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Abstract. Let X be a compact metric space, f a continuous transformation on X, and
Y a vector space with linear compatible metric. Denote by M(X) the collection of all
the probability measures on X. For a positive integer n, define the nth empirical measure
Ln : X �→ M(X) as

Lnx = 1

n

n−1∑
k=0

δf kx,

where δx denotes the Dirac measure at x. Suppose � : M(X) �→ Y is continuous and
affine with respect to the weak topology on M(X). We think of the composite

� ◦ Ln : X
Ln−→ M(X)

�−→ Y

as a continuous and affine deformation of the empirical measure Ln. The set of divergence
points of such a deformation is defined as

D(f,�) = {x ∈ X | the limit of �Lnx does not exist}.
In this paper we show that for a continuous transformation satisfying the specifica-
tion property, if �(M(X)) is a singleton, then set of divergence points is empty,
i.e. D(f,�) = ∅, and if �(M(X)) is not a singleton, then the set of divergence points
has full topological entropy, i.e.

htop(D(f,�)) = htop(f ).

1. Introduction and definitions
Multifractal analysis studies the size of the local characters of dynamical systems or fractal
measures, e.g. the Hausdorff dimension or the topological entropy of the following level
sets,

Kα =
{
x ∈ X

∣∣∣ lim
n→∞ φn(x) = α

}
,
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where X is the underlying set of a dynamical system or the support of a fractal measure
and {φn : X �→ R} is a sequence of functions. Since the limit may not exist, we are
interested in the structure of the set of points for which the above limit does not exist, the
so-called set of divergence points. Our result is that although the set of divergence points
is usually small in measure, it may have full topological entropy. We give the background
of the our research motivation, notations and definitions in this section. Then we study
the topological entropy of sup sets in §2 and study the topological entropy of divergence
points in §3.

1.1. Background of multifractal analysis. Let X be a metric space (typically the
underlying set of a dynamical system or the support of a fractal measure) and let φ :
X �→ R be a function associating some dynamical characteristics with each point x ∈ X.
Multifractal analysis studies the level sets

Kα = {x ∈ X | φ(x) = α}, α ∈ R,

of φ. Usually, one might study the Hausdorff dimension (dimH) or the topological entropy
(htop) of the above set. g1(α) = dimH(Kα), g2(α) = htop(Kα) and similarly defined
functions are known as multifractal spectra. Since multifractal spectra of different local
characteristics φ associated with a dynamical system or a fractal measure encode important
information about the underlying dynamics and geometry, the study of multifractal spectra
plays an important role in multifractal analysis.

Often the local characteristics of dynamical systems or fractal measures are defined in
terms of limit processes, i.e. φ : X �→ R has the form

φ(x) = lim
n→∞ φn(x)

for a sequence of functions φn : X �→ R. For example, if f is a continuous transformation
of a compact metric space (X, d) and ϕ : X �→ R is a continuous function, then the ergodic
average of ϕ at the point x is defined by the following limit

φ(x) = lim
n→∞

1

n

n−1∑
k=0

ϕ(f kx).

As a consequence of the well-known Birkhoff ergodic theorem, if µ is ergodic with respect
to f then φ(x) = ∫

ϕ dµ for µ-almost every x ∈ X. However, the limits involved do not
necessarily exist at all points. Points for which the limits do not exist are called divergence
points. The collection of all such points{

x ∈ X

∣∣∣ the limit lim
n→∞ φn(x) does not exist

}
is defined as the set of divergence points. The set of divergence points has until very
recently been considered of little interest in dynamical systems and geometric measure
theory. As a result, they are always a priori discarded. However, recent work [2, 4–6] has
changed such attitudes. They have shown that in many cases the set of divergence points
has full dimension, i.e.

dimH

{
x ∈ X

∣∣∣ the limit lim
n→∞ φn(x) does not exist

}
= dimH X.
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In [7–9], Olsen and Winter unified and extended many results in multifractal analysis
of local characteristics of dynamical systems and fractal measures by introducing and
developing a framework on subshifts of finite type which includes the notions of:
• divergence points;
• relative (or conditional) multifractal spectra;
• mixed multifractal spectra.

Olsen and Winter’s framework is based on so-called deformations of empirical measures
and the above spectra are obtained by considering different deformations, i.e. let

∑
be

a subshift of finite type, which is associated with a conformal iterated function system
((V ,E), (Ui)i∈V , (Xi)i∈V , (Se)e∈E), let M

(∑ )
denote the family of probability measures

on
∑

, and let F : ∑ �→ ∑
be the shift map. For a positive integer n, the nth empirical

measure Ln : ∑ �→ M
(∑ )

is defined by

Lnw = 1

n

n−1∑
k=0

δFkw ∀w ∈
∑

,

where δx denotes the Dirac measure at x. Consider continuous deformations of Ln,
i.e. pairs (Y,�) where Y is a metric space and

� : M
(∑)

�→ Y

is continuous with respect to the weak topology. The composite

� ◦ Ln :
∑ Ln−→ M

(∑)
�−→ Y

is called a continuous deformation of the empirical measure Ln. The multifractal spectrum
of the deformation (Y,�) is defined by

g(α) = dim
{
w ∈

∑ ∣∣∣ lim
n→∞ �Lnw = α

}
.

Olsen and Winter established a variational principle for the multifractal spectra of arbitrary
affine and continuous deformations and studied the spectra of sup sets, eq sets, and sub sets,
i.e. the collection of points such that A(�Lnw) (where A(yn) is the set of accumulation
points of the sequence (yn)n) is contained in, is equal to, or contains a subset C of Y .
The research on such sets provides a complete description of the set of divergence points.

We need to point out that in symbolic spaces, when we consider the Hausdorff
dimension of the level sets we are in fact studying the topological entropy of them since
in this case for every α one has dimH(Kα) = |E|htop(Kα), where |E| is the number of
elements in E. One can also see from the various works [2, 4–9] that for the systems they
considered, there is a close relation between the Hausdorff dimension and the topological
entropy of certain level sets.

Since the calculation of Hausdorff dimension always needs special information about
the metric and the differential structure of the system, it seems that the study of the
topological entropy multifractal spectra may be carried out in a more general setting than
the study of Hausdorff dimension multifractal spectra. In [10], Takens and Verbitskiy
studied the topological entropy of the level sets

Kα =
{
x ∈ X

∣∣∣∣ lim
n→∞

1

n

n−1∑
i=0

ϕ(f i(x)) = α

}
, α ∈ R,
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where f is a continuous transformation of a compact metric space (X, d) and ϕ is an
arbitrary continuous function on X. They obtained the following variational principle for
transformations satisfying the specification property:

htop(f,Kα) = sup

{
hµ(f )

∣∣∣∣ µ is invariant and
∫

ϕ dµ = α

}
.

Observe that the system (X, f ) is more general than
( ∑

, F
)
, where

∑
is a subshift

of finite type and F is the shift map on
∑

, or (J, f ), where f is an expanding C1+δ-
conformal topological mixing map and J is the corresponding repeller. We wondered
what we can say about the divergence points of such a system (X, f ). This becomes the
beginning of our investigation.

1.2. Topological entropy of non-compact sets. Topological entropy is an important
quantity describing the chaoticity of a dynamical system. It was first defined on compact
metric spaces. In 1973, Bowen [1] generalized the topological entropy to non-compact or
non-invariant sets by using separated sets or span sets. In this section, we use the following
equivalent definition of topological entropy [10].

Definition 1.1. (Topological entropy) Let (X, d) be a compact metric space and
f : X �→ X a continuous transformation. For any n ∈ N, we define a new metric dn

on X as follows:

dn(x, y) = max{d(f k(x), f k(y)) | k = 0, 1, . . . , n − 1}
and for every ε > 0 we denote by Bn(x, ε) an open ball of radius ε in the metric dn

around x, i.e.
Bn(x, ε) = {y ∈ X | dn(x, y) < ε}.

Let a subset Z ⊆ X be given. Fix ε > 0. We say that an at most countable collection of
balls � = {Bni (xi, ε)}i covers Z if Z ⊆ ⋃

i Bni (xi, ε). For such a �, put n(�) = mini ni .
Let s ≥ 0 and define

m(Z, s,N, ε) = inf
�

∑
i

exp(−sni),

where the infinum is taken over all collections � = {Bni (xi, ε)}i covering Z such that
n(�) ≥ N . The quantity m(Z, s,N, ε) does not decrease with N , hence the following
limit exists

m(Z, s, ε) = lim
N→∞ m(Z, s,N, ε) = sup

N>0
m(Z, s,N, ε).

It is easy to show that there exists a critical value of the parameter s, which we denote by
htop(f,Z, ε), where m(Z, s, ε) jumps from +∞ to 0, i.e.

m(Z, s, ε) =
{

+∞, s < htop(f,Z, ε)

0, s > htop(f,Z, ε).

Then the following limit exists

htop(f,Z) = lim
ε→0

htop(f,Z, ε).
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We call htop(f,Z) the topological entropy of f restricted to Z, or simply, the topological
entropy of Z, denoted by htop(Z) when there is no confusion about f .

We give some of the basic properties and results on topological entropy of non-compact
sets that are needed in the following proofs. The reader can refer to [10] for the proofs and
references therein.

THEOREM 1.2. The topological entropy as defined above satisfies the following:
(1) htop(f,Z1) ≤ htop(f,Z2) for any Z1 ⊆ Z2 ⊆ X;
(2) htop(f,Z) = supi htop(f,Zi), where Z = ⋃∞

i=1 Zi ⊆ X.

THEOREM 1.3. Let f : X �→ X be a continuous transformation on a compact metric
space and ν an ergodic invariant measure. For ε > 0, δ > 0 denote by Nν

f (δ, ε, n) the
minimal number of ε-balls in the dn-metric which cover a set of measure at least 1 − δ.
Then, for each δ ∈ (0, 1) we have

hν(f ) = lim
ε→0

lim sup
n→∞

1

n
log Nν

f (δ, ε, n) = lim
ε→0

lim inf
n→∞

1

n
log Nν

f (δ, ε, n).

Remark 1.4. Suppose ν is ergodic and Y ⊆ X is such that ν(Y ) > 1 − δ. Denote
by S(Y, ε, n) the maximal cardinality of an (n, ε)-separated set in Y . Then we have
S(Y, ε, n) ≥ Nν

f (δ, ε, n).

THEOREM 1.5. (Entropy distribution principle) Let f : X �→ X be a continuous
transformation. Suppose a set Z ⊆ X and a constant s ≥ 0 are such that for any ε > 0
one can find a Borel probability measure µ = µε satisfying:
(1) µε(Z) > 0;
(2) µε(Bn(x, ε)) ≤ C(ε)e−ns for some constant C(ε) > 0 and every ball Bn(x, ε) such

that Bn(x, ε) ∩ Z 
= ∅.
Then htop(f,Z) ≥ s.

1.3. Specification property and deformation of measures. From now on we consider a
system that satisfies the specification property.

Definition 1.6. (Specification property) A continuous transformation f : X �→ X satisfies
specification property if for any ε > 0 there exists an integer m = m(ε) such that for
arbitrary finite intervals Ij = [aj , bj ] ⊂ N, j = 1, 2, . . . , k, such that

dist(Ii , Ij ) ≥ m(ε), i 
= j,

and any x1, . . . , xk in X, there exists a point x ∈ X such that

d(f p+aj (x), f pxj ) < ε

for all p = 0, 1, . . . , bj − aj and every j = 1, . . . , k.

Definition 1.7. (Linearly compatible metric) If Y is a vector space and d is a metric in Y ,
then we say that d is linearly compatible if:
(1) for all x1, x2, y1, y2 ∈ Y , we have d(x1 + x2, y1 + y2) ≤ d(x1, y1) + d(x2, y2);
(2) for all x, y ∈ Y and all λ ∈ R we have d(λx, λy) ≤ |λ|d(x, y).
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One can observe immediately that if d is induced by a norm, then d is linearly
compatible.

