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This paper estimates threshold regression models with an endogenous threshold
variable using a nonparametric control function approach. Assuming diminishing
threshold effects, we derive the consistency and limiting distribution of our proposed
estimator constructed from the series approximation method for weakly dependent
data. In addition, we propose a test for the endogeneity of the threshold variable,
which is valid regardless of whether the threshold effects exist. We assess the
performance of our methods using Monte Carlo simulations.

1. INTRODUCTION

Several economic hypotheses suggest the presence of threshold-like structures.
For example, debt levels that are above a particular threshold parameter may have
different implications for economic growth compared to more moderate levels of
debt (e.g., Reinhart and Rogoff, 2010). Another example is motivated by models
of intergenerational mobility and poverty traps. Under certain conditions, credit
constraints (e.g., Galor and Zeira, 1993) or neighborhood influences (e.g., Durlauf,
1996) may generate a linear transmission of socioeconomic status within a group
of individuals, while different levels of credit constraints or neighborhood quality
may result in heterogeneous transmission effects. These types of nonlinearities can
be modeled by threshold regression models, which sort the observations on the
basis of some observed threshold variable into regimes, each of which obeys the
same linear model. Threshold-type regressions are also popular in the nonlinear
time series literature. For example, the threshold-autoregressive (TAR) model
allows the autoregressive coefficients to change between the regimes, while the

The first author acknowledges that this research has received funding from Marie Sktodowska-Curie Actions (Work
Programme 2016-17) of the Excellence Science Pillar of the Horizon 2020 Research and Innovation Programme of
the European Union under REA grant agreement No. 707990. The authors would like to thank the editor, the co-
editor, and the four anonymous referees for their patience and excellent comments that significantly improved the
manuscript. Address correspondence to Yiguo Sun, Department of Economics and Finance, University of Guelph,
Guelph, Ontario N1G 2W 1, Canada; E-mail: yisun@uoguelph.ca.

© The Author(s), 2021. Published by Cambridge University Press. 562

https://doi.org/10.1017/50266466621000256 Published online by Cambridge University Press


https://www.doi.org/10.1017/S0266466621000256
mailto:yisun@uoguelph.ca
https://doi.org/10.1017/S0266466621000256

ENDOGENEITY IN SEMIPARAMETRIC THRESHOLD REGRESSION 563

coefficients keep constant within each regime based on some time series which
acts as a threshold variable; see Tong (1990) for a review on TAR models.'

The first generation of threshold regression models developed inference under
the assumption of exogenous or predetermined threshold variables. Notable exam-
ples include the works of Chan (1993), Hansen (2000), Caner and Hansen (2004),
Gonzalo and Wolf (2005), Seo and Linton (2007), and Yu (2012, 2015). Recently,
there is a growing interest in threshold regression models that accommodate
endogenous threshold variables. Kourtellos, Stengos, and Tan (2016) propose
estimation and make inference for a threshold regression model that allows for
an endogenous threshold variable as well as for endogenous regressors under
certain parametric assumptions. In particular, in the spirit of Heckman’s sample
selection method, they account for the threshold endogeneity bias by including
regime specific inverse Mills ratio bias correction terms in the threshold regression.
Closely related to Kourtellos et al. (2016), Christopoulos, McAdam, and Tzavalis
(2021) apply copula theory to deal with the threshold endogeneity. Seo and Shin
(2016) study a dynamic threshold panel data model, which allows both regressors
and threshold variable to be endogenous. In particular, they propose a first-
differenced GMM estimator with lagged variables as instruments, as well as a
Hausman-type test statistic for testing the null hypothesis of threshold variable
exogeneity. Alternatively, without resorting to instruments, Yu and Phillips (2018)
construct an integrated difference kernel (IDK) estimator to estimate the threshold
parameter in the presence of an endogenous threshold variable and endogenous
regressors within the fixed threshold effect framework for an i.i.d. sample. The IDK
estimator is shown to enjoy the rate n convergence for a parametric endogenous
threshold regression.

In this paper, we propose a semiparametric approach to deal with the endogene-
ity of threshold variable and regressors that avoids the challenges of pure nonpara-
metric models and at the same time relaxes parametric assumptions. Specifically,
we are able to transfer a linear threshold model with endogenous threshold effects
into a partially linear threshold model via a control function approach in the spirit
of Yu et al. (2020). Compared with the parametric model considered in Kourtellos
et al. (2016), our model introduces nonparametric threshold bias correction terms
to avoid possible misspecification of the normality assumption. In doing so, we
propose to estimate the threshold parameter using a concentrated least-squares
estimation method, which includes a regime specific control function estimated by
a series estimation method.> We derive the limiting distribution of our proposed
estimators for both the threshold and slope parameters as well as for the smooth

IThe threshold regression is also related to a number of smoothed parametric or semiparametric regressions. For
example, the threshold regression can be viewed as a special case of the varying coefficient model of Hastie and
Tibshirani (1993) when the varying coefficients take the form of indicator functions. Similarly, the smooth transition
autoregressive (STAR) model (e.g., Terasvirta, Granger, and Nelson, 1986) replaces the indicator function in the TAR
model with parametric smoothed transition functions such as the logistic and the exponential functions.

2Chen (2007) provides a recent survey of large sample theory of estimation of nonparametric and semiparametric
econometric models using the method of sieves.
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control functions. Finally, we propose a test for the endogeneity of the threshold
variable.

The rest of the paper is organized as follows. In Section 2, we propose a
semiparametric threshold model and derive limiting results for the proposed
estimator for the case of exogenous regressors. Section 3 presents a test for
the endogeneity of the threshold variable. Section 4 reports some Monte Carlo
simulation results to assess the finite sample performance of our estimators and
test statistic. Section 5 concludes. We delay all the mathematical proofs to the
Appendix. Supplementary proofs can be found in the supplementary section of
this paper; we will refer to this as the Online Appendix.

2. THE MODEL AND ESTIMATOR

We begin by presenting the basic parametric structural threshold regression (or

STR) model
vi=Xp1+uif g <y 2.1)
Vi =X, B2+ uz,if g, > yo (2.2)

for t = 1,2,...,n, where y, is the dependent variable, x, is a dy x 1 vector of
exogenous regressors, B; and B, are regime-specific coefficients, and u;; is a
regime-specific error with zero mean and variance sz > (O forj= 1, 2. Furthermore,
q; is a scalar endogenous threshold variable with y; being the threshold parameter.
A reduced form equation for g, is given by

G =zm,+v,t=12,....n, 2.3)

where z; is a d; x 1 vector of instrumental variables for ¢, and z, is allowed to
contain x,. Also, E(v|F, ,—1) = 0 for all ¢, where F,, is the smallest sigma-
field generated from {(x;H,z;H,qs, us) l<s<t< n} with u; = u1:1(q; < yo) +
uyI(q; > yp). The endogeneity of the threshold variable ¢, comes from the
contemporaneous correlation between uj; and v, forj =1,2.

Assuming that E(u|Fy, —1,q;) = E(u;|v:) = h; (v;) holds almost surely for j =
1,2 and all ¢, we have

E(}’turn,t—l,%) = [X;ﬂl +h (Vt)]I(CIt <)+ [X;,Bz +h (Vt)]l(% > )
Therefore, our semiparametric threshold regression model is given by

Vi = X;ﬂll(Qt <o) +x.8:0 (q; > y0) +h1 W) I(q: < vo) +ha (v) (g > o) + &1,
2.4

where &, = €1,1(q; < yo) +€21(q; > o) with gj; = uj;; — h;(v,) and E (hj(v,)) =0as
E(uj;) =0forj=1,2. Model (2.4) becomes a partially linear regression model with
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exogenous threshold effects.’ In the presence of threshold variable endogeneity,
the unknown control functions, /;(-) and h,(-), as the endogenous threshold bias
correction terms, will be nonzero over at least one nonempty interval. If the errors
are homogeneous across regimes in models (2.1) and (2.2), h;(-) and h,(-) will be
the same. If the threshold variable ¢, is exogenous, we have /() = h,(-) = 0 and
model (2.4) is the standard linear threshold regression. Yu et al. (2020) consider
the parametric case that /;(-) and 4, (-) are known functions up to a finite number
of unknown parameters, while we extend their work to a semiparametric case with
unknown A (+) and A, ().
Denoting § = 8; — > and n(-) = h;(-) — hy(-), we can rewrite (2.4) as

Y =X +X81(q: < y0) + o (v) + 1 (v) 1(qr < yo) +é&r. 2.5)

As in Hansen (2000), our asymptotic results are derived in the framework of
“small threshold” effects; i.e., we assume that the threshold effects, § = §,, and
n(-) = n,(-), both approach to zero slowly as n diverges. It means that regime
changes temporally exist around a threshold parameter. Below, we summarize the
assumptions that support our model (2.5).

Assumption 1.

1) { (x; qnZ;, u,)} is a strictly stationary, ergodic, and p-mixing sequence with
p-mixing coefficients {p,,} satisfying Y ,0,1/ ’ < 00, y; is generated from model
(2.1) and (2.2), and yy is an interior point of a bounded set [Z’ v].

(i) E (Izvell*) < o0, E(llz:|*) < o0 and E (22}) is nonsingular.

(i) E(ulFri1) = 0, EwilFri1) = 0, E(i1F,1) = oF > 0, and
E(ujs| F,1—1,vi =v) = h;(v) for any for j = 1,2 and any v.

(iv) For any A # 0, there is no measurable function m(-) such that x'A = m (v).

V)N () =n"9o(-)and §, =n"°5p forsome 0 < ¢,0 < 1/2,80 #0,and ny (-) #
0 over at least one nonempty interval.

Assumption 1(i) allows for weakly dependent data but excludes time
trends and integrated processes; see the discussion given in Hansen (2000).
Assumption 1(ii) contains unconditional moment conditions. Assumption
1(iii) defines threshold variable endogeneity and ensures the specification of
model (2.4). Applying the law of iterated expectation gives E(uj,l]-"n,,_l) =
E[E (ujt|.7-'n,t_1,v,) |]-'n,t_1]=E [hj(v[)|]-"n,,_lg. Hence, assuming that v, is inde-
pendent of F,, ,_ is sufficient to ensure £ ujt|}',,,,,1) = 0 in Assumption 1(iii).
Because the central limit theorem for martingale difference sequences only
requires well-behaved moment conditions up to the second order, and the proofs
for the limiting distribution of our proposed estimator implicitly incur unbounded
moments beyond the second order, we therefore assume that {(8,,‘/—':’ ,)};;1 is
a martingale difference sequence ensured under Assumption 1(iii), where F,

is the smallest sigma-field generated from {(x/, .2, |,qs41.65) 1 1 <s <1 =<n}.

3We thank an anonymous referee for pointing this out to us.
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Assumption 1(iv) is an identification condition similar to Assumption 2.1 in Newey
(2009).

