J (f ), and thepost-critical set, P(f ), as for
quadratic-like maps. Recall the modulus is the supremum of moduli of annuli in Range(f )

surrounding all the components in Dom(f ).
Define the following subspaces ofL:

Ln = {f ∈ L : f k(0) ∈ Dom(f ) for k = 0, 1, . . . , n}
L∞ = ∩n≥0Ln

LR = {(fi , Ui, xi) ∈ L : z ∈ Ui ⇒ z̄ ∈ Ui andfi(z̄) = fi(z)}
L(m) = {f ∈ L : modf ≥ m}.

Similarly, defineLR, LR(m), L∞(m), etc. as the appropriate intersections of the above
subspaces.

Define thegeometryof (fi , Ui, xi) ∈ L as

geo(f ) = inf
i

diamK(f ) ∩ Ui

diamK(f )
.

LEMMA 2.8. For a givenm > 0 andλ > 0 the set

{f ∈ L∞(m) : diamK(f ) = 1, n > 1, geo(f ) ≥ λ}
is compact.

Proof. Let us denote the set in question byX(m, λ). Let f = (fi , Ui, xi) andKi =
K(f ) ∩Ui . Then sincef−1

i (K(f )) = Ki we have

mod(Ui,Ki) ≥ mod(Range(f ),K(f ))

2
≥ modf

2
≥ m

2
.

Since diamKi ≥ λ it follows that Ui contains anε(m, λ)-neighborhood ofKi . Since
Ui ∩Uj = ∅ for i 6= j andK(f ) ⊂ D it follows that the number of connected components
of Dom(f ) is bounded above in terms ofm andλ. Moreover, sincexi ∈ K(f ) it follows
thatUi contains anε(m, λ)-ball of xi . Thenn > 1 implies bothUi and its complement
contain balls of radiusε(m, λ) with centersxi ∈ D, which implies that each(Ui, xi) ranges
in a compact set of pointed disks. Hence eachfi is ranging in a compact subspace ofH
(see, for example, [McM1 , Theorem 5.6]). SinceX(m, λ) is closed it is compact. 2

2.5.1. First return maps and generalized renormalization.Fix anf ∈ L and letU ⊂ C
be open. Define the open setD0 by

D0 = {z : f n(z) ∈ U for somen ∈ N0}.
Forz ∈ D0 define thefirst landing timen0 : D0→ N0 by

n0(z) = min{n ∈ N0 : f n(z) ∈ U}
and thefirst landing mapL0 : D0→ U by

L0(z) = f n0(z)(z).
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We will also denote the first landing map byL(f,U). DefineD+, n+ andL+ exactly as
above except replacingN0 with N+. We callL+ the strict first landing map off to U .
Define thefirst return map off to U , denotedR(f,U), asL+ restricted toD+ ∩ U . If
P ⊂ Dom(R) is compact then we denote the restriction ofR to the components of Dom(R)

containingP as R(f,U |P). If 0 returns toU0(f ) underf we define thegeneralized
renormalizationof f asR(f,U0(f )|P(f ) ∪ {0}).

2.6. The return-type sequence.Fix a maximal, realM-copy M 6= Mσ (2)
and let

f ∈ I−1(M). This impliesαf is repelling. In real contexts we will assumef ∈ Q∞
R

.
Define the complex principal nest

V 0 ⊃ V 1 ⊃ V 2 ⊃ · · ·
of f as follows. Choose a smooth closed embeddedπ1-injective curveγ0 in the
fundamental annulus Range(f )\Dom(f ). Curves of this type will be calledequipotentials.
Let D be the disk bounded byf−1(γ0). Choose a straightening off |D to a polynomial
and pull back the external ray foliatation by the conjugacy. CutD by the closure of the
rays that land atαf and atα′f . The resulting set of connected components is called the
initial Yoccoz puzzleϒ (see Figure 1). Using the notation from [L3], these are the sets

ϒ = Y
(1)
1 ∪ Y (1) ∪ Z

(1)
1 .

That is, 0∈ Y (1), αf ∈ ∂Y
(1)
1 andα′f ∈ ∂Z

(1)
1 . Let g be the first landing mapL(f,Z

(1)
1 )

and letV 0 be the connected component off−2(Z
(1)
1 ) containing 0. We callV 0 the initial

return domain with respect toϒ. Note thatf 2(0) ∈ Z
(1)
1 sinceM 6=Mσ (2)

. Form ≥ 1
define

gm = R(f, V m−1|P(f ) ∪ {0})
and define

V m = U0(gm).

For m ≥ 0 let Im = V m ∩ R. We will also denote the restriction to the real line
gm : ∪i I

m
i → Im−1 by gm. Number the intervals∪i I

m
i (and domainsV m

i ) from left to
right and so that 0∈ Im

0 = Im.
Thereturn typeof gm is defined as follows (see [L6] for details). Letg ∈ LR have finite

type and let∪i Ii = Dom(g) ∩ R numbered from left to right with 0∈ I0. Let (0, ε) be
the free-ordered signed semigroup generated by{Ii}, whereε : {Ii} → {±1} is the sign
function defined fori 6= 0 byε(Ii) = +1 iff g|Ii is orientation preserving and fori = 0 by
ε(I0) = +1 iff 0 is a local minimum ofg. Let h ∈ LR be a restriction of the first return
mapR(g, I0) to finitely many components of its domain and let∪j Jj = Dom(h) ∩ R.
Let (0′, ε′) be the corresponding signed semigroup forh. Let χ : (0′, ε′) → (0, ε) be
the homomorphism generated by assigning to eachJj the wordIi1Ii2 · · · Iin , whereIik is
the interval containinggk(Jj ) andn is the return time ofJj to I0. The homomorphism
χ : 0′ → 0 is thereturn typeof h.

A homomorphismχ : (0′, ε′) → (0, ε) between free-ordered signed semigroups is
calledunimodalif the image of every generator is a word ending with the central interval
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Y
(1)
1

Z
(1)
1V 0

Y (1)

βα

FIGURE 1. The initial Yoccoz puzzle.

and if the map is strictly monotone on the intervals to the right and left of center and has
an extremum at the center. We say a unimodalχ is admissibleif

ε′(I ′j ) = sgn(j)ε(χ(I ′j )) for j 6= 0 and ε′(I ′j ) = ε(χ(I ′j )) for j = 0.

Let us describe the initial combinatorics off . Let {I−2, . . . , I2} be the connected
components of

(int(Y (1)
1 ) ∩ R) ∪ (int(Y (1) \ V 0) ∩ R) ∪ (int(V 0) ∩ R) ∪ (int(Z(1)

1 ) ∩ R)

numbered from left to right on the real axis. Let(00, ε0) be the signed semigroup generated
by −I−2, +I−1, +I0, −I1 and+I2. We say a homomorphismχ : (0, ε) → (00, ε0) is
zero-admissibleif it can be realized as the return-type of the mapg1 for some unimodal
map through the initial puzzle(00, ε0). The initial combinatorics off is described by
the homomorphism assigning to eachI1

i its itinerary byf through the intervals{Ii}. In
general ifh1 is any restriction of the first return map toV 0 then the return type ofh1 is
the homomorphism mapping to any interval in its domain its itinerary through the above
intervals. Note that iff has negative orientation then repeat the construction with all signs
reversed.

The combinatorics off up to levelm is described by the sequenceSm of admissible
unimodal homomorphisms

0m
χm→ 0m−1

χm−1→ · · · χ2→ 01
χ1→ 00,

whereχm is the return type ofgm and χ1 is zero-admissible. EachSm is irreducible,
meaning the orbit of the critical point enters every intervalIm

i . Sincef is renormalizable
there exists anm′ such that0m is the semigroup with one generator for allm ≥ m′. Let
S(σ) = Sm′ for the smallest such value ofm′. Then the shuffleσf is uniquely specified by
Sm′ . Moreover, we have the following theorem.

THEOREM 2.9. ([L6]) Let S be an irreducible finite sequence of admissible unimodal
homomorphisms:

0m
χm→ 0m−1

χm−1→ · · · χ2→ 01
χ1→ 00.

https://doi.org/10.1017/S0143385700000092 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000092


Parabolic limits of renormalization 185

Suppose0m is the only semigroup with one generator,00 is as above andχ1 is zero-
admissible. Then there is a unique shuffleσ such thatS(σ) = S.

2.7. Cascades and essential period.A level m > 0 is callednon-centraliff

gm(0) ∈ V m−1 \ V m.

Let m(0) = 0 and let 0< m(1) < m(2) < · · · < m(κ) enumerate the non-central levels,
if any exist, and lethk ≡ gm(k)+1, k = 0, . . . , κ .

The nest of intervals (or the corresponding nest of piecesV m)

Im(k)+1 ⊃ Im(k)+2 ⊃ · · · ⊃ Im(k+1) (1)

is called acentral cascade. The lengthlk of the cascade is defined asm(k + 1) − m(k).
Note that a cascade of length 1 corresponds to a non-central return to levelm(k).

A cascade (1) is called asaddle-nodeif 0 6∈ hkI
m(k)+1. Otherwise it is called

Ulam–Neumann. For a long saddle-node cascade the maphk is combinatorially close
to z 7→ z2+ 1/4. For a long Ulam–Neumann cascade it is close toz 7→ z2− 2.

The next lemma shows that for a long saddle-node cascade, the maphk : Im(k)+1 →
Im(k) is a small perturbation of a map with a parabolic fixed point.

LEMMA 2.10. ([L2]) Let hk ∈ QR be a sequence of real-symmetric quadratic-like map
saving saddle-node cascades of lengthlk →∞. If hk → f thenf ∈ I−1(1/4).

Proof. It takeslk iterates for the critical point to escapeUk = Dom(hk) under iterates of
hk. Hence the critical point does not escape Dom(f ) under iterates off . By the kneeding
theory [MT ] f has on the real line topological type ofz2 + c with −2 ≤ c ≤ 1/4. Since
small perturbations off have escaping critical point, the choice forc boils down to only
two boundary parameter values, 1/4 and−2. Since the cascades ofhk are of saddle-node
type,c = 1/4. 2

Let x ∈ P(f ) ∩ (Im(k) \ Im(k)+1) and lethkx ∈ I j \ I j+1. Set

d(x) = min{j −m(k),m(k + 1)− j }.
This parameter shows how deep the orbit ofx lands inside the cascade. Let us now define
dk as the maximum ofd(x) over allx ∈ P(f ) ∩ (Im(k) \ Im(k)+1). Given a saddle-node
cascade (1), let us call all levelsm(k)+ dk < l < m(k + 1)− dk neglectable.

Let f be renormalizable andf1 a pre-renormalization off . Define theessential period
pe = pe(f ) as follows. Letp be the period of the periodic intervalJ = B(f1), and set
Jk = f kJ , for 0 ≤ k ≤ p − 1. Let us remove from the orbit{Jk}p−1

k=0 all intervals whose
first landing to someIm(k) belongs to a neglectable level, to obtain a sequence of intervals
{Jni }mi=1. The essential period is the number of intervals which are left,pe(f ) = m. Note
the essential period of a shuffle is well defined and in this way we can define the essential
period for any real maximalM-copyM or f ∈ I−1(M).

Let us give some examples of combinatorial types involving long saddle-node cascades
with neglectable levels. Let0, 0′, χ , χ ′ andχ0 be from (4) and (5).
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Example 2.1 (Goes through twice).Let χ2 : 0 → 0 be the homomorphism generated by
I0 7→ I0 andI−1 7→ I2−1I0. Then any sequence of the form

0′ χ ′→ 0
χ→ · · · χ→ 0

χ2→ 0
χ→ · · · χ→ 0

χ0→ 00

will correspond to a shuffle where the critical orbit moves up through the cascade until the
top, returns to the level ofχ2, moves up through the cascade again and then returns to the
renormalization interval. If the total number of levels in the sequence ism then the number
of neglectable levels will be roughlym− 2 min(d,m− d), whered is the level ofχ2.

Example 2.2 (Two cascades).As a second example imagine perturbing the right-hand
picture in Figure 6 so that the renormalization becomes hybrid equivalent toz2 + 1

4.
Now any further perturbation will cause the parabolic orbit to bifurcate and we can create
another long cascade. More specifically, letχ3 : 0 → 0 be the homomorphism generated
by I0 7→ I−1I0 andI−1 7→ I2−1I0 and consider a sequence of the form

0′ χ ′→ 0
χ→ · · · χ→ 0

χ3→ 0
χ→ · · · χ→ 0

χ0→ 00.

Sinceχ3 has a non-central return the two long sequences ofχ form two separate saddle-
node cascades, each with a long sequence of neglectable levels.

2.8. Families of generalized quadratic-like maps.In this section we summarize the
theory of holomorphic families of generalized quadratic-like maps. For further details
see [L4]. Let D ⊂ C be a Jordan disk and fix∗ ∈ D. Let π1 and π2 be the
coordinate projections ofC2 to the first and second coordinates. Given a setX ⊂ C2

let Xλ = π2(X ∩ π−1
1 (λ)). An open setX ⊂ C2 is aJordan bidiskoverD if π1(X) = D

andXλ is a Jordan disk for allλ ∈ D. We sayX admits an extension to the boundary if
cl(X) is homeomorphic over cl(D) to cl(D) × cl(D). A section9 : cl(D) → cl(X) is a
trivial sectionif 9(λ) ∈ int Xλ for all λ ∈ cl(D). Given a Jordan bidiskX which admits
an extension to the boundary we define theframeδX as the torus∪λ∈∂D ∪z∈∂Xλ (λ, z). A
holomorphic section8 : D → X is proper if it admits a continuous extension to∂D and
8(∂D) ⊂ δX. Let 8 be a proper section and let9 be a trivial section. Letφ = π2 ◦ 8

andψ = π2 ◦9. Define thewinding numberof 8 to be the winding number of the curve
(φ − ψ)|∂D around the origin.

LEMMA 2.11. (Argument principle)Let X be a Jordan bidisk overD that admits an
extension to the boundary. Let8 : D→ X be a proper section and let9 : cl(D)→ cl(X)

be a continuous section, holomorphic onD. Letφ = π2 ◦ 8 andψ = π2 ◦ 9. Suppose
there are no solutions toφ = ψ on ∂D. Then the number of solutions toφ = ψ counted
with multiplicity is equal to the winding number of8.

LetU = ∪jUj be a pairwise disjoint collection of Jordan bidisks overD with 0 ∈ Uλ
0 .

LetV be a Jordan bidisk overD such that eachUλ
j is compactly contained inV λ. Let

f : U→ V

be a fiber-preserving holomorphic map such that each fiber mapfλ : Uλ → V λ is a
generalized quadratic-like map with critical point at the origin and which on each branch
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fλ|Uλ
j

admits a holomorphic extension to a neighborhood ofUλ
j . Let h be a holomorphic

motion

hλ : (∂V ∗, ∂U∗)→ (∂V λ, ∂Uλ)

overD with basepoint∗ ∈ D which respects the dynamics. We say(f, h) is aholomorphic
family of generalized quadratic-like maps overD. WhenU consists of only one bidisk
then the family is aDouady–Hubbard (DH) quadratic-like family. A family is proper if:
(1) V admits an extension to the boundary;
(2) for eachz ∈ ∂U∗ the sectionλ 7→ (λ, hλ(z)) extends continuously to∂D and is a

trivial section;
(3) the critical-value section8(λ) = (λ, fλ(0)) is proper.
Thewinding numberof a proper family is the winding number of the critical value section.

THEOREM 2.12. ([DH2]) If (f, h) is a proper DH quadratic-like family overD with
winding number 1 then

M(f, h) = {λ ∈ D : J (fλ) is connected}
is homeomorphic to the standard Mandelbrot setM. The homeomorphism is given by the
inner class mapλ 7→ I (fλ).

