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Abstract

We develop generalized Petersson/Bruggeman-Kuznetsov (PBK) formulas for specified local components at non-
archimedean places. In fact, we introduce two hypotheses on non-archimedean test function pairs f < n(f),
called geometric and spectral hypotheses, under which one obtains “nice” PBK formulas by the adelic relative trace
function approach. Then, given a supercuspidal representation o~ of PGL,(Qj, ), we study extensively the case that
n(f) is a projection onto the line of the newform if 7 is isomorphic to ¢ or its unramified quadratic twist, and
7(f) = 0 otherwise. As a first application, we prove an optimal large sieve inequality for families of automorphic
representations that arise in our framework.
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1. Introduction
1.1. Motivation

The Bruggeman-Kuznetsov formula, one of the core tools of analytic number theory since the late 1970s,
can be stated in its simplest form as follows. Given a test function /() one defines the Kuznetsov
transform of it by

Ho(x) = %/m bi’—()c)hm(t)tdt. (1.1

—oo Cosh(7t)

For sufficiently well-behaved test functions /. (see (1.5)) and integers m, n with mn > 0 one has

> et + 1 [ )T )3 ) (12)

ueBy

= 6m:ni/ Neo (t)ttanh(ﬂt)dt+z S(m n;c) Do( |m"|)

4r = c

where By is an orthonormal basis of Hecke-Maass waveforms u on SL,(Z)\H normalized by
vol(SLy(Z)\H) = n/3, 1/4 + 12 is the Laplace eigenvalue of u, a, (m) are the Fourier coefficients
given by

( cosh(rt,,) ) 172

u(x+iy) = 24y D (K, 2lnly)e(n),

n#0

the 4, (l’l) = Zab:|n| (b/a)it’ and

* mx + nx
S(m,n;c) = Z e( " )

x (mod c)
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is the Kloosterman sum, in which the * indicates that the sum runs over invertible residue classes modulo
¢ and X denotes the inverse of x modulo c¢. There is also an opposite-sign version of (1.2) that holds in
the case mn < 0 with the modification that H (x) is replaced by a function HZ (x) (see (1.23)).

Even more classical is the holomorphic counterpart to (1.2), i.e. the Petersson formula:

> ap(myay (n) = %((smn +2mi Y Stm,mc),; (4”‘6/"%)), (1.3)

feBx ceN ¢

where B, is an orthonormal basis of holomorphic cusp forms f for SL,(Z) of weight « and Fourier
coeflicients a s (m) given by

(47r)K)1/2

) Zaf (n)n%e(nz).

nx1

f(z)=(

In the representation-theoretic framework for automorphic forms, the parity p(u) (see (1.22)) and
spectral parameter #,, or weight k = ks parametrize the possible archimedean local components 7,
of trivial central character cuspidal automorphic representations 7 of GL;/Q. Therefore, the above
Bruggeman-Kuznetsov (both mn > 0 and mn < 0 cases) and Petersson formulas can be combined to
give a spectral summation device for automorphic forms on PGL,/Q with specified local representation
at infinity (and that are unramified at all finite places).

The goal of this paper is to analogously develop Petersson/Bruggeman-Kuznetsov (PBK) formulas
at finite places p that allow control on the associated representations of GL>(Q),) at those places (as
well as at o). To generate such formulas, we use the adelic relative trace formula approach to the PBK
formulas of Jacquet [Jac86] and Zagier [Zag81, Joy90], as exposited by Knightly and Li [KLO6a, KL.13].
We restrict our attention to automorphic forms over Q in this paper, but many of the local aspects of our
work should carry over to more general non-archimedean local fields.

In this perspective, one chooses a test function f on the group GL;(A) for the pretrace formula and
then integrates along left and right unipotent orbits to obtain the PBK formula. To aid this strategy and
to produce a reasonably explicit formula, we introduce two assumptions on the test function f called the
geometric and spectral assumptions. The geometric assumptions place a constraint on the support of
the local test function f), on GL,(Q,) and allow us to establish the standard properties of the geometric
side of the formula. The spectral assumption puts a strong constraint on the integral operators 7 (f) and
allows us to explicate the spectral side of the formula. The result is Theorem 1.8.

As an application of Theorem 1.8, we give a harmonically weighted Weyl-Selberg Law for the family
of cusp forms Fy(f) cut out by our chosen test function f and interpret the leading constant in terms
of local Plancherel volumes. For this result, see Corollary 1.14. In a similar context, Palm [Pall2,
Thm. 3.2.1] gave a Weyl law for cusp forms with specified local components as an application of the
Selberg trace formula.

As a second application of Theorem 1.8, we give an axiomatized Large Sieve Inequality for the
families F(f) cut out by f. Under additional local hypotheses (stated in Section 1.5) these large sieve
inequalities are optimally strong: the estimate is of the shape < (X|F])? (X + |F]) ||a||§, where X is the
length of summation of the sequence a and || is the cardinality of the family of cusp forms.

Probably the most important part of the paper however are the examples. Most notably, in
Section 6.4 we give an elegant expression for the generalized Kloosterman sum that arises from a
specified (trivial central character) supercuspidal representation o of GL>(Q),). See Theorem 6.45 for
this formula.

For the specified supercuspidal formula, we set the local test function f), equal to the diagonal
newform matrix coefficient of o restricted to a maximal compact subgroup, building on earlier work
of the first author [Hu24]. This test function f,, generates a generalized PBK formula that selects on
the spectral side automorphic forms with local component at p isomorphic to either o or at most two
other supercuspidal representations of the same conductor. This is essentially the narrowest possible
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support on the spectral side under the geometric assumptions. For precise statements, see Theorems 6.20
and 6.29.

In a parallel fashion, given a primitive Dirichlet character y modulo a power of p with y2 # 1, we
construct local test functions f, in Section 7.2 whose generalized PBK formula selects on the spectral
side automorphic forms with local component at p isomorphic to a principal series representations
(x| - |;’, 7' |I;” ) for some ¢ € R. The generalized Kloosterman sum on the geometric side of
the formula (7.16) is in complete analogy with the supercuspidal Kloosterman sum mentioned above.
Again, this generalized PBK formula has the narrowest possible support on the spectral side under the
geometric assumptions (see Lemma 3.11).

These examples lay the groundwork for future important analytic applications. That we can produce
several interesting examples that satisfy both the geometric and spectral hypotheses shows that while
these two hypotheses together may appear fairly restrictive, they nonetheless contain the families of
greatest interest to us.

An important feature of the Bruggeman-Kuznetsov (BK) formula is that the integral transform (1.1)
relating the test function /., on the spectral side to the archimedean test function H, on the geometric
side is relatively simple and can often be analyzed effectively using standard techniques such as stationary
phase estimates. The situation (at present) with finite places is not quite as clean: the local test function
fp on GL>(Q),) continues to play a strong role in the formula whereas the test function f., on GL>(R)
can be completely suppressed from the classical BK formula.

Nonetheless, we develop the sequence of transforms

hp = fp — H)p

to some extent, where /1, : m +— 7(f,) is an operator-valued function on the unitary dual of PGL,(Q,)
(assumed to be projections with finite-dimensional image) and H, are the generalized (local) Klooster-
man sums defined in (3.13). Indeed, Proposition 4.1 gives an expression for f}, as an integral transform
(of sorts) of &, in terms of matrix coeflicients over the unitary dual PGL,(Q,) with respect to Plancherel
measure. Then H, is by definition an integral of f, against additive characters. Furthermore, Section 7
gives a list of transform pairs #,, — H,, for which one can mostly forget about the function f}, on the
group entirely.

As already mentioned, much of this paper builds on previous work of the first author [Hu24]. To be
definite, our paper contains the following new features:

o an axiomatized treatment of PBK formulas given by adelic test functions (see the geometric and
spectral assumptions in Section 1.2),

o some preliminary applications of the axiomatized PBK formulas (see Section 5),

o atest function with smallest possible spectral support around a specified supercuspidal representation
o with even conductor exponent, i.e. we achieve [ = O in the sense of [Hu24, Rem. 1.4], see the
discussion around Theorem 6.20 in this paper,

o amore natural expression for the generalized Kloosterman sum associated to a specified supercuspidal
representation (compare [Hu24, Def. 4.6] and Theorem 6.45), and

o a detailed treatment of the dihedral p = 2 case, which is often omitted for convenience but hides
many technical complications (see Section 6.3).

1.2. Statement of results

Let G = GL, and G = PGL,. Write Mg, = cr (E(Aﬁn)) for the non-archimedean Hecke al-
gebra of G, that is the space of locally constant functions on G(Ag,) that are invariant by and
compactly supported modulo center Z(Agy). Define the local Hecke algebra H, = CZ (E(Qp))
similarly.

Let K, = G(Zp) and ZK), = Z(Q,,)G(Z,,) for p < co. We say thata pure tensor f = X) , fp € Hiin
is ramified at a prime p if f, is not a constant multiple of 1zk,. Let K = [],, K}, be the standard
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maximal compact subgroup of G (Agy) and let K(N) be the principal congruence subgroup of K. The
minimal N € N such that f € Hg, is bi-K (N)-invariant is called the level of f.

Our generalized Bruggeman-Kuznetsov formula is an equality between a spectral sum of Fourier
coefficients/Hecke eigenvalues over a family of automorphic forms and a geometric sum of generalized
Kloosterman sums over a set of admissible moduli. In the next several paragraphs, we define these
objects.

For an irreducible admissible representation (rr, V) with 75, the underlying E(Aﬁn)-representation
and f € Hgp, we write 7(f) : V, — V, for the integral operator

a(f):ve /G(A_ )f(g)ﬂﬁn(g)vdg- (1.4)

Note that 7(f) := 7, (f) but we have dropped the subscript to avoid cluttering the notation.

Definition 1.1 (Family cut out by f). We write Fo( f) for the set of cuspidal automorphic representations
7 that are spherical at co and such that 7(f) : V; — V. is not the zero map.

The family Fo(f) has no restrictions on the archimedean spectral parameters of the representation
it contains. Such restrictions will be imposed in our formulas in the standard way: by selecting a test
function h.. Note that Fy( f) is a harmonic family in the sense of [SST16], and at least in spirit every
harmonic family on PGL, over Q arises in this way.

For  a cuspidal automorphic representation, write 3(r) for an orthonormal basis of V, (with respect
to (1.61)). Let Koo = SO2(R). The subspace V,If «XKN) of fixed vectors in 7 is finite-dimensional, and
for cuspidal 7 let u = u, be the classical Maass waveform with respect to I'(N) corresponding to
¢ € VEXEIN) by y(x +iy) = @((? 7) X Lgin). Recall from (2.9) the Fourier coefficients a, (m) for
m € %Z of a Maass form u for I'(N).

Let ho(t) be a test function as in the classical Kuznetsov formula. Iwaniec and Kowalski [IK04,
(15.19)] give the following sufficient conditions: For some ¢ > 0

heo () is holomorphic in [Im(7)| < 1/2 + 6,
heo(t) < (1 + |t)™>¢, and (1.5)
heo(t) = heo(—t) for all .

Let ¢, : Q, — C* be the standard additive character ¢, (x) = e({x},) and g, : Ay — C* be
given by Ysin = [, ¢p-
Definition 1.2. For f € Hg,, m,n € Q and ¢ € Q,, the generalized Kloosterman sum (attached to f)
that appears in this paper is defined as

H(my, ma;c) = //Az f((l -1 )( 1 fc*z)(l %) )intmity = ma) diy do. (1.6)

Note that H(my, my;c) is in fact a finite sum since f € Hg,. While the sum H(m, n; ¢) is a priori
defined for all m,n € Q, it vanishes unless m,n € #Z (see Theorem 3.8(1)). We also define local
generalized Kloosterman sums H,(m, n; c) by the same formula (1.6) but where Agy, Y60, and f are
replaced by their local versions Qp, ¢, and f), (to be definite, see (3.13)).

When f = ®p fp is a pure tensor, one has H(m, n; c) = [],, H, (m, n; c). Of course the generalized
Kloosterman sum H (m, n; ¢) depends on f € Hgy and the local H,, (i, n; c) depend on f, € H,, but
these are suppressed in the notation. Recall, we also defined the transform He (x) of /() by (1.1), as
in the classical Kuznetsov formula.

Next we define the index set of the sum on the geometric side of our formula.

Proposition/Definition 1.3 (Admissible moduli). We say ¢ € Q. is an admissible modulus if there
exists a pair (m,n) € Q? so that H(m, n; c) # 0, and write C(F) C Q, for the set of admissible moduli.
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Iff = ®p fp € Han is a pure tensor and supp f, is contained in {g € G(Q),) : detg € Z; (Q;)z}for
all p, then there exists q' € Q, such that C(F) C q'Z.

See Lemma 2.5 for a proof. Under the mild hypothesis in the second sentence of Proposi-
tion/Definition 1.3, it is not too hard to show that one has an “unrefined” Bruggeman-Kuznetsov formula

of the shape
Do heltn) D Guy, (M), (ma) + (cts.) (1.7)
neFo(f) peB(n)
H(my, mo; 4y
= (diag. weight) &, =m, + Z (m1. m2 C)Hoo( ﬂ mlmz)'
c c

ceC(F)

For more details, see Theorem 2.1. On its own, (1.7) is not very useful without additional information

onf.

We next introduce the geometric and spectral assumptions alluded to in Section 1.1, which permit a
practically useful refinement of (1.7). Let a(y) = (g ?)and A C G be as in Section 1.7.3.

Geometric Assumptions.

(1) The function f € Hgy is bi—A(i)-invariant.
(2) There exists y € Q, such that supp f C a(y)~'ZKa(y).

We say that a rational number y € Q. for which Geometric Assumption (2) holds “controls the
support of f”°. Caution: y is not necessarily uniquely determined by f. Note, Geometric Assumption (2)
ensures that the hypothesis on the support of f of Theorem 2.1 is satisfied. Another useful fact to keep
in mind is that under Geometric Assumption (2), the function f is ramified at p if and only if p divides
the level of f, for which see Section 1.3.1.

Remark 1.4. Under Geometric Assumption (2), the test function f has support contained in ZK” for some
maximal compact open subgroup K’ of G (Agy). One might hope to relax Geometric Assumption (2) to
the more natural-sounding condition of being contained in a maximal compact subgroup. However, we
do not pursue this generalization since the relaxed condition that supp f € ZK’ for some compact open
K’ together with Geometric Assumption (1) already imply assumption (2) at odd primes, and at p = 2
there is essentially only a single additional example allowed under the relaxed condition, of which we
know no practical application. See Lemma 3.2 for a formal statement.

The geometric assumptions control the set of admissible moduli C(F) as follows.

Proposition/Definition 1.5 (Geometric conductor). Suppose Geometric Assumption (2) holds. The set
of admissible moduli C(F) is nonempty. Thus, there exists a unique maximal by divisibility ¢’ € Q.
such that C(F) C q'Z. We write k(F) for the maximal such q' and call it the geometric conductor
of F. The geometric conductor satisfies k(F) >y for any y controlling the support of f.

For a proof, see Lemmas 3.5 and 3.6. With additional information on the support of f, the geometric
conductor k(F) can be determined exactly (see Section 3.2). One also has that k(F) = [], pke for
“local geometric conductors” k,, defined analogously by the nonidentical vanishing of H,, for which
see Theorem 3.8(6).

In addition to controlling C(F), the geometric assumptions also endow the generalized Kloosterman
sums H(m, n; c) with many of the same basic structural properties as the standard Kloosterman sums,
as in [Iwa97, Ch. 4.3]. For a detailed list of these, see Theorem 3.8.

We now move on to the spectral assumption. Let G (Q p)" denote the unitary dual of G(Q p),i.e. the
space of isomorphism classes of smooth irreducible unitary representations of E(Qp) on a complex
vector space.

Definition 1.6 (Newform projector). We say that f,, € H, is a newform projector if for all generic

(7,V) € G(Q »)" the operator 7(f,,) : V — V either projects onto the line generated by the newform
wo € Voris0.

https://doi.org/10.1017/fms.2026.10176 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10176

Forum of Mathematics, Sigma 7

With future and past applications in mind, we also want to allow the classical PBK formula with
level structure at finitely many primes (as in [KL.O6a, KLL13], recovering the classical formulae). Let

v(n) = [SLa(Z) : To(m)] = n [T pu(1+p7h).

Spectral Assumption. We say that a pure tensor f € Hg, satisfies the spectral assumption if it admits
a representative [],, fj such that for all p the function f, is either a newform projector or there exists
¢ € Zxg sothat f, = v(p)lzky(pe)-

Note, when ¢ = 0 the test function 1 K, 18 itself a newform projector, but when ¢ > 1 the test
function v(p)1zk,(pe) is not.

The main purpose of the spectral assumption is to simplify the left hand (spectral) side of (1.7) (but
see also Section 4.3). Indeed, writing 7 = ®'V m,and V = ®'V V., the operator () is an orthogonal
projection onto the subspace

Vi=Ve® ) Cepe ) v (18)
p:fp newform proj. p:ﬁ,:v(p")lZKO(pC)
with ¢>1

of VK(V) where ®o,p 1s an L*-normalized newvector in Vy if m,(fp) # 0, and o, = 0 otherwise. For
the implementation of this, see Theorem 4.8.

For our intended applications, we need generalized PBK formulas in terms of Hecke eigenvalues
in lieu of Fourier coefficients. These are made possible by the spectral assumption. If f is a newform
projector, then the space Vf‘” is 1-dimensional so that there is essentially only one choice of basis B ().
On the other hand, if f is the classical test function with ¢ > 1 at some primes, then dim V&= > 1 and the
problem of choosing an orthonormal basis for this space that recovers Hecke eigenvalues from Fourier
coefficients has been studied by many authors e.g. [ILS00, Roull, Ng12, BM15, BBD+17]. Indeed,
following e.g. [Pet18, §7] there exists an orthonormal basis B (7r) of Vf“ and weights w(x, f) € C
such that for all m, my € N and (m;my, N) =1

D, (m)ag, (ma) = w(, £)dz(mi)dz(m2), (1.9)

¢eBy (n)

where A, (m) are the Hecke eigenvalues of 7 normalized so that the Ramanujan conjecture predicts that
|1z (m)| < d(m). Note that the left hand side of (1.9) is independent of the choice of orthonormal basis
By (), and therefore so is w(r, f).

To continue our discussion, we introduce the “naive Rankin-Selberg L-series”. For I a standard (in
the sense of [MV 10, §2.2.1]) generic automorphic representation of E let

2
La(s)= ), Mnnﬂ (1.10)

n>1

and following a notation of Michel and Venkatesh, write L (1) for its leading Laurent series coefficient
at s = 1. For r € Fy(f) with g(r) the (finite) conductor of 7, write

(14 97) Do =220 if p £ (),
re(p) =31 -p2)! if p |l q(n), (1.11)
1 if p* | g(n).
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Then, for f of level N the weights w(x, f) in (1.9) are given by

1 ! !
F) = 1~ p2)! ~(p) ' = . (L12
vl 2AL(1) pzmlf—ﬁ[;(n)( . PINl/_q[(n)r v 2@ LD eV

ptq(n)

In (1.12), the weights p . (£) defined on the right are exactly the same weights p ¢ (£) or pg (£) defined
in [PY20, §2.4], with f being the newform in 7. In particular, we have w(z, f) = (1 + |tz|)N)°() by
[GHL94, Iwa90]. Note that the factor 2£(2) = vol(G (Q)\G (A)) appearing in (1.12) is a global volume
factor (see e.g. [MV 10, §4.1.2] for a more general statement).

The spectral assumption also allows us to give a motivated expression for the diagonal term constant
in the generalized PBK formula in terms of Plancherel volumes.

Definition 1.7 (Local family). For f = (X) »Jp € Hin, the subspace

Fplf) = {n € G(@Q,)" : n(f,) £ 0} (1.13)
is called the local family of f at p.

Let a be the quasicharacter of Q; defined by @ : x + |x|,. For m a smooth irreducible unitary
generic representation of G(Q p) set
(1-p™

(1-e2 p=1) (1-p~1) (1-e720 p=T)
L(1)=9(1+ %)‘1 ifc(n) =1, (1.14)

(1-2) if c(n) > 2,

if 7o~ ﬂ.(alg/logp,a—la/logp)’

where in the first line either 6 € [0,x], or 6 = irlogp or m +itlogp with 7 € (0,1/2). If IT =
Moo @ ®' mp is a standard generic automorphic representation of G, then the leading Laurent series
coefficient Ly, (1) admits the Euler product factorization

L) =] | £, (1), (1.15)
p

in the regularized sense of [MV 10, §4.1.5].
Let fo be the bi-K-invariant function on GL] (R) defined by [KL13, (3.5) and Prop. 3.7] in terms
of he. Then, by the Plancherel theorem (see (3.17) of loc. cit.) we have

Fool1) = i/_mhm(t) tanh(rt)z dt. (1.16)

(o)

Define
fa=tfs-f. (L.17)

Suppose that f satisfies the spectral assumption. For each place v, define the diagonal weight §,, at v as
follows. If v = o0, set doo = foo(1). If v = p < 00 and f), is a newform projector, set

1 ~
o, = —d s 1.18
, L T 4 (118)
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and if f,, = v(p©)1zk,(pe) for some c € Zx, set
5, = / dim 750 gz, (1.19)
Fp(f)

Note that 5,, = 1 for all but finitely many p. Finally, set din = [],, 6, and 6 = 0o Ofin-

Theorem 1.8. Let f € Hg, be a pure tensor satisfying the geometric and spectral assumptions. For all
mi,my € Zwithmimy > 0 and (mymy, N) = 1 we have

D1 et W, £)Ar (m1)Ax(ma) + (cts. ) (1.20)

neFo(f)

= Omy=m,0 +
¢=0 (mod k(F))

H(ml,mz;c)H (47r\/m1m2)

c c

where ( cts. ) is a similar continuous spectrum term that we give explicitly in (4.22).

Remark 1.9. The assumption (mm;, N) = 1 appearing in Theorem 1.8 is a helpful simplification at this
stage of the presentation, but is not crucial. The intermediate step Theorem 4.8 towards Theorem 1.8 does
not require the condition (mmy, N) = 1, but leaves the spectral side in terms of Fourier coefficients.
Instead of inserting (1.9) into Theorem 4.8 to obtain Theorem 1.8, one can use e.g. [PY19, (15)]
restricted to a single old-class, which requires square-free level but avoids any coprimality condition.
The coprimality condition is also used in Section 4.2 to compute the diagonal term, but this section can
be easily generalized with some additional computation.

Remark 1.10. Theorem 1.8 also holds for other choices of archimedean test functions. For example, let
k > 2 be even and let 7, be the discrete series representation of GL;(R) of weight . Define F, (f) as
in Definition 1.1 to be the set of cuspidal automorphic representations m with 7o, =~ m, and such that
7(f) : Vu — V, is not the zero map. Define Vj’j to be the weight « isotypic subspace of V. Choose
fe to be given by the Bergman kernel (2.23), in particular one has fo,(1) = ’j‘—_nl. Then, under the same
hypotheses as Theorem 1.8 with Fo(f) and Vf"" replaced by F, (f) and V%, respectively, we have

Z w(r, ) Az (m1) Az (m2) (1.21)

neF(f)

-1 H(my,my; 4a\mim
=6m1:m26+ (K )i_K Z (ml 2 C)JK—]( 1 2),

2 ¢=0 (mod k(F)) ¢ ¢

with w(r, f) = (kN)°). For k > 4 the archimedean aspects of the holomorphic forms variation (1.21)
were worked out in [KL.O6a] and while a relative trace formula proof of the x = 2 case strictly speaking
has not appeared in the literature, it is expected to follow from a limiting argument and in any case is
well-known from the classical Poincaré series approach to the Petersson formula. We give more details
on the holomorphic/discrete series case in Sections 2.3 and 4.4.

Similarly, one expects the opposite-sign case of Theorem 1.8 in which m;m;, < 0 to hold, but at
present there is not a relative trace formula proof for this case. The shape of the formula would be similar
but with an additional factor of p(x) on the spectral side, where

. eigenvalue of u,, ¢ € V; under the involution x + iy > —x +iy, or
p(m) = parity of 7 = 7
(—1)€ where me =~ m(sgn€ |- |%,sgn€|-|~%),

(1.22)
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and the factor H,, (x) on the geometric side of the formula is replaced with

H_(x) = %/m K¢ (x) sinh () h(t)t dt. (1.23)

o0

We posit that when « = 2 the formula (1.21) holds, and when mm, < 0 the formula (1.20) with
modifications (1.22) and (1.23) holds, and assume these to be so in the following discussion. Since this
paper concerns non-archimedean aspects, and for the sake of brevity, we do not provide any details for
these assertions.

Remark 1.11. Since we have not modified any archimedean aspects of the classical PBK formulas
when deducing Theorem 1.8 etc., we also get the “backwards” Kuznetsov formula as in [[K04, §16.4]
mutatis mutandis. Indeed, for the rest of this paragraph let ® € C?([0, c0)) with

®0)=0 and Y(x) <, (1+x)"

fora =0, 1,2 and some a > 2. Let M (¢) be the Hankel transform of @ as defined in [IK04, 16.40] and
N (k) be the Neumann coefficients of ® as defined in [IK04, 16.41]. Let f € Hn be as in Theorem 1.8
with associated generalized Kloosterman sum H (m, n;c). If mym, > 0, then

(1.24)

c

H(ml,mz;c)q)(4ﬂ mlmQ)
c

c=0 (mod k(F))

=2 Motncoshiarn) Y ay, (m)an, (m) + (cts.)

T reFolf) eB; (m)
(47r)KN -
)T Ve DD awmay, (m),
B k>0 neFi(f) ¢eBy (m)
k=0 (mod 2)

where (cts.) is a continuous spectrum term given in (4.19) with h.(#) there replaced by
% cosh(mt) Mo (t). See Section 2.3 for definitions of u, and a, in the holomorphic / discrete series
case. Meanwhile, if mym; < 0, then we set Cp(f) to be the integral transform of @ given in [IK04,
(16.44)]. In this case, we have

H(ml,m2;6)®(4ﬂ |m1m2|) (125)
¢=0 (mod k(F)) ¢ ¢
4 -
=~ ) Kaltx)cosh(ntn) D au, (m)ay, (m) + (ets.),
neFo(f) peBy ()

where similarly ( cts.) is a continuous spectrum term given in (4.19) with A (¢) there replaced by
Lp(m, 1) cosh(nt) Ko (1).

Remark 1.12. To check that the geometric and spectral assumptions hold for a pure tensor f € Hgp,
it suffices to check them for f,, at the finitely many primes p where f is ramified. The following data
appearing in Theorem 1.8 can also be computed locally:

the local families F, (f),

the local levels N, := p*r (V)

the diagonal weights ¢,,,

the generalized Kloosterman sums H, (m,n;c), and
the local geometric conductors k.

O O O O O
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To produce completely explicit cases of Theorem 1.8, it suffices to produce appropriate local test
functions f,, and perform purely local computations of the relevant data. We do this for several key
examples in Section 7 of the paper.

Examples. Choose a finite set S of primes. Let f = (X) » fp € Han be a pure tensor such thatif p ¢ S,
then f;, = 1zk,, andif p € §, then f), € H, may be chosen from any of the following:

o for some integer ¢ > 0, the classical test function f<. defined in (7.1),

o for a nonquadratic character y of ZIXJ, the function f, defined in (7.7), or

o for a quadratic extension E of Q, and a character ¢ of E* satisfying the hypotheses in the first
paragraph of Section 7.3, the function f defined in (7.18),

o for (E/Qp,é) as in the previous point and 1 < n < c¢(£’) with & a twist-minimal character
underlying ¢, the function f¢ , defined in (7.27), or

o for some integer ¢ > 3, the test function f-. introduced by Nelson, see (7.31).

Then f satisfies the geometric and spectral assumptions (see Sections 7.1.1, 7.2.1,7.3.1, 7.4, and 7.5).

Let Fo(f) be the family of cuspidal automorphic representations cut out by f as in Definition 1.1. In
particular, Fo(f) consists of GL,/Q cuspidal automorphic representations 7 of trivial central character
(spherical at infinity) whose local components 7, at finite places are constrained to lie in the local
families

Fee iffp = f<e>

Fy if fp = fy»
Fp(f)=\Fe il fp=fe,

Fen if fp = fen, and

-F:c iffp = f:c

(see Definition 1.7), where:

o Forc >0
Fee ={n € G(Qy)" : c(n) < c}. (1.26)

o For y € ZﬁA not quadratic

Fy=An(u, 17") € G(Qp)" - pilzs = x}. (1.27)

o For (E/Q), &) as above, let o = o (p) be the (trivial central character) supercuspidal representation

of G(Qp) corresponding to p = Indg” £ under the Local Langlands Correspondence (LLC). Writing
n for the unramified quadratic character of Q%, we have

{o} if E/Q, is unramified and p # 2,
Fe=4{o,0xn} if E/Q,, is ramified, (1.28)
Qp . -1 — ; i i —
{o(Ind;” &1) s c(&1677) < 1, & |Qp = §|Q§} if E/Q,, is unramified and p = 2.
The set in the last line consists of 3 supercuspidal representations of the same conductor as o-. For
interpretation, it may be helpful to recall that when p # 2, the extension E/F is unramified if and
only if ¢(o) is even. See Section 6.1.2 for a quick overview of the parametrization of dihedral trivial

central character supercuspidal representations in terms of pairs (E/Q,, £).
o For1 <n < c(¢£), we have

Fen={o(Ind? &) : c(£167") < n.&1lgs = Elgy }-
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o For ¢ > 3, we have
Fee ={m € G(Qp)" : c(n) = c}.

See Sections 7.1.2,7.2.2,7.3.2, 7.4, and 7.5 for more details.
The level N of f satisfies

¢ iffpszC or fo,
vp(N) =12c(x) if fp = fy, (1.29)
C(O’) if fp = f‘f or ff,rp

On the geometric side of the formula, the diagonal weights 6, may be given explicitly by

V(pc) lffp = fSC’
V(PC(X])) lffp - f/\/
1-p~ ’
Op =1 see(7.21)  if f, = fe, (1.30)

see (7.22) if fp = feons
pe(l=p72) if fp = fec.
for which see (7.3), (7.13) and Section 7.5. In the supercuspidal cases, we write d = v, (disc(E/Q,)).

The geometric conductor k(F) =[], pkr and the local geometric conductors for the above test functions
are given explicitly by

¢ if fp = fees
c(x) it fp = fr
c() if f, = fe with d =0,
kp=1<E 11 iff, = fe withd = 1 or2, (1.31)

A 12 iff, = fe withd =3,
see (7.30)  if f, = fen,
C — 1 lf fp = f:cs

for which see Sections 7.1.6, 7.2.6, 7.3.6, 7.4, and 7.5.
Lastly, for ¢ = 0 (mod k(F)), the generalized Kloosterman sum is given by

H(m,n;c) = ]_[Hp(m,n;C),
ple

where each local Kloosterman sum H, can be explicitly described as follows. For each p, let us write
¢ = cop* with (co, p) = 1, and where we assume that k > kp, (otherwise H(m, n;c) = 0). Write ¢q for
the inverse of ¢ modulo p*.

If f, = f<c (including the case ¢ = 0), then we have

Hy(m,n;c) = 6,8(com, con; p). (1.32)

If f, = f, with x not quadratic, then we have

Hyp(mme)=8, ) Wx(y)e(x;ky ) (1.33)

x,y (mod p¥)
Xy=mncy’

when (mn, p) =1 and H,(m, n; ¢) = 0 otherwise.

https://doi.org/10.1017/fms.2026.10176 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10176

Forum of Mathematics, Sigma 13

If f, = f¢ for a pair (E/Qp, &) satistying the hypotheses in the first paragraph of Section 7.3, then

_ _d Tru
Hp(m,nic) = 6,90 ) «f(u)e(——k) (1.34)
ue(Or [pkOp)” P
Nm(u)=mnco>

when (mn, p) = 1 and Hp, (m, n; ¢) = 0 otherwise. In (1.34), Nm, Tr : E — Q,, are the field norm and
trace, and 7 is the Langlands constant associated to E and the additive character ¢, = e({.},) of Q.
See Remark 6.46 following Theorem 6.45 for more detailed information on y and Propositions 6.56
and 6.58 for bounds on H,(m, n; c).

In [Hu24, Def. 4.6] the first author gave an alternative formula for H,(m, n;c) that at first glance
looks quite different from (1.34). However, these two formulas are in fact equal (up to leading constants)
whenever the former formula is valid, as can be seen by computing the Fourier/Mellin transform of both
formulas and applying p-adic stationary phase analysis.

If f, = fe,n, then H,(m,n;c) is exactly the same as in (1.4), but with ¢, and k, given by (7.28)
and (7.30) in lieu of (7.21) and (7.23).

1.3. Relations between parameters

The reader may have already observed that the families of automorphic forms in this paper have several
different parameters associated with them. These include:

o the level N of f,

o the primes p at which f is ramified,

o the conductors g(m) of representations 7 € Fo(f) and the conductor exponents c(m) of local
representations 7 € F, (f),

o the geometric conductor k(F) and local geometric conductors &,

o the value f(1) and local values f, (1), and

o the diagonal weight 5, and local diagonal weights ¢,.

We explicate some of the relations between the above quantities.

1.3.1. Level versus ramification
Under Geometric Assumption (2), p | N if and only if f is ramified at p. Indeed, it is clear that p | N
implies p is ramified for f. For the other direction, suppose p { N so that f), is bi-ZK,-invariant. Then,

by the Cartan decomposition, the function f}, is determined by its values on o; = (Pi | ) fori > 0.

However, no o; with i > 0 lies in a subgroup of the form a(y)~™'ZK pa(y) for any y € Q,, since powers
of o; escape any compact modulo center set. Therefore f, is only supported on o and hence is a
constant multiple of 12 Kp-

1.3.2. Level versus conductors of representations
Suppose that f satisfies Geometric Assumption (1). Then, any © € Fo(f) has g() | N2. Indeed, by
Geometric Assumption (1) f is bi-K 4 (/N)-invariant, so any 7 € Fo(f) has anonzero K, (N)-fixed vector,
and hence a nonzero Ky(N?)-fixed vector, since a(N)'K4(N)a(N) = Ky(N?). See Section 1.7.3 for
the definitions of various groups and subgroups.

If f satisfies the spectral assumption, then 7 € Fy () satisfies g(xr) | N. Indeed, any 7 € Fy(f) has
a nonzero K (N)-fixed vector that is also a Ko(M)-fixed vector for some M by the spectral assumption.
Then 7 has a nonzero K(N)Ky(M) = Ky(g)-fixed vector where g = (N, M) (see Section 7.2.3), so in
particular & has a nonzero Ky(N)-fixed vector.

On the other hand, there is in general no lower bound on the conductors of 7 that appear in Fo(f)
in terms of the level N of f. Indeed, level 1 forms appear as oldforms in the classical BK formula of
level N, which is a special case of our framework.
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1.3.3. Level versus geometric conductor

Suppose that f has level N, that f(1) # 0 and that f satisfies the geometric assumptions. Then we have
k(F) | N (see Corollary 3.7). On the other hand, under the geometric and spectral assumptions we also
have that k,, > 0, see Lemma 4.6(4).

1.3.4. Conductors of representations versus f(1)
Suppose that f # 0 satisfies the geometric and spectral assumptions. Let us work locally atp. If f,, = f<.
is the classical test function it is clear that

{e(m):me Fp(f)}=A{0,...,c},

so we henceforth assume that f, is a newform projector.

Since f # 0, then F,(f) # 0. If F,(f) contains an irreducible principal series representation
7(x, x~') with x|z not quadratic, then by Lemma 3.11 it contains 7(ya™, y~'a™") for all 1 € R.
Suppose that F,,(f) only contains x(y, y~!) with Xz nontrivial quadratic. Then, by Remark 3.12 it
also contains a special representation. Thus, 7, (f) either contains a square-integrable representation,
or for some y with y|zx not quadratic it contains J, = {r(xa', x'a7) : t € R} C Fp(f), orit
contains F,(f) = {m : 7 unramified }. Thus, since f), is a newform projector, by the Plancherel formula
we have

w({r}) if m € F,(f) is square integrable,

() = f(Fp(f) 2 {a(F,)  if n(x, x™") € Fp(f), x not quadratic, (1.35)
1 if ¢(x) = 0 for all 7 € F(f).

Let d,,(r) denote the formal degree of . If 7 is square integrable, then fi({n}) = d,, () > p¢(™™/2 >
ple(m /21 by e.g. [ILM17, Thm. 2.1], with an absolute implied constant. In the principal series case, one
has (F,) = v( p¢W)). In all cases, if 7 € Fp(f) with f a newform projector satisfying the geometric
assumptions, then f,(1) > p fe(m)/21 with an absolute implied constant.