Assumption 1(v) allows for the threshold effects to vanish at a different rate
as the sample size increases. The reason for the diminishing threshold effects
assumption is that in the case of fixed threshold effects the limiting distribution
of the estimator for the threshold parameter is too complicated for inference
purpose. Specifically, Chan (1993) shows that the asymptotic distribution of the
threshold parameter estimator depends on a host of nuisance parameters, including
the marginal distribution of the regressors. To overcome this difficulty, Hansen
(2000) considers the case where the difference between the slope coefficients of
the two regimes decreases as the sample size grows. That said, the diminishing
threshold effects framework is not the only way to deal with this problem. Li and
Ling (2012) propose a numerical approach to simulate the limiting distribution
of the estimator of the threshold parameter based on the simulation of a related
compound Poisson process. An alternative approach is to introduce smoothness
in the objective criterion to achieve asymptotic normality but with a slower
convergence rate in the threshold parameter estimation. For example, Seo and
Linton (2007) propose a smoothed least-squares estimation strategy that leads to
an asymptotically normally distributed estimator of the threshold parameter by
replacing the indicator function in the objective function with an integrated kernel.
Seo and Shin (2016) exploit the smoothness of the GMM criterion to achieve the
asymptotic normality of the estimator for the threshold parameter, regardless of
whether the threshold effects are fixed or diminishing.*

2.1. Estimation

Let{¢; (v),¢2 (v), ...} be asequence of orthonormal basis functions in L, (—00, 00)
space if v takes value from the real line or L, [0, 1] space if v has a finite support.
We approximate 4; (v;) (j = 1,2) and no (v;) by

h(v)) = oy, ®r, (v) and ng (v) = a;, o Pr, (1),

respectively, where ®;, (v) = [¢1 W),....¢r, (v)]/ denotes an L, x 1 vector.” As
M () = hy (V) — ha (v)) = n™21g (v,), we have nCay, o =y, 1 — g, 2 and 1, (v,)
is approximated by 7 (v) = n~%a; (P, (v/). Below, we explain our proposed
estimation procedure.

Step 1. Given instruments z,, the OLS estimator from model (2.3) is, 7, =

(> z,z;)_l > i Zq;. Assumptions 1(i)—(iii) imply that 7, exists and ensure

4The control function approach used in the paper relies on the conditional moment restrictions defined in Assumption
1(iii) to identify the unknown parameters in models (2.1) and (2.2). In contrast, the GMM estimation used in Seo
and Shin (2016) employs unconditional orthogonal moment conditions between errors and instruments to identify
unknown parameters.

SWe suppress the dependence of hj’f (-) and 7 (-) on L, to simplify the notation.
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consistency with 77, = 7, + O, (n’l/ 2). We then denote the residuals as v, =
q: — 2,71, for all ¢ throughout the rest of this paper.

Step 2. For a given y € [y, 7], we estimate 0 = (8].c; |.p5¢; ,) from the
objective function

0 =argmin}_ o= Bixd @ =v) -ap, 07, (7)
=

—Bixd(q > )~ 01 ()], (2.6)

where we denote @, , (%) = @1, () I(q, < y) and @f (%) = @1, (%) I(qr >
¥). Denoting an n x [2 (dx + L,)] matrix X, = [X_,,, X}, |, where X_ ,, stacks up
[X;I(q, =%, (G,)] and X ,, stacks up [x;I(q, > ), CI>2”'1"V (f),)], and solving
(2.6) gives

() =(X,X,)" X,y @7

where y =[yy, ...,y.]'. We can estimate the threshold parameter 3 by minimizing
the concentrated-squares criterion

y =arg min Z [yl — X;yé (y)]2 2.8)

V&S Z’7 =1

and then estimate 6 by § = 0 (7). where X, , in (2.8) is the 1" row vector of X, .

Step 3. Calculating y, =y, — ﬁ{x,[ (g <y)— ﬁéx,l (¢: > y), we can re-estimate
hy(-) and n,(-) at an interior point v by the local linear regression approach from
Vi=hW)+n,v)l(q <y)+&,t=12,...,n. A

Of course, one can obtain the series estimator for 4;(-), 4, (-), and 7,(-) once 6
is obtained from Step 2. However, estimating these unknown curves by the local
linear regression approach enables us to derive the explicit form for the asymptotic
bias term and the optimal bandwidth, and as such, we add Step 3 in the paper.
Moreover, if one is interested in estimating a partially linear regression model
with an exogenous threshold variable, g,, and an observable exogenous regressor,
v;, defined in equation (2.4), ignoring Step 1 and applying Step 2 with ¥, being
replaced with v, can be used to estimate all the slope parameters and threshold
parameter.

For independent data, Lee, Seo, and Shin (2016) study the oracle efficiency
property of the lasso estimation for high-dimensional regression with possible
fixed threshold effects, where the slope regressors and threshold variable are
all exogenous. After replacing the unknown bias correction terms with series
approximation, model (2.4) is approximated by a linear threshold regression with
an exogenous threshold variable, but with an increasing number of parameters
6, which fits into Lee et al. (2016) framework. Adding a penalty term similar to
what is used in Lee et al. (2016) to the objective function (2.6) allows for a lasso
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estimation of 6. However, pursuing this penalty estimation method is beyond the
scope of this paper. We leave it for our future research.

2.2. Limiting Results

As in Blundell, Chen, and Kristensen (2007), we denote a Holder space A? (R).
For any A(-) in AP (R), h(-) is [p]-times continuously differentiable over the real
line R and |VPh(w) — VPR (o')] < M|a)—a/‘p_[p] forany w € R and o’ € R,
where [p] is the largest positive integer less than p and M is some finite positive
constant. Below, we list some regularity conditions used to derive the consistency
and limiting distribution of our proposed estimators.

Assumption 2.
() Elxl* < oo, Ellex|* < oo, max,e, 7 E(Ix|*lgr = y) < oo, and
max},e[ij(foH & |qt y) < oo, where || - || denotes the Euclidean norm;

(ii) for every L,, there exist constants ¢ and € such that 0 < ¢ < Amin (Z,) <
Amax (2,,) < T < oo over y € [y,¥], where X, can take the form of either

E(x} » 9 ) or E (7xF » Y y) and x;,, equals x;,, with ¥, being replaced with vy;
(iii) g, has a probability density function f,(-) with respect to the Lebesgue
measure, hi(-), ha(-), no(-), and f,(-) all belong to the Holder space A% (R) for
some & > 2, and these functions and their first-order derivatives are all uniformly
bounded,;
@iv) hy(+) and 770( ) are squared integrable, and there exist o, » and o, o such

that sup |h (v) — e} ,®r, (V)| < ML, * and sup 1m0 () —a (®r, (v)| < ML,*;
veER
W) {¢i(),l =1,2,...} is a sequence of orthonormal basis functions in Af (R)

and uniformly bounded over R;

(vi) E(X, x g = ) and E(sjztxl*xt*ﬂq, = y) are continuous at y = yy for
Jj=1,2, where x; = [x; o) (v,)]/.

Assumption 2(i) contains unconditional and conditional moment conditions.
Assumption 2(ii) ensures the existence of 6 (y), which is standard in the literature;
see, e.g., Newey (1997) and Delgado et al. (2020). As the eigenvalues of a squared
matrix are a continuous function of the matrix, the uniform boundness holds over a
compact set [y, y] as long as the eigenvalues are bounded pointwise. Assumption
2(iii) is a standard smoothness condition for estimating nonparametric models.
Assumption 2(iv) restricts the sieve approximation error, and it holds by Theorem
1.1 in Dzyadyk and Shevchuk (2008) if v, has compact support and 1y(-) and
h;(-) are all &-smooth. If v, has unbounded support, (—o0,00), Xiang (2012)
showed that Assumption 2(iv) holds for the normalized Hermite orthonormal
basis functions if no(-) and h,(-) are all p-smooth for some p > 2(§+1). Let
supsup 3, [0 )] = | o

Jj<s véeR
¢1(-). Assumption 2(v) describes the properties of the basis functions and implies

for s > 0, where ¢ ( ) is the jth derivative of
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|| D, = o(Ly'*) and H (DL,I}] = O(L)%); see, e.g., the normalized Hermite
functions and wavelet functions defined in Blundell et al. (2007). Assumption

2., %, %

2(vi) implies that E(Xfxt*’|q, = y) and E <8j,)(l x g = )/) are well defined in
the neighborhood of y; forj =1,2.

Assumption 3. Denote 9, = L,* + /L,/n. (i) ¥, = o(1) and | ®,,
o (1); (i) n™"-0 9, = o (1); and (iii) v/nL ¢ = o (1).

2
\Ln/n =

Assumption 3(i) is used to derive the consistency result of 7 and 6 in Lemma 1.
Assumption 3(ii) is imposed to remove the asymptotic impact of the estimation
of the unknown parameter 6 on the limiting result of y in Theorem I; see
the discussion given below Lemma 1. Assumptions 3(iii) is used to remove the
asymptotic impact of estimating the unknown threshold parameter, yy, on the
limiting distribution for f in Theorem 3.

Let L, = [con"] for some constant ¢y > 0 and r € (0,1). Then, Assump-
tion 3(i) implies r € (0,1/4), and Assumptions 3(i)—(iii) imply r € (1/(2%),
min(1/4,1 —2min(g,))) for some & > 2. It follows that min(¢,0) < 1/2 —
1/(4£). Thus, the semiparametric threshold model requires a relatively slower
diminishing threshold effects than a parametric threshold model, although this
requirement is nonrestrictive for sufficiently smooth endogenous bias correction
terms. Below, we give the limiting results for 7 and 6.

LEMMA 1. Under Assumptions 1-3(i), we have y — yy = 0, (1) and Hé -6 H =
0, (V) +o0p (n*mi“(g*g)).

Lemma | shows the consistency of 7 and é, where ¥, is the conventional conver-
gence rate of the series estimator and is not affected by the parametric estimation of
the unknown errors, v, from the reduced-form model of the endogenous threshold
variable, g;.

To remove the asymptotic impact of the estimation of the unknown parameter 0

on the limiting result of  in Theorem 1, we need to show that pmin(s.e) Hé —0 ” =

0p(1) in parallel to Lemma A.6 in Hansen (2000). This leads to Assumption 3(ii)
by the result given in Lemma 1. This assumption is necessary for the estimation
of model (2.4) in the presence of unknown curves, but it is not required for the
estimation of a parametric model as in Hansen (2000).

2.2.1. Threshold parameter. We begin by deriving the asymptotic distribution
of the threshold estimator .

THEOREM 1. Under Assumptions 1-3(i)(ii), we have

pl=2min(s.0) (7 10 A T
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where we denote 1']»2 =F {812, [1(§ <0)éX+1(s>0)no (Vz)]2 lg: = Vo}forj: 1
, 2
2 00 =E{[I(s =08 +1(s Zm ] la =),

2
T
w = 2—1 and T = argmax T (r).
a)ofq ()/()) —00<r<00

T (r) denotes an asymmetric two-sided Brownian motion on the real line

=24+ Wi(=nr), ifr=0,

T= { —1H 24 JEWa (1), ifr > 0,

where ¢ = 122 / le and W (r) and W, (r) are two independent standard Brownian
motion processes defined on [0, 00).