2.8.1. Generalized renormalization of families.Let (f : ∪jUj → V, h) be a proper
holomorphic family of generalized quadratic-like maps overD with winding number 1. If 0
returns underfλ to Uλ

0 let īλ be thereturn itineraryof fλ: the (possibly empty) sequence of
indices of off-critical pieces{Uλ

j } through which the critical point passes before returning

to Uλ
0 . For such anfλ we can define a holomorphic motionh′ of the boundaries of the

domain and range of the return map toUλ
0 by pulling back the holomorphic motionh by

fλ. The motionh′ has basepointλ and is defined over the neighborhood ofλ having the
itinerary īλ.

LEMMA 2.13. ([L4, Lemma 3.6])Let (f : ∪jUj → Vj , h) be a proper generalized
quadratic-like family overD with winding number 1. Let∗ ∈ D be the basepoint and
let g∗ be the first return mapR(f∗, U∗0 ) restricted to finitely many components. Suppose
g∗ ∈ L. Then the set

D′ = {λ ∈ D : īλ = ī∗}
is a Jordan disk and the family of first return maps(g, h′) over D′ is proper and has
winding number 1.

2.9. Parabolic periodic points. The limits of maps with unbounded but essentially
bounded combinatorics are maps with parabolic periodic points. This section reviews the
local theory near parabolic orbits and their perturbations. The main results are the existence
and continuity of Fatou coordinates. These results were proven in [DH1] and [La] for
perturbations lying in an analytic family and later generalized in [Sh]. Our presentation is
based on [Sh].
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Throughout this section we give the space of holomorphic maps the ‘compact-open
topology with domains’. A basis for this topology is given by the sets

N (f,K, ε) = {g : |g(z)− f (z)| < ε for z ∈ K},
whereK ⊂ Dom(f ) is compact andε > 0. If a sequence of mapsfn ∈ H converges inH
then it also converges in this topology.

2.9.1. Unperturbed Fatou coordinates.Let P0 be the space of holomorphic mapsf0

with a fixed pointξ0 that isparabolicandnon-degenerate: f ′0(ξ0) = 1 andf ′′0 (ξ0) 6= 0.
For example, choose any quadratic-like mapf0 hybrid equivalent toz2 + 1/4. Choose a
neighborhoodN 3 ξ0 so thatf0|N is a diffeomorphism and mapsN onto a neighborhood
N ′ 3 ξ0.

PROPOSITION2.14. ([Fatou coordinates])Let f0 ∈ P0 and chooseN andN ′ as above.
Then there exist topological disksD± b N ∩ N ′, whose union forms a punctured
neighborhood ofξ0 and which satisfy

f±1
0 (D±) ⊂ D± ∪ {ξ0} and ∩n≥0 f±n

0 (D±) = {ξ0}.
Moreover, there exist univalent maps8± : D± → C such that:
(1) Range(8+) andRange(8−) contain a right and left half-plane, respectively;
(2) 8±(f0(z)) = 8±(z)+ 1.
These maps are uniquely defined up to post-composing with a translation.

The disksD± are calledincomingandoutgoing petalsand the maps8± are called the
Fatou coordinates. The Fatou coordinates induce conformal isomorphisms between the
Ècalle–Voronin cylindersC± = D±/f0 andC/Z. Let π± denote the projection ofD±
to C±.

Whenf0 ∈ I−1(1/4) we can extended the Fatou coordinates to be branched covers
as follows. LetB = int K(f0) be the attracting basin ofξ0. Extendπ+ to B by
π+(z) = π+(f n

0 (z)) for a large enoughn. Lifting π+ : B → C+ to 8+ : B → C
we obtain an extension of8+ : D+ → C to a branched covering map. The set of critical
points is the backward orbit of 0 underf0 and the set of critical values is a set of the form
{α − n}∞n=0 for someα ∈ C depending on the normalization of8+. We can also similarly
extend8−1− to be a holomorphic map with range Range(f0). Note that8−1− will be a
branched cover over Range(f0) \ {ξ0}. In general, iff0 is a branched cover then we can
extend8+ to the immediate attracting basin ofξ0 and we can extend8−1− to a map with
range Range(f0) which is a branched cover over Range(f0) \ {ξ0}.

A transit mapg : C+ → C− is a conformal isomorphism which respects the ends
±∞. A holomorphic maph : U → C is a local lift of a transit mapg if U ⊂ D+,
Range(h) ⊂ D−, and

g ◦ π+ = π− ◦ h.

When written in Fatou coordinates,h is a translationTa by a complex numbera. The
quantity ā = a modZ, called thephase, depends only ong (and the normalization of
Fatou coordinates) and uniquely specifiesg. We will use the notationgā to denote the
transit map with phasēa.
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To simplify future notation, let8 = 8+ andφ = 8−1− . Also, we shall freely use the
notation8n, 8f , Cn±, etc., to indicate a dependence on an indexn or mapf .

2.9.2. Conformal dynamical systems.Given a collection{fα ∈ H} of holomorphic
maps let〈fα〉 denote the set of restrictions of all finite compositions of{fα}. Note that
we consider a composition of zero maps to be the identity. A collectionF of holomorphic
maps closed under composition and restriction is called aconformal dynamical system. For
a givenz ∈ C we will let Fz denote the set of germs{[h]z}of h ∈ F such thatz ∈ Dom(h).
Define the orbit of a pointz ∈ C as

orb(z) = orb(F , z) =
⋃
h∈F

h(z).

Let f ∈ P0 and letg : C+ → C− be a transit map. The conformal dynamical system

F(f, g) = 〈f ∪ {all local lifts of g to D±}〉
will be central to our study. Note thatF(f, g) is independent of the choice of petalsD±.
We define a total order on orb(z) as follows. First we order the germs[h]z of h ∈ F(f, g)

atz. Fix h, h̃ ∈ F(f, g) such thatz ∈ Dom(h) ∩ Dom(̃h). Write

h = f nk ◦ hk−1 ◦ f nk−1 ◦ · · · ◦ h1 ◦ f n1

h̃ = f ml ◦ h̃l−1 ◦ f ml−1◦ · · · ◦ h̃1 ◦ f m1

for somek, l ≥ 1 with appropriate liftshi andh̃j of g and iterates off . Sincef commutes
with local lifts of g, we can find a ‘common’ local liftφ1 so that

h1 ◦ f n1 = f s ′2 ◦ φ1 ◦ f s1

h̃1 ◦ f m1 = f t ′2 ◦ φ1 ◦ f t1

on a neighborhood ofz for the appropriate choice ofs1, s
′
2, t1, t

′
2 ∈ N. We can continue

rewriting local lifts until we have the expressions

h = f sk ◦ φk−1 ◦ f sk−1 ◦ · · · ◦ f s2 ◦ φ1 ◦ f s1

h̃ = f tl ◦ φl−1 ◦ f tl−1 ◦ · · · ◦ f t2 ◦ φ1 ◦ f t1

on a neighborhood ofz. Now define[h]z ≤ [̃h]z iff

(s1, s2, . . . , sk) ≤ (t1, t2, . . . , tl)

in the lexicographic order. Now order orb(z) by declaringz1 ≤ z2 if the [h1]z ≤ [h2]z,
whereh1(z) = z1, h2(z) = z2 and[h1]z and[h2]z are the minimizers with this property.
We sayF is contained in anygeometric limitof a sequenceFn if for any f ∈ F there are
fn ∈ Fn such thatfn → f on compact sets.

We do not put a topology on the set of conformal dynamical systems. The systems we
consider are generated by generalized quadratic-like maps and local lifts of transit maps,
so instead we speak of the convergence of these generators.
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FIGURE 2. Perturbed Fatou coordinates.

2.9.3. Douady coordinates. We now consider perturbations off0 ∈ P0. Sinceξ0 is a
non-degenerate parabolic fixed point the generic perturbation will cause it to bifurcate into
two nearby fixed pointsξf andξ ′f with multipliersλf andλ′f , respectively. LetN be the
neighborhood ofξ0 chosen for Proposition 2.14 and letP be the space of holomorphic
maps which are diffeomorphisms ofN . LetP1 be the set off ∈ P with exactly two fixed
pointsξf andξ ′f in N satisfying

arg(1− λf ), arg(1− λ′f ) ∈ [π/4, 3π/4] ∪ [−3π/4,−π/4]. (2)

THEOREM 2.15. (Douady coordinates)Let f0 ∈ P0. There is a neighborhoodN of f0

such that iff ∈ (N ∩ P1) then there exist univalent maps8f = 8
f
+ andφf = (8

f
−)−1,

unique up to translation, and a constantaf ∈ C satisfying:
(1) 8f (f (z)) = 8f (z)+ 1 andφf (w + 1) = f (φf (w)) where defined;

(2) Cf
+ = Dom(8f )/f andCf

− = Range(φf )/f are conformally cylinders and one can

choose fundamental domainsS
f
± to depend onf ∈ P1 continuously in the Hausdorff

topology;
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(3) (see Figure 2) forz ∈ S
f
+ there is ann > 0 such thatf n(z) ∈ S

f
− and forn minimal

f n(z) = (φf ◦ Taf+n ◦8f )(z). (3)

If we fix pointsz± ∈ D± and normalize8
f
± by 8

f
±(z±) = 0 then 8

f
± depend

continuously onf ∈ N ∩ (P0 ∪ P1).

Supposef0 ∈ P0 andf ∈ P1∩N , whereN is from Theorem 2.15. The discontinuous
map fromS

f
+ to S

f
− defined by equation (3) projects to a transit mapgf : Cf

+ → Cf
− with

phasēaf = af modZ. This map describes how a long orbit off ‘passes though the gate’
betweenξf andξ ′f . We call it thetransit mapof f .

The following lemma gives a simple condition under which perturbed Fatou coordinates
exist.

LEMMA 2.16. Supposefn is a sequence of quadratic-like maps converging in the
Carath́eodory topology to a quadratic-like mapf ∈ P0. Suppose the fixed points offn are
repelling. Thenfn ∈ P1 for n large enough.

Proof. Using the holomorphic index (see [M1]) one can prove that

1

1− λfn

+ 1

1− λ′fn

converges asfn → f . Sinceλ, λ′ ∈ C \ D it follows that

|arg(1− λfn)| → π/2 and |arg(1− λ′fn
)| → π/2

asn→∞. In particular,fn ∈ P1 for n large. 2

3. Statements of the main theorems
3.1. Theorem I. Let us remind the reader of our first result.

THEOREM I (Essentially period tripling).There is a uniqueF ∈ GR such that

Rnf → F

for any∞-renormalizablef ∈ QR with a tuning invariant

τ (f ) = (M(3)
n1

,M(3)
n2

, . . . ,M(3)
nk

, . . . )

satisfyingnk →∞ ask→∞.

In this section we define theM-copiesM(3)
n .

Let f (x) = x2 − 1.75 and letξ be the parabolic periodic orbit of period three. Recall
A = Af = [αf , α′f ]. Let g be the first return map off onA (see Figure 3). LetI0 andI0

1

be the two indicated intervals satisfyingg|I0 = f 3 andg|I0
1
= f 2.

Fix a smallε > 0 and considerc ∈ (−1.75,−1.75+ ε). The periodic pointξ bifurcates
and the orbit of the critical point underP 3

c now escapes the intervalI0. Let cn be the
parameter value (see Figure 4) so that forf = Pcn :
• f 3i (0) ∈ I0 for i = 1, . . . , n− 1;
• f 3n(0) ∈ I0

1 ;
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α′f

αf

αf ξ α′f βfβ ′f

I0
1 I0

f 3

f 2 f 2

FIGURE 3. The first return map underx2 − 1.75.

• f 3n+2(0) = 0.
To justify the existence ofcn, consider the following signed semigroups generated by

the specified intervals

0 = 〈+I−1,−I0〉, 0′ = 〈−I0〉 (4)

and consider the following homomorphisms

χ0 : 0→ 00 generated by I−1 7→ I−2I2I−1I−2I0 andI0 7→ I−2I2I0

χ : 0→ 0 generated by I−1 7→ I−1I0 andI0 7→ I0 (5)

χ ′ : 0′ → 0 generated by I0 7→ I−1I0.

Then the sequence corresponding toM(3)
n =Mcn is

0′ χ ′→ 0
χ→ 0

χ→ · · · χ→ 0
χ0→ 00,

whereχ is repeatedn− 2 times. Letσ (3)
n = σPcn

.
In Figure 5 we have drawn pictures of the Mandelbrot set zooming down to theM-copy

M(3)
4 .
In Figure 6 we have drawn the filled Julia sets forz2 − 1.75 and forz2 − cn for some

cn with n large, together with two blow-ups of the Julia set off = z2 − cn. The ‘ghost’
boundary of the basin ofξ is visible in the left-hand picture and the pre-images of this
ghost boundary nest down toJ (Rf ) in the right-hand picture.

3.2. Theorem II. Let us remind the reader of our second result.

THEOREM II (Essentially bounded combinatorics).For everyp > 1 there exists a pre-
compactR-invariant setA ⊂ GR such that:
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FIGURE 4. The first return map forx2 + c5 and the orbit of the origin.

(1) R|A is conjugate to the full shift on�e(p), the set of combinatorial types with
essential period bounded above byp; and

(2) if f ∈ QR is∞-renormalizable andsupn pe(Rnf ) ≤ p thenRnf → A.
Leth : 5∞−∞�e(p)→ A denote the conjugacy. Then there is a compactification�

cpt
e (p)

of �e(p) such thath extends to a continuous maph : 5∞−∞�
cpt
e (p) → A. Moreover,

supposef1 ∈ QR has the same combinatorics asf2 ∈ A. Then for any sequencenk →∞
and sequencēσ ∈ 5∞−∞�

cpt
e (p) such thatRnkf2→ h(σ̄ ) one hasRnkf1→ h(σ̄ ).

Let �e(p) be the space of shufflesσ satisfyingpe(σ ) ≤ p. The sequenceσ (3)
n from

the previous section is a simple example of a sequence of shuffles with bounded essential
period but unbounded period. In this section we construct a compactification�

cpt
e (p) of

�e(p) which will form the elements of our combinatorial description of renormalization
limits.

Supposef ∈ Q∞
R

is renormalizable and let

0m
χm→ 0m−1

χm−1→ · · · χ2→ 01
χ1→ 00

be its sequence of return types. Letl be a neglectable level and letχl : (0l, εl) →
(0l−1, εl−1) be the return type ofgl . It is clear that if both levell − 1 and l + 1 are
neglectable then(0l, εl ) and(0l−1, εl−1) are generated by configurations of the form

±I−p,±I−p+1, . . . ,±I−1,−I0

or by
+I0,±I1, . . . ,±Ip−1,±Ip

for somep ≥ 1. We claim that(01, εl ) ∼= (0l−1, εl−1) and thatχl is defined byIi 7→ IiI0

for i 6= 0 andI0 7→ I0. First it is clear thatI0 7→ I0. Now if χl(Ii) contained more than
one off-critical interval thenl would not be a neglectable level. Sinceχl is unimodal it
follows that0l−1 contains at least as many intervals as0l . Since the return type sequence
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FIGURE 5. The Mandelbrot set zooming in toM(3)
4 .

is irreducible,0l−1 contains exactly the same number of intervals as0l . HenceIi 7→ IiI0.
The claim that the signs agree follows from the condition thatχl be admissible.

Hence we can ‘insert’ another neglectable level intoS before l to obtain another
irreducible sequenceS′ of return types:

0m
χm→ · · ·0l

χl→ 0l−1 ∼= 0l
χl→ 0l−1 · · · χ1→ 00.

