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This paper considers a continuous time unobserved components model in which
the cyclical component follows a differential-difference equation whereas the trend
and seasonal components follow more standard differential equations+ Estimation
of the parameters of the model with either a stock or a flow variable is analyzed
using a frequency domain Gaussian estimator whose asymptotic properties are
derived paying particular attention to the role of a truncation parameter that arises
in the practical computation of the spectral density function+ The results of a sim-
ulation exercise, which assesses the finite sample performance of the estimator,
are also provided+

1. INTRODUCTION

This paper considers a continuous time unobserved components model in which
the cyclical component follows a differential-difference equation whereas the
trend and seasonal components follow more familiar differential equations+ In
economics, the use of differential-difference equations to characterize cyclical
fluctuations can be traced back to Kalecki ~1935!+ We believe that our formu-
lation of the unobserved components model provides, at least in certain appli-
cations, more theoretical support for the specification of the cyclical component,
as opposed to a pure time series representation+ At the same time the model
maintains the flexibility of the time series approach for the trend and seasonal,
about which economic theory typically has rather less to say+ The proposed
method of estimation is based in the frequency domain and utilizes the discrete
form of the Whittle likelihood+ Furthermore, the techniques are flexible enough
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to accommodate the point-sampling of a stock variable and the discrete time
averaging inherent in the sampling of a flow variable+

Recently there has been a resurgence of interest in differential-difference equa-
tions in economics,1 although so far there have been few empirical applications
of such models+2 Although we focus on cyclical behavior with economic appli-
cations in mind, it should be noted that differential-difference equations have
been used extensively in other disciplines, notably physics, engineering, and
biology+ The estimation of unobserved ~possibly noninteger! lag parameters,
such as the one appearing in the differential-difference equation, has, in fact,
been an important topic of research in the signal processing literature+ The es-
timation of time delay, and the associated estimation of coherence and phase,
by frequency domain methods was established in a sequence of articles by Han-
nan and Thomson ~1971, 1973, 1981, 1988!+ In a regression context Hannan
and Robinson ~1973! propose a frequency domain method of estimating an un-
known lag parameter and apply the method to some economic and oceano-
graphic data, whereas a more general model with unknown lags is considered
by Robinson ~1974!+ The recent contributions of Chambers ~1998! and Mc-
Garry ~2000!, allied to the results in the present paper, should help to encour-
age empirical investigations using differential-difference equations in economics+

The paper is organized as follows+ Section 2 provides some relevant back-
ground on differential-difference equations and also some specific results con-
cerning the particular equation that we use for modeling the cyclical component+
These results concern the required conditions on the parameters that ensure sta-
tionarity and also conditions that yield a business cycle ~which we take to be a
cycle of length greater than twice the lag appearing in the differential-difference
equation!+ The precise form of the spectral density functions corresponding to
stock and flow variables is also derived+ Section 3 concentrates on the unob-
served components model in continuous time and provides results for stock and
flow variables+ The model is flexible enough to allow simultaneously for non-
stationarity, path dependence, and the presence of unobservables in the process
of interest+3 In the case of the trend and seasonal being generated by differential
equations it is possible to obtain exact autoregressive representations for the dis-
crete time components+ These exact representations are used to derive the spec-
tral density functions of the discretely sampled processes in Section 4+ In the
case of flow variables the results we derive for the seasonal and trend are new
and could even be used in a discrete time Kalman filtering approach to estima-
tion of the continuous time components+ We are unable to follow this route in
the present context, however, because it is not possible to derive exact discrete
time representations corresponding to an underlying differential-difference equa-
tion+ Hence our focus is on spectral densities and frequency domain methods of
estimation+ Section 3 also gives by way of comparison some details of an alter-
native continuous time representation of the cycle in the form of a differential
equation, an approach suggested by Harvey and Stock ~1993!+ Section 4 de-
rives the spectral densities of interest and considers the problem of estimating
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the parameters of the model from a discrete time sample of observations+ For
reasons that will become apparent it is necessary to truncate a doubly infinite
series in the computation of the spectral density function+We therefore investi-
gate the asymptotic properties of the feasible frequency domain Gaussian esti-
mator ~based on the truncated series! concentrating specifically on the role played
by the truncation parameter+ Section 5 provides some simulation results for a
model involving trend, cycle, and irregular components, and Section 6 con-
cludes+ All proofs of propositions and theorems are provided in the Appendix+

2. DIFFERENTIAL-DIFFERENCE EQUATIONS AND CYCLES

The use of differential-difference equations in this paper is for the purposes of
modeling the cyclical component in an unobserved components framework in
continuous time+ Such models are termed structural time series models by Har-
vey ~1989!+ There are two main requirements that the cyclical component should
satisfy in this type of framework+ The first, and most obvious, is that the spec-
ification used is capable of generating cycles+ The second is that the specifica-
tion should be relatively parsimonious, particularly when compared to the
differential equation specification suggested by Harvey and Stock ~1993! for
modeling cycles in continuous time+ The differential-difference equation pro-
posed here satisfies these two requirements but also has the advantage that it
often arises quite naturally from economic theory, a prominent early example
being Kalecki ~1935!+ We shall focus on the equation

dy~t ! � @a0 y~t !� a1 y~t � p!#dt � e~dt !, t � 0, (1)

where y~t ! is the scalar continuous time random process of interest, e~dt ! is a
mean-zero random measure with variance se

2 dt, a0 and a1 are unknown scalar
parameters, and p denotes the unknown lag parameter that is real and positive+
The process y~t ! is stationary provided that the roots of the equation a~z! [
z � a0 � a1 e�pz � 0 have negative real parts+ The equation a~z! � 0 typically
has an infinite number of roots, and checking the required condition would ap-
pear to be an impossible task+4 However, McGarry ~2000! provides the follow-
ing result ~with proof ! for the equation defined in ~1!+

PROPOSITION 1+ Let a~z! [ z � a0 � a1 e�pz , where a0, a1, and p are
real. Then all the roots of the equation a~z!� 0 have negative real parts if and
only if

(i) a0 � 10p, and
(ii) a0 � �a1 � Ma0

2 � x1
2 ,

where x1 is the root of the equation x � a0 tan px such that 0 � x1 � p0p.
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Proposition 1 is important because it provides conditions that are easily ver-
ified in practice for determining whether a process satisfying ~1! is stationary
or not+

With regard to cyclical behavior, it is rather important to be clear about pre-
cisely what is meant by the term cycle+ In the case of differential-difference
equations it is possible to obtain an infinite number of cycles whose lengths are
equal to 2pp0rj , where the rj ~ j � 1,2, + + + ! are the solutions to a particular
transcendental equation+ James and Belz ~1936! show that there is at most one
such solution within each interval ~~ j � 1!p, jp! ~ j � 1,2, + + + !, and so all cy-
cles have period less than 2p except for the one corresponding to the root r1 in
the interval ~0,p!+ It is this cycle that has been referred to as the major cycle
by Frisch and Holme ~1935!, and it is the one that Kalecki ~1935! regards as
the business cycle+ It is also the one that will be of most concern to us here and
the one that will be implicitly meant by the unqualified use of the term cycle+
Proposition 2 provides the requirement on the parameters of ~1! for the model
to produce cycles+

PROPOSITION 2+ The stochastic differential-difference equation (1) pro-
duces cycles provided that 6�a1 p 6 � ea0 p�1 . The period of the major, or busi-
ness, cycle is given by 2pp0r1 where 0 � r1 � p is the smallest positive root
(when it exists) of the equation

r cot r � ln� sin r

r � � a0 p � ln6� a1 p 6+ (2)

The proof of Proposition 2 appears in the Appendix and is based on results
of Kalecki ~1935! and James and Belz ~1936!+ A necessary, but not suffi-
cient, condition for the existence of cycles is that 6�a16 � a0, which arises
because ex�1 � x and hence 6�a1 p 6 � ea0 p�1 � a0 p+ Note that this condition
is closely related to condition ~ii! of Proposition 1, the stationarity require-
ment+ The function r cot r � ln6sin r0r 6 is graphed in James and Belz ~1936!+
The expression given previously for determining r1, which in turn determines
the length of the cycle, is more complicated than the corresponding expres-
sion in Kalecki ~1935!+ This is because Kalecki’s model implies a0 � 0 and
a1 � 0 and further imposes the condition that the amplitude of the cycle is
constant and equal to ~in our notation! a0 p+ The model in this paper imposes
no such constraints on a0 and a1, and the derivation of the root r1 does not
constrain the amplitude to be constant ~although it does not exclude this pos-
sibility!+ The approach is therefore closer to James and Belz ~1936! in this
respect+

Unlike the case with ordinary ~stochastic! differential equations, the repre-
sentations of the solution to a differential-difference equation system do not
lend themselves readily to the derivation of a convenient time domain repre-
sentation for the observed process+ Although the solution to a stochastic differ-
ential equation system of order p satisfies a discrete time ARMA~ p, p � 1!
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equation for stock variables and an ARMA~ p, p! equation for flow variables,
the same is not true for variables satisfying an underlying differential-difference
equation system+ The spectral density function corresponding to a differential-
difference equation is, however, easily derived, and hence the frequency do-
main approach is followed in this paper+ Noting that ~1! has the representation
a~D!y~t !dt � e~dt !, where D denotes the mean square differential operator, a
straightforward result from filtering theory5 yields the spectral density function
of the continuous time process y~t ! as

fy
c~l! �

se
2

2p
6a~il!6�2, �` � l � `, (3)

where l denotes frequency+ From the definition of a~z! the spectral density in
~3! may be written more explicitly as

fy
c~l! �

se
2

2p
@l2 � a0

2 � a1
2 � 2a1~a0 cos pl� l sin pl!#�1, �` � l � `+

The spectral density function therefore behaves like l�2 as lr ` and is inte-
grable over ~�`,`!, so that y~t ! has finite variance+

The spectral density function of the observed process depends on whether it
is a stock variable or a flow variable+ For a stock variable, we shall assume that
observations are equispaced and made at integer points in time, so that the se-
quence of observations is $ yt � y~t !; t � 0,61,62, + + + % + In this case, the spec-
tral density function of yt is

fy~l! � (
j��`

`

fy
c~l� 2pj !�

se
2

2p (j��`

`

6a~i ~l� 2pj !!6�2, �p � l� p,

(4)

which is the familiar “folding equation” that folds back the aliases of each
l � ~�p,p# into that interval+ Flow variables, on the other hand, are observed
as the integral of the underlying rate of flow over the unit interval+ The se-
quence of observations on a flow variable is therefore $Yt � *t�1

t y~r!dr �
*0

1 y~t � r!dr; t � 0,61,62, + + + % + The frequency response function of the inte-
grating filter, which transforms the continuous time process y~t ! into the ob-
servable process Yt , is given by the function g~z! � *0

1 e�rzdr � ~1 � e�z!0z+
The spectral density function of Yt is then

fY ~l! � (
j��`

`

6g~i ~l� 2pj !!62 fy
c~l� 2pj !

