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Abstract. 1t is proved that all special flows over a rotation by an irrational & with bounded
partial quotients and under f which is piecewise absolutely continuous with a non-zero
sum of jumps are mildly mixing. Such flows are also shown to enjoy a condition that
emulates the Ratner condition introduced in M. Ratner (Horocycle flows, joinings and
rigidity of products. Ann. of Math. 118 (1983), 277-313). As a consequence we construct
a smooth vector-field on T? with one singularity point for which the corresponding flow
(¢1);er preserves a smooth measure, its set of ergodic components consists of a family of
periodic orbits and one component of positive measure on which (¢;),cr is mildly mixing
and is spectrally disjoint from all mixing flows.

1. Introduction

The property of mild mixing of a (finite) measure-preserving transformation has been
introduced by Furstenberg and Weiss in [7]. By definition, a finite measure-preserving
transformation is mildly mixing if its Cartesian product with an arbitrary ergodic (finite
or infinite not of type I) measure-preserving transformation remains ergodic. It is also
proved in [7] that a probability measure-preserving transformation 7 : (X, B, u) —
(X, B, u) is mildly mixing if and only if 7 has no non-trivial rigid factor, that is
liminf, oo w(T™"BAB) > 0 forevery B € 5,0 < u(B) < 1. For the importance
and naturalness of the notion of mild mixing see, for example, [1, 4, 6, 15, 16, 22].

It is immediate from the definition that the (strong) mixing property of an action implies
its mild mixing, which in turn implies the weak mixing property. In the case of Abelian
non-compact group actions, Schmidt in [21] constructed examples (using Gaussian
processes) of mildly mixing actions that are not mixing. A famous example of a mildly
mixing but not mixing system is the well-known Chacon transformation 7' (mild mixing
of T follows directly from the minimal self-joining property of 7', [10]). However, none
of the known examples of mild but not mixing dynamical systems was proved to be of
smooth origin (see [12] and [8]—discussions about the three paradigms of smooth ergodic
theory).
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Special flows built over an ergodic rotation of the circle and under a piecewise
C!-function with non-zero sum of jumps were introduced and studied by J. von Neumann
in [18]f. He proved that such flows are weakly mixing for each irrational rotation.
The weak mixing property was then proved for the von Neumann class of functions
but over ergodic interval exchange transformations by Katok in [11], while in [9] the
weak mixing property was shown for the von Neumann class of functions where the
C'-condition is replaced by the absolute continuity; however, in [9], T is again an arbitrary
irrational rotation. The absence of mixing of 7/ is well-known; it has been proved by
Kocergin in [14]. In fact, from the spectral point of view special flows in this paper have
no spectral measure which is Rajchman, that is they are spectrally disjoint from mixing
flows (see [5]).

The aim of this paper is to show that the class of special flows built from a piecewise
absolutely continuous function f : T — R with a non-zero sum of jumps and over a
rotation by « with bounded partial quotients is mildly mixing (Theorem 7.2). One of the
main tools, which yet can be considered as another motivation of this paper, is Theorem 6.1
in which we prove that T/ satisfies a property similar to the famous Ratner propertyi
introduced in [20] (see also [23]). It will follow that any ergodic joining of T/ with
any ergodic flow (S;) is either the product joining or a finite extension of (S;). In §7,
the absence of partial rigidity for 7/ will be shown. Finally, these two properties combined
will yield mild mixing (see Lemma 4.1).

As a consequence of our measure-theoretic results we will construct a mildly mixing
(but not mixing) C*°-flow (¢;),cr Whose corresponding vector-field has one singular
point (of a simple pole type). More precisely, we will construct (¢;);cr on the two-
dimensional torus, such that (¢;) preserves a positive C°°-measure and the family of
ergodic components of (¢;) consists of a family of periodic orbits and one non-trivial
component of positive measure which is mildly mixing but not mixing. More precisely,
the non-trivial component of (¢;) is measure-theoretically isomorphic to a special flow T/
which is built over an irrational rotation 7x = x + « on the circle and under a piecewise
C-function f : T — R with a non-zero sum of jumps. In these circumstances 7/ lies in
the parabolic paradigm (see [8]).

Some minor changes in the construction of the C*°-flow (¢),ecr (Which uses some ideas
descended from Blokhin [2]) yield an ergodic C*°-flow which is mildly mixing but not
mixing and lives on the torus with attached Mobius strip. This flow will enjoy the Ratner
property in the sense introduced in §5.

2. Basic definitions and notation
Assume that 7' is an ergodic automorphism of a standard probability space (X, B, ).

A measurable function f : X — R determines a cocycle f()(-) : Z x X — R given by
FE) + f(Tx)+ -+ f(T" x) ifm >0,
f(m)(x) =10 ifm=0,
—(f(T"x)+ -+ f(T7"x) ifm <0.
T We thank A. Katok for turning our attention to this article.

I The possibility of having the Ratner property for some special flows over irrational rotations was suggested to
us by B. Fayad and J.-P. Thouvenot.
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Denote by A the Lebesgue measure on R. If f : X — R is a strictly positive
L'-function, then by T/ = (T,f )rer We will mean the corresponding special flow under f
(see, for example, [3, Chapter 11]) acting on (x/,BY, uf), where X/ = {(x,s) € XxR:
0 <s < f(x)}and B (u/) is the restriction of B ® B(R) (1 ® A) to X/. Under the
action of the flow T/ each point in X/ moves vertically at unit speed, and we identify the
point (x, f(x)) with (Tx, 0). More precisely, if (x, s) € X/ then

T/ () = (T"x,s +1 = ),
where n € Z is the unique number for which
fP@) s 41 < fO ).