In the other direction, if we set cmax = max{c(x) : 7 € F,(f)}, then

£ < / dim VA" dji(m) = v(pem) < 3p, (1.36)
Fp(f)

1.3.5. Level versus (1)

Suppose that f satisfies the spectral assumption. Working locally, suppose ¢ = max{c(n) : 7 € F,(f)}.
Then, by Proposition 4.1, f}, is bi-Ko(p©)-invariant and also bi-K (N)-invariant, so that f is bi-Ko(N)-
invariant. If f, is a newform projector, then by the Plancherel formula and newform theory

Tp(D) = 1(Fp(f) < u{m:c(m) <vp(N)}) = v u(Np) < Np.
On the other hand if f}, is the classical test function, then f}, (1) = v(N,). Therefore globally,
f(1) < v(N). (1.37)
In the other direction, we work locally and assume that f), satisfies the geometric and spectral
assumptions. If f,, is the classical test function, then f,(1) = v(N,), so suppose f, is a newform

projector. Let 7 € F,(f) be arepresentation of maximal conductor exponent. Then by Proposition 4.1,
fpis bi-Ko (p¢™)-invariant, thus N, | p¢™)and so by Section 1.3.4, we have

1\];/2 < pc(”)/z < p[c(ﬂ)/z] < fp(l) (138)
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1.3.6. Diagonal weight versus f(1)

Suppose that f satisfies the spectral assumption. In the first case when f,, is a newform projector, we
have by inspecting (1.14) that 6, = (1 + O(p~")) f,(1) and moreover %fp(l) <6, < 2fp(1), so that
0 p is nonvanishing. In the second case that f}, is the classical test function, the situation is even simpler
as we have 6, = f,(1). Then, by (1.37) and (1.38) one has

Sin = F(HN°D = f(1)t*e®), (1.39)

1.4. Weighted Weyl-Selberg Law and equidistribution

In this section and in Section 1.5, we consider families of automorphic representations. That is, we
consider sequences of varying test functions f or f, with some parameter, usually f(1) or fa (1), going
to infinity. Recall by the Plancherel formula (see e.g. (4.3)), that f,(1) is equal to an integral over
the local family F,(f) of representations with respect to Plancherel measure, and that the spectral
assumption implies that /(1) > 0.

To streamline the exposition in this section and the next, we only present our results in detail for
Maass cusp forms, but similar results hold for the holomorphic / discrete series variation. Accordingly,
we now choose the archimedean test function /., to be one of either

2 1

7+
heo(t) = ™

1 1
N , 1.40
cosh(=L) cosh(%)] (140

where 1 < A < T/100, to give a smooth approximation to the small window 7' — A < +t < T + A, or

alternatively
1
\2
exp( () ) (1.41)

for a smooth approximation to the large window [f| < T. We call [T — A, T + A] the effective support
of (1.40) and [-T,T] the effective support of (1.41).
With these weights, we have the following crude bound.

Lemma 1.13. Let ho, be one of the two test functions given by (1.40) or (1.41). If f € Hgn and w(m, f)

are as in Theorem 1.8, then for all my,my € Z with mymy > 0 and (mym,, N) = 1 we have

fA(l)mﬂnz)
T2k(F) |

2

heo(t) =

Do heoltW i, F)Ar (m1) A (m2) + (€15 )om,=my + 0( (1.42)

neFo(f)

We emphasize that we made no effort for optimality in Lemma 1.13, including at the archimedean
place, but are rather just recording a simple bound. As an illustration, we only use the trivial bound on
the generalized Kloosterman sums in this proof, and any nontrivial bound on the ramified part of the
generalized Kloosterman sums would improve the error term in (1.42). Note that by (1.39) the main

term in (1.42) is larger than the error term as soon as there exists ¢ > 0 so that kar(”f LSS fa(1)S.
Particularly pleasing is the shape of the main term in the following corollary.

Corollary 1.14 (Harmonically weighted Weyl-Selberg Law). Let ho, be one of the two test functions
given by (1.40) or (1.41). If f satisfies Geometric Assumption (2) and is a newform projector, then we
have

hos (1)
L7(1)

+ (c15) = Vol (G(Q\G (4)) fo(1) ﬂ / fe() )

- ﬁn,,u) dutmy “O(TZk(f) '
(1.43)

neFo(f)
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See Section 5.1 for the proofs of Lemma 1.13 and Corollary 1.14. For the holomorphic/discrete
series variation alluded to at the beginning of Section 1.4, note that equation (5.4) used in the proof
of Lemma 1.13 may no longer hold due the possible presence of weight 2 holomorphic forms. In this
situation, the trivial bound (5.1) on Kloosterman sums is no longer sufficient to prove the analogue of
Lemma 1.13. Instead, we may factor H(m, n; ¢) by Theorem 3.8(3) and use the classical Weil bound on
the unramified factor to conclude the analogues of Lemma 1.13 and Corollary 1.14.

Remark 1.15. We have called Corollary 1.14 a Weyl-Selberg Law (following terminology of Venkov
[Ven79], e.g.) and not a Weyl Law, as the left side of (1.44) includes continuous as well as cuspidal
spectrum. Moreover we emphasize that Corollary 1.14 is only a harmonically weighted Weyl-Selberg
Law, since we have made no attempt to obtain a sharp cut-off in the archimedean aspect and have retained
the weight £% (1)7! in the non-archimedean aspect. Despite these nominal caveats, Corollary 1.14 is
the statement that turns out to be useful elsewhere in this paper. We also mention that there is a
well-known method for removing the harmonic weights, as in [KM99, Section 3]. In addition, the
continuous spectrum contribution to (1.44) may often be bounded in a straightforward fashion using
explicit information on the Eisenstein series. A particularly simple case occurs if each 7 € Fy(f) is
supercuspidal at some prime p, since then the continuous spectrum is empty.

Remark 1.16. As mentioned in the introduction, a Weyl law for cusp forms with specified local
components was obtained by Palm [Pall2, Thm. 3.2.1] in his thesis. We also would like to point out
the nice recent work of Knightly [Kni25], who obtained, among other results, dimension formulas for
spaces of cusp forms with specified supercuspidal local components using a simple trace formula. In a
different direction, Kim, Shin and Templier [KST20] gave asymptotics for automorphic representations
with specified supercuspidal local components in a very general setting.

Remark 1.17. Corollary 1.14 can be interpreted as an instance of a general equidistribution statement
for cusp forms. Let Ay(G/k) be the set of all unitary cuspidal automorphic representations of G over
a number field k. Drawing inspiration from the work of Brumley and Mili¢evi¢ [BM24, §1.1, §2],
who studied the universal family Ao(GL,,/k) ordered by analytic conductor, one expects that for any
sufficiently well-behaved test function z on Ag(G/k)

Z h(n)~vol(G(k)\G(A)1)/ G(A)lAh(n)dﬁ(n), (1.44)

neAy(G/k)

as the average analytic conductor of the effective support of & tends to infinity. Indeed, Brumley and
Milic¢evi¢ (Thm. 1.2) prove for G = GL, over a number field that if % is the indicator function of
forms having analytic conductor < Q that (1.45) holds as O — oo with an explicit effective savings of
(log Q)‘1 over the main term. To see this, follow the proof of their Theorem 1.2, but instead of the final
sentence of loc. cit. Lemma 12.1, use the final displayed equation in loc. cit. Proof of Proposition 6.1
and Corollary 6.2 to express the main term of loc. cit. (12.2) summed over all g and d | g as the adelic
Plancherel volume of a conductor ball.

Corollary 1.14 is also an instance of (1.45) in the case that G = PGL; and k = Q and with % the
harmonic weights given by h(n) = he () /L5 (1).

1.5. Large sieve inequality

As remarked at the beginning of Section 1.4, here we consider families of automorphic representations,
which in practice means that certain implied constants should hold uniformly within a given family. To
streamline the exposition we focus on the Maass form / spherical at co case, but claim that the results of
this section go through in the holomorphic / discrete series variation. See Remark 1.24.

We now propose a framework for optimal large sieve inequalities. Let F be a finite set of cuspidal
automorphic representations of GL, over Q with trivial central character all having the same (finite)
conductor ¢ = g(F). Suppose that there exists a pure tensor f € Hg, and an /A as in the PBK formula
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such that 7 C Fy(f) and with the effective support (see Section 1.4 for definition) of /e containing
the spectral parameters {t, : 7 € F}. We will show in Theorem 1.23 that F satisfies an optimal large
sieve inequality if the test function f satisfies the hypotheses introduced next.

Let T = T(F) be the infimum of the T > 0 such that the set of spectral parameters {¢, : 7 € F} is
contained in [-T,T1].

Hypothesis 1.18 (Trace formula (TF)). Suppose that f € Hgy satisfies the hypotheses of Theorem 1.8.

We assume that Hypothesis 1.18 (TF) holds for the remainder of this section. The next hypothesis
encodes the assumption that Fq( f) is not too much larger than F.

Hypothesis 1.19 (F,(f) not much larger than F (NmL)). We suppose that

o f € Hanhas N | g*° and F C Fo(f),

o if T <« q? for all € > 0, then A, is given by (1.41) with the spectral parameters of F in the effective
support of A,

o if there exists uniform C, § > 0O such that 7 > Cq‘s, then Ko, is given by (1.40) with 7% <« A <« Tl-*
and the spectral parameters of F in the effective support of /.,

and f, ho, are such that

Do heltwlr, ) + (ets. ) = | Fl(gT)°" (1.45)

neFo(f)
where the weights w(xr, f) are as in Theorem 1.8.

In practice, the existence of appropriate A, satisfying Hypothesis (1.19) (NmL) can often be achieved
after partitioning F into subsets according to the sizes of the archimedean spectral parameters ¢, of
n € F relative to g. See the example at the end of this section.

Next, we need a hypothesis asserting some control on the generalized Kloosterman sums H (m, n; ¢)
of f. In fact, we do not need a bound on H(m, n;c) itself, but only on its Fourier/Mellin transform
for ramified moduli. Note that ¢ € Z for any nonvanishing H(m, n;c) by Hypothesis 1.18 (TF), see
Lemma 4.6(4). For a Dirichlet character y (mod c¢), let

1

Hoo =5 2, HOWLOx), (1.46)
L4 y (mod ¢)
so that Fourier inversion gives
H(y,Liey= > HOOx(). (1.47)
x (mod ¢)

Hypothesis 1.20 (Fourier transform bound (FTB)). Suppose that forany ¢ | N* and y (mod ¢) we have

|Hllo = max [H(x)| < f(1)c® (1.48)
x (mod ¢)
uniformly in f and for all £ > 0.

Hypothesis FTB reduces to checking local statements at each p | N. Indeed, suppose y is a Dirichlet
character modulo ¢ with factorization y = [, xp and for each p | ¢ we write ¢ = co p*7(¢)_ Then, by
(3.12), Lemma 3.9 and (3.16) we have

H(x) = | | 3(co)*Hp Gp v (o)),
ple
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where for @ a Dirichlet character with p-power conductor (equivalently, a character of Z;) and k > 0
we have set

—~ 1 * - -
A=~ Y 00 =60 [ HGphama 149)
L0 R S zy

with dy the additive Haar measure that gives Z, volume 1. Thus, to verify Hypothesis 1.20 (FTB), it
suffices to show that for p | N and all @ with p-power conductor and k& > 0 that

Hy(a, k) < f,(1), (1.50)

with implicit constants independent of p, @, k, f,, but possibly depending on the family in which f varies.
Note also that if Hypothesis 1.20 (FTB) holds (with ¢|N®), then the bound (1.49) holds for any
character y of any modulus c since at primes away from N the generalized Kloosterman sum H (m, n; ¢)
reduces to the classical Kloosterman sum, and we easily derive the required bounds.
Finally, we state our last hypothesis.

Hypothesis 1.21 (Conductor versus size of family (CvF)). We suppose that
k(F)> f(1)'=® (1.51)

uniformly in f and for all £ > 0.

Again, note that to verify Hypothesis 1.21 (CvF), it suffices (using (1.38)) to show for p | N that

p*r > f,(1) (1.52)

with implicit constants independent of p, f,,, but possibly depending on the family in which f varies.
Here is an example application of Hypothesis 1.21 (CvF), which is moreover used in the proof of the
following theorem.

Lemma 1.22. Let ho, be one of the two test functions given by (1.40) or (1.41). If f € Hgn satisfies
Hypotheses 1.18 (TF) and 1.21 (CvF), and w(r, f) are as in Theorem 1.8, then
faD) <o fOF( D haltawlm )+ (ers.)). (153)

neFo(f)

Proof. By Lemma 1.13 with m; = m; = 1, (1.39), and the definition 6o = fi (1), we have

fa (£ +0f ))= D heltawim f)+ (ets).

1
2
T*k(F) neFo(f)

By Hypothesis CvF, we have that the sum in parentheses on the left is nonvanishing and > f(1)~¢ for
fa (1) sufficiently large. O

Recall we write A , (n) for the nth Hecke eigenvalue of 7, normalized so that the Ramanujan conjecture
predicts that |1, (n)| < d(n) for all n € N.

Theorem 1.23 (Optimal Large Sieve Inequality). Suppose that F is a finite set of trivial central character
automorphic representations for GL, over Q, all with (finite) conductor q and spectral parameters
contained in [-T,T). Suppose that there exists a pure tensor f € Hgn such that hypotheses TF, NmL,
FTB and CvF hold for f, F. Then for any sequence of complex numbers (a,),en we have

SIS ande] <. (1F1+ X)XqT)* 3 lanl (1.54)

neF n<X n<X
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Remark 1.24. Theorem 1.23 also holds in the holomorphic / discrete series variation if we interpret
the spectral parameter of a weight « holomorphic form to be KT_I and make the natural modifications
to Hypothesis (1.19) (NmL). Indeed following e.g. [Iwa97, p. 84-86], we may consider an average of
weights k either in a wide window of width T near the bottom of the spectrum cf. (1.41), or in a narrow
window of width A at height T in the spectrum cf. (1.40). It is by now well-known that the function
H (x) resulting from a smooth sum as above of several copies of the Petersson formula (1.21) enjoys
substantially the same properties as the H(x) appearing in the Maass form case. For instance, see
[Youl7, §7] for details and in particular an analogue of Lemma 5.5.

Remark 1.25. Hypotheses TF, FTB, and CvF hold for the test functions f<., fy, f«, and f¢ , presented
in the “Examples” of Section 1.2, for which see Sections 7.1.7, 7.2.7, 7.3.7 and 7.4. On the other hand,
Hypothesis 1.21 (CvF) fails for the test function f-. in (horizontal) p-aspect. Indeed, for f, = f-., one
has p*» = p¢~! while f-.(1) = pc(1+O0(p™")).

The features F C Fy(f) and Hypothesis (1.19) (NmL) of our framework for Large Sieve Inequalities
serve to patch up the above issue with the test function f-., as explained in the forthcoming example. In
addition, these conditions are used at the archimedean place, since we want F to be finite, but only have
access to holomorphic spectral weight functions /., which in particular cannot have compact support.

Example. The classical Spectral Large Sieve Inequality is a special case of Theorem [.23. Indeed, set
Sper ={n € Ag(PGL»/Q) : c(7p) =cand |t;| < T}

with T?p¢ — oo,

To see this, first we partition the space S := [0, 7] U (0, i/2) of potential spectral parameters into the
disjoint union of Sy := ([0, ¢®] U (0,i/2)) N S and its complement (¢%,T] N S. We further (1 + 7~%)-
adically partition (¢®,T] N S, i.e. decompose it as a disjoint union

T T
(1+T—£)i—1’(1+T—s)i)m5:: SiUSU...

(% 11ns=JI

i>0

with S; empty for i sufficiently large. Let S;?,T ={r € Sper 1tz €8;},s0that Spe 1 = U,-Z()S:C)’T
is a partition of S,c 7 into < T nonempty subsets. Thus, to prove an optimal LSI for S,¢ 7 it suffices
to do so for each S;’g - For i = 0 we choose A to be the test function in (1.41) of width min(T', g®),
while for i > 0 we choose /., to be the test function in (1.40) with A = 7172,

We take f equal to f<. at p and unramified elsewhere. Then f satisfies Hypotheses TF, FTB and CvF
(since this choice of f satisfies k, = ¢ in (1.31)).

We check Hypothesis 1.19 (NmL). Since N = p¢, we have N | p* and SI(JQ 7 € Fo(f). In either
case i = 0 ori > 0 the hypothesis on A in the second or third bullet points of Hypothesis 1.19 (NmL)
hold by construction. The last statement (1.46) of Hypothesis 1.19 (NmL) is given by Lemma 1.13. The
Optimal Large Sieve Inequality (1.55) then holds for F = SI(;(?’T by Theorem 1.23, and for S, r by
trivial summation over i > 0.

1.6. Moments of L-functions

Let o be a supercuspidal representation of GL,(Q),) with trivial central character. Let S, be the family
of automorphic representations

So = {n € Ay(PGL,/Q) : m, = o, m spherical with |¢| < 1000}. (1.55)

Note that we have #S, =< pfc(”) /21 by Corollary 1.14, (1.30) and (6.7). It is well-known that a large
sieve inequality may be used to estimate certain moments of L-functions; see [[K04, Section 7.9] for
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the method. As a simple application of Theorem 1.23, we have the following Lindelof-on-average upper
bound.

Corollary 1.26. Let o be a supercuspidal representation of GL,(Qp,) with trivial central character. For
all € > 0 we have

DUILA/2, M) < (plet Ty e, (1.56)

nESH

Corollary 1.26 also holds if in (1.56) we replace the word “spherical” with “discrete series” and take
the spectral parameter ¢, of a weight « discrete series to be "T_l cf. Remark 1.24.

Let y be a character of QIXJ whose restriction to Z; is not quadratic. Theorem 1.23 also gives a
Lindel6f-on-average upper bound for the 2nd moment of central values of L-functions over the family

Sy = {m € Ay(PGLy/Q) : 71 = n(xa'?, x"'a™"?) for some 6 € Rand |t,| < 1000}.  (1.57)

However, such a second moment estimate already follows easily from previous cubic moment estimates
[PY23, Thm. 1.2] by Holder’s inequality.

Since Corollary 1.26 follows from a large sieve inequality, it cannot give a subconvex bound by
general principles. However, when c(o) is even, dropping all but one term recovers the convexity
bound. In a forthcoming work, we intend to give a Lindel6f-on-average bound for the cubic moment of
central values of L-functions over S, and similar families, which will recover strong subconvex bounds
for these L-functions.

1.7. Notation, conventions, and measure normalizations

1.7.1. Fields

Sections 2 to 4 are focused on the relative trace formula set-up for the PBK formula over the rationals
Q. Accordingly, in these sections we write Q,, for the field of p-adic numbers with ring of integers
Z,, and absolute value | - |,,. Let A and Ag, denote the adeles and finite adeles of Q, and 7= [1,Zp the
maximal compact open subgroup of Agy.

On the other hand, the setting of Section 6 is that of general non-archimedean local fields (even
though in Sections 6.2 through 6.5 we restrict to the case that the base field is Q). Here, we write F for
a non-archimedean local field with ring of integers O and absolute value | - |r. We recall the rest of the
notation for non-archimedean local fields in Section 6.1.1.

In any section of the paper, we write « for the quasicharacter of F* defined by « : x — |x|r.

1.7.2. Additive characters
Outside of Section 6, we take ¢ to be the standard additive character ¢ : A/Q — C*, thatis,y =[], ¥+,
where

_Je(=xw) ifv=oco
Uy (x) = {e({xp}p) ifv=p (x € A), (1.58)

where {-}, : Q, — Qs the fractional part function.

At the outset of Section 6, ¥ is an arbitrary additive character of the non-archimedean local field F.
We say ¢ # 1 has conductor ¢(y) = n if p” is the largest fractional ideal of F on which  is trivial.
In Section 6.1.3 only we take ¢ to have conductor 1 to match a convention in the compact induction
theory of Bushnell-Henniart-Kutzko. On the other hand, from Remark 6.35 until the end of Section 6,
we assume that ¢ has conductor O (e.g. the one in (1.59)).

If E/F is a field extension, we denote by ¢ the additive character ¢ o Trg,r of E.
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1.7.3. Groups and subgroups
Let G be the algebraic group G = GL,, Z be the subgroup of diagonal matrices of G, and G = Z\G =
PGL,.

Let N C B C G be the standard upper-triangular unipotent and Borel algebraic subgroups of G. Let

A be the subgroup of matrices of the form a(y) := (6 ?) for y in any commutative ring R. We have
B=ZAN =ZNA.For any x,t € R let

n(x)=(§¥) and z()=(}9).
Let K, = G(Zp,) be the standard maximal compact subgroup of G(Q,), and K., = SO2(R). We
write Z = Z(Q,) when the prime p is clear from context, e.g. ZK,, denotes Z(Q,)G(Z,).
LetK =[], K, = G(Z). We also use the subgroups K(N) € K4(N), K1 (N) C Ko(N) of K given by

K(N):{(?Z) €eK:a=d=1(mod N),b=c=0(mod N)},
Kq(N)={(45)eK:b=c=0(mod N)},
Ki(N)={(¢5)eK:d=1(mod N),c =0 (mod N)},

Ko(N) ={(45) € K:c=0(mod N)}.

We use the same notation for the corresponding subgroups of K,. For * = @, d, 1, or 0, we set as usual
I.(N) = K.(N) N SLa(Z).
For m + n > 0 let us define Ko(n,m) € G(Q,) to be the compact open subgroup

Zy (p™)

Ko(m.n) = {(p") z;
a(p™™Kpa(p™) ifm+n=0.

ifm+n>0,
} (1.59)

For an algebraic group H over Q, let [H] denote the adelic quotient [H] := H(Q)\H(A).

1.7.4. Measure normalizations
We choose dx to be Lebesgue measure on R and d*x = dx/|x| on R*. For F a non-archimedean local field,
we take dx to be the Haar measure on F that gives the maximal compact subgroup O measure 1. We set
the Haar measure d*x on F* to be given by d*x = {r(1)dx/|x|r. Here {F (1) = £,(1) = (1-Nmp~')~1.

We let dk be the Haar probability measure on K. Take the measures on Z(R), A(R) and N(R) in-
duced by dx and d*x. These together determine a Haar measure on G (R) by the Iwasawa decomposition.
Let dg be the Haar measure on G(Q,) that gives vol(K,,) = 1.

For H one of the algebraic groups in Section 1.7.3, we give H(A) and H(Agy,) the associated product
measures. We give G (A) and G (Agy,) the quotient measure. With these choices we have vol(Q\A) = 1
and vol([G]) = 2£(2) = n/3.

Each cuspidal automorphic representation 7 (resp. global principal series x,

v.x-! in the induced
model) is endowed with the inner product

(1. 02) = /[G] ¢1(2)92(8) dg (resp. (61.62) = /

KX

. ¢1(k)p2(k) dk |. (1.60)
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If H is a unimodular p-adic linear algebraic group and u is a Haar measure on H, then there exists a
unique o -finite measure i called the Plancherel measure on the unitary dual H” such that the Plancherel
formula (4.1) holds. In particular, for any locally constant compactly supported function f on H, one has

£(1) =/ | Ten(f) dito), (161)

which we also refer to as the Plancherel formula. For more details, see Section 4.1.

1.7.5. Test functions and Hecke algebras
Write Hgn = C.° (E(Afm)) for the non-archimedean Hecke algebra of G = PGL,, that is the space of
locally constant functions on G (Agy) that are invariant by and compactly supported modulo center the
Z(Afin). Define the local Hecke algebra H, = C° (E(Qp)) similarly.

Throughout this paper (with the exception of in Section 2.1) we will always assume the f € Hgy
that we use as test functions are nonzero pure tensors, i.e. that f admits a representative [],, f, with

fp € Hp = C?(E(QP)) for each p < oo, which we may moreover assume satisfy f,,(1) = 1 for all
but finitely many p. Note, if f = X) » fp € Hgn is a pure tensor, then f, is a constant multiple of the
indicator function 1z, for all but finitely many p (see e.g. [Car79, §1.3]). We say that such an f is
ramified at p if f, is not a constant multiple of 12k, .

Let N € N be minimal such that f € Hg, is bi-K(N)-invariant. We call N the level of f and define
similarly the local level N, of f, € Hp. If f = ®p fp,then N, = prr(N),

If f € Hgpand (, V) with 1 = 7o ® 1y and V = Vi, @ Vi, is an irreducible admissible representation
of G (A), then define 7(f) € End(Vfy) to be given by

7r(f):v'—>/G<A )f(g)ﬂﬁn(g)vdg- (1.62)

If f € Hp, and (x,V) is an irreducible admissible representation of E(Qp), then define similarly
7(f) € End(V) by (1.63) with Q, in place of Ag, and 7 in place of ms,. In Section 4.1, where H
is a unimodular p-adic linear algebraic group with a Haar measure dg, we define 7(f) € End(V) for
f € L'(H) and (, V) an irreducible admissible representation of H by (1.63) with H in place of G (Ay)
and  in place of mgy.

1.7.6. Principal series representations
We use the notations 7 (y1, p2) and 7, ., interchangably for the (normalized) principal series represen-
tation induced from the (local or global) characters u, us. See e.g. [Bum97, §3.7, 4.5] for definitions.

1.7.7. Newform in the Kirillov model

Let ¢ be a nontrivial additive character of a non-archimedean local field F. The following well-known
result will be used repeatedly.

Lemma 1.27. Suppose n is a smooth irreducible unitary generic representation of G(F) with trivial
central character and conductor exponent c(r) > 2. Then a newform f in the Kirillov model IC(n, ) of
mis given by f(x) = 1lox(x) = 11 0(x) forx € F*.

Proof. See e.g. [Sch02, §2.4]. O

1.7.8. Miscellaneous
Let v(n) = [SL2(Z) : To(n)] =n[], (1 + p~1). In this paper we take N = {1,2,3,...}.
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2. The unrefined relative trace formula

The purpose of this section is to prove the following relative trace formula (cf. (1.7)) under minimal
hypotheses.

Theorem 2.1 (Unrefined generalized BK formula). Suppose f = X) p Jp € Hiin is nonzero and that for
each p that f, is supported inside the subgroup of matrices g € G(Q),) with v, (detg) € 2Z.
Formi,m; € #Z with mymy > 0 we have that

DU haltn) D gy, (m)ag, (m2) @1

ﬂEfo(f) peB(n)

Z Z / heo (t)“uF(nmfm,t)(ml)aums , (m2) dt

XETE(f) By x™")

= feo(1) /mZ/ mz/mlt )me(—mlt)dt+ Z H(ml;mz;c)Hm(4ﬂW),

ceC(F) ¢

as absolutely convergent sums/integrals. Here:

o N is the level of f,
o Fe(f) is the Eisenstein series analogue of Fo(f); for definition see (2.14),

o B(m) (resp. B(x,x™")) is an orthonormal basis consisting of pure tensors for Vy
VwaK(N) )

XX

© Uy (resp. ug(g,)) defined by uy(x +iy) = ¢((? 1) X 1gn) is the classical I'(N)-Maass form (resp.
Eisenstein series) corresponding to ¢ € B(n) (resp. E(¢iz) for ¢ € B(x, x 1)),

o ay,(m;) (resp. auE(¢it>(mi)) are the Fourier coefficients of u, (resp. ug (g,))as defined in Sec-
tion 2.2.1, especially (2.9),

0 he(t) € PW(C), where PW(C) is the Paley-Wiener space defined in [KL13, §3.3],

o He(x) is the transform of he(t) as in (1.1), and

o the H(m,n;c) are generalized Kloosterman sums defined in (1.6).

KooxK (N) (resp.

Remark 2.2. Theorem 2.1 should also extend to the opposite-sign case in which mym, < 0 with the
only modification being that the archimedean factor Hs(x) on the geometric side of the formula is
replaced with H_ (x) as defined in (1.23). Note that the operator 7 ( f), being non-archimedean, does
not affect the parity of ¢ and in the opposite-sign case that the diagonal term always vanishes. For the
holomorphic forms variation of Theorem 2.1, see Section 2.3.

2.1. Pretrace formula

The starting point for Theorem 2.1 is an adelic pretrace formula. While such formulas have appeared
in the literature for a long time, we state a recent version of this formula with particularly convenient
hypotheses due to Luo, Pi and Wu [LPW23, Thm. 2.2], which is the special case F = Q of their more
general results. The greater generality of Luo-Pi-Wu’s formula is not necessary for the results of this
paper, for which Knightly-Li’s version would already suffice. We do not assume that any adelic test
function is a pure tensor in this subsection unless explicitly stated otherwise.

Following [Wal88, §7.1.2] we define the space of rapidly decreasing functions on G (R) by

S(GR) ={f €C*(GWR)): sup llgl"IL(X)R(Y)f(g)| < coforall X,Y € U(g), r € Zs0},
geG(R)

where || - || is the norm on G (R) defined in [Wal88, §2.A.2.1] and U(g) is the universal enveloping
algebra of the complexified Lie algebra of G(R) and L and R are the left and right translations. Let Hp,
be the space of locally constant and compactly supported functions on G (Agp).
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One defines Schwartz space on G(A) as
S(G(A)) :=S(G(R)) ® Hn.

Given f € S(G(A)) and a cuspidal automorphic representation (,V) of G, we denote by B(r)
any orthonormal basis of V consisting of K.-isotypic pure tensors that respect the orthogonal direct
sum VEWN) g (VKN L Similarly, if yi, x2 are two Hecke characters, then we denote by B(x1, x2)
any orthonormal basis of the global principal series representations (7, v, Vy,.y,) consisting of K-
isotypic vectors that respect the orthogonal direct sum VE(N) @ (VKN))L

If x1, x> are finite-order, then we have a Hilbert space isomorphism Vy, , — V), |.|s y,|.|-s fors € C
given by ¢ — ¢, where ¢, is defined by ¢5(g) = |a/d|*¢(g) and where g = (¢ ;)(1 ¥ )k € G(A).
Similarly, we introduce the shorthand notation 7y := 7,,|.s,,,|.|-+ When the finite-order characters are
clear from context. Lastly, for ¢ € V,, ,, and g € G(A) we define the Eisenstein series E(¢y, g) for
Re(s) > 1/2 by

E(p0)= Y. s(r8), 22)
YeB(Q\G(Q)

and for s € C by meromorphic continuation.
If ¢ € B(x1, x2) is as above and Re(s) = 0, then it follows that ||E (s, -)||gis = 1, where || - ||gis is
the norm defined in [MV 10, §2.2.1], unless y| = x> is quadratic and s = 0. Indeed, for such ¢, we have

IE(65, )2, = /

KooXK

165 ()2 dik =/ B (k)P di = 18] = 1.

KoxXK

Later, in the proof of Theorem 1.8 (see Section 4.4) we will use Michel-Venkatesh’s canonical norm
|| - llcan on the space of Eisenstein series. For a detailed comparison of || - ||gis with || - ||can see [PY23,
Rem. 3 of Thm. 6.1].

Finally we alert the reader that in this section only (Section 2.1) the test function f € S(G(A)) is a
function on all places, not only the non-archimedean ones (as it is elsewhere in this paper), and therefore
the operators Ro(f) and 7;,(f) are defined by integrals over G (A) (not merely the non-archimedean
places, as is the case elsewhere in this paper).

Theorem 2.3. For any f € S(G(A)) and (x,y) € G(A)? we have

ngom(X, y) = Kcusp(x’ Y) + Kcont(xs y) + Kres(x’ )’), (23)

where

ngom(x’))): Z f(x_lyy)’

yeG(Q)

Kap(t)) = >0 > Ro(Ne®e(),

7t cuspidal peB( )

where m runs through trivial central character cuspidal representations,

Ko == Y 3 [ B EG

X finite order peB(y,x71) “

where )y runs through finite-order Hecke characters, and

Ku(ry) =2 ), xetox(@en) [ @) de

X quadratic
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where y runs through quadratic Hecke characters. The right hand side of (2.3) converges absolutely
and uniformly on compacta in [G]>.

Theorem 2.3 generalizes Corollary 6.12 of [KL13].

Proof. The Theorem is implied by e.g. [LPW23, Thm. 2.2], however the statements of these two
theorems differ slightly, so we now pin down a few technical points.

o The space of test functions S(G(A)) in this paper is defined differently than the space S(PGL,(A))
in [LPW23, §2.2]. Both spaces are defined to be S(G(R)) ® c (G(Agn)) with S(G(R)) having
exactly the same definition in the two papers. On the other hand, Luo-Pi-Wu define C° (G(Agp)) to
be the space of smooth compactly supported functions, where “smooth” in this context is defined in
previous work of Wu [Wul4, Def. 2.6]. In this paper we define C.° (E(Aﬁn)) = Hgn to consist of
locally constant compactly supported functions. However, unpacking definitions, it is easily verified
that a function f on G (Agy,) is smooth and compactly supported if and only if it is locally constant
and compactly supported.

o Our definition of basis vectors ¢ € B(n) (resp. ¢ € B(x, x~')) above does not match the definition of
B(r) (resp. B(x, x~ ")) found in [LPW23, Thm. 2.1]. Indeed, the basis vectors in loc. cit. are required
to be K-isotypic and K-finite pure tensors. However, Theorem 2.3 does follow from [LPW23,
Thm. 2.2] since basis vectors in VK(N) are necessarily K-finite and the orthogonal complement
(VE(N))L is annihilated anyway.

o The formula for K on¢(x, y) in Theorem 2.3 has a sum over finite-order Hecke characters, where the
corresponding sum in Luo-Pi-Wu runs over the dual of R,Q*\A*. These two sets match by strong
approximation for ideles, since Q has class number one and group of units {+1}.

o Our formula for K on¢(x, y) has an action of 7;;( f) on the section ¢;,, whereas the formula [LPW23,
(9)] for K ont(x, y) has an action of R(f) on the corresponding Eisenstein series. However, for any
g € G(A), s € C with Re(s) sufficiently large and f € S(G(A)), the double sum-integral

Loy rmlisenian
GA) yeB(@\G(Q

converges absolutely, so that by Fubini’s Theorem we have

R(f)E(¢s)(8) = E(ms5)(2)-

The result also holds for s with Re(s) = 0 by analytic continuation.

]

Note that under the assumption that f is bi-w-isotypic for some character w of K, then the bases
B(r) and B(y, x~') appearing in Theorem 2.3 are in fact finite.

2.2. Proof of the unrefined PBK formula

In this section we prove Theorem 2.1. We now assume that f € Hg, is a pure tensor and that
fo € CZ(G*(R)) is bi-K and Z(R)-invariant, as in [KL13, §3.1]. In particular, f, € S(G(R)),
so Theorem 2.3 applies to fs = fof. There is a bijection between the functions f., and A« (¢) in ap-
propriate spaces, as explained in Chapter 3 of [KL13]. We follow Knightly and Li closely and treat the
archimedean aspects exactly as they do.

For any m € Q, set

Um(x) = ¢ (=mx) = ¢ (mx), 2.4
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where ¥ is the additive character of A chosen in (1.59). We let y;, y» > 0, m, my # 0 and consider

1 ) _
I:= mﬂN]z I<geom(nl(yl 1)’n2(y 1))‘//m1(nl)¢’m2(n2) dn dny, (2.5)

where ¢, (n) := ¢, (x) for n = n(x) for x € Q\A.

We next apply Theorem 2.3 and compute / in two ways. Note that (N(Q)\N(A))? is compact, so
that Theorem 2.3 permits us to apply Fubini’s theorem and exchange the integral over [N]? with the
sums that define each of Kcusp, Keont, and Kies. The result is a decomposition

I= Icusp + Leont + Ires- (2.6)

2.2.1. Fourier Expansion

We briefly digress to collect some facts that will be useful in the following. Let (7, V) be a standard
generic automorphic representation (see [MV 10, §2.2.1]) and let ¢ € V. Following [MV 10, §4.1.3]
define the constant term ¢ and Whittaker function as

ox(@= [ emgan ad W)= [ egut ax X
Q\A Q\A
Then, for almost every g € G (A) one has the Fourier-Whittaker expansion
0(2) =N () + Y Wola(y)e). 2.8)
yeQx

The function ¢ is called cuspidal if ¢ (g) = 0 for almost every g € G(A).

On the other hand, from ¢ one produces a classical automorphic form u that has a Fourier expansion
as follows. Suppose now that ¢ € V is right-K X K(N)-invariant. Let u = u,, be defined by u(x +iy) =
(¥ 1) X 1fn). Since

(G(R)* x K(N)) NG(Q) =T(N),

we have that u(z) = u(yz) for all y € I'(N), z € H. Caution: one cannot recover ¢ from u as the group
K(N) does not have determinants surjecting onto Zj; so that strong approximation may fail. We may
continue nonetheless.

Since ¢ is right -K-invariant, it follows that u is an eigenfunction of the hyperbolic Laplacian on H
(see e.g. [KL13, Prop. 4.8]. Thus u = u,, is a weight 0 Maass form / Eisenstein series for I'(V) and so
admits a Fourier expansion of the form

u(x+1iy) = Z a,(n/N, y)e(%x)

nez

with
N3 = [t ime( - )
ay(n/N,y) = — u(x +iy)el — —x)dx.
y N Jo y N
Writing m = n/N # 0, we define (following [PY23, Thm. 6.1]) the Fourier coefficient a,, (m) by

D) v my) = a(m, y), (2.9)

Viml
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where a,, (m) does not depend on y and W is a minimal non-negative weight vector in the Kirillov model
of me with norm 1. The Whittaker function W is given explicitly by

h 1/2
W(y) = (sgny)f(“’sﬂ ’”) 2yIKi (2xly)). (2.10)

with ¢ is the spectral parameter of u and € = 0, 1 according to whether « is even or odd.
The Fourier-Whittaker coefficients above are related to classical Fourier coefficients at the cusp oo as
follows. For any m € Q* embedded diagonally in A* and y € R* we have

W, (a(-m)a(y)) = /Q a0 d @.11)

by the left G (Q)-invariance of ¢ and a change of variables. Following the same steps as in [Gel75, Lem.
3.6], e.g., the classical Fourier coefficients are related to the Fourier-Whittaker coefficients by

ay,(m,y) ifm=g € ﬁZ,

Wy (a(-my)) = { (2.12)

0 otherwise.