Theorem | shows that the asymptotic distribution of the threshold estimator is a
Chernoff-type distribution featuring unequal scales for each regime. Although the
definition of ‘L'jz and w( depend on the diminishing speed of the threshold effects, we
do not need to know ¢ and g for inference purposes as explained below Theorem 2.

Making inference on the threshold parameter is generally difficult. Following
Hansen (2000) we obtain the confidence interval of y; by inverting a likelihood
ratio test statistic under the very restrictive assumption of normally distributed
errors. The likelihood ratio test of the null hypothesis Hy : y = yy is defined as

Sa () —Sa (P)

LR, (y) = A
(ry=n Sn ()

N 2
where S, () = >, [y, — x;,ye (y)] . Then, the following theorem provides the
asymptotic distribution of LR, (yy).
THEOREM 2. Under Hy : y = yy and Assumptions 1-3(i)—(ii), we have

d
LR, (o) = n’¢,

where
)
2_ 40
77 - =2,
SH
and

¢ =sup[—|[s|+2W; ()11 (s < 0) + [~ Is| +2/@W2 ()] 1 (s > 0)

. , 2
wih = Ef[lc o8+ zome la=nlfin  ad
G2 = limn%oon’lz?:lE(stz). Also, the distribution of ¢ is Pr(¢ <x) =

&

(1) (1 - 7).
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Theorem 2 states that the asymptotic p-values for observed test statistics are
given as follows

Pn=Pu(@.n?) =1—[1—exp(—LR,/2n")][1 — exp (LR./ 2pn?))].

Then, the null hypothesis is rejected asymptotically at the significance level «
if p, < a for some « € (0,1). To obtain a feasible test statistic, we need to
obtain a consistent estimator for the nuisance parameters ¢ and n%. Note that we

have 12 = n"i(:0 F {812, [8/%; +nn (v,)]2 lg: = yo} for j = 1, 2 by Theorem | and
p = n?mins.Q g [ [8,% + 1, )] g = yo}fq (v0) by Theorem 2. Hence, n*"n(s:€)

is cancelled out from the formula of n? and ¢, and 5? and ¢ can be consistently
estimated once we consistently estimate §, and n,(-) without the knowledge of ¢
and o.

Specifically, we have

_ b)) _ Elgi (8% + 1 (Vz)]2 lg: = )/0}
b1 (o) E{fi [8% + 1, v)] s = Vo}
and
2 i) E{g%’ (8, + s (v,)]2|q, - }
5200 G2E [0 00Tl =0 £y o)

where 57 can be estimated by 67 =n~' Y| 82 and & =y, — X/ y@ forr=1,.

Next, replacing &1, = &/ (g: < y0), € = 911 (ar > 10 Sn, and , (v) in b (J/o)
with &, = &1 (q, < y), 8o = &1 (q, > y), 8,1, and 7, (v,), respectively, we obtain
bi(p) for j=1,2,3. We then estimate the conditional expectations b; ()7) by kernel
method as suggested in Hansen (2000) from which we obtain the consistent
estimates of the nuisance parameters n? and ¢. The null hypothesis is rejected at
the significance level a if p,(¢,7%) < a, and the 100(1 — )% confidence interval
for yy is given by = {y :LR,(y) <c:(1—a, @, 7%)}, where cc(I—a,0,n %) equals
the LR, value that solves p, (¢, n?) = a. The asymptotic validity of the confidence
interval results from P(yp € f) — 1 —« under Hy by Theorem 2. Note, however,
that the confidence intervals are asymptotically valid under the assumption of
shrinking threshold effects. This suggests that the actual coverage may differ from
the desired level for large values of 8, and 7,,(-).°

Our proposed method can also be applied to the case where both g, and some
components of x, are endogenous. Suppose that x; , and x, , are the endogenous
and exogenous components of X, = [X/l,t’x/Z,t]/‘ Letr, = [X’1 - q,]/ contain all the

6Under additional restrictive assumptions as in (Hansen (2000), Thm. 3) one can show that these confidence intervals
are also asymptotically valid in the case of fixed threshold effects.
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endogenous variables, and z, contains all the instrumental variables and is allowed
to include x; ;. Then, we extend model (2.3) to

r,=nzZ+v;,t=12,...,n, 2.9)

where z, is a d, x | vector of instrumental variables for r, satisfying E(v,z;) = 0 for
all 7. The endogeneity of variable r, comes from the contemporaneous correlation
between uj; and v, for j = 1,2.

Assuming that E(u;| F, ;—1,1;) = E(u;|v;) = hj (v;) holds almost surely and £;(-)
is nonzero over at least one nonempty interval for j = 1,2, where F, , is the smallest
sigma-field generated from { (X X (, .2, ,.gs.1;) 1 1 <5 <1 <n}, we have

E (yi| Fri—1.1,) = [ZeBr +X5 Bra+h (v) 1 (g < vo)+
(217, 2.1 + X5, B2 +ha (V)1 (q: > 10). (2.10)

where g; = [B] ;. ;] are conformable with the decomposition of x, = [x{ ,.x} |
for j=1,2, and m = [JT;,JT;]/ is conformable with the decomposition of r; =

[x/l t,qt],. Once we estimate 7w by the OLS estimator, the rest of the estimation
procedure is the same as that presented in Section 2.1. We will not give a further
detailed discussion as it will not shed additional light on our methodology.

~ N ~ /
2.2.2. Slope parameters. Let 8 = (ﬂi,ﬁé) and 8 = (/Bi,ﬂé)/, and we define
the following moments

S = [ E[XtX;I (g: < VO)] 0
e 0 E[xx(q:> )] |’
s [ Ex®L 00 1@ =w)] 0
xdy v0 T i 0 E[th)Ln (Vt)/l(% < VO)] s
s [ E[®n0) P, 0)' T (g < 10)] 0 }
q)Ln(DL,L’VO - L 0/ E[QLH (V[) @in (V[)I(qt > y())] )

P = E[xh 0071 @ = w)].
M= E[xA 0071 @ > w)].

Loy, 1 = E|®p, 00 A" ()21 (g, < yo)],

Foy,2 = E[ @, 0) 1 0071 (@ > )],

n
Q1 = lim Var|n™'/?
11 nl>n;olo ar (l’l ZZ,VZ s

t=1
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’
— i - -
Qo = nlgglo” Var <<X0 - E,@/ E¢Ln @, %0 AO) 8) |
n t—1

Q= limn™' ) Y E(zpivie),

t=2 s=1

where ¢ = (¢1,....&,), h;l)(-) is the first-order derivative of A;(-), €11, €22, and
Q, are all finite matrices under Assumptions 1 and 2, the rth row of X, and
Ao are [x;1 (g < y0), X1 (q: > yo)] and [ @y, (v)' I (g; < y0), Pr, V)1 (g1 > y0)],

respectively, and ¢; is the rth row vector of Xo — Xye, % q>Ll o Ao.
n’ n = Ly’

Then, the following theorem provides the asymptotic distribution of 3

THEOREM 3. Under Assumptions 1-3, we have

N0 it o bl (3 - ,3) L NO.Ly), 2.11)

where the nonsingular matrix J, and S, are defined by

3 =By — Ex%.mE;L'n@in,mz%x, " (2.12)

and

Q, =B, [E(zz)] " @ [E(uz)] B, ~ 2, [E(@z)] B,
—B,[E(@7)] ' Q1+ (2.13)

with B, = I} .T,,] =%

/
x, 1% x,2 X¢/Ln,yoz_ q:-’ I:FZDL I’FLDLn,ZiI .

Theorem 3 shows that the estimator of § is root-n consistent and asymptotically
normally distributed, where J,, is nonsingular under Assumption 2(ii). Statistical
inference on /§ is obtained using consistent estimators of J, and €2,,. Specifically,
by (2.12), we can estimate J, by J,., which is obtained from J,, by replacing E (-)
with their corresponding sample analogs, yy with 7, and 7, with 7,. Likewise,
by (2.13), we can estimate €2, by Q. Specifically, replacing E(-) in B, with
their corresponding sample analogs and all unknown parameters and unknown
curves in B, by their estimates gives B For the calculation of €2,, we first

lace E(-), yp and (¢,,v,) i RN | byth
replace E(-), yp and (&, v;) In _ —1 y the
s Vi n-1/2 (XO_Zden,yo Z‘I’Ln“’i,,vm Ao) e

sample analogs, y and (é,, \3,), respectively, and then calculate the sample variance-
covariance matrix using a HAC-type estimator. Despite the tedious calculations the
standard error of § is then readily given.

2.2.3. Control functions. The following conditions are required for the deriva-

tion of the limiting distribution of the local linear estimator of 1,(-) and h;(-)
explained in Step 3.
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Assumption 4. (i) , (v), E[I (¢, < yo) [v, = v], and E (g, ,, [v, = v) all belong
to the Holder space AY (R) for some ¥ > 2, the functions and their first- and
second-order derivatives are uniformly bounded in the neighborhood of v, where
fv(-) is the probability density function of v, and x;,, = [1,I(g; < yo)]’; (ii)
E(||zx;| v =v), E(IzV [v = v), E (llecz |V |v; = v), and E (|&,|**" |v; = v) are all
bounded in the neighborhood of v for some r > 0 and 1 <j < r; with r; being
defined in Assumption 5; (iii)) Q (v) = E <}{1’y0)f{’y0 v = v) is nonsingular in the
neighborhood of v.

Assumption 5. (i) The kernel function K (i) is a symmetric probability density
function with a compact support [—1, 1]; (ii) K («) is continuously differentiable
up to order r > 2; and (iii) as n — oo, h — 0, nh>"* 3/ — 0o, and lim,,_, oo nh> =
co > 0. Also, we denote k;; = [ K' (u) W du.

Assumption 4 contains regularity smoothness conditions used in the local linear
estimation literature, while the conditional moment conditions with an exponent
Jj in Assumption 4(ii) are technical requirements to remove the asymptotic impact
of the estimation of 7,; see the proofs given in the Appendix. Assumption 4(iii)
holds if E[I(g; < yp)|vi = v] equals neither 0 nor 1 in the neighborhood of v. As
usual, the kernel function with compact support is not essential in Assumption 5(i),
and Assumption 5(ii) is required to remove the asymptotic impact of the first-step

~ ~ I
estimation of 7, on ¥ (v) = [hz W), 0 (v)] , which is the second-step estimator of

¥ (v) = [hy (v),n, )]'. Moreover, Assumption 5(iii) implies}hat the conventional
optimal bandwidth of order n~'/> can be used to calculate ¥ (v). Below, we give
our limiting result of ¥ (v).