We denote by T the circle group R/Z which we will constantly identify with the interval
[0, 1) with addition mod 1. For a real number ¢ denote by {¢} its fractional part and by ||¢||
its distance to the nearest integer number. For an irrational « € T denote by (g,) its
sequence of denominators (see, for example, [13]), that is, we have

1 1
2Gnqn+1 Gndns1’

1)

Pn
a——|<
qn

<

where

qo=1, q1=ai, qu+1 =antr1qn + gn-1,
po=0, pi1=1, ppy1=ans1pn~+ pu-i

and [0; ag, az, .. .] stands for the continued fraction expansion of «. We say that o has
bounded partial quotients if the sequence (a,) is bounded. If C = sup{a, : n € N} + 1,

then
1 1 I I 1 1
< < a| < < —
2Cqy 2qn+1 n qn+1 qn

foreachn € N.

3. Construction
In this section, using the procedure of gluing of flows which was described by Blokhin
in [2], we will construct the flow (¢;);cr that was announced in §1.

Let o € R be an irrational number. We denote by (1/;);cR the linear flow ¥, (x1, x2) =
(x1 + fa, x2 + 1) of the torus T2. Let us cut out (from the torus) a disk D which is
disjoint from the circle S = {(x,0) € T2 : x € [0,1)} and intersects the segment
Oo,1] = {(at, t) : t € [0, 1]}. We will denote by S; the circle which bounds D. Leta and b
be points of Sy that lie on the segment Ojg, 1} (see Figure 1).

Now, let us consider the flow ({Zt)teR on the disk D = {(x,y) e R?: (x—1/2)*4y% <
(3/2)% given by the following system of equations (on RZ\ {(0,0)}):

dx  —y
Z—xz_i_ 2°
Yo @)
dy x(x—D+y
dt — x24y2
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FIGURE 2. The phase portrait for the Hamiltonian system H (x,y) = %ez" (y2 + (x — 1)2); the portrait is the
same as for (2).

By the Liouville theorem (1//,),ER preserves the measure e (x2 + y¥) dxdy. Let Si 1 be
the boundary of D. The flow (1//,) has a singularity at (0, 0) and a fixed point (1, 0) which
is a center (see Figure 2). Moreover, the set

B={x,y)eD: ¥ +x-1><1, x>0}

consists of periodic orbits. Let @ and b be the points of intersection of Si and the
separatrices of (0, 0). By [2, Lemma 1], there exists a C*°-diffeomorphism g : S| — 51
such that g(a) = @, g(b) = b and there exist a C*°-flow (¢;);cg on M = (T \ D) Ug D
and a C*°-measure x on (T \ D) U, D such that:
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b (¢1)1cR PreSErVes [i;
o  theflow (¢);cp restricted to T \ D is equal to (¥1)eR;

° the flow (¢;);cRr restricted to Dis equal to (‘ﬁt)teR

M splits into two (¢;);cr-invariant sets B and A = M \ B such that B consists of periodic
orbits and A is an ergodic component of positive measure. Moreover, the flow (¢;);cr on
A can be represented as the special flow built over the rotation 7x = x 4+ « and under a
function f : T — R which is of class C* on T \ {0}. Of course, f(x) is the first return
time to S of the point x € S = T. We will prove that f : (0, 1) — R can be extended to a
C°°-function on [0, 1], that is, D" f possesses limits at 0 and 1 for any n > 0. Moreover,
we will show that lim,_,o+ f(x) > lim,_ ;- f(x). To prove it we will need a simple
auxiliary lemma.

LEMMA 3.1. Let U C C be an open disk with center at 0 and h : U — C be an analytic
function such that h(z) # 0 for z € U. Let us consider the differential equation

dz _ i
dt  zh(z)

on U \ {0}. Then there exists an open disk Ucu containing 0 and a biholomorphic map
£ U— é(U) such that £(0) = 0 and

on S(ﬁ) \ {0}, where v = V2&(2).

Proof. Let H : U — C be an analytic function such that H'(z) = —izh(z) and H(0) = 0.
Since H'(0) = 0 and H”(0) = —1h(0) # 0, there exists an open disk UcuU containing
0 and a biholomorphic map & : U — é(U) such that H(z) = (£(z))? for z € U.
Putw = \/_é(z) zeU. Then, w2/2 = (é(z))2 H (z), and consequently

do | rpde JH'©

dt dt zh(2) -

Of course, equation (2) can be written as dz/dt = i(z — 1)/z. By Lemma 3.1 (with
h(z) = 1/(z — 1)), there exist an open disk 0 € V C C and a biholomorphic map
F : V — F(V) such that the flow (F~! o ¢ o F);cr on V is determined by the equation
dw/dt = 1/w, that is by

O

dx_ X

E‘xz_i_ 2’

i _yy 3)
dt 24y

The trajectories of this flow are presented on Figure 3. Denote by S, = {re'’ : ¢ € [0, 2]}
a circle which is contained in V. Let T : S — R be the function of first return time
(counted forward or backward and staying inside S) to S. It is easy to check that

t(re'") = —r? cos(21),

which is of class C* (indeed, da)z/dt = 2 and the first return time satisfies
|w2()]? = r*). Let §, := F($) and T : S» — R be the function of the first return
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FIGURE 3. The phase portrait for the equation dw/dt = 1/w.

time (counted forward or backward inside F(V)) to §2 Then, T is also of class C*°.
Consequently, f : (0, 1) — R can be extended to a C*°-function on [0, 1] and

lim f(x) — lim f(x) > 7o,
x—07t x—1-

where 7 is the time of the first positive return of the point O to itself via the separatrix

which starts and stops at 0. In this way, we have constructed a C*°-flow with one singular

point on the torus which:

° preserves a C°°-measure;

° possesses two invariant subsets A and B: A is an ergodic component of positive
measure and B consists of periodic orbits;

° the flow on A is measure-theoretically isomorphic to a special flow 7/, where T is
the rotation by ¢ and f : T — R is C* function on T \ {0} and lim,_, o+ f(x) #
limy o~ f(x).