We denote by M(X) the collection of all the probability measures on X and M(f,X)

the collection of all the f invariant probability measures on X. Since X is a compact metric
space, we have M(X) is a compact metric space under the weak topology. Also the weak
topology in M(X) is induced by the following metric

dP (µ, ν) = sup
g∈Lip(1)

∣∣∣∣
∫

g dµ −
∫

g dν

∣∣∣∣,
where Lip(1) denotes the family of Lipschitz functions g : X �→ R.

For a positive integer n, define the nth empirical measure Ln : X �→ M(X) as

Lnx = 1

n

n−1∑
k=0

δf kx,

where δx denotes the Dirac measure at x. Consider continuous and affine deformations
of Ln, i.e. pairs (Y,�) where Y is a vector space with linearly compatible metric and
� : M(X) �→ Y is continuous and affine with respect to the weak topology on M(X).
We think of the composite

� ◦ Ln : X
Ln−→ M(X)

�−→ Y

as a continuous and affine deformation of the empirical measure Ln. The set of divergence
points of such a deformation is defined as

D(f,�) = {x ∈ X | the limit of �Lnx does not exist}.
Since the set of divergence points is typically large, we do not restrict ourselves to the
study of points x ∈ X for which the limit limn→∞ �Lnx exists, but develop a more
general framework which also includes divergence points. For a sequence (yn)n in a metric
space X, let A(yn) denote the set of accumulation points of the sequence (yn)n, i.e.,

A(yn) = {y ∈ Y | there exists a subsequence (ynk )k such that ynk → y}.
For a subset C of Y , we consider the set, 
(C), of points x ∈ X for which A(�Lnx) ⊆ C,
i.e.


(C) =
{
x ∈ X

∣∣∣ lim
n→∞ dist(�Lnx,C) = 0

}
= {x ∈ X | A(�Lnx) ⊆ C}.


(C) is called a sup set, which we will study in §2.
For a different choice of the deformation (Y,�) we obtain different spectra and sets of

divergence points.
• The spectrum and the set of divergence points of ergodic averages. Let ϕ : X �→ R

be continuous and define � : M(X) �→ R by

� : µ �→
∫

ϕ dµ.
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In this case we obtain for C ⊆ R,


(C) =
{
x ∈ X

∣∣∣∣ lim
n→∞ dist

(
1

n

n−1∑
k=0

ϕ(f kx), C

)
= 0

}
and

D(f,�) =
{
x ∈ X

∣∣∣∣ the limit
1

n

n−1∑
k=0

ϕ(f kx) does not exist

}
.

• The spectrum and the set of divergence points of empirical measures. Define
� : M(X) �→ M(X) by

� : µ �→ µ.

In this case we obtain for C ⊆ M(X),


(C) =
{
x ∈ X

∣∣∣∣ lim
n→∞ dist

(
1

n

n−1∑
k=0

δf kx, C

)
= 0

}
and

D(f,�) =
{
x ∈ X

∣∣∣∣ the limit
1

n

n−1∑
k=0

δf kx does not exist

}
.

• The spectrum and the set of divergence points of local Lyapunov exponents. Let X

be a differentiable manifold and f : X �→ X be a C1 map. The local Lyapunov
exponent of f at the point x is defined by

χ(x) = lim
n→∞

1

n
log |(Df n)(x)|.

Define � : M(X) �→ R by

µ →
∫

Df dµ.

In this case we obtain for C ⊆ R


(C) =
{
x ∈ X

∣∣∣∣ lim
n→∞ dist

(
1

n
log |(Df n)(x)|, C

)
= 0

}
and

D(f,�) =
{
x ∈ X

∣∣∣∣ the limit
1

n
log |(Df n)(x)| does not exist

}
.

• The mixed spectrum and the set of divergence points of ergodic averages of arbitrary
families of continuous functions. Assume that the family of maps (M(X) �→ R :
µ → ∫

ϕi dµ)i∈I is totally bounded. Define � : M(X) �→ l∞(I) by

� : µ →
( ∫

ϕi dµ

)
i∈I

.

In this case we obtain for C ⊆ l∞(I),


(C) =
{
x ∈ X

∣∣∣∣ lim
n→∞ dist

((
1

n

n−1∑
k=0

ϕi(f
kx)

)
i∈I

, C

)
= 0

}
and

D(f,�) =
{
x ∈ X

∣∣∣∣ the limit

(
1

n

n−1∑
k=0

ϕi(f
kx)

)
i∈I

does not exist

}
.
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Definition 1.8. (�(
(C))) For C ⊆ Y and any δ > 0 and n ∈ N put

P(C, δ, n) = {x ∈ X | �Lnx ∈ B(C, δ)}.
Fix some ε > 0 and let N(C, δ, n, ε) be the minimal number of balls Bn(x, ε), which is
necessary for covering the set P(C, δ, n) (if P(C, δ, n) = ∅, then put N(C, δ, n, ε) = 1).
Observe that N(C, δ, n, ε) will not increase as δ decreases and will not decrease as ε

decreases, so the following limit denoted by �(
(C)) exists

�(
(C)) = lim
ε→0

lim
δ→0

lim inf
n→∞

1

n
log N(C, δ, n, ε).

Let C(Y ) = {C ⊆ Y | C is closed and convex}. We will always equip C(Y ) with
the Hausdorff metric. Below are three observations that will frequently be used in the
following sections.

OBSERVATION 1.9. There exists a constant M such that

d(0,�µ) ≤ M, for all µ ∈ M(X).

Proof. This follows from the fact that � : M(X) �→ Y is continuous and M(X) is
compact. �

OBSERVATION 1.10. For a positive integer n ∈ N, given x, x ′ ∈ X, then dn(x, x ′) ≤ ε

implies d(Lnx,Lnx
′) ≤ ε.

Proof. This is indeed the case since

d(Lnx,Lnx
′) = sup

g∈Lip(1)

∣∣∣∣
∫

g d(Lnx) −
∫

g d(Lnx
′)
∣∣∣∣

= sup
g∈Lip(1)

∣∣∣∣1

n

n−1∑
i=0

g(f ix) − 1

n

n−1∑
i=0

g(f ix ′)
∣∣∣∣

≤ 1

n

n−1∑
i=0

sup
g∈Lip(1)

|g(f ix) − g(f ix ′)|

≤ 1

n

n−1∑
i=0

d(f ix, f ix ′)

≤ 1

n

n−1∑
i=0

ε = ε. �

OBSERVATION 1.11. Let V (�, ε) = supµ,ν∈M(X),d(µ,ν)≤ε d(�µ,�ν). Then V (�, ε)

goes to zero as ε goes to zero.

Proof. This observation follows from the fact that � : M(X) �→ Y is continuous and
M(X) is compact. �

2. Topological entropy of sup sets
In this section, we try to obtain information about the topological entropy of sup set 
(C).
Our main result is the following theorem.
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THEOREM 2.1. Suppose f : X �→ X is a transformation of a compact metric space
(X, d) which satisfies the specification property. Let Y be a metric space with linearly
compatible metric, � : M(X) �→ Y be continuous and affine, and Ln : X �→ M(X) be
defined as before. Suppose C is a closed convex subset of Y and let


(C) =
{
x ∈ X

∣∣∣ lim
n→∞ dist(�Lnx,C) = 0

}
.

With the notation
H(
(C)) = sup

µ∈M(X,f ),�µ∈C

hµ(f ),

we then have:
(1)

htop(
(C)) = H(
(C)) = �(
(C)),

where htop denotes the topological entropy of a set, M(X, f ) is the invariant
probability measure with respect to f , and �(
(C)) is defined as before;

(2) the map �
 : C(Y ) �→ R as C → htop(
(C)) = �(
(C)) is upper semi-
continuous. Furthermore, for C1, C2 ∈ C(Y ) with 
(Ci) 
= ∅ (i = 1, 2),

�(
(s1C1 + s2C2)) ≥ s1�(
(C1)) + s2�(
(C2))

holds for arbitrary s1, s2 ≥ 0 with s1 + s2 = 1, here sC = {sx | x ∈ C} and
C1 + C2 = {x1 + x2 | xi ∈ Ci} for C, C1, C2 ∈ C(Y ) and s ∈ R.

Proof of (1). The proof follows [10]. We divided the proof into two parts. The first is the
proof of htop(
(C)) ≤ �(
(C)) ≤ H(
(C)) and then the opposite inequalities. Without
loss of generality we assume 
(C) 
= ∅.

Part 1. Proof of htop(
(C)) ≤ �(
(C)) ≤ H(
(C)).
First we prove that htop(
(C)) ≤ �(
(C)). Let

G(C, δ, k) =
+∞⋂
n=k

P (C, δ, n) =
+∞⋂
n=k

{x ∈ X | �Lnx ∈ B(C, δ)}.

Then for each δ > 0,


(C) =
{
x ∈ X

∣∣∣ lim
n→∞ dist(�Lnx,C) = 0

}
⊆

+∞⋃
k=1

G(C, δ, k).

Since htop(f,
(C), ε) ≤ supk htop(f,G(C, δ, k), ε), it is enough to show that htop(f,

G(C, δ, k), ε) ≤ �(
(C)) holds for any k ≥ 1.
For arbitrary k ≥ 1, G(C, δ, k) as a subset of P(C, δ, n) for n ≥ k can be covered by

N(C, δ, n, ε) balls Bn(x, ε) for all n ≥ k. Therefore, for every s ≥ 0,

m(G(C, δ, k), s, ε) ≤ N(C, δ, n, ε) exp(−ns).

Let s > �(
(C)) and γ = 1
2 (s − �(
(C))) > 0. Since

�(
(C)) = lim
ε→0

lim
δ→0

lim inf
n→∞

1

n
log N(C, δ, n, ε),
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for all sufficiently small ε > 0 and δ > 0, there is a monotonic sequence of integers
nl → ∞ such that

N(C, δ, nl , ε) ≤ exp(nl(�(
(C)) + γ )).

Without loss of generality we can assume that nl ≥ k. Then we can get

m(G(C, δ, k), s, ε) ≤ N(C, δ, nl , ε) exp(−nls) ≤ exp(−nlγ )

and hence m(G(C, δ, k), s, ε) = 0. Therefore htop(f,G(C, δ, k), ε) ≤ s and

htop(f,
(C), ε) ≤ sup
k

htop(f,G(C, δ, k), ε) ≤ s.

So htop(
(C)) = limε→0 htop(f,
(C), ε) ≤ s. The conclusion htop(
(C)) ≤ �(
(C))

follows since s > �(
(C)) is arbitrary.

Then we are going to show that �(
(C)) ≤ H(
(C)). It suffices to show that for any
γ > 0, there is a measure µ ∈ M(f,X,�,C) = {µ | �µ ∈ C,µ ∈ M(f,X)} such that

hµ(f ) ≥ �(
(C)) − γ.

Recall that

�(
(C)) = lim
ε→0

lim
δ→0

lim inf
n→∞

1

n
log N(C, δ, n, ε),

hence there is a sufficiently small ε0 > 0 such that for all ε < ε0, the following holds

lim
δ→0

lim inf
n→∞

1

n
log N(C, δ, n, ε) > �(
(C)) − γ

3
.

Put εk = ε0/2k , k ∈ N. For any k ≥ 1, one can find a sufficiently small δk such that
δk → 0 and

lim inf
n→∞

1

n
log N(C, δk, n, εk) > �(
(C)) − 2

3
γ.

Then for each k we can choose some nk ∈ N, nk → ∞ such that

Nk = N(C, δk, nk, εk) ≥ exp(nk(�(
(C)) − γ )).