From Theorem 2.9 there is a unique shuffleσ ′ such thatS(σ ′) = S′.
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1

1

1

1

3

3
3

3

FIGURE 6. The Julia sets ofz2− 1.75 andz2+ cn for some largen and blow-ups.

We say that two shufflesσ andσ ′ in �e(p) areessentially equivalentif one can insert
a finite number of neglectable levels intoσ andσ ′ and obtain equal shuffles. Let4 be the
partition of�e(p) into essentially-equivalent equivalence classes. LetU ∈ 4 be a non-
trivial equivalence class. Then there is ann = nU > 0 such that for anyσ ∈ U the return
type sequenceS(σ) has exactlyn different cascadesS1, S2, . . . , Sn, canonically ordered,
containing neglectable levels. Letlk, k = 1, . . . , n, denote the number of neglectable
levels in the cascadeSk. The mapθU : U → Nn+ given byσ 7→ (l1, l2, . . . , ln) is a
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0 1.5.25 .75.125...

FIGURE 7. The image ofF for n = 2.

homeomorphism. Let
N+ = N+ ∪ {+∞}

be the one-point compactification ofN. DefineUcpt ⊃ U as the unique space such that
θU extends to a homeomorphismθU : Ucpt→ Nn

+. Define�
cpt
e (p) ⊃ �e(p) as the union

of the trivial classes of4 and of the spacesUcpt for non-trivial U ∈ 4. An element of
�

cpt
e (p) \ �e(p) is called anendand can be represented by a ‘sequence’ of return types

where infinitely long sequences of neglectable levels are allowed:

0m
χm→ · · · χl+2→ 0l+1

χl+1→ (0l
χl→ 0l−1)

∞ χl−1→ 0l−2
χl−3→ · · · χ1→ 00.

The following lemma is evident from the definition of essential period and�
cpt
e (p).

LEMMA 3.1. For anyp > 1 the space�cpt
e (p) is metrizable and compact.

Let
{M}p = {Mσ : σ ∈ �e(p)}

be the collection ofM-copies corresponding to�e(p) and let

Cp = {c :Mc ∈ {M}p}
be the corresponding collection of centers. We now describe the topology ofCp and how
Cp compares to�cpt

e (p). For anyU ∈ 4 with n = nU ≥ 1 let CU ⊂ Cp denote
the collection of centers of{Mσ : σ ∈ U}. Since4 is a finite partition it suffices to
describe the topology of the setsCU . We claim that for each non-trivialU ∈ 4 there is a
homeomorphism ofR which mapsCU to the image of the functionF : Nn+ → R given by

F(x1, x2, . . . , xn) = 2−x1 + 2−x1x2−1 + · · · + 2−x1x2...xn−n+1,

wheren = nU (see Figure 7).
To be more specific the limit points ofCU are root points of theM-copies obtained by

‘truncating’ the return type sequences ofσ ∈ U at the neglectable levels. Let us describe
how to truncate a return type sequence

0m
χm→ 0m−1

χm−1→ · · · χ1→ 00

at a levell. Let (0T , εT ) be the semigroup generated byI0 with εT (I0) = εl(I
l
0) and let

χT be the homomorphism defined byI0 7→ χl(I
l
0). Let S′ be the sequence

0T
χT→ 0l−1

χl−1→ · · · χ2→ 01
χ1→ 00.

One can check thatS′ is a sequence of admissible unimodal return types. IfS′ is not
irreducible then simply remove all intervalsIm

i not in the combinatorial orbit of the critical
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point and shorten the sequence if necessary. We obtain a unique shuffleσ ′ = bσcl , the
shuffleσ truncated at levell.

Let U ∈ 4 satisfy n = nU ≥ 1. Any shuffleσ ∈ U has n cascades with
neglectable levels of lengthsx1, . . . , xn respectively. Asx1 → ∞, the corresponding
centers accumulate at the root of the tunedM-copy corresponding to anyσ ∈ U truncated
at the first neglectable level. If we fixx1 and letx2 → ∞ the corresponding centers
accumulate at the root of theM-copy corresponding to truncating at the second cascade
of neglectable levels. In general if we fix the lengths of the firstk sequences of neglectable
levels and let the length of the (k + 1)st sequence grow the centers converge to the root of
theM-copy corresponding to truncating at the (k + 1)st neglectable sequence.

Given an endτ ∈ �
cpt
e (p) let

c(τ ) = root(bσcl ),
whereσ ∈ �e(p) is in a sufficiently small neighborhood ofτ , l is a neglectable level ofσ
which belongs to the first infinitely long cascade ofτ , and root(σ ) is the root ofMσ . The
mapc : �cpt

e (p) → R is continuous and its image isCp. This completes our description
of the topology of{M}p and howCp compares to�cpt

e (p).
We return to our examples from §2.7. Choose a largep so that the shuffles from

Example 2.1 and Example 2.2 are contained in�e(p).
First consider the essentially period tripling shufflesσ

(3)
n . Thenc(σ

(3)
n ) → root(σ (3)),

whereσ (3) is the period tripling shuffle. Moreover,σ
(3)
n converges to an endτ1 ∈ �

cpt
e (p).

Now consider the shufflesσm,d from Example 2.1 (Goes through twice). First fixd > 1
and letm→∞. Thenc(σm,d)→ root(bσm,dcl ) 6= root(σ (3)), wherel is any neglectable
level and, in much the same spirit as essential period tripling,σm,d converges in�cpt

e (p)

to an end. Now fixm − d > 1 and letm → ∞. Thenc(σm,d) → root(σ (3)) andσm,d

converges to an endτ2 ∈ �
cpt
e (p).

Finally, consider the shufflesσl1,l2 from Example 2.2 (Two cascades). Fixl1 > 1 and
let l2→∞. Thenc(σl1,l2)→ rl1 = root(bσl1,l2cl ), wherel is any neglectable level in the
second cascade. The sequencerl1 → root(σ (3)) asl1→ ∞. Moreover, for any sequence
of l2 if we let l1 → ∞ thenc(σl1,l2) → root(σ (3)). Now consider the limits ofσl1,l2 in
�

cpt
e (p). If we fix l2 and letl1→∞ the shuffles will converge to an endτ∞,l2.

4. Markings
In this section we describe a combinatorial framework that is more convenient for our
proofs than shuffles and parabolic shuffles. The combinatorial objects, markings of
generalized quadratic-like maps, are based on return-type homomorphisms. The maps,
first through maps, are based on the Bernoulli schemes introduced in [L3] and they encode
an entire cascade at once rather than as a sequence of first return maps. We then define the
generalized parabolic renormalization of a generalized quadratic-like map with a saddle-
node cascade.

4.1. Definitions. Fix a mapf ∈ L. Let A = {α1, . . . , αm} ⊂ ∂ Range(f ), m ≥ 2,
be a finite number of marked points in∂ Range(f ) and letA = A ∪ f−1(A). Let
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α1

α2

γ1
γ2

γ3

γ4

FIGURE 8. A marking(α1, α2, {γi }) of a generalized quadratic-like map.

0 be a collection of homotopy classes in cl(Range(f )) \ Dom(f ) of Jordan curves
γ : I = [0, 1] → cl(Range(f )) \ Dom(f ) that satisfy

γ (∂I) ∈ A.

LetG be the graph with verticesV = AtCC(Dom(f )) and with an edge betweenx, y ∈ V
if either:

• x, y ∈ A and there existsγ ∈ 0 such thatγ (∂I) = {x, y}; or
• y ∈ ∂x.

We say(A, 0) is amarking off iff G is a tree. See Figure 8.

Example 4.1.Any f ∈ LR with Dom(f ) and Range(f ) Jordan disks is naturally
marked by choosingA = Range(f ) ∩ R numbered so thatα1 < α2 and0 such that
(Dom(f ) ∩ R) ∪ ∪γ∈0 Im(γ ) = Range(f ) ∩ R.

A marking is real if:

• |A| = 2;
• the span of CC(Dom(f )) ∪ A in G is isomorphic to a linear graph;
• G is symmetric around the span ofA.

A real marking induces an ordering on the span ofA by the rule

x ≤ y iff
the shortest path fromα1 to y in G

contains the shortest path fromα1 to x

and associates tof a signed ordered semigroup3(f,A,0) generated by CC(Dom(f ))

by defining the signε(U) as follows. SupposeU is a non-central component and let
x = f−1(α1) ∩ ∂U andy = f−1(α2) ∩ ∂U . Thenε(U) = +1 iff x < y. Now supposeU
is the central component. Thenε(U) = +1 iff f−1(α2) is in the span ofA.

LetML denote the space(f,A,0), wheref ∈ L, Dom(f ) and Range(f ) are Jordan
disks and(A, 0) is a marking off . The topology onML is the Carath´eodory topology
on f , the Hausdorff topology onA and the quotient the sup-norm topology on0. Let
MLR ⊂ML denote the subspace where(A, 0) is a real marking.
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4.1.1. Induced markings. Fix (f,A,0) ∈ML and suppose 0 returns toU0(f ) under
f . Let g be a restriction ofR(f,U0(f )) to finitely many components of Dom(R) so that
g ∈ L. Mark g by the following inductive construction.

First letG1 = f−1
0 (G) be the lift of the graphG to the central componentU0(f ) by the

double coverf0. Label the points{α′1, α′2, . . . , α′2m} = A′ = f−1
0 (A) so thatα′1 andα1 are

in the same connected component of the graphG\U0(f ) and so thatα′2 is the dynamically
symmetric point toα′1:

α′2 = f−1
0 (f (α′1)) \ {α′1}.

Now suppose by induction that we have constructedGi and suppose there is a connected
component of Dom(g) that is compactly contained in a componentU of Gi . Let GU

be the lift of G to U by the covering mapf n, wheren is the smallest integer such that
f n(U) = Range(f ). Define the graphGi+1 to be the graphGi outside ofU and to beGU

onU . Note that these graphs glue continuously across∂U . Repeat this construction until
all connected components of Dom(g) are components of someGN , N ≥ 1. For each pair

(x, y) ∈ CC(Dom(g)) t A′

there is a shortest pathpx,y in GN betweenx and y. Let (x, y) be a pair such that
px,y ∩ Dom(g) = ∅. Such pairs are calledallowed. Now ‘collapse’ the components
onpx,y as follows. For each componentW of GN onpx,y choose a Jordan curveγW ⊂ W

between the neighbors ofW in px,y . Sincep is a finite path there is, after possibly reversing
orientations of someγW or γ ∈ GN , a well defined concatenationγx,y of {γW } and of the
curvesγ ∈ GN ∩ px,y . The curveγx,y is well defined up to homotopy. Let0′ denote the
collection of homotopy classes of the curvesγx,y as(x, y) range over all allowed pairs.
Then (A′, 0′) is a marking ofg. The induced marking ofg, denoted(Ag, 0g), is the
smallest sub-marking ofg from (A′, {γx,y}) that contains{α′1, α′2}.

Let (f,A,0) ∈ MLR and supposeg ∈ L is a restriction ofR(f,U0(f )) to finitely
many components such that(g,Ag, 0g) ∈MLR. Define thereturn-type homomorphism
χ : 3(g,Ag,0g) → 3(f,A,0) of g as in §2.6.

4.1.2. Initial markings. Supposef ∈ I−1(Mσ ) for some shuffleσ 6= σ (2). Choose
an initial Yoccoz partitionϒ and letV 0 be the initial return domain w.r.t.ϒ, as defined in
§2.6. Letg be a restriction ofR(f, V 0) to finitely many components of Dom(R) so that
g ∈ L. Mark g as follows.

Recall thatV 0 is the connected component off−2(Z
(1)
1 ) containing 0. LetA =

{α1, α2} ⊂ ∂V 0 be two pre-images off−2(α′f ), numbered so that the smallest positive
angle of an external ray landing atα1 is larger than the smallest positive angle of the ray
landing atα2.

Let D−1,D1 be the two connected components inY (1) of f−2(Y (1)) and let∪n≥1Zn

be the connected components inZ
(1)
1 of the domain of the first landing mapL to Y (1).

Consider the map̃f which isf 2 on D−1 ∪ V 0 ∪ D1 andL on∪n≥1Zn. Then apply the
same inductive construction as for induced markings to the mapf̃ . That is, pull back the
configurationX0 = {D−1, V

0,D1,∪n≥1Zn} to V 0 and refine it asX1,X2, . . . until the
components of Dom(g) are not compactly contained in any component ofXN . Choose a
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0

FIGURE 9. A first through map with off-critical (dark gray) and pre-critical (light gray) pieces.

f 4

f 3

FIGURE 10. A restriction of a first through map.

collection of homotopy classes0 of curves with images in cl(∪XN) so that(g,A,0) is a
marking ofg. We call(g,A,0) ∈ML the initial marking ofg.

If (g,A,0) ∈ MLR then the initial combinatorial type ofg is given by the zero-
admissible return-type homomorphismχ : 3(g,A,0)→ (00, ε0) as defined in §2.6.

4.2. First-through maps. Fix an f ∈ L. Let L be the first landing map off to
∪j 6=0Uj(f ) and suppose 0∈ Dom(L). Define thefirst through map, T (f,∪j 6=0Uj(f )),
to be f ◦ L (see Figures 9 and 10). Note that first through maps are not generalized
quadratic-like maps, since if there exists a one branched point ofT then all pre-images by
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α1

α2

U0(f )

∪j 6=0Uj(f )

FIGURE 11. A few curves of a marked first through map.

L are branch points as well. However, first through maps are very similar to generalized
quadratic-like maps in the following sense: instead of having a unique critical point, first
through maps have a unique critical value. In any case we will construct restrictions of first
through maps that are generalized quadratic-like.

Let h be a restriction ofT (f,∪j 6=0Uj(f )) to finitely many components of Dom(T ) and
supposeh ∈ L. Let f0 = f |U0(f ). Supposef is marked by(A, 0). As before letG1 be
the lift of G by f0. Refine the graphGi inductively until all components of Dom(h) are
components of someGN , N ≥ 1 and define theinduced markingof h in the same way as
for return maps.

See Figure 11 for the first few pull-backs of∪j 6=0Uj(f ) and0.
Let us define the combinatorial type of a real-marked through map. Let(f,A,0) ∈

MLR and supposeg ∈ L is a restriction ofT (f,∪j 6=0Uj(f )) to finitely many components
such that(g,Ag, 0g) ∈MLR. For eachU ∈ CC(Dom(g)), definedU,0 = n0(0)− n0(U)

anddU,A = n0(U). Define thedepthd(U) of U ∈ CC(Dom(g)) as

d(U) =
{
−dU,0 dU,0 < dU,A

dU,A otherwise.

Define thethrough-type homomorphismχ : 3(g,Ag,0g) → 3(f,A,0) × Z × N0 to be the
homomorphism generated by

χ(U) = (L(U), d(U), n0(0)).

4.2.1. Saddle-node cascades.We say(f,A,0) ∈MLR has asaddle-node cascadeif:
• T is the first through map off then the induced marking(AT , 0T ) is a real marking;

and
• f has alow return: let a ∈ AT ∩ ∂U0(T ) be in the same connected component

of GT \ U0(T ) as α1. Then f has a low return if the componentU 3 f (0),
U ∈ CC(Dom(T )) is in the same connected component ofGT \ U0(T ) asa and
T (a).

The length `(f ) of a saddle-node cascade is the first landing time of 0 in∪j 6=0Uj(f )

underf .
The following lemma is the complex analogue of Lemma 2.10.
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LEMMA 4.1. Suppose(fn,An, 0n) ∈MLR converges to(f,A,0) ∈MLR and suppose
eachfn has a saddle-node cascade with`(fn)→∞. Thenf |U0(f ) ∈ I−1(1/4).