THEOREM 4. Under Assumptions 1-5, we have at an interior point v

[ ) = ) = ’“2—’21123 m] -4
N (o,f"i’vo) QW E (g%xl,mz;,yo v = v) Q (v)l) .

!/

where B (v) = [héz) v),n? (V)]

_ Theorem 4 implies that the limiting distribution of the local linear estimator,
¥ (v), is not affected by the estimation of the unknown parameters (yo, B, ,3;)
Finally, the bandwidth can be chosen by conventional cross-validation methods.

3. MODEL SPECIFICATION TESTING

In this section, we are interested in testing whether the threshold variable, ¢, is
endogenous in the linear threshold models (2.1) and (2.2). Note that Kapetanios
(2010) constructs a Hausman-type test statistic to test for potential regressor
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endogeneity. In contrast, we are interested in testing whether the threshold variable,
q;, is endogenous. We formulate the following hypotheses

Ho: 7 (1) =hy (1) =0 vs. H; : not Hy, 3.1)

and the working null and alternative hypotheses can be written as, Hj, : o, | =
ar, » = 0p, against H) : not Hj,.
Denoting Q, as an n x (2dyx) matrix with its tth row equal to [X;I (g =),

x,1(q; > y)] and M, o =1,-Q, (Q;Q,,)_1 Q;/ and solving (2.6) by the parti-
tioned OLS estimator gives

’ 2 2 -1 2
a1, )= (8,101,800 = (), , My qdr,,) &, Moy (G2

for any given y € [Z’ )7], where we denote &)Ln.,y = I:qA)I:,,y v), @Zhy (v)]. We then

construct a Wald statistic using the covariance estimator introduced in Andrews
(1991):

N . . . . -1
W, (y)=ay, () CD/L,,,}/M%Q@Ln»V (q),L,,,yMV»QQ”,VM%QqDLn»V)

x &, M, q®s,,aL, (1), (3.3)

where €, :diag[é)z,ql/<l—fzy,n),...,éf,yn/ (l—fzy,,m)} with &,, = y, —

Bixd(q, < v) — By)xd(q > v) — &, (NP, (0) — &, ,(0N®] (%)
being the rth element of &, = [éy,l,...,éy,n]’, an n x 1 vector of residuals
calculated from the alternative hypothesis, and izy,n is the (¢,7)th element of

A A A A -1,
M%QcDanV(CD/L,,,yMV»QQ”,VM%QCDLmV) (DLn,yMy,Q
Next, motivated by Gonzalo and Pitarakis (2007), we replace y in (3.3) by y,
the estimate of y; under the null hypothesis. That is,

y =arg min_y'M, qy. 3.4
YE|V.¥

Our final test statistic is defined as W, ()7) The test statistic in Kapetanios (2010)
needs to estimate all the regression coefficients under both the null and alternative
hypotheses, while our test statistic estimates the threshold parameter only under
the null hypothesis, and the regression coefficients are estimated only under the
alternative hypothesis. Evidently, the limiting result of 7 will depend on whether
the threshold effects exist. In the presence of the threshold effects, 8; # B, and
yp is identified. However, y, vanishes when 8, = $,. Below, we give the limiting
results for .
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THEOREM 5. Under Assumptions 1 and 2 and Hy and E (”;}) <M < oo for

Jj=1,2, we have (i) n' =% | § — yo| = O, (1) when By # Ba; (ii) 35 A when 8, = B,
where A =E[I(q; < y)]=Fy(y), A= F,(P) and A* is defined in (A.23).

Under the null hypothesis and 8, # 8, Theorem 5(i) results from Theorem 1 in
Hansen (2000). Under the null hypothesis and 8, = B,, Theorem 5(ii) shows that
A converges in distribution to a random variable A*, where F,(-) is the cumulative
distribution function of ¢;. Based on the limiting results in Theorem 5, we derive
the limiting distribution of W, ()7) under the null hypothesis as follows.

THEOREM 6. Under the conditions in Theorem 5, Assumption 3(i),
E(u;‘t Fui—1) < 00 and Hy, we have J, ()?) 4 N(0,1) holds, where J, ()7) =
(W, ()7) —2L,)/ (2 Ly), regardless of whether 1 equals ;.

Theorem 6 constructs a test statistic that follows a standard normal distribution
in large samples under the null hypothesis of exogenous threshold variable,
regardless of whether the threshold effects exist in models (2.1) and (2.2). In
addition, when the sample size is not large, L, can be very small, in which
case the distribution of W,(y) can be well approximated by the chi-squared
distribution with 2L, degrees of freedom, so that the critical value from the chi-
squared distribution can be used to improve the finite sample performance of the
proposed test.

4. MONTE CARLO SIMULATIONS

4.1. Threshold and Slope Parameters. We generate our data from the follow-

ing model:

Ye=B1+ Baxi + G1 +82x) (q: < y) +u, 4.1)
where

qr =2+ 24+ Vg 4.2)

The threshold parameter is set at the center of the distribution of ¢;; i.e., y = 2.
The instrumental variable z,, is given by

2 = (o + ) /2V/2 4.3)
and
Uy = 0'1gul+qut7 (4.4)

where x;, vy, ¢, and ¢, are independent i.i.d. N(0,1) random variables. The
degree of endogeneity of the threshold variable is controlled by «. We fix « = 0.95,
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TABLE 1. Threshold parameter and threshold effect

Threshold parameter Threshold effect
Quantile 5th 50th 95th Sth 50th 95th
n
S =1
100 1.880 1.979 2.039 0.943 1.000 1.045
250 1.953 1.991 2.011 0.970 1.001 1.028
500 1.977 1.996 2.004 0.983 1.000 1.019
1,000 1.990 1.998 2.002 0.988 1.000 1.013
S =2
100 1.887 1.978 2.007 1.943 2.000 2.045
250 1.954 1.991 2.000 1.970 2.001 2.028
500 1.978 1.996 2.001 1.983 2.000 2.019
1,000 1.990 1.998 2.001 1.988 2.000 2.012
§5=3
100 1.888 1.978 2.000 2.942 3.000 3.045
250 1.954 1.991 2.000 2.970 3.001 3.028
500 1.978 1.996 2.000 2.983 3.000 3.019
1,000 1.990 1.998 2.001 2.988 3.000 3.012
5 =4
100 1.893 1.978 2.000 3.942 4.000 4.046
250 1.954 1.991 2.000 3.970 4.001 4.028
500 1.978 1.995 2.000 3.983 4.000 4.019
1,000 1.990 1.998 2.000 3.988 4.000 4.012

Note: This table presents Monte Carlo quantiles of the estimates of the true threshold parameter y =2
and true threshold effect 8, = 1,2,3,4 using a 6th order Hermite basis function and sample sizes n for
the DGP in (4.1)—(4.4).

B1 = B> =1, and §; =0 and vary §, over the values of 1,2, 3,4, which correspond
to a range of small to large threshold effects.’

We begin by assessing the performance of our estimators for the threshold
parameter and the threshold effect by considering sample sizes of 100,250,500,
and 1,000 using 1,000 Monte Carlo replications. Table 1 presents the quantiles
from the empirical distribution of y and 8 by varying the threshold effect 8, over
the values 1, 2, 3, and 4 using a 6th order Hermite basis function for the DGP
in (4.1)—(4.4).® We see that the estimators’ performance for both the threshold
parameter and the threshold effect improves as the threshold effect and the sample

7In the Online Appendix, we also present results based on an alternative DGP that adds an endogenous regressor to
model (4.1) with similar findings.

8We also investigated the sensitivity of our results to the choice of the order of the Hermite basis function using
L, = 1,2...,6 and found that our results are similar but slightly better for L, = 6. These results are presented in the
Online Appendix.
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TABLE 2. Confidence interval coverage of the threshold parameter

8 1 2 3 4
n
L,=2
100 0.92 0.98 0.98 0.99
250 0.90 0.97 0.97 0.97
500 0.91 0.96 0.96 0.96
1,000 0.92 0.95 0.93 0.92
L,=3
100 0.96 0.98 0.98 0.98
250 0.96 0.97 0.97 0.97
500 0.94 0.95 0.95 0.94
1,000 0.93 0.92 0.91 0.90
L,=4
100 0.96 0.98 0.98 0.98
250 0.96 0.96 0.97 0.97
500 0.93 0.94 0.94 0.94
1,000 0.89 0.89 0.89 0.89
L,=5
100 0.96 0.97 0.98 0.98
250 0.96 0.96 0.97 0.97
500 0.94 0.93 0.93 0.93
1,000 0.89 0.89 0.88 0.88
L,=6
100 0.94 0.97 0.97 0.97
250 0.96 0.96 0.97 0.97
500 0.94 0.93 0.93 0.93
1,000 0.89 0.89 0.88 0.88

Note: This table presents Monte Carlo results about the nominal 90% confidence interval coverage of
the threshold parameter for true threshold effect 2 = 1,2,3,4, order of Hermite basis function L, =
2,3,4,5,6, and sample sizes n for the DGP in (4.1)—(4.4).

size increases. Specifically, the 50th percentile approaches the true threshold
parameter, yy = 2, as the sample size n increases and the width of the empirical
distribution of 7 becomes narrower as J, increases.

Finally, Table 2 shows the coverage rates of a nominal 90% confidence interval
on the threshold parameter for different values of the threshold effect §, and
different orders of Hermite basis functions. The coverage rate is relatively robust
to the choice of the smoothing parameter and is closer to the nominal level as the
sample size increases.

It is worth noting that the convergence rate of ,é is root-n in Theorem 3 and
the convergence rate of p in Theorem | depends on the diminishing rate of
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TABLE 3. Size and power

K 0 0.1 0.2 03 0.4
n
L,=2
100 0.13 0.35 0.82 0.99 1.00
250 0.08 0.28 0.82 0.99 1.00
500 0.06 0.26 0.80 0.99 1.00
1,000 0.06 0.25 0.82 1.00 1.00
L,=3
100 0.16 037 0.80 0.99 1.00
250 0.10 031 0.80 0.99 1.00
500 0.07 0.25 0.79 0.99 1.00
1,000 0.07 0.25 0.80 1.00 1.00
L,=4
100 0.23 0.42 0.80 0.99 1.00
250 0.15 035 0.79 0.99 1.00
500 0.10 0.28 0.78 0.99 1.00
1,000 0.08 0.24 0.79 1.00 1.00
L,=5
100 0.28 0.44 0.80 0.98 1.00
250 0.19 0.35 0.78 0.98 1.00
500 0.14 0.30 0.77 0.99 1.00
1,000 0.12 0.25 0.78 0.99 1.00
L,=6
100 0.39 0.52 0.83 0.97 1.00
250 0.19 0.34 0.75 0.98 1.00
500 0.16 033 0.75 0.98 1.00
1,000 0.14 0.29 0.74 0.99 1.00

Note: This table presents the size (k = 0) and the power (k > 0) of the test for endogeneity defined
in equation (3.3) using the Andrews (1991) covariance estimator for various orders of Hermite basis
functions L, and sample sizes n for the DGP in (4.1)—(4.4). The significance level is 0.05.

the threshold effect. Therefore, the choice of L, only affects the second-order
asymptotics of our estimator. Consequently, the estimation results of y and /§
should be relatively robust to the choice of L, as long as Assumption 3 holds.
It is well known in semiparametric estimation literature that the choice of optimal
smoothing parameter is of no big concern to the estimation of the parametric part
of parameters due to the fast parametric convergence rate.

