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Abstract

Metric temporal equilibrium logic (MEL) extends temporal equilibrium logic (TEL) by incorpo-
rating quantitative timing constraints, enabling the specification and analysis of deadlines and
durations. MEL is particularly suited for domains where time-bound properties are crucial, such
as embedded systems, cyber-physical systems, and real-time software. It facilitates the precise
expression of timing behaviors, such as the requirement that an event must occur within 5 mil-
liseconds of a trigger, which often elude traditional qualitative temporal logics. In this paper, we
present a Tseitin-like translation that maps any metric temporal formula into a logic program-
ming fragment restricted to past operators. This translation provides a formal bridge to leverage
existing answer set programming (ASP) solvers for reasoning about metric temporal constraints.
By restricting the target fragment to past operators, we enable more effective evaluation and
integration with current ASP-based toolchains for multi-shot solving.

KEYWORDS: logic programming methodology and applications, theory, knowledge represen-
tation and nonmonotonic reasoning
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1 Introduction

Reasoning about actions and change, or more generally about dynamic systems, is not
only central to knowledge representation and reasoning but at the heart of computer sci-
ence (Fisher et al. 2005). In practice, this kind of reasoning often requires both qualitative
as well as quantitative dynamic constraints. For instance, when planning and scheduling
at once, actions may have durations, and their effects may need to meet deadlines. On
the other hand, any flexible formalism for actions and change must incorporate some
form of non-monotonic reasoning to deal with inertia and other types of defaults.

Over the past years, we addressed qualitative dynamic constraints by combining tra-
ditional approaches, like Dynamic and Linear Temporal Logic (DL (Harel et al. 2000)
and LTL (Pnueli 1977)), with the base logic of Answer Set Programming (ASP (Lifschitz
1999)), namely, the logic of Here-and-There (HT (Heyting 1930)) and its non-monotonic
extension, called equilibrium logic (Pearce 1997). This resulted in (the non-monotonic for-
malisms) linear dynamic and temporal equilibrium logics (DEL (Bosser et al. 2018) and
TEL (Aguado et al. 2023)) that gave rise to the temporal ASP system telingo (Cabalar
et al. 2019) extending the ASP system clingo (Gebser et al. 2016).

A commonality of such dynamic and temporal logics is that they abstract from specific
time points when capturing temporal relationships. For instance, in temporal logic, we
can use the formula O(press — moving U arrives) to express that always after pressing
the button, an elevator is moving until it arrives at the corresponding floor. However,
nothing can be said about how long the elevator is moving until it arrives.

A key design decision was to base both aforementioned logics, TEL and DEL, on
the same linear-time semantics. Becker et al. (2024b) introduce a variant of TEL that
associates each state with a discrete time point. This variant, called Metric Temporal
Equilibrium Logic (MEL), is defined in terms of a monotonic logic called Metric Temporal
logic of Here-and-There (MHT), a metric temporal extension of the intermediate logic
of Here-and-There, mentioned above, plus a criterion for selecting minimal MHT models
called (metric) equilibrium models. We obtain in this way a non-monotonic entailment
relation. For instance, in our example, we may thus express that whenever the button is
pressed, the elevator will arrive at its destination in 0 to 3 seconds, by writing

O(press — moving U<s arrives). (1)

Unlike the non-metric version, this stipulates that once press is true in a state, arrives
must be true in some future state whose associated time is at most 3 time units after the
time of press, and mowing is true in all states in between.

An important step towards an implementation consists in reducing arbitrary input
theories to normal forms' closer to logic programs. For instance, Becker et al. (2024a,
2026) propose a subclass of MEL that can be encoded in propositional ASP. This trans-
lation does not consider binary metric temporal operators such as metric until or metric

1 We use the term normal form here because many different subclasses of MEL can be reduced to
this form and, in addition, it enables the design of more efficient solving techniques focused solely on
theories that satisfy our logic programming format. In propositional logic, conjunctive and disjunctive
normal forms are the most common ones in classical logic. In ASP, however, the reduction of arbitrary
theories results in disjunctive logic programs (Pearce 2006).
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release. Moreover, the resulting logic program may contain pure future atoms in the rule
heads and that leads to the introduction of future dependencies. It would be interesting
to avoid such future dependendencies since, so and incremental solvers are more efficient
when derivations of the current state can be directly done from information obtained at
previous states (and already computed by the solver) rather than depending on “future”
states that have not been still considered (Gabbay 1987).

In this paper, we introduce a Tseitin-like reduction from any arbitrary metric temporal
formulas into metric temporal logic programs. Our translation generates a specific type
of metric temporal logic program in which future operators affect only to implications.
However, both the body and the head of each implication contain only past and present
references. The advantage of this format lies in the use of incremental solving techniques
already implemented in solvers such as telingo (Cabalar et al. 2019). In incremental
solving, the use of past temporal operators in the body of the rules implies that these
bodies can be readily evaluated at each iteration, since their truth values have already
been determined in previous steps. Our translation requires that the intervals associated
with binary temporal operators in the input formulas be of the form [0..n], where n < w.

