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Optimal boundary regularity of proper
harmonic maps between asymptotically
hyperbolic spaces

Jingru Niu

Abstract. This article studies the optimal boundary regularity of harmonic maps between a class
of asymptotically hyperbolic spaces. To be precise, given any smooth boundary map with nowhere
vanishing energy density, this article provides an asymptotic expansion formula for harmonic maps
under the assumption of C! up to the boundary.

1 Introduction

Let M denote the interior of a compact smooth manifold with boundary M, and
let g be a nondegenerate smooth metric on M. Let r € C*(M) with r >0 on M,
r71(0) = dM. Consider the metric g on M given by g =r"*g. Then, we call g a
conformally compact metric and (M, g) a conformally compact manifold. In addi-
tion, if (M, g) satisfies |dr|g =1 on dM, it can be shown in [24] that this condition
is equivalent to the sectional curvature uniformly tends to —1 as we approach the
boundary dM. When this additional condition holds, we say that the conformally
compact manifold (M, g) is asymptotically hyperbolic.

Suppose that M and N are Riemannian manifolds of dimensions m and n,

m . .
respectively, and their Riemannian metrics are dsj; = ¥ g;;dx'dx/ and ds}, =
i.j=1

n

Y. hpqduPdul, respectively. Then, the energy density function of a C' map
a,B=1
u: M — N is defined by

1 ;;0uf duf

e(u)=-¢

2° oxi oxi PP

and the total energy of u is given by
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2 J. Niu

The harmonic map equation from M into N, which is the Euler-Lagrange equation

for critical points of the total energy functional, can be written as
. ouP Jul
s _ N tjps 27 _ _
t(u)’ = Amu’® + ¢TI, 7 o =0,s=1,...,n,

where I}, are the Christoffel symbols of N.

The model example for asymptotically hyperbolic manifolds is Poincaré model for
hyperbolic space H™ given by the unit ball B” with metric dsf;, = (lflwdsﬁ. Here,

p denotes the Euclidean distance measured from the origin, and dsj stands for the
standard Euclidean metric. Under this equivalence relation, a map from the (m —1)-
dimensional sphere S™! to the (n —1)-dimensional sphere S"! can be interpreted
as a map from the boundary at infinity of H™ to the boundary at infinity of H".
Schoen [27] proposed a conjecture: For every quasiconformal mapping f : S' - S,
there exists a unique harmonic and quasiconformal extension H(f) : H? — H?Z.
Li and Wang [18] extended this conjecture to the case where m = n > 2.

The results of uniqueness, existence, and regularity properties for the Dirich-
let problem at infinity for proper harmonic maps between hyperbolic spaces were
obtained by Li and Tam [15-17] when the harmonic map is C' up to boundary. In
their work [17], they investigated the boundary regularity of these harmonic maps
and posed some thought-provoking questions. Specifically, they wondered if the
singularities of these harmonic maps could be understood by showing that near
the boundary, the harmonic map must have an expansion similar to those in the
complex Monge-Ampeére equation [12] and the Bergman Laplacian [10]. Donnelly
[4, 5] generalized a portion of their findings to any rank one symmetric spaces. When
the boundary map is a quasiconformal map, Li, Tam, and Wang [17, 18] established
the uniqueness and Lemm and Markovic [13, 22, 23] proved existence using heat flow
theorem in [28]. Benoist and Hulin [2] completed the proof of the Schoen-Li-Wang
conjecture when both the domain manifold and the target manifold are symmetric
spaces of rank one. The complex case was studied by Donanelly [6] Li and Ni [19]
Liand Simon [20], etc. When the boundary map is smooth and has nowhere vanishing
energy density, Chen, Li, and Luo provide an asymptotic expansion formula for the
harmonic map between balls in Berman metrics in [3], so they obtained the optimal
regularity of harmonic maps in the case of complex spaces.

There have also been several relevant works on harmonic maps between
asymptotically hyperbolic spaces. Leung [14] employed the heat flow method to
demonstrate the existence of harmonic maps between asymptotically hyperbolic
conformally compact manifolds. Regarding boundary regularity, Economakis proved
that any C"! local harmonic map whose boundary map is smooth and has nowhere
vanishing energy density admits a polyhomogeneous expansion at the boundary
in [8]. Economakis adopted an approach that is purely microlocal, as can be seen
in the references [12, 25, 26]. Donnelly [7] proved existence and uniqueness for
asymptotic Dirchlet problems for harmonic maps from Hadamard manifolds to
complete simply connected manifolds with nonpositive sectional curvature. Kim
and Lee [11] proved the existence of nonconstant bounded harmonic maps on a
Cartan-Hadamard manifold of pinched negative curvature by solving the asymptotic
Dirichlet problem. Akutagawa and Matsumoto [1] generalized the result of Li and
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Optimal boundary regularity of proper harmonic maps between AHS 3

Tam [16], they proved an existence theorem for harmonic maps with C! boundary
conditions between asymptotically hyperbolic manifolds. For other studies on
harmonic maps between asymptotically hyperbolic spaces, see [9, 24].

Compared with the above works, this article has two advantages. First, it improves
the boundary regularity in Li and Tam [17] and achieves the optimal boundary
regularity. Second, it reduces the assumption of [8] for harmonic maps between
asymptotically hyperbolic spaces to C' up to the boundary, and obtains an expansion
of harmonic maps between a class of asymptotically hyperbolic spaces. Moreover, in
the Poincaré disk model, this expansion is global. In the case where both M and N are
hyperbolic spaces, according to the asymptotic expansion obtained in this article, it is
easy to see that the coefficient of the first power of the logarithm, which has an impact
on the regularity, can be completely determined by the boundary map. Moreover, the
specific expression of this coeflicient can be calculated.

Let H™ and H" be hyperbolic spaces of dimensions m and #, respectively. The
hyperbolic space H" is identified with B” = {x € R™||x| < 1} with the Poincaré metric
given by

4(dx' @dx' + -+ +dx™ @ dx™)

(1-p?)? ’

8um =

where p? = Z (x")?. Under this identification, the idea boundary of H™ can be viewed
as S™1 Slmllarly, we identify H" with the unit ball B” in R” with Poincaré metric

given by

4(dut @du' + -+ + du" ® du")
8Hr =
(1= [uf?)?

Also, the idea boundary of H" is identified with S"~*. In terms of these coordinates,
the tension field of a map u : H” — H" is given by

2\2 m B 2
) TO(u)P:%A"”“ZWx"%
2(1— [uf?)

(2(u$ v0u>voup - (VOU, VOU)U‘D);P = 1) R (N

n n
where (u, Vou) = ¥ (u?,Vou?) and (Vou, Vou) = ¥ (Voul, Vou?). The notation
q=1 q=1
Aq denotes the Euclidean Laplacian and V, denotes the Euclidean gradient. (-,-)
represents the inner product of two n-dimensional vectors.
We assume that M is a class of asymptotically hyperbolic spaces. In the Poincaré

disk model B™ = {x € R™||x| < 1}, it has a metric

4(dx' @dx' + -+ +dx™ @ dx™)
(1-p%)

(1.2) gm = +hy(x),
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where p =|x|. The term hp(x) is a symmetric 2-tensor, which serves as the
perturbation term. It has the expansion

m . .
hy = Z h,’jdxl ® dx’.
ij
When expressed as a function of the variables (p, ), h;; € C*(B™) adheres to a decay
condition. Precisely, for any non-negative integer s, k, the following relation holds:
VpVahijl = O((1=1pf)* ), p > 170> -1

Similarly, we assume that N is an asymptotically hyperbolic space and we identify
N with the unit ball B” in R” with Poincaré metric given by

_A(du' @du' + - +du" ® du™)

1.3 = + hn(x),

(1.3) gN (= )2 N(x)

where hy(x) is a symmetric 2-tensor (i.e., the perturbation term) and has the
expansion

hy =Y hijdu' ® du’.
ij

When expressed as a function of the variables (p, 8), h;; € C>*(B™) satisfies the decay
condition: for any non-negative integer s, k,

VAV Rl = O((1=[uP)"™*),p > 17,b > -1.
In terms of these coordinates, the tension field of a map u : M — N is given by
o*uf
oxioxJ
I R

L -0 +oz((1—p ) +a)(1_1|u|2 +0((1- [uP)r)

x (2(u, Vou)Vouf — (Vou, Vou)u?),p=1,...,n.

T(U)P — i (%511 + O((l_p2)4+a))

i,j=1

(1.4)

Let ¢o : S™ ! — S"~1. The Dirichlet boundary value problem for a proper harmonic
map is given by
7(u) =0in B"

1.5
(1) u = ¢o on 0B™.

The main purpose of this article is to study optimal boundary regularity for proper
harmonic maps between asymptotically hyperbolic spaces similar to those in [21]. The
main theorem is as follows.

Theorem 1.1 Let M and N be asymptotically hyperbolic spaces with metrics (1.2) and
(1.3), respectively, in the Poincaré disk model. Let u be a harmonic map from M to N
so that u € C* as a map from B™ to B". Suppose that the boundary map ¢, of u, when
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restricted to S™', isin C*° (S™~1,S"™1), and has nowhere-vanishing energy density with
respect to the standard metrics. Then, u € C™%(B™, B") for all 0 < a < 1. Moreover, the
solution u of (1.5) has the following asymptotic expansion:

o o 5]
(1.6) u(x) ~ po+ 3. G(x)d + Y Y Yy (x)d* (log(-d))',
k=1 k=m+1 I=1

where ¢, and y, | € C*(B™;B"), d(x) = |x| -1

Remark 1.2 Here, (1.6) is understood in the sense that, for every mg > m+1
ket

and  with  wy, = @ + %@k(x)dk + %) [i] @k)l(x)dk(log(—d))l, we have

|V{, o= wmy)| = O(d"'l;ill_j_s), for arf;lel;m(;;nd non-negative integers s, j.