2.2.2. Cuspidal contribution
‘We now return to the computation of /cys,. Swapping the order of summation and integration, we have
by e.g. Propositions 4.7, 4.8 of [KLL13] that

1 -
Icusp = W ‘//[N]Z Kcusp(nl(y] 1),”2(y2 1))Wm1 (nl)WMz(nZ) dny dny

1 -
= hootn) D Wa(pyp(al=miy))Wy(al=msy2)),
VY2 o T ¢EB(n)

where 1, is the spectral parameter of x.

Note that for 7 € Fo(f) and ¢ € B(x), both ¢ and x(f)¢ are cuspidal, supported on G*(R),
and bi-Ko and K (N)-invariant, so u(r), admits a classical Fourier expansion. Therefore we have if
mi,my € #Z and mymy, # 0O that

4
Icusp = ;(SgnmlmZ)E Z hDO(tn)(COShﬂtn)Kit,, (27T|m1|yl)Kit,,(27T|m2|y2) (2.13)
neFo(f)

X Z aun(.f)‘p(m])auw (m2)

peB(n)

Assume now that mp, m, have the same sign and introduce a new variable w € R.o. We impose the
constraint w = myy; = mpy, on yi,y2 on (2.13), writing Icusp(w) for the formula there with this
constraint. Then

(o) 1 -
/ TapO) dw =3 3 hasli) D Gy, (ma)a, ()
0 neFo(f) peB(n)

by following the proof of [KL.13, Prop. 7.5] mutatis mutandis.

Remark 2.4. Under the additional hypothesis of Geometric Assumption (1) and the fact that 7 has
trivial central character, it would follow that the u, appearing here are automorphic for the larger
[4(N) 2 I'(N).
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2.2.3. Continuous contribution
The computation of I,y in this section is in parallel to that of the cuspidal contribution, mutatis
mutandis. In similar fashion to Fy(f), define

Fe(f) = {x € (Q\AH" : there exists € R with 7 Ll () # 03, (2.14)
where for u € (Q*\A*)" the global principal series representation T, - is as in Section 2.1 and

mt, -1 (f) is as in (1.4). Swapping order of summation and integration by the absolute convergence in
Theorem 2.3, we have by e.g. [KLL13, Prop. 5.2]

1 -
Teont = \/ﬁ -/-/[N]2 Kcont(nl(yl 1 )’ n2( 2 1))¢’m1 (n)¥m, (n2) dny dna

1 /
hoo (YWE (z (£) i) (@(=m1 Y1) WE(g,,) (a(=m2y2))dt.
JRENEns XEFE () peBlrn)

Exactly as in Section 2.2.2 and with conventions on Fourier coefficients as in Section 2.2.1, we obtain

o0 1 (o]
/0 Loy dw =g 3 Y [ Ry 1) G2

T X eFE(F) peBlra)

2.2.4. Residual contribution
By Theorem 2.3 we have

1 -
Lies = \/W <//N]2 Kres(”ll(yl 1 )’nZ(y2 1 ))l»[’ml (”l)‘/’mz(”Z) dny dny

Z X(x(y2) / Ja(g)x(detg) dg / Yy (m1) dny / Ym, (n2) dna.

X quad.

Vyly

Since mmy # 0, the last two integrals both vanish identically. Therefore I;.s = O for all yq, y».

2.2.5. Geometric side

Recall the definition of / from (2.5) and insert the formula for Kgeom from Theorem 2.3. We now
exchange order of summation and integration and group the geometric terms according to orbits ¢ €
N(Q)\G(Q)/N(Q). To that end, define orbital integrals I5( f4) by

_ yixi\—lcry x l//ml(xl)'//mz(XZ)
Id(fA)—/HJ(Q)\H(A)fA(( ') e( 1))—\/W d(x1,x2), (2.15)

where H(A) = N(A)xN(A) ~ Ax A and Hs(Q) is the stabilizer in H(Q) = N(Q) X N(Q) of 5, where
H(Q) acts on G(Q) on the right by y.(x,y) = x"'yy, and d(x1, x;) is the quotient measure coming
from dt; dt,. Using the Bruhat decomposition and following Knightly-Li [KL 13, §7.5], we have

1= I ((fa) + D I, ) () (2.16)

pneQx

For the explicit representatives for the orbits ¢ that appear in (2.16), we can be more explicit about the
shape of Hs(Q).
The terms

S = (mz/ml 1)
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are called first cell terms, and the terms
o=(,7")
are called second cell terms. For the first cell terms, we have

Himgm, 1@ ={(( ™). (1)) e H@ s 1€ @,

while

H(1 —u)(Q) ={(1,1) e HQ)}.

2.2.6. First cell terms
Exactly as in [KL.13, Section 7.5.1] we get (recall the definition of ¢ from (1.59))

my/m (fA)_/f m2y2 m[
( 2/my 1)1 y1y

This integral factors into archimedean and non-archimedean parts, say Is5(fa) = Is5(f)Is(f). The
archimedean part is

= 1 ” myyy t
I(mz/ml ])(foo)_ \/m " foo(( m]y]))e(l)dl,

and the finite part /5(f) does not depend on y, y>. Note that since f. is assumed to be supported on
G*(R), we have I/, /m, )(foo) = 0 unless m and m, have the same sign.

1
Now choose y| and y; so that w = yym = y,ms, and write Is(fe, w) = Is(fo) considered as a
function of w € R . By following the proof of [KL 13, Prop. 7.9] mutatis mutandis, we have

‘/0 I(mz/ml 1)(fAvW)dW=1(mQ/ml 1)(f)/ Iy jm, )(foo,W) dw

= lmm (N5 V’"‘m Foo(D)Smymzs0-

Thus, to recover the diagonal term in the formula given in Theorem 2.1, it suffices to calculate the
finite part Is(f) for 6 = (’"2/’"1 | ) By the Z(Agy)-invariance of f, we have

I(mz/ml l)(f) =/A (™ my ) )¥hin (1) df‘/ f(("”/m‘ ’/T'))z//ﬁn(—t) dt. (2.17)

Afin

Changing variables + — mt we have

L ()=t [ (7)) .

Afin

Note also that by a change of variables ¢+ — 7 + N, the integral vanishes unless m; and m, € #Z.
Putting together the finite and infinite parts, we have that

/001,,,2/,“1 (fa, w) dw (2.18)
o (™M)

1 [m
= by e zOmmn e felD) [ (7)) .
fin
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A similar formula also holds with the roles of m; and m, reversed. The geometric assumptions permit
a further simplification of (2.18), and the spectral assumption allows further simplification in terms of
Plancherel volumes. For these, see Section 4.2.

2.2.7. Second cell terms
In the rest of this subsection, we assume that m and m, have the same sign, since we are following the
archimedean computations of Knightly and Li.

Since f is supported in G*(R) and is bi-K-invariant, we may follow [KL13, §7.5.2] for6 = (, *)
with u € Q* to deduce that if u > 0, then I5(fa) = Is(f)Is(foo) With

1 —H
I o) = T —— s T - ’
5(feo) \/W//RZ k(z p )e(maxy —myxy) dxidxa

where k(z1,22) = fw(g7'82). 2; = g;(i), and
I5(f) = // ("m)o( ) )wantmins = mate) iy ds, (2.19)

and if u < 0, then I5(fa) =0
Since each f), is supported on matrices with determinant in Z; (QIX,)Z, we see that the integral I5( f)
is O unless u € ZIXJ(Q;)2 for all p. Since u € Q* and u > 0, we have that I( —'u)(f) = Ounless there
1

exists s € Q* so that u = s%. Let us write ¢ = 1/s.
We have for f € Hgn, m,n € Q and ¢ € Q. definition (1.6) that

(D) =1 2 () = Hlmmse) = // 0 Yy (T2 g,
fin

ﬁn
We next prove the “proposition part” of Proposition/Definition 1.3.

Lemma 2.5. Suppose [ = ®p fp € Han is a pure tensor. If supp fp, is contained in {g € G(Qp) :

detg € Z; (Q;)Z}for all p, then there exists q' € Q4 such that for all c € Q. \ ¢’N and all my,m; € Q
we have H(my,my;c) =0

Proof. Let S C G(Agy) be a fundamental domain for the support of f in G (Ag,), whose matrices have
determinant in Z*. Since S is compact, and the projection map 7 : § — Ay, sending a matrix to its
bottom left entry is continuous, the set 7(S) C H;, pkr Op, where k, € Z and k,, = 0 for almost
every p. Therefore, H(m, my; c) vanishes identically unless ¢ has a bounded denominator, depending
on the support of f. O

Recall that we choose y; and y, so that w = yym| = yomy, and write I5( fe, w) = I5(fs). We would
like to exchange order of summation and integration in

[ tsthman= [ Hmmiots(fow dv

ceC(F) ceC(F)

without any appeal to an estimate of H(my,my;c). Since the sum over ¢ converges absolutely by the
pretrace formula, to justify the exchange it suffices to show that /5 ( f, w) vanishes identically for all
sufficiently large or sufficiently small w, uniformly in c.

Following the proof of [KL13, Prop. 7.11] and making the change of variables wc/+/mim; — w in
the second-to-last displayed equation there, it suffices to show that

LMo )
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vanishes identically for all sufficiently large or small w. Recall here that k is a compactly supported
point-pair invariant kernel. We begin by noting that the hyperbolic distance p satisfies

p(z1,22) = p(iy1,iy2) = [log(y1/y2)l.

Therefore, since p is invariant under z — —1/z we have

-1 -1 w
1 +iw, =plt +iw, > pliw, —— | = |1 (t2+ 2). 221
,0(1 iw t2+iw) P(z iw t1+iw) P(lW t%+w2) [log|ry +w? || (2.21)

Next, we apply the change of variables 1; — wt; in (2.20), and then observe

p(w(t) +1), P ) =p(wty +iw? t_) > |log( 21 +t%))|

There exists k € C2°([0, o) so that k(z1,z2) = k(p(z1,z2)) (explicitly, k(x) = V(2(coshx — 1))
where V is as in [KLL13, Ch. 3]). Let Y be such that suppk C [0,Y], and let X = expY, so that

supp k(tl +iw

-1 . . .
o W) is contained in

St1., ={w € [0,00) : x < t%+w2 <X and X! < w?(1 +tf) < X}

Let S = Uy 1,541, so that the support of the expression in (2.20) is contained in S. We claim that
S C [(1+X)~", VX]. First, we show that St € [0, VX] for all (t1,1;) € R%: suppose w > VX and
w € 84,1, then X < w? < w?+1? < X, contradiction. Now we show that Sy, ,, € [(1+X)™!, o) for all
(t1,12) € R suppose w < (1 +X) ' and w € St,.1,- Then, t% < t% +w?2 <X, s0l +t% <1+ X. Also,
w2 < (1+X)72, s0

1+X)? 1
ng < — <wi(1 +t%) < (1+X)w?.

(1+X)w? <
X X

Contradiction.
Having justified the exchange of summation and integration, the calculation in [KL13, §7.5.2] goes
through and we find that

Noo 1 Ho (4”\/W)
J R B e T e

c

To conclude Theorem 2.1, take (2.6), integrate it over w € R as above, expand the geometric side
in terms of double cosets as in (2.16), and collect the results of Sections 2.2.2-2.2.7.

2.3. Holomorphic/discrete series variation

We only need to modify the archimedean aspects of the above, and these have already been treated in
[KL.O6a]. For the holomorphic forms/ discrete series variation, throughout this paper one should replace
instances of K..-fixed vectors to w-isotypic vectors, where w is the weight x character of K., defined
by w( %9, sin0) = ¢i«¥ By [KnaOl, Thm. 8.1], the space of w-isotypic vectors in V, are at most
1-dimensional, just as the K,-fixed vectors are 1-dimensional.

We give a few brief details of the derivation. Fix x > 2 even and let

1
fo = ——= P, vy (2.22)
@, ol
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where 7, is the weight « discrete series representation of GL;(R) (see e.g. [KLO6b, §11.7]), v is an
L2-normalized lowest weight vector therein, and @, ,, is the associated diagonal matrix coefficient. In

completely explicit terms, for g = (¢ 5)

k=1 _det(g)*/?(2i)*

Jo(8) = {‘“fm if detg > 0,

(2.23)
else.

The operator 71( f) : V — V projects onto the line of vq if 7 ~ 7, and is the O operator otherwise.
The pretrace formula holds for this choice of test function at the archimedean place, see [KL.O6b, §15]
where Ko and K are identically equal to 0.

As in (2.5) we consider

I:= .[/[N]2 Kgeom (11, 12)Ym, (1) m, (n2) dny dns.

Applying the pretrace formula and exchanging order of integration, we have I = Ioysp.
To treat I.usp, we need the Fourier expansions from Section 2.2.1. For w-isotypic vectors ¢ € V, 7 €
F(f), one defines u = u, by

uCe+iy) = j((7 1), 0((* 1) X L),

where j(g,2) = (cz+d)(detg)~V/? for g = (¢5) € GLI(R). Then, u is a holomorphic modular form
of weight « for I'(N), so admits a Fourier expansion of the form

Zau(n/N,y)e(%x) with  a,(n/N,y) = %‘/ONu(x+iy)e(—%x) dx.
neN

The normalized Fourier coefficients a, (m) are given by

a,(m)

N

where W is the vector of minimal weight and norm 1 in the archimedean Kirillov model given explicitly
by

— = W(my) = ya,(m,y), (2.24)

(2.25)

Continuing with the computation of /, by the same steps as in Section 2.2.2 we have when m, my > 0
that

I=lesp = Z Z Wﬂ'(f)tp(a(_ml))wtp(a(_mZ))
neF(f) eB(n)

_ 4"

(mlmz) 2 e_ZH(mH—mZ) Z Z au,r(f)w(ml)auw (mz)

o neF(f) ¢eB(n)

and I = 0 otherwise.
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On the other hand, I has a geometric expansion into first cell terms and second cell terms (2.16),
exactly as in Section 2.2.5. For the first cell terms, exactly as in Section 2.2.6 but using [KLO6a,
Prop. 3.4] for the archimedean aspect, if m, my > 0, then

(47T lemz)K_l 27 (m+my) 1
I(mz/ml 1)(fA) = 5m1:m25ﬁNW€ e -/Arm S 1)) tin (—mt) dt
and I ,u,/m, \(fa) vanishes otherwise, where m is the common value of m; = m> when they are equal.
1
For the second cell terms, exactly as in Section 2.2.7 but using [KL06a, Prop. 3.6] for the archimedean

aspect, if my, my > 0, then

(4ri)* (ymimz)*~Le= 27 mm) [ (my my;c) ;
2I'(k — 1) c wl

dr\fmm
Is(fa) = ( . l 2)-

Altogether, with notation and assumptions as in Theorem 2.1, we have for all m,m, € #N

— 1
Y w0 ) = S et [ A ) ) (2.26)

neFi(f) eB(n)

+(K—l)i—’< Z H(ml,mz;c)JKl(47r\/rm).

& C
ceC(F)

3. Generalized Kloosterman sums

Theorem 2.1 has only light hypotheses and follows almost immediately from an inspection of the proof
found in [KL13]. However, without additional information on f, one has little control on the set of
admissible moduli C(F) and the properties of the generalized Kloosterman sums H (m, n; c). In this
section we assume the geometric assumptions and work out their consequences for the Kloosterman
sums.

3.1. Preliminaries on support of f

We begin by working in somewhat more generality than afforded by the geometric assumptions and for
the time being assume in lieu of Geometric Assumption (2) that f has support contained in ZK’ where
K’ is some maximal compact open subgroup of G (Aqin). Let K” = [, K}, be the factorization of K” into
maximal compact open subgroups K, of G(Q),), where necessarily K|, = K}, for all but finitely many p.
We first observe that the set of pairs (y,x) € Qi X Agy /i parametrizes the maximal compact
subgroups ZK’ as follows. Define a map ¢ by ¢ : (y,x) — (7 T)_IZK(y 1), where K = G(Z).

Lemma 3.1. The map ¢ is well-defined and a bijection between Q. X Agy / 7 and groups ZK', where K’
is a maximal compact subgroup of G (Agy).

Proof. It is clear that (” T)_IK (¥ 1) is a maximal compact subgroup of G(Agy). To see that ¢ is
well-defined, let z € Z and note that

() ze () = () () ZR (T ) = () ZR ().

We show that ¢ is surjective. Any group of the form ZK’ with K’ a maximal compact subgroup of
G (Agy) is equal to g 7' ZK g for some g € G(Agn). We may write g = kb by the Iwasawa decomposition

and translate by the center to write g = zk(yl ’l‘)for some y' € AX ,x € Ay, k € K and z € Z. Since

X
fin’
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AL = Q.Z*, let us write y’ = yw with y € Q, and w € Z*. Then g = zk(" 1)(y x/lw), so that

ZK' = ¢((y,x/w)) with y € Q; and x/w € Aﬁn/z.
To see that ¢ is injective, it can be shown by a direct computation that

b'ZKby = by' ZK b,

for by and by of the form (¥ 7" )if and only if |yi|, = |y2|, for all primes p and y> px1,, — X2, p¥1.p €
y1,pZp, for all primes p. Since y € Q.. its |y|, determines it uniquely, and plugging this back in, x € Agy,
is determined modulo Z. O

Given f € Hin and a maximal compact open subgroup K’ such that supp f € ZK’, we may always
pick a representative for x (mod Z) so that either x, = 0 or v, (x) < 0 for each prime p.

The next lemma, which was alluded to after the introduction of the geometric assumptions in
Section 1.2, says that Geometric Assumption (2) is only slightly more restrictive than assuming that
supp f € ZK’ for some compact open subgroup K’ of G(Agy).

Lemma 3.2. Suppose that f is not identically zero, satisfies Geometric Assumption (1), and that
supp f C ZK’ for some compact open subgroup K’ of G(Agy) with ¢~ (ZK') = (y,x), where ¢
is the bijection of Lemma 3.1. If vo(x) # —1, then f satisfies Geometric Assumption (2) and y controls
the support of f.

Proof. Ttsuffices to work locally at a prime p. We want to show thatx = 0, so for purposes of contradiction
we may assume that v, (x) < 0 (see the sentence immediately following the proof of Lemma 3.1). Since
f is not identically zero and supported in b™'ZKb for b = (¥ 7), we have that f(b~'kb) # O for
some k € K. Then f(ab~'kba’) # 0 for all a,a’ € A(Z,) by Geometric Assumption (1). Hence
ab~'kba’ € b~'Kb, equivalently, (bab™")k(ba’b™") € K for all a,a’ € A(Zp).

Suppose a = a(a) with @ € Z7. By direct calculation,

bab™' = (0‘ _x("l_ 1)). (3.1)

Suppose k = (7, [). Then taking a’ = 1, we obtain

—1 ro-1y _ [ =x(@=D\[r t\ [(ra-ux(a-1) ta—vx(a-1)
(bab™ )k(ba'b™") = ( 1 )(u v) = ( U v . (3.2)
For p # 2, we can choose a € Zj; so that @ — 1 € Z7, and the assumption that k € K implies that
vp(u) = 0orv,(v) =0. This shows that (3.2) is not in K, since —u(e — 1)x ¢ Z,, or —v(a — 1)x ¢ Zp,.
If p = 2 then we also have by hypothesis that v,,(x) < —1, and so we can choose a = 3 so that
—x(a-1) ¢ Z. O

In fact, the hypothesis that v, (x) < -2 in Lemma 3.2 is necessary. The above calculations show that
with K] = bKrb~! and x € 2_IZ§<, then IZKZ' is bi-A(Z;)-invariant. Take for instance, y = 1/2 and
x = —1/2. Then we can check

172 =12\ (r £\(1/2 =172\ _(r+u/2 2t —r+v —u/2 -
1 uv 1]\ u/2 v—u/2 ’ 3.3)
Similarly,
-1
y aB\(y \_[(a Bly
) GO =6 =
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The upper-left and lower-right corners of the matrix in (3.4) can never leave Z,, so there does not exist
y € Q5 such that K C a(y) 'Kya(y).

Standing assumptions. We henceforth assume that Geometric Assumptions (1) and (2) are in force
from here until the end of Section 3 and so they may not be explicitly mentioned in the statements of
lemmas, propositions, theorems and corollaries.

Given y € Q, for which supp f € ZK’ with K’ = a(y)~'Ka(y) as afforded by Geometric Assump-
tion (2), we write

f'(8) = fla(y)™ga(y)) (3.5)
so that f” is supported in ZK.

Lemma 3.3. If f is of level N and has support controlled by y, then f’ is bi-K(M)-invariant, where
M = N& and ¢ = lem(y, y™").

Proof. By a direct calculation, we see that for all m € K(M) that there exists n € K(N) such that
a(y)n = ma(y). Then,

f'(gm) = f(a(y)" gma(y)) = f(a(y)"'ga(y)n) = f'(g).
The left invariance is similar. ]

See Section 4.2 for an application of Lemma 3.3 to the computation of the diagonal term in Theo-
rem 2.1.
We conclude this section by giving a lemma that relates the support of f to its level.

Lemma 3.4. Suppose f is not identically O and has level N. Any y controlling the support of f satisfies
YN eNand N/y e N.

Proof. First we show that K(N) C a(y)"'Ka(y) = K’. To do this, we use that K’ is a group. Let
g € supp f C K’'. Then, since f is right K(N)-invariant and supp f C K’, we have gk € K’ for any
k € K(N). Thus, k € g"'K’ = K".

Now, ('%) € K(N), so a)('Y)a(y)™" = (1 le) € K, thus Ny € Z. Similarly,

a) (g )ay)™"= (Nl/y 1) € K,s0N/y € Z. Since Z N Q, = N, this finishes the proof. m|

Note Lemma 3.4 also shows that if y controls the support of f and f has level N, then with & as in
Lemma 3.3, £ | N, so that the level of f’ is at most N2.

3.2. Control on the geometric conductor

Recall Definition 1.2 of the generalized Kloosterman sums H(m, my;c). The sum H(m|, my;c) van-
ishes unless both m, m, € %Z. Indeed, by the left-K (/N)-invariance of f, we have

H(my,ma;c) = Ygin(miN)H(my, ma; ¢),

so H(my,mj;c) = 0 unless m; € %Z nNQ = %Z, and similarly for m; by the right-K (N)-invariance
of f. As an aside, the fact that H(m |, m5; ¢) vanishes unless my, m; € %Z is in perfect accord with the
spectral side and first cell terms of Theorem 2.1.

Lemma 3.5. Let y € Q, control the support of f. The generalized Kloosterman sum H(my,my;c) =0
unless ¢ € yN, in which case

] . U+ t — t
H(my,my;c) = —— S T lﬂﬁn(w) dty diy, (3.6)
|C|§n Aén Y . ¢
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where [’ is given by equation (3.5). The integration may be restricted to t|,t, € Z and tit; = —1

(mod cy 1Z)

Proof. Following the notation in Section 2.2.7, write u = ¢~ with ¢ € Q,. Then
(1—{1)(]*/1)(1112):( ! ﬂttltz) € ZK), = (_QC (_”l_zt(,l'm)b) ¢ K. 37

Let t] = tic and t] = tac. Then (3.7) holds if and only if ( A tltz)/‘

(1.6) accordlngly, we find

—1yt - t
H(mi,my;c) = L ))wﬁn(w) dty dt-.
| |ﬁn Az ¢ ¢

Recall the definition of f” from (3.5) and note that f” is supported in ZK by Geometric Assump-
tion (2). For y € Q, controlling the support of f as in (3.5), we have

a()( 7 E Ja) ™ = (())

from which (3.6) follows by substitution. Now this integral vanishes unless cy -1 € Z. Note also that the
integration here may be restricted to ¢, 1, € 7 and tit; = -1 (mod cy lZ) O

) € K,. Changing variables in

In terms of the geometric conductor k(F), Lemma 3.5 asserts that y | k(F). Technically, we have
not defined k(F) if C(F) = @, but in fact the next Lemma shows that C(F) is nonempty and indeed
provides an upper bound on & (JF) if one has information about the possible lower-left entries of matrices
on which f’ is supported.

Lemma 3.6. Suppose that f has level N and support controlled by y € Q,, and f” asin (3.5) has level M.
Suppose that ¢ € Q, and g = (§,52) € K are such that cN = 0 (mod M), f'(g) # 0, det(g) =
(mod cy~'M), and cy™" = g3 (mod c¢y™'M). Then c is an admissible modulus.

Proof. The idea is to apply a version of the Plancherel formula to H(m,n;c). Note by the second
sentence of this section and (3.6) that H(m /N, n/N; c) is periodic in m, n modulo ¢cN. By Lemma 3.5

LS HN /N o 38)

“N)2
(CN) m,neZ/cNZ

—\/(l+t1t2) —u =y (l+ujuy)
/ . £ 72 ) omn (moa ey d di duy duy
|c|ﬁn 72 Zz y y th=u; (mod cN)
4 —>(1+r1t2) )) ’
|C|ﬁn(CN)2 -//Z2 (( v

using that N¢ = 0 (mod M) and that f’ is bi-K (M)-invariant. The set

dty dty,

Sere =1{(t1,12) € 72 t1 = —g; (mod cy‘lM), t = g4 (mod cy‘lM)}
has positive measure in Atz‘m' For any (#1,12) € Sg, q,, We have
~1-tit=—1+g1g4 = 8283 = g2¢y~' (mod cy™' M)

by the hypotheses that det(g) = 1 (mod cy™'M) and g3 = cy~' (mod cy~'M). Therefore

¢ —y(+tt)
g= . ; (mod M).
2
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-y (l+t11p)

Hence |f’((_c” c ))I = [f'(g)l > O for all (¢1,12) € Sg, g,, so that (3.8) is nonvanishing by

4]
positivity. m]
Lemma 3.6 implies that C(F) is nonempty and hence that k(F) exists. The following corollary
makes the upper bound on & (F) afforded by Lemma 3.6 explicit in a special case.
Corollary 3.7. Suppose that f has level N and satisfies the geometric assumptions. If f(1) # O, then
k(F)|N.
Proof. Let y control the support of . Since f(1) # 0 we have f(( 5 ;)) # 0 and so f,((N;—l 1)) #0,

where by definition f’(g) = f(a(y)~'ga(y)) (see (3.5)). Writing M for the level of f’, we have
M/N | lem(y,y~") | N, by Lemmas 3.3 and 3.4. Then, Lemma 3.6 shows that N is an admissible

modulus for f, as N = 0 (mod M/N), det(N;q 1) =1,and N = yNy~! (mod MN). O

Example. Consider the classical case that f = v(N)lzk,n). Then, supp f € ZK’ with K’ =
(Nfl | )K( N"1), so N controls the support of f. Both f and f” have level N.

By Lemma 3.5 applied with y = N, we have that C(F) € NN. On the other hand, letg = (1 , ). Then
f’(g) # 0 and detg = 1 with g3 = 1. Since ¢ = N = N (mod N?), Lemma 3.6 shows that N € C(F).
Thus, N | k(F), so that k(F) = N.

3.3. Kloosterman sum properties

The main goal of this section is to prove the following.

Theorem 3.8. Let f € Hgy satisfy the geometric assumptions with level N and support controlled by
y € Q4 (as defined in Section 3.1). The generalized Kloosterman sum H(m, n; c) enjoys the following
properties:

(1) The sum H(m,n;c) is a priori a function of m,n € Q and ¢ € yN, but vanishes unless both
m,n € #Z.

(2) We have H(m + ac,n + bc;c) = H(m,n;c) for any a,b € Z.

(3) Factoring ¢ as ¢ = cocy with ¢y € N, (co,N) = 1 and ¢y a product of primes (to positive or
negative powers) that divide N, we have

H(m,n;c) = S(cym,cyn; co)H(mco, nco; cn), (3.9)

where Ty is any integer such that cycy = 1 (mod cg), ¢g is any integer such that cocy = 1
(mod Ncy), and S(m, n; ¢) is the classical Kloosterman sum.
(4) If neither the numerator nor the denominator of n is divisible by ramified primes of f, then

H(m,n;c) = S(eym,cyn; co)H(mnco, 1;¢n). (3.10)
(5) The sums H(m, n; c) satisfy the trivial bound
[H(m,n;c)l < cy- I fllL=(c)- (3.11)

(6) Let k), € Zbeminimal suchthat H,(m, n, pX) is not identically 0, where H,, isthe local Kloosterman
sum defined in (3.13) below. The geometric conductor factors as

K(F) =] ]p*
p

Recall from Section 1.3.1 that (under Geometric Assumption (2)) the primes of ramification are
precisely those that divide N.
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Proof of Theorem 3.8.

(1) See the second sentence of Section 3.2 and the first assertion of Lemma 3.5.
(2) This follows immediately from Lemma 3.5.
(3) As f € Hgn is a pure tensor, we have the factorization

H(my,mose) = [ | HpOmimose), (3.12)
p

where

H,(mi,my;c) = [/2 fp((_fl _Ciztz_tltz))WP(mltl — maty) dty dty
Q

1 S (-t =y (1412 myt; —malp
- — fp(( £:1 ¥( +121 2)/C))¢p( )dtl dis.
lelp Moz . ¢

Let us factor N as N = N(P)Np, where N, | p™ and p 1 NP) We now state and prove a lemma
that will be useful for multiple parts of the proof of Theorem 3.8.

(3.13)

Lemma 3.9. Write ¢ = cop"l’(c) where cop € Q. N Z;. Then, for any m,n € #Z, we have
Hp,(m,n;c) = Hy(m/co, n/co;pvl’(")) = H(mco, n%;pvp(c)),

where m/co,n/co € ——Z,, and Ty is any integer with coco = 1 (mod N, p*r(©)Z).
N, &p p

Proof. We have from (3.13), changing variables #; — t;/co and using Z(Q),)-invariance

cc) = ~t; (=p~P 1) /co )) (mt] — nl‘z)
H,(m,n;c) ~/-/Q.Df, fp(( co f Yp 0 dty dty.

We also have
(_tl (—P_ZVI’(C)—tltz)/Co) =(« 1)—1(41 *P_2vl)(c)*tlt2)(co s

<o 153 1 t
so that by Geometric Assumption (1)
Hy(m. ) = Hy o, nfco: p* ).

We claim that an integer ¢ exists as in the statement of the lemma (despite the fact that ¢
need not be an integer). Indeed, we have by Lemmas 3.4 and 3.5 that ¢N is an integer, which we
may factor into its p-part p*» ()N p and prime-to-p-part coN (P), both of which are also integers.
Then (pvl’(c)Np,coN(p)) = 1, so there exists a € Z with (a, p) = 1 such that coNPa = 1
(mod pVP(")NP). Setting cg = aN (P), we have that coco = 1 (mod pVP(C)Np) with p { ¢o.

Now, H, (-, -) is a function of NL,,ZP in the first two entries. Viewing mcq as an element of

1
N, Z,, we have

meoco _m (mod p*»©7Z, ).
Co L

mcoy =

co

By periodicity, we have H,(m/co, n/co; p*r(e)) = H, (mco, nco; p'r(€)), as was to be shown.
m]

Now we prove (3). If p is unramified then following [KL06a, Prop. 3.7] we have
Hp(m1, a3 ¢) = D Uy (mity +mats). (3.14)

t1>t2€(p7vp<c)zp/zp)x
111216‘72 (mod ZP)
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In particular, writing ¢ = cop*»(¢) we have
Hp(m1,ma; ) = S(Tomy, Coma, p*r')). (3.15)
By Lemma 3.9, we have for any ¢ € Q; that

H(m,n;c) = 1_[ Hp,(m,n;cocn) l_[ H,(m,n;cocn)

p unr p ram
= [ | Hp(mew, nensco) [ | Hp(mes, negs en).
p unr p ram

Let us write co = coop*? (©), with (coo, p) = 1. Then by (3.15) we have for p unramified
H,(mcy, nen: co) = S(mey oo, nen con, p» ).

Inserting this above and using the twisted multiplicativity of classical Kloosterman sums we get

H(m,n¢) = S(mew, news eo) | | Hp(meg, negs ).
p ram

For the 2nd factor, note that

H(meg, neg;en) = | | Hp(meg, negsen) = | | Hp(mes, negsen) | | Hp(mes, negs en)
p p unr p ram

= [ ] Hp(mes. nzg; en),

p ram

since for p unramified and v, (c) = 0, (3.14) reduces to a single term, so H,(mco, nco;cn) = 1.
This concludes the proof of item (3).
(4) From (3.13) by a change of variables we have for n # 0

_ _1_
H,,(m,n;c)://QZ fp(( " ctzz/:’z))lp,,(mml — 1) dt, dt.
P

—nt; =5 —tiz\ _ (n o\ (-1 -5 —nin\(n
1 tafn |\ n 1\ 1 tr 1)'

Now we suppose that n € Z;. Under this additional hypothesis, by Z(Q,)-invariance and
Geometric Assumption (1) we have

Observe that

Hp,(m,n;c) = Hy(mn, 1;¢). (3.16)
Thus, when neither the numerator nor denominator of 7 is divisible by a ramified prime,
H(m,n;c) = S(mcy,ncy; co)H(mnc_oz, 1;en).
(5) By Lemma 3.5 we have that

|H(my,ma;¢)| < 3| flle=c) vol{(t1,12) € Z2 : ity = =1 (mod ¢y~'Z)},
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and that

[/ (t1.12) €22 Ldndt, = / neZ /l‘zs—tll (mod cy~1Z) Hdnde

fity=—1 (mod cy~'Z) # invertible (mod cy~'Z)

1 2 -1
N Vi G
cy t1€(Z/cy~1Z)* c

s

from which (3.11) follows.
(6) First we show that C(F) C (H » ka)Z. Indeed, let ¢ € C(F). Then there exists m,n such that

H(m,n;c) # 0 and thus Hj, (m, n;c) # 0 for all p. Using Lemma 3.9, we have k,, < v, (c) for all
p. Thus, ¢ € (Hp ka)Z, as was to be shown.

Second, we show that ¢’ =[], pkr is maximal for the property that C(F) C ¢’Z. Let S denote
the set of primes ramified for f.

We claim that if H(-,-;¢) vanishes identically for some c, then there exists a p € S such that
Hpy(- pVP(C)) vanishes identically. Indeed, by (3.12) and the fact that H,(m,n;c) = 1 for all
m,n € #Z/CZ if p ¢ Sand p 1 c (see (3.14)), we have that

H(m,n;c) = 1_[ H,(m,n;c)
peSorplc

for all m,n € #Z/CZ. Now, suppose that there exists a prime { € S or £ | ¢ such that

He (-, £"(©)) does not vanish identically. Then, there exists a¢, by € m}(c) Z/€v¢(©)Z such that
Hy(coNoag, coNobe; €7¢(9)) # 0. Then, for all ag, by € NLOZ/COZ there exists by the Chinese re-

mainder theorem m, n € ﬁZ/ ¢Z such that

Nom = a; (mod £v¢(<)), Non = by (mod €%(€)),
M m = ay (mod cg), Ny = by (mod o).

Since H(-,-;c) vanishes identically, we have by Lemma 3.9 and the periodicity of the Hy (cf.
Theorem 3.8(2)) that
0= Hf(C()N()Cl[,C()NOb[;gw(C)) 1_[ HP(ZW(CN)aO,ZW(CN)

peSorplc
p#t

bo; co).

Since the Hy factor is not equal to 0, the second factor must be O for all ag, by € NLOZ/ coZ and

so vanishes identically. Therefore, H, (-, -; p'(©)) vanishes identically for some p € Sor p | ¢. The
factors at primes p | ¢ and p ¢ S are classical Kloosterman sums (see (3.15)) and by Corollary 3.7
with N = 1 and f, = 1zk, these do not vanish identically. Therefore H,(, -; p'r(©)) vanishes
identically for some p € S.

Now we show that [, pkr e C(F). Suppose not, then H(,; [1, pkr) vanishes identically.
By the claim, H, (-, -; pkr) vanishes identically for some p € S. This contradicts the definition of
kp. Thus, [], pkr € C(F). If there were a ¢’ such that [, p*r was a proper divisor of ¢’ and
C(F) € q'Z, then [], p*» ¢ q'Z and yet [], p*» € C(F). Contradiction. So, ¢" = [, p*» is
maximal for the property that C(F) C ¢’Z. m]

Recall that we only claimed the unrefined relative trace formula Theorem 2.1 for A lying in a Paley-
Wiener space of functions. However, using Theorem 3.8(3)(5), we may follow the same technique as in
[KL13, Ch. 8] to enlarge the space of admissible archimedean test functions.
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Corollary 3.10. If f satisfies the geometric assumptions, then Theorem 2.1 holds for all he(t) that are
even, holomorphic in |Imt| < A for A sufficiently large, and that satisfy he(t) < (1 + |t])~3*9) for
some 6 > 0.

Proof. Following the proof of [KL.13, Thm. 8.1], the only point to be checked is the convergence of the
sum of Kloosterman sums in the proof of Proposition 8.24 of loc. cit. In our case, we factor H(m, n; c)
as in Theorem 3.8(3), and apply Theorem 3.8(5) to the ¢ -part and the Weil bound to the cg-part to
obtain the required absolute convergence. O

We end this section with one more consequence of the geometric assumptions that is entirely local
in nature.

Lemma 3.11. Suppose that f € H, satisfies Geometric Assumption (2). Ifr(x,x™ ") e Fp(f) and
s € Cis such that m(ya®, y ') is irreducible, then n(ya®, y 'a™*) € Fp(f).

Proof. First, for any 7 € E(QP)A, we have that 7(f) = n(a(y))"'7(f")n(a(y)), where f’ is defined
as in (3.5), so that 7(f) # 0 if and only if 7(f’) # 0. Therefore, it suffices to show the lemma under the
assumption that f has support contained in ZK,.

