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The deformation of an immiscible toroidal drop embedded in axisymmetric
compressional Stokes flow is analysed via the boundary integral formulation in
the case of equal viscosity. Numerical simulations are performed for the drop having
initially the shape of a torus with circular cross-section. The quasi-stationary dynamic
simulations reveal that, when the viscous forces, proportional to the intensity of
the flow, are relatively weak compared with the surface tension (the ratio of these
forces is characterized by the capillary number, Ca), three different scenarios of
drop evolution are possible: indefinite expansion of the liquid torus, contraction to
the centre and a stationary toroidal shape. When the intensity of the flow is low,
the stationary shapes are shown to be close to circular tori. Once the outer flow
strengthens, the cross-section of the stationary torus assumes first an elliptic and then
an egg-like shape. For the capillary number greater than a critical value, Ca,,, toroidal
stationary shapes were not found. Remarkably, Ca., is close to the critical capillary
number found previously for a simply connected drop flattened in compressional flow.
Thus, a new example of non-uniqueness of stationary drop shape in viscous flow
is obtained. Approximate stationary solutions in the form of tori with circular and
elliptic cross-sections are obtained by minimizing the normal velocity over the drop
interface. They are shown to be in good agreement with the stationary shapes from
quasi-dynamic simulations for the corresponding intervals of the capillary number.

Key words: computational methods, drops, low-Reynolds-number flows

1. Introduction

Toroidal drops present a phenomenon in fluid dynamics which has attracted the
attention of researchers since they were observed in the experiments by Plateau (1857)
in rotating fluid. In recent years, the interest in this non-trivial form of fluid particles
has been stimulated by new applications of non-spherical microparticles which have
important potential as building blocks for self-assembled materials, imaging probes
for therapy or drug carriers (see, e.g., Velev, Lenhoff & Kaler (2000), a review by
Champion, Katare & Mitragotri (2007) and more recent papers by Pairam et al
(2013) and Senyuk et al. (2013)). One advanced method of producing microparticles
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of complex shape is solidification of drops deformed by the flow in which they are
embedded in microfluidic devices, see, e.g., Dendukuri et al. (2005), Wang, Shum &
Weitz (2009) and Shum et al. (2010). Thus, it is important to investigate the shape
of drops in various types of flow. This work addresses the behaviour of drops of
toroidal shape in a viscous flow.

Toroidal drops can be obtained in number of ways, including but not limited to the
following.

(1) In rotating fluid, as in the experiments by Plateau (1857), relying on inertial
forces, and as in recent studies by Pairam & Ferndndez-Nieves (2009), relying
on viscous stresses.

(2) In the course of free fall of a large drop in an immiscible fluid (Baumann et al.
1992; Sostarecz & Belmonte 2003).

(3) By the impact of a droplet with a superhydrophobic surface (Renardy et al.
2003).

(4) By deformation of a drop in an electric (Deshmukh & Thaokar 2013; Ghazian,
Adamiak & Castle 2013) or magnetic field (Texier et al. 2013).

Of particular interest, with significance in geophysical flows, are swarms of particles
that can evolve in a viscous fluid into toroidal shape (Machu et al. 2001b; Bosse et al.
2005). They resemble ‘drops’ of similar viscosity but have practically zero surface
tension and behave dynamically as if composed of an immiscible different phase. The
exciting field of drop deformation in electric and magnetic fields is beyond the scope
of this paper. Below, we present a brief review of studies of viscous toroidal drops in
the absence of such forces.

Pairam & Ferndndez-Nieves (2009) reported experiments on the formation of
fluid tori in rotating viscous fluid. It was demonstrated that once formed, the torus
transforms into single or multiple spheres. The dynamics scenario depends on the
aspect ratio of the torus: for extended thin tori, classical hydrodynamic instabilities
develop and the torus breaks up into several droplets, while sufficiently fat tori shrink
towards their centre and coalesce onto themself, forming a single spherical droplet.
The experiments by Pairam & Ferndndez-Nieves (2009) have inspired a number of
theoretical studies of these two modes of toroidal drop dynamics. Thus, approximate
models assuming a circular cross-section of the torus were suggested to describe
the dynamics of the capillary-induced shrinking of toroidal drops. Yao & Bowick
(2011) studied the dynamics of a toroidal drop embedded into a viscous flow that
was at rest far from the drop. Energy considerations were used to derive an equation
reminiscent of the Rayleigh—Plesset equation for the collapse of transient cavities.
Some physical considerations were presented to justify the circular shape assumption
and the aspect ratio of the torus beyond which the Rayleigh instability overcomes the
shrinking mode. Texier et al. (2013) employed a potential flow approach to describe
the dynamics of a fluid torus and obtained another variant of the Rayleigh—Plesset
equation for the dynamics of toroidal drop collapse. Mehrabian & Feng (2013)
simulated a three-dimensional (3D) dynamics of a Newtonian torus suspended in a
surrounding Newtonian liquid using finite elements on an unstructured and adaptively
generated grid. Initially, sinusoidal disturbances were introduced on the torus and
the effect of the retraction and the axial curvature on the growth rate of these
disturbances was studied. The nonlinear instability and the final breakup into droplets
were simulated as well. The numerical results were compared with the experiment of
Pairam & Fernandez-Nieves (2009). The three theoretical works cited above consider
the flow induced solely by surface tension in the absence of external forcing. Under
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such conditions solely spherical stationary drops are possible, and the studies were
focused on the dynamic behaviour of the collapsing and breaking toroidal drops.

A number of works address stationary fluid tori with free surfaces in solid-body
rotation, reflecting the original Plateau experiments. The shape of such a fluid body is
determined by the interplay of centrifugal force and surface tension. Gulliver (1984)
rigorously proved the existence of toroidal solutions of the governing equilibrium
equations. Hynd & MacCuan (2006) reported on further study of the existence
and uniqueness of free rotating tori. Slobozhanin (1968) proved that all rotationally
symmetric fluid tori are unstable to non-axisymmetric disturbances. Heine (2006)
reported on the numerical computation of equilibrium rotating drops, including
beautiful non-axisymmetric toroidal shapes. Zhao & Tao (2013) analysed the base
state and the surface-tension-induced instabilities of an inviscid liquid rotating ring
considering the effects of the radius ratio, the normal velocity and the tangential
velocity. Fontelos, Garcia-Garrido & Kindelian (2011) studied the evolution of rotating
viscous drops embedded into viscous fluid rotating with the same angular velocity.
The Stokes regime was assumed and the boundary integral formulation was employed.
Various regimes of axisymmetric and 3D evolution were found, including stationary
and evolving toroidal drops. Recently, Nurse, Coriell & McFadden (2015) reported
computed solutions for the axisymmetric equilibrium of toroidal (and spheroidal)
drops or bubbles and a stability study of these shapes via computations of the second
variation of the energy functional.

Kojima, Hinch & Acrivos (1984) reported the existence of toroidal shapes for drops
in a viscous domain as a result of deformation of drops settling in a quiescent fluid,
as a consequence of an interfacial instability induced by a finite surface perturbation.
They also studied the dynamics of a highly expanded slender toroidal drop, making
use of matched asymptotic expansion techniques, and showed that such a settling
drop can expand only if small effects of inertia are incorporated into the analysis.
On the other hand, the more recent numerical simulations by Machu et al. (2001a)
demonstrated that the non-slender torus can also expand in quasi-static Stokes flow. As
was mentioned above, such toroidal drops are constantly expanding and never achieve
stationary configurations. The velocity field inside such a drop is characterized by the
presence of a single vortex. No theoretical studies on toroidal drops in non-trivial
viscous flow, other than in quiescent or rotating fluid, are available in the literature
so far. The subject of this work is to study the deformation of fluid tori embedded in
an axisymmetric compressional viscous flow (also known as biaxial extension).