Remark 1.3 |¢o|* =1 on S™". Differentiating with respect to 6; € S, we can get
(¢0,06,00) =00nS" 7, j=1,...,m -1

The main challenge is that since harmonic map is a system of semi-linear equations,
the comparison principle is not applicable in some cases. To address this, we use the
method of Fourier series expansion for functions on the Poincaré ball model to prove
that taking the derivative in the tangential direction has little effect on the boundary
regularity (see Lemma 3.2). For the mixed terms of different components in the system
of equations, we regard it as a whole for estimation.

The organization of this article is as follows. In Section 2, we construct
a good approximate solution w. This approximate solution has the form

=90+ 3 B4(p 1" + ¥y (p - )™ log(1-p), whete  §,(6),7,,1,(6) €

C®(S™ 458" 1) and 7(w) = O((1-p)™*2log(1-p)). In Section 3, we extend
methods and conclusions of [16] to the harmonic maps between asymptotically
hyperbolic spaces. Moreover, by using the method of Fourier series expansion,
we prove that taking derivatives in the tangential direction has little effect on the
boundary regularity. In Section 4, we prove Theorem 1.1 by using the method of
solving ordinary differential equations.

2 The coefficient functions ¢, ..., ¢, V11

In this section, we mainly prove Theorem 2.1. The coeflicients ¢o, . .., P, Wmi1,1 are
completely determined by ¢,. Based on the expressions of 7y and 7in (1.1) and (1.4), we
can make a modification to ¢, . .., ¢, Ym+1,1 in Theorem 2.8. As a result, we obtain

s Pys v es B> ¥y I C(S™7, 877 and the vector function = ¢ + kglgkdk +

Vi1 d"™ log(=d), d = p — 1such that|z(w)| = O(d™** log(~d)). In fact, according
to the proof of Theorem 2.1, for any m, > 0, we can obtain w,,, such that [t(W,,, )| =
O(d™*'log(-d)). However, ¢, ., cannot be completely determined by ¢o. We

temporarily set the value of ¢, | to zero, and Lemma 4.2 will make the correction.
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Theorem 2.1 Let ¢ € C=(S™1,S™) be a boundary map with nowhere-vanishing

energy density. There exist vector functions ¢y, ..., m, Ums1,1 in C(S™1,S" 1) such
that the vector function

w= Z (pkdk + 1//m+1,1dm+1 lOg(—d), d= p -1
k=0

satisfies

(Dlro(w)] = 0(d™*log(-d)),

@) () - 0TI g g\ [(T90Th0),
ONEVALIALLPS

1 1-|w]?
(4)6 < EEr < C for some constant C > 0,

where  ¢r(0) = ¢ (50), Vims1,1(0) = ¥ims11(s0),  for any se(0,1),0 e S™,
k=1,...,m.

Since e(¢) > 00onS"!, we have % =2(¢o, ¢1) > 0by (3). Letu € C*(B™, B").
Then, 7o(u) = 0 if and only if

m ) a
p(1=[uP) (1= p")gu + 3 2(m = 2) (1~ uP)px' 5
i=1

+2(1- p*)p(2{u, Vou)Vou — (Vou, Vou)u) = 0.

(2.1)

Lemma 2.2 Let T= 3 x' 2. If ¢ ¢ C2(B™\{0}) with ¢(x) = ¢(sx), Vs € (0,1),
i=1

then T¢(x) =0, Vx € B™.

Proof ¢(x) =¢(sx), Vs e (0,1). Then, for any x € B™,

0
ox!

To(x) = T(p(sx)) = ixi P(sx) = f;sxia(p(sx) -0, ass - 0. [

ox!

Next, we will calculate equation (2.1) in two parts.

2.1 Computation of p(1- [u2)(1- p?)Agu + 5 2(m - 2)(1 - |uf?) px* 2%
i=1

m .
Letd:=p-1, T:=3 x' ai,-. Let ¢r(x) = ¢x(sx) be smooth functions except the
i=1

origin and

(22) B(x) = ki ded (x)*.
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For k > 0 with ¢_; = ¢_, = 0, define
Di[¢] =~ [Aodk-—3 +300Pk-2 + 280Pk-1 + (k= 1) (k + m = 3)

(2.3) +k(3k+2m —5)¢g +2k(k+1) ] +2(m-2)[(k-1)dr,
+ 2k(/>k + (k + 1)¢k+l]'
Lemma2.3 Let¢ e C*(B™,B") with the asymptotic expansion (2.2) near 0B™. Then,
(2.4) p(1-p? )Ao</>+Z2(m Z)Px ZDk
i=1
Proof Notice that for any non-negative integer k and for each i ranging from 1 to m,
it holds that
k
a(¢kd ) a¢k dk k¢ dk 1
oxi  oxi p’

2 k
s  TLdD | Fhe g5 0 X!

o(xi)2  o(xi)? ox! p

kG- 1 ket - B,
P PP

Recall the definitions p = d + 1,1 - p? = —d(d + 2). Summing the second equation in
(2.5) over i from 1 to m and then multiplying the result by p(1 - p?), we can calculate
Ao(¢rd*) multiplied by (1 - p?)p. According to Lemma 2.2, we have

(1-p*)pho(grd®)
~[Dogrd ' (d+1)(d +2) + k(k—1)¢d" " (d +1)(d +2)
+k(m-1)¢rd*(d+2)]
—[Aoprd™™® + 300 d* ™ + (200 pk + k(k = 1) + k(m —1) ¢y )d**!
+ (3k(k —1)¢x + 2k(m —1) ¢y )d"* + 2k(k — 1) ¢ d*"].
Next, by summing the above expression over k from 0 to oo, we get

(1-p*)pho¢

= ZA0¢k 5dF +3ZAo¢k ,dk

k=3

+ Z(ZAo¢k—1 +(k=1)(k =2) gy + (k=1)(m —1)¢py_,)d*

8

(2.6) + 3 (3k(k —1)¢x + 2k(m — 1) i )d* +2 Z k(k+1)¢rd*]

k=0 k=0

[A0¢k 3+3A0¢k 2+2A0¢k 1+(k—1)(k+m 3)¢k 1

|M8

+ k(3k +2m = 5) ¢y + 2k(k +1) Py ]d
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We multiply the first equation of (2.5) by 2(m — 2)px’ and then sum over i from 1
to m. By applying Lemma 2.2, we can derive

Zz(m 2)px’ a(¢kdk iZ (m—2)px*( ¢kdk+k¢ d*= 1):))

=1 i=1
=2(m - 2)k¢rd*(d +1)?
=2(m = 2)[ke¢rd*™ + 2kprd" + kprd*].

2.7)

We sum equation (2.7) over k from 0 to co. This summation yields

iZ(m - 2)pxi%

=1

2(m - 2)[kdrd* ™ + 2kprd® + kprd ]

M8

T
(=]

(2.8)
2(m = 2)[(k = 1)p_1d* + 2kped® + (k +1)pri1d"]

MS

=

Me T

Di[¢]d".

>~
Il

0

By adding equations (2.6) and (2.8), we obtain

(1-p)ptod + 3 2(m - 2)px

i=1 Xi

(Di[¢] + Di[¢])d" = ZDk : =

M8

=
I

0

Next, we will use the following notations:

yi(x)=), Vi d® with yy; = 0 when k < Im +1
k=1

and
u(x) = $(x) + liw:(x)(log(—d»l.

First, we have the operator Dy [u] given by

Di[u] = Di[¢] = 28k [y ] + mralya] = (m = D)kalyn] = 27,22

2.9
29 +2(m = 2)(Wk-1,1 + 2Vk1 + Vis1,1)

and the operator Dy ;[u] defined as

Dy[u] = Di[yi] = 2(1 + 1) &k ralwia] + (U + D) 1xa[vial
(2.10) = (I+1D)(m =D alyin] = T+ D)1+ 2) 1k, 142[W142]
+2(m = 2) (I + 1) (Wi, 141 + 2Vk 101 + Vis1,141)>
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where Dy [¢] is defined by (2.3) and we have the following definitions for the terms
involving &x1 (1], nx,1[y1], and (i [y],

(2.11) Eilvi] = (k=D yrorg + 3k + 2(k + D) Wia,s
(2.12) N1 (Vi) = Wing + 3kt + 2Wken 0
(213) Celwi] = Wit + 2w,

For the function (log(~d))’, notice the following partial derivative relationships:
) x!
7(10g(—d))l I(log(~d))"" =
2 2
214y P CogC-a))' = 1(1-1)(log(~d))" 21 (x)

d(xt)?
11 (x )2 111 (xi)2

+1(log(~d))"" ( )
p
Additionally, we have the following summation and Laplacian relatlonshlps:

m og(— 1
2R,

i
i=1 0x

— I(log(~d))"~

g(-d)",
Ao (log(-d))'
=1(1-1)d"*(log(-d))"™* - 1d 2 (log(~d))" ™" + I(m - 1)d ' p~* (log(-d))" .