Let Ck be the centers of some minimal covering of P(C, δk, nk) by balls Bnk (x, εk).
Obviously #(Ck) = Nk and Bnk (x, εk) ∩ P(C, δk, nk) 
= ∅ for every x ∈ Ck . Define a
probability measure

µk = 1

Nk

∑
x∈Ck

Lnkx

and let µ be some limit point for the sequence µk , then we have µ is an invariant
measure. Also we have µ ∈ M(f,X,�,C). In fact, for each x ∈ Ck , let y(x) be a
corresponding point such that y(x) ∈ Bnk (x, ε) ∩ P(C, δk, nk) and y1(x) ∈ C such that
�Lnky(x) ∈ B(y1(x), δk), then since � : M(X) �→ Y is continuous and affine and Y is a
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vector space with linear compatible metric, we have

d

(
�µk,

1

Nk

∑
x∈Ck

y1(x)

)
≤ 1

Nk

∑
x∈Ck

d(�Lnkx, y1(x))

≤ 1

Nk

∑
x∈Ck

(d(�Lnkx,�Lnk y(x)) + d(�Lnky(x), y1(x)))

≤ 1

Nk

∑
x∈Ck

(V (�, εk) + δk)

≤ V (�, εk) + δk,

where V (�, ε) = supµ,ν∈M(X),d(µ,ν)≤ε d(�µ,�ν). The third inequality follows by
Observation 1.10. By Observation 1.11, V (�, εk) goes to zero as k goes to infinity.
Also since C is a closed convex subset of Y , we conclude that (1/Nk)

∑
x∈Ck

y1(x) ∈ C.
So we have

dist(�µk,C) ≤ V (�, εk) + δk → 0

as k goes to infinity. Hence,

dist(�µ,C) = lim
k→∞ dist(�µk,C) = 0.

Repeating the second half of the proof of the classical variational principle [11] we
conclude that

hµ(f ) ≥ lim sup
k→∞

1

nk

log Nk ≥ lim inf
k→∞

1

nk

log Nk ≥ �(
(C)) − γ,

which finishes the proof.

Part 2. Proof of htop(
(C)) ≥ �(
(C)) ≥ H(
(C)).

LEMMA 2.2. We have �
 : C(Y ) �→ R is upper semi-continuous.

Proof. C(Y ) = {A ⊆ Y | A is closed and convex}. Endow C(Y ) with Hausdorff metric D.
For all A ∈ C(Y ), by the definition of �(
(A)), for all γ > 0, there is ε0 > 0 and δ0 > 0
such that for all ε < ε0 and δ < δ0,

lim inf
n→∞

1

n
log N(A, δ, n, ε) < �(
(A)) + γ.

Let aγ = δ0/2, then for all K ∈ C(Y ) satisfying D(K,A) < aγ , given r < aγ , we have

B(K, r) ⊆ B(K, aγ ) ⊆ B(A, δ0).

Hence, we have
N(K, r, n, ε) ≤ N(A, δ0, n, ε).

So for all ε < ε0,

lim inf
n→∞

1

n
log N(K, r, n, ε) ≤ lim inf

n→∞
1

n
log N(A, δ0, n, ε) < �(
(A)) + γ.

Let r and ε go to zero, for all K ∈ C(Y ) satisfying D(K,A) < aγ we have

�(
(K)) < �(
(A)) + γ.

That is �
 : C(Y ) �→ R is upper semi-continuous. �
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Proof of �(
(C)) ≥ H(
(C)). It suffices to prove that for arbitrary γ > 0, for all
µ ∈ M(f,X) such that �µ ∈ C, �(
(C)) ≥ hµ(f ) − 4γ holds.

For arbitrary γ > 0, let ε > 0 and δ > 0 be so small such that the following hold:
(1) γ > δ;
(2) for all µ, ν ∈ M(f,X) with d(µ, ν) < ε �⇒ d(�µ,�ν) < δ;
(3) lim infn→∞(1/n) log N(C, 4δ, n, ε) < �(
(C)) + γ .

Also taking any µ ∈ M(f,X), �µ ∈ C, we can approximate µ by an invariant measure
ν with the following properties:
(1) ν = ∑k

i=1 λiνi , where λi > 0 with
∑k

i=1 λi = 1, and νi(1 ≤ i ≤ k) is ergodic;
(2) hν(f ) ≥ hµ(f ) − γ ;
(3) d(�µ,�ν) < δ.

Since each νi is ergodic, for almost every point x, Lnx → νi . Let

Yi(N) = {x ∈ X | d(�Lnx,�νi) < δ, ∀n ≥ N}.
For N ∈ N large enough, Yi(N) has νi measure of at least 1 − γ . By Theorem 1.3,
for each i ∈ {1, 2, . . . , k}, there is a Ni such that for all ni > Ni the minimal number
of 4ε-balls in dni metric, which is necessary to cover Yi(N) is greater than or equal to
exp(ni(hνi (f ) − γ )). This implies that the cardinality of a maximal (ni , 4ε)-separated
set in Yi(N) is greater than or equal to exp(ni(hνi (f ) − γ )). Choose N0 large enough
such that for all n > N0, ni = [λin] > max{max1≤i≤k{Ni}, N}. Let C(ni, 4ε) be
some maximal (ni, 4ε)-separated set of Yi(N). For each (x1, . . . , xk) such that xi ∈
C(ni, 4ε), by the specification property of f , there is a point y = y(x1, . . . , xk) satisfying

dni (f
∑i−1

k=0(nk+m(ε))y, xi) < ε. Let m = m(ε) and n̂ = m(k − 1) + ∑k
i=1 ni . We have that

different (x1, . . . , xk) ∈ Cn1 ×Cn2 ×· · ·×Cnk correspond to different points y(x1, . . . , xk).
In fact, take such two points y = y(x1, . . . , xk) and y ′ = y ′(x ′

1, . . . , x
′
k), one can easily

show that
dn̂(y, y ′) > 2ε.

Now we are in a position to estimate the distance between �Ln̂(y) and �µ. Constant
M follows Observation 1.10:

d(�Ln̂y,�µ)

≤ d(�Ln̂y,�ν) + d(�µ,�ν)

≤ d(�Ln̂y,�ν) + δ

≤ d

(
�Ln̂y,�

k∑
i=1

λiLni xi

)
+ d

(
�

k∑
i=1

λiLni xi,�

k∑
i=1

λiνi

)
+ δ

= d

(
�Ln̂y,�

k∑
i=1

λiLni xi

)
+

k∑
i=1

λid(�Lni xi,�νi) + δ

≤ d

(
�Ln̂y,�

k∑
i=1

λiLni xi

)
+ 2δ

≤ d

(
�

(n1

n̂
Ln1y + m

n̂
Lmf ni y + · · · + nk

n̂
Lnk f

∑k−1
j=0(nj +m)

y
)

,�

k∑
i=1

λiLni xi

)
+ 2δ
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≤ d

(
�

k∑
i=1

ni

n̂
Lni f

∑i−1
j=0(nj +m)

y,�

k∑
i=1

λiLni xi

)

+
k−1∑
i=1

m

n̂
d

(
�Lmf

∑i
j=1 nj +(i−1)m

y, 0

)
+ 2δ

≤ d

(
�

k∑
i=1

ni

n̂
Lni f

∑i−1
j=0(nj +m)

y,�

k∑
i=1

λiLni xi

)
+ m(k − 1)

n̂
M + 2δ

≤
k∑

i=1

ni

n̂
d(�Lni f

∑i−1
j=0(nj +m)

y,�Lni xi)

+
k∑

i=1

d
(
�

ni

n̂
Lni xi,�λiLni xi

)
+ m(k − 1)

n̂
M + 2δ

≤ 3δ + m(k − 1)

n̂
M +

k∑
i=1

d
(
�

ni

n̂
Lni xi,�λiLni xi

)

≤ 3δ + m(k − 1)

n̂
M +

k∑
i=1

d(�λiLni xi,�λiLni xi) +
k∑

i=1

d
((ni

n̂
− λi

)
�Lni xi, 0

)

≤ 3δ + m(k − 1)

n̂
M + m(k − 1)

n̂
M

= 3δ + 2m(k − 1)

n̂
M.

Since ni can be chosen arbitrarily large we conclude that y ∈ P(C, 4δ, n̂). Since

#Cn1 × · · · × #Cnk ≥ exp([λ1n](hν1(f ) − γ ) + · · · + [λkn](hνk (f ) − γ ))

≥ exp(n(hν(f ) − 2γ ))

≥ exp(n(hµ(f ) − 3γ ))

and dn̂(y, y ′) > 2ε for y = (x1, . . . , xk), y ′ = (x ′
1, . . . , x

′
k) corresponding to different

(x1, . . . , xk) and (x ′
1, . . . , x

′
k), we have

lim inf
n̂→∞

1

n̂
log N(C, 4δ, n̂, ε) ≥ lim inf

n→∞
1

n̂
log #Cn1 × · · · × #Cnk ≥ hµ(f ) − 3γ.

Due to the choice of ε and δ, we have �(
(C)) + γ ≥ hµ(f ) − 3γ , which finishes the
proof of �(
(C)) ≥ H(
(C)). �

Proof of htop(
(C)) ≥ �(
(C)). This is similar to [10]. Chose arbitrary γ > 0 and
let s = �(
(C)) − γ . The idea is to construct a Moran fractal F ⊆ 
(C) such that
htop(F ) ≥ s, then we can get

htop(
(C)) ≥ htop(F ) ≥ �(
(C)) − γ

and finish the proof.
Let γ > 0 be arbitrary. By the definition of �(
(C)), there is ε > 0 small enough such

that

lim
δ→0

lim inf
n→∞

1

n
log M(C, δ, n, 8ε) ≥ �(
(C)) − γ

2
.
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Since f satisfies the specification property, let m = m(ε) be as in the definition of the
specification property and

mk = m
( ε

2k

)
, k ∈ N.

Then we can choose a sequence δk ↓ 0 and a sequence nk ↑ ∞ such that

Mk = M(C, δk, nk, 8ε) > exp(nk(�(
(C)) − γ )), nk ≥ 2mk .

Since M(C, δk, nk, 8ε) is the cardinality of a maximal (nk, 8ε)-separated set in
P(C, δk, nk). Let Ck = {xk

i | i = 1, . . . ,Mk} be one of the maximal (nk, 8ε)-separated
sets.

Step 1. Construction of intermediate sets Dk .
We can choose some sequence of integers {Nk} such that:
(1) N1 = 1;
(2) Nk ≥ 2nk+1+mk+1 , k ≥ 2;
(3) Nk+1 ≥ 2N1n1+···+Nk(nk+mk), k ≥ 1.

Such a sequence grows very fast and satisfies

lim
k→∞

nk+1 + mk+1

Nk

= 0 and lim
k→∞

N1n1 + · · · + Nk(nk + mk)

Nk+1
= 0.

For any Nk-tuple (i1, . . . , iNk ) ∈ {1, . . . ,Mk}Nk , let y(i1, . . . , iNk ) be some point which
shadows pieces of orbits {xk

ij
, f xk

ij
, . . . , f nk−1xk

ij
}, j = 1, . . . , Nk , with a gap mk , i.e.

dnk (xij , f
ak
j y(i1, . . . , iNk )) <

ε

2k
,

where ak
j = (nk + mk)(j − 1), j = 1, . . . , Nk . Such a point y(i1, . . . , iNk ) exists because

f satisfies the specification property. Collect all such points into the set

Dk = {y(i1, . . . , iNk ) | i1, . . . , iNk ∈ {1, . . . ,Mk}}.
Let tk = Nknk+(Nk−1)mk. One could easily verify that for (i1, . . . , iNk ) 
= (j1, . . . , jNk ),

dtk (y(i1, . . . , iNk ), y(j1, . . . , jNk )) > 6ε.

Hence, #Dk = M
Nk

k .

Step 2. Construction of Lk .
We construct Lk by induction.

Let L1 = D1 and put l1 = n1. Suppose Lk is defined. We come to construct Lk+1. Let

lk+1 = lk + mk+1 + tk+1 = N1n1 + N2(n2 + m2) + · · · + Nk+1(nk+1 + mk+1).

For every x ∈ Lk and y ∈ Dk+1, by definition of the specification property there is a point
z = z(x, y) such that

dlk (x, z) <
ε

2k+1
, dtk+1(y, f lk+mk+1z) <

ε

2k+1
.