The rest of the paper is organized as follows. In Section 2, we present the syntax and
semantics of MHT, the monotonic basis of MEL. In Section 3, we present an alternative
(but equivalent) three-valued semantics that is used to prove the correctness of our
Tseitin-like translation, which is itself presented in Section 4. We finish the paper with
the conclusions and future work.

2 Metric logic of here-and-there

We begin by introducing the logic of Metric Here-and-There (MHT), a metric extension
of HT which serves as the monotonic foundation for Metric Equilibrium Logic (MEL).

Given m € N and n € NU {w}, we let [m..n] stand for the set {i e N|m <i<n}, [m..n)
for {ieN|m<i<n}, (m.n] for {ieN|m<i<n} and (m..n) stand for {ieN|m <
i<n}. We use letters I, J to denote intervals and, since they stand for sets, we assume
standard set relations like inclusion I C J or membership i € I.

Given a set A of propositional variables (called alphabet), a metric formula ¢ is defined
by the grammar:

o = plllpi1®@pa| @10 01Srpa| w1 Tree|Ore|wiUrpa| el Ry |
00 | 1S 2|1 Tw2|0p|piUwps|prRepr

where p € A is an atom, ® is any binary Boolean connective ® € {—, A, V}. As usual in
intuitionistic logic, we define —p = o= 1L, e = (=N (W —p)and T o
The binary temporal operators ¢1 S; w2 and @1 T o denote that ¢ holds since or
is triggered by 2, respectively. Similarly, ¢1 Ur 2 represents the until operator, while
01 R7 @2 signifies that ¢y is released by ¢;. The non-metric counterparts of these oper-
ators share the same intuitive semantics but omit explicit reference to the interval I.
The unary operators Oy and @7¢ (along with their non-metric versions Oy and @)
indicate that ¢ holds in the next or previous state, respectively. We distinguish between
metric and non-metric variants based on the presence of interval constraints: in the metric
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case, satisfaction is contingent upon conditions being met within the intervals augment-
ing the operators, whereas non-metric operators impose no such quantitative bounds.
Additionally, the following derived operators can be defined:

| J2%) ef 1T I always before O “ 1R Iy always afterward

40 Y TS0 eventually before Orp M TU;p eventually afterward
I % _eT initial E %« o7 final

o0 Y e, T— @0 weak previous Orp ' o0, T 5050 weak next

2.1 Semantics

A Here-and-There trace (for short HT-trace) of length A € NU {w} over alphabet A is
a sequence of pairs ({(H;, T3))ic[o..n) with H; CT; C A for any i € [0..)). For convenience,
we often represent an HT-trace as the pair (H,T) of sequences H = (H;);c[p..n) and
T = (T3)ic[o..n)- Notice that, when A =w, this covers traces of infinite length. We say
that (H, T) is total whenever H=T, that is, H; =T; for all i € [0..)).

Definition 1 (Becker et al. 2024b)
A timed HT-trace ((H,T),7) of length A over (N, <) and alphabet A is a pair
consisting of

e an HT-trace (H, T) of length A over A and
e a function 7:[0..\) = N such that 7(7) < 7(i+1).

A timed HT-trace of length A > 1 is called strict if 7(¢) < 7(i4+1) for all i+1 € [0..)) such
that ¢ + 1 < X and non — strict otherwise. We assume w.l.o.g. that 7(0) =0.

Function 7 assigns to each state index i € [0..A) a time point 7(i) € N representing the
number of time units (seconds, milliseconds, etc, depending on the chosen granularity)
elapsed since time point 7(0) =0, chosen as the beginning of the trace. Given any timed
HT-trace, satisfaction of formulas is defined as follows.

Definition 2 (MHT-satisfaction; Becker et al. 2024b)
A timed HT-trace M = ((H, T), 7) of length X over alphabet A satis fies a metric formula
@ over A at step k € [0..A), written M, k |= ¢, if the following conditions hold:

M, kb L

M, k =pif pe Hy, for any atom pe A

M, k= A iff M,k =@ and M, k =

MkEeVvyif MkEgor M k=1

M, kEe—y iff M/ k¢ or M/, k=1, for both M’ =M and M’ = ((T, T), 7)

M,k=e@;¢iff k>0and M, k-1 and 7(k) —7(k—1) €l

M, k= Sr iff for some j € [0..k] with 7(k) —7(j) € I, we have M, j =1 and

M, i = for all i € (§..k]

8. M,kE T o iff for all j € [0..k] with 7(k) — 7(j) € I, we have M, j =1 or M, i =
o for some i € (j..k]

9. MkE=EOrpif k+1<Xand M, k+1 = and 7(k+1) —7(k) el

R e
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10. M,k = ¢ Uy 4 iff for some j € [k..)\) with 7(j) — 7(k) € I, we have M, j =14 and
M, i for all i € [k..5)