�
se

2

2p (j��`

` 4 sin2~l02!

~l� 2pj !2
6a~i ~l� 2pj !!6�2, �p � l� p, (5)
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because 6g~i ~l � 2pj !!62 � 4 sin2~~l � 2pj !02!0~l � 2pj !2 � 4 sin2~l02!0
~l� 2pj !2 + In the case where the lag parameter p is a positive integer, Cham-
bers ~1998! shows how to compute these spectral densities accurately using the
method of residues, which transforms the doubly infinite series into a sum over
a finite number of residues+6 This method is not applicable, however, when p is
noninteger, but McGarry ~2000! has demonstrated that accurate approxima-
tions to the spectral density can be obtained by using an appropriate truncation
of the series+ Details of the computational procedures used in this paper are
provided in subsequent sections+

The preceding results suggest that differential-difference equations in the form
of ~1! satisfy the requirements for the cyclical component in the unobserved
components model in continuous time+ The equation is capable of producing
cycles; it is relatively parsimonious; and, furthermore, it is of a form that has
been suggested by economic theory for certain types of variables+ Equation ~1!
will therefore constitute the basis for the cyclical component in this paper+

3. AN UNOBSERVED COMPONENTS FRAMEWORK FOR
CONTINUOUS TIME PROCESSES

3.1. The Continuous Time Components

In this section we define the continuous time unobserved components model in
which the cyclical component satisfies a differential-difference equation+ For
simplicity we focus on the univariate case, but the methods extend straightfor-
wardly to the multivariate case+ The basic idea is that the scalar continuous
time random process y~t ! consists of a trend component m~t !, a seasonal com-
ponent g~t !, and a cyclical component c~t !, so that y~t ! � m~t ! � g~t ! �
c~t !+ The trend and seasonal components are assumed to be governed by a
standard first-order stochastic differential equation, as in Harvey and Stock
~1993!, whereas the cycle is governed by a differential-difference equation+ The
precise definitions of each of these components are given subsequently+7

Trend component. The trend component, in its most general form, evolves
according to the bivariate system

d�m~t !b~t !� � �0 1

0 0��m~t !b~t !�dt � �h~dt !

z~dt !�, t � 0, (6)

where h~dt ! and z~dt ! are mutually and serially uncorrelated random mea-
sures with zero means and variances sh

2 dt and sz
2 dt, respectively+ The ran-

dom measures are serially uncorrelated in the sense that E @h~D1!h~D2!# �
E @z~D1!z~D2!# � 0 for any two sets ~intervals! D1 and D2 on the real line
such that D1 � D2 � �, and they are mutually uncorrelated in the sense that
E @h~D1!z~D2!# � 0 for any two intervals D1 and D2+ The components m~t !
and b~t ! are often referred to as the level and slope, respectively+
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Seasonal component. The seasonal component is defined as g~t ! �

(j�1
s02 gj ~t !, in which s denotes the number of seasons in a year and the gj~t !

satisfy

d�gj ~t !

gj
*~t !� � � 0 lj

s

�lj
s 0 ��gj ~t !

gj
*~t !�dt � �vj ~dt !

vj
*~dt !�, j � 1, + + + , s02, t � 0, (7)

where lj
s � 2pj0s ~ j � 1, + + + , s02! denote the seasonal frequencies and vj~dt !

and vj
*~dt ! are zero mean mutually and serially uncorrelated random measures

with common variance sv
2 dt+ It is also assumed that vj~dt ! and vj

*~dt ! are
uncorrelated with h~dt ! and z~dt ! for all j and at all leads and lags+

Cyclical component. The form of the cyclical component follows the speci-
fication in ~1! and is given by

dc~t ! � @a0c~t !� a1c~t � p!#dt � e~dt !, t � 0, (8)

where e~dt ! is a zero mean random measure with variance se
2 dt, which is un-

correlated with h~dt !, z~dt !, vj~dt !, and vj
*~dt ! ~for all j ! at all leads and lags+

The specification of the model is completed with an equation that relates the
observed process to the underlying continuous time components+ The next two
sections provide the relevant details for the discrete time sampling of stock
variables and flow variables, respectively+

3.2. Discrete Time Sampling: Stock Variables

Stock variables are assumed to be observed at integer points in time, so that the
observed sequence is given by $ yt � y~t !; t � 1,2, + + + ,T % , where T denotes
sample size+We assume throughout that observations are evenly spaced at unit
intervals of time, but it is possible to extend the analysis to situations where
y~t ! is observed at irregular intervals+8 The observations satisfy the measure-
ment equation

yt � m t � gt � ct � jt , t � 1, + + + ,T, (9)

where m t � m~t !, gt � g~t !, ct � c~t !, and the irregular component jt is white
noise with variance sj

2+ The random disturbance jt can be interpreted either as
the discrete time realization of a genuine irregular component in continuous
time that affects y~t ! or as a measurement error that is associated with the dis-
crete time sampling of the continuous time process+

For the trend and seasonal components, which are generated by differential
equations, it is possible to obtain exact time domain representations for m t and
gt , which can be used to derive the spectral density functions for use in estima-
tion+ However, for the reasons outlined in Section 2, such time domain repre-
sentations are not possible for the cyclical component ct , although its spectral
density function can still be obtained as in Section 2+ Each of the trend and
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seasonal components can be written as dx~t !� Ax~t !dt � n~dt !, where x~t ! is
a 2 � 1 vector and A is a 2 � 2 coefficient matrix+ The uncorrelatedness of the
random measures in each component, and the absence of any interactions be-
tween the individual components, means that it is legitimate to treat the com-
ponents separately in this way+ The solution of the continuous time representation
for x~t ! yields the first-order vector autoregressive representation for xt � x~t !
given by

xt � eAxt�1 � nt , t � 1, + + + ,T, (10)

where the matrix exponential is defined by eA � (j�0
` A j0~ j!! and the discrete

time disturbance vector is given by9

nt ��
t�1

t

eA~t�s!n~ds!+

The vector nt is white noise with variance matrix var~nt ! � *0
1 eAsSn eA'sds,

where Sndt is the covariance matrix of n~dt !+ Applying these results to the
trend and seasonal components yields the following discrete time representa-
tions for m t and gt , which are given in Harvey and Stock ~1993!+

Trend component. The discrete time trend component m t satisfies

�m t

bt
� � �1 1

0 1��m t�1

bt�1
�� �ht

zt
�, t � 1, + + + ,T, (11)

where the disturbance vector @ht , zt #
' is white noise with variance matrix

var�ht

zt
� � �sh2 � sz

203 sz
202

sz
202 sz

2 �+ (12)

Note that the discrete time disturbances ht and zt are correlated even though
the underlying continuous time random measures are not+

Seasonal component. The discrete time seasonal component gt � (j�1
s02 gjt ,

where each gjt satisfies

�gjt

gjt
*� � � cos lj

s sin lj
s

�sin lj
s cos lj

s��gj, t�1

gj, t�1
* �� �vjt

vjt
*�, j � 1, + + + , s02, t � 1, + + + ,T,

(13)

where the vectors @vjt , vjt
* # ' are white noise with common variance matrix

sv
2 I2 and are uncorrelated across j+

Although the discrete time representations for trend and seasonal given previ-
ously lend themselves readily to the application of time domain maximum like-
lihood estimation via the prediction error decomposition of the Gaussian
likelihood function and application of the Kalman filter ~as in Harvey and Stock,
1993!, the presence of the cyclical component ct rules out such an approach+
Instead, we use the preceding representations to derive the spectral density
functions of these components, which are detailed in Section 4+
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3.3. Discrete Time Sampling: Flow Variables