Proof. Apply the pull-back argument. Let̃fn = fn|U0(fn) and letWn = Range(fn) \
Dom(f̃n). We can assume thatWn is bounded by piecewise smooth curves. Sincefn

has a saddle-node cascade there is a uniqueNn → ∞ so thatcn = f̃
Nn
n (0) ∈ Wn. Let

B be the disk of radius 4 around the origin. Letgn = z2 + 1/4 + εn, whereεn > 0
is chosen so thatgNn

n (0) ∈ B but g
Nn+1
n (0) 6∈ B. For n large enoughgn is quadratic-

like. Let W ′n = B \ g−1
n (B) be the fundamental annulus ofgn. Now there is aC > 0

such that modWn ≥ C and modW ′n ≥ C. Since(fn,An, 0n) converges to(f,A,0)

it follows that there is aK > 0 so that forn large enough there is aK-quasiconformal
maphn : Wn → W ′n mapping(An, 0n), or a homotopic smooth marking, to the real axis,
mappingcn to g

Nn
n (0) and conjugating̃fn andgn on the inner boundary ofWn andW ′n,

respectively. Pull backhn to get aK-quasiconformal conjugacỹhn from f̃n to gn. This pull
back is well defined since the marking determines which branch ofg−1

n to choose. Note that
the limiting pull-backs extend overK(f̃n) asK-quasiconformal maps and they glue across
the pre-images of∂Wn asK-quasiconformal maps. Choose a convergent subsequenceh̃nk

so that̃hnk → h. Let f̃ = f |U0(f ). Thenh is aK-quasiconformal equivalence of̃f and
z2+1/4. From rigidity of parabolic parameter values,f̃ is hybrid equivalent toz2+1/4.2

Suppose(f,A,0) has a saddle-node cascade. Leth be the first through map
T (f,∪j 6=0Uj(f )) restricted to finitely many components such that(h,Ah, 0h) ∈MLR.
The combinatorics ofh is said to beessentially bounded by Bif:
• the number of connected components of Dom(f ) ≤ B; and
• d(U) ≤ B for all U ∈ CC(Dom(h)).

4.3. Generalized parabolic renormalization.In this section we define the parabolic
renormalization of a generalized quadratic-like map. The idea is to consider the first
through map ofF(f, g).

Fix anf ∈ L that satisfies

f0 = f |U0(f ) ∈ I−1(1/4).

Let ξ = βf0. Choose incoming and outgoing petalsD± around the parabolic pointξ
and letC± denote the respectivèEcalle–Voronin cylinders andπ± the projections withπ+
extended toB = int(K(f0)).

For a giveng : C+ → C− let L be the first landing map underF(f0, g) to ∪j 6=0Uj(f ).
This map is well defined because the germs ofF(f0, g) atz are well ordered (see §2.9.2).

Note that ifC is a connected component of Dom(L) then there is anh ∈ F(f0, g)

extendingL to a branched cover of Range(f ) (see §2.9). LetT (f, g,∪j 6=0Uj(f )) be the
first through map

T = f ◦ L. (6)

4.3.1. Marking. Now suppose(f,A,0) ∈MLR and leth ∈ L be a restriction ofT to
finitely many components of Dom(T ). Markh in the following way.
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First consider the collection of curves

01 = ∪n≥0{f−n
0 (γ )}.

Since 0∈ K(f0) each lift is well defined for anyn ≥ 0. LetT1 = T (f,∪j 6=0Uj(f )) and
letA1 = A ∪ T −1

1 (A). Let G be the graph with vertices

V1 = A1 tCC(Dom(T1))

and with an edge betweenx, y ∈ V1 if eitherx, y ∈ A1 and there exists a chainC = {γk}
with γk ∈ 01 such thatγC(∂I) = {x, y} or x ∈ ∂y. Each connected component ofG has
a well defined limit point onJ (f0), and, using the Carath´eodory loopγ aroundJ (f0), we
can assign an angleθ to each connected componentGθ of G so thatγ (θ) = cl(Gθ) \Gθ .
SinceV1 ∪ Im(01) is f0-invariant, we can projectG to the repellingÉcalle cylinderC−.
Take the pre-image byg to obtain a graph on the attracting cylinderC+. Now lift by π+ to
obtain a graphG+ in the basinB.

Now we make two simplifying assumptions. First, thatg(π+(0)) lies in the connected
componentG0, the component ofG with zero angle. This connected component limits
onto the fixed pointξ . If this assumption is satisfied then we say the transit map is
combinatorially real. Second, we assume that all the components of Dom(h) lie on

G0 tGπ tG0+.

One could define the induced marking for maps that do not satisfy these assumptions, but
for simplicity of exposition we keep the assumptions.

Now using the graphsG0, Gπ andG0+, it is clear how to modify the constructions from
§4.1 to construct a marking(Ah, 0h) of h. We omit the details.

Let us define the combinatorial type of a real-marked through map. Let(f,A,0) ∈
MLR and letg : C+ → C− be combinatorially real. Supposeh ∈ L is a restriction
of T (f, g,∪j 6=0Uj(f )) to finitely many components such that(h,Ah, 0h) ∈ MLR.
Define thedepth of a componentU ∈ CC(Dom(h)) as follows. For eachU ∈
CC(Dom(T1) ∩ Dom(h)), defined(U) = n0(U), wheren0 is the first landing time of
U to ∪j 6=0Uj(f ). For every otherU ∈ CC(Dom(h)) defined(U) as the first landing time
to∪j 6=0Uj(f ) relative to the origin.

Define thethrough-type homomorphismχ : 3(h,Ah,0h) → 3(f,A,0) × Z to be the
homomorphism generated by

χ(U) = (L(U), d(U)).

5. Towers
5.1. Definition of a tower. A tower is a forward infinite or bi-infinite sequence of maps.
First let us define the ‘product’ space5∞∗ X of a given topological spaceX to topologize
the forward infinite or bi-infinite sequences of elements ofX. LetS = [−∞, 0] denote the
one-point compactification of−N0. Given anm ∈ S let Sm = {n ∈ Z : n ≥ m}. Define

5∞∗ X = {f : Sm → X : m ∈ S}
with the following topology. Fix anf ∈ 5∞∗ X with index setS(f ) = Sm(f ). Let A be a
neighborhood ofm(f ) in S and letm′ = supA. Fix N,M ∈ [m′,∞) with N ≤ M and
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for eachn ∈ [N,M] let Xn be a neighborhood off (n) in X. A basis for the topology of
5∞∗ X is generated by neighborhoods of the form

{g ∈ 5∞∗ X : m(g) ∈ A, g(n) ∈ Xn for n ∈ [N,M]}.
In words,5∞∗ X is the space of one-sided sequences(xm, xm+1, . . . ) with m ∈ −N0 and
two-sided sequences(. . . , x−1, x0, x1, . . . ) with the topology of pointwise convergence.

The space of towers will be a subspace of a product space5∞∗ L′. We now define the
spaceL′. Let

LP = {(f, g) : f ∈ L, f |U0(f ) ∈ I−1(1/4), g : C+ → C− a transit map}
and letL′ = L t LP with the topology generated by the following sub-basis. A
neighborhood inL′ of an f ∈ L is a neighborhoodN ⊂ L of f . Now fix an
(f, g) ∈ LP and fix a neighborhoodN of the parabolic fixed point off |U0(f ) on whichf

is a diffeomorphism. LetN be the neighborhood off from Lemma 2.15. LetN ′ ⊂ C/Z
be a neighborhood of the phaseā of g. Then a neighborhood of(f, g) is the union of:
(1) (f ′, g′) ∈ LP satisfyingf ′ ∈ N ∩ P0 andā′ ∈ N ′, whereā′ is the phase ofg′;
(2) f ′ ∈ L satisfyingf ′ ∈ N ∩ P1 andā′ ∈ N ′, whereā′ is the phase of the induced

transit mapgf ′ .
Let us introduce some notation for a givenT ∈ 5∞∗ L′. The index set ofT will be

denoted byS = S(T ). We will often writeT = {fn, gn} where it is implicit thatgn is
not defined for alln ∈ S. Also, letUn = Dom(fn) andV n = Range(fn). Let Un

0 be the
central component offn and let∪Un

j 6=0 = ∪j 6=0Uj(fn) be the off-critical pieces offn. Let

SP = {n ∈ S : fn|U0(fn) ∈ I−1(1/4)}
and let

SQ = {n ∈ S : fn ∈ Q∞}.
We will often identify a transit mapgn with the set of local lifts ofgn to some choice of
petals. Let

Tm = {fm} ∪ {gn : n ≥ m}
and letFm = 〈Tm〉 and define the post-critical set ofTm as

Pm = orb(Fm, 0).

We will also often denoteFmin(S) simply byF .
The space of towers Tow is the set ofT ∈ 5∞∗ L′ such that supSQ = ∞, for each level

n ∈ S one of the following conditions hold:
(T1) n ∈ SQ, fn is immediately renormalizable and[fn+1] = [h], whereh is a pre-

renormalization offn of minimal period;
(T2) n ∈ SQ, fn is not immediately renormalizable andfn+1 = R(fn, V

n+1|Pn), where
V n+1 is the initial return domain w.r.t. some initial Yoccoz partitionϒn of fn;

(T3) n 6∈ (SQ ∪ SP ) andfn+1 = R(fn,U
n
0 |Pn);

(T4) n 6∈ (SQ ∪ SP ) andfn+1 = T (fn,∪Un
j 6=0|Pn);

(T5) n ∈ SP andfn+1 = T (fn, gn,∪Un
j 6=0|Pn),
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unlessn+ 1 ∈ SQ, in which case one of the above conditions holds for the germ[fn+1].
If SP 6= ∅ thenT is aparabolic tower. If S = Z thenT is abi-infinite tower. If S 6= Z

andfmin(S) ∈ Q∞ thenT is aforward tower. The mapfmin(S) in a forward tower is called
thebase map. A tower withf0 ∈ Q∞ is normalizedif βf0 = 1. Let

Tow0 = {T ∈ Tow : S(T ) = N0}.
For anyn ∈ SQ we denote the nextm ∈ SQ by succ(n). That is,

succ(n) = min{m ∈ SQ : m > n}.
A tower T hascomplex boundsif there existsm > 0 such that modfn ≥ m for all

n ∈ S(T ). For a givenm > 0 let

Tow(m) = {T ∈ Tow : modfn ≥ m for all n ∈ S}.
We say that a towerT is unbranchediff

Pn = P 0 ∩ V n

for all n ∈ S.

5.2. Combinatorics. A tower T = {fn, gn} ∈ Tow0 is naturally marked as follows.
First mark all levelsn satisfying condition (T2) with the initial marking(An, 0n). Then
inductively mark levelsk = n + 1, n + 2, . . . , succ(n) − 1, succ(n) with the marking
(Ak, 0k) induced from levelk − 1. Levels satisfying (T1) are not marked. Clearly the
markings{(An, 0n)}n∈S depend continuously onT . That is, for each leveln (not satisfying
(T1)) the injective mapfn 7→ (fn,An, 0n) ∈ML is continuous. We say a tower hasreal
combinatoricsiff every (fn,An, 0n) ∈MLR and everygn is combinatorially real.

Suppose now thatT has real combinatorics. Let3n denote the signed ordered
semigroup3(fn,An,0n) and define a sequence of homomorphismsχn as follows. If level
n satisfies (T2) then defineχn : 3n → (00, ε0) to be the homomorphism generated by
mapping each generator of3n to its itinerary through the initial Yoccoz partitionϒn. If
leveln satisfies (T3) then defineχn : 3n → 3n−1 to be the homomorphism generated by
mapping each generator of3n to its itinerary through3n−1 until the first return toV n. If
level n satisfies (T4) then defineχn : 3n → 3n−1 × Z × N0 to be the homomorphism
generated byχn(U) = (L(U), d(U), n0(0)), whereL is the first landing map offn−1 to
the off-critical pieces,d is the depth function andn0 is the first landing time function. If
leveln satisfies (T5) then defineχn : 3n → 3n−1×Z to be the homomorphism generated
by χn(U) = (L(U), d(U)), where againL is the first landing map ofF(fn−1, gn−1) to
the off-critical pieces andd is the depth function.

The combinatorics ofT is encoded by the sequence{χn}n∈S . We sayT has essential
combinatorics bounded byB if the following conditions hold:
• if n ∈ SQ then|n− succ(n)| < B;
• the return times on (T2) and (T3) levels are bounded above byB;
• the depths of all components on (T4) and (T5) levels are bounded above byB;
• the number of connected components ofUn ≤ B for all n ∈ S.
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Let us describe how to associate to the sequenceχn a sequence of (parabolic) shuffles

σ̄T = {σn}n∈SQ .

To each leveln satisfying (T1) letσn = σ (2). Now suppose leveln satisfies (T2). We
will assign a parabolic shuffle to the group of levelsE = {n, n + 1, . . . , succ(n) − 1}.
First, if E ∩ SP = ∅ thenfn ∈ Mσ for some shuffleσ and[fn+1] = Rfn. Hence the
combinatorics of the levels inE are uniquely specified by the shuffleσn = σ .

So supposeD = E ∩ SP 6= ∅. For eachm ∈ D let χ
(k)
m : 3n → 3n−1 × Z × N0 be

the homomorphism generated byχ
(k)
m (U) = (χm(U), k). Now for eachk there is a unique

shuffleσ (k) with the return-type and through-type sequence

χn, χn+1, . . . , χm−1, χ
(k)
m , χm+1, . . . , χsucc(n)−1.

Moreover, there is ap <∞ such thatσ (k) ∈ �e(p) for all k. Let

σn = lim
k→∞ σ (k).

It is apparent from the definition of�cpt
e (p) that the limit is well defined. The combinatorial

objectsσn and {χn}n∈E are comparable. That is, if the essential combinatorics ofT
restricted toE are bounded byB thenσn ∈ �

cpt
e (p) for somep, depending onB. Vice

versa, ifσn ∈ �
cpt
e (p) then the essential combinatorics ofT are bounded byB depending

only onp. The boundsp andB tend to infinity together.
Two towersT andT ′ with real combinatorics arecombinatorially equivalentiff

S = S′, SQ = S′Q and σ̄ = σ̄ ′.

For a givenm > 0 andB ∈ N let Tow(m,B) be the space of towersT ∈ Tow(m) with
essential combinatorics bounded byB.

5.3. Forward towers. In this section we analyze forward towers. For convenience we
will assume all towers in this chapter are indexed byS = N0.

Let T be a forward tower. Let us define the (filled) Julia set. We say that orb(z) escapes
if orb(z) ∩ (V 0 \ U0) 6= ∅. Define thefilled Julia set, K(T ), theJulia set, J (T ), as for
quadratic-like maps.

Two forward towersT andT ′ with S(T ) = S(T ′) arequasi-conformally equivalentif
there is a quasi-conformal mapφ such that:
(1) φ is a quasi-conformal conjugacy offn andf ′n on a neighborhood ofK(fn) to a

neighborhood ofK(f ′n) for all n ∈ S;
(2) φ induces a quasi-conformal conjugacy of the transit mapsgn andg′n for n ∈ SP .
A quasi-conformal equivalenceφ between two forward towers is ahybrid equivalence if
∂̄φ|K(T ) ≡ 0 and is aholomorphicequivalence ifφ is holomorphic. A forward towerT is
equal onK(T ) to a forward towerT ′ if:
(1) K(T ) = K(T ′);
(2) Fz = F ′z for everyz ∈ K(T ).
HereF is the dynamical system generated byT ,F ′ the one generated byT ′, andFz is the
set of germs atz of the dynamical systemF .