Recall that if y and ¥ are equal when restricted to Z*, then 7(y, y~') ~ 7( ¥, ¥~!) as representations
of K. Indeed, using the induced model we define a map i : v, x " = n(v. ¥~ by

ith—h where h:g=bk— §b)">5(b)h(k),

and it is easy to check that 7 is a ZK ,-intertwiner.
Now let us write 7 = 7(y, y~') and # = n(¥, ¥~!). We have just shown that (7(k)v)~ = #(k)¥ for
all k € K, and since f is supported in ZK),, we have

(x(f))" = /K FOR (k)" dk = /K FORORK) dk = 7(f)P. (3.17)

Therefore 7(f) # 0 if and only if 7(f) # 0. O

Remark 3.12. Consider the remaining case that 7 (y, y ') € F,(f) and n(ya*, y~'a*) is reducible.
Suppose in addition to the assumptions of Lemma 3.11 that f € H, is a newform projector and X|Z§

is a nontrivial quadratic character. We claim that if 7(y, ') € F,(f), then St Xy and Stxy7 are in
Fp(f) as well, where 7 is the unramified quadratic character of Q};. Indeed, write 7 = 7 (y, ¥~ so

that 7(f)v # O spans the 1-dimensional space V,’,(‘)(ch(X)). Let # = m(ya®, y"'a™*) for some s € C
be the reducible principal series representation with subquotient St Xy or St X yn. Then nonetheless
m =~ 7 as ZK,-representations, so that (7(f)v)”~ spans the 1-dimensional space Vf"(p 00 . Finally,
by (3.17), the vector Z(f)¥ is Ko(p2¢X))-invariant and since c(y) > 0 one can check that the 1-
dimensional subquotient of 7 contains no nonzero Ko (p¢X))-invariant vectors, we have that o(f) # 0
with o0 = St Xy or St X yn.

4. Proof of the refined relative trace formula and the spectral assumption
4.1. Local spectral decomposition

In this subsection, we work in much more generality than what is required elsewhere in the paper since
it is the natural context dictated by the proof we have in mind. Let H be a unimodular p-adic linear
algebraic group (i.e. the F-points of a linear algebraic group, for some non-archimedean local field F of
characteristic zero). In particular, H is separable and locally compact.

Let H" denote the unitary dual of H, that is, the space of isomorphism classes of continuous
irreducible unitary representations of H on a Hilbert space [Dix69, §13.1.4] endowed with the Fell
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topology. The unitary dual H" may be equivalently described as the space of isomorphism classes of
smooth irreducible unitary representations of H on a complex vector space (for the equivalence, see
e.g. [Her08]). With this definition, a result of Sliman [S1i84, Thm. 1.2.3(i)] building on Duflo [Duf82]
asserts that if H is a linear algebraic group over a characteristic zero local field, then H is type 1, or
equivalently, is postliminal (see [Dix69, 13.9.4, 9.1]).

Let T be the Borel o--algebra of H” (see [Dix69, §18.5]). Let u be a Haar measure on H. Since H is
a postliminal unimodular separable locally compact group there exists a unique o--finite measure g on
(H", Z) such that

/ £ ()P du = / ()P di @.1)
H HN

forall f € L'(H) N L?*(H) [Dix69, Thm. 18.8.2, B30]. The measure z is called the Plancherel measure.

Proposition 4.1. Let f € CZ(H). If for all # € H" the operator n(f) : Vx — V. is a projection
operator onto a finite dimensional subspace, then we have the spectral expansion

fo=[ > et datm (42)

" veBy (m)

where By (rr) is any orthonormal basis for Imn(f) and ®, = (n(g)v,v) is the diagonal matrix
coefficient of m with respect to v. The integrand in (4.2) is in L'(H", X).

Remark 4.2. It follows from the proposition that f = f* so that the projection operator 7 (f) is self-
adjoint and therefore an orthogonal projection.

Proof. For a function f on H let f; be the function on H defined by f5(h) = f (h~'g). For positive

f € C*(H) (the enveloping C*-algebra of L' (H)) the Plancherel theorem (see [Dix69, §18.8.1]) asserts
that

(@) = /H Ten(f;) diicn), 43)

as traces on C*(H) (see loc. cit. §6 and §17.2.5). In particular (4.3) holds point-wise for positive f that
are continuous and compactly supported.

In particular, the formula (4.3) holds when f is the indicator function of a double coset by a compact
open subgroup of H. Since arbitrary f € C;°(H) are a finite linear combinations of indicator functions
of double cosets, (4.3) extends to C2°(H) by linearity. We note that for any ¢ € H, the function
= Tra(f¥) on (H",X) is measurable and lower semi-continuous, see [Dix69, Thms. 8.8.2(i)c. and
18.8.1].

Now, for each 7 € H”, choose a representative (rr,V), an orthonormal basis B () for the finite
dimensional space Im 7w (f) C V (as in the statement of the proposition), and an orthonormal basis ()
for V extending By (7).

We have

Ter(fy) = Z (r(fv.v). (4.4)

veB(r)

There are no convergence issues in writing the sum in (4.4); in fact all the terms with v ¢ B (7r) vanish.
Indeed 7(f;) = w(g)n(f)*,sothat (x(f3)v,v) = (v, 7(f)m(g~")v), which vanishes if vis not in By ().
Pulling the integration outside the inner product, we have

Trr(f) = ), /H F(h718) @y () dp(h) = Z() | F®x (g™ du(h). (4.5)
veB(n

veB(nr)
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Now, note that

/ T @ (gh™) du(h) = / FOR x(gh™)v,v) dua(h)
H H
- /H FO r(h~ v, 7 (g~ )v) dua(h)

where B’(r) is any basis for (r, V) extending By () and respecting the decomposition V = Im 7 (f) @
ker 7(f)), which exists because 7 (f) is a projection. Continuing, we have

A -1 _ A -1
[ 0 en ™y du = [ T md v m(a ) diah

weB’ ()
= DL a(Hww, T (g)v).

weB ()

Since 7 (f) is a projection, by definition of B’(x) we have

/H W@y (gh™duty = > ux(fvo)vo.a @)= D ve)vo,n (g)v).

voEBf(n') V()EBf(ﬂ)

Inserting this back in (4.5) and using that B(r) is orthonormal, we obtain for each 7 € H" that

Tra(f) = D, (Govo)vo.m ' (@voy = > ®ru(g). (4.6)

V()EBf(ﬂ) voEBf(ﬂ')

Inserting (4.6) back into (4.3) and taking conjugates, we obtain the formula in the statement of the
proposition.

Lastly, under the hypothesis that ( f) is a projection operator onto a finite-dimensional subspace, it
is simple to see that Tr 7(f;) € L'(H",X) for all g € H. Indeed, by our hypothesis this function takes
only non-negative integer values so that | Tr7(f;)| < Trr(fg)n(fg)", which is integrable over H A by

(4.1)as f; € CX(H) € L'(H) N L*(H). o

4.2. Computation of the diagonal term

First we only assume that f = (X) » fp € Hin satisfies the geometric assumptions. Recall from the
unrefined generalized BK formula Theorem 2.1 that the diagonal term is given by

5m1m,2>ofm<1)\/2:f /A ﬁnf(("”/”“ () )win (i) di.

Since the argument of f here has unit determinant, it follows from Geometric Assumption (2) that
the integrand vanishes unless m;/m; € ZIX, for all p. Therefore, the diagonal term vanishes unless

miy=my € #Z. In that case, we write m for the common value of m = m; = m, and we have

Smimast /%Aﬁnf((mz/ml i))l/,ﬁn(_mlr)dz=6m1:mZE%Z/A F((VO) Wtn(=me)ydi. (47

fin
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As an aside, we can use Lemma 3.3 to give a classical description of the integral in (4.7). For any f
of level N with support controlled by y, recall the function f” from (3.5) and set M = N lem(y, y~!) as
in Lemma 3.3. Then, we have

/ F((M 1)) tin (=mr) dr = /f ))¥iin(—y ™' mt) dt (4.8)
Aﬁn
=3 X S el ) [ oy mbdu) d
teZ/MZ
:6(y_1mMeZ)% Z F((M1))e(=y " mr).

teZ/MZ

Example. As a sanity check, let us work this out in the case of the classical Kuznetsov formula for
T'o(q). For this example, f = v(q)1zk,(q), Where v(gq) = [SL2(Z) : Ty(gq)]. We cantake y = ¢, N = ¢,
and by direct observation M = ¢ (not using Lemma 3.3), so that f’ is v(g) times the indicator function
of ZKy(g)T. All the terms in the above sum vanish except for # = 0, so the sum reduces to v(g) times the
indicator of m € Z. Alternately, we cantake y = 1, N = ¢, and M = ¢, in which case s(mM [y € Z) = 1
trivially, f = f’, and f’(n(¢)) is v(gq) times the indicator function of ¢ € 7. We get that the adelic
integral equals % 2t (mod ) €(—mt), which is again v(g) times the indicator function of m € Z.

Now we use the spectral assumption to simplify the left hand side of (4.7).
Proposition 4.3. If f,, is a newform projector, then for p ¥ m € Z we have

t _ L
/Q At l))wp(_mt)dt—‘/;;e}_p(f) ) 4, 4.9)

P

where Fp,(f) is the local family from Definition 1.7, L (1) is given by formula (1.14) and [ is the
Plancherel measure with respect the standard Haar measure (1 on E(Qp).

On the other hand, if f, = v(p)1zk,(pc) for some ¢ € Zy, then 7( f),) is an orthogonal projection
onto V,I,if(p °) (containing both old and new forms) and by a direct computation we have that

/ Fo (M) wrp(=mo) dr = v(p°) = / dim V""" dji(m),
Qp Fp(f)

where dim VK"(p ) =c- c(m) + 1if ¢(xr) < ¢ and = 0 otherwise, by newform theory [Cas73a].

We begin with a preparatory lemma. Recall that the unramified principal series representation
nm(a®,a™®) is irreducible and unitary if and only if s is either purely imaginary with imaginary part in
[0,7/log p], or s = =7 or -7 + {2t wrthrreal and 0 < 7 < 1/2.

Lemmad4.4. Let 7 € E(Qp)/\ be generic and v be a unit-length newvector in V. We have

1 ifv(t) 20,
v(t) -2v(t)s S_ =S o1y _,2v(E)s =5 _ 1S o1 . s _s
ll-yi-p’] J (p*=p pps),plfs = -p*p~) ifn = n(a®, @) and v(t) < -1,
q)n,vo(l )=4-plt® ifc(r) =1andv(t) < -1, 4.10)
—ﬁ ifc(n) 22andv(t) = -
0 ifc(m) =2 2and v(t) < -2.

Proof. We use the Macdonald formula and explicit formulas for the diagonal matrix coefficients of
newforms due to the first author [Hul7, Lem. 4.6] and [Hul8, Prop. 3.1]. Recall that the diagonal

https://doi.org/10.1017/fms.2026.10176 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10176

Forum of Mathematics, Sigma 45

newvector matrix coefficient of a trivial central character representation is Ky(p©)-invariant and
Z-invariant, where c is the conductor exponent of 7.

First, note thatif v(¢) > 0, then n(t) € Ko(p©) for any generic 7 € E(QP)A. The first line of equation
(4.10) follows.

We next consider the case that 7 is an unramified principal series representation and v(f) < —1. By
the Cartan decomposition

GL2(Qp) = I_I Kp(pi pi )va

i>j

so the matrix coefficient @ ,, is determined by its values on the elements o; := (”i | )for i>0 We

)= )

so that when v(z) < 0, up to a scalar, ( 1 f ) lies in K,0_2, (1) K),. Since & has trivial central character,
@, ,, also transforms trivially by scalars, and then by the Macdonald formula (see e.g. [Bum97, Thm.
4.6.6]) one may read off the claimed formula in the second line of equation 4.10.

Next, suppose that 7 is either the Steinberg representation or its unramified quadratic twist. Letting

w=(_; '), we have
Le) (¢ 10 112 10
( 1)_( t)(l/tl)‘”( 1)(1/:1)- @.11)

If v() > 0, then (' 1) € K1(p), and if v(r) < O, then by the above

have

-1
(t ;) ( H ) € Ki(P)wo 2 K1 (p). (4.12)

The claimed formula in the third line of equation (4.10) may now be read off from [Hul7, Lem. 4.6].
If 7 is a trivial central character supercuspidal or ramified principal series representation then the
result in the lemma is [Hul8, Prop. 3.1(i)]. If & is a ramified twist of the Steinberg representation, then
the result is not stated in [Hul8, Prop. 3.1(i)], but follows by identical arguments. We reproduce Hu’s
proof for sake of completeness.
We compute the matrix coefficient in the Kirillov model. Let d*a be the Haar measure on QIX, that
gives Zj, volume 1. By Lemma 1.27 we have

@, (1) = [@x a(POWo (Y DWo( ¥ ) d*a = o Wo( " DWo( ™ Y p(ta) da (4.13)
- [ v,
z

X
y2l

where W) is the vector in the Whittaker model corresponding to vy. Note since ¢, has conductor 0, we
have for n € Z, that

/ wp(na)da:pi/ wp(g)daz
Pz} zy p
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is the classical Ramanujan sum. If v(¢) < 0, then

ta ta \ da
ta dxa:/ ( )dxafz 1 / ( ) — 4.15
é; (!/P( ) PV(I)Z; l//P pv(t) gp( ) va)Z; ‘//p p"(t) |(Y| ( )
1 : - _
= : Rp‘v(t) (tp7V(l)) = _m lfV(t) - 1’
p(p=r0) 0 ifv(r) < =2
by changing multiplicative to additive measure (see Section 1.7.4) and applying (4.14). O

Proof of Prop. 4.3. Since E(Q p) is aunimodular p-adic linear algebraic group, the results of Section 4.
apply. Let us define

F(m) = / Fo((V 1)) (=me) dt. (4.16)

Since f} is assumed to satisfy the spectral assumption, by Proposition 4.1 we have
For= [ [ @ (Do -mi) . @.17)
Qp JFp(f)

For any generic 7 € E(Qp)/\, note that @, (! 1) only depends on 7 via v(¢) and is constant = 1 if
v(#) > 0. So, from (4.17) and (4.14) we have

Foo=[ [ dgmar Y, [ wpmnar [ wn (1) dae
z, JF, () 2 repizy | Fp(f) ( 1)

i>1

i /fp<f) ) + ) Ry () /fp(f) q)”’v()(] 0 ) dji(r).

i>1

Since v(m) = 0 by assumption we have R,(m) = —1 and R ,i (m) = 0 fori > 2, so

Fm) :/f ) A _/f )

p P

(7)) diitm) = /fp(f)(l = (7)) diitm). @18)

By Lemma 4.4, we immediately recognize the integrand of (4.18) as £, (1)~! in the cases that c(7r) > 1
(see (1.14)).

It remains to treat the case that x is unramified. Suppose that 7 =~ n(a®,a™"), and define 6 by
i6 = slog p so that either 6 € [0, 7] isreal, or 6 = itlogp or § = m +itlogp with 0 < 7 < 1/2 real.
Inserting the second line of equation (4.10), we find that the integrand of (4.18) is

Pl Q20(pi0 IO py _ p 20 (e=i0 _ pif )

L+ p-! 0i0 _ g-i0
1 I L
T 14 L+p= —p o0 _ g0 P
1= p1(20 4 ¢720) 4 p=2
B 1+p-! ’
which matches the definition of £, (1)~! from (1.14). o

Remark 4.5. It is possible to generalize Proposition 4.3 to drop the condition that p { m, but the
resulting formula becomes more complicated, so we have omitted this case.
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4.3. The spectral assumption

Here we record a few consequences of the spectral assumption. We begin with a motivational remark.
Under the spectral and geometric assumptions, an open subset ), of the local unitary dual G(Q P)A that
occurs as the local family 7, (f) of some f}, € H,, determines the geometric test function f,, completely
(cf. Section 1.1). Indeed, by the spectral assumption f,, is either a classical test function, or a newform
projector onto JF,. Suppose that F,, contains all generic representations of conductor exponents < ¢
with ¢ > 0, and is also a newform projector. Then f), cannot be compactly supported, since the sum
of diagonal newform matrix coefficients of the Steinberg representation and its unramified twist is not
compactly supported (see [Hul7, Lem. 4.6]), yet all generic representations of larger conductor sit in a
connected component whose newform projector is compactly supported (see Section 7).

By Geometric Assumption (2), if 7, contains all generic representations of conductor exponents < ¢
with ¢ > 0, then the function f;, must be the classical test function. On the other hand, if ), does not
contain all generic representations of conductor exponents < ¢ or ¢ = 0, then it is a newform projector.
In either case, Proposition 4.1 determines f,, uniquely.

In particular, the notation C (F) for the set of admissible moduli and k (F) for the geometric conductor
are justified under the spectral assumption when we interpret 7 as [[,, /).

Recall the diagonal, unipotent and Borel subgroups A, N ¢ B ¢ G from Section 1.7.3.

Lemma 4.6. Suppose that f € Hay satisfies the spectral assumption. Then:

1) fis bi-B(z)—invariant,

(2) fsatisfies Geometric Assumption (1),

(3) H(m,n;c) =0ifm¢ Zorn ¢ Z.

(4) ifin addition f satisfies Geometric Assumption (2), then H(m,n;c) = Qunless ¢ € Z, i.e. k(F) € N.

Proof.

(1) Since f is a pure tensor, it suffices to check that f,, is B(Zp,)-invariant for each p. If f, =
v(p©)1zky(pe) for some ¢ € Zy, then f, is clearly B(Zp)-invariant, so we focus on the case
that f}, is a newform projector. In this case, Proposition 4.1 applies and thus it suffices to check that
diagonal matrix coeflicients of newforms ®, , are bi-B(Z,)-invariant for each 7 € F,(f). How-
ever, if 7 has conductor p€¢, then @, is clearly bi-Ko(p“)-invariant, and since B(Z,) < Ko(p©)
for all ¢ we are done.

(2) Clear, since A(Z,) C B(Z)).

(3) Suppose that m ¢ Z. Then let p be a prime dividing the denominator of m and make a change of
variables #; — ¢ + 1 in the definition (3.13) of H,, (m, n; c):

Hp(m,n;c) = //@2 fp((_"l_1 _"_2_,;"2_’2))%(%1 +m — nty) dty dt.
P

By the left invariance of f,, by n(1), we obtain
H,(m,n;c) =y ,(m)H,(m,n;c),
so we must have that H,,(m, n; c) = 0, thus H(m, n;c) = 0. If n ¢ Z, then a similar argument works
using the right N(Z,)-invariance of f,.
(4) If ¢ ¢ Z, then for any m,n € Z we would have m + ¢ ¢ Z and

H(m,n;c) =H(m+c,n;¢c) =0

by the c-periodicity of H (Theorem 3.8(2)) and the previous fact. This shows that C(F) € N and
thus the geometric conductor must be an integer.
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The following lemma will be useful later.

Lemma 4.7. Suppose that H is a linear algebraic group over a local field, f € C°(H), and that n(f)
is a projection operator for all 1 € H". Then, f attains its maximum at 1 € H and f(1) = ||f||§2

Proof. Since 7 (f) is a projection operator for every m € H", we have that 7(f)? = 7 (f) forall 7 € H”.
Since the Fourier transform is injective [Dix69, §18.2.3], we have that f = f = f. Since f € CZ(H),

Fx) = /H FO) oy

for all x € H (not merely almost every), so we may evaluate this at x = 1 to obtain f(1)
fH Ff()f(y Hdy. Since n(f) is a projection, it is self-adjoint, so f is self-adjoint as well, that is

FG7) = FO). Thus, £(1) = (112,
Finally, by Cauchy-Schwarz,

rwi=| [ rorehals ([ rora) ([ iremra) =ik

[m]

4.4. Proof of Theorem 1.8

We begin by deducing the following result from Theorem 2.1 and the theory built up in the meantime,
assuming the geometric and spectral assumptions.

Theorem 4.8. Let f € Hay be a pure tensor satisfying the geometric and spectral assumptions. Then,
for all my, my € Z with mymy > 0 we have

DU halta) D au, (m)ay, (mo) (4.19)

meFo(f) By ()

1 0 _—
b X Y e, ) G

XEFE(S) ¢peByr (x.x7H) “ ™
H(ml,mz;c)H (47T\/m1m2)

c c

= 5,,,1:,,,2500/A F((1 1))t (—mit) dt +

¢=0 (mod k(F))

with notation as in Theorem 2.1, By (1) any orthonormal basis for V;<°° (see (1.8)), and By (x, x~")

any orthonormal basis for the K« -fixed space of the image of n(f) : Va — Vg withw = 7, -1 the
global principal series representation.

Proof. Recall that Geometric Assumption (2) implies that the hypothesis of Theorem 2.1 is satisfied,
and so the unrefined Petersson/Kuznetsov formula (2.1) holds. We next record how (2.1) simplifies to
(4.19) in the presence of the geometric and spectral assumptions.

Using the spectral assumption, for each © € Fo(f) (resp. Fe(f), Fx(f)), recall that the image
Vi of n(f) : Vx — Vx was explicated in (1.8). Then, we have that n(f)¢ = ¢ if ¢ € V¢, and
(o =0ifp € V]%. We choose the orthonormal bases B(r) (resp. B(, x~')) to respect the direct sum

decomposition 7 = V¢ @ V7, so that all basis vectors are killed by 77( f) except in the finite-dimensional

subspace Vf” (resp. Vj’j , the weight « isotypic subspace of V). The result of these reductions is that

Z Ay, (M1)Ay, (M2) = Z ay, (my)ay, (mz),

peB(r) ¢€B(V]f<m)
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or V¥ in place of VE~ in the holomorphic / discrete series case, respectively. For the Eisenstein series
contribution we have similarly

Z s (g (11070 (1) Q) (M12) = Z Augs g,y (M) Aug g, (M2).

deBx.x7") ¢eBr (x.x™h)

Since the spectral assumption guarantees that f is bi-N (z)-invariant (Lemma 4.6(1)), the above sums
of Fourier coefficients vanish unless both m, m, € Z.

To derive the geometric side of the formula in (4.19) from that of (2.1), we insert the formula (4.7) for
the diagonal term, and for the off-diagonal we note that the geometric assumptions imply C(F) C k(F)N
via Lemmas 3.5 and 3.6. Note by the spectral assumption that the generalized Kloosterman sums
H(my,my; c) also vanish unless both m, my € Z, by Lemma 4.6(3). O

Remark 4.9. In Section 4.2 we moreover computed the non-archimedean diagonal term contribution
of (4.19) in terms of Plancherel volumes, but only under the hypothesis that (m;m,, N) = 1 (otherwise
we would have included the result in Theorem 4.8). In fact, one can carry through the computation in
Proposition 4.3 without the assumption p + m (i.e. (mymy, N) = 1), but the resulting formula for the
diagonal term becomes more complicated and in particular (unlike the factor 65, from (1.18) and (1.19))
depends on m1, m,. We therefore leave this case aside.

Proof of Theorem 1.8. As just remarked, in Section 4.2 we deduced the form of the diagonal term
in Theorem 1.8 from that of Theorem 4.8 under the spectral hypothesis using the assumption that
(mymy, N) = 1. We thus obtain the geometric side of Theorem 1.8.

To finish the proof of Theorem 1.8, it remains to express the Fourier coefficients on the spectral side
of (4.19) in terms of Hecke eigenvalues by appealing to (1.9) and its analogous statement for Eisenstein
series. To state the Eisenstein series version, we abbreviate 71, (x) = 7, ait_y,a-its Vit (X) = Vy, ait jpa-it
and set

Arp () = Y x1(@)x2(b)(b/a)"  (neN). (4.20)

ab=n

Then the Eisenstein series analogue of (1.9) is that there exists an orthonormal basis By (y, x 1 and
weights w(m;; (x), f) € C such that for all m,my € N and (m;m;, N) = 1 we have

Z Qug .. (ml)auE(¢it)(m2) =w(mir (X)s ) Ary, o) (M1) Ary, () (M2). 4.21)
1\ Koo
PeB(x.x )f

Applying (1.9) and (4.21), the spectral side of Theorem 4.8 becomes the spectral side of Theorem 1.8
(note that when m, my < 0 we have a, (m))a, (m;) = a,(|m1|)a,(|my|) for either parity of u). Under
the assumption in (4.21), the suppressed (cts.) in Theorem 1.8 in detail is

1 et -
(cts.) := E Z [oo heo (D)W (i (), f)/ln,«,(/\/) (ml)/lﬂn()() (my) dt. 4.22)
XEFE(S)

We next give a proof of the sentence containing (1.9) in the introduction, namely, that there exists
some orthonormal basis By of Vf“ (resp. VJ’§) such that (1.9) holds. Such a basis GSy was explicitly
constructed by the Gram-Schmidt process in the several works mentioned just before (1.9). Indeed, by
the spectral assumption (Lemma 4.6) ¢ € Vf“" (resp. VJ’f. ) is Ko(N)-invariant, thus u,, is modular with
respect to [o(N) (at least). Then, defining the Petersson inner product by

3 1 ——dxdy
vy = [SL2(Z) : To(N)] .//FO(N)\H @@ ¥ 429
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(similarly, for holomorphic forms) one has for any ¢, ¢ € V;.{‘*’ (resp. Vj’j ) that

(@1, 92) = (U, Ug,)

by strong approximation (see e.g. [KLO6b, §7.11, (12.20)]). Note for future reference that we also have
||‘P||can = ||¢p||L2([G]) by [PY23, Rem. 3 of Thm. 6.1].

Next, for ¢ € V' (resp. Vf"") let us define (%) by

¢! (g) = ) £s(d)gla(d)g),

d|s

in which a(d) € G(R) is understood as an adelic matrix via the embedding G(R) < G (A) in the first
position, and & s (d) is a jointly multiplicative function in §, d, supported on d | § and given on primes by

-1
2

Mn(p)lz _/ln(p)
1)=1, =|l-— , 1) = , 4.24
ath i) p(1+ 12tz )2 N T Py T N
and for v > 2 on prime powers by
v |/1ﬂ(p)|2 2( IPJ(CI(”) )_é v—1 _ﬂﬂ(p) v
, . AL AS.VAS By v = v , (4.25
Epr(P”) o+ INZ("))Z 2 Epr(P77) NG ("), (425)

v-2y _ Lpta(m)
£ (P = 8 (),

and &pa ( p?) = 01in all other cases. Let g () be the (finite) conductor of 7 and ¢( be an L?>-normalized
newform in V. Then by the above discussion on inner products and [Pet18, Prop. 7.1], the set

GSy ={¢\” 16 | N/g(n)} (4.26)

is an orthonormal basis for VK (resp. VK"")

We claim that (1.9) holds Wlth w(m, f) given by the formula (1.12) for VK The V case is similar.
To check this formula, let us temporarily and for this paragraph only let M and N w1th M | N be as
in [Petl18, §7]. Now, the Fourier coefficients b, (n) of the holomorphic modular forms g that appear in
[Pet18, (7-1)] are related to the Fourier coefficients a, (n) in (1.9) by v(N)l/Zn‘%bg (n) = ag(n) due
to the different choice of inner products. Then, the sum on the left hand side of (1.9) is equal to the
restriction of the sum Ay ¢, » to the single oldclass corresponding to 7 times v(N) /cy. (see the first line
of [Pet18, (7-1)] and the first paragraph of loc. cit. §7 for definitions). Note that W lgllZ, = lleglZan
where ¢, € V; is the vector corresponding to g and ||.||cqn is as in [MV 10, §2.2.2]. If we restrict the
expression for Ax n ¢ 5 in [Petl8, (7-2)] to a single oldclass and multiply it by v(N)/cx, we obtain
(1.12) from [PY23, (6.4)].

We next give a proof of the Eisenstein series analogue, that is we check that there exists an orthonormal
basis By (x, x 1) such that the sentence containing (4.21) holds. In this context, the orthonormal basis
analogous to G S s for the space of Eisenstein series was constructed in [ You19, §8.5]. For ¢;; € Vi, ( /\()K‘”
one has when 7;; () is nonsingular (see [MV 10, §2.2.1]) that

1
19012 = NE (i) s = SNE(Git) lean (4.27)
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by [PY23, Rem. 3 of Thm. 6.1], where || - ||*> on the global principal series was defined in (1.61) and
| “ llcan and || - ||gis are as in [MV 10, §2.2] (see also Section 2.1 of this paper). If ¢ € Vi,(/\/)]lf‘”, then in
addition we have

1
llpic |12 :W<ME(¢”)’”E(¢1'I)>N’ (4.28)

where (-, -)y is the formal inner product on the space of Eisenstein series of level N defined in [Youl9,

8.1)].

When 7;;(y) is nonsingular, we claim that (4.21) holds with

1 1
§QL; D) px(N/qg(r(x))

i (x)

w(mi(x), f) = (4.29)

Indeed, the left hand side of (4.21) is equal to the restriction of [PY20, (2.11)] (which plays the role
of [Pet18, (7-2)] in the Eisenstein case) to a single oldclass times 47v(N). Converting to the canonical
norm by (4.27) (whence the missing factor of 2 compared to (1.12)) and (4.28), and using [PY23, (6.4)],
we obtain (4.29). m]

Warning: Unlike the cuspidal case, it is nor generally true that w (i, (x), f) = ((1+]])N)°(V) . Indeed,
near singular 7;; (), the weight w(m;;(x), f) may approach zero, as ‘er,-, (x)(l) ~ |L(1 + 2it, x2)|?,
which blows up to order 2 when y is quadratic and + — 0. If y is not quadratic, however, it is true that
w(mie (), f) = (1 + |7))N)°(D by explicit computation.

5. Applications
5.1. Proof of harmonically weighted Weyl-Selberg Law

Proof of Lemma 1.15. We apply trivial bounds to the sum of generalized Kloosterman sums in Theo-
rem 1.8. By Theorem 3.8(5), we have

[H(m,n;c)| < eyl flle=(c)- (5.1
Recall f satisfies the Spectral Assumption, so that by Lemma 4.7 we have || f ||~ G) < f(1).

Next we need a bound on H(x) for x small. Recall (1.16), i.e., the Plancherel formula for the
archimedean place:

fo(1) = % /R heo(t) tanh(7t)t dt.
If hoo(2) is given by (1.40) or (1.41), we have by trivial estimates
fo(1) < AT or  full) < T2, (5.2)
respectively. In any case we note that
log foo (1) < logT. (5.3)
Lemma 5.1. For ho, as in either (1.40) or (1.41), we have

. . )
Heo(x) = %[ Jgit(x)éosh(;_)t dt < fw(l)(%) . (5.4)
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Proof. Here we follow [IMO05, (3.10)]. Indeed, the key property of A, is that its zeros at +i/2 permit us
to shift the contour in (5.4) to the line Im(#) = —1 without crossing any poles. We have

= (It + Dheo(2)

Ho, <
) oo cosh rrt

[J242i7 (x) ] dt,

which by Poisson’s integral formula

_ (%x)v ! L 2yv-1)2
)= s / (13 costen) dy

is < fuo(1)x%/T? as claimed. O

Now we apply (5.1) and Lemma 5.1 to the sum of Kloosterman sums in Theorem 1.8 to obtain

H(m,n;c)Hm(47r\/rm) - fa()mny 1 - fA(l)mn,
c c T? T2k(F)

(5.5)

C2
¢=0 (mod k(F)) ¢=0 (mod k(F))

using that y < k(F) (see Lemma 3.5). O

We deduce Corollary .14 from Lemma 1.13 by taking m; = my = 1 and observing that if f is a
newform projector, then all ¢ € Vf‘x’ for 7 € Fy(f) are newforms, so by [PY23, (6.4)] we deduce (1.9)
with ‘

1
,f) = Pz — . 5.6
Wi, ) = lau, (DF = 3o s (5.6)
5.2. The GL, large sieve inequalities

We present some preliminary results that will be useful in the proof of Theorem 1.23. We first recall a
classical large sieve inequality:

Lemma 5.2. Let a, € R be a set of points with dist(a, — a3,Z) > § > 0 for r # s. Then for any
complex numbers a = (a,), we have

2
Z| S anelarn)| < (7 +N)al (5.7)
r  M<n<M+N
We also need a hybrid version, which is essentially due to Gallagher.
Lemma 5.3. Let conditions be as in Lemma 5.2, and let T > 1. Then

T 12 . 5

/ Z ( Z ane(aym)n™| < (T6™" + N)|al|. (5.8)

T % 1<n<N

Strictly speaking, Lemma 5.3 does not appear in [Gal70], but its proof is virtually identical to [Gal70,
Theorem 3]. We will need the following special case.

Lemma 5.4. Suppose that (r,s) = 1. We have

Z Z* Z ) Z llner('m)ec(ny)‘2 < (CTzr +N)||a||2. (5.9)

c<C y (modc)u (modr) n<N
(c,r)=1
¢=0 (mod s)
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Likewise, for T > 1 we have

2

./TT Z Z* Z ) Z ann‘”er(nu)ec(ny)rdt < (T% +N)||a||2. 610

c<C y (modc)u (mod r) n<N
(c,r)=1
¢=0 (mod s)
Proof. We will derive (5.9) from Lemma 5.2, whereby (5.10) will follow immediately from Lemma 5.3.
For the proof, we only need to understand the spacings of some rational numbers as follows. We have

r(yica — yac1) +crea(uy — up)
cicor ’

Cl r (&) r

(5.11)

Provided that not both y;/c; = y»/cp and u; = u,, then the numerator is a nonzero integer (since
(c1c2,r) = 1). Moreover, the numerator is divisible by s since s|c; and s|c;. Therefore the spacing of

_— Lo 5 s
distinct points is at least cor 2 O O

5.3. Archimedean analysis — separation of variables

In the archimedean aspect, our method of proving the spectral large sieve essentially follows Jutila’s
refinement [JutOO] of Deshouillers-Iwaniec [DI83]. Jutila’s work only considers level 1 but nicely
handles narrow spectral windows in lieu of the full |¢;| < T range considered by Deshouillers-Iwaniec.

In this section we record some further properties of the integral transform H,,(x) when the spectral
weight function A, is given by (1.40) or (1.41).

Lemma 5.5. Suppose that he, is given as in (1.40) with T® < A < T'"%. If x < AT'"% then
He(x) <a T4, for A > 0 arbitrarily large. Suppose that P > T® and w is a fixed smooth weight
function on (0, 00), supported on [1,2]. If x > AT'~% then

w(x/P)Ho(x) = A?T /| . W()x"dt + O(T™), (5.12)

where W(t) < 1.

Proof. Most of these properties were derived in [Youl7, Lem. 7.1] (cf. [JMO5, (3.19)] which treats a
different Ao (2)). In particular, applying the stationary phase method to [Youl7, (7.1)], one derives an
asymptotic expansion of H,, (x) with leading term roughly of the form ATx~!/2¢** when x > AT'%.
The representation (5.12) then follows by Mellin inversion, using stationary phase to bound W (¢), cf.
[DI83, p. 256]. For details see [KY21, Lemma 4.4]. O

Lemma 5.6. Suppose that he is given by (1.41). If x < P > T**%, and w(y) is a fixed smooth weight
Sfunction on (0, co) supported on [1,2] then we have

w(x/P)Hs(x) = T; /| » W(0)xdt + O(T™), (5.13)

for some function W with W (t) < T*#. In addition, if w(y) is a fixed smooth weight function on (0, co)
vanishing for 'y > 2, then we have

w(x/TH?)He (x) = x / W(0)xdt + O(T™), (5.14)

|t|<T10

where W(t) < T*.

Remark 5.7. The T-dependence in the integral in (5.14) is quite bad, but we will only use this when T
is small so there is no significant harm in doing so.
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Proof. The first statement is similar to that in Lemma 5.5, but using [PY20, Lemma 10.3] in place
of [Youl7, Lem. 7.1] and stationary phase. For the second statement, we use [PY20, Lemma 10.2],

which gives the derivative bound x* H(Sok) (x) < x(1 +x2) T+ « (T1+2)3k+3 Now by standard Mellin
inversion, we obtain

w(x/T* ) He (x) = % /( )F(s)x*ds, (5.15)

where F(s) = fo w(x/T*®)H,, (x)x® £ 4x Tntegration by parts shows that F(s) equals

( l)k k+r (T1+s)5k+3
s(s+1)...(s+k—1)/ 6xk T2+8) w(x)] |s(s+1) s+ k=1

Therefore if [Im(s)| > T9, say, then F(s) is very small. Finally, we take the Mellin formula (5.15) and
shift the contour to Re(s) = —1 (without crossing a pole, by e.g. Lemma 5.1). We can then truncate the
integral at || < T'° leading to the error term in (5.14). O

5.4. Proof of Theorem 1.23

Now we have the tools in place to prove Theorem 1.23. It suffices to suppose that a,, is supported on
X/2 < n £ X, say. We also wish to assume that a,, = 0 if (n, g) # 1. To accomplish this, we note that
|[Az(p)| < 1for p|g and r € F. Then we can apply Cauchy’s inequality as follows:

SIS S amdetmazm] <@ Y S| S bataw| 66

neF mlg™ (n,q)=1 mlg® neF  (n,q)=1

where b,, = a,,. Applying (1.55) with coefficients a, supported on (1, g) = 1 to the interior two sums
of (5.16) we conclude that (1.55) holds without the coprime condition after moving the sum over m | g*
back inside.