Flow variables are observed as the integral of the underlying rate of flow over
the unit time interval, so that the observed sequence is $Yt � *t�1

t y~r!dr; t �
1, + + + ,T % + The measurement equation for flow variables is

Yt � At � Gt �Ct �Jt , t � 1, + + + ,T, (14)

where At � *t�1
t m~r!dr, Gt � *t�1

t g~r!dr, Ct � *t�1
t c~r!dr, Jt is white noise

with variance sJ
2 , and the integrals are defined in the wide sense+10 The ran-

dom disturbance Jt has the same interpretation as in the case of stock variables+
Following the approach for stock variables, the next task is to derive discrete

time representations for the trend and seasonal components, based on the ge-
neric continuous time representation dx~t !� Ax~t !dt � n~dt !+ It is well known
that flow variables generated by a first-order stochastic differential equation
satisfy an ARMA~1,1! process in discrete time,11 and the approach followed
here is to integrate equation ~10! over the interval ~t � 1, t ! to obtain such a
representation+ The disturbance term in this representation has the form of a
double integral of the underlying random measures, giving rise to the MA~1!
autocorrelations+ This approach is followed here because it is convenient for
the frequency domain methods employed later+ An alternative approach is used
by Harvey and Stock ~1993! and has the advantage that the resulting distur-
bance term is white noise, although the lagged vector in the autoregressive com-
ponent is not *t�1

t x~r!dr but x~t � 1! instead+ Although the Kalman filter is
ideally suited to take advantage of such an unobservable component, this dis-
crete time state space representation does not lend itself well to the frequency
domain approach that we must adopt+

We present, first of all, a general theorem that provides the form of the dis-
crete time model satisfied by the integrals Xt � *t�1

t x~r!dr and that holds for
each of the unobserved trend and seasonal components+

THEOREM 1+ Let x~t ! be a q � 1 continuous time random vector satisfying

dx~t ! � Ax~t !dt � n~dt !, t � 0, (15)

where A is a fixed q � q matrix of coefficients and n~dt ! is a q � 1 vector of
serially uncorrelated random measures with mean vector zero and variance matix
Sndt. Then Xt � *t�1

t x~r!dr ~t � 1, + + + ,T ! satisfies

Xt � eAXt�1 � Nt , t � 1, + + + ,T,

where Nt � *t�1
t *s�1

s eA~s�r!n~dr!ds is an MA~1! disturbance vector with

E~Nt Nt
'! [ V0 � 2L~1!�F~1!SnF~1!

' �F~1!SnY~1!
' � Y~1!SnF~1!

',

E~Nt Nt�1
' ! [ V1 �F~1!SnY~1!

' � L~1!,

in which F~r! � *0
r eAsds, Y~r! � *0

rF~s!ds, and L~r! � *0
rF~s!SnF~s!

'ds.
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The discrete time representation given in Theorem 1, which holds for both
stationary and nonstationary ~integrated! processes, does not appear to have been
given in this precise form in the literature to date+ The representation encom-
passes, for example, the model for flow variables given by Bergstrom ~1984,
Theorem 8!, which is derived for ~asymptotically! stationary processes for which
the coefficient matrix in the continuous time model is nonsingular+ The repre-
sentation in Theorem 1 holds for both unobserved components of interest, in-
cluding the trend in which the coefficient matrix is singular+ Theorem 1 can be
applied to each component separately, in view of the uncorrelatedness of the
underlying random measures between components and the absence of any other
interactions between components+ The results are presented in Theorem 2, which
follows+

THEOREM 2+ Let the unobserved components for trend and seasonal evolve
in continuous time according to (6) and (7), respectively. Then the discrete time
flow variables follow ARMA(1,1) laws of motion as follows.

Trend component. The discrete time trend component At satisfies

�At

Bt
� � �1 1

0 1��At�1

Bt�1
�� �Ht

Zt
�, t � 1, + + + ,T,

where the MA(1) disturbance vector @Ht , Zt #
' has variance matrix V0 and first-

order autocovariance matrix V1 given by

V0 � �
2

3
sh

2 �
11

60
sz

2
1

3
sz

2

1

3
sz

2
2

3
sz

2� , V1 � �
1

6
sh

2 �
1

30
sz

2
1

8
sz

2

1

24
sz

2
1

6
sz

2� +
Seasonal component. The discrete time seasonal component is given by Gt �

(j�1
s02 Gjt , with each Gjt satisfying

�Gjt

Gjt
*� � � cos lj

s sin lj
s

�sin lj
s cos lj

s��Gj, t�1

Gj, t�1
* �� �Vjt

Vjt
*� , j � 1, + + + , s02, t � 1, + + + ,T,

where the MA(1) disturbance vector @Vjt , Vjt
* # ' has variance matrix V0j and

first-order autocovariance matrix V1j given by ( for j � 1, + + + , s02)

V0j �
4sv

2

~lj
s!3 �~lj

s � sin lj
s! 0

0 ~lj
s � sin lj

s!�,
V1j �

sv
2

~lj
s!3 �lj

s~1 � cos lj
s!� 2~lj

s � sin lj
s! 2~1 � cos lj

s!� lj
s sin lj

s

lj
s sin lj

s � 2~1 � cos lj
s! lj

s~1 � cos lj
s!� 2~lj

s � sin lj
s!�+

The autoregressive matrices in the discrete time ARMA~1,1! representa-
tions for the unobserved components in the flow case are identical to those in
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the case of stocks+ The properties of the disturbances, however, are rather dif-
ferent+ In particular the disturbances are MA~1! processes for flows but white
noise vectors for stocks+ Note that, for the seasonal component, the discrete
time disturbances remain contemporaneously uncorrelated but they display cross-
correlation at the one period lag+

The ARMA~1,1! representations in Theorem 2 provide the basis for deriving
the spectral density functions of the unobserved components and, hence, of the
observed flow variable Yt + These expressions will be provided in detail in Sec-
tion 4, in which issues of estimation are addressed+

3.4. An Alternative Representation for the Cyclical Component

Harvey and Stock ~1993! propose a differential equation to capture the cycli-
cal component in a continuous time unobserved components model+ Its form
is similar to the differential equation for the seasonal component in ~7! and is
given by

d� c~t !c *~t !� � � ln r lc

�lc ln r�� c~t !c *~t !�dt � � k~dt !

k*~dt !�, t � 0, (16)

where k~dt ! and k*~dt ! are zero mean mutually and serially uncorrelated ran-
dom measures with common variance sk

2 dt, lc denotes the frequency of the
cycle, and 0 � r � 1 for the process to be stationary+ In this specification the
frequency of the cycle is estimated directly, and the length of the cycle is given
by 2p0lc+ The representation for the cycle in ~16! is more parsimonious than
the differential-difference equation ~8!, involving three rather than four un-
known parameters, and also lends itself to a convenient time domain represen-
tation+ Its motivation on economic grounds is, perhaps, weaker than for ~8! in
some circumstances ~e+g+, time-to-build investment models!, but it can provide
an alternative to ~8! for estimating the features of cycles in continuous time
models+

In terms of the discrete time sampling of stock and flow variables, the dis-
crete time representations follow from ~10! for stock variables and from Theo-
rem 1 for flow variables+ For stock variables the appropriate equations are
provided by Harvey and Stock ~1993! and are given by

�ct

ct
*� � r� cos lc sin lc

�sin lc cos lc
��ct�1

ct�1
* �� �kt

kt
*�, t � 1, + + + ,T, (17)

where the vector @kt , kt
*# ' is white noise with variance matrix �sk

2~1 � r2!I20
~2 ln r!+ For flow variables, however, we present the result as a corollary to
Theorem 2+

COROLLARY TO THEOREM 2+ Let the unobserved cyclical component
evolve in continuous time according to (16). Then the discrete time law of mo-
tion in the case of a flow variable Ct is given by the ARMA(1,1) process
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�Ct

Ct
*� � r� cos lc sin lc

�sin lc cos lc
��Ct�1

Ct�1
* �� �Kt

Kt
*�,

where the MA(1) disturbance vector @Kt , Kt
*# ' has variance matrix V0K and

first-order autocovariance matrix V1K given by

V0K � sk
2 $@2c1~lc !� c2~lc !� 2c3~lc !#I2 � H~lc !� H~lc !

' %,

V1K � sk
2 $@c3~lc !� c1~lc !#I2 � @c4~lc !J � c5~lc !J

' � H~lc !#%,

where

c1~l! �
�2r

d~l!2
@ ln r cos l� l sin l#�

1

d~l!
�1 �

r2 � 1

2 ln r
�

2 ln r

d~l!
�,

c2~l! �
1

d~l!
@1 � r2 � 2r cos l# , c3~l!�

r2 ln r

d~l!2
, c4~l!�

2r2l~ ln r!2

d~l!3
,

c5~l! �
r2l@~ ln r!2 � l2 #

d~l!3
, d~l!� ~ ln r!2 � l2, J � � 0 1

�1 0�,
H~l! �

r ln r

d~l!
C1~l!C4~l!

' �
rl

d~l!
C2~l!C4~l!

'

� C3~l!�C4~l!
' �

r@~ ln r!2 � l2 #

d~l!2
C1~l!

' �
2rl ln r

d~l!2
C2~l!

'�,
C1~l! � � cos l sin l

�sin l cos l�, C2~l!� � sin l �cos l

cos l sin l �,
C3~l!�

1

d~l! �ln r �l

l ln r�,
C4~l! �

1

d~l!2 �l2 � ~ ln r!2 � d~l! ln r 2l ln r� ld~l!