Let v; =y;(log(~d))'. Recall the definitions p=d+1,1-p?=-d(d+2).
According to the second equation in (2.14), we can calculate (1 p?)pAqvy,

(1-p*)phov

= (1- p2)pl Aoy (log(~d)) + iza‘”’MwA (log(~d))']

= —[Aoyrd(d +1)(d +2)(log(~d))" + Z 2(d + 2)%;&1(1%(—4))’—1

+1(1-1)d™(d +1)(d + 2)y;(log(~d)) 7 = 1d7"(d +1)(d + 2)y; (log(-d))'™
+1(m=1)(d +2)y(log(-d))" ]

~[Aoyrd(d +1)(d +2)(log(-d))"

+(2(d +2)ITy; - 1d7 (d +1)(d +2)y; + 1(m —1)(d + 2)y;) (log(~d) )"
+1(1-1)d™(d +1)(d + 2)y; (log(~d)) 7],

where T = Z x' 5% Finally, for the infinite sum Z vy, we have
1=1

(1-P2)PA0(§V1)

~[3 Agyrd(d + 1)(d + 2)(log(~d))’

1=1
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(2.15) + i(z(d +2)(I+ D) Ty — (1 +1)d7N(d+1)(d +2)y1
=

+ (1+1)(m=1)(d +2)y1,1) (log(~d))’
+ 3 (1+2)(1+1)d ™ (d +1)(d +2)y1s2(log(=d))' +2(d +2) Ty
=1

—dNd+1)(d+2)y1+ (m=1)(d +2)yy +2d7(d +1)(d + 2)y,].

Similar to the computation of (2.6), we have

(2.16) =Y Aoyrd(d +1)(d +2) = p(1- p*) Aoy = Y. Di[yi]d".
=1 k=1

By Lemma 2.2, Tyy,; = 0. Notice that y, ; = 0 when k < ml + 1. We can compute the
term 2(d +2)(I + 1) Ty 41,

2(d+2)(1+ 1) Ty =2(d +2)(1 +1) Y. ye 1 TdF
k=1

= 2(d+2)(1+1) Y yrrak(d + a7,
k=1

After arranging according to the powers of d, we can obtain

2(d +2)(1 + 1) Ty

=2(1+1) Y kg i (A5 +3d5 +2d%71)
k=1

2.17 i
( ) 22(l +1) Z[(k_l)V/k—l,Hl +3k1[/k’1+1 +2(k+1)1//k+1,1+1]dk

1

=
Il

Era[via]ds,

gk

=2(1+1)

=
I

where & j.1[y;41] is defined in (2.11). Next, we can perform a calculation on
the terms (I +1)d™(d +1)(d +2)y;41, (I +1)(m —1)(d + 2)y;,, similar to that on
2(d +2)(1 +1) Ty, to obtain

(I+1)d™(d +1)(d +2)y1

=(I+1)(d*+3d +2) Yy 1ad"!
k=1

(2.18) nd
=(l+1) Z(ll/k—l,m +3Vk 141 + 21/’k+1,1+1)dk
k=1

=(1+1)> MW ]d",
P
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where #x,111[W141] is defined in (2.12) and
(L+D)(m=1)(d+2)yra = (L + 1) (m=1)(d +2) 3. yi1nd"
k=1
(2.19) =(I+1)(m-1) Z(llfk—l,m + 21//k,1+1)dk
k=1

=(I+D)(m-1) )] Cern[vin)dr,
k=1
where (i ;41[¥141] is defined in (2.13). And finally,
(1+2)(I+1)d ' (d+1)(d +2)y142

(2.20) =(I+1)(1+2) kZ::l(V/k—Luz + 3k 142 + 2Wksn1e2)dr

=(I+1)(I+2) i M2 [Vie2]d®

k=1

Therefore substituting (2.16)-(2.20) into (2.15), we have
=pH)pdo (Y1)
1=1

=S S DLyl - 200+ DEralyral + (+ Dipalyia]
= (L+ 1) (m = D) yra] = (L+ 1)1+ 2) ik 102[142])d* (log(-d) )’
+ 3 (=281 [va] + malva] = (m =D ealya] - 21k 2[y2])d*

k=1
For the second part,

i 9(log(-d))’
ox!

M 0 L")
2(m —Z)pria—Vl =2(m _Z)P[in al//l (log(—d))l +yix ]
izl OXi =1 0Xi

1

™8

D [ya)d* (log(~d))" +2(m ~ 2)1ya(d + 2+ 2) (log(~d))'".

=~
Il

1

Summing [ from 1 to oo, we get

(2.22)
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£ 2(m-2)(1+ Dyra(d + 2+ é)(log(—d))l 2Am=2)ya(d +2+ é)

(Di[‘l’l] +2(m = 2) (1 + 1) (Yk1,141 + 2Wk 11 + Vis1,141) )

18

—
Il

1

X dk(lOg(—d))l + 2(7)1 - 2) Z(Wk—l,l + 21[/](,1 + I//k.,.l,])dk.
k=1

=
Il

1

Therefore the summation of equations (2.21), (2.22), and (2.4) yields

(1= p*)pho +2(m =2)pT)(¢ + iv/z(x)(log(—d))l)

1=1
+ZZDkl [u]d* (log(-d))',
0 1=1 k=1

where Dy[u] and Dy j[u] are defined in (2.9) and (2.10).
As a summary, we have proved the following lemma.

M8

=~
I

Lemma 2.4 Let yi,; = 0 when k < ml +1and let

(2.23) u(x) = > ¢r(x)d* + 5 > yri(x)d* (log(-d))'.
k=0 1=1k=1

Then

((1-p*)pdo +2(m - 2)pT)u(x)

=ka +ZZDkl [u]d"* (log(-d))",
k=0

1=1 k=1
where Dy [u] and Dy ;[u] are defined in (2.9) and (2.10).

Define
Apq[9]:= (45, dq), Zkqu
p+q
Agiu] = Zﬁ;k(<¢a"//ﬁ,l>+<¢ﬁ’1ﬁa,l>)+ Zz Zﬂ:_k(llfa,sﬂ/’ﬁ,t%
(2.24) By[u]:=- agikAa[sb]Dﬁ[u],
and
By [u] = - %k(AaMDﬁ,z[u] +Ag,1Dglu])
2.25 i
(2.25) _ 21 Zﬁ;kAa,s[u]Dﬁ,t[u].

Theorem 2.5 Let u be defined in (2.23) with |¢o| = 1, then
A= [ul)((1-p*)pho +2(m = 2)pT)u(x)
= > Beuldt + 3, 3 B [uld* log(~d)).
k=0

1=1 k=1
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Proof According to the expression of u, we have

[e5)

1—|u|2:1—z > (farpp)d"
=0 a+B=k
lik S (o Ypa) + (8> V) d* (log(~d))!

1a+p=k
[ee]
i

> 2 (Vas vpa)d* (log(-d))".
Since (o, do) = 1, we can get

a+P=k s+t=1
1= |uf* = Z
By Lemma 2.4, substituting the expression for 1 — |u|* obtained above, we get
= (1= [u)((1-p*)pAo +2(m ~2)pT)u(x)

> Al[¢]Dg[u]d

i3

Mz

EMS

Al,k[u]dk(log(—d))l.

Mz
gk

Il
—_
=~

Il

1

s

k=la+p=k

£330 2 (Aal@]Dplu] + AwiDgl[u])d* (log(-d))’
1=1 k=1 a+B=k

+0 0N Y Aas[u]Dg[uld" (log(~d))’
1=1 k=1 a+f=k s+t=1

== Bi[u] Z [u]d*(log(~d))".
k=1 1=1 k=1
The proof of the proposition is complete. [

2.2 Computation of 2(1- p?)p(2{u, Vou)Vou — (Vou, Vou)u)

Given that u(x) = %oj dr(x)d* + %oj § Vi1 (x)d*(log(~d))', we can proceed to cal-
k=0 I=1k=1

culate its partial derivative with respect to x;,

— Z(a¢kdk k¢ dk lxl Iii V/kldk(l ( d))l

axl ox;
+ kye d* 2 (log (- d))l+11//kldk1 (log(~d))"™]
P
© 3 ;
(2.26) = Z(ﬂdk +[(k+1)rar + ‘//k+1,1]dkx*
ko OXi p

izaWkldk(l (d))l

I=
+[(k+Dygarg + (I + D yg, 1+1]d ;(log( d))l
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14
Recall that the definition of (-, -

oy ou S +i§ S Qpgid* (log(~d))'

1=1 k=m p+q+j=k

), we can compute

Qpgjapd" (log(~d))’

(2.27)
1=1 k=1 p+q+j=k a+p=I

¢ 3</>J
Q =
k P+qz+:j k( ox; ‘/)q)
d
(G (G 08505 130 + P+ D Vs ) )
(((P+1)¢p+1+1//p+1,1’¢q>[(j+1)¢j+1+‘//j+1,1])( O
and
0 d d i d 0
Pot )2+ (202, gy Wit (202, ) 200
0¢;

Qpoi = ({(—=,
paj = ({ ox; 1 9x; 0x;

0
+ (((.;V;” )G+ Ddjer+ o) + (P + D¥pers + (14 DY tan bg) 5
+{(p + 1)¢p+1 + Yp+1,15 ¢q) ‘//]'l ( ¢p (/5q)[(] + 1)1//J+1 + (1 + 1)W1+1 141]

09 )
P

0
+<ﬁ,wq,z>[<j D0 o]+ 10+ Do Vprnn V)

+(((P+ D bpe1 + Yper,1 8L G+ DWjrs + (1 + D, 1]

(P + Ddps1 + Ypar,1 Y, )[(G + D)@ jur + W]
H(P+D¥pers + L+ DWpin101 90) [(G+ Djur + Wi, 1]) ( )2

and the expressions of Qp4jap and Q;4p, are omitted for the sake of brevity.
Sum for i from 1 to m and multiply p in (2.27) to find

p(u,Vu)Vu:§ > (65, V0q)VY;

k=0 p+q+j=k

(P+1D)pr1 +¥pir,1, @+ Djur + ¥jwaa])d" (d +1)
200 2 (VU 9q) Ve +(Vp 0g) V1 + (Vp ¥g1) VY,

1=1 k=m p+q+j=k

((P+1D)pr1 + ¥t )G+ DWjans + (T DYjini4]
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P+ 1) ¢pi + ¥pirs V’q,l)[(j + 1) i1 + W]

+ik§: > (2 Apgjap+ Z qufaﬁy)dk(d+1)(1°g( )",

1=1 k=1 p+q+j=k a+p=I a+p+y=I

where Apgiqp and Ay gjapy are omitted for the sake of brevity.
Define Hy[u] and Hy ;[u] such that

Pl V)= 3 Hd 33 5 gl Gog( )
k=0 1=1 k=1
Consider 1- p? = —d(d + 2). By multiplying both sides of the equation p(u,

by 4(1 - p? ) we get

41— p?)p{u, Vu)Vu = —4d(d + 2)p{u, Vu)Vu

- 4(Y Hia[uld* + 3 Y Hya[u]d* (log(~d))")
k=2 1=1 k=3
: g(g Hy[u]d" + li ki Hivi[u]d* (log(~d))")
= SR+ 3 S B [u]d* (log(~d))
k=1 1=1 k=2
where
(2.28) Fk[u] = —4Hk_2[u] - 8Hk_1[u]
and
(2.29) Fk,l[u] = —4Hk_2,1[u] - 8Hk_1,l[u].