Collect all such points into the set

Lk+1 = {z = z(x, y) | x ∈ Lk, y ∈ Dk+1}.
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We can prove that for different pairs (x, y), (x ′, y ′), x, x ′ ∈ Lk, y, y ′ ∈ Dk+1,

dlk+1(z(x, y), z′(x ′, y ′)) > 5ε.

Indeed for such two points, if y 
= y ′ then since y, y ′ ∈ Dk+1, we have
dtk+1(y, y ′) > 6ε. We know from the construction of Lk+1 that

dtk+1(y, f lk+mk+1z) <
ε

2k+1 and dtk+1(y
′, f lk+mk+1z′) <

ε

2k+1 .

Hence, we get

dlk+1(z, z
′) ≥ dtk+1(f

lk+mk+1z, f lk+mk+1z′)
≥ dtk+1(y, y ′) − dtk+1(y, f lk+mk+1z) − dtk+1(y

′, f lk+mk+1z′)

≥ 6ε − ε

2k
.

Otherwise, if x 
= x ′, then since

dlk (x, z) <
ε

2k+1
and dlk (x

′, z′) <
ε

2k+1
,

we get

dlk+1(z, z
′) ≥ dlk (z, z

′) ≥ dlk (x, x ′) − ε

2k
.

Then following the discussion we have

dlk+1(z, z
′) ≥ min

{
min

x 
=x ′,x,x ′∈D1

dn1(x, x ′), 6ε
}

−
k∑

i=1

ε

2i

≥ 6ε − ε

≥ 5ε.

Step 3. The Moran fractal F .
For every k put

Fk =
⋃

x∈Lk

Blk

(
x,

ε

2k−1

)
,

where Blk (x, δ) is the closed ball around x of radius δ in the metric dlk , i.e.

Blk (x, δ) = {y ∈ X | dlk (x, y) ≤ δ}.
It is easy to show that for each k the following is satisfied:
(1) for any x, x ′ ∈ Lk , x 
= x ′, the sets Blk (x, ε/2k−1), Blk (x

′, ε/2k−1) are disjoint;
(2) if z ∈ Lk+1 descends from x ∈ Lk , then

Blk+1

(
z,

ε

2k

)
⊆ Blk

(
x,

ε

2k−1

)
,

which means Fk+1 ⊆ Fk .
Finally put

F =
⋂
k≥1

Fk.
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Then F is a non-empty closed subset of X.
First we show that for every x ∈ F one has

A(�Lnx) ⊆ C.

Recall that � : M(X) �→ Y is affine and continuous, so we can extend the map to the set
of finite measures on X. That is, given a finite measure µ on X,

�µ = µ(X)�

(
µ

µ(X)

)
.

For each n ∈ N and x ∈ X, let Snx denote
∑n−1

i=0 δf ix . For arbitrary y ∈ Dk , by definition
there is (i1, . . . , iNk ) ∈ {i, . . . ,Mk}Nk such that y = y(i1, . . . , iNk ) shadows pieces of
orbits {xk

ij
, f xk

ij
, . . . , f nk−1xk

ij
}, j = 1, . . . , Nk with a gap mk, i.e.

dnk (xij , f
ak
j y(i1, . . . , iNk )) <

ε

2k
,

where ak
j = (nk + mk)(j − 1), j = 1, . . . , Nk . Since xk

ij
∈ Ck ⊆ P(C, δk, nk), there is a

point hk
ij

∈ C such that

d(�Snkx
k
ij
, nkh

k
ij
) ≤ nkδk.

Hence, we have

d(�Snkf
ak
j y, nkh

k
ij
) ≤ d(�Snk f

ak
j y,�Snk x

k
ij
) + d(�Snk x

k
ij
, nkh

k
ij
)

≤ nkd(�Lnkf
ak
j y,�Lnkx

k
ij
) + nkδk

≤ nk

(
V

(
�,

ε

2k

)
+ δk

)
,

where V (�, ε/2k) goes to zero as k goes to infinity by Observation 1.11.
Represent the interval [0, tk − 1] as follows:

[0, tk − 1] =
Nk−1⋃
j=0

[ak
j , a

k
j + nk − 1] ∪

Nk−2⋃
j=0

[ak
j + nk, a

k
j + nk + mk − 1].

Hence,

d

(
�Stk y,

Nk∑
j=1

nkh
k
ij

)

≤ d

(
�Stk y,

Nk∑
j=1

�Snkx
k
ij

)
+ d

( Nk∑
j=1

�Snk x
k
ij
,

Nk∑
j=1

nkh
k
ij

)

≤ d

(
�Stk y,

Nk∑
j=1

�Snkx
k
ij

)
+ Nknkδk

≤
Nk∑
j=1

d(�Snk f
ak
j y,�Snkx

k
ij
) +

Nk−1∑
j=1

d(�Smk f
ak
j +nk y, 0) + Nknkδk

≤ NknkV
(
�,

ε

2k

)
+

Nk−1∑
j=1

mkd(�Lmkf
ak
j +nk y, 0) + Nknkδk
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≤ NknkV
(
�,

ε

2k

)
+ (Nk − 1)mkM + Nknkδk

= Nknk

(
V

(
�,

ε

2k

)
+ δk

)
+ (Nk − 1)mkM,

where M = supµ∈M(X){d(�µ, 0)}.
Since for each xk

ij
, k ∈ N, j = 1, 2, . . . , Nk , there is a hk

ij
∈ C such that

d(�Snkx
k
ij
, nkh

k
ij
) ≤ nkδk.

Fix such points hk
ij

for each xk
ij

. Hence, for each z ∈ Lk , there is a sequence of points

(h1
i1
, . . . , h1

iN1
, h2

i1
, . . . , h2

iN2
, . . . , hk

i1
, . . . , hk

iNk
)

corresponding to it. Let

h(z) =
k∑

q=1

nq

Nq∑
p=1

h
q
ip

and
Rk = max

z∈Lk

{d(�Slk z, h(z))}.

For each y ∈ Dk , write h(y) = nk

∑Nk

p=1 hk
ip

. We estimate Rk by induction.
When k = 1, L1 = D1 = C1 ⊆ P(C, δ1, n1) and l1 = n1. We have

R1 ≤ l1δ1.

For z ∈ Lk+1, there is a unique x ∈ Lk , y ∈ Dk+1 such that

dlk (x, z) <
ε

2k+1
, dtk+1(y, f lk+mk+1z) <

ε

2k+1
.

Hence,

d(�Slk+1z, h(z)) ≤ d(�Slk z, h(x)) + d(�Smk+1f
lkx, 0) + d(�Stk+1f

lk+mk+1z, h(y))

≤ d(�Slk z,�Slk x) + d(�Slkx, h(x)) + d(�Smk+1f
lkx, 0)

+ d(�Stk+1f
lk+mk+1z,�Stk+1y) + d(�Stk+1y, h(y))

≤ lkV
(
�,

ε

2k+1

)
+ Rk + mk+1M + tk+1V

(
�,

ε

2k+1

)
+ Nk+1nk+1

(
V

(
�,

ε

2k+1

)
+ δk+1

)
+ (Nk+1 − 1)mk+1M

= Rk + (lk + Nk+1nk+1 + tk+1)V
(
�,

ε

2k+1

)
+ Nk+1mk+1M

+ Nk+1nk+1δk+1.

Recall that lk = N1n1 + · · · + Nk(nk + mk) and lk+1 = lk + mk+1 + tk+1, we have

Rk+1 ≤ Rk + 2lk+1V
(
�,

ε

2k+1

)
+ lk+1δk+1 + Nk+1mk+1M.

By induction

Rk ≤ 2
k∑

p=1

lp

(
V

(
�,

ε

2p

)
+ δp + Npmp

lp
M

)
.
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Write

cp = V
(
�,

ε

2p

)
+ δp + Npmp

lp
M.

Since V (�, ε/2p) → 0, δk ↓ 0 as k goes to infinity, lk ≥ Nk(nk + mk), the sequence {nk}
is such that nk → ∞ as k → ∞, and nk ≥ 2mk , we conclude that (Npmp/lp)M → 0 as
k increases to ∞. Hence,

Rk ≤ 2
k∑

p=1

lpcp,

where cp → 0 as p → ∞. By the choice of Nk , we have lk ≥ 2lk−1 , hence for sufficiently
large k one has

Rk

lk
≤ 2ck + 2

1

k

k−1∑
p=1

cp → 0 as k → ∞.

Given x ∈ F , n ∈ N, and n > l1. There exists a unique k ≥ 1 such that

lk < n ≤ lk+1.

Also there is a unique j , 0 ≤ j ≤ Nk+1 − 1, such that

lk + j (nk+1 + mk+1) < n ≤ lk + (j + 1)(nk+1 + mk+1).

Since x ∈ F ⊆ Fk+1, there exists z ∈ Lk+1 such that

dlk+1(x, z) <
ε

2k
.

Then for such a z ∈ Lk+1, there exists x̂ ∈ Lk and y ∈ Dk+1 such that

dlk (x̂, z) <
ε

2k+1 , dtk+1(y, f lk+mk+1z) <
ε

2k+1 .

Therefore,
dlk (x̂, x) <

ε

2k−1
, dtk+1(y, f lk+mk+1x) <

ε

2k−1
.

Moreover, if j > 0, then by the definition of Dk+1 there exist points xk+1
i1

, . . . , xk+1
ij

∈
Ck+1 such that

dnk+1(x
k+1
it

, f ak+1
t y) <

ε

2k+1
,

where ak+1
t = (nk+1 + mk+1)(t − 1), t = 1, 2, . . . , j , and hence

dnk+1(x
k+1
it

, f lk+mk+1+ak+1
t x) <

ε

2k−2
.

Represent [0, n − 1] as

[0, n − 1] = [0, lk − 1] ∪
j⋃

t=1

[lk + (t − 1)(mk+1 + nk+1), lk + t (mk+1 + nk+1) − 1]

∪ [lk + j (mk+1 + nk+1), n − 1].
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We have

d(�Slk x, h(x̂)) ≤ d(�Slkx,�Slk x̂) + d(�Slk x̂, h(x̂))

≤ lkV
(
�,

ε

2k−1

)
+ Rk.

On each of the intervals [ak+1
t , ak+1

t + (mk+1 + nk+1) − 1], where ak+1
t = lk + (t − 1)

(mk+1 + nk+1)

d(�Smk+1+nk+1f
ak+1
t x, nk+1h

k+1
it

)

≤ d(�Smk+1f
ak+1
t +nk+1x, 0) + d(�Snk+1f

ak+1
t x,�Snk+1x

k+1
it

)

+ d(�Snk+1x
k+1
it

, nk+1h
k+1
it

)

≤ Mmk+1 + nk+1V
(
�,

ε

2k−2

)
+ nk+1δk+1.

Then we have the following estimate:

d(�Snx, h(x̂) +
j∑

t=1

nk+1h
k+1
it

)

≤ d(�Sn−lk−j (mk+1+nk+1)f
lk+j (mk+1+nk+1)x, 0) + d(�Slk x, h(x̂))

+
j∑

t=1

d(�Smk+1+nk+1f
ak+1
t x, nk+1h

k+1
it

)

≤ (n − lk − j (mk+1 + nk+1))M + d(�Slk x, h(x̂))

+ j
(
mk+1M + nk+1V

(
�,

ε

2k−2

)
+ nk+1δk+1

)
≤ (n − lk − j (mk+1 + nk+1))M + lkV

(
�,

ε

2k−1

)
+ Rk

+ j
(
mk+1M + nk+1V

(
�,

ε

2k−2

)
+ nk+1δk+1

)
≤ Rk + (lk + jnk+1)V

(
�,

ε

2k−2

)
+ jnk+1δk+1 + (nk+1 + (j + 1)mk+1)M.

Hence we have

d

(
�Lnx,

1

n

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))

≤ Rk

n
+ lk + jnk+1

n
V

(
�,

ε

2k−2

)
+ nk+1j

n
δk+1 +

(
nk+1 + mk+1

Nk

+ mk+1

nk+1

)
M

goes to zero as n increases to infinity. Let

N(x) = N1n1 + · · · + Nknk + jnk+1.

