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Abstract. Let X be a compact metric space, f a continuous transformation on X, and
Y a vector space with linear compatible metric. Denote by M (X) the collection of all
the probability measures on X. For a positive integer n, define the nth empirical measure
Ly,:X+— M(X) as

ln—l
L,x = — 8 pky

where §, denotes the Dirac measure at x. Suppose E : M(X) +— Y is continuous and
affine with respect to the weak topology on M (X). We think of the composite

L, =
BolL,: X =5 M(X) S ¥

as a continuous and affine deformation of the empirical measure L,. The set of divergence
points of such a deformation is defined as

D(f, E) = {x € X | the limit of EL,x does not exist}.

In this paper we show that for a continuous transformation satisfying the specifica-
tion property, if E(M (X)) is a singleton, then set of divergence points is empty,
ie. D(f, B) = ¥, and if E(M (X)) is not a singleton, then the set of divergence points
has full topological entropy, i.e.

htop(D(fv 8) = htop(f)'

1. Introduction and definitions
Multifractal analysis studies the size of the local characters of dynamical systems or fractal
measures, e.g. the Hausdorff dimension or the topological entropy of the following level
sets,
Ko=|rex ‘ lim @, (x) =a},
n— oo
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where X is the underlying set of a dynamical system or the support of a fractal measure
and {¢, : X — R} is a sequence of functions. Since the limit may not exist, we are
interested in the structure of the set of points for which the above limit does not exist, the
so-called set of divergence points. Our result is that although the set of divergence points
is usually small in measure, it may have full topological entropy. We give the background
of the our research motivation, notations and definitions in this section. Then we study
the topological entropy of sup sets in §2 and study the topological entropy of divergence
points in §3.

1.1.  Background of multifractal analysis. Let X be a metric space (typically the
underlying set of a dynamical system or the support of a fractal measure) and let ¢ :
X +— R be a function associating some dynamical characteristics with each point x € X.
Multifractal analysis studies the level sets

Ke={xeX|op(x)=a}, acR,

of ¢. Usually, one might study the Hausdorff dimension (dimg) or the topological entropy
(htop) of the above set. gi(a) = dimp(Ky), g2(a) = hiop(Ky) and similarly defined
functions are known as multifractal spectra. Since multifractal spectra of different local
characteristics ¢ associated with a dynamical system or a fractal measure encode important
information about the underlying dynamics and geometry, the study of multifractal spectra
plays an important role in multifractal analysis.

Often the local characteristics of dynamical systems or fractal measures are defined in
terms of limit processes, i.e. ¢ : X + R has the form

$(x) = lim g, (x)

for a sequence of functions ¢, : X + R. For example, if f is a continuous transformation
of a compact metric space (X, d) and ¢ : X + R is a continuous function, then the ergodic
average of ¢ at the point x is defined by the following limit

1 n—1
¢(x) = lim =Y " o(f*x).
n—oon =0

As a consequence of the well-known Birkhoff ergodic theorem, if u is ergodic with respect
to f then ¢(x) = [ @dpu for u-almost every x € X. However, the limits involved do not
necessarily exist at all points. Points for which the limits do not exist are called divergence
points. The collection of all such points

{x e X ‘ the limit lim ¢, (x) does not exist}
n—o0

is defined as the set of divergence points. The set of divergence points has until very
recently been considered of little interest in dynamical systems and geometric measure
theory. As a result, they are always a priori discarded. However, recent work [2, 4-6] has
changed such attitudes. They have shown that in many cases the set of divergence points
has full dimension, i.e.

dimy {x X ‘ the limit lim ¢, (x) does not exist} — dimy X.
n—0o0
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In [7-9], Olsen and Winter unified and extended many results in multifractal analysis
of local characteristics of dynamical systems and fractal measures by introducing and
developing a framework on subshifts of finite type which includes the notions of:

o divergence points;
° relative (or conditional) multifractal spectra;
° mixed multifractal spectra.

Olsen and Winter’s framework is based on so-called deformations of empirical measures
and the above spectra are obtained by considering different deformations, i.e. let ) be
a subshift of finite type, which is associated with a conformal iterated function system
((V,E), (Upiev, (Xdiev, (Se)eck), let M( Y ) denote the family of probability measures
on) ,andlet F : )  + Y be the shift map. For a positive integer n, the nth empirical
measure L, : Y+ M(Y_) is defined by

—1
Lyw= lnX:(Ska Yw € Z
=0

where 5, denotes the Dirac measure at x. Consider continuous deformations of L,,
i.e. pairs (Y, E) where Y is a metric space and

E:M(Z)n—)Y

is continuous with respect to the weak topology. The composite

EoLn:ZiM<Z)—E>Y

is called a continuous deformation of the empirical measure L,,. The multifractal spectrum
of the deformation (Y, E) is defined by

g(a) = dim {w € Z

Olsen and Winter established a variational principle for the multifractal spectra of arbitrary
affine and continuous deformations and studied the spectra of sup sets, eq sets, and sub sets,
i.e. the collection of points such that A(EL,w) (where A(y;) is the set of accumulation
points of the sequence (y,),) is contained in, is equal to, or contains a subset C of Y.
The research on such sets provides a complete description of the set of divergence points.

We need to point out that in symbolic spaces, when we consider the Hausdorff
dimension of the level sets we are in fact studying the topological entropy of them since
in this case for every « one has dimy(Ky) = |E|hwp(Ky), wWhere |E| is the number of
elements in £. One can also see from the various works [2, 4-9] that for the systems they
considered, there is a close relation between the Hausdorff dimension and the topological
entropy of certain level sets.

Since the calculation of Hausdorff dimension always needs special information about
the metric and the differential structure of the system, it seems that the study of the
topological entropy multifractal spectra may be carried out in a more general setting than
the study of Hausdorff dimension multifractal spectra. In [10], Takens and Verbitskiy
studied the topological entropy of the level sets

lim EL,w = a}.
n—oo

n—1

1 .
Kaz{xeX‘ lim —Z(p(f’(x))za}, o €R,
n—)ooni=0
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where f is a continuous transformation of a compact metric space (X, d) and ¢ is an
arbitrary continuous function on X. They obtained the following variational principle for
transformations satisfying the specification property:

hiop(f, Ko) = sup {hu(f) ‘ /L is invariant and /(pd,u = oz}.

Observe that the system (X, f) is more general than (Z, F ), where ) is a subshift
of finite type and F is the shift map on Y, or (J, f), where f is an expanding clti
conformal topological mixing map and J is the corresponding repeller. We wondered
what we can say about the divergence points of such a system (X, f). This becomes the
beginning of our investigation.

1.2.  Topological entropy of non-compact sets. Topological entropy is an important
quantity describing the chaoticity of a dynamical system. It was first defined on compact
metric spaces. In 1973, Bowen [1] generalized the topological entropy to non-compact or
non-invariant sets by using separated sets or span sets. In this section, we use the following
equivalent definition of topological entropy [10].

Definition 1.1. (Topological entropy) Let (X,d) be a compact metric space and
f : X — X a continuous transformation. For any n € N, we define a new metric d,
on X as follows:

dn(x, y) = max{d (f*(x), fF\) 1k=0,1,....,n— 1}

and for every ¢ > 0 we denote by B, (x, €) an open ball of radius € in the metric d,
around x, i.e.

By(x,€) ={y € X | dn(x,y) < €}.
Let a subset Z C X be given. Fix € > 0. We say that an at most countable collection of
balls I' = {By; (x;, €)}; covers Z if Z C Ui By, (xi, €). Forsuch a I', put n(I") = min; n;.
Let s > 0 and define

m(Z,s,N,e) = illlfz exp(—sn;),

L

where the infinum is taken over all collections I' = {Bj, (x;, €)}; covering Z such that
n(I") > N. The quantity m(Z, s, N, €) does not decrease with N, hence the following
limit exists

m(Z,s,e€) = lim m(Z,s,N,e) = supm(Z,s, N, e).
N—oo N>0

It is easy to show that there exists a critical value of the parameter s, which we denote by
hwp(f, Z, €), where m(Z, s, €) jumps from +o00 to 0, i.e.

+00, §< htOp(fv Zv 6)

m(Z,s,e) =
0, s > hop(f, Z, €).

Then the following limit exists

hwop(f, Z) = eliirz)htop(fv Z,€).
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We call hyop(f, Z) the topological entropy of f restricted to Z, or simply, the topological
entropy of Z, denoted by hp(Z) when there is no confusion about f.

We give some of the basic properties and results on topological entropy of non-compact
sets that are needed in the following proofs. The reader can refer to [10] for the proofs and
references therein.

THEOREM 1.2. The topological entropy as defined above satisfies the following:
(1) hwop(f, Z1) < hop(f, Z2) forany Zy € Zr C X;
(2)  hiop(f, Z) = sup; hiop(f, Zi), where Z =\ J:2, Z;i € X.

THEOREM 1.3. Let f : X — X be a continuous transformation on a compact metric
space and v an ergodic invariant measure. For € > 0, § > 0 denote by N; (8, €,n) the
minimal number of €-balls in the d,-metric which cover a set of measure at least 1 — 6.
Then, for each § € (0, 1) we have

1 1
hy(f) = lim limsup —logN;((S, €,n) = lim liminf—logN;((S, €,n).
e—>0 posoo N : e—>0 n—o0 n ’

Remark 1.4. Suppose v is ergodic and ¥ C X is such that v(Y) > 1 — §. Denote
by S(Y, €, n) the maximal cardinality of an (n, €)-separated set in Y. Then we have
S(Y, e, n) > N}(a, €, n).