11. MLk = o Ry o iff for all je[k..\) with 7(j) —7(k) €I, we have M, j=1 or
M, i = ¢ for some i € [k..j)

A formula ¢ is a tautology (or is valid), written |= ¢, iff M, k = ¢ for any timed HT-
trace M and any k € [0..\). MHT is the logic induced by the set of all such tautologies.
For two formulas ¢, ¥ we write p =, iff |= ¢ <> 1, that is, M, k |= ¢ <> ¢ for any timed
HT-trace M of length A and any k€ [0..)\). A timed HT-trace M is an MHT model of
a metric temporal formula ¢ if M, 0= ¢. Similarly, M is an MHT model of theory I'

if M,0 ¢ for all p €. The set of MHT models of I" having length A is denoted as

MHT(T, ), whereas MHT(T") & (J%_, MHT(T, \) is the set of all MHT models of T' of

any length. We may obtain fragments of any metric logic by imposing restrictions on the
timed HT-traces used for defining tautologies and models. That is, MHT} stands for the
restriction of MHT to traces of any finite length A € N and MHT,, corresponds to the
restriction to traces of infinite length A = w.

An interesting subset of MHT is the one formed by total timed HT-traces like
((T,T), 7). In the non-metric version of temporal HT, the restriction to total models
corresponds to Linear Temporal Logic (LTL, Pnueli (1977)). In our case, the restriction
to total traces defines a metric version of LTL, which we call Metric Temporal Logic (or
MTL for short). Becker et al. (2024b) show that MHT satisfies the common persistence
and negation properties, and that MHT} is decidable.

2.2 Strict traces

Next, we consider a group of results that hold under the assumption of strict traces,
namely, that 7(i) <7(i+ 1) for any pair of consecutive time points. We can enforce
metric models to be traces with a strict timing function 7. This can be achieved with the
addition of the formula -0y T to the context, where 0 abbreviates [0..0].

Proposition 1.
For any MHT trace ((H, T), 7) of length A € NU {w}, we have that ((H, T), 7) E0-0O¢ T
iff 7 is a strict function.

In Lemma 1 below, the use of strict traces enables a recursive definition for operators
of the form Q<,, with @ € {U,R,S, T}. This novel characterization, similar to the
recursive definition of binary temporal operators in LTL (Pnueli 1977), is more suitable
for the Tseitin-style translation developed in this paper. For this reason, we henceforth
restrict our focus to strict traces, allowing us to assume the implicit inclusion of the
aforementioned axiom. The following equivalences state that the interval [0..0] makes all
binary metric operators collapse into their right-hand argument formula, whereas unary
operators collapse to a truth constant. For metric formulas 1) and ¢ and for strict traces,

we have:
pUsv=¢pRoyp=9Sov=pTop =9 (2)
Oop=@gp=1 (3)
Oop=@ =T (4)
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The last two lines are precisely an effect of dealing with strict traces. For instance,
Op ¢ =L tells us that it is always impossible to have a successor state with the same
time as the current one, regardless of the formula ¢ at hand. Lemma 1 below allows
unfolding until, release, since, and trigger for intervals of the form [0..n].

Lemma 1 (Becker et al. 2024b).
For metric formulas ¢ and ¢ and for n > 0, we have:

PU<n P =9V (9 AV O Usnoa) ) (5)
PR<n ¥ =Y APV A=y Oalp Renz) ¥)) (6)
PS<cn V=PV (P AV, 0:(0S<(n—s) V) (7)
PT<n V=9 APV Ay 8:(0 T<uon) V), 8)

where intervals of the form z stand for [z..z].

The equivalences presented above hold under the assumption of strict traces. To show it,
let us consider the formula p U<y a and let us define the timed HT-trace M = ((T, T), 7)
of length A=2 as To = {p}, Th ={a}, and 7(0) =7(1) =0. Since 7(0) £ 7(1), M is not
a strict trace. Hence, M,0 = p U<; a but M,0 & a V (p A 01 (p Ug a)), which falsifies
(5). Formulas of the form ¢ U4 p) ¥, where [a..b) is a general interval, accept more
complicated recursive definitions (see (Becker et al. 2024b) for details) and they are left
out of the scope of this paper.

2.3 Metric equilibrium models

As in (propositional) equilibrium logic (Pearce 2006), non-monotonicity is achieved by
means of a selection among the timed HT-traces of a theory.

Definition 3 (Metric Equilibrium Model (Becker et al. 2024b))

Let & be some set of timed HT-traces of a given theory. A total timed HT-trace
((T,T), 7) is a metric equilibrium model of & iff there is no other H different from
T such that ((H, T),7) € &.

We talk about metric equilibrium models of a theory I' when & = MHT(T"), and we
write MEL(T', A) and MEL(I") to stand for the metric equilibrium models of MHT(T", A)
and MHT(T), respectively. Metric Equilibrium Logic (MEL) is the non-monotonic logic
induced by the metric equilibrium models of metric temporal theories. Variants MEL; and
MEL,, refer to MEL when restricted to traces of finite and infinite length, respectively.