Fix az ∈ U0. We note without proof the following two facts.
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(1) The germsFz are well ordered by an extension of the well ordering defined in §2.9.2.
(2) Any h ∈ F with z ∈ Dom(h) can be extended to a holomorphic maph̃ ∈ F

with rangeV 0 by extending local lifts of transit maps using the extended Fatou
coordinates of §2.9. A restriction of̃h is a cover map ofV 0 \ P 0. In particular
if V n ⊂ V 0 thenfn ∈ F .

(3) Given a towerT and a leveln ∈ SQ, a different choice of initial Yoccoz partitionϒn

yields a tower equal toT onK(T ).

5.3.1. Straightening.

PROPOSITION5.1. (Straightening)Any forward towerT is hybrid equivalent to a tower
with a quadratic base map.

Proof. Let f0 be the base map ofT . From Proposition 2.3 there is a hybrid equivalenceφ

betweenf0 and a unique polynomial of the formz2+ c. Letu(z) be the complex dilatation
of φ and letµ = u(z) dz̄/dz be the corresponding Beltrami differential. Sinceφ is quasi-
conformal there is ak < 1 such that‖u(z)‖∞ ≤ k. Let U ⊃ K(f0) be the domain on
whichφ is a conjugacy.

Define the Beltrami differentialµ′ by

µ′|K(T ) ≡ 0

and if z ∈ (U \K(T )) by
µ′|U ′ = h∗(µ),

whereh ∈ F(T ) andU ′ 3 z satisfyh(U ′) ⊂ (U \K(fm)). The well ordering of the germs
Fz impliesµ′ is well defined.

First we claim there are restrictionsf ′n of fn such that Range(f ′n) ⊂ Range(fn) and
T ′ = {f ′n, gn} is a forward tower equal toT on K(T ) andµ′ is invariant underT ′. Let
f ′n = fn for n = 0, 1, . . . ,m, wherem ∈ SQ is the first level where Range(fm) 6⊂
Range(f0), if it exists. LetN ∈ N be large enough so thatV N

m = f−N
m (Range(fm)) ⊂

Range(f0). Let f ′m = fm restricted toV N+1
m . Choose a new initial Yoccoz partitionϒ

for f ′n and construct the restrictionsf ′n of fn as required for an equal tower for levels
n = m+ 1,m+ 2, . . . ,m2 until the levelm2 ∈ SQ and repeat. The resulting sequence of
maps{f ′n, gn} will be the desired tower.

Write µ′(z) = u′(z) dz̄/dz. Since all maps inT ′ are holomorphic‖u′(z)‖∞ ≤ k < 1.
Let φ1 be the solution to the Beltrami equation

∂̄φ1 = u′ · ∂φ1

and let
T ′′ = {φ1 ◦ h ◦ φ−1

1 : h ∈ T ′}.
We claimT ′′ is again a forward tower and thatφ1 is a hybrid equivalence betweenT

andT ′′. Let n ∈ SP andgn ∈ T ′. Let g′′n = φ1 ◦ gn ◦ φ−1
1 andf ′′n = φ1 ◦ f ′n ◦ φ−1

1 . Since
φ1 conjugates forward and backward orbits offn to orbits off ′′n , it follows thatg′′n is a map
on theÈcalle–Voronin cylinders off ′′n . Sinceφ1 is a homeomorphism, it is evident thatg′′n
is a homeomorphism. Moreover,µ′ is invariant undergn, and sog′′n is conformal. That is,
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the conjugate of a transit map inT is a transit map inT ′′. The other properties of a tower
are clear.

The base map ofT ′′ is holomorphically equivalent to a polynomial. HenceT ′′ is
holomorphically equivalent to a tower with a polynomial base map. 2

5.3.2. Expansion of the hyperbolic metric.One of the central ideas in McMullen’s
arguments is that maps in a tower expand the hyperbolic metric on the complement of
the post-critical set. In this section we prove similar propositions.

LEMMA 5.2. There are continuous increasing functionsC1(s) and C2(s) such that if
f : X ↪→ Y is an inclusion between two hyperbolic Riemann surfaces andx ∈ X then,
letting s = d(x, Y \X),

0 < C1(s) ≤ ‖Df (x)‖ ≤ C2(s) < 1.

Moreover,C2(s)→ 0 ass → 0.

Proof. The inequality‖Df (x)‖ ≤ C2(s) < 1 and the properties ofC2(s) are found
in [McM2 ]. Lift f to the universal coverπ : D→ Y and normalize so thatx = f (x) = 0.
The inclusionBs ≡ {z : dD (0, z) < s} ↪→ D factors throughf and so‖Df (0)‖ ≥ 1/r(s),
wherer(s) is the radius ofBs measured in the Euclidean metric. 2

The following proposition states when maps in a forward towerT ∈ Tow0 expand the
hyperbolic metric onV 0 \ P 0 and gives an estimate on the amount of expansion and the
variation of expansion.

We will use the notationρ, ‖ · ‖, d(·, ·) and`(·) to denote the hyperbolic metric, norm,
distance and length onV 0 \ P 0 respectively.

PROPOSITION5.3. Let T ∈ Tow0 be a forward tower with base mapf0. Leth ∈ F(T )

andQh = h−1(P 0). Then
‖Dh(z)‖ > 1

for anyz ∈ (Dom(h) \Qh). Moreover, if(Qh \ P 0) 6= ∅ then

C−1
2 (s2) ≤ ‖Dh(z)‖ ≤ C−1

1 (s1),

wheres1 = d(z,Qh∪∂ Dom(h)) ands2 = d(z,Qh). Finally, if γ is a path inDom(h)\Qh

with endpointsz1 andz2, then

‖Dh(z2)‖1/α ≤ ‖Dh(z1)‖ ≤ ‖Dh(z2)‖α,

whereα = exp(M`(h(γ ))) for a universalM > 0.

Proof. Let h ∈ F(T ), Qh = h−1(P 0), U = (Dom(h) \Qh) andz ∈ U . There exists an
H ∈ F such thatH |U = h andH is a covering map ontoV 0 \ P 0. Since the inclusion

ı : Dom(H) ↪→ (V 0 \ P 0)

is a contraction by the Schwarz lemma, we seeH expandsρ. SinceH |U = h we have
‖Dh(z)‖ > 1. More precisely, the Schwarz lemma states that iff : U → V is a
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holomorphic map between hyperbolic Riemann surfacesU,V ⊂ C then, withρU and
ρV denoting the hyperbolic metrics onU andV ,

|f ′(z)|ρV (f (z))

ρU (z)
≤ 1

with equality iff f is a covering map. WithU = Dom(H), V = V 0 \ P 0 andf = ı we
see thatρV (z) ≤ ρU(z) and hence

‖DH(z)‖ = |H
′(z)|ρV (h(z))

ρV (z)
≥ |H

′(z)|ρV (h(z))

ρU (z)
= 1,

where the last equality comes from the Schwarz lemma applied to the covering map
H : U → V . We rule out equality sinceV 6= U .

Now we estimate how muchh expandsρ. Apply Lemma 5.2 to the inclusionı : U ↪→
V to get the inequalities

C−1
2 (s) ≤ ‖DH(z)‖ ≤ C−1

1 (s),

wheres = d(z, V \ U). AssumeQh \ P 0 6= ∅. Then sinceC1 andC2 are increasing,

C−1
2 (s2) ≤ ‖DH(z)‖ ≤ C−1

1 (s1),

wheres1 = d(z,Qh ∪ ∂ Dom(h)) ≤ s ands2 = d(z,Qh) ≥ s.
To conclude, let us prove the last statement about the variation of expansion.

From [McM1 , Corollary 2.27] the variation in‖DH(z)‖ is controlled by the distance
betweenz1 and z2 measured in the hyperbolic metric onU . SinceH is a covering
map, this distance is bounded above by the length`(H(γ )) of H(γ ) measure onV . But
h(γ ) = H(γ ). 2

5.3.3. Repelling cycles inJ . Fix a forward towerT = {fn, gn} ∈ Tow0. For a point
z ∈ U0 we say a (possibly finite) sequence(z0, z1, z2, . . . ) is asub-orbitof z (in T ) if the
following conditions are satisfied:
• z0 = z;
• if zi ∈ V 0 \ U0 thenzi+1 is not defined;
• if zi = 0 thenzi+1 = 0;
• if zi ∈ Uh thenzi+1 = h(zi) for some local lifth ∈ T of gn;
• otherwisezi+1 = f0(zi).
Note that any sub-orbit ofz is a subset of orb(z) and orb(z) escapes iff there exists a
sub-orbitz0, . . . , zN such thatzN ∈ V 0 \ U0.

A point z ∈ U0 is calledperiodic (in T ) if there existsh ∈ F(T ), h 6= id, such that
h(z) = z. Equivalently,z 6= 0 is periodic iff there is anx ∈ orb(z) such thatz ∈ orb(x)

and a sub-orbitx0, x1 = h1(x), . . . , xN = hN(x) of x such thatx0 = xN andx0 6= xi for
0 < i < N . Themultiplier, λ, of the periodic orbit throughz is defined to beDhN(x).
The multiplier does not depend on the sub-orbit. A periodic orbit is calledsuperattracting,
attracting, repelling, neutralif λ satisfiesλ = 0, |λ| < 1, |λ| > 1, |λ| = 1, respectively.

LEMMA 5.4. Let T ∈ Tow0. The only non-repelling periodic orbits inT are the orbits
through the parabolic points offn for n ∈ SP .
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Proof. Let z0, . . . , zN be the periodic orbit. Since the only non-repelling periodic orbits in
P(T ) are the orbits through the parabolic points, we can assume the orbit is disjoint from
P(T ). By Proposition 5.3,

‖DhN (z)‖ > 1.

But then

|λ| = |DhN(z)| > 1

in the Euclidean metric as well. 2

For a given leveln ∈ SP let Bn be thecentral basinof leveln. A connected compact set
K ⊂ U0 is iterable if K ∩ ∂Bn = ∅ for all central basinsBn. Mimicking the definition of
sub-orbits of points, we say a (possibly finite) sequence of compact sets(K0,K1,K2, . . . )

is asub-orbitof K (in T ) if the following conditions are satisfied:
• K0 = K;
• all Ki are iterable except possibly the last one, if it exists;
• if Ki ⊂ Dom(h) thenKi+1 = h(Ki) for some local lifth ∈ T of gn;
• otherwiseKi+1 = f0(Ki).

Now that we have said what it means to iterate an iterable compact set, we can prove
the following proposition.

PROPOSITION5.5. SupposeT ∈ Tow0 and let y ∈ J (T ). The following are two
equivalent definitions of the Julia set:
(1) J (T ) = cl{z ∈ U0 : z is a repelling periodic point};
(2) J (T ) = cl{z ∈ U0 : z is a pre-image ofy}.
Proof. The proposition is well-known whenSP = ∅ (for example, [M1, Theorem 11.1]).
So assumeSP 6= ∅. Let us first prove that

J (T ) ⊂ cl{z ∈ U0 : z is a repelling periodic point}.
Let z ∈ ∂K(T ) and letW be a connected neighborhood ofz. Our claim is that there is

a repelling periodic orbit ofT in W . Since such orbits are dense inJ (f0) we can assume
W ⊂ int(K(f0)). Let K = W . We can form the sub-orbitKi = hi(K) from K until
the first moment whenKi is not iterable. Such a moment must exist since the orbit of
z ∈ K never escapes but the orbit of some other point inK does escape, by the definition
of K(T ).

Case 1.Suppose int(Ki) ∩ ∂Bn 6= ∅ for somen ∈ S. We follow the proof in [M1] of
Theorem 11.1. There is a open setW ′ ⊂ Ki and compositionh ∈ F defined onW ′ such
thath(W ′) ∩ J (f0) 6= ∅. There is then an open setW ′′ ⊂ h(W ′) and anN ≥ 0 such that
βf0 ∈ f N

0 (W ′′). Let z ∈ W be the pre-image ofβf0:

z = (f N
0 ◦ h ◦ hi)

−1(βf0).

Let W0 be a neighborhood ofβf0 on whichf0 is univalent. There exists anM > 0 such
thatz ∈ f M

0 (W0). Let z1 ∈ W0 be a pre-image ofz by f M
0 :

z1 = (f M
0 )−1(z).
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Sinceβf0 6∈ P 0 we can assume orb(z1)∩P 0 = ∅. Then a small enough neighborhoodW1

of z1 will map univalently under

f N
0 ◦ h ◦ hi ◦ f M

0

to a neighborhoodV of βf0. Pull W1 back byf0|W0 until it is contained inV . Say the

resulting domain isV1 = f
−N1
0 (W1). Then we have found a univalent map

f N
0 ◦ h ◦ hi ◦ f

N1+M
0

from V1 to V ⊃ V1. Moreover,f N1+M
0 (V1) ⊂ W . Hence there is a repelling periodic orbit

passing throughW .
Case 2.If Ki is not iterable becauseKi ∩ (V0 \ U0) 6= ∅, then by perhaps choosing a

smaller neighborhoodW and iteratingf0 more, we can assume that the moment whenKi

is not iterable is because int(Ki)∩∂Bn 6= ∅ for n = minSP and we can argue as in Case 1.
Case 3.Suppose int(Ki) ∩ ∂Bn = ∅ for somen ∈ SP but that∂Ki ∩ ∂Bn 6= ∅. Then

by choosing a slightly smaller neighborhoodW we can assumeKi is iterable and continue
iterating the sub-orbit. We claim this case can only happen a finite number of times. If
not then every timeKi is not iterableKi falls into this case. Then by choosing the slightly
smaller neighborhoods so that they all contain some definite neighborhoodW ′ of z we see
that the orbit ofW ′ is defined for all iterates. But this is impossible since thenW ′ never
escapes, contradicting the fact thatz ∈ ∂K(T ). Thus after a finite number of restrictions,
the non-iterable setKi must fall into the cases considered above. This finishes the claim
that

J (T ) ⊂ cl{z ∈ U0 : z is a repelling periodic point}.
Now let us prove the other containment. Letz ∈ K(T ) and letW be a connected

neighborhood ofz. SupposeW contains a repelling periodic pointz0. Again let K =
cl(W) and start forming the sub-orbitKi = hi(K) throughK. We claim that there is a
moment whenKi is not iterable, otherwise the mapshi form a normal family onW and that
contradicts the fact thatW contains a repelling periodic point. Thus there is a non-iterable
iterateKi .

Case 1.Just as Case 1 above, there is a open setW ′ ⊂ Ki and compositionh ∈ F(T )

defined onW ′ such thath(W ′)∩J (f0) 6= ∅. But then there is a point inh(W ′) that escapes
and thus there is a point inW that escapes as well.

Case 2.If Ki is not iterable becauseKi ∩ (V 0 \ U0) 6= ∅, then we have found a point
in W that escapes.

Case 3.Suppose int(Ki) ∩ ∂Bn = ∅ but that∂Ki ∩ ∂Bn 6= ∅. Then by choosing a
slightly smaller neighborhoodW that still contains the repelling periodic pointz0, we can
assumeKi is iterable and continue iterating the sub-orbit. We claim that this case can only
happen a finite number of times. If not then every timeKi is not iterableKi falls into
this case. Then by choosing the slightly smaller neighborhoods so that they all contain
some definite neighborhoodW ′ containingz0 we see that the orbit ofW ′ is defined for
all iterates. But this is impossible since the iterates ofW ′ cannot form a normal family.
Thus after a finite number of restrictions, the non-iterable setKi must fall into the cases
considered above. Thus we have proven the first statement of the proposition.
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To prove the second statement, notice that the argument proving the first also proves
that if y ∈ J (T ) then any point inU0 has a pre-image arbitrarily close toy. That is,

J (T ) ⊂ cl{z ∈ U0 : there is anh such thath(z) = y}.
The reverse inclusion follows from the fact thatJ (T ) is closed and backward invariant and
thaty ∈ J (T ). 2

5.3.4. Forward rigidity. In this section we prove the combinatorial rigidity of forward
towers. That is, the germ of the base map and the sequenceχn determine the germs of the
quadratic-like maps and transit maps uniquely.