THEOREM 1.5. (Entropy distribution principle) Let f : X + X be a continuous

transformation. Suppose a set Z < X and a constant s > 0 are such that for any € > 0

one can find a Borel probability measure u = [i¢ satisfying:

(1) ue(2) >0;

2)  we(By(x,€)) < C(e)e ™ for some constant C(€) > 0 and every ball B,(x, €) such
that B,(x,e) N Z # @.

Then hiop(f, Z) = 5.

1.3.  Specification property and deformation of measures. From now on we consider a
system that satisfies the specification property.

Definition 1.6. (Specification property) A continuous transformation f : X — X satisfies
specification property if for any € > O there exists an integer m = m(€) such that for
arbitrary finite intervals I; = [aj,b;] C N, j =1,2, ..., k, such that

dist(li, [;) = m(e), i# .

and any x1, ..., x; in X, there exists a point x € X such that
d(fP(x), fPxj) <e€

forallp=0,1,...,bj —ajandevery j =1, ..., k.

Definition 1.7. (Linearly compatible metric) If Y is a vector space and d is a metric in Y,
then we say that d is linearly compatible if:

(1) forall xq, x2, y1, y2 € Y, we have d (x| + x2, y1 + y2) < d(x1, y1) +d(x2, ¥2);

(2) forallx, y € Y andall A € R we have d(Ax, Ay) < |Ald(x, y).
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One can observe immediately that if 4 is induced by a norm, then d is linearly
compatible.

We denote by M (X) the collection of all the probability measures on X and M (f, X)
the collection of all the f invariant probability measures on X. Since X is a compact metric
space, we have M (X) is a compact metric space under the weak topology. Also the weak
topology in M (X) is induced by the following metric

/gdu—/gdv

where Lip(1) denotes the family of Lipschitz functions g : X — R.

dp(p,v) = sup
geLip(1)

9

For a positive integer n, define the nth empirical measure L,, : X — M(X) as

1 n—1
L,,x = ; %(kax,

where §, denotes the Dirac measure at x. Consider continuous and affine deformations
of L,, i.e. pairs (¥, E) where Y is a vector space with linearly compatible metric and
E : M(X) — Y is continuous and affine with respect to the weak topology on M (X).
We think of the composite

Sol,: X5 MX) S Y

as a continuous and affine deformation of the empirical measure L,. The set of divergence
points of such a deformation is defined as

D(f, E) = {x € X | the limit of EL,x does not exist}.

Since the set of divergence points is typically large, we do not restrict ourselves to the
study of points x € X for which the limit lim,—~ EL,x exists, but develop a more
general framework which also includes divergence points. For a sequence (y;,), in a metric
space X, let A(y,) denote the set of accumulation points of the sequence (yy),, i.e.,

A(yn) = {y € Y | there exists a subsequence (yp, )x such that y,, — y}.

For a subset C of Y, we consider the set, A(C), of points x € X for which A(EL,x) € C,
i.e.

A(C) = {x € X ‘ lim dist(EL,x, C) = 0} —{x € X | A(EL,x) < C}.
n—oo

A(C) is called a sup set, which we will study in §2.
For a different choice of the deformation (Y, E) we obtain different spectra and sets of
divergence points.
° The spectrum and the set of divergence points of ergodic averages. Let ¢ : X — R
be continuous and define E : M(X) — R by

EZ/LI—)/(pd[,L.
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In this case we obtain for C C R,
1 n—1
A(C) = {x eXx ‘ lim dist(— Z(p(ka), C) = 0} and
n—00 n =

1 n—1
D(f, B) = {x € X | the limit — § o(f*x) does not exist}.
n

k=0
° The spectrum and the set of divergence points of empirical measures. Define
E:MX)— M(X) by
E U .

In this case we obtain for C C M (X),
1 n—1
A(C) = {x X ‘ nlggodlst(; ;gka, c) = 0} and

D(f,E):{xeX

1R .
the limit — E 8 sk does not ex1st}.
=

° The spectrum and the set of divergence points of local Lyapunov exponents. Let X
be a differentiable manifold and f : X + X be a C! map. The local Lyapunov
exponent of f at the point x is defined by

o1
x(x) = lim —log|[(Df")(x)|.
n—oo n
Define & : M(X) — R by
w— /Dfdp,.

In this case we obtain for C C R
1
AC) = {x e X ‘ lim dist (— log [(Df™)(x)], C) = 0} and
n—00 n

D(f,E):{xeX

1
the limit — log |(Df™)(x)| does not exist} .
n

° The mixed spectrum and the set of divergence points of ergodic averages of arbitrary
families of continuous functions. Assume that the family of maps (M (X) — R :
w — [ @i dw)ier is totally bounded. Define & : M(X) +— [°°(I) by

E:,u,—)(/go,d,u) .
iel

In this case we obtain for C C [*°(]),

n—1
A(C) = {x eX ‘ lim dist <<l Z(pi(ka)> ,c) = 0} and
n—00 n iel

k=0

1 n—1
the limit (— Z i (ka)) does not exist }
n

k=0 iel

D(f,E):{xeX
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Definition 1.8. (A(A(C))) ForC C Y andany § > O andn € N put
P(C,6,n) ={x e X | EL,x € B(C,)}.

Fix some € > 0 and let N(C, &, n, €) be the minimal number of balls B, (x, €), which is
necessary for covering the set P(C, §, n) (if P(C, §,n) = &, then put N(C, 8,n,€) = 1).
Observe that N(C, §, n, €) will not increase as & decreases and will not decrease as €
decreases, so the following limit denoted by A (A(C)) exists

1
A(A(C)) = lim lim liminf—1log N(C, §, n, €).
e—0 §—>0 n—>o0 n

Let C(Y) = {C C Y | Cisclosed and convex}. We will always equip C(Y) with
the Hausdorff metric. Below are three observations that will frequently be used in the
following sections.

OBSERVATION 1.9. There exists a constant M such that
dO,Bu) <M, forallu e M(X).

Proof. This follows from the fact that E : M(X) +— Y is continuous and M (X) is
compact. U

OBSERVATION 1.10. For a positive integer n € N, given x, x’ € X, then dy(x,x') < €
implies d(Lp,x, Lyx") < €.

Proof. This is indeed the case since

d(L,x,L,x") = sup
geLip(1)

/gd(LnX) —/gd(Lnx')

n—1 n—1
% > el - % Y e(fix)
i= i=0

0

= sup
g<Lip(1)

n—1

1 . .
=" sup [g(f1x) — g(f x|

" 20 geLip(l)

IA

IA

1 n—1 ) )
=Y d(f'x, fix)
ni0

O

IA
|
)
I
m

OBSERVATION 1.11. Let V(E,¢€) = Sup/}.,ueM(X),d(,u,v)ged(EH“ 8v). Then V(E,€)
goes to zero as € goes to zero.

Proof. This observation follows from the fact that E : M(X) +— Y is continuous and
M (X) is compact. O

2. Topological entropy of sup sets
In this section, we try to obtain information about the topological entropy of sup set A(C).
Our main result is the following theorem.
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THEOREM 2.1. Suppose f : X — X is a transformation of a compact metric space
(X, d) which satisfies the specification property. Let Y be a metric space with linearly
compatible metric, & : M(X) +— Y be continuous and affine, and L, : X — M(X) be
defined as before. Suppose C is a closed convex subset of Y and let

A(C) = {x e X ‘ lim dist(EL,x, C) = 0}.
n—oo

With the notation

H(A(C)) = sup hy (f),
peM(X, f),EpeC

we then have:

ey
hiop(A(C)) = H(A(C)) = A(A(C)),

where hyp denotes the topological entropy of a set, M(X, f) is the invariant
probability measure with respect to f, and A(A(C)) is defined as before;

(2) the map AA : C(Y) = Ras C — hip(A(C)) = A(A(C)) is upper semi-
continuous. Furthermore, for C1, Co € C(Y) with A(C;) # @ (i =1, 2),

A(A(51C1 +52C2)) = s1A(A(Cr)) + s2A(A(C?))

holds for arbitrary s1, s» > 0 with s1 + so = 1, here sC = {sx | x € C} and
Ci+Cr={x14+x2|x; €Ci}forC,C,Cre C(Y)ands € R.

Proof of (1). The proof follows [10]. We divided the proof into two parts. The first is the
proof of Ap(A(C)) < A(A(C)) < H(A(C)) and then the opposite inequalities. Without
loss of generality we assume A(C) # O.

Fart 1. Proof of hiop(A(C)) < A(A(C)) < H(A(C)).
First we prove that hop(A(C)) < A(A(C)). Let

+00 —+00
G(C.8,k)=()P(C.8,n)=(){x € X | EL,x € B(C,8)}.

n=k n=k

Then for each § > 0,

+00
lim dist(ELnx, C) = o} c | Ja.s.p.
n—o0 k=1
Since hop(f, A(C), €) =< sup; hiop(f, G(C, 6, k), €), it is enough to show that hp(f,
G(C,6,k),e) < A(A(C)) holds for any k > 1.
For arbitrary k > 1, G(C, 6, k) as a subset of P(C, §,n) for n > k can be covered by
N(C,é,n,e€) balls B,(x, €) for all n > k. Therefore, for every s > 0,

A(C):{xeX

m(G(C,$,k),s,€) < N(C, 8, n,e€)exp(—ns).