By cutting out the disk with the center at (1, 0) and of radius 1/2 (it intersects A but
does not contain the point (0, 0)) from the flow (¢;),cr and gluing a M6bius strip endowed
with the flow considered by Blokhin in [2, §3] we can obtain a C*®°-flow (u;);cg With
one singularity on a non-orientable surface of Euler characteristic —1 such that (u,;) has a
special representation in which the roof function is of class C*° except for one jump.

4. Joinings

Assume that S = (8;),eRr is a flow on a standard probability space (X, BB, u). By that
we mean always a so-called measurable flow, that is we require in particular that the
mapR 3¢t — (foS;,g) e Cis continuous for each f, g € L*(X, B, ). Assume,
moreover, that S is ergodic and let 7 = (7;),er be another ergodic flow defined on
(Y,C,v). By a joining between S and 7 we mean any probability (S; x T;),;cr-invariant
measure on (X x Y, BQC) whose projections on X and Y are equal to  and v respectively.
The set of joinings between S and 7 is denoted by J (S, 7). The subset of ergodic joinings
is denoted by J¢(S, 7). Ergodic joinings are exactly the extremal points in the simplex
J(S, 7). Let{A, : n € N} and {B, : n € N} be two countable families in B and C
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respectively which are dense in 3 and C for the (pseudo-)metrics d,,(A, B) = w(AAB)
and d, (A, B) = v(AAB) respectively. Let us consider the metric d on J (S, 7) defined by

1
dp,p) = Y S |p(An X Bp) = 0/ (An x Bn)l.

m,neN

Endowed with the corresponding d topology, which we will refer to as the weak topology,
the set J(S, 7) is compact.

Suppose that A C B is a factor of S, that is, A is an S-invariant sub-o-algebra.
Denote by u @ 4 1 € J(S, S) the relatively independent joining of the measure p over the
factor A, thatis, u ® 4 u € J(S, S) is defined by

(n®a m)(D) = / (ux ® px) (D) djr(x)
X/A

for D € B® C, where {uy : x € X/A} is the disintegration of the measure u over the
factor A and 1 is the image of u by the factor map X — X/A.

For every t € R by us, € J(S,S) we will denote the graph joining determined by
s, (A x B) = u(ANS_;B) for A, B € B. Then, us, is concentrated on the graph of S;
and us, € J(S, S).

Let (f,),eN be a sequence of real numbers such that 7, — 400. We say that a flow &
on (X, B, ) is rigid along (t,) if

n(ANS_1,A) = u(A) “)

for every A € B, or, equivalently, us, — g weakly in J(S, S). In particular, a factor
A C B of S is rigid along (z,) if the convergence (4) holds for every A € A. Itis
well known that a flow is mildly mixing if and only if it has no non-trivial rigid factor
(see [7, 22]).

Definition. A flow S on (X, B, u) is called partially rigid along (t,) if there exists
0 < u <1 such that

liminf u(ANS_,, A) > up(A) forevery A € B3,
n—od

or, equivalently, every weak limit point p of the sequence (us, )seN in J (S, S) satisfies
p(A) > u,where A ={(x,x) e X x X :x € X}.

The proof of the following proposition is the same as in the case of measure-preserving
transformations which can be found in [17].

PROPOSITION 4.1. Let S be an ergodic flow on (X, B, w). Suppose that A C B is a non-
trivial rigid factor of S. Then there exist a factor A’ D A of S and a rigidity sequence (t,)
for A such that jus, — pn ® 4 o weakly in J (S, S).

Recall that in general the notions of (absence of) partial rigidity and mild mixing are not
related. For example, the Chacon transformation is partially rigid (see for example [19])
and mildly mixing. On the other hand, the Cartesian product of a mixing transformation
and a rigid transformation is not mildly mixing and has no partial rigidity. Under some
additional strong assumption, however, we have the following.
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LEMMA 4.1. Let S be an ergodic flow on (X, B, i) which is a finite extension of each of
its non-trivial factors. Then, if the flow S is not partially rigid it is mildly mixing.

Proof. Suppose, contrary to our claim, that there exists a non-trivial factor 4 of S which
is rigid. By Proposition 4.1 there exist a factor A" O A and a rigidity sequence (z,) for A’
such that

us, — &4 u weakly in J (S, S). )

Since S is ergodic and it is a finite extension of S| 4/, there exists a natural number & such
that every fiber measure uy, X € X/ A’ is atomic with k atoms each of measure 1/k, where
{uz : ¥ € X/ A’} is the disintegration of the measure u over the factor A’. Then,

1 1
(n®@u m(A) = / (ux ® px)(A) d(x) = / —dp() = -,
X/ A X/ A k k

which, in view of (5), gives the partial rigidity of S and we obtain a contradiction. o