According to the expression of (2.23) and (2.26), we deduce

ou au kad
(= Zxkdk +Z Z S Xpgid*(log(-d))’
x! I=1 k=m p+q+j=k
(230) 2 X Xpgjapd” (log(-d))’
1=1 k=1 p+q+j=k a+p=1
) > Xpgjapyd* (log(-d))",
1=1 k=1 p+q+j=k a+p+y=1
where
99, d¢, 99, x!
Xk: ( b >¢+( S :)(lbi
p+§j=k oxi’ axi'T) Y oxi Tp

e
+((p+1D)bpsr1+ Vpir1, (g +1)pg + Wq+1,1>¢j(;)2’
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and

(9% 9¢4 opp Vg, 9%y
qu] - (( axl > axl )1// N + ( axi > axi >¢] + (axl >

( )i +{(p+1D)pr1 + ¥pir1, wa)‘ﬁ])
+ (((P + D) ¢pa1 + Vprr1, (@ + D) Ggur + Y1) ¥

V1

i

+{(p+ 1)¢p+1 + Yp+11s (q+ 1)1//,1+1,1 +(1+ l)y/qﬂ’lﬂ)gbj)(x;)z,

and X,4iap and Xpgjqp, are omitted for the sake of brevity.
Summing i from 1 to m and multiplying p in (2.30), we find that

p(Vu, Vu)u

:i Y. ((Vep Vo) + (P + 1) ppir + Wpir1s (4 + 1) Pgar + Vgr,1)9;)

k=0 p+q+j=k

xd“(d+ 1)+ 3% Y (Vep V)i + (Vp Vg1,
I=1 k=1 p+q+j=k

+{(P+ D) Pps1 + Vpir1, (@ + D) Pgir + Vgr11)Vj
+((P+ D) ps1 + Vper1> (4 + D¥gart + (1 + D¥gir41)¢;)d* (d +1) (log(-d))'

ii Z (Z Epgjap + Z qujaﬁy)dk(d+1)(10g(_d))l’

1=2 k=1 p+q+j=k a+p=I a+p+y=I1

where E,4q5 and E,4jsp, are omitted for the sake of brevity.
Define Wy [u] and Wy ;[u] such that

p(Vu, Vu)u =

Mz
LME?

32 3% W [uld (log(-a))'.

=~
I
(=]

Then, by multiplying both sides of the equation p(Vu, Vu)u by -2(1- p?), we
conclude that

—2(1-p*)p(Vu, Vu)u = 2d(d + 2)p(Vu, Vu)u

=23 Wi [uld* + 30 Y Wi [u]d* (log(~d))")
k=2

I=1

M8

=
I

3

oo

4> Wer[uld +ziwku Jd* (log(~d))")
k=1

1=1 k=

5]

= S Euldt + 5 5 B [uld® (log(~d))',
k=1 1=1 k=2
where
(2.31) Ek[u] = 2Wk_2[u] + 4Wk_1[u]
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and
(2.32) Exi[u] =2Wi_p, 1 [u] + 4Wg_q, 1 [u].
Lemma 2.6  With the notations above, one has
2(1- p*)p(2{u, Vou)Vou — (Vou, Vou)u)

(Fe[u] + Ex[u )d"+ZZ(Fkl ]+ Ex1[u])d* (log(-d))".

1 1=1 k=2

M8

=
Il

Proof of Theorem 2.1
Theorem 2.7 With the notations above, one has
p(1=[u))[(1=p*) A0 +2(m —2)T]u
+2(1-p*)p(2(u, Vou)Vou = (Vou, Vou)u)

:Z +Fk ]+Ek[u])dk

[ee]
+2
1=

(Bii[u] + Fi[u] + Ex,[u])d* (log(~d))'",

M8

1 k=1

where By and By are given by (2.24) and (2.25), Fy, and Fy; are given by (2.28) and
(2.29), and Ey, and Ey; are given by (2.31) and (2.32).

From the definition of By ;, Fy,1, and Ej ;, one has
Bk,l = Fk,l = Ek,l =0fork<ml+1.
Theorem 2.7 implies that if 7o(#) = 0, then

Bk[u] +Ek[u] +Fk[u] =0,k>1,
Bk,l[u] +Ek,l[u] +Fk,l[u] = 0,1 > 1,k >ml+1.

We will solve ¢, and vy ; through the above system of equations.
Let’s analyze the coefficients By for different values of k. When k = 1, the coefficient
By[u] is given by

(2.33) Bi[u] = ~Ai[¢]Do[u],

where A;[¢] =2(¢o, 1), Do[u] = Do[¢] = 2(m — 2)¢1. When 2 < k < m, the coeffi-
cient By [u] can be expressed as

k k-1
(2.34) Bi[u] =~ Ag[¢]Drqlu] = ~AxDo — 3 Ay[¢]Dig[u].
q=1 q=1
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Since 1< k — g < m —1, we have Dy_y[u] = Di_y4[¢]. Recall that A, 4[¢] = (¢p, ¢q)

and A[¢]= ¥ A, q[¢]. When1 <k < m—1,according to (2.3), we have
p+q=k

Di[¢] = ~[AoPk—3 +3A0¢k—2 +2A0¢px1] + (k= 1)(m —k - 1)$sy
(2.35) +k(2m -3k -3)¢r +2(k+1)(m -2 - k) dys1
=:2(k +1)(m =2 = k) $1 + D[$es i1, bi-2> $i3)»

where 5[(/)]0 ¢k—1, ¢k—2’ ¢k—3:| is determined by (/)k, ¢k—1, ¢k—2’ ¢k—3-
Let us examine the coefficients Fj for different values of k. When k =1, the
coefficient Fy[u] is given by

(2.36)  Fi[u] = -8Ho[u], Ho[u] = ($o, Vo) Vo + (¢0, 1)¢1 = (¢0, $1)¢1
and for 2 < k < m, the coefficient Fy[u] is defined by
Fk[u] = —4Hk_2[u] - 8Hk_1[u]

= =8Kk(go, ¢x)¢1 ~ 8k(90, $1)9k + Fdo, - $r1],

where f[(/)o, ..., ¢x_1] depends on ¢y, ..., Pr_1.
Let us focus on the coefficients Ey and analyze their expressions for different values
of k. When k =1, the coefficient E;[u] is given by

(2.37)

(2.38) Ey[u] = 4Wo[u], Wolu] = (Véo, Vo) do + (¢1, $1)$o
and for 2 < k < m, the coefficient Ex[u] is defined through a combination of Wj_,[u]
and Wy_[u],

(2.39) Ex[u] = 2Wiesa[u] + 4 Wi [u] = 8k{$x> 1) b0 + E[ Do - - > di1]»
where E[o, ..., ¢r_1] depends on ¢, ..., dr_i.

2.3.1 Bl[u] + El[u] + Fl[u] =0

According to (2.33), (2.36), and (2.38), B; + E; + F; = 0 yields

(2.40) —m(Po, p1)$1 + (Vdo, Vo) po + (1, 1) ¢o = 0,

where we have used |¢o|? = 1 and (¢o, 9, o) = 0. Then, multiplying (2.40) by ¢, and
¢, respectively, we get

{ -mA3 o+ A+ (Vo, Vo) =0,
(1-m)A10AL1+ (Vo Vdo)ALo = 0.

Choosing A; > 0, we can get

(V¢0,V¢>o)‘

(2.41) A, =A%, =
1,1 1,0 m—1
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So we can solve ¢, from (2.40) that

(2.42) o1 (Véo, Vo) $o + (¢1, ¢1)¢o _ (V¢0>V¢0)¢
1 m(o, $1) m-1

In particularly, ¢o and ¢, are linearly dependent.