Since C is a convex and closed subset of Y , we have that

1

N(x)

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

)
∈ C.
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We estimate that

d

(
�Lnx,

1

N(x)

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))

≤ d

(
�Lnx,

1

n

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))

+ d

(
1

n

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

)
,

1

N(x)

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))

≤ d

(
�Lnx,

1

n

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))

+ d

((
1

n
− 1

N(x)

) (
h(x̂) +

j∑
t=1

nk+1h
k+1
it

)
, 0

)

+ d

(
1

N(x)

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

)
,

1

N(x)

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))

= d

(
�Lnx,

1

n

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))

+ d

((
1

n
− 1

N(x)

) (
h(x̂) +

j∑
t=1

nk+1h
k+1
it

)
, 0

)

≤ d

(
�Lnx,

1

n

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))
+ N1m1 + · · · + Nkmk + jmk+1

n
M.

So we have

lim
n→∞ dist(�Lnx,C) ≤ lim

n→∞ d

(
�Lnx,

1

N(x)

(
h(x̂) +

j∑
t=1

nk+1h
k+1
it

))
= 0.

Then similar to the discussion in [10], we can construct a measure µ on F which
satisfies the request of the entropy distribution principle with s = �(
(C)) − γ and then
we get the result

htop(
(C)) ≥ htop(F ) ≥ �(
(C)) − γ.

The conclusion htop(
(C)) ≥ �(
(C)) follows since γ is arbitrary.
We now prove the second conclusion of Theorem 2.1. By Lemma 2.2, we have that

�
 : C(Y ) �→ R is semi-upper continuous. We continue to show the other conclusion.
For any C1, C2 ∈ C(Y ) such that 
(Ci) 
= ∅ and s1, s2 ≥ 0 with s1 + s2 = 1, here
sC = {sx | x ∈ C} and C1 + C2 = {x1 + x2 | xi ∈ Ci} for C, C1, C2 ∈ C(Y ) and s ∈ R.
By Part 2 of the proof of Theorem 2.1,

�(
(s1C1 + s2C2)) ≥ sup
µ∈M(f,X),�µ∈s1C1+s2C2

hµ(f ).

Take any µ1, µ2 ∈ M(f,X) such that �µ1 ∈ C1 and �µ2 ∈ C2, then �(s1µ1 + s2µ2) ∈
s1C1 + s2C2. Hence, we have

�(
(s1C1 + s2C2)) ≥ hs1µ1+s2µ2(f ) = s1hµ1(f ) + s2hµ2(f ).
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Since µ1, µ2 are arbitrary, we get

�(
(s1C1 + s2C2)) ≥ s1 sup
µ∈M(f,X),�µ∈C1

hµ(f ) + s2 sup
µ∈M(f,X),�µ∈C2

hµ(f )

= s1�(
(C1)) + s2�(
(C2)). �

COROLLARY 2.3. Suppose that f : X �→ X is a continuous transformation with
specification property on a compact metric space X. Let ϕ : X �→ R be continuous.
Then for any closed subinterval C of R,

htop

{
x ∈ X

∣∣∣∣ lim
n→∞ dist

(
1

n

n−1∑
i=0

ϕ(f ix), C

)
= 0

}
= sup

µ∈M(f,X),�µ∈C

hµ(f ).

COROLLARY 2.4. Suppose that f : X �→ X is a continuous transformation with the
specification property on a compact metric space X. Then for any closed subset C of
M(X),

htop

{
x ∈ X

∣∣∣∣ lim
n→∞ dist

(
1

n

n−1∑
i=0

δf ix, C

)
= 0

}
= sup

µ∈M(f,X),µ∈C

hµ(f ).

As an application of Theorem 2.1, we study the mixed multifractal spectra. Mixed
multifractal spectra combine different local characteristics which depend on various
different aspects of the underlying dynamical system. Let (Yi ,�i)i be a (possibly
uncountable) family of deformations. We define the mixed multifractal spectrum of the
family (Yi ,�i)i by

htop(
(C)) = htop

{
x ∈ X

∣∣∣ lim
n→∞ dist((�iLnx)i, C) = 0

}
.

The mixed multifractal spectrum of the family (Yi,�i)i combine information provided by
the different deformations (Yi ,�i)i and study how they depend on each other.

THEOREM 2.5. (Abstract mixed multifractal spectra) Suppose that f : X �→ X is a
continuous transformation with specification property on a compact metric space X.
Let (Yi ,�i)i be a (possibly uncountable) family of deformations and assume that Yi is
a normed vector space and that �i : M(X) �→ Yi is affine and continuous. Define the
vector spaces ×iYi and [×iYi ]∞ by

×iYi = {(yi)i | yi ∈ Yi for all i},
[×iYi]∞ =

{
(yi)i ∈ ×iYi

∣∣∣ sup
i

‖yi‖ < ∞
}
,

and equip [×iYi ]∞ with the norm ‖(yi)i‖ = supi ‖yi‖. Assume that supµ∈M(X),i ‖�iµ‖ <

∞ and that the map
M(X) �→ [×iYi]∞ : µ → (�iµ)i

is continuous. If C ⊆ [×iYi ]∞ is closed and convex, then

htop

{
x ∈ X

∣∣∣ lim
n→∞ dist((�iLnx)i, C) = 0

}
= sup

µ∈M(f,X),(�iµ)i∈C

hµ(f ).
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3. Topological entropy of the set of divergence points
In this section we discuss the topological entropy of the set of divergence points.
We simplify 
({y}) as 
(y).

THEOREM 3.1. Suppose that f : X �→ X is a continuous transformation with the
specification property. Y is a vector space with linearly compatible metric. � : M(X) �→
Y is affine and continuous. Let Ln : X �→ M(X) be defined as before. Then either:

(1) there exists y0 ∈ Y such that for all x ∈ X, A(�Lnx) = {y0}; or
(2) the set D(f,�) = {x ∈ X | limn→∞ �Lnx does not exist} is of the same topological

entropy as the whole space X.

LEMMA 3.2. For any δ > 0, there exists N = N(δ) such that for any k ≥ 1, ε > 0 small
enough, if n ≥ N , then

(N(y, δ, n, 4ε))k ≤ N(y, 4δ, nk + (k − 1)m(ε), ε),

where m(ε) is taken from the definition of the specification property.

Proof. It is a standard conclusion that

N(y, δ, n, ε) ≤ M(y, δ, n, ε) ≤ N(y, δ, n, 1
2ε).

Hence, N(y, δ, n, 4ε) ≤ M(y, δ, n, 4ε). Let S be some (n, 4ε)-separated set
of P(y, δ, n) with maximal cardinality. Take arbitrary k points x1, . . . , xk ∈ S. By the
specification property, there is some x = x(x1, . . . , xk) which shadows pieces of orbits
{xi, . . . , f

n−1xi}, i = 1, 2, . . . , k, with a gap m(ε). We claim that different choices
of (x1, . . . , xk) produce different x = x(x1, . . . , xk). Indeed suppose (x1, . . . , xk) 
=
(x ′

1, . . . , x
′
k) then there exists 1 ≤ t ≤ k, xt 
= x ′

t . Simplify nk + (k − 1)m(ε) = n̂

and m = m(ε). We know from the construction of x(x1, . . . , xk), x ′(x ′
1, . . . , x

′
k) that

dn(f
(t−1)(n+m)x(x1, . . . , xk), xt ) < ε; dn(f

(t−1)(n+m)x ′(x ′
1, . . . , x

′
k), x

′
t ) < ε.

Since xt 
= x ′
t and xt , x

′
t ∈ M(y, δ, n, 4ε), we have dn(xt , x

′
t ) > 4ε. Hence,

dn̂(x(x1, . . . , xk), x
′(x ′

1, . . . , x
′
k))

≥ dn(f
(t−1)(n+m)x(x1, . . . , xk), f

(t−1)(n+m)x ′(x ′
1, . . . , x

′
k))

≥ dn(xt , x
′
t ) − dn(f

(t−1)(n+m)x(x1, . . . , xk), xt )

− dn(f
(t−1)(n+m)x ′(x ′

1, . . . , x
′
k), x

′
t )

> 2ε.

Rewrite �Ln̂x as follows:

�Ln̂x = n

n̂
�Lnx + m

n̂
�Lmf nx + n

n̂
�Lnf

n+mx + · · · + n

n̂
�Lnf

(k−1)(n+m)x

=
k∑

i=1

n

n̂
�Lnf

(i−1)(n+m)x +
k−1∑
i=1

m

n̂
�Lmf in+(i−1)mx.
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Then we have

d(�Ln̂x, y)

≤ d

( k∑
i=1

n

n̂
�Lnf

(i−1)(n+m)x, y

)
+ d

( k−1∑
i=1

m

n̂
�Lmf in+(i−1)mx, 0

)

≤
k∑

i=1

d

(
n

n̂
�Lnf

(i−1)(n+m)x,
1

k
y

)
+

k−1∑
i=1

m

n̂
d(�Lmf in+(i−1)mx, 0)

≤
k∑

i=1

1

k
d(�Lnf

(i−1)(n+m)x, y) +
k∑

i=1

(
1

k
− n

n̂

)
d(�Lnf

(i−1)(n+m)x, 0) + (k − 1)m

n̂
M

≤
k∑

i=1

1

k
(d(�Lnf

(i−1)(n+m)x,�Lnxi) + d(�Lnxi, y)) + (k − 1)m

n̂
M + (k − 1)m

n̂
M

≤ 2(k − 1)m

n̂
M + δ +

k∑
i=1

1

k
d(�Lnf

(i−1)(n+m)x,�Lnxi)

≤ 2(k − 1)m

n̂
M + δ + V (�, ε).

Let ε < ε(δ), where ε(δ) is a constant such that d(µ, ν) < ε(δ) implies d(�µ,�ν) < δ/2,
then there exists N = N(δ) such that for any k ≥ 1, ε < ε(δ) small enough, and n ≥ N ,

(N(y, δ, n, 4ε))k ≤ M(y, 4δ, nk+(k−1)m(ε), 2ε) ≤ N(y, 4δ, nk+(k−1)m(ε), ε). �

LEMMA 3.3. If f satisfies the specification property, then

�(
(y)) = lim
ε→0

lim
δ→0

lim sup
n→∞

1

n
log N(y, δ, n, ε) = lim

ε→0
lim
δ→0

lim inf
n→∞

1

n
log N(y, δ, n, ε).

Proof. Without loss of generality, we can assume �(
(y)) < +∞. Since

�(
(y)) = lim
ε→0

lim
δ→0

lim inf
n→∞

1

n
log N(y, δ, n, ε),

for any γ > 0, there exist ε0 > 0, δ0 > 0 such that for all ε < ε0, δ < δ0,

lim inf
n→∞

1

n
log N(y, δ, n, 4ε) < �(
(y)) + 1

2
γ.

Without loss of generality, we assume that 4ε < ε(δ), where ε(δ) denotes a constant such
that d(µ, ν) < ε(δ) implies d(�µ,�ν) < δ/2. To show the equality in Lemma 3.3,
it suffices to show that

lim sup
n→∞

1

n
log N(y, 4δ, n, ε) < �(
(y)) + 2γ.

Since

lim inf
n→∞

1

n
log N(y, δ, n, 4ε) < �(
(y)) + 1

2
γ,

we can take a sequence of integers nk ↑ +∞ such that

N(y, δ, nk, 4ε) < exp(nk(�(
(y)) + γ )).
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For each k, nk = (n + m)pk − m + lk , 0 ≤ lk < n + m. Hence,

N(y, δ, n, 4ε)pk ≤ N(y, 4δ, (n + m)pk − m, ε)

≤ N(y, 4δ, nk, ε)

< exp(nk(�(
(y)) + γ )).

That is, for nk large enough,

N(y, δ, n, 4ε) ≤ exp

(
nk

pk

(�(
(y)) + γ )

)
≤ exp((n + m)(�(
(y)) + 2γ )).