PROPOSITION5.6. (Forward combinatorial rigidity)LetT = {fn, gn} andT ′ = {f ′n, gn}
be forward towers with real combinatorics and complex bounds. SupposeS(T ) =
S(T ′) = N, T is combinatorially equivalent toT ′ and [f0] = [f ′0]. ThenT is equal
to T ′ onK(T ).

The proof involves constructing families of generalized quadratic-like maps, which we
discuss first.

Let (f : ∪jUj → V, h) be a proper holomorphic family of generalized quadratic-
like maps overλ ∈ D with winding number 1. Assumef is not a DH-family and let
Tλ = T (fλ,∪j 6=0Uj(fλ)). Let ∗ ∈ D be the base point of the family and suppose
0 ∈ Dom(T∗). Let D′ ⊂ D be the connected component ofX∗ = {λ : 0 ∈ Dom(Tλ)}
containing∗. Let g∗ be a restriction ofT (f∗,∪j 6=0Uj (f∗)) so thatg∗ ∈ L. One can pull
back the motionh to a holomorphic motionh′ of ∂ Dom(g∗) defined overD′.

LEMMA 5.7. Let (f : ∪jUj → Vj , h) be a proper generalized quadratic-like family over
D with winding number 1. Let∗ ∈ D be the basepoint and letg∗ be the first through
mapT (f∗,∪j 6=0Uj (f∗)) restricted to finitely many components. Supposeg∗ ∈ L. Then
the connected componentD′ of X∗ containing∗ is a Jordan disk and the family of first
through maps(g, h′) overD′ is proper and has winding number 1.

Note that when(Aλ, 0λ) is a continuous family of markings off thenD′ is uniquely
specified by the induced marking ong∗ and the through-type homomorphism ofg∗.

Now supposef ∈ L satisfies

f0 = f |U0(f ) ∈ I−1(1/4).

We keep the setup from §4.3 as follows. Letξ = βf0. Choose incoming and outgoing
petalsD± around the parabolic pointξ and letC± denote the respectivèEcalle–Voronin
cylinders andπ± the projections withπ+ extended toB = int(K(f0)). For a given
g : C+ → C− let L be the first landing map underF(f0, g) to ∪j 6=0Uj(f ).

The goal is to construct a family inL by varying the transit mapg : C+ → C−. Let
X ⊂ C/Z be the set of phasesā such that forg = gā,

0 ∈ Dom(L).

It is clear thatX is a countable pairwise disjoint collection of Jordan disks. Choose a
connected componentD of X and fix∗ ∈ D and a restrictionT∗ of T (f, g∗,∪j 6=0Uj(f ))
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to finitely many components of Dom(T ) such thatT∗ ∈ L. The holomorphic motionh
of (∂ Dom(T∗), ∂ Range(T∗)) is the pull-back of the identity motion on∂ Range(T∗) =
∂ Range(f ).

LEMMA 5.8. For any connected componentD of X, the family(T, h) overD is a proper
generalized quadratic-like family with winding number 1.

We are now able to prove Proposition 5.6.

Proof. If SP = ∅ then the result is a restatement of Theorem 2.5. So supposeSP 6= ∅ and
let n = minSP . Then since[f0] = [f ′0] it follows that

[fn|U0(fn)] = [f ′n|U0(f
′
n)].

Hence théEcalle–Voronin cylinders of leveln are equal:C± = C ′±. We claim thatgn = g′n.
In what follows we have implicitly fixed a pair of Fatou coordinates for leveln. Also, by
intersecting initial Yoccoz partitions and passing to towers equal onK(T ) andK(T ′) we
can assume that

fn = f ′n.
For eachā ∈ C/Z let Lā be the first landing map ofF(fn, gā) to ∪j 6=0Uj(fn) and let

X = {ā : 0 ∈ Dom(Lā)}.
Let L = L(fn, gn) and let U0 = U0(L). Similarly, let L′ = L(fn, g

′
n) and let

U ′0 = U0(L
′). Let ā0 be the phase ofgn and let ā′0 be the phase ofg′n. Let D ⊂ X

andD′ ⊂ X be the connected components ofX containingā0 andā′0, respectively. First
we claimD = D′.

SinceT andT ′ are combinatorially equivalent the through-type homomorphisms are
equal:χn = χ ′n. Let χn(U0) = U1 and letχ ′n(U ′0) = U ′1. Also, since[f0] = [f ′0] we know
K(f0) = K(f ′0). Let K = K(f0). Sinceχk = χ ′k for k = 0, . . . , n we know

K ∩ U1 = K ∩ U ′1.

Let K̃ = K ∩U1. SinceL(0) ∈ K̃ andL′(0) ∈ K̃ it follows thatā0 andā′0 are in the same
connected component ofX. HenceD = D′.

Let (T, h) be the holomorphic family overD constructed in Lemma 5.8 such that

Tā0 = fn+1, Tā′0 = f ′n+1.

Note that(T, h) is a proper generalized quadratic-like family over the Jordan diskD with
winding number 1. The base point can be chosen as eitherā0 or ā′0. Let (fn+1, hn+1) =
(T, h) and supposen+ 1 6∈ SQ ∪ QP . That is, suppose leveln + 1 satisfies condition
(T3) or (T4) in the definition of towers. If leveln + 1 satisfies (T3) then let(fn+2, hn+2)

be the family of first return maps from Lemma 2.13 such thatfn+2,ā0 = fn+2. This
family is a proper family with winding number 1. If leveln + 1 satisfies (T4) then let
(fn+2, hn+2) be the family of first through maps from Lemma 5.7 such thatfn+2,ā0 = fn+2.
Again, this family is a proper family with winding number 1. In either case, letDn+2 be
the parameter domain for(fn+2, hn+2). Inductively construct families(fk, hk) for levels
k = n+ 2, n+ 3, . . . ,m, where

m = inf{m′ ∈ SP ∪ SQ : m′ > n}.
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Sinceχk = χ ′k for k = n + 2, n + 3, . . . ,m we see(fk, hk) are also the families of first
return and first through maps forf ′k with base point̄a′0.

Now consider the DH quadratic-like families(fm, hm) restricted to the central domain,
denoted byF. From Theorem 2.12 the set

M = {ā ∈ Dm : J (Fā) is connected}
is homeomorphic to the Mandelbrot setM. It follows thatā0, ā

′
0 ∈ M . Now we claim that

ā0 = ā′0.
If Fā0 has a parabolic orbit then clearlyā0 = ā′0 from the rigidity of parabolic parameter

values. OtherwiseFā0 is infinitely renormalizable with real combinatorics and complex
bounds and so by Theorem 2.5 we seeā0 = ā′0.

Now by induction onn ∈ SP we seegn = g′n and[fm] = [f ′m] for m = succ(n). Hence
K(T ) = K(T ′) andT is equal toT ′. 2

In fact, by examining the above proof we see the only use of complex bounds was for
Theorem 2.5. Thus the above proof also yields the slightly stronger result as follows.

PROPOSITION5.9. Let T = {fn, gn} and T ′ = {f ′n, gn} be forward towers with real
combinatorics. SupposeS(T ) = S(T ′) = N, T is combinatorially equivalent toT ′ and
[f0] = [f ′0]. Suppose in addition thatsupSP = ∞. ThenT is equal toT ′ onK(T ).

Combining rigidity with straightening we have the following.

COROLLARY 5.10. Any two combinatorially equivalent forward towersT ,T ′ ∈ Tow0

with real combinatorics and complex bounds are hybrid equivalent.

Proof. StraightenT andT ′ to towersT1 andT2 with quadratic base maps. SinceT1 and
T2 are combinatorially equivalent it follows from Theorem 2.5 and the uniqueness of root
points that the base maps have the same germ at 0. Hence by Proposition 5.6,T1 andT2

are hybrid equivalent. 2

5.3.5. Compactness. The goal in this section is to prove Proposition 5.16. To do so we
will need several lemmas about the geometry of first return and first through maps.

First we control the geometry of levels satisfying condition (T2) of a tower.

LEMMA 5.11. ([L3]) Let m > 0. Let f ∈ I−1(M) ∩ Q(m) for some maximal, real
M-copyM 6= Mσ (2)

and letV 0 be the initial return domain w.r.t. some initial Yoccoz
partition. Letg be a restriction ofR(f, V 0) to finitely many components ofDom(R) so
that g ∈ L. Suppose there isn > 0 so that the return time of anyz ∈ Dom(g) to V 0 is
bounded above byn. Then there are functionsC1 > 0 andC2 > 0, depending only onm
andn, such thatgeo(g) ≥ C1 and(diamK(g))/(diamK(f )) ≥ C2.

Next we control the geometry of levels satisfying condition (T3).

LEMMA 5.12. Let r ∈ N, m > 0, λ > 0. Supposef ∈ L(m) andgeo(f ) ≥ λ. Consider
the first return mapR = R(f,U0(f )) and suppose0 ∈ Dom(R). Leth beR restricted to
finitely many components so thath ∈ L. Suppose

sup
z∈Dom(h)

n+(z) ≤ r.
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Then there existsC1 > 0 andC2 > 0, depending only onm, λ andr such thatgeo(h) ≥ C1

and(diamK(h))/(diamK(f )) ≥ C2.

Proof. Assume diamK(f ) = 1. If Dom(f ) has one connected component thenK(h) =
K(f ), so assume Dom(f ) has more that one connected component. Then from Lemma 2.8
we know f is ranging in a compact setX(m, λ). Let X(m, λ, r) be the subset of
f ∈ X(m, λ) such that ifR = R(f,U0(f )) then 0∈ Dom(R) andn+(0) ≤ r. Since
X(m, λ, r) is closed it is also compact.

Let Y ⊂ L denote the seth of restrictions ofR(f,U0(f )), f ∈ X(m, λ, r) such that

sup
z∈Dom(h)

n+(z) ≤ r.

Then Y is compact sinceX(m, λ, r) is compact and sinceY consists of finitely many
connected components and within each componenth depends continuously onf . Since
the geometry function geo(h) is continuous it follows that geo(h) ≥ C1, whereC1 depends
only onm, λ andr.

The second statement follows similarly from the continuity of the function
diamK(h). 2

The following lemma controls the geometry of restrictions of first through maps where
the landing time is bounded above. The proof is a minor modification to the proof of the
lemma above, and we omit it.

LEMMA 5.13. Let r ∈ N, m > 0, λ > 0. Supposef ∈ L(m) andgeo(f ) ≥ λ. Consider
the first through mapT = T (f,∪j 6=0Uj(f )) and suppose0 ∈ Dom(T ). Let h be T

restricted to finitely many components so thath ∈ L. Suppose

sup
z∈Dom(h)

n0(z) ≤ r.

Then there existsC1 > 0 andC2 > 0, depending only onm, λ andr such thatgeo(h) ≥ C1

and(diamK(h))/(diamK(f )) ≥ C2.

Let us now turn to those levels satisfying (T4) with long saddle-node cascades. Letm > 0
and let

X = {f ∈ Q(m) : f ∈ I−1(1/4) and diamK(f ) = 1}.
Then X is compact (in the Carath´eodory topology). For eachf ∈ X choose a
neighborhoodN 3 βf on whichf is a diffeomorphism and letN1, . . . ,Nk be a finite
cover ofX by the neighborhoods from Theorem 2.15. By rescaling we can extend the
neighborhoodsNi to be a finite cover of{f ∈ Q(m) : f ∈ I−1(1/4)}. Note that
the coordinates do not necessarily agree on the overlapsNi ∩ Nj . Now if (f,A,0) ∈
MLR(m) has a long enough saddle-node cascade then by Lemma 4.1 it follows that
f ∈ (Ni ∩ P1) for some 1≤ i ≤ k. That is, there is a functioǹm such that if̀ (f ) ≥ `m

thenf ∈ (Ni ∩ P1) for somei. We can use the perturbed Fatou coordinates to control the
geometry of a first through map as follows.

LEMMA 5.14. Let λ > 0, m > 0 andB ∈ N. Suppose(f,A,0) ∈ MLR(m) satisfies
geo(f ) ≥ λ and `(f ) ≥ `m. Let (g,Ag, 0g) ∈ MLR be the first through mapT of
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f restricted to finitely many components such that the combinatorics ofg is essentially
bounded byB. Then there existsC1 > 0 andC2 > 0, depending only onλ, m, andB, such
thatgeo(g) ≥ C1 and(diamK(g))/(diamK(f )) ≥ C2.

Proof. Let us prove the first statement. Supposef ∈ Ni . All statements that depend
on Fatou coordinates implicitly use the coordinates from the neighborhoodNi . Let
c1 = f r1(0) be the first moment when the orbit of 0 lands inSf,+. We can assumer1

is uniform over the neighborhoodNi . Thenc1 lies in a compact subset ofCf
+. Let gf

be the induced transit map off and letc2 = gf (c1). Sincef n(c2) ∈ ∪j 6=0Uj for some

n ≤ B, it follows thatc2 lies in a compact subset ofCf
−. Hence the phasēaf , measured in

the coordinates fromNi , lies in a pre-compact subset ofC/Z. Now it is easy to modify the
proof of Lemma 5.12 to finish the proof:(f, g) is ranging in a pre-compact subset and so
the setY of restrictions with combinatorics essentially bounded byB is pre-compact. 2

Finally, we bound the geometry on levels that satisfy (T5). The proof is a minor
modification of the above lemma.

LEMMA 5.15. Let λ > 0, m > 0 andB ∈ N. Suppose(f,A,0) ∈ MLR(m) satisfies
geo(f ) ≥ λ and

f0 = f |U0(f ) ∈ I−1(1/4).

Letg : C+ → C− be a combinatorially real transit map off0. Let(h,Ah, 0h) ∈MLR be
the first through mapT (f, g,∪j 6=0Uj (f )) restricted to finitely many components such that
the combinatorics ofh is essentially bounded byB. Then there existC1 > 0 andC2 > 0,
depending only onλ, m, andB, such thatgeo(h) ≥ C1 and(diamK(h))/(diamK(f )) ≥
C2.

We are now able to prove the main proposition of this section.

PROPOSITION5.16. For any m > 0 and B ∈ N the set of normalized towersT ∈
Tow0(m,B) is compact.

Proof. Let T = {fn, gn} be a tower in Tow0(m,B). First we claim the geometry offn is
uniformly bounded. Indeed, the following table gives the appropriate lemma for each type
of level:

Level Lemma

(T1) [McM2 , Proposition 4.13]
(T2) Lemma 5.11
(T3) Lemma 5.12
(T4) Lemmas 5.13 and 5.14
(T5) Lemma 5.15

That is, there existC1 > 0 andC2 > 0, depending only onm andB such that

geo(fn) ≥ C1
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and
diamK(fn)

diamK(fn−1)
≥ C2.

Let Tk = {fk,n, gk,n} be a sequence in Tow0(m,B). From the geometry bounds above
and from Lemma 2.8 we can select a subsequenceTmk so thatfmk,n converges on all
levelsn ∈ S to some generalized quadratic-like mapsfn. Let SP ⊂ S be the levels with
fn|Un

0
∈ I−1(1/4). As in the proof of Lemma 5.14 we can choose a further subsequence

so that the transit maps on each leveln ∈ SP converge. It is clear the limiting collection of
maps will form a tower. 2

5.3.6. Continuity ofP .

LEMMA 5.17. Let m > 0, B ∈ N and T ∈ Tow0(m,B). ThendiamK(fn) → 0 as
n→∞.