5. The Ratner property
In this section we introduce and study a condition which emulates the Ratner condition
from [20].

Definition. (cf. [20, 23]) Let (X, d) be a o-compact metric space, 13 be the o -algebra of
Borel subsets of X, p a Borel probability measure on (X, d) and let (S;);cr be a flow on
the space (X, B, ). Let P C R\ {0} be a finite subset and #p € R\ {0}. The flow (S;);cR is
said to have the property R(ty, P) if for every ¢ > 0 and N € N there exist k = k(¢) > 0,
8§ =08(e, N) >0andasubset Z = Z(g, N) € Bwith u(Z) > 1 — ¢ such thatif x, x’ € Z,
x" is not in the orbit x and d(x, x’) < §, then there are M = M (x,x"), L = L(x,x’) > N
such that L/M > « and there exists p = p(x, x’) € P such that

#n € ZNIM, M + L] : d(Sniy(x), Spro+p(x) < €} -
L

Moreover, we say that (S;);ecr has the property R(P) if the set of all s € R such that the
flow (S¢);er has the R(s, P)-property is uncountable.

1—e.

Remark 1. In the original definition of M. Ratner, for 79 # 0, P = {—to, fp}. In our
situation a priori there is no relation between #y and P. Analysis similar to that in the
proof of [20, Theorem 2] shows that R(#), P) and R(P) properties are invariant under
measure-theoretic isomorphism.

We now prove an extension of [20, Theorem 3] that brings important information about
ergodic joinings with flows satisfying the R(P)-property.

THEOREM 5.1. Let (X, d) be a o-compact metric space, BB be the o-algebra of Borel
subsets of X and . a probability measure on (X, B). Let P C R\ {0} be a non-empty finite
set. Assume that (S¢);cr is an ergodic flow on (X, B, w) such that every automorphism
Syt (X,B,u) — (X,B,u) for p € P is ergodic. Suppose that (S;);cr satisfies the
R(P)-property. Let (Ty);cr be an ergodic flow on (Y, C, v) and let p be an ergodic joining
of (St)ter and (T});cr- Then, either p = pu ® v, or p is a finite extension of v.
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Remark 2. Let S be an ergodic flow on (X, 53, #). Assume that for each ergodic flow
7T acting on (Y, C, v) an arbitrary ergodic joining p of S with 7 is either the product
measure or p is a finite extension of . Then § is a finite extension of each of its non-
trivial factors. Indeed, suppose that A C B is a non-trivial factor. Let us consider the
factor action S| 4 on (X/A, A, ) and the natural joining u 4 € J(S, S| 4) determined by
uA(B x A) = n(BN A) forall B € Band A € A. Clearly, the action S x (S]4) on
(X x (X/A), B® A, uy) is isomorphic (via the projection on (X, B, 1)) to the action of
S. Since the measure p 4 is not the product measure, by assumption, the action S x (S| 4)
on (X x (X/A), B® A, u4) is a finite extension of S| 4.

To prove Theorem 5.1 we will need two ingredients. The proof of the following lemma
is contained in the proof of [20, Theorem 3].

LEMMA 5.1. Let (S;);er and (T});ecr be ergodic flows acting on (X, B, u) and (Y, C, v)
respectively and let p € J¢(S,T). Suppose that there exists U € B ® C with p(U) > 0
and § > 0 such that if (x,y) € U, (x’, y) € U then either x and x' are in the same orbit
ord(x,x") > 8. Then p is a finite extension of v.

The following simple fact will be used in the proof of Theorem 5.1 and in the remainder

of the paper.
Remark 3. Notice that if
| M-l 1 M+L
— T"x) — (A d |— T"x) — (A
‘MnX:(:)XA( x)—u(A)| <e an ‘M+L+lr12=(:)XA( x)—u(A)| <e
then
| MEL M
— T"x) — n(A 2¢( 14+ — ).
‘LH_ZMXA( 0 - )| < e< +L>

The proof of Theorem 5.1, presented below, is much the same as the proof of
Theorem 10 in [23].

Proof of Theorem 5.1. Suppose that p € J¢(S,7) and p # u ® v. Since the flow
(S x Ty)ser is ergodic on (X x Y, p), we can find #y # O such that the automorphism
Sip X Tyy © (X x Y, p) — (X x Y,p) is ergodic and the flow (S;);cr has the
R(#y, P)-property. To simplify notation we assume that fo = 1.

Since the ergodicity of S, implies disjointness of S, from the identity, for every p € P
there exist closed subsets A, C X, B, C Y such that

P(S—pA, X Bp) # p(Ap X Bp).

Let
0 < e:=min{|p(S-pA, X Bp) — p(Ap x Bp)| : p € P}. (6)

Next, choose 0 < &1 < ¢&/8 such that /,L(A;l \ Ap) < ¢&/2 for p € P, where
Al ={z € X :d(z, A) < £1}. We have

(A x Bp) — p(A%) x By)| = p(A%) x By \ Ap x Bp)
< PUAS N\ Ap) X ¥) = u(AS\ Ap) <e/2 (T)
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and similarly
lp(S—pAp X Bp) — ,O(S_p(A;l) X Bp)| < ¢€/2

forany p € P.

Let k := k(e1)(> 0). By the ergodic theorem together with Remark 3, there exist a
measurable set U C X x Y with p(U) > 3/4and N € N such thatif (x,y) e U, p € P,
m > N and [/m > k then

| m )
‘7 ];l XAl pr(Skx, Trky) — ,O(A‘;] x Bp)| < = )
1 m+l .
‘Tk:m XS-pApxBy Sk, Tiy) — p(S—pAp x Bp)| < ¢ ©)

and similar inequalities hold for A, x B, and S_, (Af,') X Bj.