�2l ln r� ld~l! l2 � ~ ln r!2 � d~l! ln r� +
As can be seen from the equations in the corollary, the passage from contin-

uous time to discrete time in the case of the cyclical component of a flow vari-
able imposes complicated restrictions on the moving average disturbance process+
The discrete time representation in this corollary can be used to derive the spec-
tral density function of Ct , which can be used in the estimation of the continu-
ous time model+

4. FREQUENCY DOMAIN APPROACHES TO ESTIMATION

The difficulties associated with deriving discrete time representations for pro-
cesses generated by differential-difference equations have already been out-
lined+We therefore follow a frequency domain estimation procedure that utilizes
the spectral density function of the differential-difference equation component,
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which is readily derived+ We note, however, that in the situation where all of
the unobserved components are generated by stochastic differential equations
rather than differential-difference equations, it is possible to use time domain
methods of estimation+ For example, Harvey and Stock ~1993! propose Kal-
man filtering techniques that can be used in the construction of the Gaussian
likelihood function+ Our treatment of the model based on stochastic differential
equations therefore complements the approach of Harvey and Stock ~1993! and
differs from their approach in two main respects+ First, we use the discrete time
representations for flows given in Theorem 2, and second, we use frequency
domain methods of estimation rather than time domain methods+

In what follows we shall assume that the observed variable ~either yt or Yt ! is
comprised of all four unobserved components, trend, seasonal, cycle, and irreg-
ular+ The necessary modifications that need to be made in circumstances in which
one or more of these components is absent are straightforward+ As defined ear-
lier, the trend and seasonal components are nonstationary, and, hence, so too is
the observed variable+ To carry out analysis in the frequency domain, it is nec-
essary to transform the observations so that they form a stationary sequence+ In
the case of the trend component, the operator that needs to be applied to induce
stationarity is the second difference operator D2 � ~1 � L!2 , where L denotes
the lag operator+12 In the case of the seasonal component, the relevant operator
is S~L! � 1 � (j�1

s�1 L j + Hence in the most general case, where yt or Yt contain
all four unobserved components, it is necessary to work with the transformed
variables

zt � f~L!yt and Zt � f~L!Yt , where f~L!� D2S~L!+

The spectral density functions for each of these two transformed variables are
derived subsequently+

4.1. Spectral Density Function: Stock Variables

The uncorrelatedness of the individual unobserved components ensures that the
spectral density function of zt can be expressed as the sum of the spectral den-
sities of the individual components+ Let the spectral density function of a vari-
able xt be denoted fx~l!, where �p � l � p denotes frequency+ Then the
spectral density function of zt , denoted fz~l!, is given by

fz~l! � 6f~e�il !62 @ fm~l!� fg~l!� fc~l!� fj~l!# , �p � l� p+ (18)

Precise expressions for each of the constituents of ~18! are given subsequently+

Trend component.

fm~l! �
1

2p
w '~I2 � Ce�il !�1V0~I2 � C 'e il !�1w, �p � l� p,
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where

w � �1

0�, C � �1 1

0 1�, V0 � �sh2 � sz
203 sz

202

sz
202 sz

2 �+
Seasonal component.

fg~l! �
sv

2

2p (j�1

s02

w ' @I2 � C1~lj
s!e�il #�1 @I2 � C1~lj

s!'e il #�1w, �p � l� p,

where w is as defined previously and C1~l! is defined in the corollary to
Theorem 2+

Cyclical component.

fc~l! �
se

2

2p (j��`

`

6a~i ~l� 2pj !!6�2, �p � l� p,

where a~z! � z � a0 � a1 e�pz +

Irregular component.

fj~l! �
sj

2

2p
, �p � l� p+

The functions fm~l! and fg~l! are perhaps best described as being pseudospec-
tral densities in view of the variables m and g being nonstationary+ These func-
tions contain poles at certain frequencies, these being the origin ~l � 0! and
the seasonal frequencies, respectively+ These poles are, however, annihilated
by the operator f~L!, whose frequency response function is f~e�il!+ For the
processes generated by differential equations, the preceding functions are de-
rived directly from the discrete time representations in Section 3+2, whereas
fc~l! corresponds directly to ~4! in Section 2+

4.2. Spectral Density Function: Flow Variables

The spectral density function for the transformed flow variable Zt can be de-
rived in a similar form to the spectral density for the transformed stock vari-
able in Section 4+1+ The spectral density function in this case, fZ~l!, is given by

fZ~l! � 6f~e�il !62 @ fA~l!� fG~l!� fC~l!� fJ~l!# , �p � l� p+ (19)

Precise expressions for each of these components are given subsequently+

Trend component.

fA~l! �
1

2p
w '~I2 � Ce�il !�1~V0 � V1 e�il � V1

' e il !~I2 � C 'e il !�1w,

�p � l� p,
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where w and C are the same as in the stock variable case and the matrices V0

and V1 are defined in Theorem 2+

Seasonal component.

fG~l! �
1

2p (j�1

s02

w ' @I2 � C1~lj
s!e�il #�1~V0j � V1j e�il � V1j

' e il !

� @I2 � C1~lj
s!'e il #�1w

~�p � l � p!, where w and C1~l! are the same as in the stock variable case
and the matrices V0j and V1j are defined in Theorem 2+

Cyclical component.

fC~l! �
se

2

2p (j��`

` 4 sin2~l02!

~l� 2pj !2
6a~i ~l� 2pj !!6�2, �p � l� p,

where a~z! � z � a0 � a1 e�pz +

Irregular component.

fJ~l! �
sJ

2

2p
, �p � l� p+

As in the stock variable case, the functions fA~l! and fG~l! represent pseudospec-
tra+ All of the functions for the processes satisfying differential equations are
based on the discrete time representations given in Theorem 2, whereas fC~l!
corresponds to ~5! in Section 2+ The term involving sin2~l02! in fC~l! arises as
a result of the way in which flows are observed, as an integral+ This term is the
frequency response function of the integrating filter+

4.3. Spectral Densities with the Alternative Cyclical Component

For completeness we also provide the spectral densities for the cyclical com-
ponent when it is generated by the stochastic differential equation ~16!+ When
the variable is a stock, the relevant expression is

fc~l! � �
sk

2~1 � r2 !

4p ln r
w ' @I2 � rC1~lc !e

�il #�1 @I2 � rC1~lc !
'e il #�1w,

�p � l� p,

where w is as defined before and C1~l! is defined in the corollary to Theo-
rem 2+When the variable of interest is a flow, the spectral density becomes ~for
�p � l � p!

fC~l! �
1

2p
w ' @I2 � rC1~lc !e

�il #�1~V0K � V1K e�il � V1K
' e il !

� @I2 � rC1~lc !
'e il #�1w,
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where w and C1~l! are the same as in the stock variable case and the matrices
V0K and V1K are defined in the corollary to Theorem 2+ Although time domain
methods of estimation are possible when the cycle satisfies ~16!, the preceding
spectral densities can nevertheless be used in the frequency domain approach
detailed subsequently+

4.4. Maximum Likelihood Estimation

Under the assumption that the variable y~t ! is a Gaussian process, maximiza-
tion of the Gaussian likelihood function yields maximum likelihood estimators
of the unknown parameters+ For notational convenience, we shall not distin-
guish in this section between stocks and flows, so that the transformed variable
will simply be denoted zt + Furthermore, the m � 1 vector of unknown param-
eters to be estimated will be denoted u, again regardless of whether the vari-
able is a stock or a flow, so that

u � ~sh
2 , sz2 , sv2 , sj2 , a0 , a1, p, se2!'

for a stock and

u � ~sh
2 , sz2 , sv2 , sJ2 , a0 , a1, p, se2!'

for a flow+ The spectral density function corresponding to zt will be denoted
f ~l;u!+ It is convenient to represent the spectral density function f ~l;u! in terms
of an underlying function f c~l;u! as follows:

f ~l;u! � 6f~e�il !62 (
k��`

`

f c~l� 2pk;u!, �p � l� p+ (20)

Because we have provided exact expressions for the components of f ~l;u! cor-
responding to the trend, seasonal, and irregular components of zt , which do not
depend on a doubly infinite series, we define ~suppressing the dependence on u
for convenience! f c~l! in the case of a stock variable as follows:

f c~l� 2pk! � � fm~l!� fg~l!� fc
c~l!� fj~l!, k � 0,

fc
c~l� 2pk!, k � 0,

where fc
c~l!� ~se

202p!6a~il!6�2 ~�` � l � `!+ In the case of a flow, f c~l!
becomes

f c~l� 2pk! � � fA~l!� fG~l!� fC
c~l!� fJ~l!, k � 0,

fC
c~l� 2pk!, k � 0,

+

where fC
c~l! � ~se

202p!~4 sin2~l02!0l2 !6a~il!6�2 ~�` � l � `!+
The estimation of the continuous time unobserved components model with

a differential-difference equation representing the cyclical component means
that, in practical terms, it is necessary to approximate, by truncating an infi-
nite series, a component of the spectral density function of the discretely ob-
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served process+ If the truncation point is fixed, that is, independent of sample
size T, then even asymptotically the likelihood function will contain a bias
term that will potentially cause an inconsistency in the estimator+ We therefore
wish to investigate the asymptotic properties of the estimator based on the
approximate likelihood ~using the truncated series for the spectrum! and pro-
pose conditions under which this feasible estimator will be consistent and have
the same limiting distribution as the full maximum likelihood estimator ~using
the exact, nontruncated spectrum!+ In view of our interest being on the effects
of the truncation of the spectral density function on the properties of the esti-
mator, we do not seek to provide a set of minimal conditions under which the
maximum likelihood estimator ~MLE! will have the desired properties+ Rather,
we impose high-level assumptions that ensure the consistency and asymptotic
normality of the MLE, so as to focus more transparently on the properties that
the truncation scheme must satisfy for the two estimators to have the same
asymptotic properties+

A commonly used and computationally convenient version of ~�20T ! times
the frequency domain Gaussian log-likelihood function ~often called the dis-
crete Whittle likelihood! is given by ~apart from a constant term!