In a recent study on the deformation of simply connected viscous drops in an
axisymmetric compressional viscous flow, Zabarankin et al. (2013) showed that the
drops deform to steady oblate shapes, characterized by a small half-thickness to
radial extension ratio (aspect ratio) until critical conditions for the intensity of the
flow condition are obtained. The latter is characterized by the capillary number (the
ratio of viscous to capillary forces). For near-critical conditions, the shape of the
drop is almost flat in the centre regions. However, the aspect ratios of such steady
deformations were limited, and steady stationary shapes could not be obtained when
the intensity of the flow increased any further. Remarkably, the critical aspect ratio
appeared to be insensitive to the viscosity ratio of the immiscible fluids, and was very
similar in cases with two fluids of equal viscosity and in cases involving embedded
high-viscosity drops or inviscid bubbles. In cases of drop to ambient viscosity ratios
of order unity or higher, Zabarankin er al. (2013) found that dimples of negative
curvature appeared at the axis of symmetry. Dynamic simulations by Stone & Leal
(1989) demonstrated that at supercritical capillary number, a fast thinning occurs near
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the middle of the drop, forming a nearly flat layer enclosed by a large bulbous ring.
The authors argued that this shape continues to stretch and thin until the width of
the layer becomes so small that intermolecular forces will lead to its breakup and the
formation of a liquid torus. Such tori, embedded in the viscous compressional flow,
are studied here.

The contribution and organization of this work are as follows. The problem
of dynamic and stationary deformation of a drop in linear compressional viscous
flow is formulated in §2. Section 3 outlines dynamic simulations of axisymmetric
toroidal drops and presents their results, which suggest, in particular, the existence of
unstable stationary shapes at small enough capillary number. The asymptotic case of
capillary-dominated flow (torus dynamics in a quiescent viscous fluid) is considered
separately. The results of simulation in this case are compared with the experiments
of Pairam & Fernandez-Nieves (2009). Section 4 presents a variational formulation of
the problem of stationary toroidal drops in compressional flow and finds approximate
solutions to this problem in the form of tori with circular and elliptic cross-sections.
The findings of this work are summarized and discussed in §5. Appendix A includes
auxiliary results.

2. Problem formulation

Consider a drop of volume 47w */3 (equal to that of a sphere with radius /) and
viscosity u* that is embedded in an unbounded compressional viscous flow with
viscosity u~. The ratio u*™/u~ will be denoted by A. Let (xi, x5, x3) be a Cartesian
coordinate system with the basis (e}, e>, e3). In the absence of the drop, the ambient
fluid is subject to an undisturbed flow:

uOOIG(X101+X282—ZX383), (21)

where G is a constant shear rate, characterizing the intensity of the flow.

Let V' and V~ denote the closed domain occupied by the drop with the interface
S, and the open domain occupied by the ambient fluid respectively. Let u* =u] e, and
u~ =u, e, be the actual velocity in V* and the disturbance velocity in V~ respectively,
and let p* be the pressure in V*. It should be noted that the actual velocity in V= is
u*> +u~. Further on, we assume a creeping flow, i.e. the fields u* and p* satisfying
the stationary Stokes equations

wrui=pi uw;=0 in V*, (2.2a,b)
with the following boundary conditions at S and at infinity:

u; +u” —uD)ls=0, ulw=0, plow=0. (2.3a—c)

1

In the case of the drop and ambient fluid having equal viscosities, i.e. when =1, a
stress balance across the interface results in simplified stress boundary conditions:

pr—p =vydivsn, (), —u)n = —u)n; onS, (2.4a,b)

where n =ny e, is the outward normal to the surface S, divg is the surface divergence
operator (see, e.g., Aris 1962) and y is the interfacial tension.

At the moving interface between the two immiscible fluids, the normal velocity u:[
equals the velocity U, of the interface S in the direction of n:

u =un=U,. (2.5)
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In what follows, the length and the velocity and pressure fields are scaled with [, G/
and p~G respectively, and the capillary number is introduced as Ca = u~Gl/y. For
the sake of simplicity, we keep the same notations for the scaled variables.

When A =1, the problem (2.2)-(2.4) is governed by a single parameter Ca. For
arbitrary S, it admits a closed-form solution (see, e.g., Rallison & Acrivos 1978;
Pozrikidis 1992),

N 1£1 1 . .
u; (x) = urr(x) — — ¢ J(y —x)n(y)divgn(y)ds,, xeV-, (2.6)
2 Ca K
divg n(x) 1 n(y)(yi —x) ..
)=+ T f d ds,, VE (2.7
P (x) rcq Lwesit o = ivgn(y) xe€ (2.7)

where x = x; e, y = yrer, Jij(x) is the fundamental solution of the Stokes equations
(2.2), or so-called Stokeslet,

1 6,“ XiX; 1 l:]
Ji(x) = — J J , 6= oD 2.8
=%z <||x||+||x||3> i {0, i %), 2:8)

and Zj.c5 is the indicator function equal to 1 if x € S and equal to O if x ¢ S. The
representation (2.7) follows from the fact that p = p* is a harmonic function in V*
having jump Ca™'divgn across S. It is essentially a double-layer potential and holds
for those x € § at which § is smooth.

At a stationary state, the shape of the drop does not change with time, i.e.

U,x)=u'(x)=0, xeS. (2.9)

With the representation (2.6), the condition (2.9) yields a nonlinear equation for
finding a stationary-state shape S:

u:(x) = (uf.’o(x) — CL ?{J,j(y —x)n;(y)divsn(y) dS_y> n;(x)=0, xes. (2.10)
aljs

Equation (2.10) has a simply connected solution (oblate spheroidal-like shapes),
obtained and studied in Zabarankin et al. (2013), and, as shown here, a doubly
connected solution (toroidal shapes). One of the approaches to solve (2.10) numerically
is to simulate quasi-stationary dynamic deformation of the drop starting from some
initial shape (Rallison & Acrivos 1978), i.e. from a unit sphere or a torus with circular
cross-section, as described in §3. A corresponding procedure is described in detail
in Zabarankin et al. (2013) and was efficient in finding stable stationary-state shapes
for simply connected deformable drops in a compressional flow, see Zabarankin
et al. (2013). However, it is not expected to converge to unstable stationary shapes.
Alternatively, (2.10) can be reformulated as a calculus of variations problem — this
approach is efficient in identifying approximate solutions (both stable and unstable)
in a family of shapes with one or two free parameters (§4).

3. Numerical simulations

The drop dynamics simulations follow the general scheme for the quasi-stationary
deformations.
(1) At time 7, start with some shape S..

(2) Divide S, into N (evenly distributed) boundary elements and represent each
element by a cubic spline parametrized by the arclength.
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FIGURE 1. Toroidal drop: R and a are the major and minor radii respectively. The cross-
section of the torus is shown in the rz half-plane in the cylindrical coordinate system
(r, ¢, 7), where the z-axis is the axis of revolution.

(3) Express the normal unit vector » and the curvature divae of S; in terms of the
cubic spline coefficients explicitly.

(4) Evaluate the boundary integral in (2.6) for x € S; by the Gauss—Legendre
quadrature with the so-called singularity subtraction (Pozrikidis 1992) and output
ur.