Next, using property R(1, P), we obtain the relevant § = §(e;, N) > O and Z =
Z(E,N)e B, u(Z2) > 1—e¢j.

Now, assume that (x,y) € U, (x’,y) € U, x,x’ € Z and that x’ is not in the orbit
of x. We claim that d(x, x’) > §. Suppose that, on the contrary, d(x,x’) < 8. Then,
by property R(1, P), there exist M = M(x,x’), L = L(x,x’) > N with L/M > « and
p = p(x,x’) € Psuchthat #K,)/L > 1 — &1, where

Ky={ne€ZN[M,M+L]:d(Sy(x), Spsp(x)) < e1}.

Ifk € K, and Si1px’ € Ap, then Sgx € A} Hence,

| M+L
L Z XS_pA,xB, (Skx’, Tk y)
k=M
#ZN[M, M+ LI\NK,) 1
< iz L + Z Z XAprp(Sk-i-px/’ Tiy)
kekKp
| M+L
<e/84 7 D Kattp, (Sex Tiy). (10)
k=M
Now, from (9), (10), (8) and (7) it follows that
| MtL
p(S—pAp X Bp) < I Z XS_pA,xB, (Skx', Try) +¢/8
k=M

M+L
<e/4+ I Z X A% 8, (SkXs Ticy)
k=M
< 8/2+,0(A’;' x Bp) < e+ p(A, x Bp).
Applying similar arguments, we get

P(Ap X Bp) <&+ p(S—pAp X Bp).
Consequently,
[o(Ap X Bp) — p(S—pAp X Bp)| <,

contrary to (6).
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In summary, we found a measurable set U1 = U N (Z(e1, N) x Y) and §(¢1, N) > 0
such that p(Uy) > 3/4 — &1 > 1/2 and if (x, y) € Uy, (x/, y) € U; then either x and x’
are in the same orbit or d(x, x") > 8(e1, N). Now, an application of Lemma 5.1 completes
the proof. a

We end up this section with a general lemma that gives a criterion that allows one to
prove the R(P)-property for special flows built over irrational rotations of the circle and
under bounded and bounded-away-from-zero measurable functions.

While dealing with special flows over irrational rotations of T/ we will always consider
the induced metric from the metric defined on T x R by d((x, 5), (v, 1)) = [[x =y +]|s—1].

LEMMA 5.2. Let P C R\ {0} be a non-empty finite subset. Let T : T — T be an ergodic
rotation and let f : T — R be a bounded positive measurable function which is bounded
away from zero. Assume that for every ¢ > 0 and N € N there exist k = k(¢) > 0 and
0<68§=56(N) <esuchthatifx,y € T, 0 < ||x — y|| < 8, then there are natural
numbers M = M(x,y) > N, L = L(x,y) > N such that L/M > k and there exists
p = p(x,y) € P such that

;#M< <M+L: (n) _ rn) 1—
L—i-l{ Sn<M+L:|fYx%) -+ pl<el> e.

Suppose that y € R is a positive number such that the automorphism TVf T — T is
ergodic. Then, the special flow T has the R(y, P)-property.

Proof. Let c, C be positive numbers such that 0 < ¢ < f(x) < C foreveryx € T. Let u
stand for Lebesgue measure on T.
Fix0 <eand N € N. Put

. ce £
g1 =min| —, — ).
<8(y+C) 16)

Take «’ = k(1) and let k := ck’/C. Let us consider the set

X(e) = {(x,s) eT/: % <5< f(x)—%}.

Since uf(X(e)°) = &/4 and T,',f is ergodic, there exists N(¢) € N such that
Mf(Z(e)“) < &, where Z(¢) is the set of all (x, s) € T/ such that
K €
< z
14«8
for each n > N(¢). Take § = d(e1,2y max(N(e), N)/c) < e1. Let us consider
a pair of points (x,s),(y,s’) € Z(g) such that 0 < d((x,s),(y,s)) < & and
x # y. By assumption, there are natural numbers M' = M(x,y),L’ = L(x,y) >
2y max(N(¢), N)/c such that L' /M’ > k' and there exists p = p(x, y) € P such that

%#{Ofk<n:Tkj;(x,s)¢X(8)}—§ (11)

#A'
— >1—g,
L'+ 1
where A’ = {M' <n <M +L :|f™x)— f®(y)+ p| < e1}. Then
#A//
T >1—4s; where A" =M <n<M +L :neA' n+1eA. (12)
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Fut (M") Ly
— T
M = w and L = M.
14 Y
Then,
(L") M’ /
L — f (T x) > EL > k.
“cwm =

M~ fM)(x) —

But,s < f(x)and M’, L’ > 2y max(N(g), N)/c, so

Moy (M'-1) r !
_ FM)(x)—s - f (Tx) . c(M' —1) > Czﬂ > max(N(¢), N)
Y

M =
14 Y Y
and @

L' TM/ L/ L/

[ A )L VN (13)
L 4 Y

Now, M > N(¢), L/M > k, (x,s) € Z(¢) (thatis, (x, s) satisfies (11)), so, by Remark 3,

we have |
Z#{M§k<M—i—L:Tk{/(x,s)géX(g)}<% (14)

Suppose that M <k < M + L. Thenky +s € [fM)(x), fM+L)(x)) and there exists a
unique M’ < my < M’ + L’ such that ky + s € [ ) (x), f+D(x)). Suppose that

keB:={M<j<M+L:T{(x.5) € X(e)andm; € A"}.