L~u! �
1

T (j�JT

�ln f ~lj ;u!�
I ~lj !

f ~lj ;u!
�, (21)

where JT � $ j :�T02 � j � @T02# % , l j � 2pj0T for j � JT , and I ~l!
denotes the periodogram defined by I ~l! � w ~l!w ~�l!, where w ~l! �
~2pT !�102(t�1

T zt e itl + In practice, f ~l;u! is approximated using a truncated
series, given by

f M~l;u! � 6f~e�il !62 (
k��M

M

f c~l� 2pk;u!, �p � l� p, (22)

where M denotes the truncation point+ It follows that f ~l;u! � f M~l;u! �
r M~l;u! where

r M~l;u! � 6f~e�il !62 (
k�M�1

`

@ f c~l� 2pk;u!� f c~l� 2pk;u!# (23)

denotes the error arising from the truncation+ The approximate log-likelihood
based on the truncated spectrum is therefore

LM~u! �
1

T (j�JT

�ln f M~lj ;u!�
I ~lj !

f M~lj ;u!
�+ (24)

Our aim is to examine the properties of ~21! and ~24! and to compare

ZuT � arg min
u�Q

L~u! with ZuT
M � arg min

u�Q
LM~u!,
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where Q denotes the parameter space+ To focus on the properties of the approx-
imation, in particular on the role of the truncation parameter M, we make high-
level assumptions concerning the likelihood function L~u!+ The assumptions
are given here+

Assumption 1+ u0 � Q, where Q is a compact subset of Rm +

Assumption 2+ L~u!
p
&& l~u! as T r `+

Assumption 3+ l~u! � l~u0! for u � u0+

Assumption 4+ zt is a stationary Gaussian process and (s�0
` 6cov~zt ,

zt�s !6 � `+

Assumption 5+ M � O~T d! for some d � 0+

Assumption 1 is a standard assumption in proofs of consistency for optimi-
zation estimators+ Assumptions 2 and 3 ensure that, in the limit, the minimizer
~over Q! of L~u! ~and hence of l~u!! is unique and equal to u0 in probability+
More primitive conditions could be used to establish such properties and typi-
cally require that f ~l;u! � f ~l;u0! for u � u0, an assumption that is implicit
here+ Assumption 4 stresses that zt is assumed to be a stationary Gaussian pro-
cess+ The condition on the autocovariances ensures, in particular, that I ~l! �
Op~1!, a property that is used in the proof of Theorem 3, which follows; see,
for example, Brillinger ~1975, Theorem 5+2+6!+ The Gaussian property implic-
itly requires that the continuous time random measure disturbances are incre-
ments of Brownian motion processes+ Assumption 4 can, in fact, be used to
verify Assumptions 2 and 3, but we state 2 and 3 explicitly as high-level as-
sumptions for convenience+ Finally, Assumption 5 specifies an appropriate rate
of increase of M with T+

THEOREM 3+ Under Assumptions 1–5, ZuT
M p

&& u0 as T r `.

The proof of Theorem 3 proceeds by demonstrating that 6L~u! � LM~u!6 �
op~1! and much of it rests on bounding the error in approximating f ~l;u!, de-
noted r M~l;u!+We note in passing that the consistency of ZuT can also be estab-
lished under Assumptions 1–3+

To show that MT ~ ZuT
M � u0! has the same limiting distribution as MT ~ ZuT �

u0!, it is convenient to first specify conditions under which MT ~ ZuT � u0!
d
&&

N~0,V ! as Tr `+We therefore make the following high-level assumptions, in
which s~u!� ]L~u!0]u denotes the score vector, S~u!� ]2L~u!0]u]u ' denotes
the Hessian matrix, and Nu satisfies 7 Nu � u07 � 7 ZuT � u07+

Assumption 6+ S~ Nu! p
&& S~u0! as T r `, where S~u0! is a finite positive

definite matrix+

Assumption 7+ MT s~u0 !
d
&& N~0,S~u0!! as T r `+
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Under Assumptions 6 and 7, and the previously established consistency of
ZuT ~under Assumptions 1–3!, it follows that MT ~ ZuT � u0! has the required lim-

iting distribution with V � S~u0!
�1 , where

S~u0 ! �
1

4p
�

�p

p ] ln f ~l;u0 !

]u

] ln f ~l;u0 !

]u '
dl (25)

and ] ln f ~l;u0!0]u denotes the vector ] ln f ~l;u!0]u6u�u0
+ When consider-

ing the limiting distribution of the estimator of interest, ZuT
M , it is neces-

sary to strengthen the condition concerning the bandwidth exponent d+Assump-
tion 5 is replaced with Assumption 5' +

Assumption 5'+ M � O~T d! for some d � 1
2
_ +

THEOREM 4+ Under Assumptions 1–4, 5' , 6, and 7, MT ~ ZuT � ZuT
M! �

op~1! , and it follows that MT ~ ZuT
M � u0!

d
&& N~0,S~u0!

�1! as Tr ` , where the
matrix S~u0! is defined in (25).

Under Theorem 4, asymptotic normality of the estimator requires that the
truncation parameter M grows at a sufficiently fast rate relative to sample size
T+ Although consistency merely requires M � O~T d! for some d � 0, asymp-
totic normality requires d � 1

2
_ + Finally, note that the elements of the matrix

S~u0! are typically estimated using ZS~ ZuT
M!, which is defined by the computa-

tionally more convenient expression

ZS~ ZuT
M! �

1

2T (j�JT

] ln f ~lj ; ZuT
M!

]u

] ln f ~lj ; ZuT
M!

]u '
,

where ] ln f ~l; ZuT
M!0]u � ] ln f ~l;u!0]u6u� ZuT

M +

5. SOME SIMULATION EVIDENCE

The previous section established the consistency and asymptotic normality of
the Gaussian estimator of u based on the truncated spectral density+ Under As-
sumption 5 consistency is assured if the truncation parameter M � O~T d! for
some d � 0, whereas asymptotic normality results if M � O~T d! for some
d � 1

2
_ ~see Assumption 5'!+ It remains a matter of some interest, however, to

investigate the finite sample properties of the estimator based on different choices
of d ~and, hence, of M !+ This section therefore reports the results of a simula-
tion study in an attempt to obtain some evidence as to the properties of the
estimator in finite samples+

The simulation experiments are designed to address a number of issues+ The
first concerns the effect of the choice of M on the properties of the estimator+
Closely related to this is the effect of increasing sample size T, but in addition
we also investigate the effects on the estimator of cycle length, sampling scheme
~i+e+, stock vs+ flow!, and the presence of a stochastic trend+ In its most general
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form, the underlying continuous time model used in the simulations consists of
a trend and cycle, defined as follows:

y~t ! � m~t !� c~t !, dm~t !� h~dt !,

dc~t !� @a0c~t !� a1c~t � p!#dt � e~dt !, t � 0,

where h~dt ! and e~dt ! are mutually and serially uncorrelated random mea-
sures, each with variance dt ~i+e+, sh2 � se

2 � 1!+ The discrete time observations
are given by yt � m t � ct � jt for a stock variable and by Yt � At �Ct �Jt for
a flow, where in each case the irregular component ~jt or Jt ! is white noise
with unit variance+ Note that m~t ! is a continuous time stochastic trend and that
m t � m t�1 � ht where ht is white noise with unit variance+ However, in the
case of a flow, At � *0

1m~t � r!dr also satisfies a unit root process, given by
At � At�1 � Ht , but where Ht � *t�1

t *s�1
s h~dr!ds is a first-order moving aver-

age process13 with variance 2
3
_ and first-order autocovariance 1

6
_ + The values of

the parameters a0, a1, and p in the cyclical component were chosen as follows+
Each of a0 and p were allowed to take on two values, so that a0 � $0+5,�1+0%
and p � $0+5,1+0% , with a1 chosen so that for each of the four combinations of
a0 and p there would be a cycle of length four and one of length ten+ This
results in eight parameter combinations, although for a0 � 0+5 and p � 1+0 the
value of a1 ~�2+5898! required to generate a cycle of length four violated the
stationarity requirement ~see Proposition 1! and hence was not used+ There were
therefore seven stationary combinations of the cyclical parameters, which shall
be referred to as Experiments I–VII and which are summarized in Table 1+

When considering the four combinations of stock or flow variable, trend or
no trend, this yields a total of 28 experiments+ The variance parameters ~se

2 ,
sj

2 , sJ2 , sh2! used to simulate the data are all equal to unity+ With regard to the
choice of M, estimates were obtained using the rule M � @T d# � 1~T d � N !,
where @x# denotes the integer part of x, 1~x! denotes the indicator function ~equal
to one if x is true and zero otherwise!, and N denotes the set of ~positive! in-
tegers+ Hence M is equal to the integer part of T d , rounded upward if T d is not

Table 1. Parameter values of cyclical component in sim-
ulation experiments

Experiment a0 a1 p Cycle length

I 0+5 �0+9928 0+5 10
II 0+5 �1+3005 0+5 4
III �1+0 �0+4690 0+5 10
IV �1+0 �0+6143 0+5 4
V 0+5 �0+7423 1+0 10
VI �1+0 �0+1656 1+0 10
VII �1+0 �0+5778 1+0 4
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already an integer+ Values of d� $0+25,0+60% were considered, for three sample
sizes, T � $64,128,256% , which gives values of M equal to $3,12% ~T � 64!,
$4,18% ~T � 128!, and $4,27% ~T � 256!+ A total of 1,000 replications of each
experiment were conducted, resulting in 28 � 2 � 3 � 1,000 � 168,000 opti-
mizations of the likelihood function+ Details concerning the generation of data
are provided in the Appendix+ To save on space, we report the simulation re-
sults corresponding to experiments in which the cycle length is equal to ten,
namely, experiments I, III, V, and VI+ These appear in Table 2, which contains
the mean square errors ~multiplied by 104! for these four experiments corre-
sponding, in order, to stock and flow variables with no trend and stock and
flow variables with a stochastic trend+ As an additional space-saving measure,
we only report the mean square errors for the parameters a0, a1, and p of the
differential-difference equation cycle+ The full set of results, for all seven ex-
periments and for all parameters ~including the variance parameters!, is avail-
able from the authors on request+14