So we get

lim sup
n→∞

1

n
log N(y, δ, n, 4ε) ≤ �(
(y)) + 2γ + lim

n→∞
m

n
(�(
(y)) + 2γ )

≤ �(
(y)) + 2γ. �

LEMMA 3.4. Let 
̃(y) = {x ∈ X | y ∈ A(�Lnx)}. Suppose 
(y) 
= ∅. Then
htop(
̃(y)) = htop(
(y)).

Proof. Obviously 
(y) ⊆ 
̃(y). Hence, htop(
(y)) ≤ htop(
̃(y)). To prove the other
inequality, it suffices to show that for arbitrary t > �(
(y)),

htop(
̃(y)) ≤ t .

Put t1 = 1
2 (t − �(
(y))). Recall that by Lemma 3.3,

�(
(y)) = lim
ε→0

lim
δ→0

lim inf
n→∞

1

n
log N(y, δ, n, ε) = lim

ε→0
lim
δ→0

lim sup
n→∞

1

n
log N(y, δ, n, ε),

where N(y, δ, n, ε) is the minimal number of (n, ε)-balls to cover

P(y, δ, n) = {x ∈ X | �Lnx ∈ B(y, δ)}.
Hence, there exist ε0 > 0 δ0 > 0 such that for all ε < ε0, δ < δ0,

lim sup
n→∞

1

n
log N(y, δ, n, ε) < �(
(y)) + t1

2
.

This implies that there is N0 ∈ N such that N(y, δ, n, ε) < exp(n(t − t1)) for n ≥ N0.
Since for all n ≥ N0,


̃(y) ⊆
+∞⋂
k=0

⋃
n′≥k

{x ∈ X | �Ln′x ∈ B(y, δ)}

⊆
+∞⋂
k=n

⋃
n′≥k

{x ∈ X | �Ln′x ∈ B(y, δ)}

we have

m(
̃(y), t, n, ε) = inf
�,n(�)≥n

∑
i

exp(−tni)

≤
+∞∑
k=n

N(y, δ, k, ε) exp(−tk)

≤
+∞∑
k=n

exp(−t1k) < +∞.
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Hence, we have htop(f, 
̃(y), ε) < t . The conclusion htop(
̃(y)) ≤ t follows by the
definition of topological entropy. Due to the arbitrary choice of t , we get htop(
̃(y)) ≤
�(
(y)). We are done. �

LEMMA 3.5. Given y ∈ Y , δ > 0, k ∈ N. Let ε(δ) be a constant such that

d(µ, ν) ≤ ε(δ) �⇒ d(�µ,�ν) ≤ δ

2
.

Then for any ε′ < ε(δ), let m(ε′) be as in the definition of specification property and
a > 8m(ε′)M/δ, there exists N ∈ N such that for all n ≥ N , let x1, . . . , xn ∈ X satisfying
�Lnj xj ∈ B(y, δ) with nj ≥ a, then for arbitrary x0 ∈ X, if z ∈ X such that z ε′ shadows
pieces of orbits {x0, f x0, . . . , f

b−1x0}, (b ≤ k), {xj , . . . , f
nj −1xj }, j = 1, 2, . . . , n, with

a gap m(ε′), we have
�Lb+nm(ε′)+∑n

i=1 ni
z ∈ B(y, 2δ).

Proof. Simplify ñ = b + nm(ε′) + ∑n
i=1 ni , n′ = ∑n

i=1 ni , and m(ε′) = m. We have

Lñz = b

ñ
Lbz + m

ñ
Lmf bz + n1

ñ
Ln1f

b+mz + · · · + nn

ñ
Lnnf

b+nm+∑n−1
j=1 nj z

= b

ñ
Lbz +

n∑
i=1

m

ñ
Lmf

b+∑i−1
j=1(nj +m)

z +
n∑

i=1

ni

ñ
Lni f

b+im+∑i−1
j=1 nj z.

Hence, by the property of linearly compatible metric,

d(�Lñz, y) ≤ b

ñ
d(�Lbz, 0) + d

( n∑
i=1

m

ñ
Lmf

b+∑i−1
j=1(nj+m)

z, 0

)

+ d

( n∑
i=1

ni

ñ
�Lni f

b+im+∑i−1
j=1 nj z, y

)

≤ b + nm

ñ
M + d

( n∑
i=1

ni

ñ
�Lni f

b+im+∑i−1
j=1 nj z,

n∑
i=1

ni

n′ �Lni xi

)

+ d

( n∑
i=1

ni

n′ �Lni xi,

n∑
i=1

ni

n′ y
)

≤ b + nm

ñ
M + d

( n∑
i=1

ni

ñ
�Lni f

b+im+∑i−1
j=1 nj z,

n∑
i=1

ni

n′ �Lni xi

)

+
n∑

i=1

ni

n′ d(�Lni xi, y)

≤ b + nm

ñ
M + δ +

n∑
i=1

d
(ni

ñ
�Lni f

b+im+∑i−1
j=1 nj z,

ni

n′ �Lni xi

)

≤ b + nm

ñ
M + δ +

n∑
i=1

ni

n′ d
(

n′

ñ
�Lni f

b+im+∑i−1
j=1 nj z,�Lni xi

)

≤ b + nm

ñ
M + δ +

n∑
i=1

ni

n′ d(�Lni f
b+im+∑i−1

j=1 nj z,�Lni xi)

+
n∑

i=1

ni

n′ d
((

1 − n′

ñ

)
�Lni f

b+im+∑i−1
j=1 nj z, 0

)
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≤ b + nm

ñ
M + δ + δ

2
+

(
1 − n′

ñ

)
M

= 3

2
δ + 2(b + nm)

ñ
M

≤ 3

2
δ + 2bM

na
+ 2m

a
M.

Hence, there is N ∈ N, large enough such that for all n ≥ N , �Lñz ∈ B(y, 2δ). �

LEMMA 3.6. Let different y, y ′ such that 
(y), 
(y ′) 
= ∅ be given. Let 
̃({y, y ′}) =

̃(y) ∩ 
̃(y ′). We have

htop(
̃({y, y ′})) = min{�(
(y)),�(
(y ′))}.
Proof. Obviously htop(
̃({y, y ′})) ≤ min{�(
(y)),�(
(y ′))}. On the other hand, for
any s < min{�(
(y)),�(
(y ′))}, let γ = min{�(
(y)),�(
(y ′))} − s. Recall that

�(
(y)) = lim
ε→0

lim
δ→0

lim inf
n→∞

1

n
log N(y, δ, n, ε),

where N(y, δ, n, ε) is the minimal number of (n, ε)-balls to cover P(y, δ, n) = {x ∈ X |
�Lnx ∈ B(y, δ)}. Choose a sufficiently small ε > 0 such that

lim
δ→0

lim inf
n→∞

1

n
log M(y, δ, n, 8ε) > s+ 2

3
γ ; lim

δ→0
lim inf
n→∞

1

n
log M(y ′, δ, n, 8ε) > s+ 2

3
γ.

Hence, we can choose a decreasing sequence δk such that

lim inf
n→∞

1

n
log M(y, δ2k−1, n, 8ε) > s + 1

3
γ ; lim inf

n→∞
1

n
log M(y ′, δ2k−1, n, 8ε) > s + 1

3
γ.

Let {yk} = {y, y ′, y, y ′, . . . }. For each δk there is a rk = r(δk) such that for all x, y ∈ X

with dn(x, y) < rk , d(�Lnx,�Lny) < δk/2. From such a sequence rk , we can construct
εk ↓ 0 such that

ε1 < min{ε, r1}; εk < rk; εk+1 < 1
2εk.

By the definition of specification property, for each εk and arbitrary pieces of orbits,
there exists a point that belongs to X which can shadow the pieces of orbits with a gap
mk = m(εk). Hence we can choose a sequence nk ↑ +∞ such that

Mk : M(yk, δk, nk, 8ε) > exp(nks), nk > max

{
2mk ,

8mkM

δk

}
.

By definition, Mk is the cardinality of a maximal (nk, 8ε)-separated set in P(yk, δk, nk).
Denote by Ck = {xk

i | i = 1, 2, . . . ,Mk} one of these maximal (nk, 8ε)-separated sets.
To begin the construction of F , we first construct a sequence of integers {Qk}.
k = 1, Q1 is an integer such that we take x1

i1
, . . . , x1

iQ1
∈ C1, if z ∈ X ε1 shadows

pieces of orbits {x1
ij
, . . . , f n1−1x1

ij
}, j = 1, 2, . . . ,Q1 with a gap m1, then

�L(Q1−1)m1+Q1n1z ∈ B(y, 2δ1).

Suppose we have already defined Qk , we now present a construction of Qk+1. Let

tk =
k∑

j=1

Qj(mj + nj ) − m1.
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By Lemma 3.5, there is a Qk+1 ∈ N such that let xk+1
i1

, . . . , xk+1
iQk+1

∈ Ck+1 with

nk+1 > 8mk+1M/δk+1, then for arbitrary x0 ∈ X, if z ∈ X εk+1 shadows pieces of
orbits

{x0, . . . , f
tk−1x0}, . . . , {xk

ij
, . . . , f nk+1−1xk

ij
}, j = 1, 2, . . . ,Qk+1

with a gap mk+1, then we have

�Ltk+Qk+1(nk+1+mk+1)z = �Ltk+1z ∈ B(yk+1, 2δk+1).

We can definitely require that {Qk} satisfies:
(1) Qk ≥ 2nk+1+mk+1 , k ≥ 1;
(2) Qk+1 ≥ 2tk , k ≥ 1.
These restrictions would mean that {Qk} is increasing very fast and, in particular,

lim
k→∞

nk+1 + mk+1

Qk

= 0 and lim
k→∞

tk

Qk+1
= 0.

Second we construct inductively a sequence of finite sets Lk .
k = 1, for any Q1-tuple (i1, . . . , iQ1) ∈ {1, 2, . . . ,M1}Q1 , let y = y(i1, . . . , iQ1) be

some point which shadows pieces of orbits {x1
ij
, f x1

ij
, . . . , f n1−1x1

ij
}, j = 1, 2, . . . ,Q1,

with a gap m1, i.e.

dn1(x
1
ij
, f

a1
j y(i1, . . . , iQ1)) < ε1

where a1
j = (j − 1)(n1 + m1), j = 1, 2, . . . ,Q1. Such a point y = y(i1, . . . , iQ1) exists

because f satisfies the specification property. Collect all such points into a set

L1 = {y(i1, . . . , iQ1) | i1, . . . , iQ1 ∈ {1, 2, . . . ,M1}}.
We claim that different tuples (i1, . . . , iQ1) produce different points y(i1, . . . , iQ1).
Actually if (i1, . . . , iQ1) 
= (j1, . . . , jQ1), then it is easy to show that

dt1(y(i1, . . . , iQ1), y(j1, . . . , jQ1)) > 6ε.

This implies that #L1 = M
Q1
1 .

Suppose that we have already defined a set Lk , we construct Lk+1 as follows.
For every x ∈ Lk and (i1, . . . , iQk+1) ∈ M

Qk+1
k+1 = Dk+1, let z = z(x, (i1, . . . , iQk+1))

be some point that εk+1 shadows pieces of orbits

{x, f x, . . . , f tk−1x}, {xk+1
ij

, . . . , f nk+1−1xk+1
ij

}, j = 1, 2, . . . ,Qk+1

with a gap mk+1, i.e.

dtk (x, z) < εk+1, dnk+1(x
k+1
ij

, f
tk+mk+1+ak+1

j z) < εk+1,

where ak+1
j = (nk+1 + mk+1)(j − 1). Such a point exists due to the specification property

of f . Denote by (i1, . . . , iQk+1) = i. Collect all these points into the set

Lk+1 = {z = z(x, i) | x ∈ Lk, i ∈ Dk+1}.
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We can show that different pairs (x, i) produce different points z = z(x, i). In fact, we
have that if (x, i) 
= (x ′, i′) with x, x ′ ∈ Lk, i, i′ ∈ Dk+1, then

dtk+1(z, z
′) > 5ε.