Proof. We can assume that there is an infinite number of levelsn → ∞ wherefn is not
immediately renormalizable, otherwiseT is eventually a McMullen tower with period-
doubling combinatorics and the result follows. Choose a subsequence of levelsnk → ∞
so thatfnk has at least one off-critical piece.

Suppose by contradiction that diamK(fnk ) ≥ ε > 0. Let∪jUk,j = Dom(fnk ) and
Kk,j = K(fnk ) ∩ Uk,j . We may assumeKk+1,j ⊂ Kk,0 by selecting levels of first return.

Then since geo(fnk ) ≥ C(m,B) > 0 and mod(Kk,j , Uk,j ) ≥ m it follows thatUk,j

contains a definite neighborhood ofKk,j . Hence there is eventually somej1, j2 6= 0 and
k2 > k1 with Kk2,j2 ∩ Uk1,j1 6= ∅. But this is a contradiction sinceKk2,j2 ⊂ Kk1,0 and
Kk1,0 ∩ Uk1,j1 = ∅. 2

PROPOSITION5.18. ([McM2 , Corollary 5.12])Let m > 0 and B ∈ N. Then the
postcritical setP(T ) varies continuously withT ∈ Tow0(m,B).

Proof. Let Tm be a sequence of towers in Tow0(m,B) converging to a towerT . If
z ∈ orb(T , 0) thend(z, P (Tm))→ 0 asm→∞ sinceF(T ) is contained in any geometric
limit of Tm. HenceP(T ) ⊂ lim infm P(Tm). We must show lim supm P(Tm) ⊂ P(T ).

Forn ∈ SQ let Kn(0) = K(fn) and letKn(i) enumerate the orbit ofK(fn) by T . That
is,

∪iKn(i) = {h(z) : z ∈ K(fn), h ∈ F(T )}.
Let δn = supi diamKn(i). The arguments proving diamKn(0) → 0 can be adapted to
proveδn→ 0. Letε > 0 and letN be large enough so thatδN < ε. Let

∪iKm,n(i) = {h(z) : z ∈ K(fm,n), h ∈ F(Tm)}.
SinceTm → T it follows that for m > N large enough∪iKm,n(i) is contained in an
ε-neighborhood of∪iKn(i). HenceP(Tm) is contained in a 2ε-neighborhood ofP(T ). 2

5.3.7. Definite expansion. The following corollary can be used to control the expansion
of the hyperbolic metric on one level with bounds from a deeper level. For a given tower
T and leveln ∈ SQ we will use the notationρn, ‖ · ‖n, dn(·, ·) and `n(·) to denote
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the hyperbolic metric, norm, distance and length onV n \ Pn, where recallPn is the
post-critical set ofT restricted to levelsm ≥ n. That is, for anym ∈ S recall that
Fm = 〈{fm} ∪ {gn : n ≥ m}〉 andPm = orb(Fm, 0). Recall that we sayT is unbranched
iff

Pn = P 0 ∩ V n

for all n ∈ S.

COROLLARY 5.19. Let m > 0 and B ∈ N. Let T ∈ Tow0(m,B) be an unbranched
forward tower. Supposen ∈ SQ is a level such thatV n ⊂ V 0. Let h ∈ Fn and let
Qn

h = h−1(P n). Then if(Qn
h \ Pn) 6= ∅ andz ∈ Dom(h) \Qn

h,

C−1
2 (s2) ≤ ‖Dh(z)‖,

wheres2 = dn(z,Q
n
h).

Proof. SinceV n ⊂ V 0 andPn = P 0 ∩ V n we see that

(V n \ Pn) ⊂ (V 0 \ P 0)

and so

d0(z,Q
n
h) ≤ dn(z,Q

n
h).

Since the functionC2 in Proposition 5.3 is increasing,

C−1
2 (dn(z,Q

n
h)) ≤ C−1

2 (d0(z,Q
n
h)). (7)

Then from Range(h) ⊂ V n andV n ∩ P 0 = Pn we see that

h−1(P n) = h−1(P 0).

Sinceh ∈ F(T ) it follows from Proposition 5.3 that

C−1
2 (d0(z,Q

n
h)) ≤ ‖Dh(z)‖0. (8)

The lemma follows from equations (7) and (8). 2

In order to apply this corollary we need to get a bound ons2 = dn(z,Q
n
h). This is done

by compactness. For anym > 0, C < ∞, K < ∞ andB ∈ N let Tow0(m,B,C,K)

be the set of towersT = {fn, gn} in Tow0(m,B,C) where allU ∈ CC(Un) andV n are
K-quasidisks for alln ∈ S.

LEMMA 5.20. Let m > 0, C < ∞, K < ∞ andB ∈ N. Let T ∈ Tow0(m,B,C,K),
n ∈ SQ andz ∈ f−1

n (V n \ Un). Then there exists aC1 <∞ depending only onm, C, K

andB such thatdn(z,Q
n
fn

) ≤ C1.

Proof. By shifting leveln to level 0 and restricting to a subtower we can assumen = 0.
SinceV 0 andU0 areK-quasidisks, the set

W0 = f−1
0 (V 0 \ U0)
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varies continuously withT ∈ Tow0(m,B,C,K). SinceP(T ) varies continuously the
hyperbolic metricρ and the setQ0

f0
vary continuously. Therefore the functionF on

Tow0(m,B,C,K) given by

F(T ) = sup
z∈W0

d(z,Q0
f0

)

is continuous. Since Tow0(m,B,C,K) is compact by Lemma 5.16, there is aC1 such that
F(T ) ≤ C1. 2

5.3.8. The interior ofK. An infinitely renormalizable quadratic-like mapf ∈ Q∞
R

has
a filled Julia set with empty interior. The same statement holds for forward towers.

PROPOSITION5.21. For any unbranchedT ∈ Tow0(m,B,C,K),

int(K(T )) = ∅.

The proof of Proposition 5.21 is broken into Propositions 5.25 and 5.26 and will occupy
the rest of this section.

Fix an unbranched towerT ∈ Tow0(m,B,C,K). Suppose by contradiction that

O = CC(int(K(T )))

is non-empty. LetU ∈ O and z ∈ U . Let K ⊂ U be a compact and connected
neighborhood ofz. Recall thatBn are the central basins ofT . Since∂Bn ⊂ J (T ) for
all n ∈ SP it follows thatK is iterable. SinceJ (T ) is backward invariant we see that all
the iterates ofK are iterable as well. Thus the orbit ofK is well defined and contains the
orbit of z and so, lettingK range over larger and larger compact subset ofU , we can define
the orbit ofU , orb(U), to be components containing the orbit ofK.

A componentU ∈ O is calledperiodic if U ′ ∈ orb(U) implies U ∈ orb(U ′). A
componentU ∈ O is calledpre-periodicif U is not itself periodic but there is a periodic
component in orb(U).

The classification of periodic components is based on the following classical
propositions (see, for example, [L1, M1 ]).

PROPOSITION5.22. Let h : U → U be an analytic transform of a hyperbolic Riemann
surfaceU . The we have one of the following possibilities:

(1) h has an attracting or superattracting fixed point inU to which all orbits converge;
(2) all orbits tend to infinity;
(3) h is conformally conjugate to an irrational rotation of the disk, the punctured disk or

an annulus;
(4) h is a conformal homeomorphism of finite order.

PROPOSITION5.23. Let U be a hyperbolic domain on the sphere and leth : U → U be
an analytic transform continuous up to the boundary. Suppose that the set of fixed points
of h on ∂U is totally disconnected. Then in case (2) of Proposition 5.22 there is a fixed
pointα ∈ ∂U such thathm(z)→ α for everyz ∈ U .
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E
U+∞

V+∞

g

U−∞
E

V−∞

FIGURE 12. A blow-up of the Julia set off0 = z2 + 1/4 with pre-images byf0, g andE highlighting the sets
U±∞ andV±∞.

The following lemma is useful for controlling the dynamics near the ends of theÈcalle–
Voronin cylinders. Letf ∈ I−1(1/4) and choose petalsD±. For anyz ∈ D+ ∩D− define
theÈcalle–Voronin transformationE by

E(π−(z)) = π+(z).

One can show thatE extends holomorphically to the two ends ofC− by using the Fatou
coordinates and the standard isomorphismπ(z) = exp(2πiz) of C/Z toC \ 0.

LEMMA 5.24. Suppose thatf0 ∈ I−1(1/4) andg : C+ → C− is a transit map such that
the critical point off0 escapesK(f0) under iterates off0 and local lifts ofg. Then

|(g ◦ E)′(±∞)| > 1.

Proof. We will prove the lemma with the critical point escaping after just one iterate of
a local lift of g. Assume the critical point off is at the origin. LetR = g ◦ E and
J− = π−(J (f0)). Let V±∞ denote the connected components of(C− \ J−) ∪ {±∞}
containing±∞ and letU±∞ = g−1(V±∞) (see Figure 12).

Note thatE can be extended toV±∞ as a branched cover. The set of critical points is
the backward orbit of 0 and the only critical value isπ+(0).
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Sinceπ+(0) 6∈ U±∞ and eachU±∞ is simply connected there is a branch ofE−1

defined onU±∞ preserving±∞. ComposingE−1 ◦ g−1 we have constructed a branch
of R−1 which maps eachV±∞ inside itself and fixes±∞. In fact, sinceE−1(U±∞) ⊂
π−(int K(f0)) it follows that R−1 mapsV±∞ strictly inside itself. The lemma follows
from the Schwarz lemma. 2

We can now prove the following.

PROPOSITION5.25. NoU ∈ O is periodic or pre-periodic.

Proof. SupposeU ∈ O is a periodic component. Suppose cl(U) is iterable and all iterates
of cl(U) are iterable. Then sinceU is periodic there exists a univalent maph ∈ F(T )

defined on a neighborhood of cl(U) such thath(cl(U)) = cl(U). Let us examine the
possibilities from Proposition 5.22.

Since cl(U) is disjoint fromP(T ), Lemma 5.4 implies any periodic point in cl(U)

must be repelling. Thus there cannot be a superattracting or attracting orbit. Suppose all
iterates tend to∂U . Now the set of points on∂U fixed byh are isolated, since otherwiseh
would be the identity on an open set and that would contradict Proposition 5.3. Applying
Proposition 5.23 again contradicts Lemma 5.4.

The other possibilities in Proposition 5.22 are ruled out becauseh expands the
hyperbolic metric onU0 \ P 0 and any map conjugate to a rotation will have high iterates
arbitrarily close to the identity.

Now suppose there is a componentU ′ from orb(U) such that cl(U ′) is not iterable.
To simplify the exposition we will assumeT is a real-symmetric tower. SinceU is
periodic we may assumeU = U ′. SinceU ⊂ K(f0) there must be ann ∈ SP such
that cl(U)∩ ∂(Bn) 6= ∅. SinceU ∩ J (T ) = ∅ it follows thatU ⊂ Bn and ifn′ ∈ SP is the
next parabolic level aftern then cl(U) ∩ Bn′ = ∅.

Let K = cl(U), f = fn|Un
0

andξ = β(f ). SinceBn and∂Bn are invariant byf , it

follows thatKk = f k(K) ⊂ cl(Bn) \ Bn′ and∂Kk ∩ ∂Bn 6= ∅ for all k ≥ 0. Let

B = CC(Bn \ (∪∞k≥0f
−k(R)))

be the collection of components of the partition pictured in Figure 13.
First we claim thatU ∩R = ∅. Letn′ ∈ SQ be the largest quadratic-like level beforen.

Let Bn′′ be the central basin of the first leveln′′ ∈ SP aftern′. Then thefn′ pre-images of
Bn′′ cover a dense subset ofR ∩ K(Fn′). It follows that the pre-images byF(T ) cover a
dense subset ofR ∩ Bn and accumulate atξ . Since∂Bn′′ ⊂ J (T ) the claim is established.
SinceU is periodic underT , we can assumeU ⊂ A, whereA ∈ B satisfiesξ ∈ ∂A.
Without loss of generality assume thatA ⊂ H.

Let γ = ∂A. Let

γ1 =
⋃
g̃n

g̃−1
n (γ ).

Sincegn is a real translation,γ1 ⊂ H. Let

γ2 =
⋃
k≥0

(f−1)k(γ1),
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FIGURE 13. The tiling ofBn.

γ

γ
1

γ
2

FIGURE 14. The curvesγ , γ1 andγ2.

where the branch off−1 is chosen so thatf−1(H ∩ Bn) ⊂ H ∩ Bn (see Figure 14). It
follows thatU is contained in the domainA1 bounded byγ2. Continue this process. That
is, the pre-image ofγ2 by g̃n is contained inA1 and pulling back byf−1 we see thatU is
contained in a domainA2 ⊂ A1. By Lemma 5.24,

∞⋂
m≥1

Am = ∅

and so a non-iterable periodic componentU cannot exist. 2

A componentU ∈ O that is neither periodic nor pre-periodic is calledwandering.

PROPOSITION5.26. NoU ∈ O is wandering.

Proof. SupposeU ∈ O is wandering. LetK ⊂ U be compact and connected. ThenK is
iterable and all iterates ofK are iterable. Fix az ∈ int(K). Since each maph from the
orbit of K is defined on a neighborhood ofK and sinceQh = h−1(P (T )) ⊂ J (T ), it
follows from Proposition 5.3 that

sup
h

‖Dh(z)‖ <∞. (9)

Suppose there is anε > 0 such that there are an infinite number of iterateshn satisfying

d(hn(z), P (T )) > ε,
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where the distance is just the Euclidean distance. Order thehn to match the ordering on
the orbit. That is, ifn < m thenhm(z) ∈ orb(hn(z)). Since eachhn(z) lies in a compact
subset of the hyperbolic surfaceV 0 \ P(T ),

d(hn(z),Qf0) ≤ C(ε),

for some functionC(ε), and so from Proposition 5.3,

‖Df0(hn(z))‖ ≥ C > 1. (10)

But then

‖Dhn+1(z)‖ ≥ ‖D(f0 ◦ hn)(z)‖ = ‖Df0(hn(z))‖ · ‖Dhn(z)‖ ≥ C‖Dhn(z)‖ (11)

which asn→∞ contradicts equation (9).
So we can assume

lim sup
h

d(h(z), P (T )) = 0.

Let Tn = T |Sn be the restriction ofT to levelsm ≥ n. LetKn be the collection of little
filled Julia setsKn = orb(T ,K(Tn)).

From Lemma 5.24 we see that orb(z) must accumulate on somez′ 6∈ ξ0, whereξ0

is the parabolic orbit off0. But thenz′ is contained in a little filled Julia set inK1. By
iterating forward we can assumez′ ∈ K(T1). It follows that there is ay1 ∈ orb(z) such that
y1 ∈ K(T1). Again there is an accumulation point orb(y1) disjoint fromξ1, the parabolic
orbit of f1, and, repeating the whole argument inductively, there is a sequence of iterates
yn ∈ K(Tn).