In attempting to summarize the results contained in Table 2, it is convenient
to focus, in turn, on each of the issues raised at the start of this section, namely,
on the effects on the mean square errors ~MSE’s! of the following variables+

Truncation parameter M: there are noticeable differences in the MSE’s correspond-
ing to different values of M at the smallest sample size ~64!, and it is interesting to
note that it is not always the larger of the two values of M that produces the small-
est MSE for T � 64+ Although some differences remain between the MSE’s for
larger sample sizes, any such differences are negligible for T � 256+

Sample size T: as one would expect, the MSE falls as T increases in every case+
Cycle length: no uniform pattern emerges here, and the cycle length appears to affect

the estimation of different parameters in different ways, although we did detect a
slight tendency for the MSE to be larger when the cycle was of length four than
when it was of length ten+

Stocks versus flows: although there are a few differences to be observed in the results
as between stock and flow variables, the differences are fairly minor+ Indeed, if the
model and likelihood function are correct, we should not expect to find any signif-
icant differences+

Stochastic trend: again, some differences emerge, but there appears to be no uniform
pattern across the entries in the tables, which is to be expected if the model and
likelihood function are correct+

Another matter of interest, not revealed by the reported MSE’s, is the extent
to which the limiting normal distribution describes the distribution of the esti-
mators in finite samples+ Allied to this is the extent of departures from normal-
ity when the exponent determining the truncation parameter ~d! is less than
one-half+ Figure 1, therefore, contains the smoothed empirical densities of the
normalized estimator of the lag parameter p, i+e+, MT ~ [pT

M � p0!, obtained in
Experiment V with d � 0+25 for a stock variable and T � 64, 128, and 256+
Figure 1 also contains a normal curve with the same variance as the distribu-
tion for T � 256+ As can be seen, the distributions are reasonably well de-
scribed by the normal, although, not surprisingly, there is some evidence of
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Table 2. Mean square errors for simulations with cycle length equal to ten

Without stochastic trend With stochastic trend

Stock variable Flow variable Stock variable Flow variable

Experiment d T a0 a1 p a0 a1 p a0 a1 p a0 a1 p

I 0+25 64 243 394 1,393 177 448 1,601 1,662 1,431 2,279 830 780 1,466
128 30 80 494 31 167 469 349 341 586 241 310 504
256 13 24 101 11 30 67 79 93 127 68 92 118

0+60 64 220 319 1,408 176 447 1,604 1,666 1,426 2,392 815 769 1,458
128 30 80 503 32 167 470 352 346 592 242 310 503
256 13 24 97 11 30 67 78 92 123 68 92 118

III 0+25 64 2,837 12,406 2,438 1,073 3,830 2,633 1,096 3,720 892 1,332 3,553 1,224
128 456 1,432 377 514 1,107 548 115 130 24 440 534 215
256 100 205 9 122 167 10 1 3 1 11 8 4

0+60 64 2,818 12,367 2,644 1,468 4,680 3,630 1,153 3,945 856 1,324 3,559 1,228
128 520 1,591 395 502 1,065 504 117 128 26 440 538 216
256 102 208 9 122 167 11 1 2 1 11 8 4

V 0+25 64 31 40 432 44 68 522 130 100 730 224 136 1,019
128 13 19 201 12 25 216 41 42 339 21 25 120
256 5 9 78 5 10 92 12 15 103 11 13 105

0+60 64 30 40 431 44 68 522 157 125 731 224 136 1,019
128 13 19 201 12 25 216 43 41 334 21 25 120
256 5 9 78 5 10 92 12 15 102 11 13 105

VI 0+25 64 1,987 9,609 2,236 1,542 4,842 1,621 1,970 5,962 814 1,786 5,334 766
128 606 3,132 1,035 525 1,629 426 825 1,298 205 819 1,431 186
256 118 435 186 165 278 11 29 9 4 67 9 4

0+60 64 2,430 11,423 2,278 1,500 4,987 1,622 2,130 5,793 813 1,805 5,344 768
128 563 3,029 1,088 523 1,616 425 793 1,268 185 821 1,452 187
256 116 441 194 165 278 11 30 8 4 67 9 4

Note: All entries have been multiplied by 104+
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departures from normality+ The curves depicted in Figure 1 are fairly represen-
tative of the distributions across experiments and are indistinguishable from
the curves in Experiment V with d � 0+6+

The preceding comments are derived from a visual inspection of the full set
of results but are not based on any statistical analysis of the results+ A more
detailed set of simulation results, derived from a more extensive exploration of
the sample space, would enable response surfaces to be estimated in an attempt
to summarize the findings+ But with only two values of a0 and p considered,
and no variation across the variance parameters, such an exercise in the present
circumstances would be of limited reliability+15 We have therefore made an at-
tempt at carrying out a test of the hypothesis that the means of the distribution
of MSE’s are equal in the trend–no trend comparison ~for given stock or flow
variable! and in the stock-flow comparison ~for given trend or no trend!+ The
test statistic is based on the difference of the relevant sample means and has an
approximate t-distribution+16 The relevant statistics are presented in Table 3+

The first set of results tests the hypothesis that, for a given sampling scheme
~stock or flow!, the means of the MSE’s are the same regardless of whether a
stochastic trend is present+ A negative statistic indicates that the mean of the
distribution with a stochastic trend is smaller than the mean of the distribution
without a stochastic trend+ Only one of these statistics is significant at the 5%
level, supporting our conjecture from a visual inspection of the results that the
presence of a stochastic trend does not significantly affect the MSE’s+ The sec-
ond set of statistics tests the hypothesis that, for a given trend scenario, the
means of the MSE’s are the same regardless of whether the variable is a stock

Figure 1. Estimated densities of p, Experiment V, d � 0+25
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or a flow+ A negative statistic occurs if the mean with a flow is smaller than the
mean with a stock+ There are four significant entries here, which is somewhat
surprising, because the form of the spectral densities, and hence the likelihood
itself, should be compensating for these variations in sampling scheme+ It must
be noted, however, that the significance of the statistics is not great in any of
these cases and that the distributions may only be approximate anyway+We are
therefore inclined to conclude that there do not appear to be significant differ-
ences in the means of the distributions of the MSE’s caused either by the sam-
pling scheme or by the presence of a stochastic trend+

6. CONCLUDING COMMENTS

This paper has proposed a class of continuous time unobserved components
models in which the cyclical component evolves according to a differential-
difference equation, thereby extending the range of models in the literature
that until now have relied on a stochastic differential equation ~with no lags!
to model all unobserved components+ Conditions on the parameters of the
differential-difference equation are provided under which the process is sta-
tionary and under which it admits a business cycle+ A frequency domain ap-
proach is adopted by necessity in view of the differential-difference equations
not being particularly amenable to neat discrete time representations+ Spectral
density functions are derived when the variable is a stock or a flow, and exact
discrete time representations are also derived for the stochastic differential equa-
tion based components, which are used in deriving the appropriate spectral
densities of these components+ In view of the spectrum of the cycle being de-
fined by a doubly infinite series it is necessary to employ some form of trun-
cation to calculate its value at any given frequency+ Conditions are provided
under which the frequency domain Gaussian estimator will have the same as-
ymptotic properties as the estimator based on the exact spectral density, and

Table 3. Test statistics for differences in means of mean square errors

a0 a1 p se sj sh

Stochastic trend versus no trend

Stock �0+7943 �1+3391 �1+1821 �0+1700 0+1363 N+A+
Flow 0+8764 �0+3496 �1+8261* 0+1480 0+1732 N+A+

Stock versus flow

No trend �1+8692* �1+8783* 0+5543 1+7306 �1+5808 N+A+
Trend �0+8706 �0+9217 �0+1976 1+9970* �1+6913* �1+5130

Note: * denotes significance at the 5% level; N+A+ denotes test not applicable+
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some simulation results are reported that investigate the role of the truncation
parameter in finite samples+

There are a number of natural routes by which the results in this paper could
be extended+ Multivariate extensions and the allowance of multiple lags in the
differential-difference equation would be relatively straightforward, and the re-
sults of Chambers ~1998! and McGarry ~2000! could be utilized in such a di-
rection, although the derivations of the conditions for stationarity and for the
existence of a business cycle would be rather more difficult+ A particularly im-
portant task is that of undertaking empirical investigations with the proposed
models, possibly in the estimation of business cycles with variables such as
gross national product and investment+ Indeed, it was in this area that differential-
difference equations were introduced into economics by Kalecki ~1935!+ It would
also be possible to allow for long memory in the trend component by utilizing
a fractional derivative of order 1

2
_ � k � 3

2
_ along the lines developed in Cham-

bers ~1996!+ In this case it would also be necessary to truncate the doubly infi-
nite series defining the spectral density function of the long memory trend
component, and the analysis of Section 4 concerning such truncation would be
pertinent+ Of related interest is the investigation of the extent to which the
differential-difference equation cyclical component can estimate cycle length
in circumstances in which the cycle is not actually generated by a differential-
difference equation+ Such issues of cycle length estimation under misspecifica-
tion can be investigated using appropriately designed sampling experiments+
Some of these issues are currently under investigation by the authors+

NOTES

1+ See, for example, Boucekkine, Licandro and Paul ~1997! and Asea and Zak ~1999!+ Cham-
bers ~1998! also provides some examples+