This is indeed the case if one follows step (2) of Theorem 2.1 and notices that εk < ε/2k−1.
Now for every k put Fk = ⋃

x∈Lk
Btk (x, εk), where Bl(x, δ) is the closed ball around x

of radius δ in the metric dl , i.e.

Bl(x, δ) = {y ∈ X | dl(x, y) ≤ δ}.
Similar to Theorem 2.1, one can show that for every k the following are satisfied:
(1) for any x, x ′ ∈ Lk , x 
= x ′, Btk (x, εk), Btk (x

′, εk) are disjoint;
(2) if z ∈ Lk+1 descends from x ∈ Lk , then

Btk+1(z, εk+1) ⊆ Btk (x, εk).

Hence, Fk+1 ⊆ Fk . Finally we put F = ⋂
k≥1 Fk . F is a non-empty closed subset of X.

Before we come to estimate the topological entropy of F , we first show the following
lemma.

LEMMA 3.7. For each x ∈ F , we have {y, y ′} ⊆ A(�Lnx).

Proof. Since x ∈ F , for each k, we have x ∈ Fk , which means that there is a x̂k ∈ Lk such
that x ∈ Btk (x̂k, εk). Hence, we have

d(�Ltkx, yk) ≤ d(�Ltkx,�Ltk x̂k) + d(�Ltk x̂k, yk)

≤ d(�Ltkx,�Ltk x̂k) + 2δk

≤ 1
2δk + 2δk = 5

2δk.

So
lim

k→∞ �Lt2k−1x = y and lim
k→∞ �Lt2k

x = y ′,

which implies {y, y ′} ⊆ A(�Lnx). �

Now we want to show that there is a measure µ on F such that for every sufficiently
large n and every point x ∈ X such that Bn(x, 1

2ε) ∩ F 
= ∅, one has

µ(Bn(x, 1
2ε)) ≤ exp(−ns).

For every k ≥ 1, define an atomic probability measure µk as follows

µk({z}) = 1

#(Lk)
for every z ∈ Lk.

Obviously we have µk(Fk) = 1. Also similar to proof in [10] we have that the sequence
of probability measure {µk} converges in the weak topology. Denote the limiting measure
by µ, we also have µ(F) = 1.

For every point x ∈ X such that Bn(x, ε/2) ∩ F 
= ∅, suppose n ≥ t1, since Bn(x, ε)

is an open set, thus since µk → µ, we have

µ(Bn(x, ε)) ≤ lim
k→∞ µk(Bn(x, ε)) = lim

k→∞
1

#Lk

#{z ∈ Lk ∩ Bn(x, ε)}.
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For such a n, there exist unique k ≥ 1 and j ∈ {0, 1, . . . ,Qk+1 − 1} such that

tk < n ≤ tk+1, tk + (nk+1 + mk+1)j < n ≤ tk + (nk+1 + mk+1)(j + 1).

First of all we have #(Bn(x, ε) ∩ Lk) ≤ 1 and thus µk(Bn(x, ε)) ≤ #(Lk)
−1. Actually

suppose there are two different points z1, z2 ∈ Lk ∩Bn(x, ε). This means dn(z1, z2) < 2ε.
On the other hand we have dtk (z1, z2) > 5ε. Hence, we get

2ε > dn(z1, z2) ≥ dtk (z1, z2) > 5ε,

which is a contradiction. We continue to show µk+1(Bn(x, ε)) ≤ (#(Lk) × M
j

k+1)
−1.

Suppose that z1, z2 ∈ Lk+1 ∩ Bn(x, ε). Then there exist x1, x2 ∈ Lk and i, i′ ∈ Dk+1 =
{(i1, . . . , iQk+1) | ij ∈ {1, 2, . . . ,Mk+1} such that

z1 = z(x1, i), z2 = z(x2, i′).
i = (i1, . . . , iQk+1), i′ = (i ′1, . . . , i

′
Qk+1

).

We claim that x1 = x2 and (i1, . . . , ij ) = (i ′1, . . . , i
′
j ). Indeed if x1 
= x2 then

dtk (x1, x2) ≤ dtk (x1, z1) + dtk (z1, x) + dtk (x, z2) + dtk (z2, x2)

≤ εk + ε + ε + εk

≤ ε

2k
+ ε + ε + ε

2k
< 5ε,

which is in contradiction with the fact that dtk (x1, x2) > 5ε. Also (i1, . . . , ij ) =
(i ′1, . . . , i ′j ). If j = 0, there is nothing to prove. Suppose j > 0 and there is 1 ≤ t ≤ j

such that it 
= i ′t . Since

dnk+1(x
k+1
it

, f tk+mk+1+ak+1
t z1) ≤ εk+1 <

ε

2k+1
,

dnk+1(x
k+1
i′t

, f tk+mk+1+ak+1
t z2) ≤ εk+1 <

ε

2k+1
,

where ak+1
t = (nk+1 + mk+1)(t − 1). We have

dnk+1(x
k+1
it

, xk+1
i′t

) ≤ dnk+1(x
k+1
it

, f tk+mk+1+ak+1
t z1) + dnk+1(x

k+1
i′t

, f tk+mk+1+ak+1
t z2)

+ dnk+1(f
tk+mk+1+ak+1

t z1, f
tk+mk+1+ak+1

t z2)

≤ εk+1 + εk+1 + dn(z1, z2)

≤ εk+1 + εk+1 + 2ε ≤ 4ε,

which contradicts the fact that dnk+1(x
k+1
it

, xk+1
i′t

) > 8ε since xk+1
it

, xk+1
i′t

are different

points in the (nk+1, 8ε)-separated set Ck+1. Now since for every two points z1, z2 ∈
Lk+1 ∩ Bn(x, ε), let z1 = z(x1, i), z2 = z(x2, i′), i = (i1, . . . , iQk+1) and i′ =
(i ′1, . . . , i ′Qk+1

), then we have x1 = x2 and (i1, . . . , ij ) = (i ′1, . . . , i ′j ). Hence,

µk+1(Bn(x, ε)) ≤ 1

#(Lk)M
Qk+1
k+1

M
Qk+1−j

k+1 = 1

#(Lk)M
j

k+1

.
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We can continue to show that for any p > 1, one has

µk+p

(
Bn

(
x,

ε

2

))
<

1

#(Lk)M
j

k+1

.

The conclusion is true because every point z ∈ Lk+p ∩ Bn(x, 1
2ε) descends from point of

Lk+1 which is in Bn(x, ε). Otherwise there exist z1 ∈ Lk+1, z2 ∈ Lk+p ∩ Bn(x, 1
2ε), z2

descends from z1 such that dn(z1, x) > ε. Hence, we have

d(z1, z2) ≥ dn(z1, x) − dn(x, z2) > 1
2ε.

On the other hand we have

dn(z1, z2) ≤ dtk+1(z1, z2) ≤ εk+2 + · · · + εk+p

≤ ε

2k+2
+ · · · + ε

2k+p

≤ ε

2k+1 ≤ ε

2
,

which is in contradiction with the above discussion. Hence, there are at most MQk+1
k+2 ×· · ·×

M
Qk+p

k+p points in Lk+p ∩Bn(x, 1
2ε), which descends from a given point in Lk+1 ∩Bn(x, ε).

Hence,

µk+p

(
Bn

(
x,

1

2
ε

))
≤ M

Qk+1−j

k+1 M
Qk+2
k+2 · · · MQk+p

k+p

#(Lk)M
Qk+1
k+1 M

Qk+2
k+2 · · · MQk+p

k+p

= 1

#(Lk)M
j

k+1

.

Recall that

n − tk − j (nk+1 + mk+1) ≤ nk+1 + mk+1;

tk =
k∑

i=1

Qi(ni + mi) − m1;

n − tk − j (nk+1 + mk+1)

tk + j (nk+1 + mk+1)
≤ nk+1 + mk+1

Qk

→ 0 as k → ∞;

lim
k→∞

mk

nk

= 0;
and Mk ≥ exp(nks), we obtain for k large enough

#(Lk)M
j

k+1 = M
Q1
1 M

Q2
2 · · ·MQk

k M
j

k+1

≥ exp(s(Q1n1 + · · · + Qknk + jnk+1))

≥ exp((s − 1
2γ )(Q1(n1 + m1) + · · · + Qk(nk + mk) + j (nk+1 + mk+1))

≥ exp((s − γ )n).

Observe that k ↑ +∞ as n ↑ +∞. We have for all sufficiently large n

µ(Bn(x, 1
2ε)) ≤ lim

k→+∞ µk(Bn(x, 1
2ε)) ≤ exp(−n(s − γ ))

holds for every x such that Bn(x, 1
2ε) ∩ F 
= ∅. Since γ is arbitrary, by the entropy

distribution principle we have htop({y, y ′}) ≥ htop(F ) ≥ s. Also since s is arbitrary,
we get htop(
̃{y, y ′}) ≥ htop(F ) ≥ min{�(
(y)),�(
(y ′))}. Thus finish the proof of
Lemma 3.6. �
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LEMMA 3.8. Let M be the constant such that d(0,�µ) ≤ M for all µ ∈ M(X).
Then d(�Ln+1x,�Lnx) ≤ 2M/(n + 1) for all n ∈ N and x ∈ X.

Proof. For all n ∈ N, we have

d(�Ln+1x,�Lnx) = d

(
1

n + 1

n∑
i=0

�δf ix,
1

n

n−1∑
i=0

�δf ix

)

≤
n−1∑
i=0

1

n
d

(
n

n + 1
�δf ix,�δf ix

)
+ 1

n + 1
d(�δf nx, 0)

≤
n−1∑
i=0

1

n

(
d(�δf ix,�δf ix) + d

((
1 − n

n + 1

)
�δf ix, 0

))

+ 1

n + 1
d(�δf nx, 0)

≤
n−1∑
i=0

1

n

(
1 − n

n + 1

)
d(�δf ix, 0) + 1

n + 1
d(�δf nx, 0)

≤
n−1∑
i=0

1

n

1

n + 1
d(�δf ix, 0) + 1

n + 1
d(�δf nx, 0)

≤ 2M

n + 1
. �

LEMMA 3.9. For all x ∈ X, n1, n2 ∈ N and y1, y2 ∈ Y ,

d(�Ln1+n2x, y2) ≤ d(�Ln1x, y1) + d(�Ln2f
n1x, y2) + d(y1, y2).

Proof. Since

�Ln1+n2x = n1

n1 + n2
�Ln1x + n2

n1 + n2
�Ln2f

n1x,

we obtain

d(�Ln1+n2x, y2) ≤ d

(
n1

n1 + n2
�Ln1x + n2

n1 + n2
�Ln2f

n1x,
n1

n1 + n2
y1 + n2

n1 + n2
y2

)

+ d

(
n1

n1 + n2
y1 + n2

n1 + n2
y2,

n1

n1 + n2
y2 + n2

n1 + n2
y2

)
≤ n1

n1 + n2
d(�Ln1x, y1) + n2

n1 + n2
d(�Ln2f

n1x, y2)

+ n1

n1 + n2
d(y1, y2)

≤ d(�Ln1x, y1) + d(�Ln2f
n1x, y2) + d(y1, y2). �

LEMMA 3.10. If y ∈ A(�Lnx) for some x ∈ X, then there is some x ′ ∈ X such that
A(�Lnx

′) = {y}.
Proof. Suppose limk→+∞ �Lnkx = y. Choose a sequence δk ↓ 0. For each δk , there is a
rk = r(δk) such that for all x, z ∈ X with dn(x, z) < rk , we have d(�Lnx,�Lny) < δk/2.
Choose εk ↓ 0 such that εk < rk , εk+1 < 1

2εk . By the definition of the specification
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property, for each εk , there is mk = m(εk) such that for arbitrary pieces of orbits, there
exists a point that belongs to X, which εk shadows the pieces of orbits with a gap mk .
Hence, without loss of generality we can assume that nk satisfies

�Lnkx ∈ B(y, δk) and nk > max

{
2mk ,

8mkM

δk

}
.