(5) If |lu) || <€ for a given norm || - || and accuracy €, then stop, otherwise for a given
time step At, advance S, based on (2.5) as S;4a, =S, +uf n At, set T: =7+ At
and go to (2).

3.1. Dynamics

The initial shape of the drop is assumed to be a torus with circular cross-section and
major radius R, as depicted in figure 1. Since for the chosen scaled variables, the
volume of the torus equals 41/3, the initial minor radius of the drop is a=+/2/(3nR).
Here, we can take advantage of the axial symmetry of the drop and introduce a
cylindrical coordinate system (r, ¢, z) with the basis (e,, e,, e;), where the z-axis
coincides with the x;-axis. Equation (2.1) takes the form u*> = re, — 2ze,, and the
problem (2.2)-(2.4) can be considered to be axisymmetric, i.e. independent of the
angular coordinate ¢, so that u* and p* are represented by

ut =u(r, z)e,—i—u;t(r, e, pt=p (2. (3.1a,b)

In this case, the integral representation (2.6) can be integrated over the angular
coordinate ¢ and simplified to expressions containing curvilinear integrals over the
cross-section of the drop interface S. The expressions for the hydrodynamic variables
can be found in, e.g., (3.3) or (3.5a) and (3.5b) in Zabarankin et al. (2013) for the
velocity and (3.9) and (3.10) in Zabarankin & Nir (2011) for the pressure p* and
vorticity ulij - ufi; see also appendix A.

The drop dynamics is simulated for various values of R and Ca with N =200 and
At =2 x 107*. The drop deformation is characterized by the major radius of the
deformed torus, by the Taylor deformation factor of the torus and by a deformation

factor of the torus cross-section,

Rmax + Rmin Rmax — Zmax Rmax - Rmin - szax
R (T) = s D torus — ’ Dcmsx-section =
2 Rmax + Zmax Rmax - Rmin + 2Zma)c
(3.2a—c)
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respectively, where R,,. and R,; denote maximum and minimum distances of the
drop interface from the z-axis and

Zmax = Max z. (3.3)
(r.@,2)€S
It should be recalled that the Taylor deformation factor varies between O and 1. The
limiting behaviour D,,,; — 1 corresponds to R, >> Zua, 1.€. to a highly expanded
thin torus. The opposite limit D,,,; = 0 would mean that R,, = Zu.. The latter
equality is impossible for circular tori. Thus, the initial value of this parameter in our
computations is always positive,

1
Dypris(0) = > 3 (corresponds to the closed torus). 34

R+2a

Figure 2 shows the typical evolution of these parameters at relatively small values
of Ca. In all of these cases, R(t) and D, initially increase. If the initial major radius
R exceeds some critical value R.,, the torus expands indefinitely, R(t) and D,,,,; grow
monotonically with time. In these cases, shown by the dashed curves, D,,,; — 1 and
R(7) exhibits exponential growth as T — oco. If R <R,,, then after initial growth, R(t)
and D, attain maximum values and then decrease (see the solid curves). Finally, for
R ~ R,,, after initial increase, all of the parameters approach some ‘equilibrium’ value
and remain visibly constant for a relatively long time (dot-dashed curves). The initial
period of deformation grows rapidly with increase of Ca. Remarkably, the dependence
of the equilibrium value of D,,,, on Ca is not monotonic: the ‘equilibrium’ shapes
for both Ca = 0.04 and Ca = 0.18 are more deformed than that for Ca = 0.1; see
figure 2(d—f).

It is evident from figure 2(g—i) that, in all these cases, the cross-section initially
elongates in the r direction and D, .s.secion iNCreases. Since initially the torus has
a circular cross-section, D ssseciion(0) = 0. The initial period of elongation grows
rapidly with increase of Ca. Then, D, . seciion €ither approaches some ‘equilibrium’
value, which remains visibly constant for a long time (dot-dashed curves), or attains
a maximum and then decreases (solid curves). The ‘equilibrium’ deformation of the
cross-section increases monotonically with Ca. In the case of expansion (dashed
curves), D.yssseciion — 0 as T — 00, i.e. the shape of the drop becomes close to
an expanding circular torus, and the maximum deformation is smaller than the
‘equilibrium’ one. In the case of contraction (solid curves), D.yssseciion attains a
maximum, which is greater than the equilibrium value, and then decreases as the
torus collapses towards the z-axis (see figure 3c).

While figure 2 summarizes three types of drop dynamic deformation behaviour
observed for Ca <0.19, figure 3 exemplifies these types of behaviour and change of
cross-section shapes for Ca=0.16 and for R assuming supercritical, near-critical and
subcritical values.

In summary, the circular cross-section of the torus initially elongates in the r
direction. Then, the torus either contracts to the z-axis or expands indefinitely. For
any Ca below a critical capillary number Ca,,, there exists a critical major radius
R, of the initial circular torus, separating these two scenarios (see figure 3a,c) and
estimated from table 1 as a function of Ca to be

R..(Ca) ~0.588678 - Ca **3"" 4 237196 - Ca'*'*? — 0.598646, Ca €[0.01, 0.196],
(3.5)

with a mean absolute error of 8.4 x 10~*. For Ca < Ca,, and R ~ R,,, after initial
elongation, the drop maintains the same shape for a relatively long time (figure 3b),
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FIGURE 2. Time evolution of parameters of deforming initially circular tori. (a—c) Major
radius of the toroid. (d—f) Taylor deformation factor of the torus. (g—i) Deformation factor
of the torus cross-section. In (a,d,g), Ca = 0.18; dashed curves, R = 0.82; solid curves,
R = 0.81; dot-dashed curves, R = 0.8107. In (b,e,h), Ca = 0.1; dashed curves, R = 1.2;
solid curves, R =1; dot-dashed curves, R =1.09327. In (c,f,i), Ca=0.04; dashed curves,
R =1.9; solid curves, R =1.86; dot-dashed curves, R = 1.86969.

which suggests the existence of unstable stationary shapes of viscous toroids — the
subject of §4. One can expect that this time can be made as long as desired with a
very accurate choice of R. However, in practical calculations, we are restricted by the
computer accuracy (the number of digits). Here, we assume ‘relatively long time’ to
be * ~ 6. The values of R.. that are presented in table 1 satisfy the above definition
for Ca < 0.19. For Ca=0.196, the maximal time of stay at ‘equilibrium’ achievable
with 15 digits of R equals 3. Table 1 shows that the needed accuracy of R, increases
with Ca — the greater Ca is, the more accurately R, should be determined to sustain
a visually stationary cross-section for a prolonged period of time. Moreover, the lower
Ca is, the longer value of t* is available. (The above interpolating function of R.,.(Ca)
provides only a rough (and quick) estimate of R,,.)

Figure 3(c) shows that for R <R,,, the torus cross-section is deformed in the vicinity
of the z-axis when the interface approaches it. The inner part of the drop surface
forms a thin almost circular cylinder centred at the z-axis. It is anticipated that it will
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FIGURE 3. Dynamic deformation of the cross-section of an initially circular toroidal drop:
Ca=0.16; (a) R=0.86; (b) R=0.85236; (c) R=0.852.