Let f € Hsn be a test function afforded by the hypotheses for the Large Sieve Inequality as in
Section 1.5 and let & be as in Hypothesis 1.19 (NmL) of that section. Hypotheses TF and NmL relate
the quantities ¢ and 7' (which pertain to F) to f(1) and f(1) (which pertain to Fo(f)) as follows.

Lemma 5.8. For a finite family of cusp forms F all having conductor q, spectral parameters contained
in [-T,T] and satisfying Hypotheses TF, NmL and CvF of Section 1.5, we have for the f and h., given
by these hypotheses that

fa(l) < |Fl(gT)°V < qT*(qT)° V. (5.17)

Remark 5.9. It is also true that log g < log f(1) (see Section 1.3.4), but we do not need this for the
proof of the Large Sieve Inequality.

Proof. By Lemma 1.22 we have

o) <o FP( Y haltmwim £) + (ets),

neFo(f)
which is < | F|(¢T)°‘" by Hypothesis 1.19 (NmL). Finally, (5.17) follows from bounding | F| by the

total number of cuspidal automorphic forms of conductor ¢ and spectral parameters bounded by T (see
[Don82] for a trace formula-free proof of such a “weak Weyl law”). O
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Let M =3 .cr| 2, andx(n)|>. By Hypothesis 1.18 (TF), the first part of Hypothesis 1.19 (NmL)
and the positivity of 4, we have

M= @D Y hetw(m )] Y ande () + (cts).

neFo(f)

Opening the square, and applying Theorem 1.8, we encounter
D = ||a|l*s

and

82;;60”% Z H(m,n;C)Hoo(4ﬂ\C/%)

¢=0 (mod k(F)) ¢
so that M satisfies
M < (qT)° V(D +8).

By (1.39) and Lemma 5.8, we have that D < ||a||>(¢T)°"| F|, which is of acceptable size.

Next we focus on the nondiagonal term S. We apply a dyadic partition of unity to the c-sum, and
consider the portion with ¢ =< C, writing S = Y- Sc. If C is very large, say C > (X|F|)'%, then we
factor H(m, n; c) into ramified and unramified parts as in Theorem 3.8(3). Applying the classical Weil
bound to the unramified part, and the trivial bound Theorem 3.8(5) to the ramified part, we obtain an
acceptable result.

By the first phrase of Hypothesis 1.19 (NmL) and the assumption that (n, ¢) = 1, we have (n,cn) = 1,
where ¢ is the factor of ¢ dividing the level N as in Theorem 3.8(3). Applying Theorem 3.8(4) to the
Kloosterman sum in S, we obtain

Sc = éZamE Z Z n(cbgo)S(mﬁ, nen; co)H(mney?, l;cN)HOO(47TW),

CNC
m.n enIN®  (co.N)=1 NEo
cn=0 (mod k(F))

(5.18)

where 7 is some fixed dyadically supported smooth weight function.
Recall that H(u, 1; ¢y ) is periodic in u modulo ¢ and vanishes if cy ¢ N by Lemma 4.6(4). Next
we apply (1.48), giving

S = éz andn ), > (FE2)stmer.ney:co (5.19)

m,n L‘Nle ((,'o,N)=1
cn=0 (mod k(F))

x Y HOox(mncg) He
x (mod cn)

471'\/%).

CNCo

The analogous step on the archimedean side is to use the Mellin inversion formula from Lemmas 5.5
and 5.6. If there exists 6, C > 0 such that T > Cq?, then we have a paramter A satisfying 7¢ < A <
T'~# and a corresponding h., afforded by Hypothesis 1.19 (NmL) that is of the form (1.40), so that we
may use Lemma 5.5. If T <« ¢? then the k., afforded by Hypothesis 1.19 (NmL) is of the form (1.41)
and we may apply Lemma 5.6. In the remainder of the proof of Theorem 1.23 below, we focus on the
first case that T > ¢°. In the second case, T is small compared to ¢ and the large powers of T occurring
in Lemma 5.6 cause no problems and are absorbed by the ¢°(!) factor. The proof in the range T = ¢°(V
follows the same steps as the case T > ¢¢ with minor changes, so we omit the details.
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We henceforth assume that there exists § > 0 and an implicit constant such that 7 > ¢°. Since
vmn < N and ¢ = cycg =< C, we can freely apply a redundant weight function w(x/P) to He(x),
where P = N/C. After this we apply Lemma 5.5. Since T > ¢9, the error term of size O(T™4) in
(5.12) is satisfactory. By the first assertion of Lemma 5.5 we may assume P > AT!'~¢ equivalently,

Cx AT‘ —. We thus obtain

AT _ _
Sc=Gp Zaman W (1) Z Z S(mecn, nen; co) (5.20)
m,n lt|=P cNIN®,en<C co=Clen
cn=0 (mod k(F)) (co,N)=1

= o (Nmn it Nljal®
Z H()()X(mncoz)(%) dt+0(ﬁ).

X (mod cn)

Opening the definition of the standard Kloosterman sum and reordering the sums, we obtain

Joo (1)

Tl LLCIDY > > (5.21)

enIN®,en<C ¢o=C/ceny (mod cp)
cn=0 (mOd k(]:)) (C(),N):l

> AW Y ammec, (myen +nyew)x (mm) (mn) &

x (mod ¢n)

Sc <«

2
()

We then apply | X, | - |2, < 2| 2,17 + 2|3, | and simplify using Hypothesis 1.20 (FTB) and
Lemma 5.8, giving

fa(1)(NqT)® *
Sc < %/MXP Z Z Z Z (5.22)

cNIN®,en<C cp=<C/eny (mod cp) x (mod cn)
cn=0 (mod k(F)) (co,N)=1

Nllallz)

| Z anec, (ny) x (mn" —

dt+0(

Note by orthogonality of characters that

|an ()‘ ] > b vea(un)|. (5.23)

x (modd) n u (mod d) (n,d)=1

This gives

fa(1)(NqT)® *
Sc < % /t B Z Z Z Z (5.24)

cNIN®,en<C ¢p=xC/eny (mod cp) u (mod cn)
cn=0 (mod k(F)) (co,N)=1

o Nllal?
it
‘ ,LE anec,(ny)ecy (nu)n'| dt + 0( D)2 )
Applying Lemma 5.4 (the GL large sieve), we derive
fa()(NqT)* 3 c? 2
SC < T (EP+N)||a||2 (525)

cN|N®,en <C
cn=0 (mod k(F))

The bound above breaks into two parts, corresponding to the two terms %P and N, respectively. Using
P = % bounds the latter term as fA(l)(NqT)gHall%. By Lemma 5.8 again this is < |F|(N¢T)¢||al|?,
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which matches the size of the diagonal term. Since we are considering the range C <« Tl - < 2’0 {1&) ,
the former term reduces to
1
1)N(NgT)*||all; —. 5.26
FAONWNGDJaly > — (5.26)

CN |N°°,CN <C
cn=0 (mod k(F))

Hypothesis 1.21 (CvF) implies this is bounded by N(NgT)?* ||a||22, as needed for Theorem 1.23.

5.5. Exceptional spectrum

It can be very useful in practice to have a generalization of Theorem .23 for the exceptional spectrum,
with weights taking into account the size of potential violations of the Ramanujan conjecture.
Compare with [DI83, Thm. 5].

Proposition 5.10. Let F, g, f be as in Theorem 1.23, and suppose that Hypotheses TF, NmL, FTB, and
CVF hold for f and F. Suppose that for each n € F, we have it, € (0,1/4). Let Y > 1. Then for any
sequence of complex numbers (ay,)nen we have

Z y?itx Z andy(n) ’

neF n<N

<. (JF|+ NY)(NqgY)?|all3. (5.27)

Note that by assumption, every m € F in Proposition 5.10 violates the Ramanujan conjecture (Selberg
eigenvalue conjecture) at the archimedean place. For the forms satisfying Ramanujan, then we may take
Y =1 and obtain a stronger bound from Theorem [.23.

Proof. The structure of the proof is the same as that of Theorem 1.23, but the archimedean analysis will
be different. Let

hoo(£) = (3 + Y2 + Y72 cosh (1) exp(—12), (5.28)

which satisfies the required conditions in (1.5), is nonnegative on the spectrum (both tempered and
exceptional), and satisfies A, (1) > Y2 for it € (0, 1/4). We need to understand the integral transform
H(x), which we write as Heo(x) = 3H(x) + Hy (x) + Hyy (x), with

Hyz(x) = % / Joir () Z*" exp(—1*)tdt. (5.29)

Shifting contours to the right shows that Hz (x) <4 (xZ)* for A > 0 arbitrarily large. Hence H (x) is

effectively supported on x > Ny)g.
By [GRO7, 17.43.16], we have

- 25- IF( v+21t) =
Hz(x) = — 4 pr )Z exp(—1?) —————=— Tl e 2”) dsdt, (5.30)

valid for O < Re(s + 2it) < 1, and Re(2it) > —1/2. We shift contours to Re(2it) = —& and Re(s) = 2¢
which is enough to secure absolute convergence of the double integral in (5.30).

We now follow the same proof as in Section 5.4, using (5.30) as a substitute for (5.14). The only
significant change is that the maximal size of C is now (NY)!*¢ instead of N'*¢TP() This has the
effect that the former term in (5.25) is of size < NY (NqY)?||a||>. )
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6. Test functions for supercuspidal representations
6.1. Supercuspidal families, background

Let F be a p-adic field, (o, V) be a supercuspidal representation of G(F), and (, ) be a unitary pairing
on V. Let ¢g be an L2-normalized newform in V and define the matrix coefficient

@(g) = (0 (g)¢o, ¥0)- (6.1)
It is well-known (see e.g. [KLLO6b, Cor. 10.26]) that the function

1 —
=——0
T
has the property that 7( f) is a nonzero newform projector supported on the specified {o} € G(F)",
i.e. m(f) has the smallest possible (nonzero) support as a function on G (F)".

Although f has compact support modulo center, this control on the support of f on G (F) is insufficient
for the purposes of this paper — we need test functions with support in a compact open subgroup of
G (F). Instead, we will choose our test functions to be restrictions of the diagonal newform matrix
coefficients to appropriate compact open subgroups, and show in Sections 6.1, 6.2 and 6.3 that these
retain the property of being newform projectors, and only slightly enlarge the support of ( f).

6.1.1. Basics
Given F, let O be its ring of integers, p its prime ideal, kr = O/p = F, its residue field and choose a
uniformizer @ € p. We write

x if i =0
vy =17
1+pt ifi>0

for the standard multiplicative filtration of O*. We will sometimes decorate these notations with a
subscript F if we want to emphasize the field of definition.

Let ¢ be an additive character of F of conductor exponent c(i). Let E/F be a finite extension
with residue field extension degree f = f(E/F), ramification exponent ¢ = e(E/F) and valuation of
the discriminant d = d(E/F). One extends i to an additive character Y g of E by ¥ g = ¢ o Tr. The
conductor exponent of Y g is then given by

c(WE) =ec(y) —df ", (6.2)

see e.g. [Sch02, Lem. 2.3.1].
For y a multiplicative character of F, let c(y) be its conductor exponent with respect to the
filtration U (7).

Lemma 6.1 (Postnikov). For any integeri > efq, /(p — 1) the p-adic logarithm log : U(i) — plisan
isomorphism of topological groups defined by

2 M3

u
log(1 U b .
og(l+u)=u 2+3+

For any character x of F* and integer i > epjq, /(p — 1) satisfying c(x) > max(i,2), there exists a
unique a, € w=cW+cWr) (O/p"()()_i@)x such that

x(+u)=yr (a)( log(1+u)) foralluce ' (6.3)
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If1 <iandc(x) < 2i, then there exists ), € F with v(a,) = —c(x) + c(YF) such that

x(1+u)=yr(au) foraluce pl. (6.4)
Ifi <c(x) thena, € w_C(X)+C(¢F)(O/pC(X)_iO)X is uniquely determined by x. If i > c(x) then any
a, withv(a,) > =i+ c(YF) satisfies (6.4).

Proof. See e.g. [BHO06, §1.7, 1.8] and [PY23, Lem. 2.1], the proof of which generalizes in a straight-
forward way. O

Now let E / F be a quadratic extension of non-archimedean local fields. Recall the notion of a minimal
element from [BHO6, §13.4]. We explicate a special case of this notion.

Definition 6.2. An element ¢ € E is called a normalized minimal element if

(1) E = Flao],
(2) ve(ag) =e(E/F) -1, and
(3) if E/F is unramified, then @y (mod pg) generates the residue field extension kg /kFp.

If @ a minimal element, then one obtains a normalized minimal element @ by scaling by an
appropriate power of @, see [BHO06, (13.4.1)]. On the other hand, if ¢ is a normalized minimal element,
then apw” € E \ F is a minimal element for any n € Z. A normalized minimal element a for E/F
moreover satisfies

(1) O = Orlao], and
(2) if E/F is unramified, then the minimal polynomial g(x) = x> + Ax + B of ay satisfies vy (A4) > 0
and vp(B) = 0.

Given a character y of E*, we renormalize the factor @, from Lemma 6.1 by defining
&y = axwg(”, (6.5)
so that when c(¢r) = 0, the factor £, lies in the inverse different 501‘51/ p Of E/F:
t, €p? = {x € E: Tr(xy) € Of, ¥y € O} = g’(a) ' O,
see e.g. [BHO06, 41.2 Prop. (1)] and [Neu99, Ch. IIT (2.4) Prop.].

Lemma 6.3 (cf. Cor. 2.12 of [HN18]). Suppose ag € Of is a normalized minimal element. We have
ve(a+ bag) = min(vg (a), ve (bay)) for any a,b € F.

Proof. The statement is clear if E/F is ramified, so suppose otherwise. We have

1 1
ve(a+bag) = zv(Nm(a + bay)) = Ev(a2 +ab Tr(ag) + b*> Nm(w))

v+ b))

When v(a) > v(b) it is easy to see that v(g(—%)) = v(B) = 0; When v(a) < v(b), v(g(-%)) =
2v(a) —2v(b); When v(a) = v(b), v(g(—%)) = 0 as the congruence class of g(x) is also an irreducible
polynomial over kr, thus will not have a solution —7.. O

Given a normalized minimal element ay for E/F with minimal polynomial g(x) = x> + Ax + B, we
fix the embedding

E* < G(F)

x4+ ya0 - ( iy« 2y ). (6.6)

https://doi.org/10.1017/fms.2026.10176 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10176

60 Y. Hu, 1. Petrow and M. P. Young

We say that a character 6 of E is twist-minimal if ¢(6) = min, c¢(6x£), where y runs over characters
of F* and yg denotes the character y o Nm of E*.

Lemma 6.4 (cf. Lem. 2.13 of [HN18]). Suppose E | F is ramified. If a character 6 of E* is twist-minimal,
then ag € E* is a minimal element for E | F.

Proof. Tt suffices to show that vg (ag) is odd, as E/F is ramified. For any character y of F* we have
Qgye = @9+, where @, € F, and so by minimality of § we have vg (@) = max, ve(ag +a,). Now
let By be some other normalized minimal element in E/F. Then, we write g = a+bf. By Lemma 6.3,

we get that
vE(ag) = maxve(ap + ) = maxmin(ve (e, +a),ve(bBo)),
X X
and the maximum is attained when y is chosen so that o, = —a. Therefore, we have shown that
ve(ag) =ve(bBy) =2vE(b) + vE(Bo), which is odd since By is a minimal element of E/F. O

6.1.2. Parametrization of dihedral supercuspidals

In this paper we are only interested in projections m(f) to dihedral supercuspidal representations.
We next recall some of the dihedral Local Langlands Correspondence (LLC) following Bushnell and
Henniart [BHO6].

Let E/F be a quadratic extension of non-archimedean local fields and recall that a character & of E*
is called regular if £ does not factor through the norm map Nm : EX — F* (equivalently, if & # £ for
the nontrivial o € Gal(E/F)). Two pairs (E/F, &), (E’/F,&’) are said to be F-isomorphic ~p if there
is an F-isomorphism j : E — E’ such that £ = &’ o j. In the case E = E’, this amounts to & = £ for
some o € Gal(E/F).

To each pair (E/F,¢) consisting of a quadratic extension E/F and a regular character &, the Weil
group Wr representation p = Indg ¢ is irreducible. The LLC then associates to p an irreducible
supercuspidal representation 7 = m(p) of G (F). The central character of r is equal to ng/r&|Fx, where
we write ng/p for the character of F* corresponding to E/F by class field theory, i.e. the unique
quadratic character of F* that is trivial on Nm E*. The conductor exponent of 7 satisfies [Sch02, Thm.
2.3.2]

2
c(m) = Ec(f) +d. 6.7)

Denote by Ag (F) the set of equivalence classes of irreducible supercuspidal representations of G (F).
Let

Py(F) = {(E/F.&) : & regular } /~p.
and define the map

i : Py (F) — AY(F)

(E/F,&) = p =Indk &  n(p).

In general, the map i is neither injective nor surjective. However, the restriction of i to some special
subsets of P, (F) will be injective and one can determine its image as follows.
First suppose that E/F is at most tamely ramified. Recall [BH06, §18.2 Def.] the following

Definition 6.5. A pair (E/F, &) € P»(F) is called admissible if
(1) E/F is at most tamely ramified, and
(2) if €|y (1) factors through Nmg,f, then E/F is unramified.
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Write P, (F) for the set of admissible pairs:
Py (F)={(E/F,¢) € ﬂﬁz(F) 1 (E/F,¢) is admissible }/~F .

Let us say that 7 € .Ag(F ) is nonramified if there exists an unramified character ¢ # 1 of F* such
that 7 X ¢ ~ 7, and denote the set of nonramified representations by A (F) C Ag(F ).

Theorem 6.6 (Tame Parametrization Theorem). The map i is a bijection of the sets

AYF)  ifp#2, or

6.8
AY(F) ifp=2. ©9

i :Py(F) - AS™(F) := {

Proof. Compose the Tame Parametrization Theorem [BHO06, §20.2] with loc. cit. 34.4 Lemma (2). O

Recall that when F = Q,,, p # 2 and x has trivial central character, we have c(r) even if and only if
E/F is unramified.
Now consider the case F = Q,. Let Pz(QQ)ég be given by

~ 2
P2(Qa)zo = {(E/Q2.€) € Po(Q) : £y =iy, and —c(€) +d 2 9} /~q, -

Theorem 6.7. The map (E/Qy,&) — p = Ind%2 & is a bijection between IP’Q(Qz)é9 and the set of
irreducible smooth 2-dimensional representations of Wq, with det(p) = 1 and c(p) > 9.

Proof sketch. On the one hand all 2-dimensional smooth irreducible representations p of Wg, with
det(p) = 1 and Artin conductor > 8 are induced representations by e.g. [Rio06, §6] or [CNS24, Prop.
3.9], and on the other hand, one can use the theory in [BH06, §41] to show that there are no triply
imprimitive representations p with det(p) = 1 and c(p) = 9, so the map is injective. We omit the
details. m]

Corollary 6.8. The map i from P, (Qz)lz9 to the set of trivial central character supercuspidal represen-
tations 1 of G(Qy) with ¢(r) = 9 is a bijection.

For any character & of E*, we set

co:=c(&)]e. (6.9)

This quantity was introduced by the first author [Hu24, (1.3)], where it was denoted iy and defined in
terms of a character 6 giving rise to a representation o~ of G (Q ») by compact or parabolic induction cf.
Section 6.1.3. On the other hand, in this paper the quantity co will generally be defined in terms of the
pair (E/F, £) corresponding to o~ via the Local Langlands Correspondence. We observe, however, that
c(0) = c(¢) whenever E/F is at most tamely ramified [BHO06, §34.4], in particular, whenever p # 2.
Since the first author’s paper assumed p # 2, the ¢ in this paper may be viewed as an extension of i
to the wildly ramified case.

Lemma 6.9. Suppose that either (E [ F, &) is an admissible pair with E | F ramified, or that (E[Qy, &) €
P, (Qz)i9 with E |Qy ramified. If €|px = ng r, then c(&) is even, and in particular the corresponding
co Is an integer.

Proof. Suppose that c(¢) is odd, and let n = ¢(¢) — 1. Consider the map induced by inclusion
I:Up(g)/Up(g+1) S Ug(n)/Ug(n+1). (6.10)
It is simple to check that I is injective. On the other hand, since E/F is totally ramified, the residue

fields kr ~ kg of F and E are isomorphic. Recall that for any m > 1 and any non-archimedean local
field L that Uy, (m) /Uy (m + 1) =~ ky. Therefore, the map I is in fact an isomorphism.
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Recall [Ser79, Ch. V §3 Prop. 4] that for a totally ramified cyclic extension E/F of non-archimedean
local fields and each integer m > 0 there is a group homomorphism

N : Ug (¥ (m))/Ug (@ (m) + 1) = Up(m)/Up(m +1) (6.11)

induced by the norm map, where  is the Hasse-Herbrand function (see loc. cit. Chapter IV §3). By loc.
cit. Chapter V, §3, Lemma 3 and Corollary 2, the map N, is surjective whenever m > d — 1. We apply
this with m = n/2 to find that whenever n/2 > d — 1 every element of the domain of / is a norm from
E* (precisely, it is a norm from Ug (¥(5))).

Finally, since ¢ has conductor ¢(&€) = n+ 1, it restricts to a nontrivial character of Ug (n) /Ug(n+1).
But since the inclusion map / is an isomorphism, every element of this group in fact has a representative
from Ur (%), all of which have a representative that is a norm from E*. But by assumption, & is trivial
on norms from E*. Contradiction, at least when n/2 > d — 1.

Now we proceed by cases to check that the result for n/2 > d — 1 implies the statement in the lemma.
First assume that E /F is tamely ramified. Then, d = 1, so thatn/2 > d — 1 if and only if ¢(¢) > 3. Thus,
there are no characters ¢ as in the statement of the Lemma with odd conductor exponents > 3. It remains
to consider the case c(&) = 1. In this case &|y, (1) is trivial, and since &|nm(gx) = 1 by hypothesis, this
means that |y, (1) factors through the norm map. Since E/F is ramified, this contradicts the hypothesis
that (E/F, &) is an admissible pair (Definition 6.5(2)).

Lastly, consider the case that £ is a character of E*, where E /Q, is ramified and has %c(f) +d >9.In
particular, c(¢) > 7, whichimpliesn/2 > 3 > d—1. Thus, there do not exist pairs (E /Q,, &) € Pz(Qz)ig
with E/Q, ramified and ¢(¢) odd. O

Finally, given a pair (E/F,¢) and 0 < n < ¢(£), define the neighborhood £[n] around ¢ of radius n
by

Eln] = {& € (EX) 1 c(&1€7") <, &1lpx = Elpx). (6.12)

For 0 < i < n define the equivalence relation ~; on &[n] by & ~; &/ if and only if c(£'¢]) < i.
Remark 6.10. When 0 < ¢ < ¢( we have (cf. [Hu24, Lem. 3.5]) that

C(1 447! if =1,
#G[KEE/F] = 4 E 4 ) l EE/F
26] 1feE/F =2.

6.1.3. Compact Induction
Case: E/F at most tamely ramified. To each F-isomorphism class of admissible pairs (E/F, 6) one
associates a supercuspidal representation ¢y by compact induction:

Py(F) — AS(F)
(E/F,0) — mg, (6.13)

specifically by the process described in [BHO06, §19], culminating in (19.6.3) of loc. cit..

The map (6.13) does not match the map 7 in (6.8) that is defined via the LLC. However, in the tame
case one patches up this discrepancy by defining, for each (E/F, ¢) € P»(F), an auxiliary character A ¢
of E* as in [BHO06, §34.2-34.4] for which the following lemma holds.

Lemma 6.11. The following diagram commutes and all arrows are bijections.

(E[F.£)~(E[F Ag&)
P2 (F) Py (F)

i(E/F,(-})t—ﬂra
Ame(F)
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Proof. The diagram commutes by [BH06, 34.4 Tame Langlands Correspondence]. The horizontal map
is a bijection by [BH06, 34.4 Lem.(2)], and the other two are as well by the Tame Parametrization
Theorem (Theorem 6.6). m]

One of the properties of the character A # that can be found in [BHO06, §34.4]is that A ¢|px = ng/F, 50
that 7 has trivial central character if and only if A #¢|Fx = 1. For later use, note that if (E/F, ) € P> (F)
satisfies &|px = ng/F, then x7 = —x for any of x = g, ¢,g, 0007, ¢ and o € Gal(E/F), o # 1.

For later use in the p = 2 nonramified case, we very briefly describe the construction of the tame
compact induction (E/F,6) +— mg of (6.13), referring the reader to [Hu24, §3.2.1] and [BHO6] for
more details.

Given (E/F,0) € P,(F), let ap be a normalized minimal element for E/F and E* <— G (F) be the
corresponding embedding (6.6). Then 6 naturally extends to a character 6ofa subgroup ZB' of G(F),
see [Hu24, (3.8), Def. 3.11]. We can further induce and extend 6 to an irreducible finite-dimensional
representation A of the subgroup J € G (F) defined between (3.7) and (3.8) of loc. cit. If ¢(6) > 2, then

dim A = 1 if ¢(0) is even,
q ifc(9) is odd.

If 6 is also twist-minimal, then g := c—Ind? A is irreducible and supercuspidal and realizes the map
(6.8), see [BHO6, §19.2-19.4]. For later use in the proof of Proposition 6.39, we note in particular that
[Hu24, Prop. 3.14] holds in the case p = 2 and E/F unramified if we add the additional hypothesis that
7 is twist-minimal.

Case: E /F wildly ramified. We describe the compact induction theory in more detail, following
closely [BHOG6]. We would like (for later purposes) a diagram similar to the one appearing in Lemma 6.1 1
by which we can relate the characters 6 and ¢ that lead to the same supercuspidal representation by
compact induction and the LLC, respectively. Such a relation is given by [BHO06, 44.3 Thm.], but to
describe it precisely and in a form useful for our purposes, we need to recall the notions of cuspidal
types and simple strata. For the next two paragraphs we follow closely [BH06, §12, §13].

Let A = M, (F) and consider the O-orders in A given by %; = (3 §) and Ay = (§ ). In general,
an Q-order A C A is called a chain order in A if it G(F)-conjugate to either A; or WA,. Given a
chain order U, let P = rad(A) be its Jacobson radical. In particular, we have rad(W;) = @wW; and
rad(Az) = ( ,, ')Az Define the filtration on A

.| if k =0,
Uy = koo
1+B% ifk > 1.

For any F-subalgebra E C A such that E/F is a quadratic field extension, there is a unique chain order %
such that E* is a subgroup of the normalizer Ky of W* by [BHO6, 12.4 Prop.(2)]. For such U, we have

B NE =py,
Uy NE* = Ug (k). (6.14)

For an example of these objects with F = Q, and E — A by (6.6), see Lemma 6.32.

A stratum is a triple (W, n, a) consisting of a chain order 2, an integer n and an element a € P~".
We leave the reader to recall the notions of fundamental, simple and ordinary strata from [BH06, §12.8,
13.1, 45], but let us recall explicitly that those fundamental strata (U, n, a) for which U is conjugate to
A, and n is odd are called ramified simple strata.

For use until the end of Section 6.1.3, let ¢’ be an additive character of F' of conductor 1 so that
¢’ matches the convention on additive characters in Bushnell and Henniart’s book. Given a stratum
(U, n,a), let y;, be the character of Uy defined by x — y/(Tr(a(x — 1))) for x € Ugy. If (A, n,a) is
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moreover a simple stratum, then let us take the subring F[a] C A with F embedded diagonally in A, so
that F[a]/F is a quadratic field extension [BHO6, §13.4]. Define the subgroup

n+l
Jo=Fla U cap). (6.15)

Recall the following.

Definition 6.12. A cuspidal type of the second kind in G(F) is a triple (W, J, A) where, 2 is a chain
order, J is a subgroup of g, and A is an irreducible smooth representation of J such that there exists a
simple stratum (2, n, @) withn > 1, J = J,, and for which A|Utn/2J+1 is a multiple of ,.

A

Let T(F) denote the set of G(F)-conjugacy classes of cuspidal types of the second kind. The
following is [BHO6, 15.5 Classification Theorem].
Theorem 6.13 (Classification Theorem). The map

(A, J, A) = c-Ind§ A (6.16)
is a bijection
T(F) > {me .Ag(F) : 7 is twist-minimal, c () > 3}.

We are interested in the ramified dihedral subset of the above classification bijection (6.16).

Lemma 6.14. The map (W, J,A) — c-Ind? A is a bijection from

{(N, J,0) € T(F) : 3 an ordinary ramified simple (U, n, @) withn > 1,J = J 4, 0] ng = Wi}
U,

A

to
{n e Ag(F) : 7 twist-minimal, c(nr) > 3, AE | F ramified with & ~ ﬂ(Indg &}

In this bijection, we have that n = ¢(rr) — 2 and that n, c(r) are necessarily odd.

Proof. The compact induction map has image in the latter set of supercuspidal representations by
[BHO6, 44.3 Thm.], and is surjective by the discussion in [BHO06, §44.4]. Note that every irreducible
representation A of J, for which AIU[an is a multiple of ¥/, is necessarily 1-dimensional when n

is odd [BHO6, 15.6 Prop. 1], as is the case for a ramified simple strata. Therefore, the restriction to
A = 6 a character in the set of cuspidal types is no restriction at all. The fact that n = ¢(7r) — 2 follows
from [BHO06, §44.4], recalling that n = n(x,y”’) in Bushnell-Henniart is with respect to ¥’ having
level 1, whereas our definition of conductor exponent c(7) is with respect to an additive character of
conductor 0. O

Suppose that 7, (E/F, ) are as in the image set of Lemma 6.14. Recall the element s associated
to the character & of E* and the additive character ¢’ o Tr of E by Lemma 6.1. Suppose (2, n, @) is
an ordinary ramified simple stratum giving rise to a cuspidal type (U, Jq, 6) in the conjugacy class
corresponding to 7 in the domain of Lemma 6.14.

Lemma 6.15. Write n = 2m + 1 and suppose that
d+1
2min(vE(2)+1,2|_%J) <m+3 and d< L%J+1.

There exists an isomorphism E =~ Fla] sending F to Z with respect to which ag = «a

g pl_?"T’}—min(VE(z)‘H’zL%J)'
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Proof. The elements o and a ¢ are minimal by [BHO06, 13.4 Prop. (1)] and Lemma 6.4, respectively.
Let ap and a¢ o be the corresponding normalized minimal elements as in Definition 6.2. Let

g(x) =x% — (Trag)x + det g

be the minimal polynomial of @y. By [BH06, 44.3 Thm.], we have that

n+l m2+% J

Trag = weréE/F +TI'E/F Qg0 (mod pll}

),

-1 L4

where 6g/F € p;(d is such that ng/r (1 +x) = ' (g Fx) for all x € p:r . By hypothesis, we

n+l m2+3 J

have w,” 6g/p € Py > 50

m3
Trag=Tre/ragp (mod p; 2

).
Meanwhile, Section 44.4 of loc. cit. also gives us that

det o m
—— e Ur(|=]+1).
Nmaes € Ur(lz 1D

Setting f to be the minimal polynomial of @£ o we obtain

m+3 I.%J‘*’l

0= f(ago) € glago) + a'.f,Op]I:*TJ +Nmag opy
Therefore
ve(g(agn)) = m+3. (6.17)
We want to apply Hensel’s lemma, so we also need an upper bound on vg (g’(a¢ 0)). We have

m+3
8,(0'5,0) = 2&§’0 —Trg/rasp (mod p}, 2 J).

By Lemma 6.3, we have
vE(g (@e0)) = min(ve (2ag ), vE(=Trg/F ag o).

Recall that vg (@g ) = 1, so that by [BHO06, 41.2 Prop. (1)], we have that vp (Trg/F ag0) = L%J_
Therefore

Vi (8 (a0)) = min(vg () + 1,20 ). 6.19)

Combining (6.17) and (6.18) along the hypothesis that m is sufficiently large, we obtain that
vE(g(ag 0)) > 2vE(g'(ag 0)). By Hensel’s lemma, we get that there exists a unique yo € Of such
m+3-min(vg (2)+1,2| 4 |)

that g(yo) = 0 and yo = ag omod p,

_| ntl

Letting y = @." * “yo, we get that E ~ F[a] by sending y to a. Identifying & with y € E, we get

—(n+1)+m+3-min(vg (2)+1,2| &L |)

that @ = @gmod p |

When E =~ F[a], the embedding F[a]* < G(F) is conjugate to a standard E* < G(F), so we
may work with standard choices of cuspidal types, precisely, the following.

Lemma 6.16. Suppose that n, (E|F, &) are as in the image set of Lemma 6.14. Let B be a normalized
minimal element for E[F and fix the corresponding embedding E* — G(F) (6.6). If n is sufficiently
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large in the sense of Lemma 6.15, then there exists a representative (U, J, 5) for the conjugacy class of
cuspidal types corresponding to m with U the unique chain order such that 8 € Ky,

n+l
2

J = EXU, (6.19)
and a € E* c G(F).

For a cuspidal type (%, J, 6) as in Lemma 6.16, let § = 6|gx. For future reference, note that we can
always recover 8 from 6 by the extension

~ ntl

O(L(1+x)) = 0(Oy (Tr(apx)) €€ E*,1+x €Uy . (6.20)

Corollary 6.17. Suppose (N,J,0) and (A,n,a) are as in Lemma 6.16, with n sufficiently large

in the sense of Lemma 6.15. Then, we have ve(ag) = ve(@) = ve(ag) = —n and ag = ag
mod p—%—min(m(z)ﬂ,u%])
h .

Proof. By (6.14) we have Ug (i) = Ué[ N E*, so that
Oly, (ns1) = Vo 6.21)

and ¢(0) = n+c(¥ ). Then,

X
@ € w,}"(OE/pr(Q)_rC“’)/Z])

c(yp)-Ln/2]-1

by Lemma 6.1 and @ = @ (mod p,

) by (6.21). Now apply Lemma 6.15. O

By Schur’s lemma and Frobenius reciprocity for compact inductions, there is a 1-dimensional space
of ¢ € V, such that

m(u)p = a(u)go forallu € J. (6.22)

If 7 is as in Lemma 6.14, then a vector ¢ as in (6.22) is called a minimal vector for r (following [HNS19,
HN18]). Note: a conjugacy class of cuspidal types (U, J, 6) corresponding to such 7 by Lemma 6.14
necessarily has dim 6=1. Therefore, in the case at hand there is no distinction between minimal vectors
of type 1 and type 2 cf. [HN18, Def. 3.21].

Lemma 6.18. For ¢ a minimal vector, we have

(n(9)¢.0) _|0(g) ifgel,
(o, ) 0 otherwise.

Proof. The lemma follows from [HNS19, Lem. 3.1] along the lines of loc. cit. Proposition 3.2. O

6.2. Supercuspidal families, p + 2

We assume that F' = Q,, and p # 2 until the end of this section (although some intermediate results
hold more generally). In this case, if D is either a nonsquare unit or has v(D) = 1, then ap = VD is a
normalized minimal element for F(VD)/F. If (E/F,&) is an admissible pair with &|px = g /F» then
laceo € O, see the discussion just before Lemma 6.3 and just after the proof of Lemma 6.1 1.
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Given a trivial central character supercuspidal o~ of GL, (F) corresponding by the Tame LLC to an
admissible pair (E/F, ¢) (up to F-equivalence), we define the test function

1 — .
fe: ®Olzx:  with  K'=a(p™)Ka(p®), (6.23)

@Iz 113

where K is the standard maximal compact in G, the normalized conductor ¢y was defined in (6.9), and
®(g) = (o(g)@o, ©o) Where ¢ is an L?-normalized newform in o.

We begin by reviewing the previous work of the first author [Hu24]. Let ¢ o be the function on
G(F) given by ¢¢0(8) = (ma,£(8) ¢, ¢)|zp1, Where ¢ is an L?-normalized minimal vector in LI
and ZB' c J c G is the subgroup described in Section 6.1.3. Note that the function d¢.0(g) is equal to
the function &30,0 found in [Hu24, Def. 3.18].

In explicit terms, if g € G(F) can be written as g = u('$* ™) or ('§* ™ )u with v(x) > [co/2],
v(m) = |co/2] and u € ZUg (1) embedded in ZK by the map given in (6.6), then we set

b£.0(8) = EWY(p~VDLs ¢m). (6.24)

If g cannot be written in this way, then we set ¢ ¢ 0(g) = 0. See [Hu24, Cor. 3.19]. In particular, note
that ¢ £ o has support contained in ZKo(p).

The function ¢¢ ¢ is a projector but not onto newforms. In order to recover a newform projector,
following [Hu24, Def. 3.20], let

be(9) =v(ploy XN g p(a(paiga(poa) ). (6.25)

a,a’ (mod p["()m)

Lemma 6.19 (Hu). Suppose p # 2. The function ¢ satisfies the spectral and geometric assumptions
with support controlled by y = p<o*!.

In particular, Theorem 1.8 applies with test function ¢ ¢ at a prime p, and with this choice Theorem 1.8
recovers the main theorems of [Hu24].

Proof. It was shown in [Hu24, Prop. 3.21] that ¢, is a newform projector, so that ¢, satisfies the
spectral assumption. Since ¢ ¢ o has support contained in ZKo(p), it follows that ¢ ¢ satisfies Geometric
Assumption (2) with y = po*+!, o

The following is the main result of this section and extends Lemma 6.19.

Theorem 6.20. Suppose p # 2and F = Q,,. Let (E[F, &) € P(F) have é|px = ng r. The test function
f¢ is a newform projector in the sense of Definition 1.0.