Lets > A(A(C)) and y = $(s — A(A(C))) > 0. Since

1
A(A(C)) = lim lim liminf—1log N(C, §, n, €),

e—>0 §—>0 n—>o0 n
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for all sufficiently small ¢ > 0 and § > O, there is a monotonic sequence of integers
n; — o< such that

N(C,8,n,€) < exp(ni(A(A(C)) +y)).
Without loss of generality we can assume that n; > k. Then we can get
m(G(C,$é,k),s,e) < N(C,$,n;, e)exp(—nys) < exp(—n;y)
and hence m(G(C, 6, k), s, €) = 0. Therefore hyp(f, G(C, 8, k), €) < s and

htOp(fa A(C)a 6) S Suphtop(fa G(C7 57 k)7 E) S S.
k

S0 hiop(A(C)) = lime 0 htop(f, A(C), €) < 5. The conclusion Ap(A(C)) < A(A(C))
follows since s > A(A(C)) is arbitrary.

Then we are going to show that A(A(C)) < H(A(C)). It suffices to show that for any
y > 0, thereisameasure u € M(f, X, E,C) ={u | Eu € C, u € M(f, X)} such that

hu(f) = AAC)) —y.
Recall that

1
A(A(C)) = lim lim liminf—1log N(C, §, n, €),
e—>0 §—>0 n—oo pn
hence there is a sufficiently small ¢y > 0 such that for all € < ¢, the following holds

1
lim liminf —log N(C, 8,n,€) > A(A(C)) — Z.
n—-oo n 3

§—0

Put ¢, = 60/2k, k € N. For any k > 1, one can find a sufficiently small §; such that
Sx — Oand

1 2
liminf — log N(C, &, n, €x) > A(A(C)) — gy.

n—oo n

Then for each k we can choose some n; € N, ny — oo such that
N = N(C, 8, nk, €x) = exp(ng (A(A(C)) — y)).

Let Ci be the centers of some minimal covering of P(C, 8, ng) by balls By, (x, €).
Obviously #(Cr) = Ny and By, (x, ) N P(C, 8, ng) # @ for every x € Cy. Define a
probability measure

1
Mk:ﬁk Z Lnkx

xeCy

and let u be some limit point for the sequence pf, then we have w is an invariant
measure. Also we have u € M(f, X, &, C). In fact, for each x € Cy, let y(x) be a
corresponding point such that y(x) € By, (x,€) N P(C, 6, ny) and yi(x) € C such that
BLp, y(x) € B(y1(x), d), then since E : M(X) +— Y is continuous and affine and ¥ is a
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vector space with linear compatible metric, we have

1 1
d(Euk, > yl(x)> < — Y d(ELyx i)

xeCy k xeCy

A

IA

1
A Z (d(ELpix, ELp, y(x)) + d(ELp; y(x), y1(x)))
k xeCy

1
~ 2 (V(E @) +80)

k xeCy

V(E, ex) + 5,

IA

IA

where V(E,€) = sup, ,em(x).d(uv)<e ¢(Ep, Ev). The third inequality follows by
Observation 1.10. By Observation 1.11, V(E, ;) goes to zero as k goes to infinity.
Also since C is a closed convex subset of Y, we conclude that (1/Ny) erck yi(x) € C.
So we have

dist(Euk, C) < V(B,€) + 8 — 0

as k goes to infinity. Hence,
dist(Ep, C) = lim dist(Euk, C) = 0.
k—00

Repeating the second half of the proof of the classical variational principle [11] we
conclude that

1 1
hy,(f) = limsup — log Ny > liminf — log Ny > A(A(C)) — v,
ng k—o00 nj

k— 00

which finishes the proof.
Part 2. Proof of hiop(A(C)) = A(A(C)) > H(A(C)).
LEMMA 2.2. We have AA : C(Y) +— R is upper semi-continuous.

Proof. C(Y) ={A C Y | Aisclosed and convex}. Endow C (Y) with Hausdorff metric D.
For all A € C(Y), by the definition of A(A(A)), forall y > 0, there is g > 0 and §o > 0
such that for all € < ¢y and § < o,

1
liminf —log N(A, 8,n,€) < A(A(A)) +y.
n—oo n
Leta, = 6o/2, then for all K € C(Y) satisfying D(K, A) < a,, givenr < a,, we have
B(K,r) € B(K,ay) S B(A, éo).

Hence, we have
N(K,r,n,e) < N(A,d,n,e).

So for all € < €,

1 1

liminf —log N(K, r,n,€) <liminf —log N(A, 69, n,€) < A(A(A)) + y.

n—-oo n n—-oo n

Let r and € go to zero, for all K € C(Y) satisfying D(K, A) < a, we have
A(A(K)) < A(A(A) + .

Thatis AA : C(Y) — R is upper semi-continuous. a
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Proof of A(A(C)) = H(A(C)). It suffices to prove that for arbitrary y > 0, for all
w e M(f, X) suchthat Eu € C, A(A(C)) > h,(f) — 4y holds.
For arbitrary y > 0, let e > 0 and § > 0 be so small such that the following hold:
H y=>d
2) forall u, ve M(f, X) withd(u,v) <e = d(Eu, Ev) < J;
3) liminf, o (1/n)log N(C,48,n,€) < A(A(C)) + y.
Also taking any u € M(f, X), Eu € C, we can approximate by an invariant measure
v with the following properties:
1 v= Zle Aiv;, where A; > 0 with Zf;l A = 1, and v; (1 < i < k) is ergodic;
2 () =hu(f) —v;
3) d(Eu, Bv) <34.
Since each vj; is ergodic, for almost every point x, L,x — v;. Let

Y;(N) = {x € X | d(EL,x, Ev;) <8, Vn > N}.

For N € N large enough, Y;(N) has v; measure of at least 1 — y. By Theorem 1.3,
foreachi € {I1,2,...,k}, there is a N; such that for all n; > N; the minimal number
of 4e-balls in d,;, metric, which is necessary to cover Y;(N) is greater than or equal to
exp(n; (hy, (f) — y)). This implies that the cardinality of a maximal (n;, 4¢)-separated
set in ¥; (V) is greater than or equal to exp(n;(h,;(f) — y)). Choose Ny large enough
such that for all n > Np, n; = [An] > max{maxi<;<x{N;}, N}. Let C(n;, 4¢€) be
some maximal (n;, 4€)-separated set of Y;(N). For each (xi,...,x;) such that x; €
C(n;, 4¢), by the specification property of f, there is a point y = y(x1, ..., xx) satisfying
dn,(fz;;lo("”m(e))y, xj) <e.Letm=m(e)and i = mk — 1) + Zle ni. We have that

different (x1, ..., xk) € Cy; X Cy, X+ - - x Cp, correspond to different points y(x1, . .., xx).
In fact, take such two points y = y(xy,...,x;) and y/ = y/(xi, A x,i), one can easily
show that

di(y,y") > 2e.

Now we are in a position to estimate the distance between EL;(y) and Eun. Constant
M follows Observation 1.10:

d(EL;y. Ep)
< d(ELyy, Ev) + d(Ep, Ev)
<d(EL;y, Bv) +6

k k k
< d<ELﬁy, E Zx,-L,,I.x,) +d(E > hiLnxi, B Z)m),-) +6
i=1 i=1 i=1

I

k k
d{EL;y, E Zx,-L,,,.x,) + Y Aid(ELy,xi. Bvi) + 8
i=1 i=1

k

IA

1]

)LiLnI.xi> + 28
i=1

1

k
—~(n m ) ng k=1 -
<d( 8 (B Lwy+ S Ln My o+ SEL, fER0y) 2 AiLn,.x,) +28
n n n i1

(
(
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k k
.
< d(E ) 'Ln,fzx Zonjtm) > x,-Ln,x,->

1 i=1

+
o~
L
| 3
QU
N
[1]

Ly fimt it @=bmy, o) +25

n
R Sl ), m(k 1)
<d(E) =Ly f=0" ZALn,x, ——— M +25
" I’l
i=1

k
: k—1
+Yd (En—fL,,ix,-, Ex,-Ln,x,-) LmE=D s
" n n
<354 = M+Zd(E—i ,,lx,-,a)\,-L,,l.xi)

k—1 k :
<35+ MM + § d(Exi Lnyxi, EriLnx) + Y0 d (5 = 3) ELyxi, 0)
n T T n
i=l1 i=1
k-1 k-1
m( )M n m( b )M

N

n n
2m(k — 1
m(A )y

<35+

=36+

Since n; can be chosen arbitrarily large we conclude that y € P(C, 48, ). Since

#Cpy X - X #Cy = exp([An](hy, (f) —y) + -+ [Mn](hy (f) — ¥))
> exp(n(hy(f) —2y))
> exp(n(h, (f) —3y))
and dy(y,y’) > 2¢ fory = (x1,...,x), y' = (x{,...,x;) corresponding to different
(x1,...,x) and (x{,...,x;), we have

1 1
liminf - log N(C, 48,17, €) > liminf < log#C,,, X --- X #Cp, > h,(f) — 3y.
h n—oo n

n—oo n
Due to the choice of € and §, we have A(A(C)) +y > h,(f) — 3y, which finishes the
proof of A(A(C)) > H(A(C)). O
Proof of hiop(A(C)) = A(A(C)). This is similar to [10]. Chose arbitrary y > 0 and
let s = A(A(C)) — y. The idea is to construct a Moran fractal F € A(C) such that
hwp(F) > s, then we can get

hop(A(C)) = hiop(F) = A(A(C)) —y

and finish the proof.
Let y > 0 be arbitrary. By the definition of A(A(C)), there is € > 0 small enough such
that

1
lim liminf —log M(C, §, n, 8¢) > A(A(C)) — g

§—0 n—>oo n
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Since f satisfies the specification property, let m = m(e€) be as in the definition of the
specification property and
€
mkzm(?), k € N.