2.3.2 Bi[u] + Ex[u] + Fx[u] =0whenk=2,...,m

According to (2.34), (2.35), (2.37), and (2.39), Bg[u] + Ex[u] + Fx[u] = 0 implies that

0= —Ak[(p]Do[(p] - Alefl[(/S] - SkAk)Ogbl - 8kA1’0¢k + 8kAk)1¢0

+ H[$o,.» $i1]
= —(Ako+Agx)Do — Ar2k(m — k —1) ¢y

— 8kAj0¢1 — 8kAy 0Pk + 8kAr 10 + H[dos ... > Pri]
= —4[(17’1 - 2) + Zk]Ak,o(/sl - 2k(m - k+ 1)A1¢k
+8kAg1¢0 + H[$o» - .. Px1],

where H[ o, ..., ¢x_1] depends on @, .. ., ¢x_;. Then, we multiply (2.43) by ¢ and
consider ¢; = Ay ¢y to find

{H[$o, .- > $x1]. $o)
= 4[(7)’1 - 2) + Zk]Ak,OAl)o + 4k(m -k+ I)Al,oAk,O - SkAk)l

(2.43)

and

~ (H[o,- . bx1]s $o)
(249 A o (m—2+ km - k2 + )

V/ - .
If 0< k<2 (m+21)2+4(m 2 k%4 (m+1)k+m~-2>0. This ensures that the
denominator of (2.44) is greater than O when k = 2,...,m.
Then

—4(1’}’1 — Z)Ak 0A1 0(/5() + I:i[(p(), ey ¢k—1]
2.45 = = k=2,...,m.
( ) ¢k 4k(m -k+ l)Al)() "

When k = m +1, the coefficient of ¢4 in equation (2.43) is equal to zero. So we
cannot get ¢,41.

2.3.3 Bm+1)1|:l/l] + Em+1,1[ll:| + Fm+1,1[u] =0.

We first calculate several expressions of By 11[u], Em+11[¢], and Fy411[u]. For
Byn1,1[ 1], we have

Bm+1,1[u] = _A1[¢]Dm,l[u] - Do[u]Am+1,1[u]
=8(m +1){bo> p1)Vm+1,1 — 4(m = 2) (b0, Ym+1,1)P1-

https://doi.org/10.4153/50008414X25101545 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101545

20 J. Niu

Next, we calculate
Fm+1,1[u] = _4Hm71,1|:”] - 8Hm,l[u]
=-8(m+1)({bo> P1)Wm+1,1 + (P0> Yms1,1)¢1).

Meanwhile, the calculation result of E,;; 411 [u] is
Emiia[u] = 2Whra[u] + 4Wp1[u] = 4(m + 1) (b1, Yms1,1) Po-

Based on these expressions above, we obtained from B,,i11[u]+ Ems1i[u] +
Fm+1)1|:1/l:| =0 that

=3m{$o, Ym+1,1)P1 + (M + 1) (1, Yims1,1)$0 = 0.

Starting from this equation, through further rearrangement and simplification, we
derive

(1=2m)(¢o, Ym+1,1) = 0.

Since 1 -2m # 0, it can be further determined that

(2.46) <¢0, l//m+1,1> =0.
It is important to note that ¢o and y,,.1,; are functions that map from the m —1-

dimensional sphere S™! to the n — 1-dimensional sphere "',

2.3.4 Bi[u] + Ex[u]+ Fx[u]=0when m+1<k<2m+1
First, we calculate the expressions for By [u], Fx[u], and Ex[u]. For B [u],
(2.47) Bi[u] = ~Ai[¢]Dk-1[u] ~ Do[¢]Ak[¢] + Bir[$p Vpa : p < k-

Here, the term Ek_l[gbp, Vp,1: p < k] is a function that relies on ¢,y for all p < k.
When m < k < 2m,

Dy[u] = Di[¢] = 2&k1[v1] + xa[va] = (m = D) Ca[va] = 21152 [v2 ]
+2(m = 2) (Yk-1,0 + 2Vk1 + Yie11)
= 2k(k+1) g +2(m—2)(k+1) g1 — 4(k + D) W¥gi1a

+ 22Uk 1 + 2(m = 2)Ypin + 5[‘/’p’ Vpr:p<Kk]
= 2(k + 1)(m -2- k)¢k+1 - 2(2k -m+ 3)1//k+1)1

+ 5[¢p"l’p,1 :p <kl

(2.48)

Similarly, 5[¢p,1//1,,1 :p<k] is also a function that depends on ¢,,y,1,p < k.
Substituting (2.48) into (2.47), we can get

Bi[u] = = Ai[@]Dia[u] - Do[u]Ak[$] + Bia[$p yp1 : p < k]
= - 4k(m — k- 1)A1,0¢k + 4(2k -m+ 1)A1701//k,1

—4(m = 2)Axo1 + B[pp ¥pa: p <K].
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For Fy[u], by calculating based on (2.28), we obtain

Fylu] = - 4Hy_»[u] - 8Hy_1[u]
== 8((kox + yi,1, do) b1 + (B0, 1) (ki + ¥x1)) + F[dp, ¥p1: p < k]
= — 8k (o, dx)d1 — 8k(do, 1)@k — 8(do> Yie,1) b1 — 8(do, b1) ¥k
+Fl¢p, ¥pa: p <kl

For Ex[u], by calculating based on (2.31), we obtain
Ek[u] :ZWk_z[u] + 4Wk_1[u]
=8K(dk, d1)po + 8y, 1)po + E[$p yp1 - p < k.
Therefore, B[u] + Fx[u] + Ex[u] = 0 yields

0 :Bk[u] + Fk[u] +Ek[u]
(249) =- 4k(m -k+ 1)A1,0¢>k + 4(2k -m— 1)A1’0Wk’1
—4(m = 2)Ax,0¢1 + Pra[@p, Ypu i p < k].

When k = m + 1, we multiply equation (2.49) by ¢ and recall (41,1, $o) = 0 to
discover

0= 4(m + I)AI,OI//erl,l - 4(m - 2)Am+1)0¢1 + (Dk_1[¢P, l//p,l : p < k]
This implies that when m > 2,

A _ <®m[¢0>--->¢m]’¢0>
4(m—2)A1,0 ’

m+1,0 —

So

<(Dm[‘/50) s ’¢m]’¢0>¢0 — ®m[¢0> s »‘pm]‘
4(m +1){¢o, ¢1)

We have obtained ¢, ..., ¢, Yms11 in C®(S™1,S" 1), which is only related
to ¢o. Let

Vm+1,1 =

w=> Grd(x)* + Yr1d™  og(~d),d = p - 1.
k=0

Then, according to the above discussion, w satisfies the conclusion of Theorem 2.1.

Theorem 2.8 Let ¢oc C*(S™',S") be a boundary map with nowhere-
vanishing energy density. There exist vector functions ¢, =¢1, ¢, ..., ¥, 1,
in C=(S™1,S"™1) such that the vector function

M=

W=¢o+ akd(x)k + wmﬂ,ldmﬂ log(-d),d=p-1

k=1
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satisfies

(D]r(w)| = 0(d"*log(-d)) asp > 1°;

(2)<¢1,¢ ) (Vg:, V¢0> <¢ (P > (V(:,_Vl(%);

(3)¢1 = 7<V(ij’_vl¢°>¢o;

(4)l < - < C for some constant C > 0

C  1-p = ’

where  ¢,.(0) = ¢(50),¥,,1,(0) =¥,,1,(s0),  for any s€(0,1),0S™,
k=1,...,m

Proof Assume
(2.50) u(x) =¢o + kZak(x)dk + IZ ;Wk,z(x)dk(log(_d))l~
-1 =1k=1

Similar to Proposition 2.7, we have

1- IM\2
7 7(u)

(Bilu] + Falu] + Elu])d* + 35 Bisu] + Fig[u] + Bus[u])d* (log(~d))".

=1

EMS

=1

Since a, b > -1, we see that
El[u] = Bl[u],fl[u] = Fl[u],El[u] = El[u].

So Bi[u] + Fi[u] + E;[u] =0 yields ¢, = ¢;. Hence, we have proved (2)-(4) in
Theorem 2.8.
For k > 2, we have

Fiu] = Filu] + fi(x)Fia[u], Ex[u] = Ex[u] + fo(x) Ex[u],

where f,(x), fo(x) = O((1 - p?)t*min{@:t}) and they depend on h;; and h;;.
For Bi[u], Bi[u] = Bx[u]+ fs(x)Br_i[u], where By_j[u] depends on
b0, ¢p, Y,1>p <k. Therefore, when 2<k<m, similarly to (2.43) and (2.45),

Bi[u] + Fx[u] + Ex[u] = 0 implies that

0 =—4[(m -2) +2k](¢, o)1 — 2k(m — k + 1) A1 ¢,
+8k(6 1 91) o + Hl@o, 1o - b1,

where H[¢o, ¢, - .., ¢,_,] depends on ¢o, §,,...,$, . Then,

(H[¢O’$1) s ’gkq]) ¢0>
4A1)0(m -2+ km-k%+ k)

(2.51)

(2.52) (¢s> b0) =
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and

3.~ —4(m = 2)(¢y> bo)Aropo + H[¢o, b1 ]

Jk=2,...,m.
k 4k(m—k+1)A1,0 "

When k = m +1, the coefficient of ¢, in equation (2.51) is equal to zero. So we
cannot get am -

Since a > -1 and b > -1, we have By11[t] = Bpsra[t], Emiri[t] = Emira[u],
and F41,1[¢] = Fpe1,1[¢]- This implies that

(2.53) {00, ¥i10) = 0.
When m +1< k < 2m + 1, similar to (2.49), Bx[u] + Fx[u] + Ex[u] = 0 implies that

0= —4k(m -k+ 1)A1’0$k + 4(2k -m - l)Al»Owk,l

(2.54) _ _ _
= 4(m = 2)(¢y> $o)$1 + P1[ 0. ¢, ¥, : 1< p < k].

When k = m + 1, we obtain

0 =4(m +1)A10¥,,,1; = 4(m = 2) (@011 $0)$1

(255) ALY e
+ @p_1[¢0, 4, ¥,, 1 1< p <k].

Since (¥, 1> ¢o) = 0, multiplying (2.55) by ¢, we can deduce that when m > 2,

(Dmldo> by 0,15 bo)
4(m-2)Ay '

<$m+l’ (/50) =

Soy,,,,, can be solved by (2.55),

G (@ul0 By 8,) 00)60 - Pulgn G- 6]
m+1,1 4(m +1){¢o, ¢1) .