4.2. Size and Power of the Wald Statistic. We assess the size and power of the
Wald statistic in equation (3.3) at the 5% significance level, where y is estimated
by the objective function defined by (3.4). Table 3 provides the results for the
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DGP defined in equation (4.1) for various orders of Hermite basis functions L,
and sample sizes. We present the size (k = 0) and the power (« > 0) for various
orders, L,, of Hermite basis functions and sample sizes.

While our findings reveal that our test performs quite well in terms of power,
they suggest a more nuanced and complex characterization of the size of the test.
In particular, size distortions appear to be increasing with L, for any given sample
size, and these distortions can be substantial, especially for relatively small sample
sizes. Interestingly, our findings suggest that these size distortions are minimal
when L, = 2 and the sample size is greater than 250.°

5. CONCLUSION

In this paper, we propose to estimate a threshold regression model with an endoge-
nous threshold variable based on a nonparametric control function approach.
Specifically, the estimation of the threshold parameter is based on a two-stage
concentrated least squares method and the regime-specific control functions are
estimated by the series estimation method. We develop estimation and inference
for weakly dependent data for the estimators of both the threshold and slope
parameters, including a test for the endogeneity of the threshold variable. Finally,
we assess the performance of the proposed estimator and test statistic using Monte
Carlo simulations.

Our method can be further extended in several directions. One useful extension
to our approach is to apply the penalized method to simultaneously select and
estimate the threshold endogeneity bias correction terms. Lee et al. (2016) study
high-dimensional regression with possible fixed threshold effects. It is interesting
to extend the penalized method to study the diminishing threshold effects case,
as well as to derive the limiting distribution of a post-lasso estimator. Another
extension to our approach is to relax the linear specification in the structural models
(2.1)and (2.2), as well as in the reduced-form model (2.3) of the threshold variable,
to a more flexible semi-/nonparametric specification.

APPENDIX

Throughout the Appendix, capital boldface letters denote matrices and lowercase bold-
face letters are reserved for vectors, unless otherwise specified differently. Also, a(v) =
[a(v1),...,a(v;)] denotes an n x 1 vector of function a(-) at point v=[vy,...,v,]’.

—1 -1
Proof of Lemma 1: Denote P, =X, (X, X, ) X}, P, =X_, (X_ X_)

X’,)y, and P)f =X1,y <X’JnyX+’y) X/Jny, where X_ ), and Xy , are defined in

9We also investigated a finite-sample correction of the White estimator as well as the Horn, Horn, and Duncan (1975)
estimator but the results were no better than the Andrews estimator.
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Section 2.1. Applying simple calculation gives P, =P + P)'i'. As (In - Py) Xy, =0, by
(2.7), we have

n
~ 2
i)=Y =X, 0] =¥ (l—Py)y, A
t=1

where I,; denotes the n x n identity matrix. Below, we will show that
nSn () =S () +op (1) (A2)

holds uniformly over y € [y,¥], where S (y) = S1 ()1 (¥ > y0) +S2(¥) I (¥ = v0),S1(¥)
is a strictly increasing function of y over the interval of [y, 71, S3 () is a strictly decreasing
function of y over the interval of [y, )] and both S; (y) and S, (y) are continuous over
y € [y, 7]. Therefore, S (y) is a continuous function of y and is uniquely minimized at yy,

and we then obtain p 2 yo by Theorem 2.1 in Newey and MacFadden (1994) if we can
show that S (y) is uniquely minimized at point ;.
Specifically, applying simple algebra gives
S (1) = (X-dn+n- (V) +8) (I —Py) (X8 + 71— (V) +8)
=8,X_(I,—Py)X_8,+n- W (I, —Py)n- W +&' (I,—P,) ¢
+28,X_ (I =Py) n— (M) +28,X_ (I, =Py )& +2n- () (I, —Py)
= Su1 + 82 +Su3 +2(Spa + Su5 +Sne) »
where X_ is an 1 x dx matrix with its 7th row equal to X;I (g < yp), and n— (v) isann x 1
vector with its th element equal to 1, (v/) I (qr < yp), & = [£1, ... ,én]/ with & = hy (vy) —
h; (f}t) + &1, and the subscript j in Sp; (j = 1....,6) is labeled according to the ordering of
appearance.
(i) Under Assumption 1(v), we have
Sp1 = 8, X" (I =P, ) X_8, = n255,X"_ (I, — P, ) X_0y,
Sz =n- ) (Li=Py)n— (V) =n"*ng _ ) (I, =Py) no,— (),
Spa =8, X_ (I, =Py )n—(v) =n"5728,X_ (I, =Py ) no.— ().
where 1o, — (v) is ann x 1 vector with its ¢th element equal to ng (v/) I (¢ < yp). By Lemmas
B.1 and B.2 of the Online Appendix, we have

max _[n~'8X_P, X80 — 8] (1) Tk, 81 (1) 0| = 0p (1), (A3)
YE|V. Y

max \n‘lng,_ WPyno (V) =85 (1) Tt 82 (y)] =op(1), (A4)
YVE|V,V

max |0~ 8)X_Py 0 (¥) = 858} () S, 82| = 0p (1), (A5)
ye[zi]

where  Dysgw ,, = E(x;fyx;f/y), g1 (y) = E[xzyxgl(qtgyo)] and gy (y) =
E[x;’jyno(v;)l(qtfyo)]. As {(x}.qn2zu7)} is ergodic under Assumption 1(i),
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E (Hx,x; ”) < oo under Assumption 2(i) and a uniformly bounded 7¢ (-) under Assumption
2(iii), we apply the law of large numbers for stationary ergodic time series data and obtain

n~1ogX X8 &3 8)E [xix1 (qr < ¥0)] 0 = Symy (v0) S0 (A.6)
i o, — ) S E[n§ 001 @r < v0) | = ma (), A7)
n 80X no,— (v) 5 8LE [xemo v I (qr < v0)] = 8gm3 (). (A.8)

(ii) We consider S, 3 (y) = &' (I, —Py)& = &’ — &P, &. Note that hy (v;) — 5 (V) =
[h2 v) —hy (%) ] + [h2 (9) — % (91)]. where the second term is uniformly bounded
by O(L; S) for all ¢ by Assumption 2(iv), and the first term hy (v) — hp (¥;) =

h(zl) (V) z; (g — mq) with ¥, lying between v; and 7 as v; — ¥, = z; (g — 74). It therefore
follows

1 « .

=3 (2 0= 15 (50)) = 0p (L 407" (A9)
=1

under Assumptions 1(i) and (ii) and 2(iii) and (iv). Therefore, we have

*l”é—nflzte, +0(L,5)+0, (n172). (A.10)

In addition, we have &'Py, & = HP},sH < 2<Hh2 V) — h* )H + HP;,EH ) since }X’Ax] <

Amax (A)x'x and an idempotent matrix’s eigenvalues equal either zeros or ones. Applying
Lemma B.3 of the Online Appendix gives max, [y 7] nle P, e = Op (Ly/n). Therefore,
we obtain B

max ‘n_lSnJ ) —n_ls/e?’ =0p (19,%), (A.11)
YE|lv, Y

where we denote ¥, = L,, § +/Ln/n.
(iii) We consider S, 5 (v) = 6, X" (I, =Py )& =n~58;X_ (I, — P} ) &, where

n
n X8 =01 50X (g1 < y0) [ (ve) — b5 () + 4]

t=1
=0, (L;E +nV 2) (A.12)
and
|8y X" Py8| 1

max < - IX—8oll [Py 2] = Op @n). (A13)
7] el
It follows that

max ‘n_lS,Ls(y)’ =0, (S 0). (A.14)

YE|V.V
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Similarly, for S, 6 (¥) =n— (v) (I, =Py ) & =n"%no,_ (v)' (I, — P} ) &, we obtain

max ‘n—lsnﬁ(y)’:op (17CD,). (A.15)
YE|V. Y

(iv) Taking together (A.3)—(A.15) gives

max |18, (1) =1 )| =0, (1), (A.16)
ve|y. ¥

where S (y) = 62 +n~258)m (y9) 8o + n—Zsz (v0) +2n~5728(m3 (y0) — 1 (y) and

1wy = [n=Sgi (s +n% (] Tl L[ 81 ()8 +n"Cgr(y)]. Evidently,
S1 (y) is continuous in y.
(v) Denote D (y) = E[x/ x;"1(q: <y)] and M(y) = E[x;*no v)I (g < y)], where

!/
Xk = [x; ®/Ln (v,)] . Then, we have

/ D(y) 0
EX*X*/ y = E(Xr y ;ky> |: 0/ Ex*/x* —D()/) >

and for y € [y, 71, g1 (¥) = [D1(»),0] and gy (y) = [M(y),0], where D; (y) =
E[x/x{(qr < y)]and E,+» = E(x; x;”). As for any random variable z, d {E [z] (¢ < y)]}
/dy = E(zlg=y)fy(y), we have DD () = E(xx"|lai=v)fy ), MDD (y) =
E(xnoWn)lgr=v)fg(v), and 0Zyegw ,, /0y =diag(l, —1} ® DD (). Moreover,
applying Propositions 17.3(a) and 17.25 in Seber (2008), for any differentiable function
a(y), we have

d(a) Sk ,a ()
dy

d(a(y))

dzx*x*/y _1
oy g S, A0).