We construct a sequence of integers {Qk} and a sequence of points {xk} such that xk → x ′
and A(�Lnx

′) = {y}.
k = 1, by Lemma 3.5 there is an integer Q1 such that if x1 ∈ X ε1 shadows Q1 pieces

of orbits

(x, f x, . . . , f n1−1x), . . . , (x, . . . , f n1−1x)︸ ︷︷ ︸
Q1

then

�L(Q1−1)m1+Q1n1x1 ∈ B(y, 2δ1).

Fix Q1, such x1 exists due to the specification property. Fix x1. Suppose we have already
defined Qk and xk, now we come to construct Qk+1 and xk+1. Let

tk =
k∑

i=1

Qi(mi + ni) − m1.

By Lemma 3.5, there is Qk+1 such that if x ′′ ∈ X εk+1 shadows pieces of orbits

{xk, . . . , f
tk−1xk}, {x, . . . , f nk+1−1x}, . . . , {x, . . . , f nk+1−1x}︸ ︷︷ ︸

Qk+1

with a gap mk+1, then we have

�Ltk+Qk+1(nk+1+mk+1)x
′′ = �Ltk+1x

′′ ∈ B(y, 2δk+1).

Fix Qk+1 and take such a x ′′ as xk+1. Without loss of generality we can require that {Qk}
satisfies

lim
k→∞

nk+1 + mk+1

Qk

= 0 and lim
k→∞

tk

Qk+1
= 0.

Finally let x ′ ∈ ⋂
k Btk (xk, εk), we have that such a point exists.

We show A(�Lnx
′) = {y}. Take a large integer n, there are unique k ≥ 1 and

j ∈ {0, 1, . . . ,Qk+1 − 1} such that

tk < n ≤ tk+1, n̂ = tk + (nk+1 + mk+1)j < n ≤ tk + (nk+1 + mk+1)(j + 1).

We come to estimate d(�Lnx
′, y).

d(�Lnx
′, y) ≤ d(�Lnx

′,�Ln̂x ′) + d(�Ln̂x
′, y).
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By Lemma 3.8, we have

d(�Lnx
′,�Ln̂x

′)
≤ d(�Ln̂x

′,�Ln̂+1x
′) + d(�Ln̂+1x

′,�Ln̂+2x
′) + · · · + d(�Ln−1x

′,�Lnx
′)

= 2M

n̂ + 1
+ 2M

n̂ + 2
+ · · · + 2M

n

≤ 2M(n − n̂)

n̂

≤ 2M
nk+1 + mk+1

tk + j (nk+1 + mk+1)

= 2M
nk+1 + mk+1∑k

i=1 Qi(ni + mi) − m1 + j (nk+1 + mk+1)
→ 0

as k goes to infinity. We go on to estimate d(�Ln̂x
′, y). By Lemma 3.9,

d(�Ln̂x
′, y) ≤ d(�Ltkx

′, y) + d(�Ln̂−tk f
tk x ′, y)

≤ d(�Ltkx
′,�Ltk xk) + d(�Ltkxk, y) + d(�Ln̂−tk f

tk x ′, y)

≤ 1
2δk + 2δk + d(�Ln̂−tk f

tk x ′, y)

≤ 5
2δk + d(�Ln̂−tk f

tk x ′,�Ln̂−tk f
tk xk+1) + d(�Ln̂−tk f

tk xk+1, y)

≤ 5
2δk + 1

2δk+1 + d(�Ln̂−tk f
tk xk+1, y).

Since xk+1 ∈ Lk+1, therefore xk+1 εk+1 shadows pieces of orbits

{xk, . . . , f
tk−1xk}, {x, . . . , f Nk+1−1x}, . . . , {x, . . . , f Nk+1−1x}︸ ︷︷ ︸

Qk+1

with a gap mk+1 and �Lnk+1x ∈ B(y, δk+1), we have

d(�Ln̂−tk f
tk xk+1, y) ≤ d(�Ln̂−tk f

tk xk+1,�Lnk+1 x) + d(�Lnk+1x, y)

≤ d(�Ln̂−tk f
tk xk+1,�Lnk+1 x) + δk+1.

Rewrite Ln̂−tk f
tk xk+1 as follows:

Ln̂−tk f
tkxk+1 = mk+1

n̂ − tk
Lmk+1f

tkxk+1 + nk+1

n̂ − tk
Lnk+1f

tk+mk+1xk+1 + · · ·

+ nk+1

n̂ − tk
Lnk+1f

tk+(j−1)(nk+1+mk+1)+mk+1xk+1

=
j∑

i=1

nk+1

n̂ − tk
Lnk+1f

tk+mk+1+(i−1)(nk+1+mk+1)xk+1

+
j∑

i=1

mk+1

n̂ − tk
Lmk+1f

tk+(i−1)(nk+1+mk+1)xk+1.
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Since � : M(X) �→ Y is affine and Y is a vector space with linearly compatible metric,
we have

d(�Ln̂−tk f
tk xk+1,�Lnk+1 x)

≤ d

( j∑
i=1

nk+1

n̂ − tk
�Lnk+1f

tk+mk+1+(i−1)(nk+1+mk+1)xk+1,�Lnk+1x

)

+
j∑

i=1

mk+1

n̂ − tk
d(�Lmk+1f

tk+(i−1)(nk+1+mk+1)xk+1, 0)

≤
j∑

i=1

d

(
nk+1

n̂ − tk
�Lnk+1f

tk+mk+1+(i−1)(nk+1+mk+1)xk+1,
1

j
�Lnk+1x

)

+ mk+1

nk+1 + mk+1
M

≤ mk+1

nk+1 + mk+1
M +

j∑
i=1

1

j
d(�Lnk+1f

tk+mk+1+(i−1)(nk+1+mk+1)xk+1,�Lnk+1x)

+
j∑

i=1

d

((
nk+1

n̂ − tk
− 1

j

)
�Lnk+1f

tk+mk+1+(i−1)(nk+1+mk+1)xk+1, 0

)

≤ mk+1

nk+1 + mk+1
M + δk+1 +

j∑
i=1

∣∣∣∣ nk+1

n̂ − tk
− 1

j

∣∣∣∣ M
≤ mk+1

nk+1 + mk+1
M + δk+1 +

j∑
i=1

mk+1

j (nk+1 + mk+1)
M

= 2mk+1

nk+1 + mk+1
M + δk+1 → 0.

Hence, we have limn→∞ d(�Lnx
′, y) = 0, which implies that we have found a point

x ′ ∈ X such that A(�Lnx
′) = {y}. �

Proof of Theorem 3.1. Suppose Theorem 3.1(1) does not hold, then
⋃

x∈X A(�Lnx)

contains at least two points. It suffices to show htop(D(f,�)) ≥ htop(f,X). Without
loss of generality we can assume htop(f,X) > 0. By the classical variational principle,
we have

htop(f,X) = sup
µ∈M(X,f )

hµ(f )

= sup
y∈�M(X,f )

sup
µ∈M(X,f ),�µ=y

{hµ(f )}

= sup
y∈�M(X,f )

�(
(y)).

Since �
 : C(Y ) �→ R is upper semi-continuous and �M(X, f ) is compact, there exists
a point y1 such that

htop(f,X) = �(
(y1)).
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Since
⋃

x∈X A(�Lnx) contains at least two points, by Lemma 3.10 there is a y ∈ Y which
differs from y1 such that 
(y) 
= ∅. By Theorem 2.1,

�(
((1 − δ)y1 + δy)) ≥ (1 − δ)�(
(y1)) + δ�(
(y)).

Hence, for δ < 1, 
((1 − δ)y1 + δy) 
= ∅. For any δ > 0 consider the set

̃({y1, (1 − δ)y1 + δy}). By Lemma 3.6,

htop(
̃({y1, (1 − δ)y1 + δy})) = min{�(
(y1)),�(
((1 − δ)y1 + δy))}.
Letting δ → 0, we observe that


̃({y1, (1 − δ)y1 + δy}) ⊆ D(f,�) = {x ∈ X | the limit �Lnx does not exist}
and we get

htop(D(f,�)) ≥ lim
δ→0

htop(
̃({y1, (1 − δ)y1 + δy})) ≥ �(
(y1)).

Hence,
htop(D(f,�)) ≥ �(
(y1)) = htop(f,X).

This completes the proof of Theorem 3.1. �

The following are applications of Theorem 3.1.

COROLLARY 3.11. Suppose f : X �→ X is a continuous transformation with
specification property on a compact metric space X. Let ϕ : X �→ R be continuous.
Then:
(1) either all the points have the same ergodic average; or
(2) htop{x ∈ X | the limit (1/n)

∑n−1
i=0 ϕ(f ix) does not exist} = htop(f,X).

COROLLARY 3.12. Suppose f : X �→ X is a continuous transformation with
specification property on a compact metric space X. Then
(1) either all the points have the same limit, i.e. limn→∞(1/n)

∑n−1
i=0 δf ix = y0; or

(2) htop{x ∈ X | the limit (1/n)
∑n−1

i=0 δf ix does not exist} = htop(f,X).

THEOREM 3.13. Suppose f : X �→ X is a continuous transformation with specification
property on a compact metric space X. Let (Yi ,�i)i be (a possibly uncountable) family of
deformations and assume that Yi is a normed vector space and that �i : M(X) �→ Yi is
affine and continuous. Define the vector spaces ×iYi and [×iYi]∞ by

×iYi = {(yi)i | yi ∈ Yi for all i},
[×iYi ]∞ = {(yi)i ∈ ×iYi | sup

i

‖yi‖ < ∞},

and equip [×iYi ]∞ with the norm ‖(yi)i‖ = supi ‖yi‖. Assume that supµ∈M(X),i ‖�iµ‖ <

∞ and that the map
M(X) → [×iYi]∞ : µ → (�iµ)i

is continuous. Then:
(1) either all points x ∈ X have the same limit, i.e. limn→∞(�iLnx)i = y0 ∈ [×iYi]∞

or;
(2) htop{x ∈ X | the limit (�iLnx)i does not exist} = htop(f,X).
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Küpper at Cologne university for his invitation to join his research group for cooperation.
The first author is grateful to the Mathematical Institute of the University of Cologne for
its hospitality. The first author thanks the VW-Foundation in Germany for support during
the author’s stay in Germany. This work was partially supported by the National Natural
Science Foundation of China (10271057) and the Special Funds for Major State Basic
Research Projects in China.

REFERENCES

[1] R. Bowen. Topological entropy for noncompact set. Trans. Amer. Math. Soc. 184 (1973), 125–136.
[2] E. C. Chen and J. C. Xiong. The pointwise dimension of self-similar measures. Chin. Sci. Bull. 44 (1999),

2136–2140.
[3] R. Ellis. Entropy, Large Deviations, and Statistical Mechanics (Grundlehren der Mathmaticschen

Wissenschaften, 271). Springer, New York, 1985.
[4] A. H. Fan and D. J. Feng. On the distribution of long-term time averages on symbolic space. J. Statist.

Phys. 99 (2000), 813–856.
[5] A. H. Fan, D. J. Feng and J. Wu. Recurrence, dimension and entropy. J. London Math. Soc. 64 (2001),

229–244.
[6] D. J. Feng, K. S. Lau and J. Wu. Ergodic limits on the conformal repellers. Adv. Math. 169 (2002), 58–91.
[7] L. Olsen. Multifractal analysis of divergence points of deformed measure theoretical Birkhoff averages.

J. Math. Pures Appl. 82 (2003), 1591–1649.
[8] L. Olsen. Multifractal analysis of divergence points of deformed measure theoretical Birkhoff averages

III. Preprint, 2001.
[9] L. Olsen and S. Winter. Multifractal analysis of divergence points of deformed measure theoretical

Birkhoff averages II. Preprint, 2001.
[10] F. Takens and E. Verbitskiy. On the variational principle for the topological entropy of certain non-

compact sets. Ergod. Th. & Dynam. Sys. 23 (2003), 317–348.
[11] P. Walters. An Introduction to Ergodic Theory. Springer, Berlin, 1982.

https://doi.org/10.1017/S0143385704000872 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385704000872