Then we can choose a sequence 8 | 0 and a sequence nx 1 oo such that
My = M(C, 8k, ni, 8€) > exp(nk(A(A(C)) — y)), np = 2™~

Since M(C, 8k, ng, 8¢) is the cardinality of a maximal (ng, 8¢)-separated set in
P(C,é;,n;). Let Cy = {x!‘ | i =1,..., M} be one of the maximal (ny, 8¢)-separated
sets.

Step 1. Construction of intermediate sets Dy.
We can choose some sequence of integers { Ny} such that:
(H Ni=1
(2) Ny > 2nk+l+mk+l’ k> 2;
3)  Nigp > 2N1"1+"'+Nk(nk+mk)’ k> 1.
Such a sequence grows very fast and satisfies

. . Nini+ -+ Ne(ng + my)
lim =0 and Ilim =
k— 00 Ny k—o0 Ni41

Nj41 + Mgy

0.

For any Ni-tuple (i, ...,in,) € {1,..., M Nk Tet y(i1, ..., in,) be some point which

: : k k —1,k
shadows pieces of orbits {xl.j, fxl.j, coy T XEY

f ,j=1,..., Ni, with a gap my, i.e.

ak . . €

dnk(-xl'js f '/y(lls R lNk)) < ?7

where af. =mg+mE)(j—1), j=1,..., Nr. Such apoint y(iy, ..., iy,) exists because
f satisfies the specification property. Collect all such points into the set
Dk :{y(il7"'aiNk) | ila"'aiNk S {17~-~7Mk}}'

Let#x = Ning+(Ng—1)my. One could easily verify that for (i1, ..., in,) # (j1, .-, JNv)»

dy (G, - ing)s YU -+ -5 JNg)) > Ge.
Hence, #D; = M,ivk.

Step 2. Construction of L.
We construct L by induction.
Let L1 = Dj and put/y = nj. Suppose Ly is defined. We come to construct L. Let
k1 = le + miq1 + tir = Niny + No(np + m2) + - + N1 (nis1 + mitn).
For every x € Ly and y € D41, by definition of the specification property there is a point
z = z(x, y) such that

l 6
dfk+1(y1 fk+mk+lz) -

dy(x,z) < T

€
2k+17
Collect all such points into the set

Liv1 ={z=1z(x,y) | x € Lg, y € D41}
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We can prove that for different pairs (x, y), (x’, ¥'), x,x" € Ly, v,y € Dyy1,

di,, (2(x, ), 2 (x, y) > Se.

Indeed for such two points, if y s 1y’ then since y,y’ € Diy;, we have
dy.,(y,y") > 6€. We know from the construction of L that

dtk+] (ys flk+mk+'Z) < and drkﬂ(y/, flk+mk+]zl) <

€ €
2k+1 2k+1"

Hence, we get
I I
dip (2,2) = dy (flEHMer g, fltmie )y
I I
= dy, (3, y) — dy (v, f kM 7) — d’k+l(y/’ f KM 2

€
266—?

Otherwise, if x # x’, then since

dy (x,z) < and dj (x',7)) <

€ €
2k+1 2k+1"
we get

€
di,,(z,2) = dj(z,2) = dj (x, x") — Tk

Then following the discussion we have

. . €
dy. (2.7) > mln{ min  dy, (x, 1), 6e} -y
x#x',x,x'€Dy = 2
> 6 — €
> Se.

Step 3. The Moran fractal F.
For every k put

—_— €
Fk = U Blk (X,F),

xeLly

where By, (x, 8) is the closed ball around x of radius § in the metric dj, , i.e.
By (x,8) = {y € X | dj(x,y) < 8}.

It is easy to show that for each k the following is satisfied:
(1) forany x, x" € Ly, x # x/, the sets By, (x, €/2k1, By, (x/, €/2k=1y are disjoint;
(2) ifz € L4 descends from x € Ly, then

€ —_— €
B (= 35) € B (- 31

which means Fi C Fg.
Finally put
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Then F is a non-empty closed subset of X.
First we show that for every x € F one has

A(EL,x) € C.

Recall that E : M(X) +— Y is affine and continuous, so we can extend the map to the set
of finite measures on X. That is, given a finite measure p on X,

"
Eu=pnX)E|——).
=) <M(X))

Foreachn € Nand x € X, let S,x denote er':ol 8 fiy. For arbitrary y € D, by definition
there is (i1, ...,in,) € {i, ..., M} such that y = y(i1,...,in,) shadows pieces of
orbits {xfj, fx{‘j, e f”kflx{‘j}, j=1,..., Ny with a gap my, i.e.
ak . . €

dnk(xija f -’y(ll, ceey lNk)) < Z_k’
where a]; = +mp)(j—1),j=1,..., Ng. Since x{‘j e Cr C P(C, b, ng), there is a
point h;‘j € C such that

d(ESnkx{‘j, nkh{.‘j) < nidi.
Hence, we have
k k
(S8, [y, nihi) < d(ESy [Ty, BSyxp) + d(ESwxf, nih)

k
< mkd(ELn fU7y, ELn,x},) + nidi

< (v(=5) +)

where V (&, €/2%) goes to zero as k goes to infinity by Observation 1.11.
Represent the interval [0, #x — 1] as follows:

Ni—1 Ni—2
0,6 — 1= a5, a5 + m =110 (| [aX + i, @ + nic + my — 1.
=0 =0

Hence,

Ni
d(EStky, anhfj>
j=1
Ni Ni Ni
d( Suv > Byt ) n d(Z ESt anh;;)
j=1 j=1

=1

IA

[x]

Nk
< d(ES,ky, > ESnkx{‘j> + Nengbi

j=1

Ni . Ni—1 .
< D dESu [Yy, ESyxf)+ Y d(ESy [Ty, 0) + Nenidy
j=1 j=1
€ Nl k
< NemV (. 57) + ) mid(ELu £ 3. 0) + Nenydy
j=l1
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€
< NempV (: 2—) + (Ne — DymgM + Nengdi

= N (V (2. 57) +86) + (Vi = D,

where M = supueM(X){d(u;L, 0)}.
Since for eachx ,keN,j=1,2,..., Ng, thereis ahf € C such that

d(uSnk nkh ) = nibg.

Fix such points h{‘] for each xlk Hence, for each z € L, there is a sequence of points

IN; s

1 1 2 2 k k
rlioeee Bl B RS

corresponding to it. Let
k Ny
o= n D,
qg=1 p=l1

and
Ry = maLx{d(ESJkZ, h(z))}.

For each y € Dy, write h(y) = ny ZN" hk We estimate Ry by induction.
Whenk =1,L = ClgP(C 51,n1) and /1 = ni. We have

Ry < 116;.
For z € Ly+1, there is aunique x € L, y € Dy such that

l 6
dtk+1(ys fk+mk+lZ) < 7

d[k(x, 7)< Skt

_€
2k+17
Hence,
d(ESyy12, h(2) < d(ESz, h(x) + d(ESug,, fx, 0) + d(ESy,, [z, h(y)
< d(ES},z, ES x) + d(ESx, h(x)) + d(ESp,., fx, 0)
+d(ESy, [H 2, BSyy9) +d(ESyy v, h()

€
SlkV( 2k+1)+Rk +mk+1M+tk+1V( 2k+1)

+ Ni+17k+1 (V( 2k+1) + 51<+1) + (Ng+1 — Dmypp M

= Ry + (g + Negings1 + i)V ( ) + Niy1mg M

€
 k+1
+ Nk 17+18k+1-
Recall thatly = Nyny + - -+ + Nx(ng + my) and lg41 = Iy + mgy1 + tr+1, we have
€
Riy1 < Ri + 20V ( 2k+1) + let 1841 + Neprmp 1 M.

By induction

l\)|m

k
Re<2) 1, (v (=
p=1

N
)+5 n ”m”M).
lp
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Write
€
2p

N
ep=V (8 55) + 8+ ——Lum.

P
Since V (&, €/27) — 0, 8¢ | 0 as k goes to infinity, Iy > Ny (ng + my), the sequence {ny}
is such that ny — oo as k — 00, and ny > 2"*, we conclude that (Npm,/l,)M — 0 as
k increases to oo. Hence,

k
Ry < ZleCp,
p=1

where ¢, — 0 as p — oo. By the choice of Ni, we have [ > 2lk-1_ hence for sufficiently
large k one has

Re =
— <2k +2- c, >0 ask — oo.
L =k k;”

Givenx € F,n € N, and n > /1. There exists a unique k > 1 such that
Ik <n <lgg1.
Also there is a unique j, 0 < j < Ngy41 — 1, such that
e+ jkv1 +mpy1) <n < e+ (G + D@k + mgs1).

Since x € F C Fyy1, there exists z € Ly such that

€
dy.,(x,2) < %

Then for such a z € L1, there exists X € L and y € Dy such that

I ' €
dtkﬂ(y’ fk+'"A+IZ) -

dy (%, z2) < ST

€
2k+17
Therefore,

dyy ) (y, flitmest ) <

R €
dlk(X,x) < F,

€
2k—1"
k+1 xk+l

Moreover, if j > 0, then by the definition of Dy there exist points R

Ck+1 such that

S

k+1 , fa;H'

it

1 €
dny (x y) < kT

where af“ = (Ng+1 +mr+1)@ — 1), ¢t =1,2,...,j,and hence

k+1 flk+mk+1 +af+
bl

1
dnk+1 (xi, x) <

2k=2"

Represent [0, n — 1] as

J
[0,n =11 =10, 4 — NU{Jllk + (¢ = D 0mp1 + i), I + 1 gt + nie) — 1]

=1
Ul + jmigr +nggr), n — 1],

https://doi.org/10.1017/50143385704000872 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385704000872

Topological entropy for divergence points 1191

We have
d(ESyx, h(X)) < d(BS;x, ES; X) + d(ESy X, h(X))

€
< lkv (D, F) + Rk.