We have obtained ¢,,...,¢,,,¥,,,,, in C*(S™',8"™"), which is related to ¢y,
]’l,‘j, and E,] Let

W=+ Zakd(x)k “'?mﬂ,l‘im+1 log(-d),d=p -1
k=1

Then, according to the above discussion, w satisfies the conclusion of Theorem2.8. m

3 Cm1Le(Yae(0,1)) Regularity near the boundary

In the following, we will generalize the proof of C™"%(Va € (0,1)) regularity
of harmonic maps between hyperbolic spaces in [16] to harmonic maps between
asymptotically hyperbolic spaces. The difference is that we will use w constructed by
Theorem 2.8 as the initial value of the heat flow.
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By Theorem 5.2 of [15], there exists a solution u(x, t) for the parabolic equation of
harmonic maps with initial data w
ouu(x,t) =1(u)(x,t), (x,t) € M x(0,+00)
u(x,0) =w(x) x e M x{t =0},
such that tlirglo u(x,t) = uso(x) for some harmonic map u. with bounded energy
density from M to N. Moreover,

(31) lim d(uoo (), W(x)) =
where d is the distance function of N. Expressing s, = (u.,,...,u" ), in terms of

n
rectangular coordinates, let us denote |u,|* = 3 (u£,)2. Then, by equation (3.1) and
p=1

condition (4) of Theorem 2.8 for w, we easily see that there is a constant C > 0 such

that
(3.2) 1 < % <C.
C 1-p

Lemma 3.1 Let

S (1 P )2 2\4+a 0’

ii 1- —
mn -2 as i O
Z U2 (1 )+ 0((1- 7))o

oxi’

For 0 < s < m—1, there is a constant § € (0,1) such that (1- p)* is a superharmonic
function of M at B;\Bs.

2\2 m 2
Proof Notice that Agm = %AO + 3 W i 9 then

i
i=1 a

A= p)* = Agn (1 p)* + O((1- p)**2°).
According to Lemma 3.1 of [16],

Aw(1=p)* = L1+ p)(1-p) (-1 ") + O((1- p)219).

Hence, there is a constant § € (0,1) such that
AM(l—P)S SOinBl\Bg. ]
Similar to the proof of Lemmas 3.2 and 3.3 of [16], we have
_ _ 1
d(ue(x),w(x)) = O((1-p)" 110g(g))
and

e () ()] = O((1 - p) " log( ).

From now on, since there is no ambiguity, we can simply denote uo, by u.

https://doi.org/10.4153/50008414X25101545 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101545

Optimal boundary regularity of proper harmonic maps between AHS 25

Lemma 3.2 Assume the functionv(p, 0) on the B™ satisfies v = 0 at the boundary and
for any e > 0, v is C" M=% up to the boundary. Also, for any e > 0, j > 0,

7v] = O((1- p)" ) asp 1.
Then, for any s, j > 0, we have
|V5Viv|=0((1-p)™ ) asp - 1.

Proof Let ¢>0 be fixed and define k:=m—e. Consequently, we have
[v] = O((1- p)*). Suppose |Vv|=O((1-p)¥). By Lemma 4.1 of [16], it follows

that

(33) sup{k: [Vv]=O((1-p)")} =k -1.
Letd =1- p. Assume that [dgv| = O((1- p)") and define
(3.4) s=sup{r: |9gv| = O((1-p)")}.

By the definition of supremum, s - § <7 <5,V > 0.

We aim to prove s > k — § for all § > 0. We will proceed by contradiction. Assume
s < k — 6, for some d; > 0, then it follows that r < k — &,.

Consider the case when m = 2, v has a Fourier series expansion

v= % + i ajcos(10) + by sin(10),
1=1
where the Fourier coefficients are given by
a; = % [:v(p,e)coslﬂdﬂ,l =0,1,2,...
bl:%/_:v(p,e)sinZGdG,l:1,2,...

Given the decay properties of v, we have

a;=0((1-p)¥),1=0,1,2,...
b =0(1-p)%),1=1,2,...

Differentiating v with respect to 0, we obtain

ov

90

M8

—la;sin(10) + 1b; cos(10).

Il
—

Since |dgv| = O((1- p)”), combining with (3.4) and s < k — 8y, there must exist some
a; or by (without loss of generality, assume it is a;) such that la; = O((1-p)") and
la; # O((1- p)*). This implies that I satisfies I = O((1 - p)"~*). Therefore, v includes
a term of the form a; sin(h(p)(1- p)"*0), where h € L(B) n C*=(B\{0}). And
then g—; =O((1-p)"™"). However, r — 1 < k — 8 — 1, which contradicts (3.3).

When m >3, v=v(p,0,...,0™"). Fix 62,...,0™ ! and regard v as a function
of p and 6. Then, we can prove, similar to the case of m =2, that 2% satisfies
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5 91 Y| = O((1-p)*k=9) for any & > 0. Similarly, the partial derivative of v with respect

to 6%,...,0™ 1 also has the same conclusion.

For any s >0, g:= (1-p)*v=0((1-p)™*~¢) and g e C™*L1=¢(Bm\{0}). So
we can use the method of Fourier expansion to prove |Vgg| = O((1-p)™*7¢), that
is, [Vovl= O((1-p)™*). u

Lemma 3.3 Letw be given by Theorem 2.8. Then, we have for any € > 0, j > 0 that
(35) V5 (u(x) = w(x))| = O((1-p)" ) asp ~ 1,

and for any s, j > 0, we have

(3.6) 19573 (u(x) = ()] = O((1- p)"™I*) as p — 1.

Proof Letv:=u—wanddefined =1- p. According to Lemma 3.3 and Theorem 4.2

of [16], we can assert that for any >0 and integers j satisfying 0 < j<m -1,

[v| = O(d™ %) and |V)v| = O(d™/~¢). In our current analysis, instead of estimat-

ing Agv as was done in [16], we need to focus on estimating Z (8;j+0((1-
i,j=1

p)F9)) =2 3.7+ 1t is the second derivative part of Ay and thus it is an elliptic oper-

ator. Let ¢o, §,..., ¢, sV pary 0 CZ (S8 1) and W be given by Theorem 2.8.
According to Theorem 2.8,

0(d™*?* log(~d)) = (W)

2

i((l P ) 8,]+O((1 )4+u))ax an]
(37) DL D (1) + 01 ) e 2
4 (I_P ) +02((1_P ) +a)(1_|w|2 +O((1—|W|2)b+1)

x (2(w, Vow)Vow — (Vow, Vow)w).
Let u be a harmonic map from M to N so thatu € C' asamap from B to B . Then,
(3.8) 7(u) = 0.

Note that we have the following expression for w:
= 7 kL= 1
(3.9) w=¢o+ Z ¢pd(x)" + 1//,,1+1,ld"vr log(-4d).
k=1

Forany ¢ > 0, since u =w + (u — w), we get

(3.10) u=w+(u-w)=¢o+¢d+0(d>*).
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Given that |¢o|* = 1, we can derive

ul* =1=2(¢o, ¢1)d + O(d*™*)
and

1 Juf?

——— =2(¢o, 1) + O(d'™).
1-p
Thus, we have

(1-p*)? _ (1+p)*(1-p)
G 20 u) " 4lgor 1) + O(d)’
Additionally, consider the expression
(1-p*)?+0(1-p)*), 1 2\b+1
! (= + 0= P)"™)
_(-p)
2(1- [ul?)

By subtracting (3.7) from (3.8), we obtain

(3.13)
O(d™?*log(~d)) = (u) - ()

:AMV

e ﬁ))u o(1-p))
x [(2{u, Vou)Vou — (Vou, Vou)u) — (2(w, Vow)Vow — (Vow, Vow)w)]

(1-p?)?  (=p?)°
Gy T2 o)

(3.12)
(1+0(1-p)).

x (2(w, Vow)Vow — VoW, Vow)w).

The calculation of (2(u, Vou)Vou — (Vou, Vou)u) — (2(w, Vow)Vow — (Vow,
Vow)w) in a certain expansion process yields
O(d™**log(-d))

=Ayv+ 2((11__f|);|)22)(1+ O(1-p))[2({u, Vou)Vov + ({v, Vou)
(314) + (W, VOV))V()W) - ((V()V, V()M)M + (V()W, V()V)M + (vOW, V()W)V)]
PR (20T o py)
21-[u?)  2(1-[wP)

x (2(w, Vow)Vow — (Vow, Vow )W),

where zl(“ 25+ 0((1-p 2yray) Oy z 2 ((1-p%) +O((1-
ij

p?)***)x' 2. For any I >0, given that |Vov|= ((1— )'” e1), we can deduce
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m 2
that ¥ (8;j+O0((1-p*)**)) 555 ((1-p)'v) = O((1-p)™'=*7%) and must
i,j=1
be C™*=31=¢ yp to the boundary. Together with the fact that (1-p)'v =0 at the
boundary, this implies that (1 - p)’v is C™*!~11=¢ up to the boundary. In particular,
|V =L ((1- p)!v)| = O((1 - p)'=#). Therefore, we have

Ve = 0((-p) ),
and subsequently,
|Vé"| =0(d™77),¥e>0,j>0.
Finally, by applying Lemma 3.2, we can obtain (3.6). -

Theorem 3.4 Let M and N be asymptotically hyperbolic spaces with metrics (1.2) and
(1.3), respectively, in the Poincaré disk model. Let u be a harmonic map from M to N
so that u € C' as a map from B™ to B". Suppose that the boundary map ¢, of u, when
restricted to S™!, isin C*°(S™1, S"™), and has nowhere-vanishing energy density with
respect to the standard metrics. Then, u € C™%(B™,B") forall 0 < a < 1.