Ca RCI'

0.01 3.9449497

0.012  3.5930743

0.015 3.1988916

0.02  2.7456653

0.03  2.1994605

0.04 1.8696857

0.05 1.6435861

0.06 1.4769374

0.07 1.3483065

0.08 1.25484425

0.09 1.16237963

0.1 1.09326937

0.11 1.03534873

0.12  0.98637082

0.13  0.944687875
0.14  0.909059787
0.15  0.878533606
0.16  0.8523632628
0.17  0.82995089713
0.18  0.810795835894
0.19  0.79444212762353
0.196  0.7857865701256168

TABLE 1. Critical major radius, R, for various values of Ca.

collapse, the drop will regain a simply connected shape and, with the passage of time,
it will settle on the stationary shape studied in Zabarankin et al. (2013). However,
the code stops when any point of the torus comes closer than 10~ to the z-axis
(this is reflected by the fact that the solid curves in figure 2 do not span the full t
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FIGURE 4. Dynamic deformation of the cross-section of an initially circular toroidal drop:
(@) Ca=0.04, R=1.2; (b) Ca=0.1, R=1; (¢) Ca=0.15, R=0.86.

range), so that detailed investigation of the drop coalescence calls for a separate work.
Figure 4(a—c) shows sequential stages of torus contraction for three pairs: Ca = 0.04,
R=1.2; Ca=0.1, R=1; Ca=0.15, R=0.86 respectively. In all these cases, when
the torus contracts to the z-axis, the inner part of its cross-section straightens first
and then develops a region of converted curvature at the centre. Thus, the closest
approach of the interface to the z-axis is not at the z =0 plane but rather at some
distance from it. It should be noted that the concave and convex portions of the
cross-section perimeter, depicted in figure 4, are connected by narrow regions of very
high local curvature, although the interface is regular and continuous. With increase
of Ca, the torus cross-section becomes more elongated in the r direction and the size
of the straightened and dimpled region decreases. It is observed numerically that if
R <R, and R% Ry = (31/2)" '3, where R, corresponds to a closed circular torus, the
developed stage of contraction does not depend on R.

For Ca > Ca,,, no ‘equilibrium’ shapes that persist for a relatively long time were
found, and the drop dynamics simulations suggest that Ca, € (0.19, 0.2). Figure 5
shows typical examples of the time evolution of R(t), Dyms and D, sssecrion fOr
Ca > Ca,,. In figures 5(a—c), Ca =0.2 and the dotted, dot-dashed, dashed and solid
curves correspond to R=1, 0.7806, 0.780438260324 and 0.780438260323 respectively.
One can observe that, during the initial period, the cross-section elongates rapidly in
the r direction, the major radius and both deformation factors grow; then, D,y secrion
slows down and, if the initial R > R,,, it eventually begins to decrease. Moreover, after
the initial rapid increase, D, slows down but continues to grow, and then, after
the cross-section begins to contract in the r direction, it accelerates again. As time
increases, the torus expands indefinitely, with the major radius increasing exponentially
with time and with the cross-section approaching a circular shape. When R < R,,, the
interface approaches the proximity of the z-axis and the code stops. These two types
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FIGURE 5. (Colour online) Deformation parameters of the torus in two cases: (a—c)
Ca=0.2 and (d—f) Ca=0.5. In (a—c), the dotted, dot-dashed, dashed and solid curves
correspond to R =1, 0.786, 0.780438260324 and 0.780438260323 respectively, whereas
in (d—f), they correspond to R=10.8, 0.7, 0.6846 and 0.6845 respectively.

of behaviour are illustrated in figure 6(a,c), where cross-section shapes corresponding
to figure 5(a—c) are shown at several time moments. In figure 6(a), where the process
starts at R = 0.780438260323 (solid curves in figure 5a,b), the drop elongates in the
r direction, approaches the z-axis, becomes thinner in the centre region and collapses.
In figure 6(b), where R = 0.780438260324 (dashed curves in figure S5a,b) is greater
than R in figure 6(a) by just 107'2, the drop behaves initially as in figure 6(a): it also
approaches the z-axis near the z =0 plane. However, its interface does not collapse,
and the initial approach to the z-axis is followed by contraction of the cross-section
and expansion of the torus. In figure 6(c), where R = 0.8, no close approach to
the z-axis occurs, and the dynamic behaviour is similar to that described in the
supercritical case for Ca < 0.19 (see, e.g., figure 3a). With the passage of time, the
cross-section of the drop assumes an almost circular shape, and the torus expands
indefinitely.
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FIGURE 6. Dynamic deformation of the initially circular cross-section of a toroidal drop
for Ca=0.2 in three cases: (a) R=0.780438260323, (b) R=0.780438260324, (c¢) R=0.8.

In figure 5(d—f), where Ca=0.5, during the initial period the cross-section elongates
rapidly in the r direction and then slows down. If the initial R < 0.6845, the torus
collapses. For higher initial R, D,,,, continues to grow rapidly, which contrasts the
two stages evident in the case of Ca=0.2. Figure 7 shows an evolving cross sections
shape at this relatively high Ca=0.5. In figure 7(a), where R=0.8, considerable initial
elongation occurs simultaneously with torus expansion. The cross-section first assumes
an elliptic shape, then flattens, and forms a dimple. With the passage of time and as
the torus expands further, the cross-section contracts and assumes an elliptic shape
that becomes more and more circular. In figure 7(b), where R =0.7, the deformation
pattern is qualitatively similar to that observed for higher values of R. However, in this
case, the cross-section becomes more elongated and the dimple is more developed,
so that the cross-section becomes very thin in its centre region and is even more
susceptible to a potential breakup. Moreover, thin highly expanded tori may become
unstable to disturbances, involving the azimuthal angle ¢, and break up in a non-
axisymmetric manner. Nevertheless, if breaking does not occur, with further expansion
of the torus, its cross-section contracts again and assumes an almost circular shape.
Table 2 summarizes outcomes of deformation of circular tori with initial radius R.

3.2. Dynamics in the absence of external flow

The case of the absence of external flow corresponds to Ca = 0. The representation
(2.6) is not directly applicable in this case. However, multiplying (2.6) by Ca,
rescaling the velocity and taking Ca =0 results in

U (x) = — ff,-j(y —x)n;(y)divsn(y)dS,, xeV*. (3.6)
S

The rescaling implies that the velocity and time are scaled by U* =y /u~ and " =
[~ /y respectively. It should be noted that (3.6) contains no parameters.

We employed (3.6) to simulate the dynamics of a torus in a quiescent fluid for
initial conditions corresponding to those in Pairam & Ferndndez-Nieves (2009) and
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FIGURE 7. Dynamic deformation of the initially circular cross-section of a toroidal drop
for Ca=0.5 in two cases: (@) R=0.8 and (b)) R=0.7.

Ca R <R, R=R,,, ‘stationary’ tori R>R,.,

<0.05 Contracts to the z-axis Almost circular cross-section Expands indefinitely
<0.16 Almost elliptic cross-section

<Ca,, Egg-shaped cross-section

>Ca,, No stationary shape for any R; several deformation patterns

TABLE 2. Outcomes of deformation of circular tori with initial radius R.

Yao & Bowick (2011). Figure 8(a) demonstrates typical dynamic deformations of
initially circular fat tori with various initial aspect ratios, R/a. Here, we chose the
aspect ratio as a characteristic of the initial state (instead of R which is used in the
rest of the paper) in order to facilitate comparison with the available experimental
data. This dynamics is qualitatively similar to that for a small capillary (see figure 4a):
the droplet first shrinks keeping an almost circular cross-section, then, as its inner
part contracts to the z-axis, considerable deformation takes place. The inner part
of the drop surface forms a thin almost circular cylinder centred at the z-axis and
then develops a region of converted curvature in the centre. In contrast to the case of
deformation in the presence of external compressional flow, no initial elongation in the
r direction occurs. It should be noted also that the developed stages of deformation
are almost independent of the initial aspect ratio, unless the latter is very close to
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FIGURE 8. (Colour online) (a¢) Dynamic deformation of the initially circular cross-section
of a toroidal drop for Ca=0 in four cases: R/a=1.009, 1.4, 1.9 and 2.1. (b) The inner
radius R;, = min,cs r (dotted and solid curves) and R;, .o = min,cs .—¢ 7 (see inset) of the
droplet normalized by its initial value for initial aspect ratios of 1.4 (dotted and dashed
curves) and 1.9 (solid and dot-dashed curves). The physical parameters are taken from
Pairam & Ferndndez-Nieves (2009): 1 =30000 cp, 0 =4 mN m™'.

one (the case of a closed torus). In this case, no region of converted curvature is
formed and the drop assumes an almost spherical shape with a thin cylindrical hole
around the z-axis.