Write o for the supercuspidal corresponding to (E[F,&) by the Tame Parametrization Theorem
(Theorem 6.6).

o Ifc(o) is even, then
(1) supp® C ZK’, i.e.

1 —

fe=1—50,
el

(2) the operator n(f¢), m € EA is nonzero if and only if m ~ o, and

(3) the function f¢ satisfies Geometric Assumption (2) with y = p.
o Ifc(o) is odd, then

(1)

fe=¢¢,
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(2) the operator n(fz), m € G is nonzero if and only if 1 =~ o or 1 =~ o X n, where n is the
unramified quadratic character of F*, and
(3) the function satisfies Geometric Assumption (2) with y = p

Remark 6.21. We have

co+l

1 {(1 —p2)pl ife(o)=1  (mod 2), 6.26)

T = elE " (= p e ife(e) =0 (mod2).
Indeed, the case that c¢(o) is odd follows from point (1) of Theorem 6.20 and Proposition 6.28, below.
In the case that ¢(o) is even, we have that ||d)|ZK/||22 = ||d>||§ equals the inverse formal degree d!
by point (1) of Theorem 6.20. In particular, it does not depend on the choice of unit vectors used to
define @, and can e.g. be computed as in formulas (A.15) and (A.16) of [HN 18] using minimal vectors
(see Section 3.1 of loc. cit. for the relevant background).

The first author’s test function ¢ ¢ is a newform projector regardless of the parity of c(c-). However,
if ¢(o) is even, then the projection operator-valued function (¢ ) is supported on the neighborhood
i(£[1]/~o) around o (which has cardinality = p), whereas 7 ( f¢) is supported on the single point . In
this sense, Theorem 6.20 is a refinement of [Hu24].

We need several preliminary results before proving Theorem 6.20. Let y be a character of O* and
define the function 1, , on F* by

3 — n H X
Lyn(x) = {)((u) if x = up™ with u € O%, 627)

0 otherwise.

We will use an explicit description of the diagonal matrix coefficient ® of the newform due to the first
author. To state this, we need the following variant of the Iwasawa decomposition.

Lemma 6.22. For every positive integer c,

10 ¢
G(F) = | | B(p,- 1)1(1 (P°).
0<i<c
Proof. See e.g. [Sch02, Lem. 2.1.1]. O

Let 7 now be either a supercuspidal representation of G (F) of conductor exponent ¢ or a principal
series representation m(uy, up) with c(u;) = c(up) = ¢/2 for some ¢ > 2. By the right K;(p©)-

invariance of the newform g of 7 and Lemma 6.22, to give a complete description of the diagonal
matrix coefficient @ of the newform in 7, it suffices to explicate the values of

10
pi(a,m) = @((§ rln)(pi 1 ))
Lemma 6.23. Suppose n is either a supercuspidal representation of G (F) of conductor exponent c or

a principal series representation w(uy, uz) with c(uy) = c(uz) = ¢/2 for some ¢ > 2.

(i) Forc—1<i<c, ¢i(a,m) is supported on v(a) = 0 and v(m) > —1.
(ii) ForO<i<c—1,i# c/2, ¢;i(a,m) is supported on v(a) = min{0,2i — c} and v(m) =i — c.
(iii) (a) When cisevenandi = c/2 > 1, ¢;(a, m) is supported on v(a) > 0 and v(m) = —c/2.
(b) Wheni=c/2 =1, ¢;(a,m) is supported on v(a) > 0, v(m) > —1.

Proof. This is a weak version of Proposition 3.1 of [Hu18]. O

Remark 6.24. When p # 2 and « is a trivial central character supercuspidal, the proof of Lemma 6.25
provides a full proof of (a refinement of) Lemma 6.23.

https://doi.org/10.1017/fms.2026.10176 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10176

Forum of Mathematics, Sigma 69

Recall that the unique unitary pairing on the Whittaker model of a smooth irreducible (pre-)unitary
generic representation of G (F) is given by [God18, Ch. 1 Thm. 12]

oW = [ Wal)TaGaoIa. (628)

Lemma 6.25. If © is a twist-minimal supercuspidal representation of trivial central character and
conductor c, then in the case that i = c/2, the matrix coefficient ¢;(a, m) has support contained in
v(a) =0.

Remark 6.26. An exercise with [Tun78, Prop. 3.4] shows that any trivial central character supercuspidal
representation with p # 2 is necessarily twist-minimal, see e.g. [HNS19, Lem. 2.1]. If p = 2 then a
trivial central character supercuspidal representation is twist-minimal if and only if ¢(7) = 2 or ¢(n) is
odd, see e.g. Proposition 6.37.

Proof. We work in the Whittaker model. Let W be the newform in the Whittaker model of . We have
from (6.28) that

(3 1) () = [ Wlam (8 ) W@0 ay. (6.29)

Thus, the support of the matrix coefficient is directly related to the support of W(( & 9)( ;i %)), which
we can study directly in the Kirillov model. First of all, note that

W(a)(87) () =wmyW(am) (59 ()
by the defining property of the Whittaker model. Next, note that

()=,

Now we use the well-known explicit form of the newform in the Kirillov model (Lemma 1.27). We want
to compute

()5 G

Let w = (97}). By [Yos77, (9)] (see also [Sai93, Lem. 2.1]) we have for  supercuspidal, y a
quasicharacter of F* and i an additive character of conductor 0 that

(W)l n=e(1/2,7x x7", W)lwnoxo“,—c‘(ﬂxrl)—n’ (6.30)

where yo = x|ox, w0 is the central character of 7 restricted to O* (which is trivial here by hypothesis),
and ¢(m X xy7') is the conductor exponent of 7 x y~!. Let us now denote &(x) = £(1/2,7,¢) for
simplicity. We get that 7((, '))110 = &(m)11,_ and 7(n(p'))1i ¢ = ¥ ,-i11_c, where i, is the
additive character defined by ¥, (x) = ¥(x/q). Now we convert this additive character to multiplicative
characters to use (6.30) again. Since the argument of ¢, is restricted to valuation —c, for characters y
we are interested in

/(;X W pe-i () x (u) du = Z* Y pe-i (uo) x (o) -/p

uy (mod pe)

x(1+A)dA,
‘0

c—i

where we have set u = ug(1 + A) with v(A) > ¢ —i. The interior integral vanishes if c¢(y) > ¢ — i and
otherwise equals p'~¢ (see e.g. [[K04, (3.9)]). So, we get

L e du=p e D dpeuntuo)

up (mod per)
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By e.g. [PY23, Lem. 7.1], we have that the above Gauss sum vanishes if c(y) < c—iandc —i > 1. If
¢ —1i=1and c(y) =0, then the sum equals —1. In summary,

Oc(y)=c—i ifc—i#1,
Oc(y)<c—i ifc—i=1,

/OX W pe-i () x (1) du = p(”)ﬂ(pc”("))T(x){

where u is the Mobius function, 7(x) is the Gauss sum of the primitive Dirichlet character corresponding
to y. Therefore, if c —i # 1 we have

AN e =Ppili e =p™ D > T
x:c(y)=c—i

and if c —7 = 1 we have

2PN e =@pili e =p~ D S p(pTEO) ()

x:c(y)<c-i

Appealing to (6.30) one more time, we finally have if ¢ —i # 1 that

(D)o =e@p e 3 1(0etr x X (=Dl yeetmmn

xic(x)=c—i

and if ¢ —7 = 1 that

=e(mp > a0 X )X (=D)L eme(axn)-

x:c(x)<c-i
Since 7 is twist-minimal, we have by e.g. [PY23, Lem. 6.2] that if i > ¢/2, then ¢ — c(7 X ) = 0 and
ifi <c/2,thenc—c(m X y) =2i —c. Thus, if c —i # 1 we have
W(am (87 (5 9)) =wme@p Y r(0e(mx 0x (=D minoai-e) @),
x:c(y)=c—i

and if c —i = 1, then

W(am(E7) ()

=y (my)emp ™ 3T p(p TN (p)e(r X x)x (=1) Ly min0.2i-c) (@)
x:c(y)<c-i

Reinserting these in (6.29), we only get new information on the support of the matrix coefficients in
case (iii) of Lemma 6.23, and in these cases the support of the matrix coefficient is further restricted to
v(a) =0. O

The Atkin-Lehner operator can be used to obtain further information when i < ¢/2.
Lemma 6.27. Suppose that nt is as in Lemma 6.23 and moreover has trivial central character. If

i <c(m)/2, then

o (1) () (631)

vanishes unless

o via+mpH) =0ifi> 1, or
ov(a+mp) >i-1ifi <1
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Proof. Letus write ¢ = ¢(7r). Since the Atkin-Lehner operator ( _pe ! ) acts on the newform by a scalar,
if the matrix coefficient (6.31) does not vanish, then ® does not vanish on

O R I R TR o R

Appealing to Lemma 6.23, one concludes the proof of the Lemma. O

Note that Lemma 6.27 gives nontrivial information in cases (ii) and (iii)(a) of Lemma 6.23 since
v(m) =i — c¢(x) in those cases, but we do not obtain anything new ifi = ¢/2 = 1.

Proposition 6.28. Let p, (E/F, &) and o be as in Theorem 6.20.

(1) If c(0) is even, then ®|zg = .

() If c(0) is odd, then ®|z g+ = W(ﬁg.

Proof. First let us suppose that c(o) is even. From the discussion following Lemma 6.22 it suffices to
consider the matrix coefficients ¢; (a, m) for 0 < i < 2c¢y.

When i > co, we have from Lemma 6.23 that the matrix coefficient ¢;(a,m) is supported in
v(m) > —cp. Since p # 2 and o is a trivial central character supercuspidal, it follows [Tun78, Prop.
3.4] that o is twist-minimal (see Remark 6.26). So, by Lemma 6.25, we have that the matrix coefficient
is supported in v(a) = 0. Then we have

_[a m\[1 _[(a+mp' m p
[ o) <5 e

whenever g is in the support of ®, as its determinant is ¢ € O* and its four entries satisfy v(m) > —co,
v(ph) =i = co,v(a+mp’) > 0,v(1) =0.

When i < ¢, we get from Lemma 6.23 that v(det(g)) = v(a) = 2i — c(o) = 2i — 2¢g. So it suffices
to check that p®®~'g € K’. Indeed from Lemma 6.27, we get v(p<°~(a +mp')) > 0. From Lemma 6.23
part (ii) we get v(p~im) = co —i +i — c(o) = —cq, v(pT p') = co, v(pTh) > 0.

Next suppose that c(o7) is odd, so necessarily E/F is ramified and the character 6 of E* for which
o = g by compact induction (see Section 6.1.3) has ¢(8) even. In this case the proof of the proposition
is an extension of [Hu24, Lem. 5.2]. Indeed, begin by recalling the definition of the matrix coefficient
@y ¢ from loc. cit. Definition 3.18. Then, following the notation and proof of loc. cit. Lemma 5.2, it
suffices to show that

Do 0lzp1 = Poolzx

for all g € G, not just the elements g, .

To see this assertion, recall from [Hu24, Cor. 3.13] that @ is supported in the subgroup J =
E*Ky,(c(6)/2). Now, by the structure of the unit group of a p-adic field (and using that E/F is
ramified), the group

EX/F*Ug(1)

has cardinality 2, its two cosets being represented by 1 and wpg. Therefore, we have for B! =
Uge(1)Kq, (c(6)/2) that
7=7B'u(5})7B".

pO

Finally, note that ZB! C ZK but the other coset is disjoint from ZK. This proves the 2nd assertion of
the proposition. m}

https://doi.org/10.1017/fms.2026.10176 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10176

72 Y. Hu, 1. Petrow and M. P. Young

Proof of Theorem 6.20. Given Proposition 6.28, essentially all that remains to prove the Theorem is to
compute ||d>|ZK/||§.
First suppose that c (o) is even. By the definition (6.23) of f and Proposition 6.28 we have that

1 — 1

L (6.33)
@l 15 loI?

Je

The fact that f¢ is a newform projector as well as points (1), (2), and (3) of the Theorem are clear from
equation (6.33) and orthogonality of matrix coefficients.
Suppose c(o7) is odd. Again, the definition (6.23) of f; and Proposition 6.28 give us that

1L = (=p?)p!

fe = ——Plzk’
T Dlzell3 P 3

e (6.34)

By Lemmas 6.19, 4.7, and formula (6.25), we have

gell3 = ¢e(1) =v(p'2) "0 1 mea preomy = (= p (P (6.35)

a,a’ (mod pF<‘o/21)

Putting together (6.34) and (6.35), point (1) of the Theorem holds, namely fz = ¢ . The fact that f is
a newform projector and point (3) of the Theorem follow from Lemma 6.19. Point (2) of the Theorem
is [Hu24, Prop. 3.21]. m|

6.3. Supercuspidal families, p = 2

Throughout this section we set F = Q.

Let o be a trivial central character supercuspidal representation of G(F) with c(o) > 9 and
(EJF,&) € Py(F )ég be the corresponding pair by the bijection i of Corollary 6.8. Throughout this
section, we write e = eg,r and d = v(disc E/F). Note that d can only take the values 0, 2, 3 because of
our assumption on F. Set cg = ¢(¢)/e and recall the neighborhood &[n] of & from (6.12).

Theorem 6.29. Suppose o, E, & are as above, and let ® be the diagonal matrix coefficient of an L*-
normalized newform in o.

o Ifd =0, then
1

= —6|ZK0(C(),—CO)
1912k 0. co) I3

f

is a newform projector. The operator n( f) is nonzero if and only if nt is isomorphic to one of the three
representations i(£[1]).
o Ifd =2, then

1

D12 ko (cor1,—co-1) I3

(D|ZK0(C(>+1,*C()*1)

f:

is a newform projector. The operator n(f) is nonzero if and only if 1 ~ o or o X n where 1 is the
unramified quadratic character of F*.
o Ifd=3andc(o) = 11, then

1

||(D|ZK0(C0+2,—C()—1) ”%

f

D|z Ky (co+2,~co-1)
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is a newform projector. The operator n(f) is nonzero if and only if @ ~ o or o X n where 1 is the
unramified quadratic character of F*.

Remark 6.30. We have

(6.36)

Q)= (1-p2)p*! ifd=0or2,
| =-pHper? ifd=3,

see Proposition 6.44 and Lemma 6.38.
Recall the normalized minimal elements g from Definition 6.2.

Lemma 6.31. Any quadratic extension of F is one of the following types and has a normalized minimal
element ag with minimal polynomial g(x) = x> + Ax + B of the following form.

(1) The unique unramified quadratic extension with d = 0 and g(x) = x> +x + 1.

(2) A ramified quadratic extension with d =2 and v(A) = v(B) = 1.

(3) A ramified quadratic extension withd =3 and A = 0 and v(B) = 1.

Proof. 1t suffices to consider the case that E/F is ramified. In this case, any uniformizer wg for E is a
normalized minimal element. The ramified d = 2 case follows from [BH06, 41.1 Lem. (1)(2)], where
we caution that in Bushnell-Henniart the symbol d has a different meaning than in this paper. When

d =3, we again use loc. cit., and then complete the square to find a uniformizer for E of the prescribed
shape. O

Recall the notion of a chain order & ¢ M, (F), its normalizer Cy, and the standard chain orders 21,
e = 1,2 from Section 6.1.3.

Lemma 6.32. Suppose ag € E is as in Lemma 6.3 1. Using ag to embed E* <~ G (F) by (6.6), the group
E* normalizes the chain order W,. The standard order W, is the unique chain order in A = M, (F) such
that E* C Ky, .

Proof. Since F* embeds as the center in G (F) under (6.6), it suffices to check that oW ) T =90, Let
P =P, = rad(A,) be the Jacobson radical of A, explicitly,

_(PP (O
gBl_(m n)’ g’BZ_(p v)'

Then, it is simple to check from the information in Lemma 6.31 that ap € B¢~! and @y I'e p!-¢. Since
PiP/ = P/ for any i, j € Z (see [BHO6, §12.2]), the first assertion of the lemma follows. The second
assertion follows from the first by [BH06, 12.4 Prop. (2)]. O

For k > £ > 0 set (cf. (6.19))
H= ZUE(K)U;er. (6.37)

Lemma 6.33. For E and W, as in Lemma 6.32, and k > € > 1, we have

1 .
—omes fe=1,
vol(Z\H) = { "~V o2
(p2-1)pkHLEl! vess

Proof. The volume is the same as vol(ORXUg (f)U;fI ) by quotient measure. By (6.14) and the group
isomorphism theorems, we have 4

[OFUE(OUL : U& 1= [OFUE(0) : Up(k)] = (1 - p~Hplee =0,
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On the other hand we have

2 _ 1 2 _ 4(k-1) ife = ]’
(G(Or) - U1 = 1P~ DT e
< |p-DE*-np**hife=2.
Since we take vol(G(OF)) = 1, the lemma follows by combining these two computations. O

For a multiplicative character £ of a p-adic field E, recall the linearization @¢ € E from Lemma 6.1,
which depends on a choice of an additive character g of E which we have taken to be g =y o Trg
for a choice of additive character ¢ of F.

Lemma 6.34. Suppose ¢ is a character of E* such that é|px = ng/r and c(¢) > 2. Let ag be one of
the normalized minimal elements for E from Lemma 6.3 1 with minimal polynomial x* + Ax + B. There
exists z € F* for which

A
Qg = Z(E + a'()). (638)

Such z satisfies v(z) = —@ +c(y)+1—-d.

Proof. First note that for any of the three cases in Lemma 6.31 we have A/2 +ay = —(A/2 + ayp), using

that F = Q; has characteristic 0. It follows from &|px = ng/F that @g = —¢ (mod peWE)=Te(&)/21y ¢

E
the discussion in the second paragraph of Section 6.1.3. So, ¢ = z(A/2 + ap) (mod pz(w)_rc('f)/z])

for some z € F*.
It suffices to calculate the valuation of z. We have

ve(ag) =ve(z2) +min(ve (A/2), ve(ap)) = ev(z) + min(ev(A) —ev(2),e — 1)
by Lemma 6.3 and Definition 6.2. At the same time, by Lemma 6.1 we have

vE(ag) = c(YE) —c(§).
In the three cases of Lemma 6.31, we have v(A) = 0, 1, oo, respectively, so that
v(z) + min(-v(2),0) = v(z) — 1 ifd =0,
ev(z) + min(ev(A) —ev(2),e — 1) = {2v(z) + min(2 — 2v(2),1) =2v(z) ifd =2,
2v(z) + min(co, 1) =2v(z) + 1 ifd =3.
Combining these formulas with (6.2), we obtain the formula in the Lemma. O
Now fix an additive character s of F of conductor 0.

Remark 6.35. For later purposes we introduce a new parameter j, which in the totally ramified case
matches the “thickness” of the group J in (6.19), but is merely ad hoc in the unramified case. Table | gives
a dictionary between j and the other parameters associated to dihedral supercuspidal o~ corresponding
to Indg & under the LLC, where z € F* is as in (6.38) assuming ¢(y) = 0.

Table 1. 2-adic dihedral supercuspidals.

d c(&) o v clo)

0 j+1 j+1 -Jj 2j+2
2 2j J —-j—-1 2j+2
3 2j-2 j-1 —-j-1 2j+1
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Definition 6.36. For E/F, o and ¢ as above, write y,, for any choice of character of F* satisfying

(1) xm(2) =1, and
(2) whend =0or2, y,,(1+x)= w(z%x) for all x with v(x) > [%].

When d =3 set y,,, = 1.

Proposition 6.37. Suppose that o is a trivial central character supercuspidal representation that
corresponds by the LLC to Indg & with c(&) = 2. Suppose ag is a normalized minimal element for E | F
with minimal polynomial as in Lemma 6.31. Then, o X x;,;! is twist-minimal and moreover we have

clo)—2=2j ifd =0,
minc(oc X y)=1c(o)-1=2j+1 ifd=2,
X

c(o)=2j+1 ifd=3.

Proof. Letp = Indg ¢ be the Galois representation corresponding to o by the LLC. We have p ® y =
Indg &xE, where yg = y o Nm. By (6.7), the formula ¢(¢) = —ve(as) + c(Yg) of Lemma 6.1, the
Artin conductor ¢(p ® y) is minimized when the valuation of

A
Aéyp =CL’§+(1'X=ZE+ZCL'()+CL'X

is maximized. Since a), € Q», we have by Lemma 6.3

A
VE(@gyp) = min(ve (25 +ay), ve(2a0), (6.39)

which can be maximized by taking a, = —z%, matching Definition 6.36 of y;,!. This proves the first
assertion of the proposition.

Computing the conductor of c(o X y;,') in cases using (6.7), c(&) = -ve(ag) + c(YE), (6.39),
Lemma 6.34, and (6.2), we conclude the formula for min, c(co" X y) in the second assertion. o

Given o, E/F, ap as in Proposition 6.37, let o’ = o X )(,_nl where y,,, is as in Definition 6.36. In
particular, the representation o’ is twist-minimal. Let p” = Indg &’ be the corresponding Weil group
representation under the LLC. We have a ¢ = zay for z as in Lemma 6.34 and Remark 6.35. If E/F
is ramified let ¢’ € ¢’ be a minimal vector defined by (6.22), and if E/F is unramified let ¢’ € o’ be
defined by [Hu24, Def. 3.12].

If E/F is ramified and c¢(o’) is sufficiently large in the sense of Lemma 6.15, then we explained in
Section 6.1.3 the construction of a character 8’ of E* that leads to o~ by compact induction. Precisely, if

7 ifd=2
s ; 6.40
c(o”) {11 ifd =3, (640)

then Corollary 6.17 applies, so that in particular c¢(0”) = c(&").

If E/F is unramified, then let 8’ be the character of E* corresponding to o’ across the compact
induction bijection (6.13). Recall that 6" = £’A & with A & unramified in this case [BHO06, §34.4].

Table 2 gives the conductors of the twist-minimal £’ and ¢’ in terms of the parameter j introduced
in Remark 6.35.

We take o’ to be given by the compact-induced model o’ = c-Ind? A’, where, following Section 6.1.3,
the representation A’ is constructed from the above 8’ on E* embedded in G(F) by (6.6) with respect
to ap. Set 8 = 0’ ym.g and A = A’ .y, o det. Let ¢o(g) = ym(detg)’(g), so that ¢ € c-Ind? A=oc.
We continue to call such a ¢ a minimal vector despite the fact that o is not necessarily twist-minimal.
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Table 2. Twist-minimal
inducing data.

d c(&) c(o)

0 Jj 2j
2 2j-1 2j+1
3 2j-2 2j+1

Let (,) be a unitary pairing on the space of c—Ind? A ~ o, and let ®, be the diagonal matrix
coefficient @, (g) = (o (g)p, @) of p € c-Ind? A.For ¢ > 1 andj as in Remark 6.35, the group H as in
(6.37), and the group ZB' as in Section 6.1.3 (defined in [Hu24, Def. 3.117), set

& Dyl if E/F is ramified, d vol(Z\H) if E/F is ramified, 641)
= an = .
¢ ®,lzp1 if E/F is unramified vol(Z\ZB'") if E/F is unramified.
Lemma 6.38. We have that
1 g
V= (lfp—zl)p(‘oﬂ l.fd 0or 27 (642)
e Fd=3

Proof. First consider the case that d = 0. If ¢¢ is even we have that ZB' = ZUE(I)USE/ 2 and if
co is odd we have that ZB' is a proper intermediate subgroup between ZH' = ZU. E(l)Uercl“/ I and

zZJ' = ZUE(I)UQLIT"/ZJ. Lemma 6.33 computes the volumes of these groups, giving (6.42) inbothd =0
cases. Next consider the case that E/F is ramified, in which we have j = cgif d =2 and j = ¢ + 1
when d = 3 by Remark 6.35. The formula for V then follows directly from Lemma 6.33. O

Recall the neighborhood 8[n] of characters around 6 from (6.12), and the slightly generalized notion
of minimal vectors introduced between the proof of Proposition 6.37 and the statement of Lemma 6.38.

Proposition 6.39. Suppose o, E[F, ao, ¢, j are as above and satisfy 2 — e < € < min(j, c(8’) - 1). The
operator n(&hp) vanishes unless there exists 0, € 0[] such that &t ~ c-IndJG A1, where 01 and A are
related as in Section 6.1.3. The operator V‘lﬂ(&>¢) is a projection onto the line of the minimal vector

in ™ whenever n(&hp) is nonvanishing.
Proof. First assume that E/F is ramified. We will show that if n(&@) is nontrivial, then 7 ~ c—Ind? 9,

for some 6, € 6[(].
Taking o = C-Ind? 6, we have o (u)¢ = 6(u)p for u € J. Let v € V. be any vector such that

n(gw)v # 0. Then, define the nonzero linear map 6’|y — 7 X x| by z — zr(®,)v. We check that
it is H-equivariant: Any g € H acts by

(e @) |x@v] =2 [ Tl nx @y di
H
= ;) (det )z /H (o (Mg gn(gh)v dh
= ;! (detg)z /H (o (g. o @)@)n(hv dh

=0 (g)zn(®,)v. (6.43)
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Therefore, we have
0 # Hompy (6'|ir, 7 X x, |1) = Homg (c-Ind$ (8'|1), 7 X x0). (6.44)
Next, we claim that

Ind}, (0'|) = € 4. (6.45)
0/c0r[l]
By Postnikov (Lemma 6.1), ag — ag = = 0 (mod pL(wE) ¢
Y (Tr((ae — @g;)x)) = 1 by the hypothesis that j > ¢. Since 6, € 0[{], we have c(08:07") < ¢, so that
g/ =’ on H. Then,

). Then, for any x € Uf , we have that

C= HomH (é/|H,é;|H) = HomJ(IndiI g/lH, é;)

Therefore, each & is a sub-representation of Ind”, 6’ H, and occurs only once as a sub-representation
1 H

of it. Moreover, 0’[£] is simply a translate of J//—I\-I , so the dimension of both sides of (6.45) are equal,
and therefore the sum of these 1-dimensional sub-representations exhausts Indy, 6.
Since c-Ind is additive and transitive, it follows from (6.45) that

c-IndG ('|y) = @ c-Ind§ 6. (6.46)
0/€0'[l]

Next we claim that if §” is minimal and ¢(6’) > £+ 1, £ > 0, then all §] € 6’[{] are minimal. Indeed,
since 6(910"1) < ¢, we have that 0|y ) = 6'lu(). Since c(6’) > €+ 1, we have 6|y (c(o-1) =
0'lu (c(67)-1)» s0 that ¢(8") = c(6) and also x£8{|u(c(o)-1) = XEO U (c(o)-1) for any y. Since 6" is
minimal, y£6’ is nontrivial on U(c(6’) - 1). Thus, yg 6] is nontrivial on U(c(8") — 1) = U(c(67) = 1).
That is to say, c(xyg6]) > c(6]) for all y.

The representations C-IndJG 671 are irreducible and supercuspidal by [BH06, 15.3 Thm.] provided we
check hypotheses as follows. Since 6] is minimal, the element ¢g; € E * is minimal by Lemma 6.4 and
so by 13.5 Prop. of loc. cit. we have that there exists a chain order % such that (U, —ve (ag), ag) is a
simple stratum. Since c(67) = c(0’), we have that n := —vg(6]) = —vE(0’) so that J, with a = @g; as
defined in loc. cit. (15.3.1) matches J as defined in (6.19) with respect to the character §’. Moreover, 51

r
is a 1-dimensional representation of J that by definition contains the character ¢, of Uy* 131+

Since the c- IndG 0; on the right of (6.46) are irreducible, we conclude from (6.44) the claim in the
second sentence of the proof.

Choose an orthonormal basis B, for V, that contains the minimal vector, say, ¢. Then, by definition
H acts through 7 on ¢ by n(h)¢ = 61(h)¢ for h € H. Now, we also have Ci)<p(h) =0(h) for h € H by
Lemma 6.18. So, for any v € B, we have

(T(Dy)v, ) = (v, /H @, (") (h)pdh) = vol(Z\H){v, p),

since 8 = @1 on U(!). So, for v € B, we have ﬂ($¢)v = 0 unless ¢ = ¢. Thus
projection onto the line of the minimal vector in V.

’ vol(Z\H)”((Dtp) is a

Now suppose that £/ F is unramified. If n(&hp) is nontrivial then the same calculation as (6.43) with

H replaced by ZB! shows that there exists a vector v € V, such that (7 x y,')(b)v = 6’(b)v for all

b € ZB'. Then, the assertions of the proposition follow from [Hu24, Props. 3.14 and 3.21] applied to
-1

TX X - O
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For a moment let us consider the more general situation that o is a supercuspidal representation of
G (F) endowed with a unitary pairing (-, -),. Let V be the space of functions f on G(F) satisfying
f(ng) =y (n)f(g) foralln € N(F)and g € G(F).Forany go € G(F) andv’' € o,let W : ¢ — V be
defined by

W:ivis W,(g) = / (o (gong)v,v Yoy (—n) dn. (6.47)
N(F)

One can directly check that
w, (”g) = lﬁ(n)Wv(g) and Wa'(h)v(g) = Wv(gh)-

Thus, if gg and v’ are be chosen so that the map W is nonzero, then it follows that W is an isomorphism
onto the Whittaker model of o.

Let us return now to the situation at hand introduced just before Proposition 6.39. As in [Hu24,
§3.2.2] we can compute the Whittaker function W, of the minimal vector ¢’ in the twist-minimal
representation o’ using (6.47).

Lemma 6.40. Let ¢’ be a minimal vector in a twist-minimal dihedral supercuspidal representation o’
of sufficiently large conductor in the sense (6.40). Its Whittaker function along the diagonal W, (a(x))
is, up to a scalar, equal to 1_, gy, (1/21), where z and B are as in Lemma 6.34 with respect to an additive
character y with c(y) =0, and j is as in Remark 6.35.

Proof. The case that E/F is unramified is given by [Hu24, Lem. 3.15], whose proof goes through with
the extra assumption that o’ is twist-minimal to permit the use of [BH06, 15.3 Thm.] in the final step.

We therefore assume that £/ F is ramified for the rest of the proof. We compute the integral in (6.47)
along A(F) using Lemma 6.18. To do so, we need to explicate the J, 6" used to construct o’ by compact
induction.

Recall the character 8’ of E* defined just above Corollary 6.17 that gives rise to o’ by compact
induction. Since F = Q;, the hypothesized lower bound on ¢ (o) implies the condition of Lemma 6.15
is satisfied, so that by Corollary 6.17 we have ¢ = a ¢ (mod p,’ *e(WE)y,

Now let z € F* be as in Lemma 6.34 and Remark 6.35, so that ag = zay. Therefore, choosing the

embedding E* < G (F) of (6.6) in terms of a(, we have that @ is given in matrix form by
1 —j+e(E)
Qg = Z(—B —A) (mod B, EN.

We choose v’ and gp in (6.47) to be given by v/ = ¢’ and g9 = a(-1/zB), and c(y) = 0. By
Lemma 6.32 and since

. . 2o Lo
Jo_ J_ p p
Uy, =1+% =1+ (pu/zmo prjm@)

we have

x € —zBUF([j/27) and

gona(x) € J  if and only if {v(n) > —[j/2].

Thus by Lemma 6.18 we have
W (a(x) = (@', ') oele & L) (77E |y ema (6.48)
w(ax)) =(¢, ¢ v Tz|l _p _4 0 0 Y(—n)dn .
v(n)2-[j/2]
:<90,’(,0,> / dn.

v(n)2-[j/2]
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By translating the minimal vector ¢’ back to the minimal vector ¢ € C-Indg; A = o, we have that the
L?-normalized (6.28) Whittaker function of ¢ satisfies

W (a(x)) = vol(Ur (17/21) ™2 xm () 1 U (127 (%) (6.49)

Next we express new vectors as a sum of translates of the minimal vector. Recall the Gauss sum

e = L x@u/pt).

(0/p< O~

Lemma 6.41. Let ¢ € o be the x,-translate of the minimal vector ¢’ € 0’ and ¢y € o be a newvector.
Then

(1) whend =0or?2,

1 1 p‘j‘]b)
- (b 6.50
H0 = SOl Ur (17720) P e ) beox%w" ( )”(( G

S a7

ag((’)/pr.i/z])x

2) whend =3

= ! pla ) 6.51
“ vol(UF(rj/21>)—1/2ae@xwz(mw”(( ) @20

Proof. We compute in the Kirillov model (o, ) using (6.49), following [Hu24, §3.2.2, 3.3.2]. We
focus on the d = 0, 2 case as the d = 3 case is strictly simpler.
Consider the interior sum. Since y,,(p) = 1 by definition, we have by (6.49) that

X,;l(aw((p_’“ 1))w¢(a(x)) = Vol(Ur ([7/21)xm () 10x(x) € K(or, ).
acO*[U(1j/21)

By the defining property of the Whittaker model, the sum over b on the right hand side of (6.50) in the
Kirillov model is equal to

GGV YR HON (o PRSI

j+1
beO* /U (j+1) p’

The character y,, has conductor j + 1 in either case d = 0 or d = 2 (see Definition 6.36), so that the
Gauss sum above satisfies

3 mbw( X )=Xm<x>-1r<xm,w>

1
beOX U (j+1) P
for x € O* (cf. [Hu24, Lem. 3.25]). O

Now we give a preliminary definition of the newform projector in the p = 2 case. For ¢ € o the
minimal vector and £ > 2 — e recall the restricted matrix coeflicient ®, and volume V from (6.41). Let
_ 1 . .

Cc = W be the leadlng constant in (650) and (651)
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Definition 6.42. Set f € #, to be the function satisfying

(1) whend =0or2

f(g) = lelv!

ba’\~
)
ab’) ¢

. o -1 . i
pa p T\ (pTia pIT'b
b,b’eO* /U (j+1) a,a’€O*|U ([j/21)

(2) whend =3

. -1 .
2ol ~ ((p~a’ pla
(@) = lelPV D 6m(( 1) g( 1))
a,a’€O*[U([j/2T)

Corollary 6.43 (of Proposition 6.39 and Lemma 6.41). For o a trivial central character supercuspidal
representation of G (F) with

5 ifd=0,
c(o) =48 ifd=2,
11 ifd=3

and € as in Proposition 6.39,

(1) the f € H, constructed from these as in Definition 6.42 is a newform projector in the sense of
Definition 1.6, and
(2) the operator n(f) is O unless there exists 01 € 0[{] such that m ~ c-IndJG Al

Here, recall that if E£/F is ramified, we have A| = 51 where @ is the extension of § from EX to J in
(6.20). If E/F is unramified, then A is constructed from 6; as in [Hu24, §3.2.1]. See also Section 6.1.3
for more detailed references.

We have shown that f satisfies the spectral assumption for an appropriate choice of scalar. Now, we
give an alternate description of f from which Geometric Assumption (2) is obvious.

Proposition 6.44. Suppose F and c(o) are as in Corollary 6.43, and choose € = 1.
(1 Ifd =0,
1

Dy |z K (j+1,-j-1)
1D o |2 K (j1,—j-1) I3 oo

f= V_16<P0|ZK0(j+1,—j—1) =

(2) Ifd =2, we have
1

¢ | i —_ = .
@olZKo(j+1,—j-1)
”q)‘,oo|ZK0(j+l,—j—l)||§

f= V_16<P0|ZK0(j+1,—j—1) =

3) Ifd =3, we have
1

P el ()] |K i+1.—7)-
I #olKo(j+1,-j)
|| ¢()|K0(j+l,—j)||§ ’

f= V_16¢0|ZK(>(j+]v—f) -

Proof. We assume that d = 2, as the d = 0, 3 cases are simpler. By Lemma 6.41,

ba’ —ig’ —j—lb/ -1 —-ig —j—lb

b,b’,a,a’
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We claim that for any h € H = ZUg (Z)U;'I)

—j o —j=ly -j —j-12\"1
(p arp 1b)h(p arp . b) € ZKo(j+1,—j - 1), (6.52)

and for any h € EXU;{L \ H,

~ig" p=i-lp’ -Jj -i-lp -1
(p a p | )h(P ap . ) ¢ ZKo(j+1,—j - 1). (6.53)

When & € H there exists s € F*, y, z € F such that

h=s(y+zap)(l+x)= s(_zB y —ZAz)(] +x) (6.54)

with 1 +x € Uﬂjle’ v(y = 1) = 1 and v(z) = 0. Then, using Lemma 6.31 we can check directly by
computing the valuation of each entry that (6.52) is true.

Now suppose that /1 € EXU;IE \ ZUE(I)U;IE. If we can write 1 as h = s(y + za) (1 +x) with y # 0,
then h = sy(1 + %ao)(l + x), so that since & ¢ H we must have ve (zag/y) < 0,i.e. v(z) + 1 < v(y).
Now we look at the valuation of the determinant of &, which is v(y? — Ayz + z>B) + 2v(s), but we have
(by Lemma 6.31) that

v(z’B) = 2v(2) + 1 < v(zy) < v(Azy) < v(y?).
Thus, v(det(h)) = v(z>B) + 2v(s). If on the other hand y = 0, then we have directly that v(det(h)) =

v(z2B) +2v(s). In either case, v(det(h)) is odd, which proves (6.53).
We thus have that

ba'\ -ig’ —j—lb/ -1 ~“Ja _j_]b
(I)¢0|Ko(j+1,—f—1):|cl2 Z X(ab/)q)‘p((p ’ 1 ) g(p ’ 1 )

b,b’,a,a’

This establishes the first equality of the Proposition.
For the second equality, f = V‘1<1>¢0 |ko(j+1,—j-1) is a newform projector, so by Lemma 4.7 we have

1Dy |k (o1.-j-1) 13 = VB Ko (j1,--1) (1) = V@4, (1) = V.