3 Three-valued semantics

It is well known that HT semantics is equivalent to three-valued Godel logic (Godel
1932). The use of the latter semantics in the context of equilibrium logic and its tempo-
ral extensions facilitates correctness proofs of Tseitin reductions to logic programs and
temporal logic programs, since it allows equivalences to be evaluated more conveniently.
Three-valued Godel logic was extended to the temporal setting in Cabalar (2010), within
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the context of reducing temporal theories to temporal logic programs. Since, in this
paper, we extend Cabalar’s results to the metric case, we also provide a three-valued
characterization of MHT. In our setting, a three-valued interpretation is a mapping

m: ([0..2) = N) = (([0..1) x A) = {0,1,2})

where, broadly speaking, the first input function ([0..A) — N) represents a timing function
that gives the different time points associated with each state of the trace; we denote it
by 7 in the rest of this section. Given 7, we define

m(r):[0.) x A—{0,1,2}

as the associated evaluation for propositional variables, that is, a function that provides
the truth value for each propositional variable p € A at each time point k € [0..)\). Such

m(7)? can be extended to m to cope with arbitrary formulas as shown below.
m(k,1)=0
m(k,a) =m(7)(k, a) for any atom a
m(k, o A1) = min(m( ), m(k, 1))
m(k, oV 1) =max(m(k, ), m(k, 1))
2 it m(k, o) <m(k,¢
koo ) = { (k. 0) <mi(k, )
m( otherwise
0 itk=0or7(k)—7(k—1)¢I
m(k, ®p) =
m(k—1,¢) otherwise

itk=0or7(k)—7(k—1)¢&I
m(k, 81¢) = {m(k— 1,) otherwise
m(k, ¢ St 1) = sup{min{m(i, ), m(j,¢) | j € (i..k]} |i €[0..k] and 7(k) — 7(i) € [}?

m(k, o Tr ) =inf{max{m(i, ), m(j,¢) | j € (i..k]} | i € [0..k] and 7(k) —7(:) € I}
L. ifk+1=X(Fw)orr(k+1)—7(k)¢I
mik, Ore) = {m(k +1,¢) otherwise

2 ifk+1=X(#w)or7(k+1)—7(k)¢I
m(kv OISO) = .
m(k+1,p) otherwise
m(k, ¢ Ur ¢) = sup{min{m(i, ), m(j, ¢) | j € [k.0)} | © € [k..A) and (i) — (k) € [}
m(k, o Ry ) = inf{max{m(i, ), m(j,¢) | j € [k..i)} | i € [k..A) and 7(i) — (k) € [}
The three-valued semantics defined above offers a significant advantage when estab-
lishing equivalences. For instance, demonstrating that m(k, ¢ <> 1) =2 is equivalent

to showing that m(k, ) =m(k,v) for all formulas ¢ and . Similarly, proving that
m(0,0(p ¢ 1)) is equivalent to establishing that m(k, ) =m(k, ) for all k €[0..1).

2 Note that here T is implicit.
3 Here we consider that sup ) =0 and inf ) = 2.
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These properties streamline the formal verification process, as they allow complex logical
equivalences to be treated as identities within our three-valued framework.

To establish the equivalence between the standard MHT semantics and our three-
valued characterization, we define a function f from the set of timed HT-traces to the
set of three-valued interpretations. For any timed HT-trace M = ((H, T), 7) of length
A, let f(M)=m(7) where m(7):[0--\) x A— {0, 1,2} is defined for any k € [0..)\) and
a € A as follows:

0 ifagTy
m(7)(k,a)=<1 if aeTy\ Hy
2 ifa€ Hy

This function provides us with a 1-1 correspondence between timed HT-traces and
three-valued interpretations. It can be checked that f is bijective. The following lemma
shows that the satisfaction of arbitrary metric temporal formulas is preserved among the
semantics.

Proposition 2.
For every timed HT-trace M of length A, every k € [0..A) and every formula ¢, M, k = ¢

iff f(M)(k, ) =2 and ((T,T)), k |= ¢ iff f(M)(, @) #0.

Corollary 1.
The MHT semantics and its three-valued characterization are equivalent.

For our Tseitin translation, we impose the following restriction: the intervals associated
to binary temporal operators Sy, T, U; and R; are of the form I = [0..n], with n < w. By
abbreviating the interval [0..n] by ‘<n’, the metric temporal operators are of the form
S<n, T<n, U<n, R<pn. The following proposition shows how equivalences (5)—(8) lead to
an alternative three-valued interpretation for the metric operators.