In the experiments of Pairam & Ferndndez-Nieves (2009), the drop to ambient fluid
viscosity ratio was very small, 4 = 1/30000, while in the theory developed in this
paper A=1. A direct quantitative comparison between theory and experiments is, thus,
not possible. However, assuming that the relevant time scale for drop deformation in
viscous fluid is I(u™ + ™) /y = (1 + D)r*, we concluded that the time scale for the
experiment of Pairam & Ferndndez-Nieves (2009) is approximately half of what it
would be for A =1. In figure 8(b), the inner radius of the droplet normalized by its
initial value is plotted versus 0.5¢*t for initial aspect ratios of 1.4 (dotted and dashed
curves) and 1.9 (solid and dot-dashed curves). The physical parameters taken from
Pairam & Fernandez-Nieves (2009) are p=30000 cp, 0 =4 mN m~! and a volume
of the drop of 272 mm®. Two definitions of the inner radius are used: R;, = min,csr
(dotted and solid curves) and R;, ,—o = min,cs .—o 7 (solid and dot-dashed curves), see
the inset in figure 8(b). These two definitions coincide for circular tori, and, as it is
evident in the figure, also during the initial period of torus deformation before the
region of converted curvature is formed. Experimental data points taken from Pairam
& Fernandez-Nieves (2009) are presented by triangle and diamond symbols. It is
evident that, during the initial period, the curves in figure 8(b) are almost linear, and
the agreement of the experimental data and computations is excellent. However, as
the torus contracts, considerable deformations result in slowing down of the inner
radius change, and the linearity of the curves is lost. At this stage, the computed
results deviate from the experimental data. The predicted final contraction time is
approximately 1.5 times as much as that observed experimentally. This difference
can be attributed to the axial asymmetry of both the flow and the drop shape in
the experiments reported by Pairam & Ferndndez-Nieves (2009), which, evidently,
enhances the self-coalescence of the torus.
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Ca R a by Fit error [, lls

0.01 3.945001 0.233460 0.230409 1.04578 x 10~* 3.51026 x 1073
0.02 2.745937 0.282394 0.273661 4.23241 x 10~*  7.12041 x 1073
0.03 2.200151 0.318868 0.302479 9.62539 x 10~* 1.07533 x 1072
0.04 1.871036 0.349952 0.324092 1.71214 x 10~3  1.43056 x 1072
0.05 1.645872 0.378106 0.340996 2.64921 x 103 1.76298 x 1072
0.06 1.480467 0.404510 0.354349 3.73746 x 107> 2.06053 x 102
0.07 1.353420 0.429838 0.364772 4.92725 x 1073 2.31061 x 1072
0.08 1.252927 0.454532 0.372622 6.15534 x 1073 2.50113 x 1072
0.09 1.171866 0.478918 0.378112 7.34419 x 1073  2.62063 x 1072
0.10 1.105662 0.503273 0.381358 8.40032 x 1073 2.65211 x 1072
0.11 1.051246 0.527856 0.382418 9.21197 x 10~3 2.58728 x 1072
0.12 1.006512 0.552961 0.381281 9.64567 x 1073 2.4104 x 1072
0.13  0.970020 0.578935 0.377875 9.54899 x 10~3 2.10989 x 1072
0.14 0.940861 0.606252 0.372032 8.78919 x 10~3  1.69827 x 1072
0.15 0.918635 0.635600 0.363440 7.52983 x 103  1.50622 x 1072
0.16 0.903604 0.668092 0.351515 7.73195x 1073 1.79016 x 102
0.17 0.897295 0.705782 0.335083 1.43462 x 1072  2.56522 x 1072
0.18 0.905011 0.753429 0311217 3.23255x 1072  4.06193 x 1072
0.19 0.956817 0.827561 0.267997 8.85783 x 10~2  7.90275 x 1072

TABLE 3. Parameters in (3.7) approximating the cross-sections of the pointwise stationary-
state shapes with K =1 (fitted ellipses), the corresponding fit error (3.9) and |u,||s defined
by (3.8).

3.3. Stationary shapes

In this subsection, the cross-sections of the slowly changing deformed shapes,
resulting from dynamic simulations via (2.6) of initially circular tori with R >~ R,,
(see, e.g., figure 3b) and referred to further as pointwise stationary shapes, are fitted
by smooth curves parametrized by

K
r()=R+acost, z(t)=sinty by Top(t/7), te[-m, ml,
k=1

(3.7a,b)

where R, a, by, ..., b, are parameters, and T;(¢) is a kth-order Chebyshev polynomial
of the first kind. For K = 1, (3.7) describes an ellipse. Tables 3 and 4 present
parameters for (3.7) approximating the cross-sections of pointwise stationary-state
shapes with K =1 and K =5 respectively. The tables also present the mean absolute

value |lu,||s defined by
/ luf|ds
¢
ds

ltnlls = = (3.8)

J

where u is determined by (2.10) and ds = +/(r'(r))*> + (z(1))*>dt is the curve length
element, and the fit error introduced by

2

1 N ri — R 2 X 1 r, — R
N Z 1-— P Z by Tz(kfl) ; arccos P —Zi| > (39)
i=1 k=1
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(a)

(b) <

FIGURE 9. (Colour online) Cross-sections of the pointwise stationary-state shapes (solid
curves) and their approximations by (3.7) with K =1 (fitted ellipses, dashed curves) and
with K =35 (circles) in two cases: (a) Ca=0.16 and (b) Ca =0.19. Triangles mark the
cross-sections of corresponding ‘stationary’ elliptic tori found from the inverse problem
(4.18) with w=r"".

where N =200 is the number of points in the cross-section of a pointwise stationary-
state shape.

Figure 9(a,b) shows the cross-sections of the pointwise stationary-state shapes
(solid curves) and their approximations by (3.7) with K =1 (fitted ellipses, dashed
curves) and with K =35 (circles) in two cases: (a) Ca=0.16 and (b) Ca=0.19. They
also depict the cross-sections of the corresponding ‘stationary’ elliptic tori (triangles)
found from the inverse problem (4.18) in §4. In figure 9(a), all of the shapes
are visually indistinguishable — elliptic tori are a remarkably good approximation
for stationary-state shapes up to Ca = 0.16. In figure 9(b), the cross-section of
the pointwise stationary-state shape is no longer elliptic — the deviation from the
fitted ellipse is quite visible. In this case, the cross-section of the of ‘stationary’
elliptic torus differs considerably not only from that of the pointwise stationary
shape, but also from the fitted ellipse, which yields a much smaller mean absolute
value |lu,lls. (The reason why |u,|s is smaller for the fitted elliptic torus is because
the ‘stationary’ elliptic torus is found from the inverse problem rather than from
direct minimization of |lu,l||s; see §4.1.) However, (3.7) with K =35 still provides an
excellent approximation — the red circles firmly trace the solid curve.