On each of the intervals [a, k+1 k+1 + (mk+1 + ng+1) — 1], where ak+1 lk +(@—1)
(Mg+1 + ng+1)

d(ESmk+1+nk+1 faf“x, nk+1hi§+l)
Sd(ESmka“;er”"“x 0)+d(ESnka“r" X, BSy, xtth
+d(ESp x T
= Mmpp1 +ngnV (E F) + Nk 18k+1-

Then we have the following estimate:

J
d(ESx, h(®) + ) nriy ™)
t=1

< d(ESp—tp—jmpsr+npsy) f1ETH M)y 0) 4+ d(ES),x, h(R))

+ id(ESmk+l+nk+l f“fﬂx,nkﬂhﬁﬂ)
<(m—Ilk— jnger +ner1)M + d(BSy x, h(X))
+J (mk+1M +ng+1V (E %) +nk+13k+1)
< (=l — j(mpq +nk+l))M+lkV< = 1) + Ry
+J (mk+1M +ng+1V (E #) +nk+13k+1)
< R+ (k+ jnk+1)V( 2: 2) + k41841 + (1 + ( + Dmg )M

Hence we have

a(Lan. (i) + an+1h'§+1))

t=1

Ry L+ jngyr (. € Ngt1] Mgl + Miy1 | Miyl
S—+#V(d, kz) U s+ (2 L M
n n 2 Ny k41

goes to zero as n increases to infinity. Let
N(x) = Ninip + -+ - + Ngng + jngq.

Since C is a convex and closed subset of Y, we have that

1
NG )( x) + an+1hk+l) e C.
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We estimate that

d(EL,,x NG )(h(x) + an+1hﬁ+1))
1 Py
a(zn (s + it

t=1

( (h(x>+2nk+1h"“) NG )<h(x)+2nk+1h"+‘>>

t=1

< d(uLnx - <h(x) + an+1thr ))

t=1

1 1 o % k41
(=) (10 i) 0)
+d<N( )<h(x>+2nk+1h"“) NG )(h<x)+2nk+1h"+‘>>
=d<uLnx l<h(x)+an+1hk+‘>>

t=1

11 L
(= ) (s o))

Sd( L,x, —<h(x)+2nk+lhk+l>>+N1m1+"'+Nkmk+]mk+1M.

=1 n

So we have
o . - 1 k+1
nlirgo dist(EL,x, C) < nlggod(uLnx N (h(x) + an+1h )) =0.

Then similar to the discussion in [10], we can construct a measure p on F which
satisfies the request of the entropy distribution principle with s = A(A(C)) — y and then
we get the result

hop(A(C)) = hiop(F) = A(A(C)) —y
The conclusion hp(A(C)) = A(A(C)) follows since y is arbitrary.

We now prove the second conclusion of Theorem 2.1. By Lemma 2.2, we have that
AA : C(Y) — R is semi-upper continuous. We continue to show the other conclusion.
For any C1, C» € C(Y) such that A(C;) # @ and s1,s2 > 0 with 51 + 50 = 1, here

={x|xeClandCi+Cr ={x1+x2 | x; € Cij}forC, C;,Cr, € C(Y)and s € R.
By Part 2 of the proof of Theorem 2.1,
A(A(s1Cy + 52C2)) > sup hu(f).
HEM(f,X),Eunes C1+s5,C2
Take any w1, w2 € M(f, X) such that Eu; € C1 and Epy € Co, then E(s1u1 + s242) €
s1C1 + 52C». Hence, we have

A(A(51C1 4 52C2)) = Ay sopn (F) = S1hy (f) + 52k, (f).
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Since 1, (o are arbitrary, we get

A(A(s1C + 52C2)) = 51 sup hy(f) +s2 sup hy(f)
HEM(f,X),EneC HEM(f,X),EpneCs
= 51A(A(CY)) + 52A(A(C?)). d

COROLLARY 2.3. Suppose that f : X +— X is a continuous transformation with
specification property on a compact metric space X. Let ¢ : X — R be continuous.
Then for any closed subinterval C of R,

htop{x eX

1n—1 )
lim_dist <; ;;go(f’x), c) = o} = sup B (f).

neM(f,X),EneC

COROLLARY 2.4. Suppose that f : X — X is a continuous transformation with the

specification property on a compact metric space X. Then for any closed subset C of
M(X),

htOp {x e X

1 n—1
lim dist <— 8 si ,C) = 0} = sup h, (f).
n=oo T\ n ,; I HeM(f,X),ueC
As an application of Theorem 2.1, we study the mixed multifractal spectra. Mixed
multifractal spectra combine different local characteristics which depend on various
different aspects of the underlying dynamical system. Let (Y;, E;); be a (possibly
uncountable) family of deformations. We define the mixed multifractal spectrum of the
family (Y;, &;); by

hiop(A(C)) = hiopx € X

lim dist((E;L,x);. C) = o}.

n—o0
The mixed multifractal spectrum of the family (Y;, E;); combine information provided by

the different deformations (Y;, E;); and study how they depend on each other.

THEOREM 2.5. (Abstract mixed multifractal spectra) Suppose that f : X +— X is a
continuous transformation with specification property on a compact metric space X.
Let (Y;, E;)i be a (possibly uncountable) family of deformations and assume that Y; is
a normed vector space and that B; : M(X) + Y; is affine and continuous. Define the
vector spaces X;Y; and [ x;Y;]1°° by

x; Y ={(yi)i | yi €Yi foralli},
(xi¥il = {0 € xi; | sup il < oo},
1
and equip [ x;Y;1°° with the norm ||(y;); || = sup; ||y ||. Assume that SUPeM(X).i IEiun|l <

oo and that the map
M(X) = [x; Y171 — (Eip);

is continuous. If C C [x;Y;]1° is closed and convex, then

hmp{x e X ‘ lim dist((E: Lnx);, C) = 0} - sup h(f).
oo HEM(f.X).(Eip);eC
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3. Topological entropy of the set of divergence points
In this section we discuss the topological entropy of the set of divergence points.
We simplify A({y}) as A(y).

THEOREM 3.1. Suppose that f : X +— X is a continuous transformation with the

specification property. Y is a vector space with linearly compatible metric. E : M (X) +—

Y is affine and continuous. Let L, : X +— M (X) be defined as before. Then either:

(1)  there exists yy € Y such that for all x € X, A(EL,x) = {yo}, or

(2) theset D(f, E) = {x € X | lim,— o0 ELpx does not exist} is of the same topological
entropy as the whole space X.

LEMMA 3.2. For any § > 0, there exists N = N(8) such that for any k > 1, € > 0 small
enough, ifn > N, then

(N(y,8,n,4€)k < N(y, 48, nk + (k — Dm(e), €),
where m(€) is taken from the definition of the specification property.
Proof. Ttis a standard conclusion that

N(y,8,n,€) <M(y,8,n,€) < N(y,8,n, e).

Hence, N(y,d8,n,4¢) < M(y,8,n,4¢). Let S be some (n,4e)-separated set

of P(y, §,n) with maximal cardinality. Take arbitrary k points x1,...,x; € S. By the
specification property, there is some x = x(xy, ..., xx) which shadows pieces of orbits
{xi, ...,f"’lx,'},i = 1,2,...,k, with a gap m(e). We claim that different choices
of (x1,...,xx) produce different x = x(x1,...,x;). Indeed suppose (xi1,...,xr) #
(x],...,x;) then there exists 1 <t < k, x; # x;. Simplify nk + (k — Dm(e) = n
and m = m(e). We know from the construction of x (x1, ..., xx), x"(x{, ..., x;) that

dn (FOTVTx (e, x), x) < € dp (PO (L X)), ) < e

Since x; # x, and x;, x; € M(y, 8, n, 4¢), we have d,, (x;, x/) > 4¢. Hence,

dy(x(x1, ..oy xk), X (X, 0y X))
= dy (fOTDT (), fOTDOTY (L x)
> dy (g, x7) — dp (FU7DTx ey, L x0), x)
—dn (fUTDOTX (X X))
> 2e.

Rewrite EL;x as follows:

m n n
ELyx+ —E8Lp f"x + 5ELnf"+mx 4+ .+ 53Lnf(k_l)("+m)x

k k—1
— E : 5 ELnf(t—l)(n+m)x + E : 5 ELm f’"+(’_l)'"x.
i i=1
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Then we have

d(ELjx,y)

k k—1
< d(§ :53Lnf(l_l)(n+m)x, y) +d< E : - Eme”H_(’_l)mx,O>
i=1

i=1
k—1

k
n o 1 - i
< Zd <53Lnf(l 1)(n+m)x’ %y) + Z d(anfer(’ l)mx, 0)

i=1

) d(ELnf(i_l)("'H")x, 0) + (k _Al)mM

=>I=

k
1 1
< Z z d(EL f(t 1)(n+m)x y) —|—Z <z

k
1 : k—1)m k—1m
<) L @ELy [y BLyx) + d(ELpxi, ) + ( - gy K= Dmy,

7

2(k — 1)m
S¥M+5+Z —d(EL f(t 1)(n+m)x EL,x;)
n i= 1

<2@ Dm

M+8+ V(g e).