Proposition 3.
For any interpretation m of length A, any k € [0..A) and any n € [0..w), we have:

m(k,p U<, ) = max{m(k, ), min{m(k, ¢),sup{m(k, 0, (¢ U<(n_q) ¥)) | € [1.0]}} }
(k, o R<p v) = (K, @), inf{m(k, O0u(p Re(n-a) ¥)) | © € [1.n]}}}
m(k,p S<n ¢) = max{m(k,¢), min{m(k, ), sup{m(k, @ (¢ S<(n—s) ¥)) | x € [L.n]} }}
m(k, ¢ T<n ¥) = min{m(k, ¢), max{m(k, @), inf{m(k, 8, (¢ T<(n_ay ¥)) | = € [L.0]}}}

m min{m/(k, ), max{m

Note that, by applying Proposition 3, we can conclude that m(k, pUgw) =
m(k, oRov) = m(k, 0 So ) =m(k, o Top) =m(k,¢). In what follows, we use those
semantics when dealing with metric modalities of the form Q<, with @ € {U,R,S,T}.

4 Translation into metric temporal logic programs

Definition 4 (Metric temporal literal, rule and program,).

Given an alphabet A, we define the set of regularliterals as {a,—a|a€ A}, the
set of metric temporal literals as {®;a, ~®;a, ®;a, ~®;a, ®1, ~®a, ®a, ~®a|ac A}. A
metric temporal rule is either
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e an initialrule B— A
e a dynamic rule of the form OO (B — A), or
e a finalrule of the form O (F — (B — A))

n m
where B= A b; with n>0, A= \/ a; with m >0, and each b; and a; are metric tem-
i=1 j=1
poral literals for dynamic rules, or regular literals for initial and final rules. Facts of
the form p are equivalent to rules of the form — p while constraints of the form —p are
equivalent to rules of the type p — L. A metric temporal logic program is a set of metric
temporal rules.

In the propositional setting, the Tseitin transformation is typically performed by sub-
stituting subformulas with auxiliary atoms that represent their respective truth values.
In the metric temporal case, the recursive nature of the metric temporal operators neces-
sitates a more complex approach. For instance, if we follow Proposition 1, the satisfaction
of the formula m U<3 a requires the evaluation of 0, (m U<,,_, a), for all z € [1..3], which
are not subformulas of m U< a.

Inspired by the Fisher-Ladner closure used in dynamic logics (Fischer and Ladner
1979), the set of subformulas must be closed under the recursive definitions of the binary
metric operators. This closure ensures that the auxiliary atoms correctly capture the
temporal expansion of formulas across the discrete time points of the timed trace.

Definition 5 (Closure).
Let ¢ be a metric temporal formula. We define the closure of ¢, in symbols ¢l(p), as the
smallest theory satisfying the following properties:
1. pecd(p)
cl(p) is closed under subformulas
@ U<, 1) € cl(p) and n > 1 imply 0; (p U<,—; ¢) € cl(p), for all i € [1..n]
¢ R<pntp € cl(p) and n>1 imply O; (¢ Rep_i 1) € cl(ip), for all i € [1..n]
©S<n v ecl(p) and n>1 imply ®; (0 S<,—; ) € cl(yp), for all i € [1..n]
©T<necl(p) and n>1 imply ®; (o T<,_; ¥) € cl(p), for all i € [1..n]

A

For instance, the closure of the formula (1), O(press — moving U<s arrives), corre-
sponds to the set ¢l ((1)) below. For brevity, we abbreviate press, moving and arrives as
p, m and a, respectively.

O(p - mUc<za) (F1), p— mU<sa (F2), mU<s a (F3),

O3(mUg a) (F4), 09(m U<y a) (F5), 02(mUja) (F6),

c((1)) = 01(m U<z a) (F7), 01(m U<y a) (F8), 01(mUpa) (F9),
m U< a (F10), m U< a (F11), m Uy a,

m, a, P

Each formula in cl((1))\ {m Uy a, m, p, a} has been labeled in order to be referenced
when displaying the translation of (1) into a metric temporal logic program shown in
Table 4. Note that the formula (F1) corresponds to (1). The next proposition shows
that the size of the closure of a formula ¢, in symbols |cl(¢)| can be bounded by a
polynomial that depends on two parameters: the size of ¢ (denoted by |¢|) and the
maximum number n used in a binary temporal operator occurring in ¢.
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Proposition 4.

For any metric formula ¢, cl(y) is finite and the total size of all the formulas in
cl(p), |el(p)], is bounded by |cl(p)| <2(k2 4 1)|¢|, where k, =max{1,n,} and n,, is
the maximum n that occurs in the operators U<y, R<n, S<,, and T<,, in ¢.