Then,
FO(x)+¢e/8 <s+ky < fOHD(x) — /8.

Since m; € A” and |s' — 5| < 8§ < &1, we have
S +ky+p=G6+ky)+ G =) +p < fO V@) +p—e/8+8
= fOED () 4 (0D () — FOFD () 4 p) — /8 4 ¢

< fHD () —e/8+ 261 < fHD(y)
and
SS+ky+p=G6+kp)+6 —)+p>f"x)+p+e/8—3
= @)+ () = fU () + p) +e/8 — e

> FO0(y) +8/8 — 26 > f(y).

Thus,
T (6, 5) = (T™x, 5 4+ ky — 10 (x))

and
T (a8 = (T, s+ ky + p = ().

Hence,

d(T,(x, 8), T, , (7, 5))
=y —xl+ 16" =)+ (f"(x) — fPM () +p)l <5 +e1 <281 <e
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It follows that
BClkeZN[M,M+L): d(kay(x, 5), kaerp(y, ) < e} (15)

Ifk e (ZN[M, M+ L]) \ B, then either Tk"; (x,s) ¢ X(¢) ormy ¢ A”. Since for every
m € N the set {k € N : my = m} has at most C/y + 1 elements, we have

C
L—#Bf#{M§k<M+L:Tkj;(x,s)¢X(8)}+<—+1>(L/—#A”).
14
Hence, by (14), (12) and (13) we obtain
e C , £ C+y e &
L—#B<-L+|—+1)4eL' <|[=+4 aql|lL<|=-+-=|)L <e¢L.
2 y 2 c 2

Consequently, (#B)/L > 1 — ¢, and (15) completes the proof. O

6. Ratner property for the von Neumann class of functions
We call a function f : T — R piecewise absolutely continuous if there exist By, ...,

B € T such that f|g; p;,,) is an absolutely continuous function for j = 1,...,k
(Bk+1 = B1). Letd; := f-(Bj) — f+(B)), where fi(B) = lim,_ g+ f(y). Then, the
number
k
S(f) =) _d; =/Tf’(x)dx (16)
j=1

is the sum of jumps of f.

Let T : T — T be the rotation by an irrational number & which has bounded partial
quotients. We will prove that if f is a positive piecewise absolutely continuous function
with a non-zero sum of jumps, then the special flow T/ satisfies the R(z, P)-property for
every tg # 0, where P C R\ {0} is a non-empty finite set.

LEMMA 6.1. Let T : T — T be the rotation by an irrational number o which has bounded
partial quotients and let f : T — R be an absolutely continuous function. Then,

sup sup [P — @) — 0
0<n=gsy1 ly—xll<1/gs

as s — OQ.

Proof. We first prove that if 7' is an irrational rotation by « then

sup sup | P — fPx) -0 ass— oo (17)
0<n=gs lly—xll<1/gs

for every absolutely continuous f : T — R. We recall that (17) was already proved to
hold in [3, Lemma 2, Ch. 16, §3] for C!-functions.

Let f : T — R be an absolutely continuous function. Then, for every ¢ > 0 there exists
a C!-function f, : T — R such that

sup | f(x) — fe(x)| + Var(f — fo) < ¢&/2.

xeT
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Suppose that 0 < n < gy and 0 < y — x < 1/gs. Let us consider the family of intervals
Z={lx,y],[Tx, Ty],..., [T" 1x, T”_ly]}. For every 0 <i # j < n we have

. . 1
IT'x —T'x|| = lIgs—1a|l > =—,
2qs

by (1). It follows that a point from T belongs to at most two intervals from the family 7.
Therefore,

I(FD ) — FP ) = (L) = £7 )]

Z [(f = f)(Ty) = (f = fe)(T' )]

(=}

n—

1
< ZV&I‘[Tix’Tiy](f — fe) <2Var(f — fe) < e.
i=0

Since this inequality holds for every ¢ > 0 and the convergence in (17) holds for f;, by a
standard argument, we obtain (17) for f.

Suppose that o has bounded partial quotients and let C = sup{a, : n € N} + 1.
Since every 0 < n < gs4+1 can be represented as n = bgs + d, where b < a;y1 and
d < gs—1, we have

sup sup [fP) - fPI<C osup osup [FP) - FPw),
0<n=<qgsy1 ly—xll<1/gs 0<n=gs ly—xll<1/gs

which completes the proof. a

Let T : T — T be the rotation by an irrational number & which has bounded partial
quotients and let C = sup{a, : n € N}+1. Suppose that f : T — R is a positive piecewise
absolutely continuous function with a non-zero sum of jumps S = S(f). Put

D:={ndi+ - -4+ndi :0<mny,...,np <2C+1}.
Since D is finite, we can choose p € (0, |S]) \ (D U (—D)). Then, 0 ¢ sgn(S)p — D.

THEOREM 6.1. Suppose that T : T — T is the rotation by an irrational number o with
bounded partial quotients and f : T — R is a positive and bounded-away-from-zero
piecewise absolutely continuous function with a non-zero sum of jumps. Then, the special
flow T/ has the property R(y, (sgn($)p — D) U (— sgn(S)p + D)) for every y > 0.

Proof. Without loss of generality, we can assume that f is continuous from the right.
A consequence of (16) is that we can represent f as the sum of two functions fp) and fac,
where f,c : T — Ris an absolutely continuous function with zero mean and fp; : T — R
is piecewise linear with flgl (x) = Sforallx € T\ {B1, ..., Bk} The discontinuity points
and size of jumps of f and f} are the same. Explicitly,

for(x) = Zd fx—Bi}+c

for some ¢ € R.
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Let C =sup{a, : n € N} + 1. Fix ¢ > 0 and N € N. Then, put

1 1
k() = ———— -min L,— .
kQC +1) 2pC’ C?