_2a( )X, ’VT XXM,y

/ -1
—a ()’) EX*X*/
Hence, we have

_du(y)

b [n=D; ()80 +n"M )]

xD DD )DT () [n7SDy ()80 +n M (y) | > 0

as D! (y)D(l) ()/)D_1 (y) is a continuous and positively definite matrix over y under
Assumption 2(ii). Therefore, S (y) is a strictly increasing function over y € [y, ¥ 1.
By symmetry, we can rewrite Sy (y) as

Su () =[-Xyn—np W +2] (L —Py) [-X 48, —np (M) +2].,

where X is an n x dx matrix with its 7th row equal to x}1 (¢; > ), and 7 (V) isann x 1
vector with its rth element equal to 1, (v/) I (gr > ), € is an n x 1 vector stacking up & =
hy (ve) — h’f (f)t) + &;. Applying the same proof method used above, we can show that

max ‘n_lSn () =5, (y)’ =op(1). (A.17)
YE|V.V
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where S (y) equals Sy (y) with I(g: < yp) being replaced by 1 (g: > yp). For y € [y, ],
we have g1 (¥) = [0, 2wy« —D(y)] and g (v) = [0.E[x;'n0 (v) I (q: > y)]], so that

d /
- ‘;(y” = —{[Zyryr ~ D80+ E[x 10 001 @ = )]}

x [Z s =D] ' DD ()
x [Z s = D] {[Eyergr =D ] 80 +E [ n0 ) I (qr > 1)]} <0

Therefore, S5 (y) is a strictly decreasing function of y € [y, yol.
To sum up, we have

max ‘n_lSn(y)—S(y)‘ =op(1), (A.18)
ve|r. v

where S(y) = S1 (¥)I(y > y9) +S2(¥)I(y < yp) is a continuous function of y and is
. S . P
uniquely minimized at yg. It then follows y — yp.
Finally, we verify Hé -0 H = Op (Vn) +0p (n_min(g’g)) in Lemma B.4 of the Online
Appendix. This completes the proof of this theorem. |

Proof of Theorem 1: In matrix form, we have y = X + X— S48, +hy (V) +
n—,y (V) +¢, and

y—X,0
=XB+ Xy Sadnthy M+ (V) +e—XBy —X_ 848, — b5 (%) —7* , (9)
=e+X (B2 B2) + X 0Sa, (80— 8n) + Ay — AX_ S48 — ARE (A.19)

where S, equals the first dyx columns of the (dx + L) x (dx + Ly) identity matrix,
AXoy = Xoy = Xog, ARE =02, (9) =02, (), A = ho (V) —h3 (¥) +
N—,y (V) — 7% Yo (V). and the typical element of X, hy (v), b3 (¥), n— , (v), and 7* v ")
are X;, hy (vy), ﬁ; (f/,), nn (i)l (g <y), and 7} (f),)](qt <), respectively. Denoting

~\/ ~
Sn(y) = (y—Xy9> (y—XVG) we have
Sn (¥) =S (v0)
Ak a / Ak N
- (Aniy +AX_,ysdx5,,) (An,,y +AX_,ysdxan)
—2(c+ Ay (Aﬁ*,’y +AX_,,,de$n>

n n
=k > XeXyd (v, v0)kn — 2k, Y eexedy (v, v0)
=1 =1

— 2k, Xn: |:<,32 - 32)/& + (5n - Sn)/le(l]z <)

+hy (ve) — il; () +n7C (no (ve) — iy (%)) 1 (qr < )’0)] xedr (V5 v0)
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n
+ (len + Kn)/ Z XtX[/dtz . v) (’en - Kn)
t=1

=Sp 1) =285 (1) =285 3 (V) + S 4 (), (A.20)
/
where we denote d;(v,yy) = I(qr < y) —I(qr < Y9)> Xt = |:x;, qy’Ln (9»]7 kn =

~ n / _ _ / . ~ ~ ~ A R
[Sg,n Q“/L,,,O] ,and Kk = [n S0 QO‘/L,,,O] with 8, = B) — B2, n78ar, 0 =ar, 1 —
&y, 2,n %80 = p1 — Pp, and n %y, o=y, 1 — 0y, 2. Closely following the proof of
Lemma A.9 in Hansen (2000), we can show that

an (7 = y0) = argmax Qn (v) = Op (1),
v
where @, = n!=2min(s:0) and Q,, (V) = S, () — Sn (Yo +v/an).

Now, we consider S¥ | (y) =k > 1 Xt X1 d? (v, v0) kn. For any given v € [v, 7], afinite
interval, we have

n 1 (W) =« ZXtXtdt <VO +— vVO)

t=1

n
=Gn () +2Y & (X — 1) X knd} ()/0 +—, VO)
=1

+Z (e = x7) d2<yo+ 7J/0>

=G (v)+2n~ % Zai,,,o (@1, (°) — @1, )] G ) d7 (Vo +— ,yo)
=1

n 2
a7y (“/L,l,o [®1, (%) — @, (Vt)]) d; (Vo + % V0>
=1
=Gy (V) +A, (v),

where G, (v) = Y, (), )(t*)zdt2 (yo+v/an, vp) is uniformly bounded in probability
over v € [v,U] by Lemma B.5 of the Online Appendix. As 7y, — 74 = Op (n_l/ 2) and

max|<s<p |n8 (v,)| < oo under Assumptions 2(iii) and (iv), we have

|An (V)]

<Mn~ 2720, HIantnd2 (yo+—,yo)
=1

+M - 2Q ” (DLn Z”zt” dz (VO"‘*’ VO)
t=1

=0, (w22 oy, a5 ) + 0y (7 oy, 2!

=0y (i A0l | ) 0,1
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under Assumption 3(i). Also, closely following the interval split method used in the proof
of Lemma B.1 of the Online Appendix, we can show that A, (v) = op (1) holds uniformly
over v € [Q,U]. Hence, G, (v) is the leading term of S; 1 () forany v € [g,ﬁ],

Secondly, we consider S;: L) = R, Z?:l &rxtds (v, o). For any given v € [g, U], we
have ’

n K (V) =k, Z&Xtdt ()’O + P VO)

t=1

n
=Ry () +&p Y &t (xe— ) di <V0+ J/o)
t=1

+ (kn — ZEtX; dt( 0+*7V0)

t=1
= Ra @) [14.0p (1] 4.0 (1 /2-0Pm@S) o, )

as H/%,, — /cn H = 0p(llknll) under Assumption 3(ii)) by Lemma 1, where R,(v) =
Zz 1 ericp X dr (Yo + v/an, yo) = O (1) holds uniformly over v € [g, U] by Lemma B.5 of
the Online Appendix. Therefore, we show that the leading term of S:,z (v) is R;; (V) under
Assumption 3(ii).

Thirdly, we can show that §* ) = (Rn+Kn) 31y Xe X1 d? (Yo + v/ an, o) (Rn — kn) =
op(S* (V) and S¥ 3 =o0p (S* 1 (1)). And, taking above results together with Lemma
B.5 of the Online Appendlx we have On(v) = —=Gp(v) +2Rp(v) +0p(1) and

Q) = —u Il +2,/72W; W) I (v < 0)+2,/ZWr (W) 1w > 0).

Following the proof of Theorem 1 in Kourtellos et al. (2016), we complete the proof of this
theorem. |

Proof of Theorem 2: Under Hy, by Lemma B.5 of the Online Appendix and following
the proof of Theorem 1, we have

150 (0(7).7 ) LRn (o) — 0a (0)

[Sn< VO)J’O) Sn(A(l;)s);)] [Sn (9 VO) Sn (é,)/()—l—ﬁ/an)]

=52 (800).70) =4 (8.70)

—Z[yz x,yoe(yo)] i( —x] 0 )zzop(l),

t=1 =1

~

2 R _ o A\ P
where S, (6,y) = Z:l:l (y,—xb,@) , ¥ =Y+ U/ay and n lS,, (9 (y), y) - 052
following the proof of S,3 in the proof of Lemma 1. Therefore, by Theorem 1 and the
continuous mapping theorem we obtain

sup On (v) supQ (v)

LR, (v0) = ——5— +0p (1) > ———,
a? a?
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where denoting v = (f12 / u2> s and

supQ (v)
o2

1
= _—zsup—,u|u|+2,/1:12W1 W (L <0)+2,/TZWr (V) (v > 0)
0§ v

1 ‘L’2 .[2 2 2
=_—zsup——1|s|—|—2,/112W1 —125 1 —12 +2,/T W2 —s —12 >0
Og s M 2

2 2
T T
= sup[—Is|+2W ()1 (s <O+ | —Is|+2 | S W () [I(s > 0)
08 Mmoo s ‘L'l
=n’
with n% = 112 /552 w. This completes the proof of this Theorem. |

Proof of Theorem 3: Denote A, = [A_,U, A.,.,U] and X, = [X—,U,X+,u], where the
1th row vector of A_ y, Ay v, X—p and Xy y are Ay, = @ () 1(qr < yo+v/an),
AL =0, (0) (g > vo+v/an), X, =Xl (g1 < yo+v/an), and X7, , =X, (q: > yo+
v/ay), respectively. Also, denote P, = A, (A;}Av)71 A, and O = an (¥ —w)-

A -1
Applying the partitioned squares method gives 8 — 8 = [X% (I, —Py) Xﬁ] X, (I, —Py)
(y—X;38).

Firstly, applying Lemmas B.1 and B.2 of the Online Appendix we obtain n1 X% X5 £
T,y 1 XL Ay = Zxw, .y T 0p(1) and nlALA, = Sy, @) Ly +0op(1)- 1t then
follows

n X (I —Py) Xg = Ju +0p(D), (A21)

where J,, is defined by (2.12).

Secondly, we consider B,(v) = n~'X/, (I, —Py) (y — Xy ), where y; — X, B =
Mv,0,¢ +h2 (V) + 100 (v) 1 (g < o) + ¢ and 1y, 0,1 = —8,Xeds (Yo +v/an, v0)-

(i) We will show n71X:A} (L —Py) g0 = op (nfl/z), where 7,0 is an n x 1
vector with its rth element equal to 7, ¢, By Lemma B.1 of the Online Appendix,
nU Sxixid (v +v/an o) = nTSE[8\xiXid; (vo+v/an.vo)|[1+0p, (D] =
Op (a;ln §> holds uniformly over v € [v,U]. Hence, we obtain n_lX%nﬁgo =

Op (a; s ) Moreover, we have

_ —-1/2 — —-1/2
o txrons] < %08 30m ] 8 a0m ™ ]

1/2 -1 T -1/2 _
E Amax (EXCD/Ln’VOEd)Ln(Dlnv VUECDLHX,’ Vo) [1 +0p (1)] n ]77:3’07713,0 = Op (an n g)‘

- —-1/2 _ —
Therefore, we obtain n™ !X, (I, — Py ) 15,0 = Op (a,, 2y g) =0p (n 1/2).
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(ii) We consider (In - Pa) hy (v) = (In -P;) [h2 (v)—h; (‘7)], where Ay (v) — 115 (f/,) =
(2 (1) = b (%) ] + [ (%) — 15 (91) ] = mw, 1,4+ M, 2,1 Where ny, 0, = o (¥1) — B3 ().
Let ny,; = [Tlu,j, Ioeoes nv,j,n]/ for j = 1,2. Applying again Lemma B.1 of the Online
Appendix, we show that n~ !X/ ., » andn =1 A7, 5 are both of order O), (L; S) uniformly
over v € [v,U]. Hence, we obtain n_IX;} (Ii—Py)np2=0p (L,Tg) =o0p (n—l/z) if
nLy, =0 (1) or Assumption 3(iii) holds.