Lete < €(8), where €(§) is a constant such that d(u, v) < €(§) implies d(Eu, Ev) < §/2,
then there exists N = N (8) such that for any k > 1, € < €(§) small enough, andn > N,

(N(y,8,n,4€)k < M(y, 48, nk+ (k—1)m(e), 2€) < N(y, 48, nk + (k —)m(e), €). O
LEMMA 3.3. If f satisfies the speciﬁcation property, then

AA®Y)) = 11m lmz) llmsup logN(y,d8,n,€) = 11m 11m llmlnf logN(y,8,n,6).

n—o0o 3—>0

Proof. Without loss of generality, we can assume A(A(y)) < +oo. Since

AA(Y)) = hrn lim hmlnf—logN(y 8,m,€),

5—0 n—o0

for any y > 0, there exist g > 0, §o > 0 such that for all € < €g, § < o,
1 1
liminf — log N(y, §,n,4¢€) < A(A(y)) + =y.
n—oo n 2
Without loss of generality, we assume that 4¢ < €(§), where €(§) denotes a constant such

that d(u, v) < €(5) implies d(Eun, Ev) < §/2. To show the equality in Lemma 3.3,

it suffices to show that

llmsup log N(y,48,n,€) < A(A(y)) +2y.

n—oo N
Since | |
lim inf — log N(y,8,n,4¢) < A(A(y)) + Ey,

n—o0

we can take a sequence of mtegers ng 1 +oo such that

N(y, 8, ni, 4€) < exp(ng (A(A(y)) + 7).
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Foreach k, ny = (n +m)px —m + Iy, 0 < Iy < n + m. Hence,
N(y,8,n,4¢)P* < N(y,48, n +m)px —m, €)
< N(y, 48, ng, €)
< exp(ni(A(A(Y) +¥)).
That is, for ny large enough,

N(y,d,n,4¢€) < exp (%(A(A(y)) + V)) < exp((n +m)(A(A(y)) + 2y)).
So we get

1 m
limsup —log N(y, 8, n,4€) < AA(Y) +2y + lim —(A(A(Y)) +27)

n—oo N

< A(A(y)) +2y. O

LEMIY[A 3.4. Let A(y) ={x € X | y € A(EL,x)}. Suppose A(y) # . Then
hiop(A(Y)) = hiop(A(y)).

Proof. Obviously A(y) € A(y). Hence, hwop(A(y)) < hmp(ﬁ(y)). To prove the other
inequality, it suffices to show that for arbitrary t > A(A(y)),

hiop(A(y) < 1.
Putt; = 5(t — A(A(y))). Recall that by Lemma 3.3,

1 1
A(A(y)) = lim lim liminf —log N(y,8,n,€) = lim lim limsup —log N(y, §, n, €),
e—>0 §—>0 n—>00 n e—>0 §—0

n—oo N

where N (y, 8, n, €) is the minimal number of (n, €)-balls to cover
P(y,8,n) ={x € X | ELyx € B(y, )}

Hence, there exist €g > 0 §g > 0 such that for all € < €y, § < J9,
1 t

limsup —log N(y, 8, n,€) < A(A(y)) + s
n—oo N 2

This implies that there is No € N such that N(y, §,n,€) < exp(n(t — 1)) forn > Ny.
Since for all n > N,

+00
Ayyc () Utxre X | ELyx € B(y,5))
k=0 n'>k

+00
<) UlxeX|ELyx € B(y.8)

k=n n'>k

we have

A t,n,€) = inf exp(—tn;
m(A(y),t,n,€) F’n(r)ZnZ xp(—tn;)

+o0
< Y N(y. 8.k, €) exp(—tk)

k=n

+o00
< Zexp(—tlk) < 4o00.
k=n

https://doi.org/10.1017/50143385704000872 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385704000872

Topological entropy for divergence points 1197

Hence, we have hop(f, A(y), €) < t. The conclusion hmp(A(y)) < t follows by the
definition of topological entropy. Due to the arbitrary choice of ¢, we get hmp(A(y)) <
A(A(y)). We are done. O

LEMMA 3.5. Giveny € Y, 8 > 0, k € N. Let €(§) be a constant such that
8

Then for any € < €(8), let m(€') be as in the definition of specification property and
a > 8m(e"YM /3, there exists N € N such that foralln > N, let x1, . .., x, € X satisfying
ELy;xj € B(y,8) withnj > a, then for arbitrary xo € X, if z € X such that z €’ shadows
pieces of orbits {xo, fxo, ..., fb_lxo}, b =<k, {xj, ..., f”/'_lxj}, j=12,...,n with
a gap m(€'), we have

ELb+nm(e/)+Z,’-’=] n 2 € B(y,29).
Proof. Simplify i = b + nm(e’) + Z;l—l ni,n’ =Y " nj,and m(e’) = m. We have

b n n—1
LnZ — _LbZ + = mebZ + L fb+mZ IS %Lnn fb+nm+2]-:1njz
— n . . i—
_ ngz n Z m, fb+2j:11 imy 130 Ly phHim i
n i=1 i=1 "
Hence, by the property of linearly compatible metric,

b " m i1
d(EL;z, y) < =d(ELpz.0) + d( > Ly fEm 0)
n i1 n

L . i1
" d( > % EL,, foHm =i, y)

i=1

n i=1

no_ no_
+d(2 S BLaxi, Y Z—y)

i=1 i=1

b+nm n; bima Sl e
< M+d ZgaLnif L= ’z,ZWuLnix,-
i=1

n i=1

b +nm i btim+Y ' n; i
< M+d ZT_:L,,I.f = Z,Z_/uLnixi
n —n

n
n
+Zn—jd(sLnix,~,y)

n

1

i

b+ ; !
- ~an+5+Zn—'/d (HTELH fb+zm+Z, '"’Z uLn,xz>
n —n n

b+nm

n

M+‘3+Z B 4@ Ly fP IS 2 B Ly i)

n; n —~ b+i i-1
R
i=1
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b 5 /
< +~an+8+§+(l— )M
n

3 2(b
:§5+MM
3 2bM  2m
<5+ + M.
2 na a

Hence, there is N € N, large enough such that for alln > N, EL;z € B(y, 29). O

= =

LEMMA 3.6. Let different y, y' such that A(y), A(Y') # & be given. Let A({y,y'}) =
A(y) N A(Y). We have

hop(A({y, ¥'D) = min{A(A()), A(AG))}.

Proof. Obviously hmp(A({y, v'})) < min{A(A(y)), A(A(y"))}. On the other hand, for
any s < min{A(A(y)), A(A(Y))}, let y = min{A(A(y)), A(A(y"))} — s. Recall that

1
A(A(y)) = lim lim liminf —log N(y, §, n, €),
e—>0 -0 n—>o0 n
where N (y, 6, n, €) is the minimal number of (n, €)-balls to cover P(y,5,n) = {x € X |
EL,x € B(y, 8)}. Choose a sufficiently small € > 0 such that
1 2 1 2
lim liminf —log M (y,8,n,8¢) > s+=y; lim liminf—log M (y’, 8, n, 8€¢) > s+—y.
3 §—0 n—>o0 n 3

§—~0 n—oo n

Hence, we can choose a decreasing sequence §; such that

1 1 1 1
liminf —log M (y, §2k—1,n, 8€¢) > s+ =y; liminf— log M, 8x—_1,n,8) >s+=y.
n—o0o n 3 n—oo n 3

Let {yx} = {yv, Y, y,y',...}. For each § there is a ry = r(8;) such that forall x, y € X
with d,,(x, y) < ry, d(EL,x, EL,y) < &k/2. From such a sequence ri, we can construct
€x | 0 such that

€1 <minfe, r1}; € <rk; €kl < %ek.

By the definition of specification property, for each ¢; and arbitrary pieces of orbits,
there exists a point that belongs to X which can shadow the pieces of orbits with a gap

my = m(€e;). Hence we can choose a sequence ny 1 +o00 such that
8mM
My : M(yi, 8k, ng, 8¢) > exp(ngs), ng > max {2’"", B—k} .
k

By definition, My is the cardinality of a maximal (nx, 8¢)-separated set in P (yk, 8k, ng).

Denote by Cy = {x!‘ |i=1,2,..., My} one of these maximal (ny, 8¢)-separated sets.

To begin the construction of F', we first construct a sequence of integers { Qy}.
1

k = 1, Q1 is an integer such that we take xl.ll, e X, e Cy, if z € X € shadows
1

pieces of orbits {xil,-’ e, fnlflxili}’ j=1,2,..., Q1 with a gap m1, then
EL(Q,~1ym+0im 2 € B(y,281).

Suppose we have already defined Qy, we now present a construction of Q1. Let

k
ty = ZQj(mj +I’lj) —mj.
j=1

J
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By Lemma 3.5, there is a Q41 € N such that let xfl"’l,...,xf;l € Ciy1 with
k+1
ng+1 > 8myy1M/Sk41, then for arbitrary xg € X, if z € X €x41 shadows pieces of
orbits
-1 k 1 —1  k .
(o, F bt T L =2, Qe

with a gap my 1, then we have

ELtherH(nkHerkH)Z = ELtk_HZ € B(yk—H, 28k+1)~

We can definitely require that { Oy} satisfies:

() Qp = 2Mer ¥t > 1,

) Qg1 = 2%,k > 1.

These restrictions would mean that { Oy} is increasing very fast and, in particular,

N1 + Miy 1

lim —0 and lim —* —o0,

k— 00 Ok k—>o00 Q+1

Second we construct inductively a sequence of finite sets Ly.

k =1, for any Q-tuple (i1, ...,ip,) € {1,2,..., M} ety = y(iy, ..., ig,) be
some point which shadows pieces of orbits {xl.lj, fxill,, e, M _1xi1/ Lj=1,2,..., 01,
with a gap m1, i.e.