By Lemma 6.1, there exists so such that for any s > so we have

e
sup sup £ ) = fi (0] < 5 (18)
0=n=qg41 lly—xl<1/qs
and
min(x(g), 1) - qgy > N. (19)
Then, put
5, N) = —L .
[S1gs0+1
Take x, y € T such that 0 < ||x — y|| < &(e, N). Let s be a (unique) natural number such
that
p p

<lx—=yll= (20)

1S1gs+1 1Slgs
Then s > s9. Without loss of generality, we can assume that x < y. We will also
assume that S > 0; in the case S < 0 the proof is similar. Let us consider the sequence

(fp(ln) ¥ - fp({l)(x))neN. We have

k
PO = £ @ = £70) = £ 0 + Y dilly +na = Bi} — {x + ner — Bi))
i=1

k
=110 = £+ D dily = x = xe(Bi — nar)).
i=1

It follows that for every n > 0 we have
A0 = £ @) = nS(y = x) = da, @1)

where
dyp =dp(x,y) = > d;.
{I<i<k,0<j<n:{Bi—ja}e(x.y]}
Take 1 < i < k. Suppose that {8; — ka}, {B8; — la} € (x, y], where 0 < k,l < gs41 and
k # . Then,

1 1
R k — . _l > > .
I{Bi — ka} —{Bi — la}|| = llgsxll > e = 2Cas

It follows that the number of discontinuities of f| (@s+1)

ol which are of the form 8; — jo and
are in the interval (x, y] is less than

2Cqsly — x|+ 1= ZC% +1<2C+1.
It follows that the elements of the sequence (dy) %! belong to D. In view of (21) and (20),

n=1
we have
(gs) (gs) g
fpl ) - fpl x)+dg, =q;S(y—x)<p
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and
Fl ) = @) 4 dgyyy = 45150 = x) > p.

Moreover, for any natural n, we have

0< £ 0@ = 170 4t = U@ = 170 ) = S0 -3 = 2

Hence, there exists an integer interval I C [gs, gs+1] such that
(n) ) 7 _ 2 f /
[for" () = for" () +dn = pl < 5 forn €

and

e e 1
I| > min| — g, —qgs | > min| ——, — | - gs+1.
| |_mm<2p s> qs+1 %) _mm<2pC C2) qs+1
Since s > s, by (18) we have
IFPx) — fFP () +d, — p| <efornel.

Note that if ™ and f**D have the same points of discontinuity in the interval (x, y]
then d,, = En-l—l and since f("H') has at most k(2C + 1) discontinuities in (x, y], we can
split I into at most k(2C + 1) integer intervals on which the sequence (d,,),c; is constant.
Thus, we can choose d € D and an integer subinterval J C [ such that dy, =dfornel]

and

[J] = : i e ! ()
—— min| ——, —= ) - =k(e)- .
= x2C+1) 2pC’cz) et T s
Therefore,

[FfP@x) = fPG)—(p—d)| <& forne J.
Now let M, L be natural numbers such that J/ = [M, M + L]. Then,
L [J]
— =
M qs+1
M>gqs>qs, >N and L >|J|>«k(e)gs+1 > k(€)gs, > N,

> k(g),

by (19). Since the special flow T/ is weakly mixing (see [9, Proposition 2]), the
automorphism Tyf is ergodic for all ¥y # 0, and hence an application of Lemma 5.2
completes the proof. O

Since special flows built over irrational rotations on the circle and under piecewise
absolutely continuous roof functions with a non-zero sum of jumps are weakly mixing
(see [9]), from Theorems 5.1 and 6.1 we obtain the following.

COROLLARY 6.1. Suppose that T : T — T is the rotation by an irrational number o
with bounded partial quotients and f : T — R is a positive and bounded-away-from-zero
piecewise absolutely continuous function with a non-zero sum of jumps. Then, any ergodic
Jjoining p of the special flow (th),eR and an ergodic flow (Ty);cr acting on (Y,C,v) is
either the product joining, or p is a finite extension of v.

Problem. It would be interesting to decide whether in the family of special flows over the
rotation by an irrational & with bounded partial quotients and under f which is piecewise
absolutely continuous with a non-zero sum of jumps we can find some with the minimal
self-joining property.
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7. Absence of partial rigidity

LEMMA 7.1. Let T : (X,B,un) — (X, B, u) be an ergodic automorphism and f €
LY (X, ) be a positive function such that f > ¢ > 0. Suppose that the special flow T is
partially rigid along a sequence (t,,), t, — +00. Then, there exists 0 < u < 1 such that
forevery 0 < & < ¢ we have

liminfu{x € X : J;enl fV(0) — ta] < &} > u.
n—>oo *

Proof. By assumption, there exists 0 < u < 1 such that for any measurable set D C X/
we have

liminf /(D N T/, D) > up’ (D).

n—00 n

Fix0 < ¢ <c. Let A := X x [0, &) and for any natural n put
By={xeX:3jen IfV(x) —1al <e).