Next, as hy (v) —hy (V) = hgl) (V) z; (4 — 74), where vy lies between 9 and v;, closely
following the proof of Lemma B.1 of the Online Appendix, we have

ve[v, 7]

n
_ 1) - 1
max ||n~! E wtethg ) V) z; — E[ W;e;hé ) (vy) z;] =o0p (1),
t=1

where w; = x; or ®; (v¢) and er = I(q; < yo+v/an) or er = I1(q; > yo +v/ay). It then
follows n_IX’ﬁnﬁ’ 1 =TIx (g —mg) and n~! Ang1=To, (7 — mq). Hence, we have

n—lxg (In —Pﬁ)hz (v) = B]n (ﬁq _”q) +0p (n—l/Z)’

-1
where By, =T'x — Exd:’Ln, 70 E(DLn ;.10 o
n

1
and Tg, = [E(®r, v)hS" vzl (g1 < v0))', T, ol
(iii) Let 1p,y, (v) denote an n x 1 vector and its tth element equals 1, (v) I (gr < yp)-

. 1
1, With Ty = [EGehsY )z (s < v0)). T 1

Closely following the proofs for (i) and (ii) above, we show thatn™ 1 X% (In — Pﬁ) N,y (V) =

n_IX% (I,Z —Pl;) [nn,v(v) — nn,u(ff)] + 0, (L;E —l—a;ln_Q), where 7,1 (V) is an n x 1
vector with its rth element equal to n, (v1)I(gr < ¥y + v/an). Following the proof for (ii)
above, we have

n—lxg (In _Pf)) [nn, v(V) —1p, U(‘A’)] =By, (ﬁq - ”q) +op (n_1/2> s

where By, = [’y — & s-! Fp, with Tx = [E[x,(hﬁ‘)(vt)—hg”(v,))

‘1_>1,,, 7,070
7l = )10 Tay, = [E10L, 000" 00— 6zt < )10
Taking together all the results above, we have
B, (0) =n™ !X}, (I~ Pg) (v = X3)
=—B, (g —7g) —l—n_lX}) (I.—Py)e+op (n_l/z)

!
x®; .0

/
~ -1 -1 —-1/2
=By (g —7g)+n (xo—zx%’mz%% ’VOA0> e+op (n /),

where B, X and A are defined in Section 2.2.2. Then, applying Wooldridge and White’s
central limit theorem for strong mixing process (White (2001), Thm. 5.20, p. 130) under
Assumption 1(i), we obtain

—1/25n

T bl 4 Q Qi
“12(Xy— % n-! A SN0 o o :
n 0~ x(D’Ln,yU (DLnd:'l,l»VO 0] € 12 22
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Therefore, we obtain \/ﬁ(J;lﬂnJ,jl)*]/z (B —ﬂ) i N(O, Ide), where J,, and Q,, are
defined by (2.12) and (2.13), respectively. This completes the proof of this theorem. |

Proof of Theorem 4: Denoting W; = [1, (¥;—v) /h]/, xy = [1,1(gr < )], and
10,7,y V) =m0 (V)1 (gr < y), we have

-1

- L& . / /
[ 583 ]: nh;K<wh v> (W;W,)@(%,’J;xt’};)
xnihZK<f/z;V> (Wr®x,’);>5)l
t=1

V() _
|: D () ] +An11 (An2/2+ Az +An),

where y; = y; — ,éi xd (qr <) — Eéxtl (qr> 7). ¥ (v) = 3%y (v) /0v® for an integer s >
0, 1} (v) and 1// (v) are the estimator for ¥ (v) and hw(l) (v), respectively, and

1 <& Vr—v
Anlznh;K< i )(W’Wg)@)(%ﬂ'/’?)

n A
An2 _ %Z(‘A}I_V)ZK<VI}Z V) (Wt®}‘t,)7)”t/,};1//(2) (vt)

1
n

t=
1 ! f/[ 14

An3 = M§K< h )(

n N

Ay = %ZK(V’;V) (Wt(g);{m;)Sz

t=1

Wf®){[’?> At

with A = x; (ﬁz - 32) +8,%¢ (g1 < v0) = 8pxel (1 < P)+ho (v) — ha (%) —n ™€ [ng (v)

1(gr < v0) —no (1)1 (qr < 7)] and ¥y lying between ¥; and v.
Firstly, we calculate

K ﬁt—V —K Vr—V +K(1) Vr—V z;(ﬂq—ﬁ'q)
h h h h

. . 7
T K(rk)(le;(ﬂq_ﬂq)J‘_vt_v) <Z;(ﬂ(1_ﬂ‘1)) k, (A.22)

h h

where K (-) denotes the sth order derivative of K(-), and ¢; € (0,1) over all ¢ for some
rr > 2. Therefore, we obtain

Agi = — ZK< )WtW) (#15%15)
rkzl i x0) (Vf_ V) ( (”"h_ 7q) )j WW))® (xt,?xt’j)

https://doi.org/10.1017/50266466621000256 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000256

590 ANDROS KOURTELLOS ET AL.

e iK(rk) 62 (g —7g) +vi—v\ (7 (g —7q) |
nhrk!t=1 h h

x(Ww)) @ ("t,;?’f,/,);)
= Anl,l +An1,2 +Anl,3’

where as 75 — 775 = Op (n_l/z) and y —yp = 0p (n_1+2min(§’9)), we obtain

10
Anl,l =fv(v)|: 0 K12 i|®E(Xf,V0%t/,y()|Vt=v)
+0p (2 + ()™ 2 (V) ™! 4 n2min(s @)1

under Assumptions 1(i) and 4(ii). In addition, under Assumption 5, we have

11 o (V= % (tg—7g) ! / /
Anl’z = n7 Z 721{ ( 7 ) n (W[W[)®(J{[’}’}Xt,);>

j=1 =1
lrk_ll " AR z/(rr —fr) J
1 1 G (vt 1\ g — g H / ol ’
< 2 2 (" )( : W) e (x5 ;)
—o(L)
—r nh
and
1 & Gty (g —7ig) +vi—v\ [ 2 (g — 7ig) "k
- (re) t\7lq — q t\7g — g
A"1’3_nhrk!;K ( h h

x (Ww)) ® (me;%t/’);>
7 (g — 7y) " / /
(4 2) fowwno s

Therefore, under Assumption 5(ii), we have Ay; 2 = 0p (1) and A,1,3 = 0p (1).
Similarly, we can show that

n

M
= nhry! 2;

t=

= 0 (207,

2 —0.. (@
Ap [ K12 ] hy” (v)+n"Cny” WE[1(g: < yo) V]
=Jv : ®
2 o [ [ @)+ nen? )] E[1 @ < ) V]

+0p (B + () ™2 (k) ™! o p2min(s @)=
+0p <n*(’k+2)/2 [h*(rk+3),h*(rk+4)]/>
and by Theorem 3 and under Assumptions 3(i), 4 and 5, we have
Ay =0p ([ @r, |72 (1 + @iy~ 2 4 (Vi) ™ 42 min(s-0)=1) )

+0p (|| @, | n= D2 [t =D ) = 0, 1),

https://doi.org/10.1017/50266466621000256 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000256

ENDOGENEITY IN SEMIPARAMETRIC THRESHOLD REGRESSION 591

Now, we consider A,,4. Applying a similar method used above, we have

1 " f/[—V
Apg = "hz—le< W ) (Wt®%z,,>>8t =Ap41t+An0,

where we have

1 " f)t—V
MAM,IZMI_Z]K( A )(Wt®%t,yo)5f

1 & Vi—V 1
- «/71;1{( h )([ (ve=v) /h ]@”‘””)

d k20 O 2
—>N<0,fv(v)[ 0 .2 ]®E<8t%t,y0%;,y0|vt=">>

by (A.22), the central limit theorem of Theorem 5.20 in White (2001) and the Cramér—Wold
device under Assumptions 1, 4, and 5, and

_ 1 - br—v 0 _ 2min(¢,0)—1
MAH4’2_MEK<h> (Wr®|: dt()?’VO) ])8[—0p<n >

Therefore, we obtain v/nhA, ;4 1 is the leading term of «/nhA,4. Taking together all the
results above completes the proof of this theorem. |

Proof of Theorem 5: We only need to give proofs when 81 = fp =B and h () =hy(-) =
0, under which models (2.1) and (2.2) becomes y; = X;8 + uz, where u; = u1. (q: < yp) +

-1
uzl (qr > o). It follows thaty'M,, qy =u'M,, qu=v'u—-u'Q, (Q/),Qy> Q;,u, where
the first term does not depend on y. Denoting A = E[I(q; < y)] = F4(y), L = Fy <Z)’

X = Fgq(y),and A= Fyq ()?), we can rewrite the optimization problem (3.4) in terms of X as
follows:

A= 2% =arg max w'Qy (Q;LQA)_1 Qu
re[r2]

By Cor. 4.2 in Wooldridge and White (1988) and closely following the proof of Thm. 1 in
Caner and Hansen (2001) for s € [0, 1], we obtain [n~!/2 % -1/2 Zisl] X, n~V/2E T 12

u, Xx’ u,xx',y, —
ZEZ] xpud (qr < )] = [Bu (s),By (s,1)], where we denote X, yy = E(utlex;), 2 xx, v.—
= E[utzx,x;I (gr <v)], B, (A) and B, (s,A) are the dx-dimensional standard multivariate
Brownian motion, and “==" denotes weak convergence on D[0,1] as n — oo with D[0,1]
being the space of cadlag functions on [0,1] equipped with Skorohod topology.
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It then follows that

v, (2,0,) Qu
-1

n n n
= ZX;MZI (gt <v) thxﬂ (gt <v) thutl (gt <v)

t=1 =1 t=1
—1
n n n
Y Xl (g > v) [ Y oxexil (@i >y) | Y xaul (g > y)
t=1 =1 =1
/ 1/2 -1 1/2
:>Bu(15)‘) EM,XX/,}/,—EXX/,)/,— uXX/ y,— BM(L)‘)
1/2 1/2
+ (S B =200 Bul, A)) oyt
1/2 1/2
(BB D=2 B () = WG,
where y = F 10, Sqw = E(xX}), Sxvy - = E[xx{I(q: <y)], and Ty, 4 =
E [x[xél (gr > y)]. We therefore obtain
A= k= =arg max Wy,(d). (A.23)
re[nA]
This completes the proof of this theorem. |

Proof of Theorem 6: For a given y, we have &y, (y) = (Ci)*’ <I>* 7/)_
that

*/
Lna Vy - S0

~ ~ ~ ~ ~ -1 . ~
A 1 &/ * */ * */ * A
Wa(y)=a, (y) @1, P, (q)Ln,yQ”qu)Ln,V) ®r,,y ®L,,y oL, V)
~ ~ ~ ~ -1 .
kA */ * */ %
=y q)an)’ (QanVQn’VCDLnaV) (DLnsVy ’

where we denote (i:'* . M, Q&)Ln,l/ and y* =M, qy.
Applymg tedlous but etralghtforward calculations, we obtain the respective fth row vector
of CD =M, o9, Loy ( ) and <I> V,QqDL y ( ) respectively, as follows

a;,’,,_ = [q’Ln (1) —ﬁé,y,—Xz]/I(qz <y) and

a, 4 =[®r, (0) =70,y +%] T(q > ¥).

where we denote

n

n
-1 / -1 /
pxx/ =1 lext’ Yy xxy,— =N thxtl(‘h <),

t=1 t=1
~ 1
Ry, — = Z% [AEAICTESDD N
=1

n
Ry =11 Y @, ()X @ > 1) (Spxx — S y—) -
t=1
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It follows that

n n
/
2%/ * * sk +*/ * _ / /
7w = [ (8w)  (0197) ] = [ Lo Lovas
=1 =1
and

n R R A~ 0
/ L, XL,
q)zn,ygz"’yq)l:,yz[ o Gy ]

OLVL XLy A;:: Y

~ ~ A At ~ ,

where Ey,t = €y 10+ €yt + Ey tr Ey,1,0 = —X8nds (v, v0) + s, n y Zt 1
2 . 2 .