]

Proof of Theorem 6.29. Combine Corollary 6.43(1) and Proposition 6.44 to see that relevant test func-
tions are newform projectors. Combine Remark 6.10 and Table | with Corollary 6.43(2) for the asser-
tions on the size of the support of 7 (f). O

6.4. Local generalized Kloosterman sums for supercuspidal representations

Let o be a trivial central character dihedral supercuspidal representation of GL,(F) and (E/F, &) be a
pair such that o correspond to Indg & by the LLC. Let H),(m, n; c) be the local Kloosterman sum (see
(3.13)) associated with the test function f = f defined in either Theorem 6.20 (p odd) or Theorem 6.29
(p even). If p = 2 assume further that ¢ (o) is sufficiently large in the sense of Theorem 6.29.
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Theorem 6.45. If k < [c(0)/2], then H)p (m, n; p*) vanishes identically. If k > [c(c)/2], then
H,(m,n; pk) is given by

_ _1\— _d
Hy(m,n; p*) =5(1 = p™)7 fz(1)p? > £u >w( (6.55)
ue(Op/p*Op)*
Nm(u)=mn (mod p*)

Tr(u) )

where y € S' depends only on the isomorphism class of E and the choice of additive character . In
particular, H,(m,n; p*) = 0 if (mn, p) # 1.

Remark 6.46. More precisely, y = A(E, ) is the Langlands constant as in [JL.70, Lem. 1.2(iv)]. For an
explicit description of y, see [BH06, §34.3]. Note that explicit formulas for fz(1) were given in (6.26)
for p odd and in (6.36) for p = 2.

Remark 6.47. By Theorem 6.29, when p = 2 and E/F is the unramified extension the sum on the right
hand side of (6.55) may be restricted to Ug (1)/Ug (k) without changing the validity of the equation.
This assertion can also be (sanity) checked by decomposing u = ug + u’ with vg(u’) > 1, using
Lemma 6.1, and noting that Ug, (0) = Ug, (1).

Proof. Recalling the definition of H, (m, n; ¢) from (3.13) we choose the test function f = f, in the p
odd case from Theorem 6.20 and in the p = 2 case from Theorem 6.29. Such an f has support contained
ina(y)"'ZKa(y) with

pe° ifd=0,
y=13p*l ifd=1or2, (6.56)
peot2  ifd =3.

We can unify these (see (6.7)) as v, (y) = [c(0)/2].
If £k < [c(o)/2], then Hp(m,n,pk) = 0 by Lemma 3.5. This proves the first assertion of the
Theorem. We now assume for the rest of the proof that £ > v, (y), equivalently 2k > c(0).

Lemma 6.48. For the above choice of f, when 2k > c¢(o) we have

Hy(m,n; p*) = fe(1) // n(tl) Zk)n(tz))w(—mtl +nty) diy da. (6.57)
v(h)=>—k
v(t)=—k

If moreover 2k > c(o), then one or both conditions v(t;) > —k on the integration may be replaced by
v(t;) = —k.
Proof. By looking at the determinant (cf. (3.7)) we have that v(z;) and v(f;) > —k whenever
n(tl)‘l(1 -p )n(tg) is in a diagonal conjugate of ZK. If p # 2and d = 1 or p = 2 and d = 3,
then supp f is contained in a group ZKy(a,b) with a + b > 0, so that we must in fact have
v(ty) = v(tp) = —k. Suppose now that d = 0 or (p = 2 and d = 2), and that 2k > (o). Then,
supp f € Za(po+4/2)"1Ka(p+4/2), so that v(p~2K + t115) > —k — (co + d/2). But if either v(1;)
or v(t;) were > —k, we would have that v(p~2* +1,1,) = —2k, which contradicts the assumption that
2k > c(0).

Now, to show (6.57) it suffices to show that we can drop the restriction on the support of @ that
appears in Theorems 6.20 and 6.29 for matrices of the form n(z;)"! ( . -7 )n(tz) € supp .

Lemma 6.23 describes the support of @ in terms of the Iwasawa decomposition in Lemma 6.22. To
implement this, we write

B o —v(n)-2k _ -2k — it 1 v(zz)t_1
n(ty) 1(1 -p Zk)n(tz) = (p P H ‘2)(p_v(t2) 1)(” 2 1). (6.58)
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Lemma 6.23 breaks into cases depending on the size of k and ¢ (o).

o Ifk > c(0)-1 andn(tl)—l(1 -p7* )n(tz) € supp @, then v(p 2K +1112) > v(12)—1 by Lemma 6.23(i).
Since ¢ > 1 and v(t) > —k it follows that v(p~2K +111,) > —k — c.

o If k < ¢(0) =2 and 2k # ¢(o), then v(2) = —k. So, when n(t;)™! (1 -p7 )n(tz) € supp @ we have

v(p~2k +111;) = —c(0") by Lemma 6.23(ii).
o If 2k = ¢(0) and —v(t3) < c(0)/2, then Lemma 6.23(ii) applies, so we get that v(p~2K +111;) =

—c(o).
o If 2k = c(o) and —v(t2) = c(0) /2, then v(p~ 2K +1112) = v(t2) — ¢(07) /2 by Lemma 6.23(iii), which
is > —c(0).

We proceed by cases. If p # 2 and d = 0 then ®|zk, = ® by Theorem 6.20 so there is nothing to show.
Assume that p # 2 and d = 1. According to Theorem 6.20 we need to show that

n(tl)‘l(1 -p )n(tz) € Za(p®)~'Ka(p). Multiplying out and scaling by the square root of the
determinant, it suffices to show that v(p~2% +11t2) > —co — k.

o If k > c(o) — 1, then we already showed v(p~2% +11t;) > —k — c( without casework.

o Ifk < c(0r)—2and 2k # c(o), then we showed v(p~*+111;) = —c(0r), whichis = —2co—1 > —co—k
by (6.7) and since p # 2 and d = 1.
We move on to the p = 2 cases. Multiplying out n(¢;)~! ( | -p )n(tg) and scaling by the square root

of the determinant, according to Theorem 6.29 it suffices for the claim to show that v(p~2% + t,1;) >
—co—k—e+1.

o If k > c(o) — 1, then we already showed v(p~2% +1,1,) > —k — ¢ without casework.
o If k < c(o) — 2, then we showed v(p~2K +11;) > —c(0), which is = —2¢( — d by (6.7). We have by
assumption that k > v, (y), with v, (y) given by (6.56), so thatindeed v(p~2k +1115) > —co—k—e+1.

Note that when 2k > ¢(0), the integral is restricted to v(¢;) = —k and v(z;) = —k, but either integration
or both may be trivially extended to v(#;) > —k and (6.57) remains valid. O

Now we open the matrix coefficient in (6.57) in the Whittaker model (6.28) to obtain
H, (m,n; p*) (6.59)
~se [ [ (a7 Jae) ) Wlatme)d s -mts +nte) i
FX

v(ty)2—k
v(t)=-k

where W is a L?>-normalized newform in the Whittaker model of o~. Now we swap order of integration
and evaluate the #; integral. By the defining property of the Whittaker model we have W (a(y)n(t;)) =

Y(yn)W(a(y)), so

W(a(y)n(t)(=mty) diy = p"W(a(3))8 y=m (mod p)-
v(t)>—k

Since W(a(y)) = lzé(y) (see Lemma 1.27), we already see that Hp(m,n;pk) = 0 unless

(mn, p) = 1, which we may freely assume for the rest of the proof. To compute H, (m, n; pk) it suffices
by Theorem 3.8(4) to compute Hp, (m, 1; pk). Collecting the above, we have

Hym 1M = fep* [ [ Wlat)(, ) ) v dn 660
v(h)2-k YEZ},
y=m (modpk)

Note that if 2k > ¢(o7) then the condition v(#;) > —k in (6.60) may be replaced by v(t,) = —k.
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The computation now breaks into cases depending on whether 2k > ¢(o7) or 2k = ¢(0).

Case 2k > c(0) : We claim that the integrand in y is a constant function on y = m (mod p*) for
fixed #,. We would like to use [Hul8, Prop. 2.12] to accomplish this, so we need to decompose the
argument of W according to Lemma 6.22. Precisely, we have

0 o 0 G P [
i et R (G [P

By [Hul8, Prop. 2.12] this is indeed a constant function of y once we restrict to y = m (mod p*).
Collecting these calculations, we have proven the following.

Lemma 6.49. Suppose that k > c¢(o)/2. If (m, p) # 1 then H,(m, 1; pX) = 0 and if (m, p) = 1 then

thus

Hy(m. 1595 = (1= ™) £ ) [ W{atmp™ywn(0)Ju oy, (6.61)

v(t)=—k

where W is an L*-normalized newform in the Whittaker model of o and w = (4 -1 ).

To continue the evaluation of the Kloosterman sum, we need to substitute in an expression for the
Whittaker function. There are at least two different choices. One is to use minimal vectors as in [Hu24].
Another choice is to use results of Assing, namely [Ass19, Lem. 3.1], which is the path that we pursue
in this paper.

We use explicit expressions for the newform in the Whittaker model due to Assing [Ass19]. Following
the notation after (1.4) in loc. cit. let

0 p
gty = (_1 _Vpl) (6.62)
and note from the paragraph following (1.3) that Assing normalizes the additive Haar measure so that
the total volume of Ofg is p‘% whereas we have taken the volume of Of to be 1. Now, Assing’s

E/Qp

—k
Lemma 3.1 asserts that (the Q'// there equals (o ‘ in our situation)

W (a(mp pwn(r)) =W(g_2k,k,,pk ) s / & (x)w(Tr(x)p‘k+—Nm(x))dx (6.63)

where v is as in [JL70, Lem. 1.2(iv)]. In particular, |y| = 1 and its value only depends on E.
Using (6.63) in (6.61), we have

?{f—;l)lpk_g / / @ (=Tr()p - %Nm(x)) dey(t)di.  (6.64)

v(1)=— Ok

Hp(mv I;Pk) =

Now we swap order of integration and execute the integral in :

H (m,l,p )_ 7f§( ) k_,

/ E@Y(-Tr(x)p~r) (6.65)

/— / w I—NmT(x))t)dtdx.

v(t)2—k v(t)=—k+l
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Then for the ¢ integral on the smaller domain we have

[ ewemonty [ u{(i- R0 ara (6.66)

v(t)=—k+l1

= pk_l /OX f(x)lp(_Tr(x)p_k)de(x)Em (mod pk-1) dx.
E

Our goal is to show that (6.66) vanishes.

Let k¥’ = k—1—-1d/2]. Set x = xo + A with vg(A) > ek’. Note by [BHO06, 41.2 Prop.(1)] that
Nm(x) = m (mod p*~!) if and only if Nm(xg) = m (mod p*~!). Also, since 2k > c¢(co), we have
k> co+ [%‘I, so that k” > ¢g. Therefore, £(x) = £€(xp). Collecting these facts, we have we have that
the integral in (6.66) equals

Z £ (xo)y (= Tr(xO)p_k)éNm(xo)Em (mod pk-1) /

Y (-Tr(A)p ¥ dA.  (6.67)
0€(Op Pk Op) aept Ok

The additive character ¢ o Tr of E has conductor —d by (6.2), and v (Ap~) = e(k’ — k) < —d, so that
the interior integral in (6.67) vanishes. The result is that from (6.65) we obtain

Hp(m,l;pk)zﬁlgpk—‘z’ /Ob £ (= Tr(x)p~F) / l//((l—NH,;(x))t) drdx.  (6.68)

1
v(t)=-k

By orthogonality of additive characters, the interior integral in (6.68) equals p*6(Nm(x) = m
(mod p)). Changing integrals to sums, we conclude the statement of the theorem in the case that
2k > c(0).

Case 2k = c¢(0): This case can only occur when E/F is unramified, or when p =2 and d = 2. In
this case, the condition 2k = ¢(o) is equivalent to k = co + d /2.

We pick up the calculation at (6.60), and use Atkin-Lehner theory to continue. Indeed, let 6 , denote
the eigenvalue of the newform ¢y € V, for m € G (F)" under the Atkin-Lehner operator:

7( et )0 = 660, (6.69)

If the central character of « is trivial, one has 6, = +1. Applying this in the Whittaker model of o (in
which W is an L2-normalized newform), we have

ok ok
W(a(y)(‘f A )n(r)):aaW(am(? A )n(r)(pcm 1))

Write i := —v(t) < k. Now one can verify that

-2k

a)) 77 o0 et ') = astio) e Jotro
€ B(pc(}f)—i 1)K1 (pL).

We thus get that fori = —v(t) < k

-2k

W(a(y) (? 7 )n(r)) = %W(a(—y/rp")(pc(fﬂ-i 1)) (6.70)
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By [Hul7, Prop. 2.12], this is U (¢)-invariant in y. Inserting (6.70) in (6.60) we get

Hyomtip = sepvor [ [ e e | Jo @y ar

v(t)=—i>—k YEZ},
y=m (mod pk)

— = ooy [ et i o,

v(t)=—i>—k

where the 2nd line follows from the U (i)-invariance, since i < k.
With W an L?-normalized newform in the Whittaker model as before, set

wo o= w((3 1) 5))

The following Lemma is a mild extension of [HS20, Lem. 5.7].

Lemma 6.50. Let m be a dihedral supercuspidal representation corresponding to Indg & by the LLC.
Let W be an L*-normalized newform in its Whittaker model. When i > c¢(x)/2 and v(y) = 0,

w® mr) -d Nm(x) Tr(x) N
(y) - (D(l) / é: ( )w( pr(ﬂ)*l' + pc(n)/z d’x, (6.72)

where {,(1) = (1 - qg')’1 and qg is the cardinality of the residue field of E.

Proof. Let us write ¢ = ¢(xr) within this proof. We have

w0 )
N )
e T T

where J . is the eigenvalue of the Atkin-Lehner involution and g; ; , is as in (6.62). Note that for W the
newform in the Whittaker model of a supercuspidal representation, we have ||W|j, = W(1) = 1, so that
Assing’s normalization matches the normalization here. Now we apply the middle case of [Ass19, Lem.
3.1], noting that Assing normalizes the measure on Of to have total volume p‘d/ 2 with n = ¢ in both
thei > ¢/2 and i = ¢/2 cases to get

WO () =6.yp 7 / N (w‘“”xw( Nm(x))

Converting additive to multiplicative measure yields the result. O

Applying Lemma 6.50 to (6.71) we get

c(o)-d

fe(1) 63yp°
(1-p7H &)

/ (1) /O x g—"(x)dr(—%Nm(x)—Tr(xp’c(”)/z))dxxdt. 6.73)

v(t)=—i>—k
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Using orthogonality of additive characters to execute the f-integral, we obtain

Hyn. 195 = (1= p ) e Zop [ euCTwp a6
x€O%
Nm(x)=m (mod p*)

=71 -p ) e pt DY E@U(—p T Tr(x)
xe(Op/p*OE)*
Nm(x)=m (mod p*)

after converting from multiplicative to additive measure. O

Under the same hypotheses as Theorem 6.45, we have that the supercuspidal Kloosterman sums
degenerate into classical Kloosterman sums for k > c¢(o).

Proposition 6.51. For k > c¢(o) and (m,n, p) = 1 we have
Hp(m,n, p*) = fe(1)p(1)S(m, n, p¥).

Proof. We use the expression in Lemma 6.48 for H(m, n; pk), that is

Hy(mi ") = £e0) [ @{ate (2 Jnte))o ot + e ary e
v(h)=-k
v(t)=—k

Now, using the matrix decomposition in (6.58), we get that this is equal to

fe(l) // 6(((10’”2)‘”2:;”’2))(//( mty + nty) dty dt>.

v(t)=—
v(t)=—

By Proposition 3.1 of [Hul8] this is

fe(1) // W (=mty +nty) dty dts f—(l) // U (=mty +nty) dty dta.  (6.75)
v(t)=v(t)=— V(tz)=y(t1)=—
e g

The first of the two terms in (6.75) equals

fey Y w(%{”tz) = fe(DS(m.n. p").

t1,n€(Z/p*z)*
v(-1-t1) 2k

The second term (including the minus sign) in (6.75) equals

1 1
_ff_(l) Y (—mty + nty) dty dtr + Je( 1) / Y (—mty + nty) dty dt,.
p- p-
v(n)=v(n)=-k v(r)=v(1n)=-k
o225y v( 22 )50
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fe (1)

The second of these again equals | S(m, n; p*), while the first equals

_fé(l) Z w(—mt1+nt2):_f.§(1) Z w(mt1+nt2)'

k 1 k
11,0 €(Z/ p*7)* P p 11,1 €(Z/p*Z)* p
v(=1-t112) 2k~1 t1r=1 (mod p*-1)

Since k > 2, writing t; = t; 0 + pk‘lti,l, this is

ff(l) mty o +nt mty | +niy |
p-1 2, l’/’( k-l ) 2 w( p ):O’

10,1206 (Z/ p*1Z)* p 11,121 €2/ pZ
tirn=1 (mod pk-1)

since (m,n, p) = 1. O

6.5. p-adic stationary phase

Let @ be a normalized minimal element as in Definition 6.2, which we moreover assume to have
Tr(a) = 0 when p is odd and to be given by Lemma 6.31 when p = 2. Let D = (Tr(ag))? — 4 Nm(ay)
and d = v(D). Recall ¢( from (6.9).

Lemma 6.52. Suppose E[Q,, is a quadratic extension and ¢ is a character of E* such that ¢ # & and
13 |Q1x) = g/, IS the unique nontrivial quadratic character of Q}, that is trivial on Nm(E™) c Q7. If
p = 2 suppose moreover that co > 2. Suppose k > max(co + [d/2],2). Let ug € OF with Nm(ug) = m
(mod p*) and write uy = a + bayy with a, b € O. The integral Ry, ¢ (ug) given by

u’ u’ ,
Ry, ¢ (uo) = / veyzekp  S(LF M_OWE(_F) du

Nm (ug+u’)=m (mod p*)
vanishes if p =2, d = 0 and v(a) > 0. Suppose now that v(a) =0if p=2and d = 0.
(1) Ifv(2b Nm(ay) + a Tr(ap)) < L@J, then

R, ¢ (uo) = P_rw]é(bD = ZTrozoozgpk (mod pl%J))’

and
() if v(2b Nm(ap) +a Tr(ap)) > [ XD | then

k—(e—-1)
2

Rk,g(uo)=l7_r3k2_d]5(f 1 Zco).

Proof. Writeu’ =a’ +b’'ag, a’,b’ € O. Since vg(u”) > ek/2, we have (Lemma 6.3) that

min(ev(@).ev(b) ve—1) 2 k2, e vla) 2 k/2, andv(p) 2 ~ETD)

Thus,

Nm(u) = (a +a’)? + Tr(ag)(a +a’) (b + b") + Nm(ap) (b + b’)?
= m +2aa’ +2Nm(ao)bb’ + Tr(ag) (ab’ + ba’) (mod p*).

So, the condition Nm(ug + u’) = m (mod p¥) on the integration is equivalent to

(2a + Tr(ag)b)a’ + (2b Nm(ap) + Tr(ag)a)b’ = 0 (mod p*).
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Set @ = 2a + Tr(a)b and b = 2b Nm(ayg) + Tr(ag)a. Since

u' ek c(é)
—_ — > — 27
()2 52 S+ T3 2 S
we have for any s € E withvg(ag) = —c(€) +c(¥g) corresponding to & by the Postnikov Lemma 6.1
that
af 1 ’ ’ ’ ’
Rie(wo)= | s(h-teny  VE (=5 - %)@ +b'ao)) da’ av'. (6.76)
V(@) zk/2 o pb=0 (mod p*) oo p
We have
E(=(a’+b'a0)p™) = ¥(-2p~ a")y (= Tr(ag) p™b")
and

a "+ b’ +agba’ + N bb’
—f(a' Fbag) = ae aa’ + apa aoba m(ag)
uo Nm(ug)

Since &(x) is trivial on norms from E* we have £(¥) = ¢(x)~! and thus Tr(ag) = 0. So,

ag ., ab’ — ba’
Tr(u—j(a +b ao)) Tr(agao)N—(uo)l 6.77)

Thus, the integral in (6.76) is equal to

’

-/V(a’)zk/z 'P( - zpi,) (Tr(a/fa()) Nmb(é; ) ) (6.78)

’

)da’db’.

ab
/v<b>><k (-2 ¥ ( Tr(“(’);?)‘”(“ (“f“‘))N‘m(uo)

aa’+bb'=0 (mod p*)
Note that v( Tr(apas)) = —co by a case check using e.g. [BH06, 41.2 Prop.] when p = 2.

We now restrict to case (1), i.e. we have the hypothesis that V(E) < L#J. We split the a’ integral
into two ranges: v(a’) > k — v(a) and k/2 < v(a’) < k — v(a). Consider the first one:

’

2a’ ba
Yl - Tr(aga) — (6.79)
/v(a')>max(k—v(a“),k/2) ( Pk) ( “7 Nm(uo ))

4 7’

b ab o
></V(b,lz(k_(e_l))/2 z//(—Tr(cyo)p—) (Tr( fao)—N : ))da db’.
aa’+bb’'=0 (mod pk)

In this case, the congruence aa’ + bb' =0 (mod pk) is equivalent to v(b’) > k — V(E). The integral
becomes

2a’ ba
vl - Tr(agag) ——— | da’ (6.80)
/v(a')zmax(k-v@ k/2) ( Pk) ( &0 Nm(uo))

l

X / A ( TY(GO)—)l//(TY(GgCZO)N - ))db’

The integral in b’ is

~ Tr(apa ) Tr @ 5
~(k=v(®) 5[ 2 &) _ a0 od p-kv®)
O S = o)
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Now consider the other part of the a’ integral, i.e.

b/
Nm(uo)

ab
X /v<b'zz<kf<ef1>>/2 4 ( - Tr(o‘“)ﬁ)w(“(“f ) G o)
aa’+bb’=0 (mod p*)

v —) 6.81)

</k/2$v(a’)<kv(&)

) da’ db’.

In this case, the congruence aa’ + bb' =0 (mod p¥) implies the condition v(aa’) = v(gb’), in the
presence of which the condition v(b”") > (k — (e — 1)) /2 is equivalent to

v(d') > g +max(v(B) — v(@) — %,O).

We consider a’ to be a fixed variable and write the congruence condition for b as

b’ = _aTa/ + pkfv(g)x',
b

where x” € Op. The result of these transformations is that the integral in (6.81) is

’ ’ =

N b(i’l )) (—Tr(ao)ﬁ) (6.82)

= 2a

—(k=v (b))

p ' v(a')<k-v (@) ‘/’( -
v(a’)2%+max(v(l?)—v(&)—e—’l,0)

X w(Tr(afao)M) /(; ( TY(CZO)

Nm(uo)

o v (Tr(eean)

k V(b)xl a(pk—v(g)x/))d ,
—_— X .

) (Tr(afao) Nm(ug)

The integral in x” is

aTr(a/oa/g) _ Trag (mod p—(k—V(g))) .
Nm(u) pk

Putting the cases back together, we have that Ry ¢ (uo) is equal to

= Tr Ti =
p(k"(b>)6(a (Ozoaf) _ r(lzlo (mod p(kv(b)))) (6.83)
Nm(uo) P
times
2a’ —ba’
wl - Tr(asaq) (6.84)
</v(a')>max(k—v(§),k/2) ( Pk) ( 7% Nm (M))
a/ ’ _Z{a/
T NI WS
V(@)= +max(v (B)-v(@)-5L,0) p
—aa’
ooz 250 g
Nm(uo)

Under the condition in (6.83) we can combine the integrals in (6.84) as

2a’ —ba’
- Tr(asag) da’
A/v(a’)2’2(+max(v(l;)—v(&')—ez'l,0) ( Pk) ( e Nm (u ))
—aa’ a(-aa’)
X | = Tr(ap) = Tr(asa )~— da’
{2 ot 25
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Note that

b+ ara = —ZNIE(MO),
b b

0 Ri, ¢ (up) is equal to the expression in (6.83) times

2a’ aa’ a’
wl - Ul Tr(ag)=— |y | —2Tr(asap)= | da’. (6.85)
./v(a/)z’;+max(v(5>—v(a‘)—“;1,0) ( p* ) ( bpk) ( ¢ b )
Note that
-2 T a 1 bD
2, @0 Ly ) - aNm(ag))b = 22
p bpk bp* bp*

so that the integral in (6.85) equals

prTSmax(v (B)=v @-551.0)14 %(bD 2 Tragaep) = 0 (mod p 5By @-5L01) |

bp

We have the following table of cases.
Note that we have uniformly that

—max(v(B) - v(@) - %,0) +v(b) = %.

Collecting these computations,

_ o aTr(apa T b
Re.euo) = p"5215(6D = 2 Tragaep* (mod pl 5y s(tonco®e) _ T6a0 (g oty
’ Nm ug pk
(6.86)

Note that % = 0 (mod p‘k+v(5))) in every case except p = 2,d = 0, v(a) > 0. However, in that

. T .
exceptional case v(%m;gf)) > v(%), so that the latter congruence of (6.86) can never be satisfied.

Thus Ry ¢ (uo) is identically O if p =2, d = 0 and v(a) > 0.
Excluding now the case p = 2,d =0, v(a) > 0, the expression in (6.86) simplifies to

p P 16(bD = 2 Tragae p* (mod pL'5*1))6(v(a) - co = —k +v(B)).

If p=2,d=0,v(a) =0, the condition §(v(a) —co > —k + v(Z)) is trivially satisfied by the
hypothesis k > ¢ + [d/2] of the proposition.

Now excluding the unramified p = 2 case, we have that the congruence condition bD = 2 Tr apa ¢ pk
(mod pL#J) implies that v(a) — co = —k + v(E), so in fact the latter condition can be omitted. The
result is: if V(Z) < [MJ then

ifp=2,d=0,v(a) >0,
2Traga§pk (mod pL%J)) otherwise.

Rie(uo) =
R P ()
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Now consider case (2), i.e. that v(Z) > L@J. We pick up the calculation at (6.78). In this case,

the congruence condition aa’ + bb’ =0 (mod p*) becomes just v(a’) > k — v(a), so the two integrals
separate, i.e. we have that

’ ’

Rie (o) = / ¥ i"k) (T can) oo b(”; ;) da’

X/v(b')>(k—(e—1))/2w(_Tr(a())llj_) (Tr( ‘gao)N l() ))db’

aTr(apag) T
Nmou £ > y( ;‘Z"), so that

First assume that p = 2, d = 0, and v(a) > 0. In this case we have v(
the b’ integral vanishes for all k, &, ug.

Now, excluding this case, it remains to consider only the cases d = 3, (p # 2,d =0, v(a) = 0), and
(p # 2, d = 1), since only these cases may have v(b) > 1, and by assumption v(b) > L%"_I)J (Note,
the case d = 2, co = 1, k = 2 is excluded by the hypothesis that co > 2 when p = 2.) All of these cases
conveniently have Tr ag = 0 and v(a) = v(2), so

’ ’

Ric ¢ (uo) = -/v(a’)zk—v(Z)w(_ i:;) (Tr(afaO)N b(c; ))da,

b/
X U Tr(asap) db’.
./v(h')z(k—(e—l))/z ( ¢ Nm(uo))

Note that ¢ (-2 ) = 1, and since

ko= T912v(2) 2 v(2) ~v(b).

we have w(Tr(afao)%) = 1 as well. Thus the a’ integral is equal to p~**V(2) Meanwhile, the b’
integral equals

_[k7<;4)16([k—(§—1)

p 1= co).

So, the whole integral, under the hypothesis v(Z) > L@J is

0 ifp:Z,dZO,V(a)>0’
p4¥1(5([k_(§_1)] > co) otherwise.

Lemma 6.53. Let n > 1. Then y + zag € ORUEg (n) if and only if v(y) = 0 and vg (zag) = n.

Proof. 1f: Write y+zag = y(1+§ao), which we are allowed since v(y) = 0. Then vE(fa/o) =ve(zag) =
n by assumption. So y+zag € OXUEg (n). Only if: by hypothesis there exists s, a,b € O withv(s) =0
ve(a—1+bay) = nand y+zag = s(a +bag). By Lemma 6.3, we have min(vg (a — 1), ve (bay)) > n.
From these it follows that v(a — 1) > n/e, v (bay) > n, y = sa, and zag = sbay. Since n > 1, we have

v(a) = 0. Thus, v(y) = 0and vg(zag) = ve (bay) > n. O
Set
Le(m,p*y = > E@y(=Tr(wp™), (6.87)
ue(Og/p*Og)*

Nm(u)=m (mod pk)
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so that the supercuspidal Kloosterman sum H(m, 1, p¥) associated to Indg ¢ is equal to
5,,7p‘d/21§ (m, p*) if (m, p) =1 and k > co + [d/2] and 0 otherwise, see Theorem 6.45.

Let £ be a character of E*, and for 0 < n < ¢(€), recall (6.12) the neighborhood &[n] of characters
around &, and for 0 < i < n the equivalence relation ~; on &[n].

Proposition 6.54. Set i = 1 if the E on which & is defined is the unramified quadratic extension of Q;
and i = 0 otherwise. Suppose i <n < c(§) and k 2 2. Ifk > co+[d/2] =i+ | 2], then

1 k k
—_— I , =1Ig(m,p"). 6.88
[€0n] < £0] flefz[n]/~i almpi) = lelm ) O3

Proof. We have forany 0 <i < n < c(£)
E[nl/~i={&1 € WUE)" : c(&167) < n, é1lox = Elox} = €{0 € (Up(i)" : c(6) <n, flox = 1}.

So, for u € Ug (i), we have

1 1
e £1(0) = T EWOW) = EWSucorupm-  (6.89)
[E0n] < €171 &e;[:g] - (10l < 11] 961%:/1[”

We get for i as in the statement of the proposition (using Remark 6.47 when i = 1) that

1
e > Iy = Y Ewu(-Tewp ™). (690)
[£[n] : €[] £ eET vl o
Nm(u)=m (mod p*)
ueO{UE (n)

So, to prove the proposition, it suffices to show that the right hand side of (6.90) is equal to the right
hand side of (6.88). Note that these clearly match if n = i by Theorem 6.45 and Remark 6.47, so we may
freely assume that 1 < n < ¢(&) for the remainder of the proof.

First suppose that k > ¢ + [d/2] — i + | £ | and work from the right hand side of (6.88). Note that
co+[d/2] =i+ 5] =co+d—v(2)+ 5] Writing u = ug +u’ with vg (u”) > ek /2 and Ry ¢(uo) for
the integral in Lemma 6.52, we have

Iempy =p™ Y QoW (—uop ™Ry £ (uo). (6.91)
up €0y, [UE ([ek/27)
Nm(ug)=m (mod p¥)

Here, and in similar situations below (e.g. (6.100)) the sum on the right hand side runs over
{uo € OF/Ug([ek/2]) : Falift iy € (Og/p*Op)* of ug with Nm(iig) = m (mod p*)}.

Write ug = a + bayg. We claim that supp(Ry, ¢ (u0)) N Of € OFUE(n), so that (6.91) matches the right
hand side of (6.90).

Set b = 2b Nm(ap) + a Tr(ag) as in the proof of Lemma 6.52. Suppose first that V(E) < LWJ.
Then, Lemma 6.52(1) shows that a + bay € supp(Ry, ¢ (uo)) only if

v(b) = min(l_%], k—co—d+v(2)).

The second of these two possibilities is > |n/e| by the case hypothesis, while for the first we have

k—d_k—d—co+v(2)+co v(2)

1 Co V(Z) n V(z)
2 2 272 72 Ty zlde

1 n
2~ zlglmm szl
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Table 3. Casework for @ and b.

Case v(a) v(b) v(l;)—v(&)—“—gl
p=2,d=0,v(a)=0 >0 =0 <0
p=2d=0,v(a) >0 =0 >1 v(b)

d=3 =1 =v(b)+2 v(b) -3/2

d=2 >1 =1 <0
p#2,d=0,v(a)=0 =0 =v(b) v(b)
p#2,d=0,v(a)>0 =>1 =0 <0

d=1 =0 =v(b)+1 v(b)-1/2

Then,
ve(bay) =ev(b)+(e—1) > eLgJ +(e—-1)>n.

Since 0 = vg(a + bag) = min(vg(a), ve(bay)), we must have v(a) = 0. By Lemma 6.53, those
uo = a + bay € supp(Ry ¢ (1)) N O% with v(b) < [ | lie in OXUE (n).

Now suppose thatv(b) > LMJ.W(% need some casework so refer to Table 3. Since LWJ >1,
and is > 2 when d = 2 by the hypothesis that c(c) > 5 when p = 2, we have that supp(Ry & (uo)) is

only nonempty in the cases d = 3, (p # 2,d = 0, v(a) = 0), and (p # 2, d = 1). In these cases, b and b
are related by v(b) = v(b) + e — 1 +v(2). So,

vp) 2 1D e v
and
k 2co+d+LgJ —v(2) 22ng+d—v(2)+1,
so that
vy 2 12+ SO D v 2 1Y)
e e
Therefore, v (bap) > n and so supp(Ry, £ (ug)) N OF € OFUg(n) by Lemma 6.53. m]

Now write &’ for a twist-minimal character of E* for which there exists a character y of F* with
¢ = ¢ yg, following Section 6.3. Recall that if p # 2 or d = 3, then we may take &’ = ¢ and if p = 2
and d = 0 or 2, then we have that c(£¢’) = ¢(¢) — 1, see Table 2.

Proposition 6.55. Set i = 1 if the E on which ¢ is defined is the unramified quadratic extension of Qy
and i = 0 otherwise. Suppose i <n < c(¢’) and k 2 2. Ifk < co+[d/2] —i+ %], then

1 k
€D €U ) =0 6.92
[&1n] = £120] fleé;]/w fa(m2") ( )

Proof. The conditions for n can be rewritten as
e(k—co—[d/2]1+i+1) <n<c(&)
For such 7 to exist, we have in view of Theorem 6.45,

[c(0)/2] <k <co+[d/2]—i—1+c(&)]e (6.93)
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We first reduce to the case

n=ng:=e(k—co—[d/2]+i+1). (6.94)
Indeed if the result is true for ng, the sum in &; for general n can be divided into a double sum
D N ZY(Y o Fem S ol —T—
[§ln] = €11, &4 [£[n] = &lnoll toeéll /g [§lno] = €101 ot

and the vanishing result for ny can be applied to get the vanishing result for larger families. As the proof
inevitably requires case by case checking, we collect here in a table all necessary information combining
parameterization of supercuspidal representations with (6.93) (6.94).

Table 4. Parametrization of dihedral supercuspidals.

Case c(o) co c(&) (&) range of k ng
p=2,d=0 2j+2  j+1  j+1 J J+H1<k<2j-1 k—j+1
p=2,d=2 27 +2 j 2j  2j-1 jrl<k<2j 2k -2j
p=2,d=3 2j+41  j-1 2j-2 2j-2  j+l<k<2j-1 2% -2
p>2,d=0 2j j j j j<k<2j-1 k—j+1
p>2,d=1 2j+1 J 2j 2j Jj+1<k<2j 2k —2j

To prove the proposition, it suffices to show that the Fourier/Mellin transform

1 * 1
= PP I, (m, p*)x(m) (6.95)
9D(pk)m (rg;pk) [éj[n] f[l]] fleg’;]/Ni

of (6.92) vanishes. Moving the sum over m to the inside, we have by Proposition 7.8 that

1
%= T T —p~*uydu.
P et €] §l€§1/~i/(%flx:s(u)wg( p~u)du

The inner Gauss integral is nonvanishing only if c(yg&1) = ek — d. For interpretation of later parts of
the proof, it may be helpful to note that if k > ¢(0)/2, then the condition c¢(ygé1) = ek — d is only
attainable when ¢(y) = k.

Writing u = ug(1 + u’) withvg (u’) > fek£d1 and ug € OE/UE([ekz’d]), we have

/ E1ve (Ve (=p ™) du

X
ueOy

= Z &1xE (uo)y & (=p ™ uo) / Ve ((ag +ay = p ™ uo)u’) du’.

up €O JUE ([ <54 ) ve (u) 2[4

From this we see that the nonzero contribution to inner Gauss sum comes from u satisfying

k 4]
up = p-(ag +ay) (mod py ).

We claim that this congruence requirement is actually independent of &; € &[ng]. (Recall that c(¢) =
—ve(ag) — d.) Indeed for &1, &> € £[no], we have

vE(PX(ag —ag)) = ek + (—=d — c(é7'€2)) > ek —d —ng
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which is > |_ek2_ d | using case by case check that

[(ek —d)/2] = no. (6.96)

We can thus fix & € &[np], impose the congruence condition for u in £ and swap the order of sum
and integral, getting

1
z=ph / S €1 (W (~p~u) du
e e, 2
I.ek—dj
uzpk(ag+ay) (mod p; 2 )
- p* / Exi (W (™ w) du
ueORUE (n)
Lekrd |
u=p (050+ch) (mod p )

by (6.89). We claim now that the two conditions on the integral are disjoint, i.e. that for any u satisfying

ek=d
u = p*(ag +a,) (mod plLs 2 J), we have u ¢ O3 UEg (no).
To prove the claim, we write

Prlag +ay) = p*(2(A)2 + ap) + ) = p*(zA/2 + @) + pF zay.