Suppose that (x,s) € AN Tf,nA. Then, 0 < s < ¢ and there exists j € Z such that
0<s+t, — f(-j)(x) < ¢. It follows that —e < 1, — f(-j)(x) < ¢, hence x € B,.
Therefore, A N Tft)lA C B, x [0, &) and

eliminf u(B,) = liminf u/ (B, x [0, €)) > liminfu/ (AN T, A) > up’ (A) = eu,
n—oo n—oo n—o00 n
and the proof is complete. a

THEOREM 7.1. Let T : T — T be an ergodic rotation. Suppose that f : T — R
is a positive and bounded-away-from-zero piecewise absolutely continuous function with
S(f) # 0. Then, the special flow T is not partially rigid.

Proof. Let c, C be positive numbers such that 0 < ¢ < f(x) < C foreveryx € T. Let u
stand for Lebesgue measure on T. Assume, contrary to our claim, that (¢,), t, — +o00,
is a partial rigidity time for 7/. By Lemma 7.1, there exists 0 < u < 1 such that for every
0 < & < ¢ we have

liminfu{x € T: 3enl f ) —tal < &} > u. (22)

n—oo

Without loss of generality we can assume that § := S(f) > 0; in the case S < 0 the proof

is the same. Suppose that 8;,i = 1, ..., k are all points of discontinuity of f. Fix
. Sc? c
0 <& < min u, - |. (23)
32kC(c + Var f) + Sc2 " 4

Since f’ € L'(T, ), there exists 0 < 8 < & such that ;1(A) < & implies Salf'1du < e.
Moreover, by the ergodicity of 7 (and recalling that S = [ f’ du) there exist A, C T with
u(Ag) > 1 — 38 and mg € N such that

£ ) (24)

=<

|

1
m

forallm > mgand x € A,.
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Then, take any n € N for which ¢, /(2C) > mg and #,, > 2¢. Now, let us consider the
set Jy ¢ of all natural j such that | fU)(x) —t,| < & for some x € T. Then, for such j and

x we have
thte> fO0) = ¢

whence

and 1, —e < fPx) < Cj,

tn/Q2C) < (tn —€)/C < j < (tn + &)/c < 2ty/c

forany j € Jy ; in particular, j € J,  implies j > mo.
Let j, = max J, . The points of discontinuity of f(j"), thatis, {8; — ja},1 <i <k,

0 < j < jgn, divide T into subintervals A (")

I(n)

(25)

e Some of these intervals can be

empty. Notice that for every j € J, . the functlon £ is absolutely continuous on the

interior of any interval Il.("), i=1,...,kj.

Fix 1 <i < kj,. Forevery j € Jy ¢ let I, ,('14) stand for the minimal closed subinterval of

Il(n) which includes the set {x € I(") |f(’)(x) —t,| < &}. Of course, I(n) may be empty.

If I(") [z1, z2] is not empty, then

(fN 4zl

(n) 1
L' J

L(j)du‘ _ U @) -
j

2¢e 4Ce
< — .
J

- =
In

(26)

Now, suppose that x is an end of Ii(';) and y is an end of / l.(']’.), with j # j’. From (23) it

follows that
y .
[ i an=
X
> |90 -

c
>c—2e> —.
2

/ o du‘ =10 = fPw)
FOD=1790) = tal = 19 (x) = 1]

27)

LetK; ={j € Jue: Ii(,']l') # (0} and suppose that s = #K; > 1. Then, there exist s — 1

pairwise disjoint subintervals H; C I.(n) =1,

Il ("), Jj € K; and fill up the space between those intervals.
Ju, |19 dp > ¢/2forl =1, ...
() 4C
! 7 du‘ °
1€K (n) n
4C8

4Ce
<
=

Since u(A$) < 8, we have

k/n / f/(J)
( ) i
i= 1]EK § NAZ

2C

E_
In
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‘_ /) |f|(]")dl/«
nlleK (nm

, s — 1 that are disjoint from intervals

4C8 8Ce¢
th ctn

(s — 1)—

117k

8Ce §
Z

8Ce ;
+ f If/l(’”) dp.
i

cty

4C

, 2C
A1 dp < == jue < —e.

n

In view of (27), we have
, 8 — 1. Therefore, by (26) and (27), we obtain

(28)

(29)
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Kjn
=(reT: JenlfPw) —nl <eyc(J J 17,

i=1 jekK;
by (24), (28), (29) and (25), we have

>y, I
—M(B NAg) < / —d
1if_/>mAg J

i=1 jek;

k],l () kJn /(1)
/() f' d“‘ /() i ‘
im 1]e1<, ¥ i=1 jek,; YLy NAS
4C8 8Ce 4C
< kjn ) du + —
n

8kCe 4C8 16C8 16k

< " +— - If 1 < —5—(c+ Var f)e.

Finally, from (23) we obtain

. 32kC
H(Ba) < w(By N A) + (D) < =3

contrary to (22). O

(c+ Var fle +¢ < u,

Collecting now Theorems 6.1, 7.1 and Lemma 4.1 together with Remark 2 we obtain
the following.

THEOREM 7.2. Suppose that T : T — T is the rotation by an irrational number o with
bounded partial quotients and f : T — R is a positive and bounded-away-from-zero
piecewise absolutely continuous function with a non-zero sum of jumps. Then the special
Sflow (th),eR is mildly mixing.

Now applying the construction from §3 we have the following.

COROLLARY 7.1. On the two-dimensional torus there exists a C*°-flow (¢1);cr with one
singular point (of a simple pole type) such that (¢;) preserves a positive C*°-measure and
the set of ergodic components of (¢;) consists of a family of periodic orbits and one non-
trivial component of positive measure on which the flow is mildly mixing but not mixing.
Moreover, on that component (¢;) has the Ratner property R(P) for some non-empty finite
set P C R\ {0}
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