Eachyn has a momentxn ∈ orb(z) when orb(z) enters the collection of little filled Julia
setsKn. Once orb(z) entersKn it never leaves. It can happen that differentyn have the
same momentxn. However, since ⋂

n≥0

K(Tn) = {0}

there must be an infinite number of distinct entry momentsxni .
Let zn ∈ orb(z) satisfyf0(zn) = xn. Thus the relation between the pointsz, xn, yn and

zn is given byzn ∈ orb(z), xn = f0(zn) is the time orb(z) entersKn andyn ∈ orb(xn) is
the first timexn entersK(Tn). We claim that

d(zn,Qf0) ≤ C′.
Let K ′n be the component off−1

0 (Kn) \ Kn containingzn. The setK ′n is called a
companionfilled Julia set of leveln. SinceQf0 ∩K ′n 6= ∅, it is enough to show that

diamρ(K ′n) ≤ C′.
Consider the setsU ′n andV ′n containingK ′n which are pull-backs ofUn andV n by the
map sendingzn to yn. By the unbranched property this pull-back is univalent. Since
mod(V n,Un) ≥ m, we have mod(V ′n, U ′n) ≥ m and so, from [McM1 , Theorem 2.4], the
diameterDn of U ′n in the hyperbolic metric onV ′n is bounded. ButV ′n ⊂ (V 0 \ P 0). Thus

diamρ(K ′n) ≤ diamρ(U ′n) ≤ Dn ≤ C

and the claim is established.
But then equations (10) and (11) hold along the sequencezni = hni (z), and we again

get a contradiction to (9). 2
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5.3.9. No invariant line fields. A line field is a measurable Beltrami differentialµ =
u(z) dz̄/dz with |u(z)| = 1 on a set of positive measure and|u(z)| = 0 otherwise. A
line field is invariant underT iff for every h ∈ T , Dh maps the line atx to the line at
h(x) for almost everyx ∈ Dom(h). Using Propositions 5.5 and 5.21 we can rephrase
Proposition 5.6 in terms of invariant line fields.

Before doing so, we need the following.

LEMMA 5.27. ([L1]) Let T ∈ Tow0. The groupG of homeomorphisms ofJ (T ) that
commute with all mapsh ∈ T is totally disconnected.

Proof. Let φ ∈ G be a map in the connected component of the identity. Supposez0 is
a repelling periodic point withh(z0) = z0 for someh ∈ F(T ). Since the solutions to
h(z) = z are isolated,φ must fixz0. The lemma follows from density of repelling cycles
(Proposition 5.5). 2

We now prove the following version of forward tower rigidity.

PROPOSITION5.28. (No line fields for forward towers)LetT be an unbranched tower in
Tow0(m,B,C,K) and letµ be a line field invariant underT . Thenµ|K(T ) = 0 a.e.

Proof. By Proposition 5.1 it suffices to consider a forward towerT having a base map
of the formz2 + c0. From Proposition 5.21 we know thatK(T ) = J (T ). Suppose by
contradiction thatT did admit an invariant line field

µ = u(z) dz̄/dz

supported onJ (T ). For anyw ∈ D consider the invariant Beltrami differential

µw = w · u(z) dz̄/dz

on Ĉ. Let φw be a solution to the corresponding Beltrami equation normalized so that the
map

fw,0 = φw ◦ f0 ◦ φ−1
w

is again a rational map of the formz2+ cw for somecw ∈ C. LetTw be the tower

Tw = {φw ◦ h ◦ φ−1
w : h ∈ T }.

From Proposition 2.5 and the uniqueness of root points,cw = c0 for all w ∈ D.
Proposition 5.6 impliesfw,n = fn for all n ∈ S andgw,n = gn for all n ∈ SC andw ∈ D.
Soφw is a holomorphic family of quasi-conformal maps withφ0 = id andφw mapping
J (T ) homeomorphically to itself commuting with the dynamics ofT . From Lemma 5.27,
φw|J (T ) = id. But then the complex dilatation ofφw is zero at all points of Lebesgue
density ofJ (T ) and soµ is not supported onJ (T ), a contradiction. 2

5.4. Bi-infinite towers. In this section we move from studying properties of forward
towers to studying bi-infinite towers. The plan of attack again follows [McM2 ] and the goal
is to prove combinatorial rigidity of bi-infinite towers with bounds. The idea behind the
proof, namely to blow up a non-trivial deformation to obtain a contradiction, was pioneered
by Mostow and Sullivan in the theory of Kleinian groups.
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Let Tow∞ = {T ∈ Tow : S(T ) = Z} denote the set of bi-infinite towers in Tow and
let Tow∞(m,B) denote the set of combinatorially real bi-infinite towersT = {fn, gn}
with modfn ≥ m and essential combinatorics bounded byB. Let Tow∞(m,B,C,K) ⊂
Tow∞(m,B) be the unbranched towers with diamV n ≤ C diamK(fn) and eachU ∈
CC(Dom(fn)) and Range(fn) K-quasidisks. For a given bi-infinite towerT define the
post-critical set as

P(T ) = ∪n≤0P(Fn).

We say two bi-infinite towersT andT ′ areequal if Tn is equal toT ′n on K(Tn) for all
n ∈ Z and we sayT andT ′ with S(T ) = S(T ′) arequasi-conformally equivalentif there
is a quasi-conformal mapφ and anε > 0 such that:
(1) φ is a quasi-conformal conjugacy offn andf ′n on anε-scaled neighborhoodofK(fn)

to a neighborhood ofK(f ′n) for all n ∈ S;
(2) φ induces a quasi-conformal conjugacy of the transit mapsgn andg′n for n ∈ SP .

The following are straightforward generalizations of Lemma 5.17 and Proposition 5.16.

LEMMA 5.29. Let m > 0, B ∈ N andT ∈ Tow∞(m,B). ThendiamK(fn) → ∞ as
n→−∞.

PROPOSITION5.30. For anym > 0, C <∞, K <∞ andB ∈ N the space of normalized
towersT ∈ Tow(m,B,C,K) is compact.

GivenT ∈ Tow∞(m,B,C,K) defineSN ⊂ SQ as follows. LetSN ,0 = {0}. Then
inductively letSN ,n+1 = SN ,n ∪ {mn+1}, where

mn+1 = max{m ∈ SQ : m < k = minSN ,n, U
m ⊃ V k}.

DefineSN = ∪n→∞SN ,n. That is,SN is the minimal set of nested levels approaching
−∞ and starting at 0. From Lemma 5.29 we see thatSN is unbounded below. Define the
depth ofz 6= 0 by

depth(z) = max{m ∈ SN : z ∈ Um}.
For a pointz ∈ C we say a (possibly finite) sequence(z0, z1, z2, . . . ) is asub-orbitof z (in
T ) if the following conditions are satisfied:
• z0 = z;
• if zi = 0 thenzi+1 = 0;
• if zi ∈ Dom(g̃n) thenzi+1 = g̃n(zi) for some local lift̃gn ∈ T ;
• otherwisezi+1 = fdepth(zi )(zi ).

Let ρ−∞ be the hyperbolic metric onC\P(T ) and as in §5.3.2 letρn be the hyperbolic
metric onV n \ Pn. From Lemma 5.29 and the unbranched property the metricsρn,
for T ∈ Tow∞(m,B,C,K), converge uniformly on compact sets toρ−∞. Using the
expansion from §5.3.2, we now prove the following.

THEOREM 1.1. For anyT ∈ Tow−∞(m,B,C,K),

lim
n→−∞ J (Tn) = Ĉ

in the Hausdorff topology.
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Proof. Let z 6∈ ∪s≤0J (Ts). Without loss of generality we may assume thatz ∈ U0. Then
orb(Fs , z) escapesUs for any s ∈ SN . Let zs = hs(z) be the orbit point just before the
first moment of escape on levels. That is,fs(zs) ∈ V s \Us and ifz′ ∈ orb(z) also satisfies
fs(z

′) ∈ V s \ Us thenz′ ∈ orb(zs). For a givens ∈ SN let γ ′s be a hyperbolic geodesic in
V s \ P s connectingzs with J (Ts ). From Lemma 5.20, there is aC independent ofs such
that`s(γ

′
s ) ≤ C. But hs has an extensionh ∈ F(T ) that is a covering map ontoV s \ P s .

Let γs be the connected component ofh−1(γ ′s ) containingz.
We now arguè s(γs) shrinks ass → −∞. The proposition would follow sinceρs

converges toρ−∞ nearz and since Julia sets are backward invariant. Fix ans ∈ SN and
let Ns = |{s, . . . , 0}∩SN | be the minimal number of moments when the orbit ofz escapes
a nested level. It follows from Lemma 5.20 and Corollary 5.19 that there is aC > 1 such
that

C ≤ ‖Dft (zt )‖s
for anyt ∈ {s, . . . , 0} ∩ SN . Hence

CNs ≤ ‖Dhs(z)‖s . (12)

Hence the derivative at the endpointz grows exponentially inNs . From Proposition 5.3,
there exists aC > 1 such that equation (12) holds alongγs and hence the length ofγs

shrinks ass →−∞. 2

A measurable line fieldµ on an open setU is calledunivalentif there is a univalent map
h : U → C such thatµ = h∗(dz̄/dz). The main statement in this section is the following
extension of Proposition 5.28, which immediately implies Theorem 1.2.

THEOREM 5.31. (No line fields for bi-infinite towers)LetT ∈ Tow∞(m,B,C,K). There
does not exist a measurable line fieldµ in the plane such thath∗(µ) = µ for all h ∈ F(Tn),
n ∈ SN .

Proof. Suppose to the contrary thatµ = u(z) dz̄/dz is a measurable invariant line field
which is non-zero on a set,B, of positive measure. Letz ∈ B be a point of almost
continuity ofu and satisfying|u(z)| = 1. That is, for eachε > 0, the chance of randomly
choosing a pointy a distancer from z that satisfies|u(y)− u(z)| > ε tends to 0 asr tends
to 0:

lim
r→0

area({y ∈ B(z, r) : |u(y)− u(z)| > ε})
areaB(z, r)

= 0,

whereB(z, r) is the Euclidean ball of radiusr centered atz. By Proposition 5.28, we
can assumez /∈ K(Tn) for any n. Let zn be an infinite sub-orbit fromz and for each
s ∈ SN let zns = hns (z) denote the moments in the sub-orbit whenzns+1 first satisfies
zns+1 ∈ V s \ Us .

For a givens ∈ SN let T ′s denoteT shifted so that levels is moved to level 0 and let
ws andus denotezns andu shifted bys. That is, if |B(fs)| = αs , thenws = α−1

s zns

and us(z) = u(αsz). Then since Tow∞(m,B,C,K) is compact the sequenceT ′s has
a subsequence which ass → −∞ converges to someT ′ ∈ Tow∞(m,B,C,K). By
choosing a further subsequence we may assumews converges to a

w ∈ cl((f ′0)−1(Range(f ′0) \ Dom(f ′0)))
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and, from [McM2 ], µs converges weak∗, and hence pointwise almost everywhere, to a
measurable line fieldµ′ invariant byT ′ in the sense thath∗(µ) = µ for all h ∈ F(T ′n),
n ∈ SN (T ′).

Let D be a small disk aroundw in A = Range(f ′0) \ P(T ′0). The hyperbolic diameter
of D in A is close to that ofDs = α−1

s (D) in the metric onV s \ P s for s near−∞.
SinceDs is disjoint fromP s , there is, by the argument given in Theorem 1.1, a univalent
pullbackD′s of Ds by the maphns . By equation (12) and the variation of expansion
in Proposition 5.3, we seeD′s is a sequence of open sets containingz such that in the
Euclidean metric diam(D′s) → 0 andB(z,C diam(D′s )) ⊂ D′s as s → −∞ for some
constantC. Therefore from [McM1 , Theorem 5.16] we can chooseµ′ to be univalent
onD.

By Theorem 1.1, there is ans ∈ SN (T ′) such thatJ (T ′s ) ∩ D 6= ∅. By invariance,
if Dh(z) 6= 0 andµ′ is locally univalent aroundz then µ′ agrees almost everywhere
with a locally univalent line field aroundh(z) for any compositionh ∈ F(T ′s ). From
Proposition 5.5, the orbit ofD by T ′s covers all ofV ′s . Soµ′ agrees almost everywhere
with a line field that is locally univalent on the set Range(f ′s )\P(T ′s ). Sincef ′s is injective
onP(T ′s ) every point inP(T ′s ) exceptf ′s (0) has anf ′s pre-image around whichµ′ agrees
(a.e.) with a locally univalent line field. Henceµ′ agrees (a.e.) with a locally univalent line
field around(f ′s )2(0) and 0, which is a contradiction, since then we obtain contradictory
behavior ofµ′ aroundf ′s (0). 2

As a corollary we obtain the following.

THEOREM1.3. If T ,T ′ ∈ Tow∞(m,B,C,K) are normalized combinatorially equivalent
towers, thenT andT ′ are equal.

Proof. Let SN be the set of nested levels ofT as constructed above. For eachn ∈
SN , let φn be a hybrid equivalence betweenTn andT ′n coming from straightening (see
Corollary 5.10). The dilatation ofφn is bounded above by a constant depending only onm

andB andφn fixes 0 and∞ and mapsβ(f0) to β(f ′0). Thus we can pass to a convergent
subsequenceφnk → φ asn → −∞. Sinceφn restricts to a quasi-conformal equivalence
of fs andf ′s for s > n, s ∈ SN , on a definite neighborhood ofK(fs), it follows thatφ is
a quasi-conformal equivalence. Letµ be the line field defined byφ andµn the line field
defined byφn. Sinceh∗(µn) = µn for all h ∈ F(Tn) it follows thath∗(µ) = µ for all
h ∈ F(Tn), n ∈ SN .

From Theorem 5.31,µ = 0 and soφ is conformal. Since limn→−∞ Un = Ĉ, φ is linear
and sinceT andT ′ are normalizedφ is the identity. 2

6. Proof of Theorems I and II
Let p > 1. Letf be an∞-renormalizable real quadratic polynomial withp̄e(f ) ≤ p. The
first step in the proof of Theorem I is to construct a towerT ∈ Tow0(m,B,C,K) from f .

It follows from Lemma 2.7 that there arem, B, C andK depending only onp, and a
forward towerT = {fn} ∈ Tow0(m,B,C,K) with the following property. Forn ∈ SQ let
[f ′n] be[fn] normalized and letk(n) = |SQ ∩ {1, . . . , n}|. Then

[f ′n] = Rk(n)f.
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Hence renormalization acts on towers by shifting. LetTn denote the towerT shifted byn
so thatfn is normalized and has index 0. By compactness there exists a limiting towerT ′
and by Theorem 1.2 the germ[f0] is uniquely specified by the combinatorics ofT ′: a bi-
infinite sequence ofσ ∈ �

cpt
e (p). Hence iff has essentially period tripling combinatorics

the germsRkf converge to a unique germF , which proves Theorem I. 2

To prove Theorem II supposēσ is a bi-infinite sequence of shuffles and ends in�
cpt
e (p).

Let σn = πn(σ̄ ) denote thenth element of̄σ . For eachσn let σm,n be a sequence in�e(p)

converging toσn. Define the sequencēτ ∈ 5∞0 �e(p) by

τ̄ = (σ0,0, σ1,−1, σ1,0, σ1,1, σ2,−2, σ2,−1, σ2,0, σ2,1, σ2,2, . . . , σn,−n, . . . , σn,n, . . . )

and letτ̄n = θj (n)(τ̄ ), whereθ is the left-shift operator andj (n) = 1+ 3+ 5+ · · · +
(2n − 1) + n. Then by construction̄τn → σ̄ . Let f be a real quadratic polynomial with
shuffle sequencēτ and letT be a tower in Tow(m,B,C,K) constructed fromf . By the
compactness of towers letT ′ = {f ′n, g′n} be a limiting tower ofTj (n). Define the function
h : 5∞−∞�

cpt
e (p)→ G by

h(σ̄ ) = [f ′0].
From Theorem 1.2,h is well defined and is continuous. The other properties ofh are
clear. 2
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