A A= l + n a At

<8g,t,0+3y,t) /hy,ttay,t,—a),,,/,_» Any =20 <8y,t,0+'9y,z) /hy,ttay,t,-i-ay,t/,_p

an

&

=[x (8-Arn)-a;, oL, ()]1@ =y,
=[x (Br=B20) =], 0 0L, ()] T = 7).

; ; —IA= -l 2 / A+
It is readily seen that n™ A, ~ n" 3L & /hy,t[ay,[’_ay,t,’_ and n” AL, A

n—1 € /hy nayt+ay oy under Hy, where hyy = 1

—1
<Z?=1 s *ay,t,f>
uniformly over .

Firstly, when 81 # 82,7 = 9+ Op (n_1+2§)) by Theorem 5(i) and y; = x; 811 (q: < ¥o)

/
Ay 1, —

—1
/ n /
- =l (S0 ayasal, ) apas =140y La/n)

+x;/321(q, > yp) + ;. In the proof of Theorem 3, we have H/é —ﬂ” = 0p (n_1/2)‘
For simplification of exposition, we denote x, ;1 ="' 3" wX/I (g < 7)1 (qr < W),
Xn,w,2 = n~! Z?:l th;I (th =< );)’ and A, = n~! Z?:l erwrl (Qt = 7;) for w; = q)Ln (\A’t)
and x;. Then, we have Zp , — = Xy, ¢’2x’:; , and

*1&)7’*/ *
—1
= <Xn ®,1~ Xn, @, 2Xn X, 2Xn X, 1)5n+ ()‘n,<1> — Xn, <I>,2Xn’x’2)\n,x>

n
=n"" Zemn DI <o) —n~" Y @, )Xl (g1 < v0)
t=1 t=1
-1

n n
I xxilgi <y | ntY el (g < v)

t=1 =1

+0p <n_1+2§ (|®r,llon=c + @, ”1/”))

https://doi.org/10.1017/50266466621000256 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000256

594 ANDROS KOURTELLOS ET AL.

by Lemma B.6 of the Online Appendix. By Lemma B.1 of the Online Appendix, we have

nler Uyt IZStC—t(VO) 0p (| @1, ] g /v/n). (A.24)
=1

by A S vt ) = 0p (01, /), (4.25)
=1

where we denote
e 100) = [ @1, 00— E[®1, 00x)T (@ = 1)) Tg %} 1 = 0,
-1
Ch (0) = { @1, 00 = E[r, 00 X1 (@1 > 10)] (S = Exw )~ e} a1 > 100,

. . —1A— ~ 1
where  Tyy .0 is given by Xy,  evaluated at yp. n An’); X n

Yipete, (vo)el, (o) andn Ao~ T YL eFe, (o)l )

We denote Qp,, — = n_légz Z;;] c—(yp)c_ (o), and Qy + =n~ 0’8 ZL] ct.r (o)

¢, ;(v0). We then obtain W, (p) =~ n Iy el t(Vo)Q,Zl_Z?:lgtc—,t()’O) +

n! Y 8[c/+’ ,Q;l_ > &€y, which is a U-statistic with an expectation equal to
2L,. Closely following the proof of Thm. 2.1 in Gao and Anh (2000), we show that J,,(y)
converges to the standard normal distribution under Hy.

When g1 = B> and Hy holds true, following the similar proof method with ) being
replaced by the random variable F, (;1 (A*). This completes the proof of this theorem. W

SUPPLEMENTARY MATERIAL

To view the supplementary material for this article, please visit: https://doi.org/
10.1017/S0266466621000256

REFERENCES

Andrews, D. W. K. (1991) Asymptotic normality of series estimators for nonparametric and semipara-
metric regression models. Econometrica 59, 307-345.

Blundell, R., X. Chen & D. Kristensen (2007) Semiparametric IV estimation of shape invariant engel
curves. Econometrica 75, 1613-1669.

Caner, M. & B. Hansen (2004) Instrumental variable estimation of a threshold model. Econometric
Theory 20, 813-843.

Caner, M. & B. E. Hansen (2001) Threshold autoregression with a unit root. Econometrica 69, 1555—
1596.

Chan, K. S. (1993) Consistency and limiting distribution of the least squares estimator of a threshold
autoregressive model. The Annals of Statistics 21, 520-533.

Chen, X. (2007) Large sample sieve estimation of semi-nonparametric models. In J. J. Heckman & E.
E. Leamer (eds.), Handbook of Econometrics, vol. 6B, pp. 5549-5632. Springer.

Christopoulos, D., P. McAdam & E. Tzavalis (2021) Dealing with endogeneity in threshold models
using copulas. Journal of Business and Economic Statistics 39, 166—178.

Delgado, M. S., D. Ozabaci, Y. Sun & S. C. Kumbhakar (2020) Smooth coefficient models with
endogenous environmental variables. Econometric Reviews 39, 158-180.

Durlauf, S. N. (1996) A theory of persistent income inequality. Journal of Economic Growth 1, 75-93.

https://doi.org/10.1017/50266466621000256 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000256
https://doi.org/10.1017/S0266466621000256

ENDOGENEITY IN SEMIPARAMETRIC THRESHOLD REGRESSION 595

Dzyadyk, V. K. & I. A. Shevchuk (2008) Theory of Uniform Approximation of Functions by
Polynomials, Walter de Gruyter.

Galor, O. & J. Zeira (1993) Income distribution and macroeconomics. Review of Economic Studies 60,
35-52.

Gao, J. & V. Anh (2000) A central limit theorem for a random quadratic form of strictly stationary
processes. Statistics and Probability Letters 49, 69-79.

Gonzalo, J. & J. Y. Pitarakis (2007) Inferring the predictability induced by a persistent regressor in a
predictive threshold model. Journal of Business and Economic Statistics 35, 202-217.

Gonzalo, J. & M. Wolf (2005) Subsampling inference in threshold autoregressive models. Journal of
Econometrics 127, 201-224.

Hansen, B. E. (2000) Sample splitting and threshold estimation. Econometrica 68, 575-603.

Hastie, T. & R. Tibshirani (1993) Varying parameter models. Journal of the Royal Statistical Society,
Series B 55, 757-796.

Horn, S. D., R. A. Horn & D. B. Duncan (1975) Estimating heteroscedastic variances in linear model.
Journal of the American Statistical Association 70, 380-385.

Kapetanios, G. (2010) Testing for exogeneity in threshold models. Econometric Theory 26, 231-259.

Kourtellos, A., T. Stengos & C. M. Tan (2016) Structural threshold regression. Econometric Theory
32, 827-860.

Lee, S., M. H. Seo & Y. Shin (2016) The lasso for high dimensional regression with a possible change
point. Journal of the Royal Statistical Society. Series B 78, 193-210.

Li, D. & S. Ling (2012) On the least squares estimation of multiple regime threshold autoregressive
models. Journal of Econometrics 167, 240-253.

Newey, W. K. (1997) Convergence rates and asymptotic normality for series estimators. Journal of
Econometrics 79, 147-168.

Newey, W. K. (2009) Two-step series estimation of sample selection models. The Econometrics
Journal 12, 217-229.

Newey, W. K. & D. McFadden (1994) Large Sample Estimation and Hypothesis Testing (Vol. IV.
Elsevier Science B.V., pp. 2111-2245).

Reinhart, C. M. & K. S. Rogoff (2010) Growth in time of debt. American Economic Review 100,
573-578.

Seber, G. A. F. (2008) A Matrix Handbook for Statisticians. Wiley.

Seo, M. H. & O. Linton (2007) A smoothed least squares estimator for threshold regression models.
Journal of Econometrics 141, 704-735.

Seo, M. H. & Y. Shin (2016) Dynamic panels with threshold effect and endogeneity. Journal of
Econometrics 195, 169—-186.

Terasvirta, T., W. J. Granger & R. R. Nelson (1986) Aspects of modelling nonlinear time series. In
T. Terasvirta, W. J. Granger, & R. R. Nelson (eds.), Handbook of Econometrics, pp. 2917-2957.
Elsevier.

Tong, H. (1990) Nonlinear Time Series: A Dynamical System Approach. Oxford University Press.

White, H. (2001) Asymptotic Theory for Econometricians. Academic Press.

Wooldridge, J. M. & H. White (1988) Some invariance principles and central limit theorems for
dependent heterogeneous processes. Econometrica 4, 210-230.

Xiang, S. (2012) Asymptotics on Laguerre or Hermite polynomial expansions and their applications
in gauss quadrature. Journal of Mathematical Analysis and Applications J393, 434-444.

Yu, P. (2012) Likelihood estimation and inference in threshold regression. Journal of Econometrics
167, 274-294.

Yu, P. (2015) Adaptive estimation of the threshold point in threshold regression. Journal of Economet-
rics 189, 83-100.

Yu, P, Q. Liao, & P.C.B. Phillips (2020) New Control Function Approaches in
Threshold Regression with Endogeneity, Working paper, University of Hong Kong.
http://web.hku.hk/~pingyu/WorkingPapers/EndoTR _CFE.pdf

Yu, P. & C. B. Phillips (2018) Threshold regression with endogeneity. Journal of Econometrics 203,
50-68.

https://doi.org/10.1017/50266466621000256 Published online by Cambridge University Press


http://web.hku.hk/~pingyu/WorkingPapers/EndoTR_CF.pdf
https://doi.org/10.1017/S0266466621000256

	1 INTRODUCTION
	2 THE MODEL AND ESTIMATOR
	2.1 Estimation
	2.2 Limiting Results
	2.2.1 Threshold parameter
	2.2.2 Slope parameters
	2.2.3 Control functions


	3 MODEL SPECIFICATION TESTING
	4 MONTE CARLO SIMULATIONS
	4.1 Threshold and Slope Parameters
	4.2 Size and Power of the Wald Statistic

	5 CONCLUSION