2+ One of the few empirical applications can be found in McGarry ~2000!, for example+
3+ We are grateful to a referee for emphasizing the path-dependence feature+
4+ For certain ~more complicated! differential-difference equation systems, verifying the re-

quired stationarity conditions could prove to be intractable+
5+ See, for example, Hannan ~1970, p+ 68!+
6+ For the model defined in ~1!, for a stock variable there are two terms in the resulting sum-

mation, whereas for a flow there are three terms+ Equation ~22! of Chambers ~1998! provides the
spectral density function for a stock variable generated by ~1! with p � 1+

7+ Note that in our definitions we use random measures, such as h~dt !, to capture the distur-
bance terms, whereas Harvey and Stock ~1993! use increments in random processes, such as dh~t !,
for this purpose+ These differences can best be described as differences in style rather than in sub-
stance, because the properties of the resulting series are not drastically affected by these alternative
definitions+

8+ See, for example, Harvey and Stock ~1993!+
9+ See Rozanov ~1967! and Bergstrom ~1984! for details of integration with respect to a ran-

dom measure+
10+ See Bergstrom ~1984! for a definition of wide sense integration of continuous time processes+
11+ See, for example, Theorem 8 of Bergstrom ~1984!+
12+ In the so-called local level model, where sz

2 � 0, and b~t ! � b~0!, m~t ! follows a random
walk, and hence the appropriate operator is D rather than D2+
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13+ See the trend component in Theorem 2 and set Bt � 0, sz2 � 0, and sh
2 � 1+ The result can

also be derived directly from first principles by integrating dm~t ! � h~dt ! twice+
14+ The results can also be downloaded from URL http:00privatewww+essex+ac+uk0;mchamb+
15+ Simulation exercises carried out for models with perhaps only two free parameters and using

least squares and related methods can afford to be more extensive in the exploration of the param-
eter space as a result of the ease with which simulations can be executed+ We would remind the
reader again that the results we have obtained have required 168,000 highly nonlinear optimiza-
tions of the likelihood function involving, in each case, at least five unknown parameters+

16+ The test relies on normality in finite samples and on the equivalence of variances in the two
distributions+ Although there is evidence to suggest that these two conditions may not be met in all
cases, we carry out the tests regarding the t-distribution as holding approximately+
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APPENDIX

Proof of Proposition 2. To derive the length of the cycle, consider the deterministic
equation

Dy~t ! � a0 y~t !� a1 y~t � p!, (A.1)

in which D � d0dt denotes the usual ~nonstochastic! differential operator+ Note that so-
lutions to ~A+1! are of the form Keat , where K is some constant+ Substituting into ~A+1!
and dividing through by Keat yields the equation a � a0 � a1 e�ap , which can be ex-
pressed as �a1 pe�a0 pe ~a0�a!p � ~a0 � a!p+ Defining z � ~a0 � a!p � q � ir and s�
�a1 pe�a0 p this can be expressed more simply as sez � z or q � ir � seq~cos r �
i sin r!+When cycles exist, there will be an infinite number of solutions to this equation
of the form qk � irk+ We are looking for the smallest rk, call it r1, in which case the
period of the cycle is 2pp0r1 ~see Kalecki, 1935, pp+ 332–336!+ The real and imaginary
parts of the preceding equation are, respectively,

q � seq cos r, (A.2)

r � seq sin r+ (A.3)

From ~A+3! it follows that seq � r0sin r, and substituting this into ~A+2! yields q �
r cot r+ Dividing ~A+3! by r gives 1 � seq sin r0r � 6s6eq 6sin r0r 6+ Taking logs and re-
arranging yields a second expression for q, namely, q � �ln6s6 � ln6sin r0r 6+ Equating
these two expressions for q yields r cot r � ln6sin r0r 6� �ln6s6, which, when substitut-
ing for ln6s6, gives the required expression+

Regarding the existence of cycles, it is required that

r cot r � ln� sin r

r � � a0 p � ln6� a1 p 6 � 1

~see James and Belz, 1936!+ The condition stated in Proposition 1 follows immediately+
�

Proof of Theorem 1. The solution to ~15! is given by

x~t ! � eAtx~0!��
0

t

eA~t�r!n~dr!, t � 0,
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which yields the stochastic difference equation

x~t ! � eAx~t � 1!��
t�1

t

eA~t�r!n~dr!, t � 1, + + + ,T

~see, e+g+, Bergstrom, 1984, Theorem 3!+ Integrating over ~t � 1, t # yields

Xt � eAXt�1 � Nt , t � 1, + + + ,T,

where Nt � *t�1
t *s�1

s eA~s�r!n~dr!ds+ From Chambers ~1999, p+ 630! we obtain the
equivalent representation of Nt as a pair of single integrals with respect to n~dt !,
given by

Nt ��
t�1

t

F~t � r!n~dr!��
t�2

t�1

@F~1!�F~t � 1 � r!#n~dr!+

It follows that

E~Nt Nt
'! � V0 ��

0

1

F~s!SnF~s!
'ds ��

0

1

@F~1!�F~s!#Sn @F~1!�F~s!# 'ds,

E~Nt Nt�1
' ! � V1 ��

0

1

@F~1!�F~s!#SnF~s!
'ds,

which yields the expressions given in the theorem+ �

Proof of Theorem 2. The proof proceeds by applying Theorem 1 to each of the un-
observed components and deriving the matrices eA , V0, and V1 in turn+ The latter auto-
covariance matrices require evaluation of F~r!, F~1!, Y~1!, and L~1!+ The proof for
each component will be given in turn+

Trend component. The matrix A is the coefficient matrix in ~6!, and it follows that
A j � 0 for j � 1+ Hence eAr � I2 � Ar, and so F~s! � *0

s eArdr � sI2 � ~s 202!A and
Y~1! � *0

1F~s!ds � ~102!I2 � ~106!A+ It also follows, because L~1! �
*0

1F~s!SnF~s!
'ds, that

L~1! ��
0

1�sI2 �
s2

2
A�Sn�sI2 �

s2

2
A� 'ds �

1

3
Sn �

1

8
ASn �

1

8
SnA' �

1

20
ASnA',

where Sn is the 2 � 2 diagonal matrix with sh
2 and sz

2 on the diagonal+ Combining these
terms yields the expressions for V0 and V1+

Seasonal component. The matrix A is the coefficient matrix in ~7!, and Sn � sv
2 I2 + It

can be shown that

eAs � � cos slj
s sin slj

s

�sin slj
s cos slj

s� ,
and so to evaluate F~s! it is necessary to evaluate the integrals *0

s cos rlj
s dr �

~10lj
s!sin slj

s and *0
s sin rlj

s dr � ~10lj
s!~1 � cos slj

s!+ Application of these formulae
yields
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F~1! �
1

lj
s � sin lj

s 1 � cos lj
s

cos lj
s � 1 sin lj

s � , Y~1!�
1

~lj
s!2 � 1 � cos lj

s lj
s � sin lj

s

sin lj
s � lj

s 1 � cos lj
s� +

Furthermore, because F~s!F~s!' � @2~1 � cos slj
s!0~lj

s!2 #I2 , we obtain

L~1! � sv
2�

0

1

F~s!F~s!'ds �
2sv

2

~lj
s!3 �lj

s � sin lj
s 0

0 lj
s � sin lj

s� +
Combining these terms yields the expressions for V0j and V1j in the theorem+ �

Proof of Corollary to Theorem 2. The matrix A is the coefficient matrix in ~16!,
and Sn � sk I2+ It can be shown that

eAs � rs� cos slc sin slc

�sin slc cos slc
� ,

and so to evaluate F~s! it is necessary to evaluate *0
s rr cos rlc dr and *0

s rr sin rlc dr+
Noting that rr � er ln r , Gradshteyn and Ryzhik ~1994, equations 2+663+1 and 2+663+2!
yield, respectively,

�
0

s

rr sin rlc dr �
rs~ ln r sin slc � lc cos slc !� lc

d~lc !
,

�
0

s

rr cos rlc dr �
rs~ ln r cos slc � lc sin slc !� ln r

d~lc !
+

Application of these formulae yields

F~1! �
r ln r

d~lc !
C1~lc !�

rlc

d~lc !
C2~lc !� C3~lc !,

Y~1! �
r@~ ln r!2 � lc

2 #

d~lc !
2 C1~lc !�

2rlc ln r

d~lc !
2 C2~lc !� C4~lc !+

Now, because F~s!F~s!' � $ @1 � r2s � 2r s cos slc#0d~lc!
2 %I2 and L~1! �

sk
2*0

1F~s!F~s!'ds, we obtain L~1!� sk
2 c1~lc !I2 + Combining these results yields, after

some manipulations, the sequence of formulae defining V0K and V1K in the theorem+ �

Proof of Theorem 3. In what follows, it is convenient notationally to define fj �
f ~lj ;u! and to similarly define fj

M , rj
M , and Ij + Note that Assumptions 1–3 ensure that

ZuT
p
&& u0+ If we can show that 6L~u!� LM~u!6� op~1!, then ZuT

M will also be consistent+
Because fj

M � fj � rj
M , it follows that

LM~u! �
1

T (j�JT

�ln~ fj � rj
M!�

Ij

fj � rj
M� +

Note that 0 � 6f~e�il!62 � P1 � ` for some constant P1 ~depending on the nature of
the filter needed to induce stationarity! and for all l+ The results of McGarry ~1998,
Proposition 2! enable bounds for rj

M to be derived, the forms of which depend on the
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relative magnitudes of 6a06 and 6a16+ In what follows, bounds involving P1 will be ab-
sorbed within the generic constants ~e+g+, k1! used subsequently+ For 6a06 � 26a16,

0 � rj
M � k1 ln� 2pM � lj � k2 � k3

2pM � lj � k2 � k3
� � k1 ln� 2pM � lj � k2 � k3

2pM � lj � k2 � k3
�

� k1 ln�1 �
2k3

2pM � lj � k2 � k3
� � k1 ln�1 �

2k3

2pM � lj � k2 � k3
�

� k1 ln61 � x1j
M 6� k1 ln61 � x2j

M 6,

where k1, k2, and k3 are constants depending on the parameters of the differential-
difference equation ~DDE! and where 0 � 6x1j

M 6,6x2j
M 6 � 1 for all j and large enough M+

Because ln~1 � x! � O~x! as x r 0 we have, for fixed j, rj
M � O~x1j

M! � O~x2j
M! �

O~M�1!+ For 6a06 � 26a16,

0 � rj
M � k4�p� arctan� 2pM � lj � c2

k5
	� arctan� 2pM � lj � c2

k5
	� ,

where, once more, the constants k4 and k5 depend on the parameters of the DDE+ Be-
cause arctan~x! � ~p02! � O~x�1! as x r `, it follows in this case also that rj

M �
O~M�1!+ The final case, when 6a06 � 26a16, yields

0 � rj
M �

k6

2pM � lj � k2

�
k6

2pM � lj � k2

� O~M�1 !,

where the constant k6 depends on the parameters of the model+
Now consider the difference

L~u!� LM~u! �
1

T (j�JT

�ln� fj

fj � rj
M	�

Ij

fj
�

Ij

fj � rj
M� +

Note that

1

fj � rj
M �

1

fj ~1 � rj
M0fj !