Note that the closure of a formula contains other formulas than subformulas,
which are also translated into logical rules. To prove the correctness, we cannot
only rely on structural induction since our translation depends on the notion of clo-
sure, which contains formulas that are not subformulas. For instance, let us consider
the formula m U<z a € cl((1)). Following Proposition 3, the formulas m U<s and
(aV (mA (01 (mU<qa)V0s(mU<; a)vVOog(mUpa)))) are MHTj-equivalent. Our
translation replaces mU<z a, 01 (m U<y a), 02 (m U<y a) and 03 (m Uy a) by fresh atoms
and then adds extra formulas that ensure the relationship between those and the formu-
las they replace. Although the proof strategy is to proceed by structural induction, it is
not directly possible here since, for instance, 01 (m U<z a) is not a proper subformula
of m U<3 a. We aim to define a well-founded strict partial order that takes into account
not only the complexity of the input formula but also the unfolding of the U<,, R<y,
S<, and T<, operators. We associate with each metric temporal formula ¢ a natural
number u(p) that is used to define our well-founded strict partial order.

Definition 6.
For a given metric formula ¢ in the language, we define u(y), that captures the unfolding
of the formulas ¢ U<y, ¥, 0 R<n ¥, ¢ S<p, ¢ and ¢ T<,, 9, as follows:

w(l)=u(T)=1

u(a) =1, for all a € A;

@) =1+u(p)+u(y), with ® € {A,Vv,—,U,R,S, T}
®o)=1+u(p), with@e{0, 0, 0,0 O, 0, Or, 8;, 0, ¢, 0, A };
O @<nh) =2% (n+1) + u(p) + u(y), with ® € {U,R,S, T};
w(@<np) =2%(n+1)+u(p), with e {0, ¢, 0, B }.

Given two metric formulas, we say that ¢ <, 9 if and only if u(¢) < u(). Since the
previous definition is given as a mapping into the natural numbers, we can readily prove
the following result.

Proposition 5.
< is a well-founded strict partial order.

Regarding our running example, we get u(m U<z a) = 10, u(0y (m U<y a)) = 9,
u(02 (m U<y a)) = 7 and u(03 (m U a)) = 5. Consequently, 01 (m U<y a) <, m U<s a,
09 (mU<q a) <, m U<g a and 03 (m Uy a) <, m U<s a, which allows us to apply the
induction on the unfolding of binary metric temporal operators. Thanks to Proposition 5,
we can use u to provide an induction hypothesis, which is not based on the typical
structural induction.

The following theorem states that an arbitrary metric temporal formula ¢* over an
alphabet A can be compiled into a metric temporal logic program I' over an extended

4 We assume that the binary metric temporal operators occurring in ¢ are restricted to intervals of the
form [0..n].
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alphabet Ay D A in such a way that there exists a bijection between the timed HT-traces
of length X € [1..w) satisfying ¢ and the traces of length A satisfying I' projected onto .A.
That is, we have equivalence modulo auxiliary atoms.

Theorem 1 (Metric temporal logic program reduction).
For every metric temporal formula ¢ over A and for any ) € [1..w), we have that

MHT (0, A) = {M|a | M € MHT({£,,} Un" (), )} 9)

For transforming arbitrary temporal formulas into metric temporal logic programs, we
use a Tseitin-style reduction (Tseitin 1968) that relies on an alphabet extended by new
atoms for each formula in the original language. The equivalence result in Theorem 1 is
then obtained after removing auxiliary atoms and, in fact, is still preserved inside the
context of a larger theory for the original vocabulary. The results presented in Theorem 1
are preserved when selecting the minimal models. This means that there exists a bijection
between the metric equilibrium models of ¢ and T" projected onto A. That is, we have
strong equivalence modulo auziliary atoms.

Corollary 2.
For every metric temporal formula ¢ over A, for any A €[l.w) and any theory I'
over A,

MEL({¢} UT, A) = {((H, T), 7)[a | ((H, T), 7) € MEL({{, } Un"(¢) UT, A)}. (10)

Theorem 1 and Corollary 2 can be extended to arbitrary theories by defining the
translation o as the metric temporal logic program:

o) ={ly [veltU{n"(u) [ pecl)}

and then replacing {£,} Un*(¢) by o(T") in expressions (9) and (10). Table 4 shows the
translation of the expression in (1), which is done by applying the translation n(u) for each
€ cl ((1)). A metric temporal logic program can be obtained by using n*(u) instead.
The rest of this section is devoted to proving Theorem 1, for which we extend Cabalar’s
reduction for the case THT,, (Cabalar 2010) to the case of MHT;. The reduction uses an

extended alphabet A, O A that additionally contains a new atom ¢, (aka label) for each

formula ¢ in the original language over .A. For convenience, we use £, o pifpis T, L or

an atom a € A. For any non-atomic formula 7 over A, we introduce the translation 7 given
along Tables 1, 2, and 3, and call () the definition of v (the translation rules for Boolean
and non-metric operators are provided in Tables Al and A2). This definition is not a
logic program yet, but it contains some double implication that can be easily transformed
into a metric temporal logic program format by simple, non-modal transformations in
the propositional logic of HT. This translation of n(p) into a metric temporal logic
program is shown in the tables as *(u). In the rest of the section, we indistinctly use
n(w) and n*(u), as the former is more suitable for developing the proofs. As said before,
their equivalence can be easily tested inside logic HT, and so, is not provided in this
paper.