If p is odd, then A = 0 so ve(ag) = ev(z) + (e — 1) and then v(z) = —c(&g)/e — d by Lemma 6.1.
If p = 2, then v(z) is given by Lemma 6.34. We have that v(p*(zA/2 + @,)) > 0 and that vg (zap) is
directly related to c¢(¢”) by Proposition 6.37, while checking case by case shows that

k d

ve(p¥zag) = ek —d - (&) < | I (6.97)

The inequality in (6.97) reduces the problem to checking that p* (g +ay) ¢ ORUg(ng), as anything
ck d
from p IL; ! does not affect the criterion in Lemma 6.53.

Then the claim follows from Lemma 6.53 and checking case by case that

v (pFzag) = ek —d — c(&) < no. (6.98)
O

We give one last application of the p-adic stationary phase Lemma 6.52. Suppose o is as in Theo-
rem 6.45 and H,(m, n, pF) is the associated generalized Kloosterman sum therein. We have the follow-
ing crude bound.

Proposition 6.56. Suppose that k > max([c(0)/2],2). We have

p “Tr aroaff)

|H,y (m, 1, p¥)| < 642,(1) fe (1)p 2 +L3 min(v( +m). I3 (6.99)

where a = % If p # 2, the leading constant 64 may be replaced by 2.

Remark 6.57. Proposition 6.56 does not exclude the possibility that 5, (m, n, p¥) has worse than square-
root cancellation. First of all, if k + d is odd then there is an extra factor of p!/2. It may be possible
to remove this factor by working with the quadratic terms in the Postnikov formula Lemma 6.1 as in

k 2
[1K04, Lem. 12.3], but we leave this aside. Second, if k = ¢(c)/2 > 4, p + m, and m = — L L20%)
(mod p?), then the bound in Proposition 6.56 is worse than square-root by a factor of at least p.
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Proof. Combining (6.55) and (6.91), we have

— _d _
Hp(m, 1, p*) =74, (1) fe (1) p?2 > Euo)E (—uop ™ ) Re (o) (6.100)
ug€O% [UE ([ek/27)
Nm(up)=m (mod pk)

with ug = a + bag and Ry ¢ (up) given by Lemma 6.52. Accordingly, split the sum on the right hand
side of (6.100) as L + U with

Uug 1200]
L= D EuoWE(——p)Ri ¢ (o) and U = D EoWE(——p)Re ¢ (o).
o €O% JUr (Tek/2]) p 1o €O U (Tek/2]) p
Nm(up)=m (mod pk) Nm(up)=m (mod p¥)
v(b)<| 5] JOHESSS

By Lemma 6.52(1) we have that

3k—d

IL| < p~172

1Se
where Sy is the set defined by

Sp = {ug € O%/Ug(Tek/2]) : Nm(ug) = m (mod p*/21), bD = 2p* Tragas (mod pl5* )},

(2 l)'l

The congruence bD = 2p* Tr apag (mod pL 2 J) determines (modulo p[

o exactly p® values of bif d =0 or 1,
o exactly 2 values of b if d = 2, and
o at most 4 values of » modulo if d = 3.

Next we estimate the size of the set
p={a€O/p™?1O : Nm(a + bag) = m (mod p'*/?1)}
k -
for b = w (mod p L%J). We proceed by cases. Let us write S(¢, n) for the number of integers

x modulo n for which x> — £ = 0 (mod n).
Ifd=1o0rd=0,p # 2, and k is even, then the congruence in S p is

Tr g g )>
pra u m (mod pl*/21)

D
since Tr(ao) = 0 and Nm(ag)pl“2*! = 0 (mod p*/21) in these cases. Thus, by e.g. [KP17, Lem. 10]
we have
k rapa
ISL.p| < S(M +m, pf °h) < 2pL2mm(v(M+ INERIN

D

Now consider the case that p = 2. We may complete the square to find that any a € Sy, satisfies

2
k k 2
Tr apa Tr apa -
(a+—p 0 fTrao) _—(p 02e) —mEO(modkasz).

D D

Thus, Sz »| < S(M +m,pL%J). Since |'§'| - I_k_TdJ < 2, we have by e.g. [KP17, Lem. 10]
that

k 2 k 2 rage
S(%.}_m, 1521y 345(% . pTET) < 16U MO (2R
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k
Lastly, let us consider the case that d = 0, p # 2, and k is odd. Writing by = M%, we
parametrize the possible values of b by b = bo +xp%/2] where x runs modulo p. Then,
|S2.,5] = S(m = b Nm(ap) = 2xbop*/* Nm(ay), p™*/*).
If v(bo) > 0, then bop%/2] = 0 (mod p*¥/21) and we have

ISL.pl < 2pL%min(V(m—b§ Nm(a0))),[57)]
by a direct application of [KP17, Lem. 10]. So, we may assume v(bg) = 0 in the following.

Ifv(m—b3 Nm(ao)) < [£1-2, then v(m — b2 Nm(ag) —2xbop¥/2) Nm(ap)) = v(m—b3 Nm(ap)),
so that by loc. cit.

ISp. | < 2pLF min(v (m=b3 Nm(a0)), 5D,

If v(m — b2 Nm(ag)) > [5] - 1 and [k/2] is odd, then similarly

m— bé Nm(ap) — 2xbop %> Nm(ay)

1SLp] = p;<r§1—1>5( o p) < 2plamin(v(m-biNm(a0)).[5])],
p

Ifv(m - b(% Nm(ap)) > [%] — 1 and [k/2] is even, then

Loeke o[ m = bENm(ag) — 2xbop /2 Nm(ay)
ISl = p213] 2>S( ° P’

pr§1—2

and

2
N i b2 Nm(ap) — 2xbop*/?) Nm(aq) =2 ifx= m—=bj Nm(ap)
1 otherwise.

2bopt*/2TNm (ag) ’
p [£1-2

Thus by loc. cit.

lrk . 1
5, = 1P b=k + i),
’ 0 otherwise,

and
1 k 1 5 k 1 2 k
_[=1=r7= — — < | = — —
S151= I3 min(v(m - b Nm(ao)), [51)] < L3 min(v(m - 5§ Nm(a0)), [5)] +1.
Of course, m — b(z) Nm(ag) =m + @kﬁ,#‘f)z.
Drawing these cases together, we conclude that

7k rapa, 2
|SL| < 26pa+L%min(v(%+m)’r%DJ,

where 2° may be replaced by 2 if p # 2.

Now let us consider the sum U. In similar fashion to the proof of Proposition 6.54, the condition
v(g) > LMJ excludes all cases except d = 3,1, or (p # 2,d = 0 and v(a) = 0). In these cases, by
Table 3 we have that v(Z) =v(b)+(e—1)+v(2). If k = 2¢o + d, then by Proposition 6.51, the sum
H,(m,1, pk) is a classical Kloosterman sum, so that (6.99) holds by the classical Weil bound. We may
therefore assume that k < 2¢q + d for the remainder of the proof.
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First let us suppose that p is odd, which ensures that all terms in the sum U with v(a) # 0 vanish.
Moreover, we have by Lemma 6.52(2) that U vanishes unless [(k—(e—1))/2] > ¢y, so that the only case
left to consider is when k = 2¢g+e —2. Thus, when p # 2 and k < 2¢+d, the sum U either vanishes, or

_r3k=d 2a
u=p Ty D, £(a+bag)y(=5).
beO/p0O ae(O/pO)*
v(D)zco—1 a2+b? Nm(ag)=m (mod p*)

For m € O* the domain of summation on a is

{a € (O/p©°O)*: Falifta € (O/p*©O)* of a with > = m — b>* Nm(ap) (mod p¥)}
={a € (O/p°0)* : a* = m (mod p<)}

by Hensel’s lemma. In particular, the domain is independent of b. The result of these transformations is

_r3k=d 2a
u=p Ty D, Elarbay(=5)
ae(O/poO)* beO/p0O
a*=m (mod p<0) v(b)zco-1

_3k=d 2a b
=p Y Haw - Y v (= Tragag) =0.
ae(O/poO)* beO/p0O
a*=m (mod p©o) v(b)=co-1

If d = 3, then essentially the same argument as for p # 2 goes through to show that U = 0 when
k < 2co + d. We quickly note the necessary changes. Lemma 6.52(2) shows that U vanishes, except
possibly in the cases 2cyp < k < 2¢o + 2. We have

(O]p©OY  if k = 2co,

beOQ/pO,v(b) >cy—1 if k =2cog+1, and a € ]
/p v(b) > co i co and a (O/p O ifk > 260+ 1.

beOlp?O,v(b) 2co—2  ifk =2co, {
beO/poO,v(b) 2 co—1 ifk=2co+2,

Lastly, we use the hypothesis ¢(o) > 9 from Theorem 6.45 to ensure that 52 Nm(ep) = 0 (mod p)

and that Hensel’s lemma continues to work in residue characteristic 2. ]

Proposition 6.56 does not apply in the case ¢(0) =2 and k = 1 (i.e. ¢co = 1 and E/F unramified)
since the decomposition (6.91) is tautological in that case. Instead, we have the following bounds from
¢-adic cohomology.

Proposition 6.58 (Deligne, Katz). Suppose E/F is an unramified quadratic extension, q = |kp|,
c(¢) < 1and ¥ # 1 an additive character of F of conductor 0. For all m we have

| > e (-up™)| < 24/7. (6.101)

ue(Op/pOEg)*
Nm(u)=m (mod p)

Proof. Let € be a prime invertible in the residue field kr. Deligne [Del77, Sommes Trig. Rem. 7.18]

suggested and Katz [Kat88, 8.8.5 Thm.] proved that there exists a lisse Q,-sheaf KI1(Resy,, /x; G, ¥ E, £)
of rank 2 on G, k., pure of weight 1, with trace function

IKI(Resg /ipr G W0 €) (m) = - Z (e (u/p).

ueky
Nmg /i (W)=m
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Then, we have that |tK1(ReSkE/kF G, &) (M) < 24/q for all m € k. (see e.g. [FKMSI19, 3.4)]). If
m = 0 the sum clearly vanishes. O

7. Examples
7.1. Classical family

Choose ¢ € Z>( and let
fSC = y(pc)lZK()(pc)' (71)
The function f<. € H is the classical choice of test function matching [KL13].

7.1.1. Geometric and Spectral Assumptions
It is clear that f<. satisfies Geometric Assumptions (1) and (2) with y = p’, any i < c. It also satisfies
the spectral assumption, by definition.

7.1.2. Local family

The operator 7(f<c) : Va2 — Vy is the orthogonal projection onto the space V,If oP%) of Ko(p°©)-fixed
vectors in V. Therefore the local family F<. := F),( f<.) consists of 7 € G(Q,,)" that admit a nonzero
Ko(p©)-fixed vector. Equivalently, by newform theory

Fee ={n € G(Qp)" : ¢(n) < c}. (7.2)

7.1.3. Level
It is clear that the local level N), of f<. satisfies Nj, = p©.

7.1.4. Diagonal weights
By definition

b= [ amvEO dpn = [ Tt din, 73)
c(m)<c G

p)

which by the Plancherel formula equals
'/Q fSc((l)i)wp(_mt) dt = V(PC) =fSc(1) (7.4
r

for any m € Z7.

7.1.5. Local Generalized Kloosterman Sums
‘We have that

0 ifk <ec,

7.5
6pS(m,n;pk) ifk>c (7.5)

H,(m,n; p*) ={

by e.g. [KLO6a, Prop. 3.7].
7.1.6. Local Geometric Conductor
Equation (7.5) shows that the local geometric conductor &, satisfies k,, = ¢ by the generic nonvanishing

of classical Kloosterman sums.
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7.1.7. Hypotheses from Section 1.5
Hypothesis 1.21 (CVF) holds for the classical family F<., since p*» = p¢ > %v(pc) = %fSC(l).

To verify Hypothesis 1.20 (FTB), we compute the Fourier/Mellin transform of H,. A simple calcu-
lation shows that when k > c and ¢(y) < k

7(X%)?
@(pk)’

Hy(x, k) = (7.6)

@ 3 Hy(m, 1 pF)x(m) = v(p)

m (mod pk)

where

()= > x(me(m/q)

m (mod q)

is the classical Gauss sum of y as in e.g. [PY23, Lem. 7.1]. In particular, we have

0 ifk <c,

fee(gp(D)  ife(p) =k =,
Hpy (s )| = { fee(DEp(Dp™" ife(x) =0andk=12c,

0 if0<c(y) <kandk > c,

0 ifc(y)=0and k > 2,

so that Hypothesis 1.20 (FTB) follows. As a side comment, the sum in (7.6) is meaningless if ¢(x) > k,
but the integral in (1.49) for H, (), k) does make sense and returns O for c(y) > k.

7.2. Principal series families

Let y be a character of Z; with y? nontrivial, i.e. a primitive nonquadratic Dirichlet character to some
p-power modulus. Write ¢ = ¢(x), and if p = 2 assume in addition that ¢ > 4. We define a test function

Jx € Hp by
filg) = ﬁ M,E%PCZ)X Froasars (1.7)
where
fea.aw = x(@) " x(@) fyo(n(a'p=) ' gn(ap™)), (1.8)
and
Fe0(®) = v(p) zi o (@fd) for g =(55) €G@,). (7.9)

Note in particular that f, (1) = f, 0(1) = v(p©).

As we will see, the relative trace formula Theorem 1.8 associated to the choice f, at all ramified
places matches the Bruggeman-Kuznetsov trace formula for U,, |, (H (m, x?%) ® ¥) derived by classical
means by the second and third authors in [PY20] (here H (m, )(2) is a basis of Hecke-Maass newforms
of level m | ¢ and central character y2, where y is a primitive Dirichlet character modulo ¢). Note that
in [PY20], the family used had H.(m, ¥*) ® y instead of H(m, x*) ® ¥, but of course these are identical.

7.2.1. Geometric and Spectral Assumptions

We can check by an explicit calculation that for any «,a’ € (Z/p€Z)*, the support of
fX,o(n(a’p“')‘lgn(ap‘c)) is contained in a(p“)‘IZKpa(p"). Therefore, f, satisfies Geometric As-
sumption (2) with y = p€.
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In the case that p is odd, the spectral assumption for f, was established by the first named author
[Hu24, §3.3]. Precisely, by Proposition 3.28 and the first sentence of Corollary 3.24 of loc. cit. we
have that 7(f,) : Vz — Vy is an orthogonal projection onto the line of the newform in V. if & is
isomorphic to a principal series representation 7 (u, u~') with :“|Z§ = y and n(f,) = 0 if 7 is not such
a representation (recall we have assumed that y is not quadratic). Therefore f, is a newform projector,
and hence satisfies the spectral assumption.

If p = 2 then we may argue along similar lines to show that f, is a newform projector. We briefly
give the details now. First, note that ¢(y?) = ¢ — 1 since we have assumed ¢ > 4, as can be seen by e.g.
Lemma 6.1. Next, denote by 8’ the function on ZK(p©) given by

5'(3?) = x72(5).

Lemma 7.1. Let i’ be an irreducible smooth admissible representation of GL,(Q;) and ¢ > 4. Then the
subspace of V on which ZKo(p€) acts by the character @' is nontrivial only when ' ~ (v, v~ y7?)
for some unramified character v, in which case it is two dimensional with a basis given by the newform
¢, € Var and its translate ¢| = 1’ (a(p))¢|).

Proof. If the subspace of V- on which Ky (p©) acts by the character 6’ is nontrivial, it is necessary that
' = n(n1,1n2) (see e.g. [Cas73b, Pf. of Prop. 2]) with X c¢(n;) < ¢ and ¢(n172) = ¢ — 1. As there is
no character over Q, with level 1, and the central character is determined, we have 7’ ~ 7 (v, vyl X—z)
for some unramified characters v. In that case we have c¢(n’) = c(y) — 1, thus by newform theory the
corresponding subspace is 2-dimensional, spanned by the newform and its diagonal translate. O

Now we twist back. Denote by @ the following character on ZK(p€)

é(;’ﬁ) = y(a/o). (7.10)

Lemma 7.2. Let w be an irreducible smooth admissible representation of GL,(Q,) and ¢ > 4. Then the
subspace of V. on which ZKy(p©) acts by the character @ is nontrivial only when 1 ~ n(vy,v~'x71)
for some unramified characters v, in which case it is two dimensional with a basis {¢g, @1} given in the

Whittaker model by
wal ¢ 0 _ m PO yy(x),  ifv(x) 20,
o 0, otherwise.

—(v(x)+1)/2 , > _1
W) x 0 =41-p! p xv(x), ifv(x) = -1,
01 0, otherwise.

A similar statement to Lemma 7.2 was previously given by Nelson [Nel18, Lem. 48].
The following is an analogue of [Hu24, Lem. 3.25]:

Lemma 7.3. For  as in Lemma 7.2 and i = 0, 1,
R (M 1L
01
a€(Z/pcz)*

is a nonzero scalar multiple of the newform in V.

Proof. The proof is essentially the same as for [Hu24, Lem. 3.25] using the Whittaker functions from
Lemma 7.2, with the main step being that the Gauss sum

ax
Z w(p"‘

as(Z/pez)*

)X(ax)

is nonvanishing only if v(x) = 0, in which case the value is independent of x. O
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For the purpose of comparison with [Hu24], note that

1
vol(ZKo(p©)/Z)

1 =

= v(p) By g = S S—
S0 =v(P)Po,0 olZKo(p)]2Z) P

(50,0, and f/\/,a,a’ = V(pc)(ia,a’ =

where 50,0 and E)a,a/ are as in Definition 3.26 of loc. cit.. Recall that 7 is unitary with the pairing (-, -)
given in the Kirillov model by (6.28).

Lemma 7.4. For nt as in Lemma 7.2 and u = n(ap™c) with @ # 0 (mod p°),

(1) Span{r(u)po, n(u)p1} L Span{po, 1}, and
(2) ifv L Span{go, 1}, then v € ker n(fy0)-

Proof. To verify (1), one can use the unitary pairing (-, -) on the Kirillov model and the expression of
Whittaker functions from Lemma 7.2. To see (2), we note that

(@i, v) = (7 (fr.0) i v) = (@i, T (fr.0)v),

where the last equality follows from the fact that 6 is a character on the support with |6] = 1. Thus
v L Span{¢o, ¢1}ifandonlyif 7(f,,0)v L Span{eo, ¢1},ifandonlyif 7(f,,0) = 0. The lastequivalence
follows from the fact that (-, -) is nondegenerate on Im 7 (f,0). Indeed by Lemma 7.2 we have

((Wo,Wo) (Wo,Wl)) =( 1 p—1/2)
(W1, Wo) (Wi, Wp) p 12

which has nonzero determinant and is thus nondegenerate. O

Lemma 7.5.

0 otherwise.

b ifa=b' (mod p°),
f/\/,a,a’ * f/\/,b,b' = {fX “ 4 P

Proof. By definition and change of variable,

f/\/,a,a' * f/\/,b,b’ (g)

[ ab 1 -a’'p™©\ ,_1f1l ap™© 1 =b'p=©\ (1 bp~©
gz WA I i ey e e

heG

waa) [l el ™ P o o

heG

The conclusion is clear when a = b’ (mod p©). We need to show that when a # b’ (mod p©), the
integral is always vanishing for any g, i.e.

f)(,O * f/\/,O,b’—a =0.

By the Plancherel formula (4.3), it suffices to prove that

ﬂ(f/\/,O * f)(,O,b’—a) = ”(f)(,O)”(f)(,O,b’—a)

is vanishing for any 7. From Lemma 7.2, we can restrict to the case 7 ~ m(vy, v~ y™!). In this case let
0, ¢1 be as in Lemma 7.2. Then by a change of variable,

Im(7(fy.0.60-a)) = Span{m(u) o, 7 (1)1}
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for the unipotent matrix

(L (b =a)p™©
”‘(o 1 )

The required vanishing now follows from Lemma 7.4. O

Proposition 7.6. If 7 ~ (u, u=") with ﬂlZ,X, = x, then n( f,,) is a projection operator onto the space of
newforms in Vy, and otherwise n( f,) = 0.

Proof. First, note that f, = f,, = f, by the definition of f,, and Lemma 7.5. Thus, n(f,) is a projection
operator. Next, note that for any v € V,

rfv=—— 3 @@y Nrf) Y @ w(-ap )y, @.1D

#P) yedpey a€(Z]pe)"

Note that ZKy(p©) acts on Imn(fy ) through the character 0, so by Lemma 7.2 7(f,) = O unless
7~ x(u,u~") with ,uIle, = y. If & is such a principal series, then by Lemmas 7.2 and 7.3, the
operator ( f\,) has image in the line of the newform. Lastly, choose any ag € (Z/p°Z)* and let
vo = m(n(aop=c))wo. We have by Lemma 7.4 that

2(fe0) Y. x@ ' m(n(=ap™))vo = x(ao) " 7 (fr.0)¢0

ac(Z/pez)*
and 7 (fy,0)®0 = o, so that
_ X(a())_l ’ ’ _—c
m(fovo= "0 ), xl@)m(n(a p g,
e a’ e(Z/pcz)*
which is nonzero by Lemma 7.3. O

By Lemma 4.6(2), f, also satisfies Geometric Assumption (1).

7.2.2. Local family
Given y a character as above, define

_ —A
Fy=An(u.pu™) €G : plz = x} (7.12)
By the discussion in Section 7.2.1, we have that the local family F,(f,) = F,.

7.2.3. Level

The local level N, of f, satisfies N, = p*¢. Indeed, since fy is a newform projector, Proposition 4.1
applies, and f, is bi-Ko(p*°)-invariant as c¢(w(u, ™)) = 2¢. Thus, f, is bi-K (p*)-invariant and so
N, | p*. On the other hand, suppose f, were bi-K (p>~!)-invariant. Then, it would be bi-invariant by
the product K (p%~1)Ko(p*¢) = Ko(p*>*~"). Indeed, the inclusion C is clear and for the other direction,

note that
1 0 aby [ a b\ _
%p2c71 1-— %pQC*l 0dl~ CPZC—I dl ~ 8

for any g € Ko(p*~'). But then n(f,)Vr for m = w(u, u~") would have a nonzero Ko(p>~!)-fixed
vector, which it does not. Thus N, = p.
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7.2.4. Diagonal weights
By definition,

'_ 1 - _ S AT
Op = . T2(D) di(m) = (1= p=) " u(Fy), (7.13)

since L(1) = (1 = p~') is constant on Fy.asc(m) = 2 forall € F, (recall (1.14) for the definition)
By the Plancherel formula,

v(p©)

Sp=(1=pHf(1)= T

(7.14)

7.2.5. Local Generalized Kloosterman Sums
The local generalized Kloosterman sums H, (m, n; ¢) associated to f,, were computed in [Hu24, Cor.
4.12] and go through in the case p = 2. We have

H oy = [OPXX OIS ph) k> e and (pomn) =1 o
0 if k <c(y)orp|mn.
For comparison to the supercuspidal Kloosterman sums below, it is pleasing to note that
— * o —— xX+y
XMy (S (m,mpby = X(x)x(y)e( o ) (7.16)

x,y (mod pk)
xy=mn

Remark 7.7. Note that the formula (7.15) for the generalized Kloosterman sums differs from the
Kloosterman sums that appear via the classical procedure (as in [PY20]) by the factor of (1 — p~1).
The extra factor of (1 — p~!)~! may be accounted for by the observation that the harmonic weights in
Theorem 1.8 and the harmonic weights in the classically derived formula are not exactly the same. The
former are attached to forms of conductor 2¢ and trivial central character, while the latter are attached
to forms of level ¢ and nontrivial central character.

7.2.6. Local Geometric Conductor
The previous subsection shows that the local geometric conductor k, satisfies k,, = ¢ by the generic
nonvanishing of classical Kloosterman sums.

7.2.7. Hypotheses from Section 1.5
Hypothesis 1.21 (CVF) holds for the family F,, since p*» = p© > %v(pc) = %fx(l).

To verify Hypothesis 1.20 (FTB), we compute the Fourier/Mellin transform of H,. A simple calcu-
lation shows that when k& > ¢ and c(a) < k

H,(a) S Z Hp(m,l;pk)mzép%, (7.17)

where

)= Y x(me(m/q)

m (mod q)

is the classical Gauss sum of y as in e.g. [PY23, Lem. 7.1]. In particular, since c(ay) and c(ay) are
both < k whenever H,, (m, 1; pX) # 0 (see (7.15)) we have

|Hp()] < (1-p™)72f (1)

for all characters a of ZIX, so that Hypothesis 1.20 (FTB) follows.
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7.3. Supercuspidal families

Let F = Q, with ring of integers O = Z,. If p # 2 suppose we are given an admissible pair
(E/F,&) € Po(F) with é|px = ngjF, and if p = 2 suppose we are given (E/F,¢) € PZ(F)]ZQ, and
moreover that ¢(¢) > 8 when d = 3.

Let o be the supercuspidal representation corresponding to the pair (E/F, &) by Theorem 6.6 or
Corollary 6.8 and ® = @, the diagonal matrix coefficient of an L?-normalized newform in o. Recall
co =c(&)/e, d = vp(disc E/F), and the compact open subgroups Ko(m, n) from (1.60). Following
Theorems 6.20 and 6.29 we set

6|ZK m,n
fo = —2Rolmm_ 5 (7.18)
1P|z &y (m.m) 15
with
(co, —c0) itd =0,
(co+1,-co) ifd=1,

(m,n) = .
(C0+1,—C0—1) 1fd=2,

(C0+2,—C()—1) ifd =3.

7.3.1. Geometric and Spectral Assumptions
It is clear from its definition (7.18) that fe satisfies Geometric Assumption (2). By Theorems 6.20
and 6.29 f¢ satisfies the spectral assumption, a fortiori Geometric Assumption (1) by Lemma 4.6(2).

7.3.2. Local family
With hypotheses as above, by Theorems 6.20 and 6.29 we have

{o} if p#2andd =0,
Fp(fe) =Fe =q{o,oxn} ifd=1, (7.19)
i(&[1]) ifp=2andd =0,

where i is the map in Corollary 6.8. Note, if p =2 and d = 0, then | F¢| =3 and o € F¢.

7.3.3. Level

The local level N, of f satisfies N), = p<(9) Indeed, since f¢ is anewform projector, Proposition 4.1
applies, and so f¢ is bi-Kp( p¢(@))-invariant, in particular bi-K (p¢(?))-invariant so that N » | pelo),
On the other hand, if fg were bi-K( p¢(@)~)invariant, then it would be bi-invariant by the product
K(p¢ MK (p(@)) = Ko(p<(o)7") (see Section 7.2.3). But then 7 ( ) would project into the space
of Ko(p©(“)~1)-fixed vectors, which it does not. Thus N, = p¢(?).

7.3.4. Diagonal weights
By definition,

Sp di(m) = (1= p™)™ ' i(Fe), (7.20)

_ 1
Fe Kﬂ(l)
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since L, (1) = (1 - p~!) is constant on Fe (recall (1.14) for the definition). By the Plancherel formula,
(6.26) and (6.36),

p° if p#2andd =0,
v(petl) ifp#2andd=1,
v(p©tl) if p=2andd # 3,
v(p€*?) if p=2andd =3.

§p=(1-p Y fe(l) = (7.21)

7.3.5. Local Generalized Kloosterman Sums
A natural expression for the local Kloosterman sum H, (1, n; p*) was given formally in Theorem 6.45.
Briefly, we have that

_ _d .
0TS st g(u)lp(—%) if k > [c(c)/2] and (mn, p) = 1,
Hp (m,n;p ) = Nm(u)=mn (mod p¥)
0 otherwise.

(7.22)

See the beginning of Section 6.4 for an explanation of the notation in (7.22) and some relevant remarks.

7.3.6. Local Geometric Conductor
By Lemma 3.5 and the Definition (7.18), we have

co ifd=0,
kp>4co+1 ifd=1or2, (7.23)
co+2 ifd=3.

In fact, the inequality is sharp. We can check this when p # 2 as follows. Suppose first that d = 0, i.e.
c(o) is even. Then applying [Hu18, Prop. 3.1(iii)] and Lemma 6.25 with i = ¢y = ¢(0)/2, we see that

@((8 (ko 1 )) # 0 for some a € O™ and some m € F withv(m) = —co. By the left-A(O)-invariance

of @, we have that (ID(((I) ") ( po 1)) # 0 for some n € F with v(n) = —co. Then Lemma 3.6 applies

14+np0 npco
[
Now suppose that d = 1, i.e. ¢(o) is odd. Then we apply [Hul8, Prop. 3.1(i),(ii))] withi = ¢+ 1 =

c(o)+1
)

with ¢ = p“ and g = ( )(also using Lemmas 3.3 and 3.4), so that k, < ¢( thus k,, = ¢o.

, obtaining in similar fashion to the ¢(o-) even case above that (I>(((]) ) pctn ' )) # 0 for some

n € F with v(n) = —co. Thus Lemma 3.6 applies with ¢ = p*! and g = (“"PICO+l ”P;'OH )(also using
Lemmas 3.3 and 3.4), so that k,, < co+1thus k, =co+1.

7.3.7. Hypotheses from Section 1.5
Next we compute the Fourier/Mellin transform of the supercuspidal Kloosterman sum. Recall from
(1.49) that

1 .
o(pk) 2. Hp(m’l;pk))((m):{p(l)LxHP(m’th)X(m)dm. (7.24)

m (mod pk)

H,(x, k) :=

Proposition 7.8. If k < max(c(y), c(0)/2), then ﬁp()_(, k) =0.If k = max(c(x),c(0)/2), then
prt

oy | K a,
P
O

Hy(v. k) =6,(1-pH 'y
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where (E[F, &) is as in Theorem 6.45, yg = y o Nm and g = ¥ o Tr. In particular, ﬁp O, k) #01if
and only if c(xgé) = ek — d, and in this case |H, (), k)| = (1 - p‘l)_zf,f(l) =(1- p‘l)_lép.

Proof. If 2k < c(o) then Hp,(y, 1; p*) vanishes identically, so ﬁp (x, k) does as well. If ¢(x) > k then

H » (X, k) vanishes identically by the pK-periodicity of H p- This is the first assertion.
It remains to consider the case that c¢(y) < k and 2k > ¢(o). Under these assumptions,

A0 =70 =200 [ [ e@up ) dean.
Nm(x)=m (mod p*)

Swapping order of integration gives
= _ - _d -
A0 =701 =) 210 [ e u=p™ ) di,
E

which is a Gauss sum over E. Switching from additive to multiplicative Haar measure shows the 2nd
assertion of the proposition.

For the third assertion, it suffices to evaluate the Gauss sum, and such evaluations for Gauss sums over
non-archimedean local fields are well-known. Note that since ¢ is regular, we have that (yg&)7 # yeé,
so that this character is nontrivial on O%. Then, by e.g. [CS18, Lem. 2.3] the Fourier/Mellin transform

ﬁp (X, k) is nonvanishing if and only if c(yg&) = ek — d and in this case

Hy(. k) =7(1 = p N2 fe(De(1/2, (xeé) ™ i) (xeé) 1 (-1), (7.25)

where . is the additive character of conductor O defined by ¥ : x = Yg (ng) and
€(1/2, (xg&)™!, Yy;) is the root number associated to (yeé&)~! and 7. We have in particular that

|Hp (0, k)l = (1= p )72 fe (108 (g £)=ck—d- (7.26)
O

Perhaps in practice it is useful to look at (7.26) in cases depending on k,c(co) and c(y). If £ >
max(c(y), c(o)/2), then

c(xeé) < max(c(xg),c(§)) < max(Yer(c(x)) — (e - 1), g(C(U) —d)) < ek —d,

where g/ is the Hasse-Herbrand function (see [Ser79, Ch. V]), so that H p (k) =0.1f 2k > c(o)
and c(y) = k > d, then c(yg&) = c(xg) = ek — d by loc. cit. Corollary 3, so ﬁp()_(, k) # 0. If
2k = c(o)and c(x) < k,then c(yg) < ec(y) —d < ek —d = c(£),s0 c(ygé) = c(&é) = ek —d, so
I:I\,,(Y, k) # 0.1f 2k = c(0) and ¢(x) = k > d, then c(¢) = ek — d = c(xg) loc. cit. Corollary 3, so
whether H » (¥, k) = 0 or not depends on whether the conductor of yg¢ drops or not.

In particular, the last assertion of Proposition 7.8 shows that Hypothesis 1.20 (FTB) of Section 1.5
holds for f, = f¢.

From the above case analysis of Proposition 7.8, one can quickly check that the inequality in (7.23)
is in fact an equality. Therefore, Hypothesis 1.21 (CvF) of Section 1.5 holds locally for f, since we
may check that p*» > fe(1) by comparing e.g. (7.21) and (7.23).
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7.4. Neighborhood of a supercuspidal representation

Let o be a trivial central character dihedral supercuspidal representation corresponding to apair (E/F, &)
as in Section 7.3. For 0 < n < ¢ (&), recall (6.12) the neighborhood &[n] of characters around &, and for
0 < a < n the equivalence relation ~, on &[n].

Write & for a twist-minimal character of E* for which there exists a character y of F* withé = &y,
following Section 6.3. Recall that if p # 2 or d = 3, then we may take £’ =& andif p =2 and d =0 or
2, then we have that c(£¢’) = ¢(&) — 1, see Table 2.

Now, set a = 1 if the E on which ¢ is defined is the unramified quadratic extension of Q; and a = 0
otherwise. Suppose that a < n < ¢(&’), so that no & € £[n] is of the form yg for some character y of
F*. That is to say, all £ € ¢[n] are regular in the sense of Section 6.1.2. Let f¢ , € Fgn be defined by

fen= ). fe (7.27)
feénli~a

where f¢ is the supercuspidal projection operator defined in (7.18).

The test function fg , clearly is a newform projector because each fz is a newform projector.
Moreover, since each &) € £[n] is defined over the same field as ¢ and has ¢(&]) = ¢ (&), it follows from
the definition of f, that f , satisfies the geometric assumptions as well.

Clearly,

Fp(fen) = i(&[n]/~a),

where 7 is the LLC parametrization map of Section 6.1.2. Since all 71 € F,(f¢ ) have the same
conductor exponent, the diagonal weight (1.18) is given by

0p = [€[n] : €lallgp (1) fe(1). (7.28)

An explicit formula for ), (1) fz (1) was given in (7.21).

The local generalized Kloosterman sums corresponding to f¢ , are computed by combining The-
orem 6.45, and Propositions 6.54 and 6.55. Writing H¢ ,,(m1, my; c) for the generalized Kloosterman
sum attached to & as in (7.3.5), the result is that

[£[n] : éallHg, p(mi,ma, p*)  if k 2 co+[d/2] —a+[2],

. (7.29)
0 ifk <co+[d/2]—a+[%].

Hp(my, ma; p*) ={

In particular, by referring to the results of Sections 7.3.6 and 7.3.7 we obtain that the local geometric
conductor of f¢ , is

kp=co+[d/2] —a+ LgJ. (7.30)

With (7.29) in hand, the details of the Fourier/Mellin transform of H, (m, 1, pX) can be read off directly
from Section 7.3.7. In particular, the local version (1.51) of Hypothesis 1.20 (FTB) is merely that of
fe times [£[n] : £[a]] on both sides. Meanwhile, the local version (1.52) of Hypothesis 1.21 (CvF)
follows from (7.30), (7.27), (7.21), and Remark 6.10.

7.5. Representations of a given conductor exponent > 3

Let ¢ > 3 and recall the definition of Ky (m, n) from (1.60). Set

1
- vol(Z\ZK(m, n)) 1

fm,n

ZKy(m,n)»

https://doi.org/10.1017/fms.2026.10176 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10176

110 Y. Hu, 1. Petrow and M. P. Young

and define

f:c :fc,O_fc,—l _fc—l,0+fc—1,—l- (7.31)

Then, by [Nell7, Cor. 5], the test function f is a newform projector onto irreducible generic representa-
tions 7 with ¢ = ¢(r). It clearly satisfies the geometric assumptions.
The test function f-. has support controlled by y = p°~!, so that by Lemma 3.5, we have k p2c—1L

On the other hand, applying Lemma 3.6 with N = M = p© and g = (”PC*2 Pclfz) shows that p¢~! €

1
C(F(f=¢)) is an admissible modulus. Thus k,, = c — 1.

The local generalized Kloosterman sums assocated to f-. can be deduced from [Nell7, (4)]. See
Section 2.3 for our definition of Fourier coefficients and the Petersson formula, and (4.23) for our
normalization of Petersson inner products. One finds

Hp(m,n;pk) = Z u(d)d? Z y(e)v(Z—:) Z S(%, g;r). (7.32)
d|(m,n,p€) e|p© r=0 ((rjn::pl{/dt‘)

In particular, if p ¥ (m, n), then

0 ifk <c-2,
H,,(m,n,pk) = —v(pHS(m, n; p*) ifk=c-1, (7.33)
pe(l - #)S(m,n;pk) ifk >c.

Now, the local Fourier/Mellin transform (see (1.50)) of H,,(m, n; pk) is given by

0 ifk <c-2,
—~ . 2 .
Hy(v.k)={—v(p T ifk=c-1, (7.34)
pc(l_L) T(x)? ifk>c
27 e(p*) ="

using e.g. (7.6). Meanwhile, from the definition of f-. we have

f=c(1)=pc(1—]%)(l—;—)), (7.35)

so that |ﬁp (x, k)| <4f=c(1) forall p, y, k, i.e. the local version (1.50) of Hypothesis 1.20 (FTB) holds
for fo.(1).
On the other hand, we have
prr 1
fee(D) ( _L)( _1)’
¢ r(! o2 1 P

so that local version (1.52) of Hypothesis 1.21 (CvF) fails in “horizontal” (p — oo) aspect for f-..
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