�
1

fj
�1 �

rj
M

fj
�

rj
M2

fj
2 � + + +	�

1

fj
� ej

M ,

where ej
M � fj

�1(k�1
` rj

Mk0fjk � O~M�1!+ Note that ej
M is convergent in view of the fact

that rj
M0fj � 1 for all j+ Therefore 6L~u! � LM~u!6 � d1

M~u! � d2
M~u!, where

d1
M~u! � � 1

T (j�JT

ln�1 �
rj

M

fj � rj
M	� � O~M�1 ! and d2

M~u!� � 1

T (j�JT

Ij ej
M�+

Because, under Assumption 4, Ij � Op~1!, it follows that d2~u! � Op~M�1!+ Hence,
under Assumption 5, 6L~u! � LM~u!6 � O~M�1! � Op~M�1! � op~T �d�e ! for some
0 � e � d, which is op~1! as required+ �

Proof of Theorem 4. A mean value expansion of s~ ZuT ! � ]L~u!0]u6u� ZuT
around

u0 yields s~ ZuT ! � 0 � s~u0! � S~ Nu!~ ZuT � u0!, where S~ Nu! � ]2L~u!0]u]u ' 6u� Nu and
7 Nu � u07 � 7 ZuT � u07+ This results in

MT ~ ZuT � u0 ! � �S~ Nu!�1MT s~u0 !, (A.4)
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and the stated distribution follows immediately using Assumptions 6 and 7+ For
MT ~ ZuT

M � u0!
d
&& N~0,V ! also, it is sufficient to establish the property that

MT ~ ZuT � ZuT
M! � op~1!+ General results for establishing this kind of property can

be found in Robinson ~1988!+ We proceed, however, by using a mean value expan-
sion of the score vector for determining ZuT

M , and we obtain

MT ~ ZuT
M � u0 ! � �S M~ Du!�1MT sM~u0 !, (A.5)

where Du satisfies 7 Du � u07 � 7 ZuT � u07 and S M~ Du! and s M~u0! represent, respectively,
the Hessian matrix and the score vector based on the approximate likelihood function
LM~u!+ Comparing ~A+4! with ~A+5! yields

MT ~ ZuT � ZuT
M! � S M~ Du!�1MT sM~u0 !� S~ Nu!�1MT s~u0 !

� @S M~ Du!�1 � S~ Nu!�1 #MT sM~u0 !� S~ Nu!�1MT @sM~u0 !� s~u0 !# + (A.6)

Under Assumption 6, S~ Nu!�1 � Op~1!, whereas under Assumption 7, MT s~u0 !� Op~1!+
Hence to show that MT ~ ZuT � ZuT

M! � op~1!, it is therefore sufficient to show that

~i! MT @sM~u0 ! � s~u0!# � op~1!, and
~ii! S M~ Du!�1 � S~ Nu!�1 � op~1!+

We shall treat each of these terms in turn+
~i! From the form of the likelihood functions we obtain

s~u! �
1

T (j�JT

�1 �
Ij

fj
	 ] ln fj

]u
, sM~u!�

1

T (j�JT

�1 �
Ij

fj
M	 ] ln fj

M

]u
+

We have already established that ~10fjM! � ~10fj ! � ej
M where ej

M � O~M�1!, and it is
easy to show that

ln fj
M � ln~ fj � rj

M!� ln@ fj ~1 � rj
M0fj !#� ln fj � ln~1 � rj

M0fj !� ln fj � k0j
M ,

where k0j
M � O~M�1!+ It is also possible to show that

] ln fj
M

]u
�
] ln fj

]u
� k1j

M ,

where the elements of the m � 1 vector k1j
M are O~M�1!+ Defining f0j � f ~lj ;u0! and

letting ] ln f0j 0]u denote the derivative vector evaluated at u � u0, we obtain

MT sM~u0 ! �
1

MT (j�JT

�1 �
Ij

f0j

� Ij ej
M	� ] ln f0j

]u
� k1j

M	
�

1

MT (j�JT

�1 �
Ij

f0j
	 ] ln f0j

]u
�

1

MT (j�JT

�1 �
Ij

f0j
	k1j

M

�
1

MT (j�JT

Ij ej
M� ] ln f0j

]u
� k1j

M	
� MT s~u0 !� Op~T

102M�1 !+
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Therefore, MT @sM~u0 ! � s~u0!# � Op~T 102M�1! � Op~T 102�d! under Assumption
5' , which is op~1! as required+
~ii! From the definitions of the score vectors we obtain

S~u! �
1

T (j�JT

�1 �
Ij

fj
	 ]2 ln fj

]u]u '
�

1

T (j�JT

Ij

fj

] ln fj

]u

] ln fj

]u '
,

and similarly

S M~u! �
1

T (j�JT

�1 �
Ij

fj
M	 ]2 ln fj

M

]u]u '
�

1

T (j�JT

Ij

fj
M

] ln fj
M

]u

] ln fj
M

]u '
+

In fact, the first term in S~u! is op~1!+ It can be established that

]2 ln fj
M

]u]u '
�
]2 ln fj

]u]u '
� k2j

M ,

where k2j
M � O~M�1!+ It follows that

S M~u! �
1

T (j�JT

�1 �
Ij

fj
� Ij ej

M	� ]2 ln fj

]u]u '
� k2j

M	
�

1

T (j�JT

� Ij

fj
� Ij ej

M	� ] ln fj

]u
� k1j

M	� ] ln fj

]u '
� k1j

M'	
� S1

M~u!� S2
M~u!,

where

S1
M~u! �

1

T (j�JT

�1 �
Ij

fj
	 ]2 ln fj

]u]u '
�

1

T (j�JT

�1 �
Ij

fj
	k2j

M

�
1

T (j�JT

Ij ej
M� ]2 ln fj

]u]u '
� k2j

M	
�

1

T (j�JT

�1 �
Ij

fj
	 ]2 ln fj

]u]u '
� Op~M

�1 !,

S2
M~u! �

1

T (j�JT

Ij

fj

] ln fj

]u

] ln fj

]u '

�
1

T (j�JT

Ij

fj
� ] ln fj

]u
k1j

M'� k1j
M
] ln fj

]u '
� k1j

Mk1j
M'	

�
1

T (j�JT

Ij ej
M� ] ln fj

]u
� k1j

M	� ] ln fj

]u '
� k1j

M'	
�

1

T (j�JT

Ij

fj

] ln fj

]u

] ln fj

]u '
� Op~M

�1 !+
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It follows that S M~u! � S~u! � Op~M�1! � Op~T �d! under Assumption 5' , and hence
S M~u!� S~u!� op~1!+ Slutsky’s theorem and the previously established consistency of
the two estimators then ensure that S M~ Du!�1 � S~ Nu!�1 � op~1! as required+ �

Generation of Data. The data for the trend component were generated according to
the difference equations provided in Section 3+ For a stock variable, m t � m t�1 � ht

with ht ; NID~0,1!, whereas for a flow variable At � At�1 � Ht where Ht is required
to be MA~1! with variance V0 � 2sh

203 and first-order autocorrelation V1 � sh
206+

Suppose Ht � et � aet�1 where et ; IID~0,se
2!+ Then V0 � ~1 � a2 !se

2 and V1 �
ase

2+ Combining the two expressions for V0 and the two for V1 yields the equation
~a 2 � 4a � 1! � 0, which can be solved to give a � 2 6 M3+ The invertible root is
a � 2 � M3, and this is the value used to generate Ht using the preceding MA
representation+ It is also possible to show that se

2 � sh
20~6a!, and so we took et ;

NID~0,106a! because sh
2 � 1+ The irregular component was straightforward, and we

generated jt ; NID~0,1! for stocks and Jt ; NID~0,1! for flows+
Generating discrete observations on the cyclical component from a differential-

difference equation is more difficult in view of the lack of an exact discrete time repre-
sentation+ We therefore used a discretization method, dividing each unit time interval
into 100 subintervals of length h � 0+01 and generating

c~t !� c~t � h! � @a0c~t � h!� a1c~t � p � h!#h � seMhe~t !,

where e~t ! ; NID~0,se2! with se
2 � 1+ For a stock variable, every 100th observation is

chosen, whereas for a flow the average value over every successive 100 observations is
recorded+ Although there is an element of approximation inherent in this approach, its
effects do not appear to have been too severe+
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