Given a trace M = ((H, T), 7) of length A € NU {w}, we define its projection onto the
alphabet A as M | 4= ((H', T'), 7) where H/ = H; N A and T =T; N A, for all i € [0..1).
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Table 1. Translation for metric next, weak next, previous and weak previous

I () n" (1)
~ Ol (@4, — ¢
OCI(®:T— (8L ¢ L)) 6DE.IT”A ¢ i o/,
OISD ot (_‘.ITH B .gu) 6D(—|: T—;Pﬁ [ Y4 )H
D= ) D(F—>IZ) "
u
~ O (@14, — 1
~ OC1(®1T— (8L, ¢ Lp)) GDEQITN/\_:Z (,i o/,
Orp o0(—e;T— @4,) 65(;0 T—f‘é : »
DE =4 OF -0y
m

6|:| (KMH.[&D) og (ZH%.I&P)

o p 0 o0 (®rfp —£y)
Iz )
"
~ _ OO (¢une;T— e
. 00 (4 ®12,) I ‘)
1 , a0 o,eg,—mu)
i 0
Table 2. Translation of metric since and metric trigger
Iz (1) N (1)

Ly — Ly V Ly

n
Ly =Ly V \_/1 Cau(@Sc(n_ay)
Zw _)Zl/'
Lo A Z'l(‘/’sg(n—l)w) =Ly

. Co M8 < nnyt) = u
©S<py U (fu A (ﬁw v (&o A z\:/l f.z(wsg(”,w)w)))) OOy — £y V £y)
a0 (zu StV x\i/l z,stg(”ﬂ)w)
OO £y — £,.)
OO (£ A a5 sy = )

od (&,, N (¢S<(nny¥) Z“)

ZH —>Z¢
bp— LoV Z31(<.0'|'g(n,71)’¢))

by =Ly V gSn(ngmfn)tb)
Ly NLp — £y,
n
n (éwAz/:\le;m(LpTS("*I)w>) %fu
P T<nt g (Zu e (fw A (&P v /_\1 e3w(‘r""§(n—z)¢))>) o0 (éu - Ew)
oo ((H =4y vz;l(‘PTg(n—l)w)

OO (0w = oV ooty 0)

oa (Zw Ny —>€H)
n
u ((61/) A /_\1 Kﬁe(#ﬂ@(vww)ﬂﬁ) _>£“>

o)
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Table 3. Translation of metric until and metric release

I () " (w)

0 — Ly VL,

by =Ly Vv \,/lzowWUg(nfm)W
@w — ZM

Lo Ao — 4,

1(¢Ug(n71)¢)

n &p /\fo — /L
n(WUS('n—n)w) #
pUn v o (@* oy v (Zw A I\z/lfowagmmw)) 8O (£, — £,V L,)

6D g“ - Ew v \flfomw&ﬂg(nﬂm)
00 (£y — £,.)
o0 (zw MO Uy zu)

30 (es,, A Uiy = Zﬂ)

ZM*)ZW

by — b, VA=
! i o1(¢Rg(n—1)w)

b= LV g/o\n(ng(n—n)“//)
Ly Ny — Ly
/(Zw A m/:\l €6m(kﬂR§(n—xW))) - Z'u
¢R<n D(&M—Mw/\(&,\/ Al )) OO (b = &)
=1

Ou(¢R<(r—ay PN
R<n-a)¥) o0 (eH Sl VI5 R ‘))
PR (n—1)¥

Oun(¢R(nony¥)
o0 (by ANly — £,,)

60 ((tn At m ) =)

oO (euaeg,veA )

Lemma 2.

Let M=((H, T),\) be a MHT model of length A€ [l.w) of a formula ¢ over A.
Then, there exists some timed HT-trace M’ = ((H', T'), 7) over alphabet A, such that
M= M| and M, 0 = {£,} U (9).

Lemma 3.

Let ¢ be a temporal formula over .4 and let ((H, T),7) be a MHT model, with length
A€ [l.w), of {£,} Un(p). Let m be its associated three-valued interpretation. Then for
any p € cl(p) and any k € [0..)), we have m(k, £,,) =m(k, i).

Let us discuss now the proof of Theorem 1. We show that for any metric temporal
formula ¢ over A and any A € [1..w),

MHT(, ) = {M].4 | M € MHT({£,,} Un(2), \)}.
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Table 4. Translation of (1) into a metric temporal logic program. Equivalences of the form
Ly <> p, with p € A, are not shown and p is used instead of €y

e cl((1)) n(w)

(F1) OL1 (@ (1) ¢ ®L (p2) AL (p1)), O (F = (€ (k1) ¢ £ (r2)))

(F2) O (¢ r2) > (p = L (rs)))

(F3) O (s <raV (mA (Ewn VLwrs) VEra)))