Figures 10-12 show the streamline patterns inside and outside the cross-sections of
the stationary-state drops in the rz plane for Ca =0.05, 0.15 and 0.19 respectively —
the interface in all of these cases is a streamline, confirming that the drops are indeed
at steady state. However, continuation of the dynamic computation for an extended
time (this time grows with decrease of Ca and with the accuracy of the initial radius
R) always results in destruction of these shapes, reflecting their possible instability.
Thus, the search for stationary tori by dynamic computations is hindered by the need
for extremely accurate initial conditions. In the next section we describe an alternative
much more efficient method of finding these shapes.
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FIGURE 11. Streamlines about the stationary-state toroidal shape for Ca=0.15.

4. Calculus of variations approach to finding stationary toroidal shapes

An alternative approach to finding stationary-state shapes is to cast (2.10) as a
calculus of variations problem. For example, we can introduce error functionals by

uf ()| dS., Sl w8 = \/ ]{ wex) [ur@)]” dS,, (4.1a,b)

S

E w8 = ]{W(x)
S

where w is a positive weight function on S, and minimize any of &, and &, in (4.1)
with respect to S subject to conditions that « is given in (2.10) and that the volume
of the drop is equal to 4m/3:

msin & (ur, w; S) subject to the volume of the drop being equal to 4w/3. (4.2)

Obviously, a shape S satisfies (2.10) if and only if it yields zero minima for &; or &.
The problem (4.2) with (4.1) is a direct problem and is similar to the one in § 3.1
in Zabarankin (2013). If the cross-section of S in the rz half-plane in the cylindrical
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FIGURE 12. Streamlines about the stationary-state toroidal shape for Ca =0.19.

coordinates is represented by a smooth curve with a finite number of parameters
that satisfy the volume constraint identically, the problem (4.2) simplifies to finite
parameter optimization. However, as a function of those parameters, & and &, are
unlikely to be convex, and, as a result, gradient-based methods (Ruszczyriski 2011)
may converge slowly and be trapped in one of the local minima. In the case when
the smooth curve has merely one or two free parameters, an approximation of a
stationary shape can be efficiently found through an inverse problem formulated in
the next section.

4.1. Inverse problem for finding approximate stationary shapes

Suppose that a family of shapes, .%, is determined by a single free parameter, e.g.
the major radius R in circular tori of volume 47 /3, and suppose that for a given Ca,
a ‘stationary’ shape minimizes &7 (u;", w; S) subject to S€.%. In this case, numerical
optimization finds optimal R iteratively, e.g. by the golden section method. (The
complexity of the golden section method is the same as for the ordinary bisection
method for finding a zero of a monotone function.) Then, in order to plot R = R(Ca),
numerical optimization should be repeated for an array of values of Ca, which is a
computationally expensive procedure.

To find the curve (Ca, R(Ca)) approximately but with considerably less computational
effort, Zabarankin (2013) proposed to solve the inverse problem that interchanges the
roles of Ca and R: for a given R, minimize an error functional, e.g. & or &, with
respect to Ca. In this case, éazz(uj[, w; §) is a quadratic function of 1/Ca,

2 1
EXut,w; S) = EF U, w; S) — — ]{ w()u (x)v(x) dS, + @gf(u, w;S), (4.3)
N

Ca
where
wy () = u (X)n(x),  vx) =mn;(x) f Jij(y —o)m;(y)divs n(y) dS,, (4.4a,b)
N
so that an optimal Ca can be determined analytically,
E2(v, w; S
Ca= L0 wS (4.5)
j{ w@)u,” (x)v(x) dS,
S
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which yields Ca = Ca(R) with no iteration procedure. In general, the curves
(Ca, R(Ca)) and (Ca(R), R) do not coincide. However, they do coincide when
&, w; §) = 0 and R(Ca) and Ca(R) are uniquely determined. When the
corresponding optimal values of & (u, w; S) are small, these curves are expected to
be close.

For a family of shapes having two free parameters, one of the parameters can be
assumed to be fixed, Ca determined by (4.5) and the second parameter found by
minimizing &5 (", w; S) with (4.5) by the golden section method. This approach is
demonstrated in §4.4.

4.2. ‘Stationary’ circular tori

In the rz half-plane of the cylindrical coordinates (r, ¢, z), the cross-section of a
circular torus having the volume of a unit sphere, i.e. 47/3, can be parametrized by

2
r¢) =R+acost, z(t)=asint, a=+/——, t€[—m, 7], (4.6a,b)
3R

where R and a are the major and minor torus radii respectively. In this case, R > Ry =
(3m/2)~'3 ~0.596, where R, corresponds to a closed torus (with no opening), and

. . 1 cos t
n(t,p)=e,cost+e,sint, divgn(t,9)=—-+——.
a R+acost

Section 3.1 shows that circular tori are never stationary: for R < R,,, a circular torus
contracts to the z-axis and regains a simply connected shape, whereas for R > R,.,, it
will expand indefinitely, where the critical radius R, is found by the trial-and-error
method (see table 1). Nonetheless, when R = R..(Ca) and Ca — 0, the stationary
toroid approaches a circular torus, and the circular torus analysis can provide accurate
estimates of R... (A streamfunction satisfying the boundary conditions (2.3) and (2.4)
for circular tori can be constructed in the toroidal coordinates (&, 1) as in Zabarankin
& Krokhmal (2007), where (£, ) are related to the cylindrical coordinates (r, z) as
r = ¢ sinh £/(cosh & — cos ) and z = ¢ sin n/(cosh & — cos ), with & € [0, c0),
n € [—m, ] and ¢ being a positive metric parameter, see also Pell & Payne (1960)
and Khuri & Wazwaz (1997).)

Given that circular tori do not satisfy (2.10) identically, one of the approaches to
find a ‘stationary’ torus is to minimize a kinematic condition error, e.g. & (u,f w; S)

or & (uj{, w; S) defined in (4.1), with respect to R. Remarkably, the curve (Ca, R(Ca))
with

(4.7a,b)

R(Ca) = arg;nin & (uf, rS) (4.8)
is quite close to (Ca(R), R), with
&} (v, r3; S)
jq{ R 0)u (x)v(x) dS,

N

, (4.9)

Ca(R) =argmin & (u}, r; §) =
Ca

and to the curve (Ca, R..(Ca)), where R, (Ca) is tabulated in table 1, see figure 13.
In fact, (Ca(R), R) with Ca(R) determined by (4.9) is visually indistinguishable from
(Ca, R..(Ca)), and the inverse of Ca(R) is estimated to be

0.59335 - Ca™ %285 4 1.14997 - Ca"""""* — 0.61228, Ca € [0.00625, 0.26], (4.10)

with a mean absolute error of 10~ based on 26 tabulations.
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FIGURE 13. (Colour online) Circular tori: (Ca, R(Ca)) with R(Ca) minimizing
& wh, r'; S) (solid curve), (Ca(R), R) with Ca(R) determined by (4.9) (dot-dashed curve)
and (Ca, R..(Ca)) with the critical radius R..(Ca) tabulated in table 1 (dashed curve). The
dashed and dot-dashed curves are visually indistinguishable.

In figure 14(b), triangles mark the curve (Ca(R), a(R)), with a(R) =+/2/(3nR) and
Ca(R) determined by (4.9).