Proof Notice that u —w = 0 on dB™. According to Lemma 3.3 and Theorem 4.2 of
(16], u = w e C"™ >*(B™, B") and then u € C™*(B™,B") forall 0 < a < L. [

4 Optimal regularity near the boundary

4.1 Equationsof v=u-w

First, note the following expression for w:

T - m
(4.1) W=go+ Y. (pkd(x)k + V14 og(-d).
k=1
Differentiating w with respect to x'(i = 1,..., m), we obtain
oW oo

(4.2)

xi
= — ,i=1,...,m.
o 3 + ¢ , +0(d),i m

It follows that for any ¢ > 0,

u=w+(u-w)=¢o+¢d+0(d*),
(4.3) ou  ow . du-w) 9o
oxi  oxi oxi  oxi

e+ 0(d ), i=1,...,m.
p

Taking into account equation (4.3) and the fact that |¢g|* =1, we can deduce

that the inner product (¢, 222) = 0 for all i = 1,. .., m. Taking into account (3) of

ox?
Theorem 2.8, we see that (¢, %) =0foralli=1,...,mand then
m xi e 9
(4.4) 2(u, Vou)Vo =2 3 (($o, g1 =) + O(d' ™)) .
i=1 P ox
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We can apply (3.11) and (4.4) to deduce

(1-p%)° _ (1+p)(1- m L
m(u,vou)v (</>0,</>1)+O(d1 - Z( ¢0,¢1 +O(d )5

— 2—e m ; a

(4.5) [W_,_O (d*9)] ;x P

=[(1-p*) +0O(d* )] ixi a(jci'

i=1

Define linear operator

0
L:=Ag+(1-p* )Zx e

_ . 2)2 —p?)
Qg EmOep?) D
4 pact 2 ox?

(4.6)

The right side of equation (3.14) can be written in two parts. The first part is

Mgy + P (1 001 p))[2((r Vou) Vv + (v, Vo) + (%, Tov)) Vo)

2(1- [uf?)
- ({Vov, Vou)u + (Vow, Vov)u + (VoWw, Vow)v)]
(1-p*)? _ _
= Lv+ ————[2(w, Vov)Vow — ({Vov, Vou)u + (Vow, Vov)u)]
2(1- [uf?)
+0(d”)|Vov| + O(d**)[Vov] + O(d)|v].
In the m-dimensional spherical coordinates (p, 8*,6%,...,6™ ™), the expression
for the gradient operator V is
I, 1% ! 1 0
(4.7) Vo= ——=¢€ R S —
T 2% [T} sin n6s 96~ "

where e, is the radial unit vector and eq« are the angular unit vectors corresponding to
the coordinates 6%. TT, - ! sin 6/ denotes the product of sin 8/ from j = 1to k — 1, with
the convention that ]'[j:1 sin 0; = 1. Then, (4.1)-(4.3) imply

2(w, Vov)Vow — ({Vov, Voulu + (Vow, Vov)u).
=2(0, 9,v) 1 — 2(9,v, $1) o + O(d' ™) [9,v| + O(1)|Vgv.
Since (3) of Theorem 2.8, (¢, 9,v)¢1 = (9, v, ¢1)$o. And then
(1-p%)?
2(1 - |uf?)
+{(w,Vov))Vow) — ({Vov, Vou)u + (Vow, Vov)u + (Vow, Vow)v) ]
= Lv+ O(d®)|Vgv| + O(d* ) |Vov| + O(d)(Jv] +|Vev]).

Apv + (1+ 01~ p))[2({u, Vou)Vov + ({v, Vou)

(4.8)
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The second part of (3.14) is

(1_P2)2 (1—p2)2
(2(1_ )~ 2(1- lez))(1+ o(1-p))
(4.9) X (Z(W, VoW)VOW — (vow) VQW)W)

(Z—m)(1+P)2(
4

v, ¢o)o + O(d ).
In fact, we can calculate
1=p*  (1=p)® _ (1=p(u+w)y
20-[ul?)  20-wP)  2(1-[u?)(1-[w]*)
A=) e,
“-wma-wy "

Since (¢o, o) = 1, (do, %) =0,foranyi=1,...,m. Equations (2.41), (4.1), and (4.2)

imply that
2(W, Vow) VoW — (VoW, Vo )W
= 2(go, $1)¢1 = (Vogos Todo)do - {9, 41)o + O(d)
= (2-m)A] 40 + O(d),
where A} ; = W.

We conclude from (3.14), (4.8), and (4.9) that

Ly — W(v,%)%

= O(d)|Vgv] + O(d**)|Vov| + O(d) (Iv] +|Vev]) + O(d"* log(~d)).

Notice that (Hf)z 1= (p+3)4(p71). Then, v satisfies

) 2~ (m =2){v. do)¢o
' = O(d®)|Vgv| + O(d*)|Vov| + O(d) (|v] + |Vov]) + O(d™** log(~d)).

4.2 Estimate of (u—w, ¢o) and u —w
When m > 3, we need to deal with (m — 2)(v, ¢ ) ¢o.

Lemma 4.1 Let u be a harmonic map from M to N so that u € C' as a map from
B™ to B". Suppose that the boundary map ¢o of u, when restricted to S™7, is
in C®(S™1,S" ), and has nowhere-vanishing energy density with respect to the
standard metrics. Let ¢o, @y s @, ¥,yqy in C(S™7,S") and w be given by
Theorem 2.8. Then, (u —w, ¢o) = O((1- p)™ ) andu - w = O((1- p)™*), where
_ (m+D)+y/(m+1)2+4(m-2)

2

£ m — 1. In addition, for any € > 0, j > 0,

(4.1) V4=, o)l = O((1-p)"™ ™) asp > 1",
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and for any s, j > 0, we have

(4.12) (V573 =7, go)| = O((1 - p)™1*07%) as p 1",

Proof Setv :=u —w. Multiplying (4.10) by ¢, we have

L{v,¢0) = (m = 2)(v, ¢o)

(4.13) 3|02 2-¢ m+2
= O(d)|Vov] + O(d™)|Vov| + O(d)(Iv] + [Vov]) + O(d™" " log(~d)).

Define v := (v, ¢o). By Proposition 3.3, for any & > 0 and non-negative integers j, s,
we have [V V/vo| = O((1-p)™777%).

In the m-dimensional spherical coordinates (p, 8%, 62,...,6™™1), the expression
for the gradient operator V is (4.7) and the expression for the Laplace operator A
are

0’ -10 1
S AR S — Agm-1,

op> p dp p?
where Agn-1 is the Laplace operator on the (m — 1)-dimensional sphere.
Hence, by (4.13), along the direction p, v := (v, ¢ ) satisfies the ODEs

(4.14) Ao

_2\2 32 2
(1-p%)" 0%, m(1 P)p%

4.15
(415 4 dp? 2 op

— (m = 2)vy = O(d"™72).

1-
Define r := £ +P . We compute
P

dvg  Ovo Or 2 dvg _(1+r)2%

o oo (it 2 o

vy a(%)g _(1+n)* 2w . (1+7)° 9wy

op? or dp 4  or? 2 or
Based on the above calculations, we can derive

%y ov Z2e

(4.16)

Let t = Inr and then r = e. We proceed to compute the derivatives of vy with respect
to r in terms of ¢

aVQ 81/0& ot aVQ

o _ TP _ %00
(4.17) or atavar ot
%o ~ a(aj")g ~ e_z,azvo i)
ar2 ot or o2 ot

Substituting (4.17) into (4.16), we obtain the following second-order linear ordinary
differential equation:

2
(4.18) 9V

0
—(m+1)%—(m—2)v0:17.
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It has two characteristic roots

C(m+D)—/(m+1)2+4(m-2)  (m+1)+\/(m+1)>+4(m-2)
B 2 P H2 = 2 '

1

We have an explicit formula for vy,

vo = Ci(0)e™" + C2(0)e™*" + Go(1),

t t
= ;[e"”f e*"”n(r,())dr—e””/ e “Ty(1,0)dr], t; € (—o0, t).
U2 — f —oo
Note that r = e.
vo = Ci(0)r + Co(0)r* + Go(n)

with

Go(n) = [t LI: s 72 p(s, 0)ds — i [Ors_l_’“lq(s, 6)ds].

U2 —

From (4.16), there exists a positive number C >0 such that |5(s, §)] < Cs™*172,
Therefore,

|Go ()| < Cr™172¢ 4 Cri2,
Since we have known v = O(r™~¢), C; = 0. So
(419) Vo = Cz(G)r’” + Go(ﬂ)

In view of Go(#) = O(r™*172¢), we have vy = O(r™*172¢),
Owing to (4.10) and (4.19), v satisfies equation
(1-p%)? &om(l-p?) ; ov )
=Pl A+ S P TV o(gmie,
Y 4 o ,Z:; 2 o ( )
By Proposition 3.3, v satisfies the ODEs

_ A2)\2 32 42
(1 P) ﬂ+m(1 P)‘D@:O(dm*—l_zs).

4.20 —_—
(4.20) 4 0p? 2 dp

Notice that r = ;—Z, v satisfies

(421) e — — mr— =: ﬁ — O(rerles)'
r
Let t = Inr and then r = e'. We compute
%

ov
4.22 - 2
(4.22) T m+1) Friakt
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It has two characteristic roots
B =0, 0, =m+l.
We have an explicit formula for v,
v=C(0)ef" + Cy(0)e™" + Go(n),

where

_ 1 _ t _ t B
Golm) = - 7[6"2tf? e‘“zTﬁ(T,G)dT—e”lt[ e M5 (7,0)dr], T € (~oo, 1).