(F4) Ol (@5T— (@ (ra) ¢ a)), OO (—@3T— — ®L (py)), O (F — £ (va))
(F5) OLl (@:T— (@ (rs) <> £ (p11))), OO (—@2T— — @1 (55)), O (F — —¢ (5))
(F6) Ol (@:T— (@ (rg) ¢+ a)), OL (—@2T— — @/ (g)), O (F — ¢ (ve))
(F7) O (@1 T— (@ g7y ¢ £ (r10))), OO (@1 T— — ®L (gry), O (F — — (v7))
(F8) O (@1 T— (@4 (rg) ¢ £ (p11))), O (@1 T— — ®L (5g)), O (F — —¢ (rs))
(F9) O (@:T— (@ (rg) ¢+ a)), OL (@1 T— = ®f (rg)), O (F — = (rg))
(F10) O (¢ p10) > aV (mA (Ers) VEre)))

(F11) O (tw1n) > aV (mALrg)))

The ‘C’ direction follows from Lemma 2. For the ‘O’ direction, take some MHT model
M of n(p) of length A€ [l.w). This implies that its associated 3-valuation satisfies
m/(0,{,) =2, which is included in 7(y). Since ¢ € cl(¢), we can apply Lemma 3 to
conclude m/(k, £,) =m’(k, ) for all k€ [0..X) but then, in particular, 2=m'(0,¢,) =
m/ (0, ¢) and so, M is also a model of ¢. Finally, M| 4 is still a model of ¢ because the lat-
ter is a theory over vocabulary A. The theorem below provides a parametric polynomial
bound of the size of n* ().

Theorem 2.

The number of rules in n*(p) has a (parametric) polynomial bound that depends on n
and ||, where n is the maximum interval value occurring in a subformula of ¢, which is
of the form Q<,,, where Q € {U,R,S, T}

5 Conclusion

In this paper, we have described a Tseitin-like reduction from metric temporal logic
formulas into a logic programming format under metric equilibrium logic semantics.
Our current translation only considers intervals of the form [0..n] in the binary metric
operators since (resp. trigger) and until (resp. release). In the future, we expect to extend
our translation in order to cope with arbitrary intervals. If that is possible, we would
have an input format to which any arbitrary metric temporal theory could be reduced,
making it easily implementable in ASP.

Our contribution sheds light on the concept of metric temporal logic programs and
its use as a “normal form” for interpreting metric temporal theories under answer set
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semantics. As future work, we expect to implement this translation in the solver telingo
(Cabalar et al. 2019) and compare it with other solvers proposed by Becker et al. (2024a,
2026). In addition, we would like to explore the notion of splittable metric temporal
logic programs as done by Aguado et al. (2023) for TEL. In the temporal case, those
programs possess nice computational methods via the use of splitting and loop formulas.
An interesting research line could be to extend those results to the metric case. Finally,
we would like to extend our reduction to metric extensions of dynamic equilibrium logic
(Becker et al. 2023)
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Appendix A Translation of Non-Metric Connectives

Table Al. Translation of the propositional connectives

I () n" (1)

OO, —£,) OO, —Ly) OO, Ay —1,,)
PAY Dl & Lo N bw) 50, 0=ty o Ny — L,
oV O, £,V £y) o, —£,) oLy —£,) o0, — £,V Ly)

OO ANy —Ly)  OO(=by,—£,) OOy —£,)
=Y O, < (b — £y)) Ly Ny — Ly Ay — 4, Ly =Ly
OOy V by VL) LoV Ly VL,
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Table A2. Translation of the non-metric temporal operators

n(u)

n* (1)

»SY

T

U4

PRy

OO(£y > ®L,) L,
OOy, > ®Ly) L,
OLI(®0, + £,) O(F — —£,,)

OLl(®, < £,) O(F —£,)

OOy Ly V (£, A ®L))
éu <—>f¢

(@)

O(6y, ¢ £y A (£, V ®L,))
wrly

~

OLI(®/, > @l V (8L, AL,,))
O(F — (by < Ly))

OLI(@L,, <> ®Ly A (80, L,,))
O(F — (£ < £y))

o, —eL,) OO(eL, —¢,) —L,
oa, — er,) O0(®l, —£,) £,
orl(@¢, — £,) O0(l, — ®L,) O(F — )
ori(er, — ¢,) OO, — ®4,) O(F —£,)
OO0, — Ly Vi, OO, — Ly V ®L,)
OOy —¢,) O, N ®L, —¢,,)

Eu — Zw Zw — ZH
OO, — £y) o0, — L,V ®4,)
OOy ANy —£,) OO(ly N®L, —¢,)
KM — €¢ Ew — EH
OLl(®(, — ®L; v ®(,) OL(®, — &Ly (,)

OLl(®l, AL, — ®L,)  OL(®l, — @)
OF = Ly — £y)) OF — (by — £,))

OLl(®4, — ®4y) ol(®l, — @4,V 1,)
OLl(®ly AL, — ®L,) OL(®L, A ®lL, — ®0,)
OF — by — £y)) OF — (by — £,))
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