4.3. Relationship between Ca and R for ‘stationary’ circular tori as Ca— 0

Section 4.2 suggests that R(Ca) — oo as Ca — 0. In this case, the asymptotic
behaviour of Ca(R) as R — oo can be obtained as follows. With (2.6) and (4.7),
u; (x) takes the form

(7 n(y)

— ] dSs,, S. 4.11
R—i—ae, n(y)) » %€ “.11)

+ [%e} 1 1
u; (x) =u;"(x) — Ca Jlj(y x)n;(y)
For arbitrary shape S (not just a circular torus), the following identity holds:

fJ,,(y —x)n(y)dS, =0, xeR’, (4.12)
N

see, e.g., Pozrikidis (1992), with which u;"(x) simplifies to

€, - ”(J’)

e xeSs. (4.13)
R+ae, -n(y)

1
U (0) = u;" (x) — Ca f;ly(y —x)n;(y) 5
Now let x =re; +ze; and y =r e, cos ¢ + r; e, sin ¢ + z; e3, then u (x) can be
rewritten in the form (A 1); see appendix A. Further, with (7, z) = (R+ acoss, asins),
sel[-m, w], (n,z1) =R +acost,asint), t € [—xn, n] and a = +/2/(37R), the
asymptotic behaviour of (A1) as R — oo can be obtained by Mathematica 10:

1 (1 /3
u+=Re,+0(R—‘/2)—a (4 ZJTR—3/2(1nR)e,+0(R—3/2)> as R— oo, (4.14)

which implies that for ‘stationary’ circular tori, Ca and R are related by

1 /3
Ca= 4\/2>R5/2 InR+0 (R?) as R— oo. (4.15)
T
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FIGURE 14. (Colour online) The curves (Ca(R), R) and (Ca(R), a(R)) for ‘stationary’
circular tori determined by (4.9) (triangles), for the ‘stationary’ elliptic tori found from
the inverse problem (4.18) with w = r~! (dashed curves), and for (3.7) approximating
the cross-sections of the pointwise stationary-state shapes with K =1 (fitted ellipses, red
circles) and with K =5 (solid curves).

4.4. ‘Stationary’ elliptic tori

Figure 3(b) shows that, for Ca < 0.16, the cross-section of an initially circular torus
with R = R.(Ca) approaches an approximately elliptic shape. This section finds
‘stationary’ elliptic tori through the inverse problem outlined in §4.1.

In the rz half-plane in the cylindrical coordinates, the cross-section of an elliptic
torus having the volume of a unit sphere can be parametrized by

2
r)) =R+acost, z(t)=bsint, b=———, te[—m, x], (4.16a,b)
3nRa
where R and a can still be referred to as major and minor torus radii respectively, and
b=2/(3nRa) follows from the volume constraint. In this case,
b (4aR + (5a* + 3b*) cos t + (b* — a?) cos[31])
)3/2

divgn(t, ¢) = “4.17)

4(R+acost) (a2 sin® 1 4 b2 cos? t

The inverse problem in §4.1 implies that for each R and a, Ca is expressed by
4.5), and z%z(uj, w; §) with (4.5) is minimized with respect to a over the interval

[v2/(31R), R],
2
( f{ W)U (x)v(x) de> 5
a(R) = argmin &; (1°, w; §) — == subject to \/ == <a<R.

&2 (v, w; S) wis)

which is found by the golden section method. (The golden section method requires
identification of an interval on which a minimized function is convex. In this case,
an appropriate subinterval of [+/2/(37R), R] can be identified visually by plotting the
minimized function.) Optimal Ca, denoted as Ca(R), is then determined by (4.5) with
given R and a(R) found as in (4.18).

Table 5 presents Ca(R), a(R) and b(R) =2/(3n Ra(R)) for ‘stationary’ elliptic tori
found from the inverse problem (4.18) for R € [0.65, 5] with w=r"! and also provides
the mean absolute value | u,|s defined by (3.8). The increase of |u,|s for Ca > 0.16
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R Ca a b l[uan || s

0.65 0.199347 0.644135 0.506837 0.364175

0.7  0.193086 0.673587 0.450056 0.26854

0.8  0.179271 0.708098 0.374607 0.107522

09  0.160528 0.666664 0.353679  1.83381 x 1072
1.0 0.123481 0.560376  0.378686  2.18726 x 1072
1.1 0.101854 0.506898  0.380579 2.56753 x 1072
1.2 0.0867493  0.47045  0.375893 2.54556 x 1072
1.3 0.0752865  0.442595 0.368815 2.39519 x 1072
1.4 0.0661864  0.420044 0.360857 2.20699 x 10~2
1.5 0.0587537  0.401137 0.352675 2.01596 x 1072
1.6 0.0525542  0.384883 0.344596 1.8366 x 1072
1.7 0.0473079  0.370666 0.336765 1.67305 x 1072
1.8 0.0428237  0.358088 0.329228 1.52468 x 1072
1.9  0.038948 0.346817  0.322036  1.39244 x 1072
2.0 0.0355736  0.336637 0.315186 1.27451 x 1072
2.1 0.0326146  0.327368 0.308676 1.16948 x 1072
2.2 0.0300055 0318882 0.302487 1.0759 x 1072
2.3 0.0276919 0311065 0.296606 9.92241 x 10~3
24 0.0256301 0.303829  0.291017  9.17458 x 1073
2.5 0.0237858  0.297108 0.285696  8.50222 x 10~*
2.6 0.0221285  0.290836 0.280632  7.90062 x 10~*
2.7 0.0206347  0.284968 0.275803  7.35201 x 1073
2.8 0.0192831 0.279458 0.271197  6.85943 x 1073
29 0.0180562  0.274267 0.266801 6.41435 x 1073
3.0 0.0169396  0.26937  0.262596 6.00777 x 1073
3.5 0.0126213  0.248408 0.244076  4.44905 x 1073
4.0 0.00973198 0.231798 0.22887  3.41705 x 1073
45  0.00770968 0.218192 0.216126 2.70507 x 1073
50  0.00624277 0206769 0.20526  2.19487 x 1073

TABLE 5. Parameters of the ‘stationary’ elliptic torus (4.16) found from the inverse
problem (4.18) with w = r~! and the corresponding mean absolute value ||u,|s defined
by (3.8).

is quite noticeable. Figure 14 compares the parameters R and a as functions of Ca
for ‘stationary’ elliptic tori found from the inverse problem (4.18) with w = r~!
(dashed curves) and for (3.7) which fits the cross-sections of the stationary toroids
with K =1 (fitted ellipses, red circles) and with K =35 (solid curves). For Ca < 0.16,
all three curves are visually indistinguishable. The triangles correspond to (Ca(R), R)
with Ca(R) determined by (4.9) for ‘stationary’ circular tori, which approximate the
stationary toroids quite well for Ca < 0.05.

5. Discussion
5.1. Dynamics

Simulations of the dynamic deformation for a toroidal drop with an initially circular
cross-section show that for each Ca < Ca,,, there is a critical major radius R.,, and
there are three deformation regimes corresponding to R <R.,, R=R., and R > R,,, see
figure 3. In each case, the cross-section initially deforms to a shape close to elliptic.
When the initial R > R,,, the torus expands indefinitely with R increasing exponentially
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in time. This result can be anticipated, since the tensile shrinking force resisting the
expansion of the torus, being of O(R™!), decays as R — oo, and, hence, the torus
cross-section moves almost with the outer flow. The expansion rate

drR
—~R =— R~exp(r). .1
dr
Thus, the large-R asymptotic expansion rate depends neither on the initial conditions
nor on the capillary number, which is reflected by the same slope of the R(t) curves
in figures 2 and 5. Moreover, as R increases, the toroidal drop gradually assumes a
circular cross-section. This reflects the ever growing local curvature, of O(R'/?), of the
cross-section perimeter which renders the tension forces there increasingly dominant.
For Ca <0.16 and R <R,,, the torus collapses towards the axis of symmetry. Again,
initially, the cross-section assumes a shape that resembles an ellipse. However, when
the radius of the inner interface shrinks, the local surface surrounding the gap at the
axis of symmetry flattens into a cylindrical shape (see, e.g., figure 4), reflecting the
local viscous stress that develops at this gap due to the need to drain the suspending
viscous fluid from this diminishing region. With time, a circular depression develops
about the symmetry plane z=0 — an indication that some of the outer fluid remains
trapped within this dimpled shape, and that the contact (and perhaps coalescence) of
the torus may occur above and below z=0.