1
dny (5, fU VG i) < €

where ajl. =G —-Dm +my),j=1,2,..., Q1. Suchapointy = y(i1,...,ip,) exists
because f satisfies the specification property. Collect all such points into a set

Ly ={y@,....ig) li1,...,ig, €{1,2,..., M1}}.

We claim that different tuples (i1,...,ig,) produce different points y(ii,...,igp,).
Actually if (i1, ...,ig,) # (j1,..., jo,), thenitis easy to show that

d;l(y(il,...,iQI),y(jl,...,le)) > Oe.

This implies that #L1 = M 1Q] .
Suppose that we have already defined a set Ly, we construct L1 as follows.

For every x € Ly and (i, ...,ig,,,) € MkQJff" = Diy1, letz = z(x, (i1, ..., i0gy)
be some point that €441 shadows pieces of orbits
(—1 k+1 —1 k+1 .
o fo ) T e T T =120 Qe

with a gap my41, i.e.

KD plictmi +alt

1
dl‘/( (-xs Z) < €k+1, dnkﬂ ('xij ’ Z) < €k+1,

where a?‘“ = (k41 + mi+1)(j — 1). Such a point exists due to the specification property
of f. Denote by (i1, ...,ig,,,;) = i. Collect all these points into the set

Lit1 ={z=2z(x,i) | x € Ly, i € Dg+1}.
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We can show that different pairs (x, i) produce different points z = z(x,i). In fact, we
have that if (x, i) # (x,i’) with x, x" € Ly,i,i € Dy+1, then

dy,, (2, 7)) > Se.

This is indeed the case if one follows step (2) of Theorem 2.1 and notices that €, < €/ 2k—1,
Now for every k put Fy = | J By, (x, €), where Bj(x, 8) is the closed ball around x
of radius § in the metric d, i.e.

xeLy

Bi(x,8) ={y € X |di(x,y) <6}

Similar to Theorem 2.1, one can show that for every & the following are satisfied:
(1) foranyx,x’ € Ly, x # x/, B_,k(x, €r), B_,k(x/, €x) are disjoint;
(2) ifz € L4 descends from x € Ly, then

By, (z. €k41) € By (x, ).

Hence, Fy+1 € Fy. Finally we put F = ﬂkzl Fx. F is a non-empty closed subset of X.
Before we come to estimate the topological entropy of F, we first show the following
lemma.

LEMMA 3.7. Foreachx € F, we have {y, y'} € A(EL,x).

Proof. Since x € F, for each k, we have x € Fy, which means that there is a X; € L such
that x € B;, (X, ;). Hence, we have

d(ELyx, yk) < d(ELyx, ELyXx) + d(ELy Xx, i)
< d(EL,kx, EL;A_XA]() + 28](

< 18k + 28k = 3.

So
lim EL,, ,x=y and lim EL,x =y,
k— 00 k— 00
which implies {y, y'} € A(EL,x). ]

Now we want to show that there is a measure p on F such that for every sufficiently
large n and every point x € X such that B, (x, %e) N F # &, one has

(By(x, $€)) < exp(—ns).

For every k > 1, define an atomic probability measure py as follows

1
t({z})) = —— foreveryz € L.
a #L) y

Obviously we have uy(F;) = 1. Also similar to proof in [10] we have that the sequence
of probability measure {{1x} converges in the weak topology. Denote the limiting measure
by u, we also have u(F) = 1.

For every point x € X such that B, (x,€/2) N F # &, suppose n > t1, since B, (x, €)
is an open set, thus since py — (, we have

1
u(Bp(x,€)) < lim ug(Bp(x,€)) = lim —#{z € Ly N By(x, €)}.
k—o0 k—o0 #Lj
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For such a n, there exist unique k > 1and j € {0, 1, ..., Qx+1 — 1} such that

fe <n < tiy1, e+ (Mg +mpg)j <n <t + (g +mr) (G + 1.

First of all we have #(B,,(x,€) N L;) < 1 and thus ui (B, (x,€)) < #(L;)~!. Actually
suppose there are two different points z1, z2 € Ly N B, (x, €). This means d, (z1, 72) < 2e.
On the other hand we have d;, (z1, z2) > 5e¢. Hence, we get

2e > dy(z1, 22) = dy (21, 22) > Se,

which is a contradiction. We continue to show wi+1(B,(x, €)) < (#(Lg) X MIZ+1)_1~
Suppose that z1,z2 € Lg+1 N By (x, €). Then there exist x, xp € L and i,i € D4 =
{G1, - ige) 11 €{1,2, ..., Myy1} such that

z1 = z(x1,1), z2 = z(x2,1).

. . . o/ ./ ./
i=(,...,0i0,,), 1 :(ll""’le-H)'

We claim that x; = x and (i1, ...,i;) = (i}, ...,i;.). Indeed if x1 # x; then

dy (x1, x2) < dy (x1,21) + dy (21, x) + dy (x, 22) + dy (22, x2)
<e€p+€+e€+¢€

€ €
§?+e+e+? < Se,
which is in contradiction with the fact that d; (x1,x2) > 5e. Also (i,...,i;) =
(i1, ...,i;). If j = 0, there is nothing to prove. Suppose j > 0 and thereis 1 <t < j
such that i; # i;. Since
kil ptptms +at €
Ay (x,'t , T 7)) < g < kT
k+1 i+ + k+1 €
dppsy (xit/ , JIRTIATG 7)) < €1 < AT

where af“ = (g4+1 + mr41)( — 1). We have

k1 _k+1 k41 ptptmpyg+akt! k41 ptptmpyg+akt!
gy O, X 0) =l (70 fETETE ) A dy (T ST 20)

k+1 k+1
1] 1
by, (TG plct )

IA

€k+1 + €kr1 +dn(21, 22)

€yl + €yl + 2€ < de,

IA

l{i+1’xik/+1) ~ 8¢ since xﬁ“,xi’i“ are different
t t

points in the (ni41, 8€)-separated set Ci1. Now since for every two points 71,22 €

which contradicts the fact that dy,_, (x

Lit1 N By(x,€), let z1 = z(x1,0), 22 = z(x2,1), i = (1,...,ig,,) and i’ =
(i1, ...,i/Qk+]),then we have x; = xz and (i1, ...,i;) = (i], ...,i;.). Hence,
Qi1 1
Mk+1(Bn(x,€)) = ————F—M; 7| =—
#(LiyME #HLoM], |
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We can continue to show that for any p > 1, one has

€ 1
ien (Ba (1. 5)) < — .
PN oM,

The conclusion is true because every point z € Li4p N By (x, %e) descends from point of
Li1 which is in B; (x, €). Otherwise there exist z1 € Li41, 22 € Liyp N By (x, %e), 22
descends from z; such that d,,(z1, x) > €. Hence, we have

d(z21,22) > dn(21, %) — du(x, 22) > 3€.
On the other hand we have

dn(z1,22) <dy (21,22) < €42+ -+ €4p

< € €
St T
<—6 <6
S5 S5

which is in contradiction with the above discussion. Hence, there are at most M kQ_:; Pxooox

MQkJ"7 pointsin Ly, N By (x, %e), which descends from a given pointin Ly4+1 N B, (x, €).

k+p
Hence,
Ok+1—J 3 g Qk+2 Ok+
1 MM M 1
Hkep | Bn x’ie = Qi1 37 Qk42 Orip Jjo
#HLOMZ T MG M #(LoM,
Recall that

n—ty — jg+1 +miy1) < Nyl + Mpt;
k
=) Qi(ni +mi) —m;
i=1

n—ty — j@gs1r +meyr) o Mt Mg

; < — 0 ask — oo
e + J (k41 + miy1) Ok

and M} > exp(nys), we obtain for k large enough
#(Lk)M]{-}-l = MlQlMZQZ t 'MkaMIZH
> exp(s(Qini + -+ + Qrng + jni+1))
> exp((s — 3¥)(Q1(n1 +m1) + -+ + Q(ng +mp) + j (k1 + mys1))
> exp((s — y)n).
Observe that k 1 400 asn 1 +00. We have for all sufficiently large n
(B, 5€) = m jui(By(x, 36)) < exp(—n(s = )
holds for every x such that B, (x, %e) N F # @. Since y is arbitrary, by the entropy
distribution principle we have hwp({y, ¥'}) = hwp(F) > s. Also since s is arbitrary,

we get hmp(A{y, V') = hop(F) = min{A(A(y)), A(A(y")}. Thus finish the proof of
Lemma 3.6. O
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LEMMA 3.8. Let M be the constant such that d(0, En) < M for all n € M(X).
Then d(EL,41x, ELyx) <2M/(n+ 1) foralln e Nand x € X.
Proof. For all n € N, we have

1 n 1 n—1
d(EL , 8L =d ESriy, — &6 i
( n+1X nX) (n 1 ; fix n ; f x)

n—1

=<

S|

n 1
d ES iy, B4 ——d(E§ sy, 0
(n+1 fix fx>+n+l( 775 0)

Il
=)

= o~

1 n
—\d(ES i ., BS,i d l—— ) 86+,,0
3 (@0 z a (1= ) 20))

1
——d (B8 ny, 0
+n+1( frx )

IA

<n§1 L= ) d(@6 4. 0) + ——d(E8 . 0)
i n+1) T n 1o
Sl A(E8 1., 0) + ——d(E6 s, 0)
S g 1T DT R

oM
< . O
“n+1

LEMMA 3.9. Forallx € X, n1,n» € Nand y1, y» €7,

d(ELn +nyx, y2) < d(ELp x, y1) +d(ELp, f"'x, y2) +d(y1, y2).