2 T M

Notice that r = e,
y= 61(9)rﬁ1 +62(9)rﬁ2 +Go(n),

with

Hy =ty

Go(n) = = ! —[r*- /;?1 sTH(s, 0)ds — fo sT7(s, 0)ds].

From (4.16), there exists a positive number C >0 such that [77(s, 6)] < Cs™*'72%¢,
Therefore,

|Go(n)| < Crm*172¢ 4 Crta,
Since we have known v = O(r™~¢), C; = 0. So
(4.23) v =(C20)r"2 + Go().

In view of Go(#) = O(r™*172¢), we have v = O (r™*17%¢).

Repeating the process above, we can get (v,¢o) = O(rmin{rom+2-3e}y -
O(r”z), (,Mz _ (m+1)+\/(m2+1)2+4(m—2)) and v = O(rm+1).

According to (4.13), vg = (v, §o) satisfies the conditions of Lemma 4.1 of [16] if the
general elliptic operator is substituted for Aq. Similar to the proof of Proposition 3.3
(Replace m in Proposition 3.3 with m +1+ &.), for any & > 0 and non-negative
integers j, s, we have [V§V/vo| = O((1 - p)™+!*e0=iz¢), ]

4.3 The coefficient function ¢, ., and the rest of the proof

The next step in the proof of Theorem 1.1is to find W11 =w + ¢, , ,d™*', where w is
given by Theorem 2.8 such that u — W,,;; = o(d™*").

We have already proved u — w = O(d™*') in Lemma 4.1, but since we have reached
the conclusion by solving ordinary differential equations, the coefficient s;z is not
yet certain. Therefore, the following lemma proves this coefficient by the convergence
method.

Define

(424) (p.0) = 2 (p.0).
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Lemma 4.2 Let u be a harmonic map from M to N so that u € C' as a map from
B™ to B". Suppose that the boundary map ¢o of u, when restricted to S™7, is in
C*®(S™1,S" ™), and has nowhere-vanishing energy density with respect to the standard
metrics. Let ¢o, @5 .. s G s Wy g it C(S™,S"71) and W be given by Theorem 2.8.
Let ¢ be defined by (4.24). Then, there exists ¢, ., € C(S™5S"™) such that ¢
convergesto ¢ . in C/(S™;S" ™) forall j> 0 as p — 1, and for any s > 0,

(4.29) Vh(e =) < =)',
where € can take any real number in (0,1).

Proof Setv := u —w. By Proposition 3.3 and Lemma 4.1, we know for any ¢ > 0 and
non-negative integers j, s, [V/Viv| = O((1 - p)™+777¢).

Define function ¢ := Vv and @g := V§ (v, ¢o). Differentiating (4.13) with respect
to Os times, we know

(4.26) Lo — (m—2)go = O((1-p)"**7%).
Setr= - and Y2 = (mi)ty (m2+1)2+4(m_2). So for any fixed 6 € S™, we have
82 9 , T a 9 T m+2—¢
‘P%(rzo ) —mr %gro ) —(m—2)ge = O(r +2 ).
Introducing &(r) := ‘P"(e" ") we have
et Eo + (2u2 - )f”ﬁla%
82 0
=r (go ~mr Yy (py — m ~1)gg = O(F"39),
or or

(r*280 () + (2 = m = 2)r*>* 1 (1) = O(r™*27°),

where we have used that g, is a solution of y3 — (m +1)us — (m -2) = 0.

Set yo := r#>*2E (r) and notice that y, < m + 2. Then, y, satisfies the following
ODE and

T}’;)(r) + (/42 -m-— 2)}’0 =7 = O(rm+3—e)

has solution

yo(r) = rm2ba f 2o (R)R* ™ 3dR + ),

To

where 7o € (0,7). Since yo = O(r#2*17%), C=0, and yo = O(r"*>~%). Therefore,
£,(r) = O(r™*1=#27¢) which gives & (r) = O(r™*27#7¢) and @, = O(r™*27¢).
Differentiating (4.10) with respect to 0s times, we have

L(P (1_: ) +Zm(12p ) 18901 O(( p)m+2—8).
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Similar to the estimate of ¢, we can get

2 2’¢(6o,1) mra(P(@o’ ) _

( m+2— £)

or? or
Introducing &(r) := ‘p(i"“r) , we have
3
f_"_( +2) m+28£ 1’ a ¢ aizo(rm+2—£))

"3 ar oz "o
(rm+3€ (7’)), _ rm+2£'(r) _ O(Tm+2 5).
Set y = r™*3¢ (r), then
ry (r) -y =m=0("")

has solution
y(1) =r( [ RZr(R)dR + C).
0

Since y = O(r™*27¢), C =0, and y = O(r™*3~%). Therefore, & (r) = O(r ), which
gives

Vov(0o,7)  Vv(6o,7), E(r

| rm+l - ?m+1 | = | ( ) — f(?)| < C|r1—€ _?l—s|
and
s V(HO)P) V(Go,ﬁ) e e
- <C|(1- 1-
|v6((1_p)m+1 (1_ﬁ)m+l)| |( P) ( ) |
Letting p — 1, the conclusion follows. .

Proof of Theorem 1.1. Let ¢, ..., ,,,¥,,,;; and w be given by Theorem 2.8 and
$m+1 be given by Lemma 4.2. Set v := u — w. According to Lemma 4.1, we know v =
O(r™*1). By Theorem 4.2 of [16], u € C*(B}"; B}') n C"™*(B"; B}), Va € (0,1).

Let

W =w+¢, . d™
By (4.25), for any s > 0, we have
[V (= Ws1)| = O(d™7%), Ve > 0.

Furthermore, by Theorem 4.2 of [16], for any non-negative integers j and s, it holds
that

VIV (4 = Wonir )| = O(d™277¢), Ve > 0.

mg—1

[
Let Wy, = o + Z @, (x)d* + Z > Y (x x)d*(log(~d))'. We assume, by

k=m+1 I=1
induction, that the followmg inequality has been established for m = my > m + 1 and

for all non-negative integers j and s,

(4.27) V7S (1 = Wy )| = O(d™0H 1775,
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In Theorem 2.8, solving the equation B[] + Fuy1[t] + Epgper[u] =0 is
equivalent to finding ¢ that satisfies this relationship. Similarly, the set of

- Tmo+1 -
equations By s1,1[u] + Fgs1,1[4] + Emgsr,1[u] =0 for 1=1,...,[Me

determine the coefficients ¥, ,, ;. We then define the function

] is used to

mo—l]

mo+l mo m 1
Wmps1 =G0+ . G, (x)d*+ 3 > ¥, (x)d*(log(-d))".
k=1 k=m+1 =1
We have
(4.28) T(Wies1) = O(d™ log(-d)).

Based on equation (4.27), we can establish an estimate for the difference between
u and Wy, +1. For any non-negative integers j and s, we have
[V V5 (1 = Wings1))
i - 1 (] 1 I
= + - +
(4.29) = VIV (1= Wiy = $yrd™ " = D0 Ungn,s (x)d™ ™ (log(=d))")]
1=1
— O(dmoJrl—j—S).

0

Set Vi1 1= U = Wgqr and vy, ;o= (U = Wiy 415 $o). Similar to the process used to

derive equation (4.10), and by leveraging the result in (4.28), we can obtain
LVm0+1 - (I’f’l - 2)<Vm0+1) ¢O>¢0
(4.30) = O(d3)|VéVmO+1| + O(d2_£)|v0"mo+l‘
+ O(d)([Vmg1| + [VoVmgs1]) + O(d™** log(~d)),
where linear operator L is defined in (4.6).
Multiplying both sides of equation (4.30) by the function ¢, we get
L{Ving+1> $o) = (M = 2)(Viny 415 $o)
(4.31) = O(d*)|VgVmys1| + O(d**)| VoV
+ O(d) ([Vmgs| +[VoVimya]) + O(d™*? log(~d)).
Define ¢,41 1= V(4 = Wpy11). Differentiating (4.31) with respect to 6, we know
P01 = V(= Wiye1, $o) satisfies
L(P(r)no+l - (m - 2)‘P(r)n0+1
(4.32) = 0(d)|Vo@mys1| + O(d* ™) Vo @1
+O0(d)(|@mon| +[Vomen|) + O(d™ 2 log(~d)).

As in the proof of Lemma 4.1, we know that ¢f, ., = O((1-p)™**7%). So we can
conclude that

(4.33) L@mys1 = O((1=p)™ot27e),
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Finally, by using equation (4.29), we can derive

_o2\2 32 m 2
(1 P ) d Pmo+1 +Zm(1 P )pa(PmoH =O(dm0+2_s).

4.34
( ) 4 aPZ = 2 ap
Define r := ;—5, we can get
az‘/’ 1 0P my+1
(4.35) 2 motl o OPmorl o mov2-ey
arz ar 7’] ( )
Next, we introduce a new function &,,.1(r) := q”"%ﬂ?"’r). By substituting ¢ ;.41 =

r™HE . +1(r) into the previous equation, we obtain

rm+3 azfmoﬂ 4 (m n z)rm+2 afmoﬂ _ 7‘2 az(PmoH _ mra¢m0+1 _ O(rmo+2—s))

or? or or? or
(r"3E (1)) =28, () = O(r™*27%),

Set Ypp41 = ™3 E;noﬂ(r), then

4
T’ym0+1(i’) = Ymo+1 = Mg+l = O(rm0+3_s)

has solution
Ymo+1(r) = r([ R_ZH(R)dR + 5)
0

Therefore, Y1 = O(r™*37¢) and &4 = O(r™ ™17, which gives ¢,41 =
O(rmo+2—s)_

We may then argue as Theorem 4.2 of [16] to obtain the regularity of u. For any
non-negative integers j and s, |V V5 (4 = Wyy41)| = O(d™**777%), Ve € (0,1).
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