5.2. High Ca

For Ca sufficiently close to Ca,,, e.g. Ca € [0.19, 0.2], the resulting dynamics has a
different character. When the torus expands, the initial circular cross-section deforms
to a highly asymmetric egg shape which extends further until it is sufficiently far
from the axis of symmetry, at which stage the cross-section gradually becomes
circular again (see, e.g., figure 6). For Ca =0.2, the extended inner circular tip of the
torus collapses to complete contact. When Ca > Ca,,, the drop expansion reveals yet
another pattern. For Ca=0.5 and two different values of initial R, figure 7 shows that
after an initial short-lived deformation of the cross-section into an elliptical shape, the
drop keeps on flattening and attains a very thin shape that might be susceptible to
collapse and disintegration. If this does not happen, with further toroidal expansion,
a small circular cross-section is regained. These examples reflect the dominance of
the distorting viscous stresses upon the interfacial tension.

5.3. Instability and breakup

The dynamics of toroidal drop deformations, simulated in §3.1, admits several
scenarios where the drop may break up. When the inner circle of the torus shrinks
during an inward collapse and approaches the axis of symmetry, coalescence may
occur either at the symmetry plane z=0 or far from it when a dimpled inner region
exists. In such cases, the toroidal drop may regain a simply connected shape or form
a multiphase drop if a portion of the outer fluid is captured into the drop. In another
scenario that can lead to a breakup, the drop has a highly flattened cross-section —
the drop in figure 7(b) (Ca =0.5, R=0.8) is likely to disintegrate into many small
droplets. Furthermore, highly expanded tori with shrinking circular cross-sections
can experience instabilities in the form of varicose waves, which can result in drop
breakup as well. Thus, all of this described dynamics, be it collapse or expansions,
can lead to a destruction of the toroidal drop in finite time.

5.4. Stationary solutions

For Ca < Ca,, and R=R,(Ca), where R.(Ca) should be determined very accurately
for Ca < Ca,,, drop dynamics simulations could maintain a stationary toroid with
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FIGURE 15. (Colour online) The Taylor deformation factor D = (R,..x — Zmax)/ (Runax + Zmax)
for a simply connected stationary shape (diamonds) and for a toroidal stationary shape
(circles) as a function of Ca. In the ‘circles’ curve, the short dashed curve at Ca~ 0 does
not follow from computations, but reflects the assumption that R,,,, — oo as Ca— 0.

almost elliptic cross-section for a relatively long time (see § 3.1), which suggests that
(2.10) has doubly connected solutions. However, such stationary shapes cannot be
maintained in this way forever because of the inherent instability: they will either
expand or contract following any tiny deviation of R(t) from its equilibrium value.
As a result, the anticipated experimental realization may prove difficult. Nevertheless,
as §3.3 shows, unstable stationary toroids with the error |u,||s on the scale of 1073
exist as long as Ca < Ca,,. (‘Stationary’ circular and elliptic tori that minimize an
error functional exist for considerably higher values of Ca, although the corresponding
error is much larger.) Figure 10 shows that the cross sections of stationary toroids
are quite close to circular for Ca < 0.05, whereas figures 9(a) and 11 suggest that
they are almost perfect ellipses for Ca < 0.16. Remarkably, the curve (Ca(R), R)
with Ca(R) determined by (4.9) for ‘stationary’ circular tori predicts (Ca, R..(Ca))
quite accurately for all Ca up to Ca. (see figure 13), and the ‘stationary’ elliptic
tori found from the inverse problem (4.18) with w=r"" are visually indistinguishable
from the corresponding stationary toroids obtained in drop dynamics simulations for
Ca <£0.16. Figures 9(b) and 12 show that when Ca — Ca,,, the elliptic cross-section
is distorted to that of an extended egg, with the sharper end pointing towards the axis
of symmetry.

5.5. Solution non-uniqueness

The problem (2.1)-(2.5) with U, = 0, which corresponds to the stationary states of
the torus, is identical to the one for steady shapes of a simply connected oblate drop
embedded in the same linear compressional flow; see Zabarankin et al. (2013). To
describe the two cases in one plot, we redefine the Taylor deformation parameter by
the ratio of the maximum half-thickness and the maximum radius at the drop meridian
perimeter,

Rmax — Zmax

- ’
Rmax + Zmax

see figure 15, where the lower and upper curves correspond to the simply connected
oblate drop (1=1) and the doubly connected toroidal drop respectively, which were

(5.2)
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FIGURE 16. Cross-sections of the stable simply connected stationary-state shape (dashed
curves) and of the unstable toroidal stationary-state shape (solid curves) for (a) Ca=0.1,
(b) Ca=0.15 and (¢) Ca=0.19.

found for approximately the same range of Ca. Figure 16 shows the cross-sections
of the simply connected and toroidal stationary shapes existing for the same value of
Ca. The solution non-uniqueness arises from the fact that the drop interface, being
unknown, enters equations (2.1)—(2.5) nonlinearly.
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Appendix A. Axisymmetric velocity field representation

Suppose that the regions V* and V~, occupied by the drop and the fluid respectively
and having a common boundary S (interface), are axisymmetric. Let (r, ¢, z) be a
system of cylindrical coordinates with the basis (e, e,, e,), where the z-axis is the axis
of revolution, and let D* be the cross sections of V* in the meridional rz half-plane
(r > 0). The regions D* are closed and their common boundary (cross-section of S) is
assumed to be a positively oriented curve £, which is either closed (as for a toroid) or
open with the ends lying on the z-axis (as for a spheroid). In the axisymmetric case
(the z-axis is the axis of revolution), u® =re, —2ze. and u* are given by (3.1). The
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components «; and u> in (3.1) are independent of the angular coordinate ¢ and can
be represented by (3.5a,b) in Zabarankin et al. (2013), which are unified in the form

+1
2

1 _
uzi(r, D+iu(r,2)= ir—2z) + Ca /divs n(t)(K (¢, t)dt — K»(¢, T)dT)
i
o (A1)
for ¢ € D*, where ¢ =r+iz and T =7, +iz, with i =+/—1, dr is the complex
conjugate of dr, and the kernels K| and K, are defined by

i
1 Z_Zl_i(r_

W+t s
Kl(§7t)zﬁ _L__é_ 2 {(X ({,'L’)—1)K(X({,T))+]E(X(§,T))},
(A2)
i
_ 1 st
K@ == T4¢ 5 KG(@.m) —EXx(E )} (A3)

with x2(¢, t) =4rr|t + ¢~ and with K(x (¢, 7)) and E(x (¢, 7)) being complete
elliptic integrals of the first and second kinds respectively. The complex form of
(A1) is due to the fact that (A1) was obtained through the generalized Cauchy
integral formula for r-analytic functions, see Zabarankin (2008, 2012). In this case,
the pressure and vorticity in D* are represented by the formulae (3.10) and (3.9)
respectively in Zabarankin & Nir (2011).
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