Proof. Since

ELp 4n,Xx = ELyx +

ELp, f"'x,
ni+ny ni+ny

we obtain

ni ny ni na
d(EL X, <d EL, x+ EL,, f"x, +
( ni+ns y2)_ (I’l1+l’l2 ni ni +no nzf n1+n2)’1 nl+n2y2

—i—d( ni + no ni + no )
1 25 2 2
n1+n2y n1+n2y n1+n2y n1+n2y

ni - na -
d(DLnlx: y1)+ d(Danfnl-xs y2)

T ny+np ny +np
ni
ny+ny
< d(ELp,x,y1) +d(ELy, f"' x, y2) +d(y1, y2). ]

d(y1, y2)

LEMMA 3.10. If y € A(EL,x) for some x € X, then there is some x' € X such that
A(ELnx") = {y}.

Proof. Suppose limy_, 4o EL,,x = y. Choose a sequence & | 0. For each &, there is a
rx = r(8¢) such that forall x, z € X withd, (x, z) < rr, wehave d(EL,x, EL,y) < &/2.
Choose €; | 0 such that € < rg, €41 < %ek. By the definition of the specification
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property, for each €, there is my = m(ex) such that for arbitrary pieces of orbits, there
exists a point that belongs to X, which €; shadows the pieces of orbits with a gap my.
Hence, without loss of generality we can assume that ny, satisfies

8mM
ELyx € B(y,8) and ng > max {2””', _"} '

Ly

We construct a sequence of integers { O} and a sequence of points {x;} such that x; — x’
and A(EL,x") = {y}.
k = 1, by Lemma 3.5 there is an integer Q1 such that if x; € X €1 shadows Q1 pieces
of orbits
x, fx,..., f”'_lx), e (e, f’”_lx)
(]

then

EL;~1ym+0m X1 € B(y, 281).

Fix Q1, such x; exists due to the specification property. Fix x1. Suppose we have already
defined Qy and xj, now we come to construct Q1 and xz41. Let

k
=Y Qi(mi+n)—mj.
i=1

By Lemma 3.5, there is Q41 such that if x” € X €41 shadows pieces of orbits

D0, s SR, e, T ) e

with a gap my 1, then we have

- T ”
‘:‘Lfk+Qk+1(nk+1+mk+|)x = E‘Lfkﬂx € B(y, 28k+1)-

Fix Q1 and take such a x” as x4 1. Without loss of generality we can require that { Q)
satisfies

. Mgyl Mg . 173
lim =T+ 0 and  lim

k—o0 Ok k=00 Qpt1

=0.

Finally let x” € () By, (x, €k), we have that such a point exists.
We show A(EL,x’) = {y}. Take a large integer n, there are unique k > 1 and
j€{0,1,..., Qr+1 — 1} such that

tk <n =S tirl, A=+ (g Fmge)j <n <t + (g +mg) G+ D.
We come to estimate d(EL,x’, y).

d(ELyx',y) < d(BLyx', EL;x") + d(EL;x', y).
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By Lemma 3.8, we have

d(ELnx', ELyx")

<d(BLjx, EL;,_Hx/) + d(EL;l_Hx/, EL;H_zx/) + -+ d(BEL,—1x', EL,x")

2M 2M 2M
= = +A -
n—+1 n—+2
2M(n — n)
- n

<M ”1.<+1 + miy
te + j(Mpy1 +meyr)
n +m
— oM - k+1 k+1.
Z,‘:l Qi(ni +m;) —my + j(ngy1 + miy1)

— 0

as k goes to infinity. We go on to estimate d(EL;x’, y). By Lemma 3.9,

d(EL;x',y) <d(ELyx',y) +d(EL;_, f*x', y)
< d(ELyx', ELyxk) + d(ELyxk, y) +d(ELj_y f*X, y)
38k + 28k + d(ELy_y f5x', y)

IA

< 38k + d(BLjy fx', ELj_y f*x4s1) + d(ELji—y f*Xk41, )
< 38k + 3841 + d(BLj_y f*xk11. Y).

Since xy+1 € Liy1, therefore xx41 €x+1 shadows pieces of orbits

(s ooy Fo ), Ly o, PNy N

Ok+1

with a gap myy1 and ELy, ., x € B(y, 8i+1), we have

]

d(ELj_g f*Xps1, y) < d(ELj_yy f™*xp41,

—~ 1
<d(ELj_y f*xk41,

Lp %) +d(ELpyy, X, y)
L”k+1x) + 8k+1.

[a]

Rewrite L;_,, f"xi11 as follows:

Mi+1 Nk+1
1 1 ti+
Ly ™ X1 = mLmkﬂkakH + ﬁl‘"k+1fk M X

Nk+1 e+ —1) (ng s
+ = Lnk+1f e t+G )(n/‘+|+mk+])+m/‘+lxk+l

n—t

1 tir+mp1+G—1)(ngp+m
Lnk+1fk k+17+( (M1+m41)

J
— 174

Nk+
~ Xk+1
1

1=

L\ mysn ;
+ Z _ Lo, ftk+(l—1)(nk+|+mk+|)xk_H_
i
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Since E : M(X) +— Y is affine and Y is a vector space with linearly compatible metric,
we have

-~ tr ~
d(aL;l_,kf"xk+1, ELpg, X)

N

J

Nk+1 4 +(i—1 + -

<d § :_aLnkaA M1+ —1) (g1 mk+l)xk+1’ ELp,, X
i Tk

j
Mit1 ;e 1+ —1) (g1 +mg1)
+Zﬁ_tkd(aLm,{+,f A, 0)

i=1

J
Ni+1 t i—1 . 1 —
S Zd <ﬁ — tk aLnk‘F] f k+mk+]+(l )(nk+]+’nk+l)Xk+l’ 7:‘Lnk+]x

i=l1
Mi+1

M
k41 + Mgy
Mk+1 M+ X]: ld('H"L f’k+mk+l+(i*1)("k+l+mk+l)xk+1 EL,,. x)
= B [=p 577} , Sl
el + Mt e k1 k1
J
n 1 .
+ Zd A k+1 — - ELnk+1 ftk+mk+]+(l_1)(m"+l+mk+l))€k+1, 0
i=1 n=le )
Mi+1 J Nk+1 1
_7M+5k+1+ZA — =M
Mgt1 + Mp —in—
J
mp41 M1
< 7+M + 5k+1 + Z —+
Rit] + M1 = J (kg1 + mptn)
2m
= L M4 8 — 0.
k41 + Mgy

Hence, we have lim,_. o d(EL,x’, y) = 0, which implies that we have found a point
x" € X such that A(EL,x") = {y}. O

Proof of Theorem 3.1. Suppose Theorem 3.1(1) does not hold, then Uxex A(EL,x)
contains at least two points. It suffices to show hwp(D(f, E)) > hop(f, X). Without
loss of generality we can assume hop(f, X) > 0. By the classical variational principle,
we have

hiop(f, X) sup  hy(f)

neMX, f)

= sup sup  {hu(f)}
YEEM(X.f) peM(X.f).Eu=y

= sup  A(A(Y).
YEEM(X, f)

Since AA : C(Y) — R is upper semi-continuous and EM (X, f) is compact, there exists
a point yj such that

hop(f, X) = A(A(y1).
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Since | J,cx A(EL,x) contains at least two points, by Lemma 3.10 there is a y € ¥ which
differs from y; such that A(y) # &. By Theorem 2.1,
AA(( =8)y1 +y)) = (1 =HAAD) +SAAY)).

Hence, for § < 1, A((1 — 8)y1 + 8y) # <. For any § > O consider the set
A({y1, (1 = 8)y; + 8y}). By Lemma 3.6,

hiop(A({y1, (1 — 8)y1 + 8y}) = min{A(A(y1)), AA(L — 8)y1 + )}
Letting 6 — 0, we observe that
A{y1, (1 =8)y1 +8y}) € D(f, E) = {x € X | the limit EL,x does not exist}
and we get

hiop(D(f, 8)) = Slii%htop(é({yl’ (I =8)y1 +8y}) = A(A(y1).

Hence,
htop(D(f: E) > A(A(y)) = htop(fv X).
This completes the proof of Theorem 3.1. a

The following are applications of Theorem 3.1.

COROLLARY 3.11. Suppose f : X + X is a continuous transformation with
specification property on a compact metric space X. Let ¢ : X +— R be continuous.
Then:

(1) either all the points have the same ergodic average; or
(2)  hwopl{x € X | the limit (1/n) Z:’z_ol (p(fix) does not exist} = hiop(f, X).

COROLLARY 3.12. Suppose f : X +— X is a continuous transformation with
specification property on a compact metric space X. Then

(1) either all the points have the same limit, i.e. lim,_, oo (1/n) Z::()l 8 iy = yo; or

(2)  hwplx € X | the limit (1/n) Z;:ol Sfix does not exist} = hyop(f, X).

THEOREM 3.13. Suppose f : X +— X is a continuous transformation with specification
property on a compact metric space X. Let (Y;, B;); be (a possibly uncountable) family of
deformations and assume that Y; is a normed vector space and that B; : M(X) > Y; is
affine and continuous. Define the vector spaces X;Y; and [ x;Y;1%° by

x;iY; = {(yi)i | yi €Y; foralli},
[x; Y1 = {(yi)i € x;Yi] sup [lyi |l < oo},
1

and equip [ x; Y;1%° with the norm ||(y;)i || = sup; || yill. Assume that SUPepm(x),i IEimll <
oo and that the map
MX) — [x;Y;1% 1 u — (Eiw)i
is continuous. Then:
(1) either all points x € X have the same limit, i.e. lim,— oo (E;L,x); = yo € [x;Y;]®
or;
(2)  hwopl{x € X | the limit (E; L,x); does not exist} = hop(f, X).
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